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STATISTICS, ISRAËL
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Abstract. The main purpose of this work is to obtain a comparison principle for viscos-

ity solutions of a system of elliptic Walsh’s spider Hamilton-Jacobi-Bellman equations,

possessing a new boundary condition called non linear local-time Kirchhoff’s transmis-

sion. The main idea is to build test functions at the neighborhood of the vertex solutions

of ODE, with well-designed coefficients. The key point is to impose a ’local-time’ deriv-

ative at the vertex absorbing the error term induced by - what we decide to call here -

the Kirchhoff’s speed of the Hamiltonians.

Key words: Discontinuous non degenerate Hamilton-Jacobi-Bellman equations, non lin-

ear local-time Kirchhoff’s boundary transmission, comparison principle, speed of Hamiltonian,

Kirchhoff’s speed of Hamiltonians, stochastic optimal scattering control, Walsh’s spider diffu-

sion, local time, non-stickiness, speed measure of a diffusion.

1. Introduction

We are given R > 0 and K > 0 two boundaries of a ’space/local-time’ domain

(0, R)× (0, K) ∋ (x, l),
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2 ISAAC OHAVI

an integer number I (with I ≥ 2), I distinct angles (θ1, . . . , θI) ∈ [0, 2π)I in the plane R2,

and a controlled spider measure S with constant support (θ1, . . . , θI):

S :=


[0, K]×O → M

(
[0, 2π)

)
,

(l, ϑ) 7→
I∑

i=1

S
(
θi, l, ϑ)δθi(dθ)

,

where O is a compact of RI (and M
(
[0, 2π)

)
denotes the set of the angle measures en the

plan).

The main target of this work is to obtain a comparison theorem (thus uniqueness)

for continuous viscosity solution of the following Walsh’s spider Hamilton-Jacobi-Bellman

system - Walsh(S) - having a new boundary condition at the vertex 0, called non linear

local-time Kirchhoff’s boundary transmission:

Walsh(S) :=



λui(x, l) + sup
βi∈Bi

{
− σi(x, l, βi)∂

2
xui(x, l)+

bi(x, l, βi)∂xui(x, l) + hi(x, l, βi)
}
= 0, (x, l) ∈ (0, R)× (0, K),

Non linear local-time Kirchhoff’s boundary transmission:

∂lu(0, l) + inf
ϑ∈O

{ I∑
i=1

S(θi, l, ϑ)∂xui(0, l) + h0(l, ϑ)
}
= 0, l ∈ (0, K)

ui(R, l) = χi(l), l ∈ [0, K],

ui(x,K) = Ti(x), x ∈ [0, R]

∀(i, j) ∈ [[1, I]]2, ∀l ∈ [0, K], ui(0, l) = uj(0, l).

(1)

In order to simplify our study, we have assumed in our framework that all the rays

Ri = [0, R] × {i}, i ∈ [[1, I]] have the same length R > 0, and that Dirichlet boundary

condition χi holds at x = R and Ti at l = K. A more general setting could be treated

with similar tools: one could for instance consider more general rays, and/or a mix of

local-time Kirchoff’s and Dirichlet boundary conditions at the x = R, l = K, etc.

On the other hand, it should be noted that the supremums and infinimums appearing in

the system do not play a preponderant role in the proof of our comparison theorem, and no

convexity is required. The reader can easily obtain the same lines of proof by considering

other supremums or infinimums, such as Isaac’s HJB equations. We wanted to formulate

the non linearity using Hamiltonians that appear naturally in stochastic control theory.
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The intuition is for the reader to keep an eye on the underlying process, in order to better

understand the behavior of the process at the junction point and its non-stickiness. It is

more precisely the understanding of the non-stickiness, in particular its proof in the case

of a Walsh’s spider diffusion (see few lines below for a brief introduction), that gave us

some intuitions for the construction of the test functions.

Fully nonlinear Hamiltonians can be considered, as soon as they satisfy an ellipticity

condition on each domain Ri = [0, R]× {i}, i ∈ [[1, I]]; quadratic growth with respect to

the gradient; whereas the Kirchhoff’s condition at the vertex 0 must simply be strictly

increasing with respect to the gradient. We aim in an upcoming work, to obtain existence

and uniqueness of system (1) with more general Hamiltonians, and especially with a more

general angular measure. Let us finally mention that our results can be also extended to

time-dependent problems using classical arguments arising from the theory of viscosity

solutions.

We start by explaining why we decided to call the system given in (1): Walsh’s spider

Hamilton-Jacobi-Bellman system - Walsh(S) - before describing more precisely the origins

and the motivations which pushed us to consider a new condition called non linear local-

time Kirchhoff’s boundary transmission, at the vertex 0.

System (1) - Walsh(S) and its variants, whether in the linear or non-linear frameworks,

are more often called in the literature: ”system of PDE posed on a star-shaped network”.

See for instance amongst the vast works on this subject: [6], [12], [13], [14], [16], [17], [18],

[19], [20]...

It is crucial to note that in the most works in literature dealing with the analysis of these

PDE systems posed on networks, the angles appearing in the geometry of the network

do not play any role in obtaining existence, regularity, comparison theorem... Indeed it

appears that we can consider any star-shaped network with exactly the same rays in any

Euclidean space Rn, n ≥ 2; spaced by the same number of angles, without modifying the

mathematical analysis of these PDE systems.

However, PDE posed on networks, are naturally related to diffusions on graphs intro-

duced in the seminal works of Freidlin and Wentzell [9] and Freidlin and Sheu [8]. More

precisely, given I pairs (σi, bi)i∈I of mild coefficients of diffusion from [0,+∞) to R sat-

isfying the following condition of ellipticity: ∀i ∈ [[1, I]], σi > 0, and given
(
α1, . . . , αI)
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positive constants satisfying
I∑

i=1

αi = 1, it is proved in [9] that there exists a continuous

Feller Markov process
(
x(·), i(·)

)
valued in the star-shaped network, whose generator is

given by the following operator:

L :

C2(NR) → C(NR),

f = fi(x) 7→ bi(x)∂xfi(x) +
σ2
i (x)

2
∂2xfi(x)

,

with domain

D(L) :=
{
f ∈ C2(NR),

I∑
i=1

αi∂xfi(0) = 0
}
.

Recall that it is shown in [8] that there exists a one dimensional Wiener processW defined

on a probability space (Ω,F ,P) and adapted to the natural filtration of
(
x(·), i(·)

)
, such

that the process
(
x(·)

)
satisfies the following stochastic differential equality:

dx(t) = bi(t)(x(t))dt+ σi(t)(x(t))dW (t) + dℓ(t) , 0 ≤ t ≤ T.

In the above equality, the process ℓ(·) is the local time of the process
(
x(·)

)
at the vertex

0. Moreover, the process ℓ(·) has continuous increasing paths, starts from 0 and satisfies:

∀t ∈ [0, T ],

∫ t

0

1{x(s)>0}dℓ(s) = 0, P− a.s.

Recall also that the following Itô’s formula was proved in [8]:

dfi(t)(x(t)) =
(
bi(t)(x(t))∂xfi(t)(x(t)) +

1

2
σ2
i(t)(x(t))∂

2
xfi(t)(x(t))

)
dt+

∂xfi(t)(x(t))σi(t)(x(t))dW (t) +
I∑

i=1

αi∂xfi(0)dℓ(t), P− a.s, (2)

for any sufficiently regular f .

Diffusions on graphs can also be seen as part of the family of Walsh processes introduced

in the epilogue [21]. Indeed, if one introduces a spider measure S, such that:

∀i ∈ [[1, I]], S(θi) = αi,
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the Kirchhoff’s term in the Itô’s formula (2), can be rewritten as:

I∑
i=1

αi∂xfi(0)dℓ(t) =
(∫ 2π

0

∂xfθ(0)S(dθ)
)
dℓ(t),

We now see under this formulation that the geometry of the system is uniquely determined

by the support of the spider measure S, namely the angles (θ1, ..., θI). This is the main

reason which pushed us to call the system (1): Walsh’s spider Hamilton-Jacobi-Bellman

system - Walsh(S), keeping in mind the extension of our result to more general angular

measure. The non linear local-time Kirchhoff’s term appearing in (1) will be transformed

in:

∂lu(0, l) + inf
ϑ∈O

{∫ 2π

0

∂xuθ(0, l)W(l, ϑ)(dθ) + h0(l, ϑ)
}
,

with W : [0, K]×O 7→ M
(
[0, 2π)

)
.

In the linear (parabolic) framework:

∂tui(t, x, l)− ai(t, x, l)∂
2
xui(t, x, l) + bi(t, x, l)∂xui(t, x, l)

+ci(t, x, l)ui(t, x, l) = fi(t, x, l), (t, x, l) ∈ (0, T )× (0, R)× (0, K),

Local time Kirchhoff’s boundary condition:

∂lu(t, 0, l) +
I∑

i=1

αi(t, l)∂xui(t, 0, l) = ϕ(t, l), (t, l) ∈ (0, T )× (0, K),

∂xui(t, R, l) = 0, (t, l) ∈ (0, T )× (0, K),

∀(i, j) ∈ [[1, I]]2, ui(t, 0, l) = uj(t, 0, l) = u(t, 0, l), (t, l) ∈ |0, T ]× [0, K],

∀i ∈ [[1, I]], ui(t, x,K) = ψi(t, x), (t, x) ∈ [0, T ]× [0, R],

∀i ∈ [[1, I]], ui(0, x, l) = gi(x, l), (x, l) ∈ [0, R]× [0, K],

(3)

system (3) has been studied recently by Martinez-Ohavi in [16].

