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WEAK SOLUTIONS OF MOFFATT’S MAGNETIC RELAXATION
EQUATIONS

JIN TAN

ABSTRACT. We investigate the global-in-time existence and uniqueness of weak
solutions for a family of equations introduced by Moffatt to model magnetic
relaxation. These equations are topology-preserving and admit all stationary
solutions to the classical incompressible Euler equations as steady states. In
the work [7] of Beekie, Friedlander and Vicol, global regularity results have
been established for initial magnetic field By € H*(T%)(s > d/2+1) when the
regularization parameter v in the equations satisfies v > v, := d/2+1. Global
regularity for v € [0,7.] is left as an open problem, as well as the existence of
weak solutions with rough initial data for any + > 0. In this paper, we show
that for any solenoidal magnetic field By € L? (']I'd) there exists a unique global
weak solution when v > ~.. Moreover, the solution can propagate higher-order
Sobolev regularity. These results hold true for the borderline case v = 7. only
if By € L?T(T%). Finally, we discuss Moffatt’s magnetic relaxation procedure.

In order to prove the existence and uniqueness of weak solutions, we estab-
lish a key compactness result for an active vector equation and provide some
estimates for fractional Laplacian after the Lagrangian change of variables,
which may have independent interest.

1. INTRODUCTION

In Arnolds seminal work [2], he developed a new set of geometric ideas for the
classical incompressible Euler equations:

ou+u-Vu+VP =0, divu=0. (1.1)

Since then there are numerous literature devoted to the subject of topological hy-
drodynamics, for example Ebin and Marsden [16], Holm et al. [I§], Arnold and
Khesin [4]. In the other hand, Arnold [3] suggested a process which demonstrates
the existence of an Euler equilibria (i.e. steady state of system ) that has the
same topological structure as an arbitrary divergence free magnetic field. The idea
is to use the evolution dynamics of the magnetic field to reach an Euler equilib-
ria which is topology-preserving (see Brenier [9] for an illustration). This concept
was developed later by Moffatt [22]. The magnetic relaxation procedure envisioned
by Moffatt formally preserves the streamline topology of an initial divergence free
three-dimensional magnetic field, and whose solutions are conjectured to converge
in the infinite time limit towards ideal Euler equilibria. There are other magnetic
relaxation equations for which the steady states are incompressible Euler equilibria.
We mention for instance the models of Vallis-Carnevale-Young[27] and Nishiyama
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[24]. For more details about topological aspects of fluid dynamics, see Moffatt’s
recent overview [23].

In this paper, we consider the Cauchy problem of the magnetic relaxation equa-
tions (MRE) proposed by Moffatt [22] on the flat torus T¢ = R?/Z? with d > 2 :

0:B+u-VB=DB-Vu,
(=A)u=B-VB+ VP, (1.2)
divu =divB =0,

supplemented with the initial conditions
B(0,z) = Bo(z), z €T (1.3)

The unknowns are the incompressible magnetic vector field B, the incompressible
velocity vector field v which is taken to have zero mean on T¢, and the scalar
pressure P. The parameter v > 0 is a regularization parameter of the constitutive
law B+ u :

w=(~A)""P(B-VB) = (~A)"Pdiv (B ® B), (1.4)

where P is the Leray projector onto divergence free vector fields.

First and foremost, let us observe from (|1.2)3 that for any smooth solution

(B,u) of (1.2) we have
d
1B )7z + 2lult, ), <0. (1.5)

From above energy inequality, it seems proper to define a distribution u via ((1.2)) 5.
Note that in order to define weak solutions for 1 a minimal requirement for
u(t,-) is the square integrability, when B(t,-) is square integrable. By the Sobolev
embedding and 2, this would require v > d/4 + % The energy equality
comes to the rescue, it provides for any v > 0 the required square integrability for
both u and B in space. However, the existence of global weak solutions for
supplemented with rough initial data (e.g. merely bounded data) is challenging even
when v > d/4+ %, since energy inequality does not yield robust compactness
properties for the magnetic field to pass to the limit in the nonlinear term B-V B in
2. To our best knowledge, the only existence result with rough initial data is
due to Brenier [9]. In the two dimensional case and with v = 0, he obtained global-
in-time dissipative weak solutions in the spirit of Lions’ dissipative weak solutions
to the Euler equations [26], a notion of solution which is weaker than the one of an
usual weak solution, but which holds a weak-strong uniqueness property. On the
other hand, let us mention Constantin and Pasqualotto [I1] recently constructed
Euler/magnetostatic equilibria from certain Voigt regularizations of the classical
incompressible MHD system without resistivity. The regularization considered in
[I1] gives additional compactness for the magnetic field, which allowing pass to
the limit in the expression B - VB, and obtain global-in-time solutions. However,
the price for that Voigt type regularization is poor control on the topology of the
limiting magnetic field (¢ — oo), because the topology of the magnetic field is not
preserving along time evolution. We also mention the work [19] of Kim and Kwon
on the global existence of weak solutions of Stokes-Magneto system with fractional
diffusions.
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At this stage, let us recall the results obtained for in Beekie-Friedlander-
Vicol [7]. Local-in-time existence and uniqueness of solutions were established for
initial data By in Sobolev spaces H® with s > d/2 + 1, for any v > 0. Global
well-posedness result was obtained if further v > d/2 + 1. The question of global
regularity or finite time blowup for when v € [0,d/2+1] was listed as an open
problem in [7]. In order to investigate Moffatt’s conjecture on magnetic relaxation
for , they proved that Vu converges to 0 in L as time diverges, for v > d/2+
1. On the other hand, they showed that the Lipschitz norm of w is not integrable
in the whole time interval R, in the case v = 0. Thus the relaxation towards Euler
equilibria from is not clear for general initial data. This fact motivates them
established in [7, Theorem 5.1] the asymptotic stability of a special Euler equilibria
e1 := (1,0)T under Sobolev smooth perturbations in the two dimensional case with
~ = 0. And in the three dimensional case, they constructed an explicit example of
a magnetic field B(t,-) which relaxes in L? as t — 0o to a steady solution B>,
but this limiting solution is not smooth and exhibits magnetic current sheets: the
current j(t,-) = V x B grows as t'/* in L?, in other words the magnetic field
B(t,) is not uniformly (in time) bounded in H'. Moreover, motivated by the work
of Elgindi and Masmoudi [I7] on the Euler equations, they exhibited an example of
current that grows exponentially in time. These examples suggest that for general
initial data one cannot expect magnetic relaxation of with respect to strong
norms, at least for v = 0.

The main goal of this paper is to establish existence, uniqueness and regularity
property of global weak solutions for subject to rough initial data when the
regularization parameter v > d/2 4+ 1. Before stating our main results, let us first
give the following definition of weak solutions for Moffatt’s MRE with general
v =0.

Definition 1.1. Let v > 0. Let initial data By € L*(T¢) and div By = 0. A pair
of vector field (B,u)(t,x) is called a global weak solution to the Cauchy problem

[T2)-(T.3), if (B,u) € L®(0,T;L*(T%) x L*(0,T; H(T?)) for all 0 < T < oo,
and it satisfies for almost every 0 <t < T,

t
jo fW[B 0w+ (BRu): Vo — (u® B) : Vo] dwdr
= |, B(t;) - v(t, ) dz — jw By - v(0,) dz,
for any vector test function v € C*([0,T) x T4), and
[ ult, ) (=) + (B(t, ) @ B(t,) : Vul do =0,
for any vector test function w € C=(T?) with divw =0, and
| B(t) - Vodr= | ult,) Vidz =0,

for any scalar test functions ¢, € C*(T?).
Moreover, the energy inequality holds, namely,

t
IB(t, )72 + 210 (7, )+ dr < || BollZ-- (1.6)
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1.1. Main results. Now, we are ready to state our main results. The first one
address the global regularity for Moffatt’s MRE (|1.2)) with borderline regularization
parameter v = d/2 + 1. It reads

Theorem 1.2. Let s > d/2+4+ 1 and v = . := d/2 + 1. Consider any initial
data By € H® such that divBy = 0. Then, there exists a unique solution B &
C([0,00); H®) with associated velocity u € C([0,00); H¥71727) N L2(0, 0o; H¥17<).
Moreover, the pair (B,u) satisfies the following energy equality:

t
1B(t, )II7> + 2L0 (N pne d7 = [1B(t0, )72, (1.7)

for all 0 <ty <t < oo, and also the bound:

t
1B e+ [ lalr ) dr

)3 CVEIBoll 12

C{(1+t+1Boll? 0o }

, (1.8)

2
G+t Boligs) e

< [1Bol7- e

where C' is a positive constant depends only on s and d.

The next theorem shows the existence and uniqueness of weak solutions in the
sense of Definition whenever the regularization parameter satisfying ~v > ~..

