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Glasser, in 2011, introduced a remarkable integral identity of physical interest and conjectured, along with Wan, that the evaluation

provides the unique analytically tractable moment of K 2 on a sub-unit interval, where K denotes the complete elliptic integral of the first kind, and where

We show how a case of Clausen's product identity related to Ramanujan's series for 1 π may be applied, via an integration argument derived from our past work in fractional analysis and Fourier-Legendre theory, to show how higher moments of K 2 on the same sub-unit interval may be evaluated analytically in terms of the Γ-function, thereby disproving Glasser and Wan's conjecture. This and Glasser's moment formula are motivated by how closely related moment formulas for powers of K arise in the study of Feynman diagrams.

Introduction

In 2011, Glasser [1] introduced the integral identity such that 

F (xt) dt (1) 
for a given function F , and this was inspired by physics-related applications of double integrals of the above form. Glasser [1] applied the closely related identity to show that

1/ √ 2 0 k K 2 (k) dk = πG 4 , (3) 
where the complete elliptic integrals of the first and second kinds are respectively such that

K(k) = π/2 0 dθ 1 -k 2 sin 2 θ , E(k) = π/2 0 1 -k 2 sin 2 θ dθ,
and where G = 1 1 2 -1 3 2 + 1 5 2 -• • • denotes Catalan's constant. Both Glasser and Wan [1] conjectured that Glasser's formula in (3) provides the only analytically tractable moment of K 2 on a sub-unit interval; see also [2,3,4,5,6] for closely related work due to Wan et al. on multiple elliptic integrals. So, this problem due to Glasser and Wan [1] is given by whether or not explicit evaluations for moments of the form

x 0 k m K 2 (k) dk (4) 
may be obtained for x < 1, apart from Glasser's evaluation highlighted in (3). We succeed in formulating a technique that we apply to obtain explicit, analytic evaluations of ( 4) for odd natural numbers m and for the same sub-unit interval, with x = 1 √ 2 . In contrast to the work of Glasser [1], our method relies on a fractional analysis-based approach explored in a our previous work [START_REF] Campbell | Integral Transforms Spec[END_REF], together with a case of Clausen's product identity related to Ramanujan's series for 1 π [8]. We introduce and prove the following analytic evaluations, each of which disproves the Glasser-Wan conjecture, and our techniques apply to the infinite family of odd moments suggested below:

1/ √ 2 0 k 3 K 2 (k) dk = Gπ 8 + π 3 4Γ 4 1 4 - Γ 4 1 4 256π (5) 
and

1/ √ 2 0 k 5 K 2 (k) dk = (22G -1)π 256 + π 3 4Γ 4 1 4 - Γ 4 1 4 256π (6) 
and

1/ √ 2 0 k 7 K 2 (k) dk = (34G -3)π 512 + 11π 3 48Γ 4 1 4 - 95Γ 4 1 4 27648π . (7) 
It seems that the Glasser-Wan conjecture indicated above has not previously been considered, subsequent to [1], with regard to past research [9,10] based on Glasser's work in [1].

Preliminaries and background

Glasser's derivation of the main result in [1], i.e., the integral transform in (1), relied on the use of the Bessel transform and manipulations based on the modified Struve function, to prove (2) in the derivation of the main result from [1]. Glasser's proof of the moment formula in (3) was then obtained via (2) by setting F = K and by utilizing the relation

π/2 0 K(a sin θ) dθ = K 2   1 - √ 1 -a 2 2  
given in an equivalent form in Glasser's previous work on definite integrals involving K [11]. As in this past work by Glasser [11], we express that triple integrals that naturally emerge within physics in the study of three-dimensional lattices may often be reduced to β α F (u)K(u) du for an elementary function F , and this has served as a main source of motivation behind the author's past work on integrals involving K [12,13]. In contrast to Glasser's uses of the Bessel transform and the modified Struve function, the crux of our disproof of the Glasser-Wan conjecture is given by a special case of the Clausen hypergeometric product identity.

Clausen's product identity is such that

2 F 1 a, b a + b + 1 2 z 2 = 3 F 2 2a, a + b, 2b a + b + 1 2 , 2a + 2b z ,
and this may be thought of as a key toward the following modular identity that required in the classical derivation of Ramanujan's series for 1 π [15, §5.5]:

2K(k) π 2 = 3 F 2 1 2 , 1 2 , 1 2 1, 1 (2k √ 1 -k 2 ) 2 ,
Equivalently,

π 2 4 ∞ n=0 1 64 n 2n n 3 y n = K 2 1 - √ 1 -y 2 , (8) 
and we are to apply the identity in (8) in a similar way relative to our past work in Fourier-Legendre theory and fractional calculus [START_REF] Campbell | Integral Transforms Spec[END_REF], as described below.