From a PDE technical aspect, since the variable l drives dynamically the system only

at the junction point 0 with the presence of the derivative ∂lu(t, 0, l) in the local time

Kirchhoff’s boundary condition, the main challenge was to understand the regularity of

the solution. Under mild assumptions, it is shown that classical solutions of the system

(3) belong to the class C1,2 in the interior of each edge and C0,1 in the whole domain (with

respect to the time-space variables (t, x)). One can expect a regularity in the class C1
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for l 7→ u(t, 0, l) and this is indeed the case (see Theorem 2.4 and point iv) in Definition

2.1 in [16]). Another technical aspect, was to obtain an Hölder continuity of the partial

functions l 7→
(
∂tui(t, x, l), ∂xui(t, x, l), ∂

2
xui(t, x, l)

)
for any x > 0. It is shown using

Schauder’s estimates, that such regularity is guaranteed by the central assumption on the

ellipticity of the diffusion coefficients on each rays, together with the mild dependency

of the coefficients and free term with respect to the variable l. The comparison theorem

holds true in the linear case under such regularity class; see Theorem 2.6 in [16]. The

reader has to keep in mind that this class of regularity will be naturally used for test

functions of system (1) - Walsh(S) - since if a viscosity solution is in this regularity class,

then the formulation with test functions in this class remains compatible.

Keeping in mind that system (1) characterizes the value function of a problem of a

stochastic scattering control of Walsh’s spider diffusion, with optimal directions selected

by its own local time, the same authors studied existence and uniqueness of Walsh’s spider

process with spinning measure selected from the local time in [15]. More precisely, it is

shown that there exists a unique probability measure P, such that the following process(
fi(s)(s, x(s))− fi(0, x)−

∫ s

0

(
∂tfi(u)(u, x(u)) +

1

2
σ2
i(u)(u, x(u), l(u))∂

2
xxfi(u)(u, x(u))

+ bi(u)(u, x(u), l(u))∂xfi(u)(u, x(u))
)
du−

I∑
j=1

∫ s

0

αj(u, l(u))∂xfj(u, 0)dl(u)

)
0≤s≤T

,

is a martingale under P, for any f smooth enough. Up to our knowledge, this is the first

result in literature dealing with a non constant spinning measure for a Walsh diffusion.

Moreover, let us quote that uniqueness in distribution of such a process is completely

determined by the uniqueness of the corresponding PDE system given in (3).

Now let us now describe the whys and wherefores of considering a non linear local-time

Kirchhoff’s transmission, in the non-linear framework for Walsh(S).

Assume that one wants to find the optimal strategy, or the optimal scattering control

at the vertex 0, using the following Kirchhoff’s Hamiltonian (like it appears naturally in

the Itô’s rule (2)):

inf
ϑ∈O

{ I∑
i=1

αi(ϑ)∂xui(0)
}
.
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As it appears, the optimal control ϑ∗ depends naturally only on the gradient of the value

function at 0, namely:

ϑ∗(u) = ϑ∗(∂xu1(0), ..., ∂xuI(0)),
and behaves like a system of first order. This is quite intriguing, since the trajectories of

the spider are chaotic at the junction point, whereas a first continuous order system does

not present any irregularities induced by the behavior of a Brownian motion. Hence, ϑ∗

should depend in some way on the second order terms.

The local time ℓ of the spider is related to the second order terms by the following

quadratic approximation:

lim
ε→0

EP
[ ∣∣∣ ( 1

2ε

I∑
i=1

∫ ·

0

σ2
i (0)1{0≤x(s)≤ε,i(s)=i}ds

)
− ℓ(·)

∣∣∣2
(0,T )

]
= 0. (4)

When the coefficients
(
σ2
i (0)

)
i∈[[1,I]] vanish, the local time disappears and the system be-

haves more like a first order HJB system.

It appears therefore natural to consider the local time as an intrinsic variable to the sto-

chastic control problem with the non linear local-time Kirchhoff’s boundary transmission

(induced by the Itô’s rule extended now to the web/local-time space):

∂lu(0, ℓ) + inf
ϑ∈O

{ I∑
i=1

S(θi, ℓ, ϑ)∂xui(0, ℓ)
}
,

and to obtain an optimal control ϑ∗ at the vertex 0 given by:

ϑ∗(u, ℓ) = ϑ∗(∂xu1(0, ℓ), ..., ∂xuI(0, ℓ), ℓ).
The dependence on the second order terms appears now with the quadratic approximation

of the local time ℓ given in (4).

Another key point when we study the behavior of a Walsh’s spider motion, is to notice

that all discontinuities generated by the coefficients
(
bi(0) ̸= bj(0), σi(0) ̸= σj(0)

)
i ̸=j

,

disappear in Itô’s rule (2) with the aid of what we call the non-stickiness condition satisfied

by the Walsh’s spider
(
x(t), i(t)

)
t≥0

at 0:

∀t ≥ 0,

∫ t

0

1{x(s)=0}ds = 0, P a.s.



8 ISAAC OHAVI

To obtain this non-stickiness condition, the authors in [8] used an ordinary differential

equation (ODE). This ODE involves coefficients depending on the speed measure si(x)dx

of the Walsh’s spider on each rays:

∀x > 0, ∀i ∈ [[1, I]], si(x)dx =
2

σ2
i (x)

exp
( ∫ x

0

2bi(z)

σ2
i (z)

dz
)
dx. (5)

This fact has given us the intuitions to build test functions of system (1) at the vertex 0.

If one considers the following Hamiltonians
(
Hi, i ∈ [[1, I]]

)
:

Hi :=


[0, R]× [0, K]× R3 → R,

(x, l, u, p, S) 7→ λu+ sup
βi∈Bi

{
− σi(x, l, βi)S + bi(x, l, βi)p+ hi(x, l, βi)

}
,

appearing on each rays of system (1), we can define similarly to the speed measure si(x)dx,

the speed of the Hamiltonians
(
Speed(Hi), i ∈ [[1, I]]

)
as:

Speed(Hi) :=


[0, R]× [0, K]× R → R,

(x, l, p) 7→ sup
βi∈Bi

{bi(x, l, βi)p+ hi(x, l, βi)

σi(x, l, βi)

} .

To prove the comparison theorem for system (1), we will build test functions at the

junction point 0 solutions of ODE with coefficients that may be viewed as a kind of

envelope of all possible errors of the speed of the Hamiltonians
(
Speed(Hi)

)
i∈[[1,I]]. The key

point in this construction is to impose a local-time derivative with respect to variable l,

at 0 - ∂lϕ(0, l) - that will absorb all the error term induced by - that we have decide to

call - the Kirchhoff’s speed of the Hamiltonians -
(
KfSpeed(Hi), i ∈ [[1, I]]

)
- given by:

KfSpeed :=


[0, R]× [0, K]× R → R,

(x, l, p) 7→ inf
ϑ∈O

{ I∑
i=1

S(θi, l, ϑ)Speed(Hi)(x, l, p)
} .

Up to our knowledge, this is the first result of uniqueness for HJB elliptic PDE sys-

tem posed on a star shaped-network, having a nonlinear Kirchhoff’s condition and non

vanishing viscosity at the vertex.

Recall that in the theory of viscosity solutions, the formulation of upper and sub solu-

tions for a second order nonlinear problem with Neumann N (or Kirchhoff”s) boundary
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condition: H
(
x, u(x),∇u(x),∆u(x)

)
= 0, x ∈ Ω,

N
(
x, u(x),∇u(x)

)
= 0, x ∈ ∂Ω

, (6)

(where Ω denotes a smooth open set of Rn) can be stated in the strong sense namely using

only the Neumann condition N(·) at the boundary for both upper and sub solutions, or

in the classical sense with both terms N(·) and H(·), considering at the boundary ∂Ω the

term N(·) ∧H(·) for sub solutions and N(·) ∨H(·) for supper solutions (see Section 7 in

[5]). More precisely, in almost all cases the proof of the comparison theorem consists in

introducing the doubling variable method, with the function:

∀ε > 0, wε

(
x, y) = u(x)− v(y)− |x− y|2Rn

2ε2
, (x, y) ∈ Rn,

(where u is a supper solution, whereas v is a sub solution of (6)) and to obtain a contra-

diction, passing to the limit when ε↘ 0, locally at any point x ∈ Ω. When x ∈ ∂Ω, both

conditions F and H are then considered, and the Hamiltonian H has to be continuous at

the neighborhood of any point x ∈ ∂Ω. Consequently, we will get that this method will

fail for system (1), because of the discontinuities of the Hamiltonians at 0.

We will see that the construction of the test function for proving the comparison theorem

in this work, allow us to formulate supper and sub viscosity solution in the strong sense

at 0. Note that the non linear local-time Kirchhoff’s boundary transmission appears at

0, without considering any values of the Hamiltonians at the vertex.

To finish this introduction, let us give an account of the main works that have been

done in literature for similar systems close to (1). Note that the key fact in most all of

them, is to consider a vanishing viscosity at the vertex 0, which is not the case here.

In [12], the authors introduce a notion of state-constraint viscosity solutions for one

dimensional “junction”-type problems for first order Hamilton-Jacobi equations with non-

convex coercive Hamiltonians and study its well-posedness and stability properties. Let

us quote that in this work, the main results do not require any convexity conditions on

the Hamiltonians, contrary to all the previous literature that is based on the control (de-

terministic) theoretical interpretation of the problem. Among the long list of references

on this topic with convex Hamiltonians, we can cite for instance: [1], [2], [3], [4], [6],
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[7]. The same authors in [13] have studied multi-dimensional junction problems for first

and second-order PDE with Kirchhoff-type Neumann boundary conditions, showing that

their generalized viscosity solutions are unique, but still with a vanishing viscosity at the

vertex for the second order terms. Finally, let us cite the interesting approach studied in

[14], where it is considered star-shaped tubular domains consisting of a number of non-

intersecting, semi-infinite strips of small thickness that are connected by a central region.