Theorem 1.3. Let v > v.. Consider any initial data By € L*(T?) such that
div By = 0. It holds that

(i) In the case v > 7., the Cauchy problem 7 admits a unique global
weak solution (B,u) € C([0,00); L?) x L>®(Ry; H?), and such that energy
inequality becomes an equality.

(i) In the case v = e, if in addition By € L?**¢ for any ¢ > 0, then the
Cauchy problem 7 admits a unique global weak solution (B,u) €
(C([0,00); L?) N L>(0, 00; L2T€)) x L>(0, 00; W12°) | which satisfies energy
equality and the bound:

1B(t, )22, < eCOHtHIBOITz ) 71002 ) (1.9)
for almost every t € [0,00), where C is a positive constant depends only

on d and 1/(2+¢€).

In the last, we investigate Moffatt’s magnetic relaxation procedure. This is a
subtle matter at least for the case v = 0, as we can see from Beekie-Friedlander-
Vicol’'s examples. One may interested in the case of large « and the possible
asymptotic behavior of the solutions obtained in Theorem The result below
shows the relaxation of the velocity field of these solutions as ¢ — oco.

Corollary 1.4. Let (B,u) be the weak solutions obtained in Theorem|1.3 (i), then
tlim lu(t, )ge =0, forall 0 <a<2y—r. (1.10)
bade el

Also, in Theorem/[1.9 (ii)

lim |lu(t,-)||gs =0, forall 0 <8< 7. (1.11)
t— o0
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However, we are not sure that the above magnetic field B(t,-) will relax to
a steady state B> of the Euler equations as t — oo. We note that the
constitutive law endows a cubic nature of the nonlinear term in the magnetic
equation 1, which may yields potential growth of the magnetic field (see (1.8])
and ) As such, Moffatt’s magnetic relaxation procedure seems mysterious
even for large 7.

In the next, we manage to identify the limiting profiles of Moffatt’s magnetic
relaxation procedure for a class of initial magnetic fields. For that purpose, we
recall the following theorem from [7, Theorem 5.1].

Theorem 1.5 ([7]). Let d =2. Let k >4 and m > k+9. Choose § € (0,1). There
exists small enough 19 such that for any solenoidal vector field By if ||Bo—e1||gm =

17 < mng, and Po(By —e1) =0, then we have that (1.2)-(1.3)) has a unique global in
time solution (B,u), which satisfies ||B — e1||z2 <n, PoB%? =0 and

IPL(B = e)ll g < 4dne =" (1.12)
[Po(B" = 1)l grs2 < 4 (1.13)
IB = el < 4ne™ (1.14)

for t € [0,00). In above, for any function 1 : T> — R, we used the notations

1
(o) (w2) i= oy [, 0,2 do,
(PL)yp(z1, 22) =1p(z1, 22) — (Potp)(2).

As a consequence, the velocity field satisfies u(t,-) — 0 as t — oo, whereas the
magnetic field B(t,-) relazes to a steady state B with ||B™ —eq|| gr+2 < 47, both
convergences taking place with respect to strong topologies.

Then we have

Corollary 1.6. The steady state B> obtained in Theorem[1.5 is a vector-valued
function of the single variable x5 € T = [0,1) (that corresponds to a shear flow of
the Euler equations) given b

B>(x3) = (—¢™(2),0)
with
(;500(1'2) = J.O 1‘{|¢0|>>\}|212(>\) dX for xzo €T,
(i.e. ¢°°(w2) = inf{\ € [0,00] : |[{|do| > A}| > m2}) where ¢o : T> — R is defined
by (]5() = A_IVLBO such that (Po(bo)(l‘g) = —X2, with VL = (—82781).

Proof. The proof is essentially motivated by a recent work [12] of Dalibard-Guillod-

Leblond. In the two-dimensional case, notice that for initial magnetic field By

satisfied Pg(Bg—e1) = 0 we may identify a unique scalar magnetic stream function

¢ = A~'V+ . B, which satisfies the active scalar equation
{8@ +u-Vop=0

o(t,z)|1=0 = o- (1.15)

IWe use dots for differentiation with spatial variable x2.
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Since B = V+¢, we see from (1.12) and PyB? =0 that
1016, M e = IPLB? | g < dne” 70 50, as ¢ — oo

Then thanks to Theorem we know that ¢(t,-) — ¢* in strong topologies as
t — oo for some ¢* = ¢*(x3) satisfying

1" + 1| gress < 41y < 1.

In other words, ¢* is a vertical decreasing rearmngemenﬁ of ¢o. The classical
rearrangement theory e.g. in [2I, Chapter 3] tells us ¢>° is the unique vertical
decreasing rearrangement of ¢q, therefore ¢* = ¢>°. (Il

1.2. A few remarks on the main results. First, Theorem [I.2] answered a bor-
derline case of the open problem Qi that proposed in [7, Section 7]. Notice that
the global regularity problem of the borderline case v = -, is not accessible by the
methods of [7]. Indeed, in this case, the energy inequality does not ensure the
velocity field is Lipschitz continuous but only log-Lipschitz continuous, globally-in-
time. To deal with this critical situation, we take use of some known logarithmic
interpolation inequalities and observe that the L?T* norm of the magnetic field
can be controlled by its initial norm through a double exponential inequality, see
. As a consequence, we obtain global-in-time bound of Lipschitz norm of the
velocity field in . Still, with these new bounds do not ensure previous known
regularity criteria apply. In order to obtain global regularity, we provide a refined
Beal-Kato-Majda type regularity criteria i.e. Proposition [2.1

Second, Theorem [1.3]| partially answered the open problem Qg4 that proposed in
[7, Section 7], which concerns the existence of weak solutions for v > 0 and the
validity of energy inequality for v € (d/4+1/2,d/2+1]. As a consequence of
Theorem [1.3] the existence of weak solutions for ~ € [0,d/2+1) remains open. We
note that the essential difficulty for proving existence of a weak solution for MRE
is the lack of robust compactness property of the magnetic field, which can
not obtained directly from energy inequality for any « > 0. To obtain strong
convergence property of the magnetic field, we establish a key compact result for
the following linear active vector equations

O A, +div (A, ®@v,) = div (v, ® A,), 16

div A, = dive, = 0. (1.16)
The result stated in Lemma maybe understood as a generalization of Lions’
fundamental compactness result [26] for scalar transport equation.

A great deal of our analysis is based on the Littlewood-Paley decomposition and
Besov spaces (see Appendix |A| for definitions), because we found this framework
is convenient for studying the well-posedness issue of rough solutions for Moffatt’s
MRE . Indeed, noticing that the nonlinear term B ® B may only lies in L!
and it is well-known that the Calderén-Zygmund type operator is unbounded in L'
(nor L), so one cannot apply standard L' estimate to the Stokes type equation
which is satisfied by the velocity field. About the proof of uniqueness, notice that
the magnetic field satisfies an active vector equation, it naturally causes losing

2We say that two maps ¢1,¢2 : T¢ — R are rearrangement of each other if {p1 > A} =
[{¢2 > A}| for all X > 0.



of one derivative when performing estimates for the difference of two solutions.
Thus we handle the uniqueness issue by the Lagrangian approach, and it relies
on some estimates in Besov spaces (instead of L!) for related Stokes system. Let
us mention that after transforming the problem in Lagrangian coordinates, the
difference analysis is not standard for the case v ¢ N. Indeed, since the fractional
Laplacian operator is nonlocal we have to formulate an associated operator in the
Lagrangian coordinates, and provide some important estimates for such operator.

From a mathematical perspective, the analysis of the MRE (1.2)) is quite in-
teresting and challenging. On the one hand, the constitutive la together
with energy inequality connotes a yet to be discovered (nonlinear) dissipative
mechanism of the magnetic field, see the linearization near e; in [7]. Regarding
this topic, we consider the propagation of higher-order Sobolev regularity of weak
solutions along time evolution. In fact, it can be easily seen from estimate
that, in Theorem [1.3]if in addition By € H® (s > d/2) then B € L>(0,00; H*) and
u € L*(0,00; H¥~1727). Concerning regularity of the pressure and more regularity
properties of the weak solutions, see Remark On the other hand, MRE (1.2)
shares some similarities with the incompressible Euler equations in vorticity
formulation and its solutions are conjectured asymptotically converge to the steady
states of as time diverges. In this aspect, Corollary seems the first result
that provide non-trivial explicit limiting profiles in the context of magnetic relax-
ation problem, which may helps us understand better about Moffatt’s magnetic
relaxation procedure.

After the completion of the current manuscript ( arXiv:2311.18407), we were in-
formed that the global regularity result for the borderline case v = 7. was obtained
recently in Bae-Kwon-Shin [5] (arXiv:2310.03255). Comparing to their result, the
bounds , , and Proposition in the present manuscript are new.
More importantly, the main contribution of our results lies on the existence and
uniqueness of weak solutions for any (almost) finite energy initial data.