The method of semi-integration by parts (SIBP) was introduced in [START_REF] Campbell | Integral Transforms Spec[END_REF] and may, informally, be thought of as a combination of fractional calculus and past techniques from [START_REF] Campbell | [END_REF] on the use of Fourier-Legendre expansions to evaluate integrals involving K. By applying the fractional derivative operators D 1/2 x α = Γ(α+1) Γ(α+1/2) x α-1/2 and D -1/2 x α = Γ(α+1) Γ(α+3/2) x α+1/2 to an analytic function with a Maclaurin series involving a power of central binomial coefficients, these operators may be thought of as having the effect of reducing the power of this binomial factor. This approach led to the evaluation of the equivalent integral expressions

1/2 0 K 2 ( √ x) dx = 1 4 1 0 1 √ 1 -y K 2 1 - √ 1 -y 2 dy, (9) 
where this equivalence is given by a change of variables. By then expanding the latter integrand according to the consequence in (8) of Clausen's product identity, and by then integrating term-by-term as in [START_REF] Campbell | Integral Transforms Spec[END_REF], the beta integral valuation

1 0 y n √ 1 -y dy = 2 2n+1
(2n + 1) 2n n can be thought of as reducing the power of the central binomial coefficient in (8), yielding the known evaluation

∞ n=0 1 16 n 2n n 2 1 2n + 1 = 4G π , (10) 
which was proved via SIBP in [START_REF] Campbell | Integral Transforms Spec[END_REF] and which is equivalent to Glasser's moment formula (3), proved in [1].

Main results

As indicated above, the result highlighted as Theorem 1 below gives a disproof of the Glasser-Wan conjecture. Glasser expressed how the research interest in the integral in ( 3) is motivated by how expressions of a simliar nature arise in the study of Feynman diagrams and related areas in quantum field theory [14]; this further motivates our new results as in Theorem 1 below.

Theorem 1. The moment formula in (5) holds.

Proof. We begin by rewriting the integral in (5) so that

1/ √ 2 0 k 3 K 2 (k) dk = 1 2 1/2 0 x K 2 ( √ x) dx. (11) 
By the same change of variables as in (9) (cf. [START_REF] Campbell | Integral Transforms Spec[END_REF]), this yields

1/ √ 2 0 k 3 K 2 (k) dk = 1 16 1 0 1 - √ 1 -y √ 1 -y K 2 1 - √ 1 -y 2 dy. (12) 
By then applying the Clausen-derived identity in (8), the Dominated Convergence Theorem allows us to interchange the operations of definite integration and infinite summation, so that the equivalent form in (10) of Glasser's moment formula [1] gives us that

1/ √ 2 0 k 3 K 2 (k) dk = Gπ 8 - π 2 64 ∞ n=0 1 64 n 2n n 3 1 n + 1 (13) 
The ordinary generating function corresponding to the summand of the series in ( 13) may be evaluated as below, with convergence for |z| < 1. This may be proved via term-by-term differentiation for convergent power series, so as to obtain an equivalence to the case of Clausen's product identity in (8):

-8 π 2 z 2E 2 1- √ 1-z 2 -2(1 + √ 1 -z)E 1- √ 1-z 2 K 1- √ 1-z 2 + 1 + √ 1 -z -z K 2 1- √ 1-z 2 .
. So, according to the elliptic integral singular values [15, §1]

K 1 √ 2 = Γ 2 1 4 4 √ π , E 1 √ 2 = 4Γ 2 3 4 + Γ 2 1 4 8 √ π , (14) 

Conclusion

We conclude by describing two further topics to explore that concern the new results given above. A further reason as to the research interest in Theorems 1-3 has to do with how equivalent formulations of these results can be applied to obtain new, fast-converging hypergeometric series for fundamental constants. By rewriting the integrals in these theorems over the latter interval in (11) and according to the variable change in (11), we then proceed to rewrite the integrand factor K 2 ( √ x) as a double hypergeometric series according a term-by-term expansion of the Maclaurin series of K( √ x) times itself. By then integrating over the latter interval in (11) this results in double series of convergence rate 1 2 with respect to both index sets. By then taking linear combinations to isolate a given constant among evaluations as in ( 5)-( 7), we may obtain evaluations as in for x ∈ [0, 1/2] given by Cantarini in 2022 [17] can be used to obtain alternative proofs of Theorems 1-3, letting P n (x) denote the Legendre polynomial of order n. We encourage the exploration as to how Cantarini's quasi-FL identity could be used to generalize or otherwise strengthen Theorems 1-3.

2 π = m,n≥0

0 1 0

 1 dθ sin ϕF (x sin ϕ sin θ) = π 2

0π 2x x 0 F

 0 dθ sin ϕF (x sin ϕ sin θ) -(t) dt = 0 (2)
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by setting z = 1, we obtain an analytic form for the infinite series in (13).

Theorem 2. The moment formula in (6) holds.

Proof. Applying the same change of variables that led to (12), we obtain that

We again apply the consequence of the Clausen identity in (8), and the Dominated Convergence Theorem may be applied to justify the reversal of the order of integration and infinite summation, yielding

and we may proceed as before, with an index shift applied to (10).

Theorem 3. The moment formula in (7) holds.

Proof. Mimicking the above proofs, we write

We again expand the latter integrand according to (8), so as to apply the Dominated Convergence Theorem, to apply term-by-term integration. In this case, we would require the evaluation of the power series

, and we again apply the elliptic integral singular values in (14).

We may continue as above to evaluate higher moments, as in