It is shown that classical regular solutions of uniformly elliptic partial differential equa-

tions converge in the thin-domain limit, to the unique solution of a second-order partial

differential equation on the network satisfying an effective Kirchhoff-type transmission

condition at the junction.

The paper is organized as follows: In Section 2, we introduce the main notations and

we state the main Theorem 2.2 of this work. Section 3 is dedicated to give a sketch of

proof in the linear case of our method, for simple elliptic PDE, in order to give to the

reader some intuitions and ideas that will be used for the construction of tests functions

for our central Theorem 2.2. Finally in Section 4, we prove our main Theorem, that is

the comparison principle for system (1).

2. Notations and Definitions

In this section, we introduce the main notations-definitions and we state our main

Theorem 2.2. In all this work, we fix R > 0 and K > 0 the boundary of the ’space/local-

time’ domain

(0, R)× (0, K) ∋ (x, l)

where the system (1) will be studied.

We are given an integer number I (with I ≥ 2) and I distinct angles (θ1, . . . , θI) ∈

[0, 2π)I in the plane R2. We introduce the space of the spiders measures on the plan R2,

denoted by:

Z
[
(θi)i∈[[1,I]]

]
.

consisting on the set of the discrete measures
(
[0, 2π),B([0, 2π)

)
, having (θ1, . . . , θI) as

constant support.
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In other terms M ∈ Z
[
(θi)i∈[[1,I]]

]
if and only if there exists

(
M(θ1), . . . ,M(θI)

)
∈

[0,+∞)I such that:

M(dθ) =
I∑

i=1

M(θi)δθi(dθ).

To the angles (θ1, . . . , θI), we associate on the oriented euclidean plan (0R2 , u⃗, v⃗), a bounded

star-shaped network NR defined by:

NR =
I⋃

i=1

Ri, with ∀i ∈ [[1, I]],
(
u⃗, R⃗i

)
= θi,

∀i ∈ [[1, I]] Ri := [0, R] and ∀(i, j) ∈ [[1, I]]2, i ̸= j, Ri ∩Rj = 0R2 ,

consisting of I compact rays Ri
∼= [0, R] (R > 0) emanating from the origin 0R2 of

the plane R2 - that we will often call the junction point or the vertex 0 - and spaced

successively to the abscissa axis by the angles (θ1, . . . , θI).

Let (Bi)i∈[[1,I]] be a collection of I compact sets of R and O a compact set of RI .

We introduce the following data:

Data: (D)



(
σi ∈ C

(
[0, R]× [0, K]× Bi,R

))
i∈[[1,I]](

bi ∈ C
(
[0, R]× [0, K]× Bi,R

))
i∈[[1,I]](

hi ∈ C
(
[0, R]× [0, K]× Bi,R

))
i∈[[1,I]]

S ∈ C
(
[0, K]×O,Z

[
(θi)i∈[[1,I]]

])
h0 ∈ C

(
[0, K]×O,R

)
,(

χi ∈ C
(
[0, K],R

))
i∈[[1,I]]

,(
Ti ∈ C

(
[0, R],R

))
i∈[[1,I]]

.

.

We assume that the data (D) satisfy the following assumptions: (where (A) stands for

the spider measure S, (E) for ellipticity, and (R) for Lipschitz regularity uniformly with

respect to the control variables):
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Assumption (H)

(A) ∃ ζ > 0, ∀i ∈ [[1, I]], ∀(l, ϑ) ∈ [0, K]×O, S(θi, l, ϑ) ≥ ζ.

(E) ∃ σ > 0, ∀i ∈ [[1, I]], ∀(x, l, βi) ∈ [0, R]× [0, K]× Bi, σi(x, l, βi) ≥ σ.

(R) ∃ (|b|, |h|, ζ, σ) ∈ (0,+∞)4, ∀i ∈ [[1, I]],

(R− i) sup
x,l,βi

|bi(x, l, βi)| + sup
l,βi

sup
(x,y), x ̸=y

|bi(x, l, βi)− bi(y, l, βi)|
|x− y|

+ sup
x,βi

sup
(l,l′), l ̸=l′

|bi(x, l, βi)− bi(x, l
′, βi)|

|l − l′|
≤ |b|,

(R− ii) sup
x,l,βi

|σi(x, l, βi)| + sup
l,βi

sup
(x,y), x ̸=y

|σi(x, l, βi)− σi(y, l, βi)|
|x− y|

+ sup
x,βi

sup
(l,l′), l ̸=l′

|σi(x, l, βi)− σi(x, l
′, βi)|

|l − l′|
≤ σ,

(R− iii) sup
x,l,βi

|hi(x, l, βi)| + sup
l,βi

sup
(x,y), x ̸=y

|hi(x, l, βi)− hi(y, l, βi)|
|x− y|

+ sup
x,βi

sup
(l,l′), l ̸=l′

|hi(x, l, βi)− hi(x, l
′, βi)|

|l − l′|
≤ |h|,

(R− iv) sup
l,ϑ

|S(θi, l, ϑ)|+ sup
ϑ

sup
(l,l′), l ̸=l′

|S(θi, l, ϑ)− S(θi, l′, ϑ)|
|l − l′|

≤ ζ,

(R− v) sup
l,ϑ

|h0(l, ϑ)|+ sup
ϑ

sup
(l,l′), l ̸=l′

|h0(l, ϑ)− h0(l
′, ϑ)|

|l − l′|
≤ |h|.

Fix now all around this work: λ > 0.

In this study, we will obtain a comparison theorem for the following Walsh’s spi-

der Hamilton-Jacbi-Bellman system Walsh(S), having a non linear local-time Kirchhoff’s
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boundary transmission at 0:

Walsh(S) :=



λui(x, l) + sup
βi∈Bi

{
− σi(x, l, βi)∂

2
xui(x, l)+

bi(x, l, βi)∂xui(x, l) + hi(x, l, βi)
}
= 0, (x, l) ∈ (0, R)× (0, K),

Non linear local-time Kirchhoff’s boundary transmission:

∂lu(0, l) + inf
ϑ∈O

{ I∑
i=1

S(θi, l, ϑ)∂xui(0, l) + h0(l, ϑ)
}
= 0, l ∈ (0, K)

ui(R, l) = χi(l), l ∈ [0, K],

ui(x,K) = Ti(x), x ∈ [0, R]

∀(i, j) ∈ [[1, I]]2, ∀l ∈ [0, K], ui(0, l) = uj(0, l).

(7)

Given the following Hamiltonians
(
Hi, i ∈ [[1, I]]

)
defined by:

Hi :=


[0, R]× [0, K]× R3 → R,

(x, l, u, p, S) 7→ sup
βi∈Bi

{
λu− σi(x, l, βi)S + bi(x, l, βi)p+ hi(x, l, βi)

}
.

we will often refer in this work to the speed of the Hamiltonians
(
Speed(Hi), i ∈ [[1, I]]

)
and the Kirchhoff’s speed of the Hamiltonians

(
KfSpeed(Hi), i ∈ [[1, I]]

)
, that are both

defined by:

Speed(Hi) :=


[0, R]× [0, K]× R → R,

(x, l, p) 7→ sup
βi∈Bi

{bi(x, l, βi)p+ hi(x, l, βi)

σi(x, l, βi)

} ,

and

KfSpeed :=


[0, R]× [0, K]× R → R,

(x, l, p) 7→ inf
ϑ∈O

{ I∑
i=1

S(θi, l, ϑ)Speed(Hi)(x, l, p)
} .

In order to remain consistent with the results obtained in [16], more precisely with the

class of regularity of the solutions in the linear framework (see Introduction in [16]), we

introduce the following space of test functions for continuous viscosity solutions of the
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system Walsh(S):

C2,0
0,1

(
NR × [0, K]

)
:=
{
f : NR × [0, K], ((x, i), l) 7→ fi(x, l)

∣∣∣
∀i ∈ [[1, I]], fi : [0, R]× [0, K] → R, (x, l) 7→ fi(x, l) ∈ C2,0([0, R]× [0, K]),

∀(i, j, l) ∈ [[1, I]]2 × [0, K], fi(0, l) = fj(0, l) = f(0, l),

f(0, ·) ∈ C1
(
[0, K]

)}
.

We continue this section by giving the definition of continuous viscosity supper and sub

solutions that belong to C
(
NR × [0, K]

)
, defined by:

C
(
NR × [0, K]

)
:=
{
f : NR × [0, K], ((x, i), l) 7→ fi(x, l)

∣∣∣
∀i ∈ [[1, I]], fi : [0, R]× [0, K] → R, (x, l) 7→ fi(x, l) ∈ C0([0, R]× [0, K]),

∀(i, j, l) ∈ [[1, I]]2 × [0, K], fi(0, l) = fj(0, l) = f(0, l)
}
.

for the Walsh’s spider HJB system - Walsh(S) - given in (7).