Notation. We end this introductory part by presenting a few notations. We denote
by C harmless positive ‘constants’ that may change from one line to the other, and
we sometimes write A < B instead of A < CB. Likewise, A ~ B means that
C1B < A < (3B with absolute constants Cy, Co. Throughout the paper, i-
th coordinate of a vector v will be denoted by v*. For a real-valued matrix M,
MT represents its transpose, while for two multidimensional real-valued matrices
Mi,Ms, M; : My denotes their standard inner product. We use the notation
A = (=A)Y2 and [A,B] := AB — BA for the commutator of two operators. For
X a Banach space, p € [1,00] and T € (0, 0], the notation LP(0,T; X) designates
the set of measurable functions f : [0,7] — X with ¢ — | f(¢)||lx in LP(0,T),
endowed with the norm ||| - [[x||zr(0,7). For any interval I of R, we agree that
C(I; X) denotes the set of continuous functions from I to X'. We keep the same
notation for functions with several components.

The rest of the paper unfolds as follows. In the next section, we focus on the proof
of Theorem Section [3] is devoted to the proof of Theorem and Corollary
[I:4] For the reader’s convenience, results concerning Besov spaces, LittlewoodPaley
decomposition on T¢ are recalled in Appendix |Al Finally, in Appendix we prove
Lemma 3.1
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2. GLOBAL REGULARITY FOR THE BORDERLINE CASE v =d/2 +1

This section is devoted to the proof of Theorem To do that, at first we need
the following Beale-Kato-Majda type regularity criteria.

2.1. A refined regularity criteria for v > d/2.

Proposition 2.1. Let v > d/2,s > d/2+ 1. Assume that the initial magnetic field
By € H® and div By = 0. Then, there exists a time T* = T*(||Bo||gs), such that
the problem 7 has a unique solution B € C([0,T*); H®) with associated
velocity w € C([0,T*); H=1T27) N L2(0, T*; HS*7). Moreover, it holds that

(C+tlBoll3s)eCV®)

IB(t, ) e < 1BollF e ; (2.1)
for t € [0,T%), where C is a positive constant depending only on v, s,d, and

V()= [ (IVulr, s + [Au(r, ) p=) dr.

Proof. Thanks to [7, Theorem 2.2], we only need to prove the bound (2.1]). Applying
the operator A" (r > 0) to both sides of MRE (1.2]) and testing the resulting
equations with A"B, A"u, respectively, we then obtain that

1d

3 I W+ lut, )

={([A",B-V]u,A"B) — ([A",u-V|B,A"B) + ({[A", B - V|B,A"u). (2.2)

Recalling the following Kato-Ponce type commutator estimates from Lemma [A5}
for all » > 0,

A" f, )2 S IA"Fllz2llglize + [V Fll2 A gl e (2.3)
and

A" f. gllle S IA" fllz=llgllcz + IV flloe A" gl 2. (2.4)
Now, use (2.3]) and the Sobolev embedding HY — L (since v > d/2), we have

[([A", B - V]u, A"B)| S [[[A", B - V]u| 2 [|A"BJ| .2
S (IA"B| 2 Vull e + VBl 2 A" V| oo ) || Bl -
S (Bl g IVullee + VBl L2 [l e+ ) | B g7+ (2.5)
Similarly, (2.4) yields that
(A" u-VIB,A"B)| S [[[A", w- VB[ L2[|A"Bl| >
S (A ul| = VBl g2 + [ V]| o A"V B[ 22) || Bl -
S (lull e [[VBll L2 4+ [Vl Lo | Bl )| Bl - (2.6)
We decompose the third term in , by the fact that div B =0, into
([A",B-V|B,A"u) = —(A"(B® B),VA"u) + (B- VA u,A"B).
Then, Lemma implies that
(A"(B® B), VA"W)| S 1B @ Bl Jull s
S Bl Bllzee lull s

and Holder’s inequality implies that
(B - VA"u, A"B)| < || Bl < [[VA ul[ L2 || A" B| L2



S IBllzee llull grsa [ Bl -

One finds from above two inequalities and v > d/2 > 1 that
(A", B - VB, A"u)| S || Bl o | Bll s |l -+ (2.7)
Putting inequalities (2.5)-(2.7) and energy inequality (1.5) into inequality ([2.2)),

and using Young’s inequality and the fact that u has zero mean, it gives that
d
S IBllz + l[ullfrss < ClUBIE (I Vulle + VB2 + (| Bl[Z). (2.8)

At this stage, we have to estimate |[VB| 2 and ||B| . In fact, in the case

r =1, from (2.7) and the last two inequality in (2.5)) and (2.6), we can improve
(2.8) as

d
TIBlE + lullze S IBIE: (1 Vulre + [Aulle +[BlZ=)- (2.9)

Applying the maximal principal for magnetic equation ([1.2)); yields that

1Bt < Bl exp (€ J) 19u(r, ) a
< [[Boll L~ exp(CV (1)), (2.10)
which together with imply that
1B(t, I + 1Bt )L
< (IIBoll3 + [1Boll7) exp{C(1 + tl| Bo || 7 ) exp(CV (t))}.
Finally, taking use of the above inequality and we get for any r > 0,
IB(t, ) < 1Bollr exp {exp {C(1 + tCo) exp(CV (1))} }, (2.11)

with Co = [ Boll%: + [|Bol|7~ -
Since s > d/2, one has Cy < ||Bol|%.. Thus by taking r = s in (2.11) we
complete the proof of Proposition [2.1 O

2.2. The global regularity. Now, we are ready to prove Theorem[I.2] Thanks to
Proposition [2.1] we only need to obtain the boundness of V(¢) for any ¢ > 0. But,
in the case v = v, energy inequality does not give the bound directly, since
the failure of the Sobolev embedding H7~! <+ L. To deal with this difficulty,
we show global-in-time bound of the magnetic field in LP for all p > 2, which in
turn gives the desired estimate of u thanks to the constitutive law .

Proposition 2.2. Let v = .. Let (B,u) be a smooth solution for the MRE (1.2)),
then for all p € (2,00], it holds that

IB(t, )7 < exp{C(L+t + || Boll7s) exp(CV|Bol =)}, (2.12)

and
[T, Au) 7, )l dr < € (114 [ Boll3) exp(CVAl Boll ) ) . (213)

for all 0 <t < oo, where C is a positive constant depends only on d and 1/p.
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Proof. Let us first discuss for the case of general v and p. Taking advantage of the
Besov spaces (for definitions, see Appendix|Al), we see from the constitute law (|1.4))
that for all v > 0 and p € [2, ],

lull 2s-za S [lull g2y
o

00,00

< |AT'Pdiv(B ® B)||Bo/2
S B @ Bl S 1Bz, (2.14)

where we used the properties that LP/2 — 32/2,00 < B 2d/p

A~'Pdiv is bounded on B° /2,00 from Proposition
Whenever 2y — 1 — 2d/p > 1, the logarithmic interpolation inequality from
Lemma together with inequality (2.14) imply that

and the operator

lull g | <1+ gy, _ los (e+|u||31 . )

S 1+l tog (e+ llullz _ + ||B|\Lp) . (2.15)

Thus in our setting, i.e. v =1, =d/2+ 1 with p > 2, we know that inequality
(2.15) is satisfied. And thanks to the embedding H" < B _, (2.15) can be

further rewritten as

lllgs | S 1+ [l + o Yo (e + 1BI) (2.16)

Taking advantage of energy inequality (|1.5)), that is

Jy Tt dt <1 Bollze, (217)

it remains to estimate ||B|r». In fact, similar to (2.10), by the standard LP-
estimate of transport equation, one has

|B(t,~>||%ps|Bo|%pexp( [ Ivu(r Lwdr)

< [Balls exo (C [} Tatr sy, dr).

This combined with (2.16)) gives that
2 ¢ 2
< [|Bol[z» exp Cfo (14 [lu(r, M e + lulr )l oc log(e + 1B(7,)[[15)) dr ) -
Define X (t) := log(e + ||B(t,-)||2,), the above inequality recasts to
¢
X(t) < X(0) + Cjo (1 + (7, M e + T e X (7)) dr.
Gronwall’s lemma then implies that
¢
X0 < (X0 +C J[0+ futr ) dr ) exo (€ [ utr ) e dr) - 215)

In virtue of (2.17]), we obtain from (2.18]) that
X(t) < C(X(0) +t + [|Bol|72) exp(CVE| Bol £2)}
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which gives (2.12). Finally, use Young’s inequality, (2.18]) and (2.17)) again, we infer
from (2.16) that

¢ 2 13
Jo Tatr Mg dr < € ((U+ 4 11Boll)* exp(CVElBollz) )
It completes the proof of Proposition 2.2 O

Proof of Theorem [I.2l Estimate shows that the local-in-time H*® solu-
tion obtained in Proposition [2.I] may be uniquely continued past to time 7', if
[(Vu, Au)(t,-)|| L is integrable on [0, T]. Moreover, the a priori estimates in Propo-
sition [2.2] give that ||(Vu, Au)||11(0,7;z) is bounded only in terms of 7" and norm
|Bo|lz»- Thus the global existence of H® solutions is obtained by contradiction
argument. Taking into account the bounds and , we obtain the bound
. The proof of energy equality is classic, we omit its details here. O

3. WEAK SOLUTIONS OF MOFFATT’S MRE FOR v > d/2 +1

This section mainly concerns the proof of existence and uniqueness of weak so-
lutions of MRE for v > 7.. Because the initial data is rough, the energy
inequality or inequality do not provide robust compactness properties
of the magnetic field by classic compactness argument. To show strong convergence
property of the magnetic field, we develop a compactness result for the correspond-
ing linearized equation, which is motivated by Lions’ well-known renormalization
argument [26] for transport equation.

Lemma 3.1. Let d = 2,3 and T > 0. Given a pair of sequence {(An,vn)}nen
satisfying

A, € C([0,T); L*(T%)), v, € L*(0,T; H*(T%)) N L' (0, T; W1 (T%)),
and
[ Anll Lo 0,7;22(rayy + 1vnllL20,1m1 (ray) + [Vl L1 (0,75w1 00 (mayy < M, (3.1)
for some constant M independent of n. Assume that
O A, + div (A, @ v,) = div (v, ® 4,)  in D'((0,T) x T,
div A,, = divv, =0 in D'((0,T) x T%),
Anlt=0 = Ao,n,
and
Ao, — Ap  strongly in L? (']I‘d)7
Up —> U strongly in  L'(0, T; W1°°(T%)).

Then, up to extraction, A, converges strongly in C([0,T]; L2(T%)) to a function
A € C([0,T); L3(T%)), which is the unique solution of the problem

HA+div(A®v) =div(v® A) in D'((0,T) x T?),
divA = dive =0 in D'((0,T) x T%), (3.2)
Ali=o0 = Ao a.e. in T%.

The proof of Lemma [3.1]is given in Appendix
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3.1. Proof of existence. In order to prove the existence part of Theorem [T.3] we
shall resort to the following procedure:

(1) smooth out the initial data and get a sequence {(By, u,)}nen of global-in-
time smooth solutions to MRE (|1.2));

(2) use compactness results to prove that {(By,un)}nen converges, up to ex-
traction, to a solution of MRE supplemented with initial data By;

(3) prove energy inequality.

For expository purposes, we focus on the case v = 7., i.e. statement (ii), just
explaining at the end of the subsection what has to be modified to handle the case
v > v.. To proceed, let us smooth out the initial data By € L?T¢ such that

By, € C(T%, By, — By strongly in L*"¢(T4). (3.3)

Then, in light of the global regularity result stated in Theorem there exists a
unique global smooth solution (B, u,) satisfying

OB, + div (B,, ® u,) = div (u, ® By,),
(_A)’Ycun = div (Bn & Bn) +VP,, (34)
divu, = div B, =0,

corresponding to initial data By ,. Being smooth, the pair (B, u,) satisfies all the
a priori estimates in Proposition 2.2 and thus in particular for all 0 < T' < oo,

Sup] |Bn(t, 721 < exp{C(1+T + || Boll72+-) exp(CVT|Bollz2)},  (3.5)
teo,T

T
J, IV, Aug) (7, )] = dr
< C((L+ T+ | Boll3ero)* exp(CVTI|Boll2)) - (3.6)
And also,
1Bullde sy + s s, iy < B0l (37)
In the next, we are going to derive strong convergence property of {un nen. To
do that, we first need to derive the evolution equation of the velocity. Noticing that
the matrix B, ® B, satisfies (see [7, Page 1319])
O (B, ® By,) + div (u, © (B, ® By))
= Vu, (B, @ B,) + (B, ® B,)(Vu,)T, (3.8)
where {div (v ® (w ® 2))}*7 = Zzzl O (vFwiz?) for vectors v, w,z € R%.
Therefore
Oy, = (—A)7"Pdiv 9y (B,, ® By)
= (=A)"Pdiv (Vu, (B, ® B,) + (B, ® B,)(Vuy,)T —div(u® (B, ® By))).
Since 7. > 1, one can deduce from the above equality that
[0¢unllrz < [[Vun(Bn @ By)|pr + (B ® Bn)(vun)THLl + |lun © (Bn @ By)| 1
S IV o< || Ball 22 (3.9)



13

In particular, {9y, }nen is uniformly bounded in L!(0, T; L?), thanks to estimates
(13.6), (3.7). At this stage, classical compactness arguments imply that there exists
a subsequence, still denoted by {u, }nen, and a function

w € L*(0,T; H'*) N L' (0, T; WhH),
such that
u, — u strongly in L?*(0,T; L?). (3.10)

Moreover, since 2y, — 1 — 2d/(2 + €) > 1, then inequalities (2.14), (3.5 and inter-
polation inequality in Proposition together with convergence property (3.10)
give that

u, — u strongly in L' (0, T; W), (3.11)

In virtue of convergence properties , and estimates , , Lemma
implies that, up to extraction, B, converges strongly in C([0,00); L?) to a func-
tion

B € C(]0,00); L*) N L>(0, 00; L*T),
such that the pair (B,u) solves the problem (L.2)-(1-3) on (0, 00) x T¢. The bound
is essentially due to estimate .

In order to prove energy equality , notice that the smooth approximate

solution (B, u,) fulfills

t
1Bn (¢, )z + 2f0 (7, M d7 = | BonllZz- (3.12)

Thanks to the strong convergence property of the magnetic field {B,, },en in the
space C([0,0); L2(T?)), we have for all 0 <t < oo

T | Bt )72 = B )72

As for the velocity field, using the Besov embedding and (2.14) we see that for any
p € (2,4]

il pgeasare S lumll g1 S 1BullEo

This, together with interpolation inequality in Proposition and convergence
property (3.10) and uniform bound (3.5) then give that w, — wu strongly in
L?(0,T; HY). By passing to the limit in (3.12)), one can finally concludes that

energy equality (1.7)) is true.

Let us now briefly explain how to adapt the proof to the case when By € L? and
7 > 7. First, we smooth out the data and use the global well-posedness result in [7]
Theorem 3.1], which gives the existence of global smooth solutions that satisfying
the energy equality

t
1Bt )lI72 + 2fo [ (7, )+ d7 = || Bo,n|Z2- (3.13)

Thanks to 7 the strong convergence property of the velocity can be

proved similarly as previous case. Indeed, use v > v. we have the Sobolev embed-

ding HY — W1, From this point, the strong convergence in L? of the magnetic

field is obtained via applying Lemma again. Energy equality thus follows from

the fact that u, — u strongly in L?(0,7; H”) and by passing to the limit in (3.13).
We complete the proof of existence part in Theorem
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Remark 1 (regularity property of weak solutions). Here, we list some additional
regularity properties of the weak solutions that constructed in this subsection. In
the case that v > ., by testing the equation (|1.2)» with u we get
[ul%, = (B ® B, Vu)]
2

< [IBllz= V| Lo

< ||BIlz2lull--
Then by Poincaré’s inequality we have u € L (R ; H"). Meanwhile, we know from
estimate (2.14) that u € LOO(R+;BTEI) with the associated mean-free pressure
PeL®Ry;BY ).

When 7 = ~,., thanks to (1.9) and (2.14]) we see that

u € L*(0, co; B?;;;;/Zoo) NL>®(Ry; B%j&;l)

with the associated mean-free pressure

P € L>(0,00; Blyy 2y 9.00) N LRy BY ).

3.2. Proof of uniqueness. Because the magnetic field is rough, we shall first
prove uniqueness of weak solutions written in the Lagrangian coordinates and then
obtain uniqueness in the Eulerian coordinates. To this end, we first present here
the definition and properties of the Lagrangian change of variables. More details
and proofs can be found in e.g. [13] [14].

3.2.1. The Lagrangian coordinates. Let X be the flow associated to the divergence
free velocity field v, that is, the solution to

d
0ty =vlt Xo(ty), Xu(0y) =y, VYyeT" (3.14)

Equation describes the relation between the Eulerian coordinates x = X, (¢, y)
and the Lagrangian coordinates y. In the sequel, we shall use the notation v(t,y) :=
v(t, Xy (t,y)). We also define by A,, V, and div, the operators corresponding to
the original operators A, V and div, respectively, after performing the change to
the Lagrangian coordinates. Index v underlines the dependency on v. Moreover,
the chain rule yields that

Ve=M,V,, divy,=M,:V, =div,(M,-), A,w=div,(MM"V,-). (3.15)

In particular, for any scalar function, one has
V, = divy (M, ). (3.16)

These algebraic relations will be of fundamental importance in our analysis.