Definition 2.1. Let u ∈ C
(
NR × [0, K]

)
.

a) We say that u is a continuous viscosity supper solution of the Walsh(S) system (7),

if for all test function ϕ ∈ C2,0
0,1

(
NR × [0, K]

)
and for all local minimum point

(x⋆, i⋆, l⋆) ∈ [0, R]× [[1, I]]× [0, K] of u− ϕ, we have:

λϕi⋆(x⋆, l⋆) + sup
βi⋆∈Bi⋆

{
− σi⋆(x⋆, l⋆, βi)∂

2
xϕi⋆(x⋆, l⋆)+

bi⋆(x⋆, l⋆, βi)∂xϕi⋆(x⋆, l⋆) + hi⋆(x⋆, l⋆, βi)
}
≥ 0, if (x⋆, l⋆) ∈ (0, R)× (0, K),

∂lϕ(0, l⋆) + inf
ϑ∈O

{ I∑
i=1

S(θi, l⋆, ϑ)∂xϕi(0, l⋆) + h0(l⋆, ϑ)
}
≤ 0, if x⋆ = 0. l⋆ ∈ (0, K),

.

b) We say that u is a continuous viscosity sub solution of the Walsh(S) system (7), if for

all test function ϕ ∈ C2,0
0,1

(
NR × [0, K]

)
and for all local maximum point
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(x⋆, i⋆, l⋆) ∈ [0, R]× [[1, I]]× [0, K] of u− ϕ, we have:

λϕi⋆(x⋆, l⋆) + sup
βi⋆∈Bi⋆

{
− σi⋆(x⋆, l⋆, βi)∂

2
xϕi⋆(x⋆, l⋆)+

bi⋆(x⋆, l⋆, βi)∂xϕi⋆(x⋆, l⋆) + hi⋆(x⋆, l⋆, βi)
}
≤ 0, if (x⋆, l⋆) ∈ (0, R)× (0, K),

∂lϕ(0, l⋆) + inf
ϑ∈O

{ I∑
i=1

S(θi, l⋆, ϑ)∂xϕi(0, l⋆) + h0(l⋆, ϑ)
}
≥ 0, if x⋆ = 0. l⋆ ∈ (0, K),

.

c) We say that u is a continuous viscosity solution of the Walsh(S) system (7), if it is both

a continuous viscosity supper and sub solution of the Walsh(S) system (7).

The main result of this work is the following Theorem:

Theorem 2.2. (Comparison Theorem.) Assume assumption (H). Let v ∈ C
(
NR ×

[0, K]
)
a continuous viscosity sub solution and u ∈ C

(
NR × [0, K]

)
a continuous viscosity

supper solution of the Walsh’s spider HJB system - Walsh(S) - given in (7), satisfying the

following boundary conditions:

∀i ∈ [[1, I]], ∀l ∈ [0, K], ui(R, l) ≥ vi(R, l),

∀i ∈ [[1, I]], ∀x ∈ [0, R], ui(x,K) ≥ vi(x,K).

Then we have:

∀(x, i, l) ∈ [0, R]× [[1, I]]× [0, K], ui(x, l) ≥ vi(x, l).

3. A short example for the construction of test functions in the linear

case

As a short introduction of the method that will be used in this work to prove our

main Theorem 2.2, we propose in this section for the convenience of the reader, a simple

example in the linear framework.

Consider the following elliptic linear PDE posed on the open set (0, R), with Neumann

boundary condition at x = 0 and Dirichlet boundary condition at x = R:λu(x)− σ(x)∂2xu(x) = 0, x ∈ (0, R),

∂xu(0) = 0, u(R) = z,
(8)
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where λ > 0. σ ∈ C[0, R] is strictly positive (elliptic) and z ∈ R. We are going to give a

simple sketch of proof for a comparison theorem.

Let f (and resp. g) be a supper (resp. sub) continuous viscosity solution of (8) (namely

in the class C([0, R]) in the sens of Definition 2.1 adapted to the simple example (8)).

As explained in introduction, all our concentrations are focused on the behavior at the

boundary x = 0, hence we will only show that the following assumption:

sup
x∈[0,R]

{
g(x)− f(x)

}
= g(0)− f(0) > 0, (9)

will lead to a contradiction.

Let η > 0 and γ > 0 be two small parameters and ε ∈ (0, R) designed to drive the

construction of the test functions at the neighborhood x = 0. Define ϕ = ϕ(ε, η, γ) the

solution of the following ordinary differential equation:
−∂2xϕ(x) +

λf(x)

σ(x)
= −η, x ∈ (0, ε),

ϕ(0) = 0, ϕ(ε) = f(ε)− f(0)− γ,

, (10)

The solution satisfies:

∀x ∈ [0, ε], ϕ(x) = f(ε)− f(0)− γ + ∂xϕ(0)(x− ε) +

∫ x

ε

∫ u

0

(
η +

λf(z)

σ(z)

)
dzdu.

We are going to prove that ϕ is a test function of the supper solution f at x = 0. To

obtain this fact, it is enough to show that the minimum of f −ϕ on the compact set [0, ε]

is necessary reached at x = 0, and this is the case since:

-we have f(0)− ϕ(0) < f(ε)− ϕ(ε),

-and if the minimum of f − ϕ is reached at the interior of [0, ε], for instance at y ∈ (0, ε),

because f is a supper solution we should have:

−ησ(y) = −σ(y)∂2xϕ(y) + λf(y) ≥ 0,

which is a contradiction (recall that η > 0 and σ(y) > 0). Therefore ϕ is a test function

of the supper solution f at x = 0, and this implies:

∂xϕ(0) ≤ 0.
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Using that ϕ(0) = 0, we get:

0 ≥ ∂xϕ(0)ε = f(ε)− f(0)− γ +

∫ 0

ε

∫ u

0

(
η +

λf(z)

σ(z)

)
dzdu,

and therefore: ∫ ε

0

∫ u

0

(
η +

λf(z)

σ(z)

)
dzdu ≥ f(ε)− f(0)− γ. (11)

Analogously for the sub solution g, we define ϕ = ϕ(ε, η, γ) the solution of the following

ordinary differential equation:
−∂2xϕ(x) +

λg(x)

σ(x)
= η, x ∈ (0, ε),

ϕ(0) = 0, ϕ = g(ε)− g(0) + γ,

. (12)

The solution satisfies:

∀x ∈ [0, ε], ϕ(x) = g(ε)− g(0) + γ + ϕ(x− ε) +

∫ x

ε

∫ u

0

(
− η +

λg(z)

σ(z)

)
dzdu,

and with the same arguments behind, we can show that ϕ is a test function of the sub

solution g at x = 0 (the maximum of g − ϕ on the compact set [0, ε] is necessary reached

at x = 0). We get then:

∂xϕ(0) ≥ 0,

and therefore using that ϕ(0) = 0:∫ ε

0

∫ u

0

(
− η +

λg(z)

σ(z)

)
dzdu ≤ g(ε)− g(0) + γ. (13)

Now combining both (11) and (13), we obtain:∫ ε

0

∫ u

0

(
− 2η +

λ
(
g(z)− f(z))

σ(z)

)
dzdu ≤ g(ε)− g(0)− f(ε) + f(0) + 2γ.

Sending γ ↘ 0 and η ↘ 0, we have:

lim sup
η↘0

∫ ε

0

∫ u

0

(
− 2η +

λ
(
g(z)− f(z))

σ(z)

)
dzdu ≤ lim inf

γ↘0

(
g(ε)− g(0)− f(ε) + f(0) + 2γ

)
,

which leads to: ∫ ε

0

∫ u

0

λ
(
g(z)− f(z))

σ(z)
dzdu ≤ g(ε)− g(0)− f(ε) + f(0).
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Therefore as expected at the beginning of the sketch of proof, if we assume (9) that is:

sup
x∈[0,R]

{
g(x)− f(x)

}
= g(0)− f(0) > 0,

we get: ∫ ε

0

∫ u

0

λ
(
g(z)− f(z))

σ(z)
dzdu ≤ 0.

Dividing by ε2 we obtain:

1

ε2

∫ ε

0

∫ u

0

λ
(
g(z)− f(z))

σ(z)
dzdu ≤ 0,

and finally sending ε↘ 0:

lim
ε↘0

1

ε2

∫ ε

0

∫ u

0

λ
(
g(z)− f(z))

σ(z)
dzdu ≤ 0,

we get:
λ

σ(0)

(
g(0)− f(0)

)
≤ 0,

and this leads to a contradiction with the assumption (9) using that λ > 0 and the el-

lipticity condition at x = 0: (σ(0) > 0). We obtain therefore the result expected at the

beginning of this sketch of proof.

4. Proof of Theorem 2.2

We state first the following Proposition, that will be useful for the construction of the

test functions at the neighborhood of the vertex 0.

Proposition 4.1. Let r > 0 and (B,H) ∈ R2. Fix ε > 0, κ > 0 and (η, γ) ∈ R2, be four

small parameters (ε, κ, |η|, |γ| << 1) (expected to be sent to 0.) Assume that ε is small

enough in order to satisfy:

1− |B|ε exp(|B|ε) > 0. (14)

Let wκ and
(
zε,κi

)
i∈[[1,I]] be real bounded sequences indexed by (ε, κ):

∃w ≥ 0, ∃z ≥ 0, sup
κ≥0

|wκ| ≤ w, max
i∈[[1,I]]

sup
ε≥0

sup
κ≥0

|zε,κi | ≤ z.

For a given ℓ ∈ (0,+∞) and S ≥ 0:

(i)-the following parametric ordinary differential equation posed on the domain Nε × [ℓ−
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κ, ℓ+ κ]:rψi(x, l)− ∂2xψi(x, l) +B|∂xψi(x, l)|+H + η = 0, x ∈ (0, ε), l ∈ (ℓ− κ, ℓ+ κ),

ψ(0, l) = wκ + S(l − ℓ), ψi(ε, l) = zε,κi + S(l − ℓ) + γ, l ∈ [ℓ− κ, ℓ+ κ],
,

(15)

admits a unique solution:

ψ = ψ
(
ε, κ, η, γ, S, wκ,

(
zε,κi

)
i∈[[1,I]]

)
in the class C2,0

0,1

(
Nε × [ℓ− κ, ℓ+ κ]

)
.

(ii)-Fix β > 0. As soon as we impose κ = κε small enough in order to verify

1− β

ε
rκ
(
exp(|B|ε)− 1

)
− β

rκ|B| exp(2|B|ε)
1− |B|ε exp(|B|ε)

> 0, (16)

then there exists

S(β) = S
(
β, ε, κ, η, γ, wκ,

(
zε,κi

)
i∈[[1,I]]

)
≥ 0

such that:

∀l ∈ [ℓ− κ, ℓ+ κ], ∂lψ(0, l) = S(β) ≥ β

ε

(
|B||∂xψ|+ |H|+ |η|

)
. (17)

(iii)-Assume moreover that the sequences
(
wκ,

(
zε,κi

)
i∈[[1,I]]

)
satisfy:

∀i ∈ [[1, I]], lim
ε↘0

lim sup
κ↘0

∣∣zε,κi − wκ
∣∣ = 0.

Then for all β > 0 and the choice of the parameter S(β) = S
(
β, ε, κ, η, γ, wκ,

(
zε,κi

)
i∈[[1,I]]

)
satisfying (17), the solution:

ψ = ψ
(
ε, κ, η, γ, S(β), wκ,

(
zε,κi

)
i∈[[1,I]]

)
= ψε,κ,η,γ

β

of (15) satisfies:

lim sup
ε↘0

lim sup
κ↘0

lim sup
η↘0

lim sup
γ↘0

max
i∈[[1,I]]

sup
l∈[ℓ−κ,ℓ+κ]

∣∣∣ 2
ε2

∫ ε

0

∫ u

0

ψε,κ,η,γ
i,β (z, l)dzdu− wκ

∣∣∣ = 0.

(18)

Proof. Fix for a while l ∈ [ℓ−κ, ℓ+κ], viewed as an external parameter. We obtain easily

the unique solvability on each rays Rε,i := [0, ε]×{i}, i ∈ [[1, I]] of (15) (using for instance
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the Corollary 1.9-II given in [10]). Remarking that the sequence wκ is independent of

i ∈ [[1, I]], we obtain by extension the unique solvability in the class C2
(
Nε

)
.

Set

M =M(κ, γ, η, S) = w + z + κS + |γ|+ |H|+ |η|
r

. (19)

It is easy to check that constant map x 7→M (resp. x 7→ −M) is a supper solution (resp.

sub solution) of (15), which implies that:

∀i ∈ [[1, I]], ∀(x, l) ∈ [0, ε]× [ℓ− κ, ℓ+ κ], |ψi(x, l)| ≤M. (20)

Since we have for all i ∈ [[1, I]] and for all (x, l) ∈ (0, ε)× (ℓ− κ, ℓ+ κ):

|∂2xψi(x, l)| ≤ |B||∂xψi(x, l)|+ rM + |H|+ |η|,

it follows from Grönwall’s Lemma that for all (x, l) ∈ (0, ε)× (ℓ− κ, ℓ+ κ):

|∂xψi(x, l)| ≤ |∂xψi(0, l)| exp(|B|ε) + rM + |H|+ |η|
|B|

(
exp(|B|ε)− 1

)
, (21)

(with the convention
((

exp(|B|ε)− 1
)
/|B|

)
|B|=0

= ε).

Observe now that for all l ∈ (ℓ− κ, ℓ+ κ) and for all i ∈ [[1, I]]:

γ + zε,κi − wκ = ε∂xψi(0, l) +

∫ ε

0

∫ u

0

(
rψi(z, l) +B|∂xψi(z, l)|+H + η

)
dzdu, (22)

and therefore from (19), (20) and (22):

|∂xψi(0, l)| ≤
1

ε
|γ + zε,κi − wκ|+ ε exp(|B|ε)

(
C1(κ, γ, η, S) + |B||∂xψi(0, l)|

)
, (23)

C1 = C1(κ, γ, η, S) = r(w + z + κS + |γ|) + 2(|H|+ |η|) (24)

From (23), we see that as soon as we impose ε small enough to get:

1− |B|ε exp(|B|ε) > 0,

we obtain that for all l ∈ (ℓ− κ, ℓ+ κ) and for all i ∈ [[1, I]]:

|∂xψi(0, l)| ≤
1

1− |B|ε exp(|B|ε)

[1
ε
|γ + zε,κi − wκ|+ C1ε exp(|B|ε)

]
. (25)

Since the sequences wκ and zε,κi are uniformly bounded and the parameter κ << 1 is

small enough, we obtain clearly that the sequence
(
ψ(·, l)

)
l∈[ℓ−κ,ℓ+κ]

is equicontinuous
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in the class C2+α
(
Nε

)
(for some α ∈ (0, 1)), uniformly with respect to the parameter

l ∈ [ℓ− κ, ℓ+ κ]. In other words:

sup
l∈[ℓ−κ,ℓ+κ]

∥ψ(·, l)∥C2+α(Nε) ≤ Cε, (26)

where Cε ≥ 0 is a positive constant independent of κ.

Let us show that ψ and its first-second derivative are continuous with respect to variable

l. For this purpose, let (ln) be a sequence of [ℓ−κ, ℓ+κ] converging to l ∈ [ℓ−κ, ℓ+κ]. We

deduce with the aid of (26), Ascoli’s theorem and the boundary conditions, that ψ(·, ln)

will converge up to sub sequence in C2+α
(
Nε

)
to a solution of (15), that is indeed ψ(·, l)

by uniqueness. Therefore the map:[ℓ− κ, ℓ+ κ] → C2+α
(
Nε

)
l 7→ ψ(·, l),

,

is continuous. We conclude that ψ is in the class C2,0
0,1

(
Nε × [ℓ − κ, ℓ + κ]

)
, since clearly

l 7→ ψ(0, l) ∈ C1
(
[ℓ− κ, ℓ+ κ]

)
.

Let us show now (17). Fix β > 0. With the aid of (21) and (25), we have:

|∂xψ| = max
i∈[[1,I]]

{
sup

{
|∂xψi(x, l)|, (x, l) ∈ [0, ε]× [ℓ− κ, ℓ+ κ]

}}
≤

exp(|B|ε)
1− |B|ε exp(|B|ε)

[
max
i∈[[1,I]]

1

ε
|γ + zε,κi − wκ|+ C1(κ, γ, η, S)ε exp(|B|ε)

]
+

C1(κ, γ, η, S)

|B|
(
exp(|B|ε)− 1

)
, (27)

where we recall that C1 = C1(κ, γ, η, S) is given in (24) by:

C1(κ, γ, η, S) = r(w + z + κS + |γ|) + 2(|H|+ |η|).

Let choose κε > 0 small enough, such that for all κ ≤ κε:

1− β

ε
rκ
(
exp(|B|ε)− 1

)
− β

rκ|B| exp(2|B|ε)
1− |B|ε exp(|B|ε)

> 0.

We observe from (27) and the expression of the constant C1(κ, γ, η, S), that if we set the

parameter S ≥ 0:

S = S(β) = S
(
β, ε, κ, η, γ, wκ,

(
zε,κi

)
i∈[[1,I]]

)
≥ 0,
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such that:

S(β) :=
β|B|
ε

exp(|B|ε)
1− |B|ε exp(|B|ε)

[
max
i∈[[1,I]]

1

ε
|γ + zε,κi − wκ|+ C2(γ, η)ε exp(|B|ε)

]
1− β

ε
rκ
(
exp(|B|ε)− 1

)
− β

rκ|B| exp(2|B|ε)
1− |B|ε exp(|B|ε)

,

+
β|B|
ε

C2(γ, η)

|B|
(
exp(|B|ε)− 1

)
1− β

ε
rκ
(
exp(|B|ε)− 1

)
− β

rκ|B| exp(2|B|ε)
1− |B|ε exp(|B|ε)

+
β|B|
ε

(
|H|+ |η|) (28)

with:

C2(γ, η) = r(w + z + |γ|) + 2(|H|+ |η|). (29)

we will obtain:

S(β) ≥ β

ε

(
|B||∂xψ|+ |H|+ |η|

)
,

namely (17) holds true.

To conclude observe first that since both sequences wκ and zε,κi are uniformly bounded,

we will obtain in (28) that the parameter:

S(β) = S
(
β, ε, κ, η, γ, wκ,

(
zε,κi

)
i∈[[1,I]]

)
= S

(
β, ε, κ, η, γ

)
will satisfy:

lim sup
κ↘0

lim sup
η↘0

lim sup
γ↘0

κS
(
β, ε, κ, η, γ

)
= 0. (30)

Let l ∈ [ℓ− κ, ℓ+ κ]. Now for ψ = ψε,κ,η,γ
β , which satisfies:

∂lψ(0, l) = S
(
β, ε, κ, η, γ

)
,

we have for all i ∈ [[1, I]] (recall that: ψε,κ,η,γ
β (0, l) = wκ + S

(
β, ε, κ, η, γ

)
(l − ℓ)):

∣∣ 2
ε2

∫ ε

0

∫ u

0

ψε,κ,η,γ
i,β (z, l)dzdu− wκ

∣∣ ≤
∣∣ 2
ε2

∫ ε

0

∫ u

0

(
ψε,κ,η,γ
i,β (z, l)−

(
wκ + S

(
β, ε, κ, η, γ

)
(l − ℓ)

))
dzdu

∣∣+ κS
(
β, ε, κ, η, γ

)
≤

∣∣ 1

2ε2

∫ ε

0

∫ u

0

∫ z

0

∂xψ
ε,κ,η,γ
i,β (t)dtdzdu

∣∣+ κS
(
β, ε, κ, η, γ

)
≤

ε

2
|∂xψε,κ,η,γ

β |+ κS
(
β, ε, κ, η, γ

)
.
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Hence if the sequences
(
wκ,

(
zε,κi

)
i∈[[1,I]]

)
satisfy:

∀i ∈ [[1, I]], lim
ε↘0

lim sup
κ↘0

∣∣zε,κi − wκ
∣∣ = 0,

we see from the expression given (27) and the convergence (30), that we will obtain:

lim sup
ε↘0

lim sup
κ↘0

lim sup
η↘0

lim sup
γ↘0

max
i∈[[1,I]]

sup
l∈[ℓ−κ,ℓ+κ]

∣∣∣ 2
ε2

∫ ε

0

∫ u

0

ψε,κ,η,γ
i,β (z, l)dzdu− wκ

∣∣∣ = 0.