Let us now list a few basic properties for the Lagrangian change of variables.
Proposition 3.2. Assume that v € L*(0,T; W), Then the solution to the sys-
tem exists on the time interval [0,T] and

19, X0z~ < exp( [} [Vav(r, )llo~ dr),

and

t t
Xo(t,y) =y + jo o(my)dr,  VyXy(ty) =1d+ fo Vyu(r,y) dr.
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Let Y, (t,-) be the inverse diffeomorphism of X,(t,-), then
VYo (t,x) = (Vy Xo(t,y) "

Furthermore, if

for some ¢ € [1,00), (3.17)

N | =

[ IV, g i <
then M, (t,y) := (Vy X, (t,y)) " satisfies

i (jot vym)j, (3.18)

j=0

M, (t,y) = (Id + (Vy Xy —

and the following inequalities:
||ME - IdHLoc((] t-Bd/q) SJ ||v QHLI 0 t?Bs,/lq)’
IVyMy

oy S IV2ll,

”||L°°(OtB Ot?Bs,/lq).

In Lagrangian coordinates, we will use repeatedly the fact that oM, (¢,y) =
My, (), y — My, (t) satisfies

oM, (ty) = (Di(t,y) —Dat,y) - [ D Y. Dit.y) Dy 7ty |, (319
k>10<j<k

with D;(t,y) : fOszTy)deorZ—12
Then, we have the proposition below.

Proposition 3.3. Let vi and vy be two vector fields satisfying (3.17) (with same
q) and define dv :=v1 — va. Then

||6M2HL00(0 t.Bd/q) S ||v 5Q||L1 0 t;B;i/l‘ly
HV(SM HL°°(O t: Bd/q) ~ ||V25v||L1 0 t;B;i/lq)
+ Hvy(syHLl(o’t;Bi/l‘I) ||(V§U71, V52)||L1(07t;3;1{1«)-
Let us now derive the MRE (|1.2) in the Lagrangian coordinates. We set
E(t,y) = B(t’Xu(t7y)’ Q(t’y) = u(t’Xu(tvy))
B(ta y) = P(ta Xu(ta y)
Using the fact that the solution of the magnetic equation ([1.2)); is given by
and relations in (3.15)), we find that MRE (1.2))-(|L.3]) recasts to
t
B(t.y) = Bo(y) + || Bo(y) - Vyu(r,y) dr.
(=2,)"u MV, P = div, (My(B® B)) + (-4,)" — (-4 )u,  (3:20)
divyu = (Id — MT u) Vil

We are ready to prove the uniqueness part of Theorem [I.3] Consider two solu-
tions (B1,u1, P1) and (Ba,us, P2) to MRE (| , emanating from the same initial
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data By, and fulfilling the properties in Theorem and denote by (Bi,u1, Pr)
and (Bg,u2, P2) the corresponding triplets in Lagrangian coordinates. That is
&(tv y) = B; (tv Xm (ta y)7 ﬁ(tv y) = Uy (tv Xm (ta y))
&(u y) = Pz<t7 Xuz (ta y)a
where X, is the solution of (3.14) with velocity w;, for ¢« = 1,2. Recall from
Remark [1 that we have
u; € L*(0, 00;327031) for:=1,2,

with v > 7., p=1or v = 7., p = (2+¢)/2. Since in our framework the Lagrangian
and Eulerian formulations are equivalent (see, e.g. [13][I4]), hence taking Tj small
enough, we may assume, with no loss of generality, that

oTy) = [t >||Bzwdt+ j lua(t, )| g2 dt <

Particularly, this ensures inequality ( is satisfied and thus Proposition
and apply. Indeed, since 2y — 1 > d/ p + 1, the interpolation inequality from
Proposition implies that for any function w € ngog ! which has zero mean on
T<, it satisfies

(3.21)

l\D\»—t

el o S ol s (3:22)

Before proceeding, we have to emphasis that the proof will be divided into two
parts v € N and v ¢ N. This seems unavoidable, since in the case v ¢ N the
operator (—A)Y is nonlocal so does the associated operator (—A,)?, in other
words the ‘magic formulas’ in is not available anymore. This fact gives us
difficulties when performing difference estimates. For expository purposes, we focus
our attention on statement (i) i.e. v > 9., p = 1. In the end, we will explain how
to adapt the argument to prove uniqueness in the case v =1., p = (2 +¢)/2.

3.2.2. The case v € N. Define (6B, du 5P) (B1 — Ba,u1 —ug, P\ — P») and
O0M := My, —M,,. In virtue of formulas 3.15)-(3.16), the system for (6B, du,5P)
reads

0B(t,y) f By(y) - Vyou(r,y)dr,
(=A,)"6u— V,0P = Ry + Ry + Rs, (3.23)
divydu = Ry,
where
Ry :=div, (SMP,) + div,((M,, — Id)6P),
Ry :=divy (6M(By ® By)) + divy(My, (6B ® B1) + My,
Ry = (—Duy)” — (~ )iz + (—y)7 — (~Au,)")0w,
Ry:=(d - MLz) : Vyou — oM : V.

(B2 ®6B)),

Thanks to Holder’s inequality, the embedding Bd/ 7 < L> and (3.22), one has
10B(t, )|z < [|Bollr2[IVyoullr(0,¢;2.5)
< 1Bollz2lloull 11 g, o1y
< I Boll o 3l 0t (3.24)
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on t € [0, Ty]. Meanwhile, applying Lemma [A.§] to the equation of du gives
ot g + 15213y  (Ras R R s + IRt e (329

In what follows, we estimate the right-hand side of (3.25) term by term. For
that purpose, we recall the following product law from Lemma [A.7}

B, x By = B . (3.26)
Then, by and Proposition and for the term R; we have
Bt ) g, S NoMl e (1 Pollgo 4+ [[Muy —1dl[a 0Pl 50
S ||&||1’3(1{0o ||5HHL1(0,75;ijl) + ”@”Ll(o,t;ijl)||5£HB§’YOO
S 1Py 0wl 0,531 + CTIPl o, (3.27)

where in the last line inequality (3.22)) was used again. Let us now bound Rs. It is
clear that

Idivy (SM(By & B g1, S 1M gy 15113,
S ||Bl||2L2||5@”L1(0,t;3f1§1)'
Then, we write the decomposition
div, (M., (5B ® By)) = div, (M, — 1d)(0B ® By) + div, (0B ® By))
and find that
Idivy (Muy, —1d)(0B & B1))ll ;1 S [IMup —1dl[ g 0B ® Bully
S C(To)|| Byl 2 [16B]| >
1divy (6B @ B1)ll 1 S 10B @ Bl s
SN Bullz210B]| e
This yields that
[divy (M, (0B @ B))ll g1 S (14 C(T0)) | Bullz2 [[6B]| 2,
so does for the last term in Ry, that is

||divy(Mu72(&® 65))”3;; N

~

(14 C(To))l| Bzl 2 [10B]| 2,
from which one has
1R2ll 5 S IBLIZR0ull 1 g gty + (1 + C(To)(Br, Ba) 2 ll0B] . (3.28)
Next, we estimate R4. Obviously, we have
lwlize S lwlipg, S lwll 22

Then Lemma implies that B7_? is an algebra for mean-free functions on T¢,

Thus by formulas (3.18]), (3.19) and inequality (3.21]), we have
Bl gon—2 S 1d — My = V] gan—s + [0M : ¥y
S ||@||L1(O,t;3?’;1)||6g||3f7;1 + ‘|5@||L1(o¢;3fjo;1)HﬂHijgl
5 TOH(ﬂa ﬂ) ||Lm(o’To;Bf,’Yo;1) H5Q||LOO(O7TO;B:[2:Y;1)7 (329)

where in the last line we used Holder’s inequality in time.
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Finally, the term R3; maybe handled along the same lines as previous and by
induction on v € N and v > «.. More precisely, define

Ri(w) = ((=Au,)" = (-Au)w,  Ry(w) = ((=4y)" = (=Au,)")w,
we claim that we have
IRY (W)l ;2.
STo(1+ [|(u, ﬂ)HLoc(o,TO;ijozl))|‘5ﬂ||Loo(o7To;ijo;1) ||w||Loo(o,T0;ij;1) (3.30)
and
||R;(w)‘|31—io S T()Hﬂ”Loo(o,To;ijozl)HwHLoo(o,TO;ij;l)' (3.31)
Notice that we have
R] (w) = ((divy (Mu,ME, )7 = (div, (Mo, ME, 9,))7) w0,
R} (w) = ((div, V)" = (divy (My, M, V,))7 ) w,
and
My, My, — My, M} = 6M(M,, —Id) + (My, — Id)oM™ + 6M +6M*,  (3.32)
so it is easy to check that (3.30]) and (3.31)) are satisfied when v = 3. Now, assuming
that they are satisfied for v — 1, we write

(=Au,)" = (wAy)Nw
= ((_Auiz)w_l - (_Auil)v_l)Auiw + (_Am)v_l(Auiz - Aﬂ)wv

and find that
1(=Aus)” = (=Au)wll 1,
IR Byl s + (- D)™ (A — Al
STo(l+ ||(ﬂ»ﬂ)||Loo(o,T0;ij;3))”(SE”Loo(o,To;ijo;f’)“Aﬂw‘|Lw(o,TO;ij;3)
+ ||(Au72 - Aﬂ)w“ijo;Z‘
STo(1+ ||(ﬂ?@)||Loo(o,TO;ijgl))||5@||Loo(o,TO;ij;1)Hw”Loo(o,T(,;ij;l)v

where in the last inequality we used the facts that the transform X, ,X,, are
volume preserving, and Bflf is an algebra together with formula . As such,
we conclude by induction that is satisfied for all v € N and v > ~.. The
proof of (3.31) can be handled along the same lines.

With (3.30]) and (3.31) in hand, we see that

1Bsl g < IR (o)l 5o + IR (6u) 5t

< To(1+ H(ﬂ7ﬂ)||Loo(0,To;ijogl))2||5E||Loo(o,To;ijo;1)' (3.33)

Note that, owing to our assumptions on (B1,u1, P1) and (Bg, ug, P»), all the factors
involving the functions (6B, du,dP) in the estimate of Ry,---, R4 tend to 0 when
Ty goes to 0. Putting together all the previous inequalities (3.27), (3.28), (3.29) and
into inequality and using (3.24), we get (6B,6u) =0 on [0, Tp] x T¢ if
Ty is small enough. Finally, thanks to a standard connectivity argument uniqueness
is proved on the whole R, .
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3.2.3. The case v ¢ N. Let us recall that, in R%, for all o € (0,1) the fractional
Laplacian (—A,)? = A7 enjoys a singular integral definition:

A2 f =p. [ (f(@) = F(2) K7 (x = 2) dz (3:34)

with the kernel K7(z) = cdvg/\§|d+2", where c¢q, is a constant depending on
dimension d and o. For periodic functions, the representation is still valid due to a
sufficient decay of K at infinity. Thus in Lagrangian coordinates A2%u; (i = 1,2)
recasts to

A27us = pov [ (us(Xu, (6,9) = us(2) K7 (Xu, (by) — 2) dz
= pov. [, (wiy) = w(2)) K7 (X, (t,y) — X (t,2)) d2,

where we used the fact that the transform X, ,X,, are volume preserving. The
above formula has its limitation when considering difference estimates in the La-
grangian coordinates, so we are motivated to naturally extend its definition: Given
any divergence free vector-valued function v € L(0,T; W) and X, defined by

(3.14), Vf : y — f(y) we define
A f = pv. [ () — ) K7 (Xulhy) — Xo(t2)d (335)

Now, since for any given v ¢ N and v > 7., vy =1+ 60+ [y] — 1 with § =
v —[7] € (0,1), and in Eulerian coordinates (—A)Y = —divA?V(—A)DI=1 thus
one finds by definition (3.35)) that

(—Au) s = =dive, AY V., (=AM . (3.36)
Based on above formula, we are able to rewrite (| as
S5B(t,y) f Bo(y) - Vyou(r,y) dr,
(—A,)"6u— V,6P = Ry + Ry + Ry, (337)
divydu = Ry,
with
5 = (divy, — divui)AZVu (- ALQ)[’Y Uz
+divy, (A2 = A2 )V, (—A0,) 7 uy
+divuy AL (Vg = Vi) (—A0) " s
+ divy, AY Vo, (A0) 771 = (= A0) PNy
+ ((=Ay)" + dive, A2V, (=AM ou
=Ry + Rjy + Rig + Ré4: Ry

us (=
(-A

In order to give an unified proof for 6 € (0,00), we have to perform estimates
for du in slightly larger Besov space compared to the case v € N. More precisely,
define px =d/(d — 0) i.e. 6 =d — d/p*, and apply Lemma gives that

[80(t. ) oy 207 + 5Bl st

S (R, Ba, By)(t ) poravares + | Ralt, ) g2y —z-avarne. (3.38)
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Moreover, using 2y—1—d > 1 and thanks to the embedding property in Proposition
it is clear that

168, > S N1 Bollz2 [ Vydull Lro,:n)
S 1Bollze ||6@||L1(Ovt;Bg;Y;cl*d+d/P*)- (3.39)

At this stage, let us remark that the estimates of the terms R;, Ro, R4 in the
right-hand side of (3.38) are quite similar to what we did in the previous case.
Indeed, since d/p * —0 > 0, one has the product law (from Lemma |A.7))

4 . .
BIP B s B Y, (3.40)

and the fact that the function space Bf,z;.?‘d*d/ P* is an algebra in our framework

due to 2y > 2+ d again.
As such, we will only focus on the estimate of R} in the next. To do that, we
claim that we have the following estimates, for which proof is presented in Appendix

[Al

Lemma 3.4. Let 0 < 51 <1, 81 < 89 <1451 and p1,r1 € [1,00]. Assume that
v, 01,02 satisfied (3.17). Let w € By?51, then it holds that

Azl see S Tl g (3.41)

and

HAg = Al gy S ol g 190 21 o o) (3.42)

Then, thanks to product law (3.40) and Lemma and keeping in mind that
0 = d—d/px, for Cy := 1+||(ﬂ’%)”L°°(0,TO;B’ﬁ1) the terms in R} can be estimated
as follows, ’

1Rl prmavasne S [1OM szﬁ(—Aﬂ)[ﬂﬂ@”B;i

S H(S@HLl(o,TmBjj”f“) HAZVLz(_ALz) h]_l%HLOO(O,To;B,;",w)

SCoTh ”‘SHHLl(o,TO;B;fQ’l*“) Vg (—Au,) M_lﬂHLoo(o,Tg;Bg*m)
S CoTo 10ull e o ;5377744 142l e 0,1, 52112140
and
‘|R/32||B;*{;od+d/p* SCo T (Aﬁ - AZ)VUJ(_AUJ) [V]_lﬁan(oyTO;B;ﬁm)
S Co To llull o, 70w 00 [ Vg (—Auy) hl_l@”Lw(o,To;Bg*m)
S Co To [[0ull Loe (0, 105w o) U2l e (0, 1y 2012140
Furthermore, noticing that we have

Bg’{iul* X Bg*,oo — Bg*,oo (Since 0 - d/p* < 0)7
thus
||R§3“B;*{;od+d/p* S CoTo ||A£(Vu71 o V&)(—Aﬂ) [’Y]il@HB;ﬁx
SO0 T (Y, — Vi) (~80)7 a5

5 CoTp ”(;QHU(O,T(J;BZITH) ”vy(iAui)h]ilﬂ”Bg

*,00
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S Co To 10ull o (o s oy 12l 2o oo
And, similar to (3.30)) (using 2[y] —1+60 =2y —1—d+d/px>d/p*+1)
RSl 51 avasve S CoTo AL Vi (= 8u) 7 = (= A0) iz o0
< CoTo (=)™ = (~8) Ve 10
SCTo HCSQ”Lw(O,TO;BiwogHG) ||@||B§[Qg1+e.
The last term Rf; may be handled along the same lines. Indeed, we have
b5 = —divy A2V (=2, P11 4 divy, A2V, (=4, du.
Finally, putting together all the previous inequalities into (3.38)) and using (3.39)),

we conclude uniqueness on a sufficiently small time interval, and then on the whole
interval R.