The proof is complete. □

We are able now to prove the central result of this work: Theorem 2.2.

Proof. Let f (and resp. g) be a supper (resp. sub) continuous viscosity solution of (8).

Fix in the sequel ℓ ∈ [0, K). We argue by contradiction assuming that:

sup
{
gi(x)− fi(x),

(
(x, i), l

)
∈ NR × [ℓ,K]

}
> 0.

Since f and g are in the class C
(
NR × [0, K]

)
, using the boundary condition given in the

assumptions of the Theorem, the last supremum is necessary reached at a point:(
x⋆, i⋆, l⋆

)
∈ [0, R)× [[1, I]]× [ℓ,K).

Step 1: Classical arguments at the interior of each rays. Assume first that: x⋆ > 0.

Let V(x⋆) be a neighborhood of x⋆ strictly included in the ray Ri⋆. When l⋆ ∈ [ℓ,K) is

fixed, the following Hamiltonian (parameterized by l⋆) :

H l⋆
i⋆
:=


V(x⋆)× R3 → R

(x, u, p.S) 7→ λu+ supβi⋆∈Bi⋆

{
− σ2

i⋆(x, l⋆, βi⋆)S+

bi⋆(x, l⋆, βi⋆)p+ hi⋆(x, l⋆, βi⋆)
}
,

,

is continuous because:

-linear in u,

-convex in (p, S),

-assumption (H−R) states that all the coefficients (σi, bi, hi)i∈[[1,I]] are Lipschitz continu-

ous, uniformly in the control variables (βi ∈ Bi)i∈[[1,I]]. This imply the Lipschitz continuity

of H l⋆
i⋆

with respect to the variable x.



24 ISAAC OHAVI

Moreover, we have that the classical assumptions introduced in the seminal work [5]

(Theorem 3.3) hold true, which are:

(i) ∀(x, u, v, p, S) ∈ [0, R]× R3, if u ≥ v, then

H l⋆
i⋆
(x, u, p, S)−H l⋆

i⋆
(x, v, p.S) ≥ λ(u− v), with λ > 0,

(ii) ∃ω ∈ C(R+,R+), ω(0) = 0, ∀α > 0, ∀(x, y, u, p,X, Y ) ∈ [0, R]2 × R4,

such that: − 3α

1 0

0 1

 ≤

X 0

0 −Y

 ≤ 3α

 1 −1

−1 1

 , then :

H l⋆
i⋆
(y, u, β(x− y).Y )−H l⋆

i⋆
(x, u, α(x− y), X) ≤ ω

(
α|x− y|2 + |x− y|

)
.

(Recall that the last property (ii) holds true since the coefficients (σi, bi, hi)i∈[[1,I]], are

Lipschitz continuous uniformly in the control variables (βi ∈ Bi)i∈[[1,I]] - see Example 3.6

in [5] for instance - and l = l⋆ is fixed).

Since the Hamiltonian H l⋆
i⋆

does not have any dependency with some derivative with

respect to the variable l, we can proceed with the classical arguments of the theory of

viscosity solution to obtain a contradiction, that are:

-applying the doubling variable method with the function (here parameterized by (i⋆.l⋆))

defined by :

∀ε > 0, w(i⋆.l⋆)
ε (x, y) = gi⋆(x, l⋆)− fi⋆(x, l⋆)−

1

2ε2
|x− y|2, (x, y) ∈ Vi⋆(x⋆)× Vi⋆(x⋆),

(recall that Vi⋆(x⋆) is a neighborhood of x⋆ strictly included in Ri⋆).

-use the Ishii’s matrix lemma (see for example Theorem 3.2 in [5]). (Recall that H l⋆
i⋆

is

continuous at the neighborhood of x⋆, which implies that the equivalent definition of a

supper (resp. sub solutions) with the closure of the second-order supper jet (resp. sub jet)

of f (resp. g) at x⋆ holds true).

In the rest of this proof we assume that:

sup
{
gi(x, l)− fi(x, l),

(
(x, i), l

)
∈ NR × [ℓ,K]

}
= g(0, l⋆)− f(0, l⋆) > 0, (31)

where we recall that: l⋆ ∈ [ℓ,K), ℓ ∈ (0, K).
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Step 2: introduction of test functions depending on the speed of the Hamil-

tonians. We scale first f and g at the vertex 0. Set:

Θ(f, g) =
1

2

(
f(0, l⋆) + g(0, l⋆)

)
.

It is easy to verify that:

u = f −Θ(f, g), v = g −Θ(f, g), (32)

are respectively supper solution and sub solution of the following system with non linear

local time’s Kirchhoff’s boundary transmission, posed on the domain NR × [0, K]:

λwi(x, l) + λΘ(f, g) + sup
βi∈Bi

{
− σi(x, l, βi)∂

2
xwi(x, l)+

bi(x, l, βi)∂xwi(x, l) + hi(x, l, βi)
}
= 0, (x, l) ∈ (0, R)× (0, K),

∂lw(0, l) + inf
ϑ∈O

{ I∑
i=1

S(θi, l, ϑ)∂xwi(l, 0) + h0(l, ϑ)
}
= 0, l ∈ (0, K)

wi(R, l) = χi(l)−Θ(f, g), l ∈ [0, K],

wi(x,K) = Ti(x)−Θ(f, g), x ∈ [0, R]

∀(i, j) ∈ [[1, I]]2, ∀l ∈ [0, K], wi(0, l) = wj(0, l).

(33)

Remark that:

u(0, l⋆) =
1

2

(
f(0, l⋆)− g(0, l⋆)

)
< 0, v(0, l⋆) =

1

2

(
g(0, l⋆)− f(0, l⋆)

)
> 0,

v(0, l⋆)− u(0, l⋆) = g(0, l⋆)− f(0, l⋆) > 0. (34)

In the sequel, drawing on the method introduced in the last Section 3, we will build in

the neighborhood of (0, l⋆) test functions for the supper solution u (resp. sub solution v)

of (33) that will solve ordinary differential equations possessing only constant coefficients.

This coefficients may be viewed as a kind a supreme envelope of all possible first order

errors of the speed of the Hamiltonians
(
Speed(Hi), i ∈ [[1, I]]

)
defined by:

Speed(Hi) :=


[0, R]× [0, K]× R → R,

(x, l, p) 7→ sup
βi∈Bi

{bi(x, l, βi)p+ hi(x, l, βi)

σi(x, l, βi)

} ,
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where the Hamiltonian
(
Hi, i ∈ [[1, I]]

)
are given by:

Hi :=


[0, R]× [0, K]× R3 → R,

(x, l, u, p, S) 7→ λu+ sup
βi∈Bi

{
− σi(x, l, βi)S + bi(x, l, βi)p+ hi(x, l, βi)

}
.

The key point in the construction is to impose a derivative with respect to the ’local-time’

variable l at x = 0 that will absorb all the errors induced by the Kirchhoff’s speed of the

Hamiltonians, given by:

KfSpeed :=


[0, R]× [0, K]× R → R,

(x, l, p) 7→ inf
ϑ∈O

{ I∑
i=1

S(θi, l, ϑ) sup
βi∈Bi

{bi(x, l, βi)p+ hi(x, l, βi)

σi(x, l, βi)

}} . (35)

Fix ε > 0 and κ > 0 two small parameters expected to be sent to 0. Using (34) and

the continuity of u and v, there exists a neighborhood of the vertex (0, l⋆) denoted by

V
(
(0, l⋆), (ε, κ)

)
and defined by:

V
(
(0, l⋆), (ε.κ)

)
:=
{(

(x, i), l
)
∈ NR × [ℓ,K], x ≤ ε, 0 < l⋆ − κ ≤ l ≤ l⋆ + κ < K

}
,

such that:

∀
(
(x, i), l

)
∈ V

(
(0, l⋆), (ε, κ)

)
, vi(x, l) ≥ 0, ui(x, l) ≤ 0, vi(x, l)− ui(x, l) ≥ 0. (36)

In the sequel we introduce also η > 0 and γ > 0 two small strictly positive parameters,

designed to drive the construction of the test functions at the neighborhood of the vertex

(0, l⋆).
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Set in the sequel:

t
(
λ,Θ(f, g)

)
= λΘ(f, g)

( 1
σ
1Θ(f,g)>0 +

1

σ
1Θ(f,g)≤0

)
,

t
(
λ,Θ(f, g)

)
= λΘ(f, g)

( 1
σ
1Θ(f,g)≤0 +

1

σ
1Θ(f,g)>0

)
, (37)

uκ(0) = sup
{
u(0, l), l ∈ [l⋆ − κ, l⋆ + κ]

}
,

∀i ∈ [[1, I]], uκi (ε) = inf
{
ui(ε, l), l ∈ [l⋆ − κ, l⋆ + κ]

}
,

vκ(0) = inf
{
v(0, l), l ∈ [l⋆ − κ, l⋆ + κ]

}
,

∀i ∈ [[1, I]], vκi (ε) = sup
{
vi(ε, l), l ∈ [l⋆ − κ, l⋆ + κ]

}
, (38)

Let S ≥ 0 and S ≥ 0 be two parameters designed to characterize the ’local-time’ derivative

of the tests functions at 0. Using Proposition 4.1, we introduce

ϕ = ϕ(u, ε, η, γ, S), ϕ = ϕ(v, ε, η, γ, S)

(denoted in the next lines lines
(
ϕ, ϕ

)
for the seek of clarity) the two solutions of the two

following ordinary parametric differential equation systems posed on Nε × [0, κ]

λ

σ
ϕi − ∂2xϕi(x, l) + t

(
λ,Θ(f, g)

)
+
(
|b||∂xϕi(x, l)|+ |h|

)/
σ = −η, (x, l) ∈ (0, ε)× (l⋆ − κ, l⋆ + κ),

ϕ(0, l) = uκ(0) + S(l − l⋆),

ϕi(ε, l) = uκi (ε)− γ + S(l − l⋆), l ∈ [l⋆ − κ, l⋆ + κ], i ∈ [[1, I]].