Let us now explain how the arguments have to be modified in the case 7 =
Ye, D = (2 +¢€)/2. In fact, one only needs to consider the case that e is small
enough (say & < 1/3), and then follow the above proof with small modification.
In particular, in the case v € N, one may perform estimates for the equation of
du in Bl | while for the case v € N one may choose the corresponding space to

p,00>
Byl 3PP with px = 2dp/(2d — pb) ie. 6/2 = d/p — d/px. The details are left
to the interested reader. Theorem [I.3]is thus proved. O

Proof of Corollary[1.}} We remark that the argument is the same for (1.10) and
(1.11). Applying the time derivative to the velocity equation and using the equality

of (3.8]), we get
(—A)0pu = Pdiv (Vu(B ® B) + (B® B)(Vu)T —div(u® (B® B))). (3.43)
Observing from Lemma [A77] the following product law:
B{1' x By , — Bj}
and recalling the product law, it yields
[Pdiv (Vu(B ® B) + (B ® B)(Vu)")|| -2 < [Vu(B © B)|| 51
< IVell i | B® Blgy
< llull g 1B
and
[Bdiv div (u® (B B))ll 52 5 lu® (B By,
S llullpg 1B Bllgo
< llull sy IBI3.
Taking account of above two inequalities and v > ., we see from that
||3tu||Loo(R+;ijf2) §||U||Loo(R+;B;{1)||B||2LM(R+;L2)

lll e a2 | Boll
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This, together with the embedding B} > < H*'~2~%/2 and v > 7. again imply

that O,u € L®(R,; H%?). Now, noticing that u € L?(R,; H%?) and

to
Juttn) = lipors <[ 0rutt, ) g
1
<||Owull Lo, mras2y [t — tal.

we get |lu(t, )| gae — 0 as ¢ — oo by [I5) Lemma 3.1], which assesses that a
uniformly continuous and integrable function must vanish at infinity. Finally, (1.10)
and are proved by interpolating with the BQW ! norm of u, respectively,
Wthh is unlformly bounded in time thanks to Remark I 0

APPENDIX A. FUNCTION SPACES AND USEFUL INEQUALITIES

Here, we recall the homogeneous Littlewood-Paley decomposition for periodic
functions, the definition of Besov space on torus T¢ and some useful properties.
For reference, we refer to [10, Appendix A]. In fact the analysis for periodic case
is essentially the same with the whole-space case, and the details for the latter can
be found in e.g. [6].

Let ¢ € D(A) be a smooth function supported in the annulus A = {£ € R?, 3 <
€] < §} and such that

D p(277¢) =1, v eRN{0}
JEZL

For any u € S'(Td), we have the Fourier series representation
g . R 1 o
u(gc) = Z Uk elkm with = W de u(x) e ik-x de.

Note that in the sequel of this section our functions will always have mean zero.
The periodic dyadic block A; and the low frequency cut-off S; are defined by
Vi€Z, Aju:= Z ©(279k) T ™ and  Sju = Z Agu.

keZd <j—-1
Then we have the decomposition

u=> A, VYueS(T.

JEZ

Moreover, the homogeneous Littlewood-Paley decomposition satisfies the property
of almost orthogonality:

A]’A]‘/u = 0, if |j —j/| Z 2, Aj(sz_luA;-u) = 07 if |j - j/| Z 5,

and it is obvious that Aju = 0 for negative enough j, i.e. low frequency vanishes.
We now recall the definition of homogeneous Besov spaces.

Definition A.1. Let s be a real number and (p,r) be in [1,00]?, we set

12714 jull Lo ey

r(z) for 1 <r < o0,

||UHB;T(Td) = sup 2]§||Aju||LP(Td) for r = oo.
JEZ

The homogeneous Besov space B;,T(']I‘d) ={ueS :|ulpg: (ray <oo}.
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It is clear that || - || 7. (ray = [ [l g5 (pa), Where H*(T%) is the standard homoge-

neous Sobolev spaces.

We will now give a characterization of Besov spaces in terms of finite differences.

Proposition A.2 ([, Theorem 2.36]). Let s € (0,1) and p,r € [1,00]. Then for

any u € B;,T(']I‘d),

[u(- +y) = u()lle(ra)

and also

[u(- + 2) — u()l|Le(re)
|2[°

‘y|s Lr

Next, we recall some basic facts on the Besov spaces.

Proposition A.3. Let 1 < p < oo. Then there hold:

o forall seR and 1 < p,r < oo, we have

1D u|

e for any 6 € (0,1) and s < 3, we have

||u||Bz,§f(176>§(Td) S HUHOB%W(Td) [Jul

By (Td) ™ ||u||1'3;j;k(1rd)-

0

oo (

1—
35 AN
B; Td)

o Embedding: we have the following continuous embedding

) Le_d
B;r(Td) — B;,&(Td) whenever 1 < p,r < oo,

and

BY(T%) = LP(T%) < BY . (T%),

BZS;OO(']I‘d) — B;l('ﬂ‘d) whenever s < s.

o Let f be a bounded function on 7%\ {0} which is homogeneous of degree

0. Define f(D) on S(T?) by

(F(D)u)(z):=" f(k) T e™™,

kezd

Then, for all exponents (s,p,r), we have the estimate

1/ (D)ul

Bs . (T4) S vl

B (14)"

The following logarithmic interpolation inequality is available.

Lemma A.4. [6, Remark 2.105] There exists a constant C' such that for all s € R,

0 >0 and 1 <p < oo, we have

B3 o0 (T4) (1 HOg(

/]

B3, (T4) < C||f|

1F11 55 cray + 1F 1| g0 ¢ray (A2)
1T _cray -

The following Kato-Ponce type inequalities can be found in [20, Corollary 5.2].
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Lemma A.5. Let s >0 and 1 < p < co. Then for any f,g € S(T%),
||[AS’ f}g”LP(Td) S C(||Asf||LP1 (Td)”gHLIQ(Td) + ||vf||Lp3(Td)||As_1g||Lp4(Td))7
where 1 < pi1, p2, p3, pa < 00, and o = o=+ o= = -+ -

Lemma A.6. [6l Corollary 2.54] Let s > 0 and p,r € [1,00]. Then B;T NL> is
an algebra and we have

1fall s, (xay < CCIF]

We frequently used the following product law (see e.g. [I, Proposition 2.1]).

BZ‘T(Td)”g”LOO(Td) + Hf”LOO(Td)Hgl B;‘T(Td))'
Lemma A.7. Let 1 <p < oo and s1 + sy >0 with s1 <d/p, sy < d/p, then

oS L 581+so—d

B3 (TY) x B2 (T?) < B2 4P (1), (A.3)

Next, we need the regularity estimates in Besov spaces for the fractional Stokes
equation:

(=A)'u — VP =divF on T
(A.4)

divu = g.
Lemma A.8. Let v >0, 1 <p,r < oo and s € R. Assume that F € B;T(Td).

Then, has a unique solution (u,P) in Bg?ﬁs_l(ﬂfd) X B;,T(Td) and there
ezists a constant C depending only on d such that

ol sz cray + 1Pl nay < COIE]

By 00 T 1922 (pa))-

Proof. The proof of the case g = 0 is classical. The general case follows from this
particular case by considering v := u + V(—A)"1g, which satisfies

(=A)'v = V(P + (-A)""lg) =divF on T
dive = 0.

In the last of this section, we give the proof of Lemma [3.4]

Proof of Lemma[34 The proof is via duality argument. We first prove (3.41). For
any f € S(T4) N B;} (T4), we use the periodic representation of the kernel K*2
1

i
to write

(Aw, )
=pov [, o, T ) — (=) K2 (X, (ty) — Xt 2)) dedy

= Y [ L T @) - w(@) K2 (X,(ty) - Xu(t,2) +]) dedy

jezd
= 50w 3 [ [ () — FE) i) — w(2) K (X,(ty) ~ Xalt, 2) + 1) dedy
jezd

= 50w [ [ () — FEDwly) — w() K™ (Xult,y) — Xl 2)) dedy

= 0w [ [ ) — £+ ) (w() — (= +y)

K2 (X, (ty) — Xo(t, 2 +y)) dzdy.
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Note that in our framework
[ Xo(t,y) — Xo(t, 2 +y)| ~ |2].
Indeed, we have
1 ot
Xo(t,y) — Xp(t,z+y)=—2—2- jo fo (Vyu)(1,y + az) drda. (A.5)

Thus by Holder’s inequality and (A.1)) in Proposition (note that our assump-
tions ensure 0 < s3, s2 — 51 < 1), we get

[(AJw, f)]
< H ||U) + Z) (')||Lp1 (T) H Hf + Z (')”Lpll (Td)
~ z[s2=51 . = | 2|51
. o | (v 2
Sllwllggesonlfllpsy - (with 1/ph + 1/p1 =1/ +1/r1=1),

Py

which finally implies (3.41) by duality. Similarly, we can write
(A1 — AB)w, f)
= [ [ ) ) — (=)
.(zzsz‘xgla,y>——JYEL@,z>>——erZLnga,y>——)qut,z») dzdy

= S ngdﬂy (2))(wly) - w(z)
K (X, (8,) = X (1,2) = K (X (1Y) = Xy (12)) ) dady
(

= 0w [ [ ) — TG+ ) wly) — =+ )
. (KS"‘ (X, (t,y) — Xo, (t, 2+ 7)) — K2( Xy, (8 y) — Xo, (8, 2+ y))) dzdy.
And, thanks to we have

|KS2(XU1 (t,y) — Xv1 (t,z+y)) — Ksz(Xvi(t>y) - le(t,z +9))|

||V 5UHL1(0 BL (1))
ST e

Thus, applying Holder’s inequality and (A.1]) again yields (3.42)). O

APPENDIX B. A COMPACTNESS RESULT FOR AN ACTIVE VECTOR EQUATION

Here, we provide the proof of Lemma [3.I] Before proceed it, let us recall a
classical lemma of commutator estimates for mollifiers. Let function n(z) be the
standard mollifier on T¢, for any function g € L*(T¢) we denote (g)c := g * 7.

with 7. (z) := n(x/e) /e

Lemma B.1. [26, Lemma 2.3] Let w € Wh®(T%4RY), g € L*(T4R). Then,
(div (wg))e — div (w (g).) converges to 0 in L*(T?) as e goes to 0.