, (39)

and:

λ

σ
ϕ
i
− ∂2xϕi

(x, l) + t
(
λ,Θ(f, g)

)
−
(
|b||∂xϕi

(x, l)|+ |h|
)/
σ = η, (x, l) ∈ (0, ε)× (l⋆ − κ, l⋆ + κ),

ϕ(0, l) = vκ(0)− S(l − l⋆),

ϕ
i
(ε, l) = vκi (ε) + γ − S(l − l⋆), l ∈ [l⋆ − κ, l⋆ + κ], i ∈ [[1, I]].

. (40)

Assumption (H) combined with Proposition 4.1 state that both solutions ϕ and ϕ are

unique and in the class of test functions C2,0
0,1

(
Nε × [l⋆ − κ, l⋆ + κ]

)
.
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Step 3: ϕ (resp. ϕ) is a test function of the supper solution u (resp. the sub

solution v) at the vertex 0 of the Walsh’s spider HJB system (33).

We start to show that ϕ is a test function of the supper solution u at 0 of the HJB

system (33). The second case involving ϕ for the sub solution v can be treated with the

same arguments.

We are then going to show that the minimum of u−ϕ on the domain Nε× [l⋆−κ, l⋆+κ],

is necessarily reached at some point (0, lκ) with lκ ∈ [l⋆ − κ, l⋆ + κ]. Using the boundary

conditions satisfied by ϕ and the expressions given in (37), we obtain that ∀i ∈ [[1, I]] and

∀l ∈ [l⋆ − κ, l⋆ + κ]:

u(0, l)− ϕ(0, l) = u(0, l)− uκ(0)− S(l − l⋆) ≤ −S(l − l⋆),

∀i ∈ [[1, I]], ui(ε, l)− ϕi(ε, l) = ui(ε, l)− uκi (ε)− S(l − l⋆) + γ > −S(l − l⋆),

which implies that the minimum of u − ϕ can not be reached at (x = ε, l) with l ∈

[l⋆ − κ, l⋆ + κ].

Assume now that minimum of u− ϕ is reached at some point(
y, j, ℓ

)
∈ (0, ε)× [[1, I]]× [l⋆ − κ, l⋆ + κ].

As it is classical in the viscosity formulation, we can without lose of generality assume

that:

uj(y, ℓ) = ϕj(y, ℓ).

Since u is a supper solution of the system (33), we have by definition (recall that 0 <

l⋆ − κ < l⋆ + κ < K):

λuj(y, ℓ) + λΘ(f, g)+

sup
βj∈Bj

{
− σj(y, ℓ, βj)∂

2
xϕj(y, ℓ) + bj(y, ℓ, βj)∂xϕj(y, ℓ) + hj(y, ℓ, βj)

}
≥ 0. (41)
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Hence using the expression of the system of ordinary differential equation (39) satisfied

by ϕ we get:

λuj(y, ℓ) + λΘ(f, g) + sup
βj∈Bj

{
− σj(y, ℓ, βj)η − σj(y, ℓ, βj)

λuj(y, ℓ)

σ

− σj(y, ℓ, βj)t
(
λ,Θ(f, g)

)
− σj(y, ℓ, βj)

(
|b||∂xϕj(y, ℓ)|+ |h|

)/
σ

+ bj(y, ℓ, βj)∂xϕj(y, ℓ) + hj(y, ℓ, βj)
}
≥ 0. (42)

Using now that η > 0, uj(y, ℓ) ≤ 0 (see (36)), the expression of t
(
λ,Θ(f, g)

)
given in (37)

and the central ellipticity condition satisfied by the coefficient σj (assumption H−E), we

get that the last quantity (42) is smaller than:[
λuj(y, ℓ) + sup

βj∈Bj

{−σj(y, ℓ, βj)
λuj(y, ℓ)

σ
}
]

+
[
λΘ(f, g) + sup

βj∈Bj

{−σj(y, ℓ, βj)t
(
λ,Θ(f, g)

)
}
]

+
[(
|b||∂xϕj(y, ℓ)|+ |h|

)
−
(
|b||∂xϕj(y, ℓ)|+ |h|

)]
+ sup

βj∈Bj

{−σj(y, ℓ, βj)η} ≤ −ση < 0,

and that leads to a contradiction with (41). We conclude that ϕ is a test function of the

supper solution u at the vertex 0, namely there exists lκ ∈ [l⋆ − κ, l⋆ + κ] such that:

∂lϕ(0, lκ) + inf
ϑ∈O

{ I∑
i=1

S(θi, lκ, ϑ)∂xϕi(0, lκ) + h0(lκ, ϑ)
}
≤ 0. (43)

As announced at the beginning of this Step, using the same arguments, we can show easily

that ϕ is a test function of the sub solution v at 0, namely there exists lκ ∈ [l⋆ −κ, l⋆ +κ]

such that:

∂lϕ(0, lκ) + inf
ϑ∈O

{ I∑
i=1

S(θi, lκ, ϑ)∂xϕi
(0, lκ) + h0(lκ, ϑ)

}
≥ 0. (44)

Step 3: Conclusion. Fix ϑ ∈ O. Without loss of generality, in the construction of the

tests functions in Step 1 and the results obtained in Step 2, we know from Proposition
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4.1, that for ε << 1, κ << 1, there exists

S = S(ζ, ε, κ, η, γ) = S
(
ζ, ε, κ, |t

(
λ,Θ(f, g)

)
|+ η, |h|, |∂xϕ|, uκ(0),

(
uκi (ε)

)
i∈[[1,I]]

)
,

S = S(ζ, ε, κ, η, γ) = S
(
ζ, ε, κ, |t

(
λ,Θ(f, g)

)
|+ η, |h|, |∂xϕ|, vκ(0),

(
vκi (ε)

)
i∈[[1,I]]

)
,

such that:

∂lϕ(0, lκ) = S(ζ, ε, κ, η, γ) ≥ Iζ

ε

(
|t
(
λ,Θ(f, g)

)
|+ η +

|b||∂xϕ|+ |h|
σ

)
, (45)

∂lϕ(0, lκ) = S(ζ, ε, κ, η, γ) ≥ Iζ

ε

(
|t
(
λ,Θ(f, g)

)
|+ η +

|b||∂xϕ|+ |h|
σ

)
. (46)

Recall that ζ is given in assumption (H−R), and we have denoted for w ∈ C2
(
Nε×[0, κ]

)
,

|∂xw| = maxi sup(x,l) |∂xwi(x, l)|. As an interpretation, roughly speaking (45) and (46)

implies that the ’local-time’ time derivative of the test function
(
ϕ, ϕ

)
at 0 absorb the

error term induced by the Kirchhoff’s speed of the Hamlitonians defined in (35), scaled

by 1/ε.

Remark first that since lκ ∈ [l⋆ − κ, l⋆ + κ] and lκ ∈ [l⋆ − κ, l⋆ + κ], we have:

lim
κ↘0

lκ = l⋆, lim
κ↘0

lκ = l⋆ (47)

and from the expressions given in (37) and the continuity of u and v we get:

∀i ∈ [[1, I]], limε↘0 lim supκ↘0 v
κ
i (ε) = v(0, l⋆), limε↘0 lim supκ↘0 u

κ
i (ε) = u(0, l⋆),

limκ↘0 v
κ(0) = v(0, l⋆), limκ↘0 u

κ(0) = u(0, l⋆). (48)

Using (31) and (32), we know that for all i ∈ [[1, I]]:

ui(ε, l⋆)− u(0, l⋆)− vi(ε, l⋆) + v(0, l⋆) = fi(ε, l⋆)− f(0, l⋆)− gi(ε, l⋆) + g(0, l⋆) ≥ 0.