Proof of Lemma[3.1 The proof is divided into several steps.
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Step 1. Existence. At first, from the bound (3.1) and the equality of 9;A,, we
have

10 Anll p2(0, 703 -1.3/2(1a)) S 1 An ® vallp2(0,7;23/2(14)) + |0 ® AnllL2(0,1;03/2(Ta))
S HAn”Loo(o,T;m(Td))HUn||L2(0,T;L6(Td))
S HAn||L°°(0,T;L2(1rd))an||L2(0,T;H1(Td))
< M?2.

At this stage, classical functional analysis arguments (including the well-known
Aubin-Lions-Simon theorem [8, Theorem II. 5.16]) imply that there exists a subse-
quence, still denoted by {(A4,,vn)}nen, and

A € Cy(0,T; L2(TY)) nC([0, T); H~H(T%)
such that
A, =~ A weak % in L*(0,T; L*(T%),
A, — A strongly in  L>®(0,T; H=Y(T%),
v, —v weakly in L2(0,T; H'(T?)).
These convergence properties are enough to enable us pass to the limit in the weak
formulation of 1t
er An(t, ) - w(t,x) de — ft j A, - Qyw dxdT + It j (vp, ® Ay) : Vw dxdr

_ffw n ® Up) dede—&—f Ag.n(r) - w(0, ) dr,

for any vector function w € C°°([0,T] x T%), and conclude that A is a solution of

problem ({3.2]).
Step 2. Renormalization. In this step, we show that
AP +v-VIA?=2(A-Vv)- A inD'((0,T) x T?). (B.1)

In fact, since
HA+div(A®v) =div(v® A) in D'((0,T) x TY),

testing the above equation by (A). ¢ with ¢ any test function on [0,7] x T9, we
have

IW At z) - (A)(t, 2)p(t, x) dw — de Ao(z) - (Ag)e(2)$(0, x) da
—f de )e Osd+ (A~ Vo) - Ap+ (A Vv) - (A).0) dadr
— jot Jos (@ VA Ap+ (v VA) - (A). 6) dudr. (B.2)

In above, we used equality 9,(A). = —(v-VA): + (A- Vv)..
Now, using that divw = 0 one has

jot er ((v-VA).-Ap— (v-V(A).)) - Ad) dxdr

= f: |, [@iv(A®v). = div((A). ©v)) - A g dadr
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d | | |
- Z jo jqrd (div (A™). — div ((A")ev)) A § dadr.

Hélder’s inequality and Lemmawith the assumptions that v € L'(0,T; W1 (T%)), A €
L>=(0,T; L?(T%)) then yield that

(v-VA).-Ap+ (v-VA)- (A). ¢) dadr

Td

((div (A")). —div ((4").v)) A® ¢ dadr

S Z [[(div (A%))z — div ((A)20) [ 11 0,7 £2(va)) 1A | Los 0,722 (1) 1D | Low (0,7 x T
— 0, ase—0.
Thus for the last line in equality (B.2)),
t
—j de (v-VA). Ap+ (v-VA)-(A). ¢) dadr
:-j de v VA). Ap— (v -V(A).)) Ag) dxd7+f j v-V@)A - (A). dedr
2
— fo fﬂ_d (v-V@)|A|* dedr, ase — 0,
while the remain terms in equality (B.2]) converge obviously. Precisely, one has
2 2
[ JA@@)Po(ta) do — | [Ao()26(0,2) da
t
= | [, (AP06 +2(A-Vv) - A6+ (v- Vo)|AP) dadr, (B.3)
i.e. (B.1)) is satisfied.

Step 3. Continuity in time and uniqueness. To show that A € C([0,T]; L?), we

first prove lim; o4 [|A(Z,-) — Ao(+)||L2(rey = 0. In fact, by taking ¢ =1 in (B.3),
we see that

U Alt,o)de— | |A0(x)|2da:‘

=2 'jo de (A-Vv)- Adxdr

SIAIz 2@ Vol pre ) =0, ast—0+.

With above estimate and the fact that A € Cy ([0, T]; L2(T)), we get strong right
continuity of A at ¢ = 0. A standard connectivity argument enables us to conclude
that A € C([0, T]; L3(T?)).

Next, we explain why A is the unique solution of problem (3.2) in the cl:ass
L>(0,T; L?(T%)). By contradiction, assume that there exists another solution A €
L>(0,T; L?(T?)) with same initial data Ag. Then

O(A—A)+div(A—A)@v)=div(ve (A—A)) inD'((0,T) x T?).
Similar to (B.1]), this implies that

OlA— AP +v-V|A— AP =2((A— A)-Vv) - (A—A) in D((0,T) x T%),
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and integrating in space-time further gives that
- oot - -
jw |A(t,z) — A(t, )2 do =2 jo de((A — A)- Vo) - (A— A)dzdr

t -
< fo 1(A = A) (7, ) 200 IV O(T, )| oo () .
By Gronwall’s lemma, one gets A= A on [0,7] x T

Step 4. Strong convergence. Let us use the notation f to denote the weak limit
of {fnlnen in LY(T?). Due to the fact that convex lower semicontinuous function
give rise to L!-sequentially weakly lower semicontinuous functionals (see e.g. [25]
Theorem 3]), we have

If1> <|f]> a.e. on T, (B.4)
for any sequence {f,}nen such that
fo—f and |fu|> = |f]? weakly in L'(T9).
In what follows, we show
A A—- A2 Al <C(JAP - |AP?) ae. on [0,T] x T% (B.5)
For fixed i,j € {1,--- ,d}, using identity
2(AL AL — ATAT) = (AL + A1) — (AT + AY)?
— (AR = (A2 + (A))? — (47)%),
we see that
2(ATAT — ATAT) = (AP + A7)2 — (A' 4 AY)?
- (T2 - (a2 + TP - (a)2)

Thanks to , we get,
2(ATAT — A AT) > — ((AT — (A + (@2 — (47)?)
> _ 2([A] - |A?). (B.6)

Similarly, using identity
AL AL — AN) = (4] — AL 4 (A = A
+(AL)7 = (A7 + (A7)7 = (A7),
we see that
2(ATAT — A'AT) = — (AT — A7)2 4 (A' — AT)?
+(A7)? = (A7)? 4 (47)2 — (A1)2.
Thanks to again, we get
2(ATAT — A7) < TA? — (') + (AT)2 — (47)?

Combining and gives rise to (B.5)).
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Now, testing the equation (3.2); by A, and using that dive, = divA, = 0,
one gets

t
2 5 2 5. .
er |Ap(t, 2)? da = fw |Ag.(2)2 d jo de(An ® Ay) : Vo, dzdr.
Recall from (B.3]) that

t
jw |A(t, )| dz = fw | Ao (2)|? dz — jo de(A ® A) : Vodudr.
From above two equalities, one finds that
1An (& |22 (pay = NAE Iz (zay = [AomllZ2pey — 1ol Z2(pay
+j j (A2 A) :V(v—v,)+ (A®A— A, ® A,) : Vuy,) dedr.  (B.S)

Thanks to our assumptions in Lemma we know that the first and second term
on the right-hand side of (B.8) converges to 0 as n — oo, respectively, while the
third term converges to

jot de(A ®A—A®A): Vodzdr.
Thus pass to the limit in yields
[ JAG 2P dr = lim (| An(t, )32 0oy
) t -
= At ey + | [ (A® A=AGA) : Vodadr.
Inequality and Holder’s inequality then imply that

|, (FAGE - 1A 2)) do
< Jy (f, (AP~ jam.2)2) de) [ V()1 dr

from which Gronwall’s lemma finally yields
1 (| An(t, )3 ey = A Bagrey ace. on [0.7]

This convergence property combined with the bound (3.1)) and previously estab-
lished A € C([0,T]; L?) yield the strong convergence A, — A in C([0,T]; L?). We
complete the proof of the lemma. (Il
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