Hence we deduce that for all i ∈ [[1, I]]:

lim
κ↘0

uκi (ε)− uκ(0)− vκi (ε) + vκ(0) ≥ 0,
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and therefore:

∃κε > 0, ∀κ ≤ κε, uκi (ε)− uκ(0)− vκi (ε) + vκ(0) ≥ −ε3. (49)

From the expressions of the ordinary differential equations (39)-(40) satisfied by that ϕ

and ϕ, we obtain:

∂xϕi(0, lκ) = −γ
ε
+

1

ε

(
uκi (ε)− uκ(0)−

∫ ε

0

∫ u

0

λϕi(z, lκ)

σ
dzdu

−
∫ ε

0

∫ u

0

[
t
(
λ,Θ(f, g)

)
+

|b||∂xϕi(z, lκ)|+ |h|
σ

+ η
]
dzdu

)
,

∂xϕi
(0, lκ) =

γ

ε
+

1

ε

(
vκi (ε)− vκ(0)−

∫ ε

0

∫ u

0

λϕ
i
(z, lκ)

σ
dzdu

−
∫ ε

0

∫ u

0

[
t
(
λ,Θ(f, g)

)
−

|b||∂xϕi
(z, lκ)|+ |h|
σ

− η
]
dzdu

)
∂lϕ(0, lκ) = S(ζ, ε, κ, η, γ), ∂lϕ(0, lκ) = −S(ζ, ε, κ, η, γ). (50)

Now we have the necessary tools to conclude. Recall that ϑ ∈ O is fixed. Write:

∂lϕ(0, lκ) +
I∑

i=1

S(θi, lκ, ϑ)∂xϕi(0, lκ) + h0(lκ, ϑ)−

(
∂lϕ(0, lκ) +

I∑
i=1

S(θi, lκ, ϑ)∂xϕi
(0, lκ) + h0(lκ, ϑ)

)
=

S(ζ, ε, κ, η, γ)−
I∑

i=1

S(θi, lκ, ϑ)
1

ε

(∫ ε

0

∫ u

0

[
t
(
λ,Θ(f, g)

)
+

|b||∂xϕi
(z, lκ)|+ |h|
σ

+ η
]
dzdu

)
+ S(ζ, ε, κ, η, γ)−

I∑
i=1

S(θi, lκ, ϑ)
1

ε

(∫ ε

0

∫ u

0

[
− t
(
λ,Θ(f, g)

)
+

|b||∂xϕi(z, lκ)|+ |h|
σ

+ η
]
dzdu

)
−

γ

ε

( I∑
i=1

S(θi, lκ, ϑ) +
I∑

i=1

S(θi, lκ, ϑ)
)
+

1

ε

I∑
i=1

S(θi, lκ, ϑ)
(
uκi (ε)− uκ(0)− vκi (ε) + vκ(0)

)
+

1

ε

I∑
i=1

(
S(θi, lκ, ϑ)− S(θi, lκ, ϑ)

)(
vκi (ε)− vκ(0)

)
+ h0(lκ, ϑ)− h0(lκ, ϑ)+

I∑
i=1

S(θi, lκ, ϑ)
1

ε

∫ ε

0

∫ u

0

λϕ
i
(z, lκ)

σ
dzdu−

I∑
i=1

S(θi, lκ, ϑ)
1

ε

∫ ε

0

∫ u

0

λϕi(z, lκ)

σ
dzdu.
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Now using (45)-(46)-(49), together with assumption (H−R) we obtain that there exists

∃κε > 0, ∀κ ≤ κε:

∂lϕ(0, lκ) +
I∑

i=1

S(θi, lκ, ϑ)∂x∂xϕi(0, lκ) + h0(lκ, ϑ)−

(
∂lϕ(0, lκ) +

I∑
i=1

S(θi, lκ, ϑ)∂xϕi
(0, lκ) + h0(lκ, ϑ)

)
≥ −γ

ε
2Iζ − ε2Iζ − 2|v|Iζ

ε
|lκ − lκ| − |h||lκ − lκ|

+
I∑

i=1

S(θi, lκ, ϑ)
1

ε

∫ ε

0

∫ u

0

λϕ
i
(z, lκ)

σ
dzdu−

I∑
i=1

S(θi, lκ, ϑ)
1

ε

∫ ε

0

∫ u

0

λϕi(z, lκ)

σ
dzdu. (51)

Taking now the infimum over all the ϑ ∈ O in (51), we obtain with aid of (43) and (44):

0 ≥ −γ
ε
2Iζ − ε2Iζ − 2|v|Iζ

ε
|lκ − lκ| − |h||lκ − lκ|

+ inf
ϑ∈O

[ I∑
i=1

S(θi, lκ, ϑ)
1

ε

∫ ε

0

∫ u

0

λϕ
i
(z, lκ)

σ
dzdu−

I∑
i=1

S(θi, lκ, ϑ)
1

ε

∫ ε

0

∫ u

0

λϕi(z, lκ)

σ
dzdu

]
.

(52)

For all n > 0, there exists ϑn = ϑn(ε, κ, η, γ) such that:

inf
ϑ∈O

[ I∑
i=1

S(θi, lκ, ϑ)
1

ε

∫ ε

0

∫ u

0

λϕ
i
(z, lκ)

σ
dzdu−

I∑
i=1

S(θi, lκ, ϑ)
1

ε

∫ ε

0

∫ u

0

λϕi(z, lκ)

σ
dzdu

]
+ 1/n ≥

[ I∑
i=1

S(θi, lκ, ϑn)
1

ε

∫ ε

0

∫ u

0

λϕ
i
(z, lκ)

σ
dzdu−

I∑
i=1

S(θi, lκ, ϑn)
1

ε

∫ ε

0

∫ u

0

λϕi(z, lκ)

σ
dzdu

]
.
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Dividing (52) by ε/2 we get:

0 ≥ − γ

ε2
4Iζ − ε2Iζ − |v|4Iζ

ε2
|lκ − lκ| −

2

ε
|h||lκ − lκ| −

2

nε
+

[ I∑
i=1

S(θi, lκ, ϑn)
2

ε2

∫ ε

0

∫ u

0

λϕ
i
(z, lκ)

σ
dzdu−

I∑
i=1

S(θi, lκ, ϑn)
2

ε2

∫ ε

0

∫ u

0

λϕi(z, lκ)

σ
dzdu

]
≥

− γ

ε2
4Iζ − ε2Iζ − |v|4Iζ

ε2
|lκ − lκ| −

2

ε
|h||lκ − lκ| −

2

nε
+ (53)

λ

σ
vκ(0)

I∑
i=1

S(θi, lκ, ϑn)−
λ

σ
uκ(0)

I∑
i=1

S(θi, lκ, ϑn)+ (54)

I∑
i=1

S(θi, lκ, ϑn)
2

ε2

∫ ε

0

∫ u

0

λ
(
ϕ
i
(z, lκ)− vκ(0)

)
σ

dzdu− (55)

I∑
i=1

S(θi, lκ, ϑn)
2

ε2

∫ ε

0

∫ u

0

λ
(
ϕi(z, lκ)− uκ(0)

)
σ

dzdu (56)

To conclude we have first in (53):

lim
ε↘0

lim sup
κ↘0

lim sup
γ↘0

lim sup
n→+∞

[
− γ

ε2
4Iζ − ε2Iζ − |v|4Iζ

ε2
|lκ − lκ| −

2

ε
|h||lκ − lκ| −

2

nε

]
= 0.

Secondly, from (34) and (48), we obtain that in (54) (because vκ(0) ≥ 0, and uκ(0) ≤ 0):

lim sup
κ↘0

(λ
σ
vκ(0)

I∑
i=1

S(θi, lκ, ϑn)−
λ

σ
uκ(0)

I∑
i=1

S(θi, lκ, ϑn)
)
≥ Iζ

λ

σ

[
v(0, l⋆)− u(0, l⋆)

]
.

Finally, for the term (55), since the boundary condition of
(
ϕ = (ε, κ, η, γ), ϕ = (ε, κ, η, γ)

)
satisfy the point (iii) of Proposition 4.1, namely (see (48)):

∀i ∈ [[1, I]], lim
ε↘0

lim sup
κ↘0

|uκi (ε)− uκ(0)| = 0, lim
ε↘0

lim sup
κ↘0

|vκi (ε)− vκ(0| = 0,

we have:

lim
ε↘0

lim sup
κ↘0

lim sup
η↘0

lim sup
γ↘0

∣∣∣ I∑
i=1

S(θi, lκ, ϑn)
2

ε2

∫ ε

0

∫ u

0

λ
(
ϕε,κ,η,γ

i
(z, lκ)− vκ(0)

)
σ

dzdu
∣∣∣ ≤

lim
ε↘0

lim sup
κ↘0

lim sup
η↘0

lim sup
γ↘0

Iζmax
i

sup
l∈[l⋆−κ,l⋆+κ]

∣∣∣ 2
ε2

∫ ε

0

∫ u

0

λ
(
ϕε,κ,η,γ

i
(z, l)− vκ(0)

)
σ

dzdu
∣∣∣

= 0,
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and also:

lim
ε↘0

lim sup
κ↘0

lim sup
η↘0

lim sup
γ↘0

∣∣ I∑
i=1

S(θi, lκ, ϑn)
2

ε2

∫ ε

0

∫ u

0

λ
(
ϕ
ε,κ,η,γ

i (z, lκ)− uκ(0)
)

σ
dzdu

∣∣∣ = 0.

In the end we get:

0 ≥ Iζ
λ

σ
(v(0, l⋆)− u(0, l⋆)).

Therefore (32) imply

0 ≥ g(0,l⋆)− f(0, l⋆),

and that leads to a contradiction with (31). We conclude that for all ℓ ∈ (0, K), for all

(x, i) ∈ NR and for all l ∈ [ℓ,K]:

fi(x, l) ≥ gi(x, l).

We conclude the proof using the continuity of f and g with respect to variable l. □
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Email address: isaac.ohavi@mail.huji.ac.il & isaac.ohavi@gmail.com


	1. Introduction
	2. Notations and Definitions
	3. A short example for the construction of test functions in the linear case 
	4. Proof of Theorem 2.2
	References

