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Hodge conjecture for projective hypersurfaces

Johann Bouali

January 9, 2025

Abstract

We show that a Hodge class of a complex smooth projective hypersurface is an analytic logarithmic
De Rham class. On the other hand we show that for a complex smooth projective variety an analytic
logarithmic De Rham class of type (d, d) is the class of a codimension d algebraic cycle. We deduce
the Hodge conjecture for smooth projective hypersurfaces.
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Introduction

1.1 Complex analytic De Rham logarithmic classes

O =

~N ot ot NN

In [2], we introduced, for X an algebraic variety over a field, the notion of logarithmic De Rham cohomol-
ogy classes. For X a complex algebraic variety, we also introduce in this work the notion of logarithmic
analytic De Rham cohomology classes. The notion of log forms was introduced by Bloch and Illusie in the
context of the De Rham-Witt complex of algebraic varieties in positive characteristics. It is different from
the notion of forms with logarithmic poles as introduced by Deligne in Hodge II theory. In proposition 3
(section 4) we give an analytic analogue of [2] theorem 2 (ii), that is if X is a smooth complex projective
variety,

e a logarithmic analytic De Rham cohomology class of type (d,d) is the class of a codimension d

algebraic cycle.

usu

e we have HjOLXan7O(H‘j7l(Xan,Qfxvan)log70)) =0 for j,1 € Z such that 21 > j.



Here
OLXQ",O : Ql)(a",log,o[_l] = (/\lO}an) ® Q[—l] — QS(an

is the morphism of the abstract abelian group generated by logarithmic analytic I-forms (see definition 2)
to the analytic de Rham complex and usu denote the usual complex topology. The proof of proposition 3
is motivic and similar to the proof of [2] theorem 2 : a logarithmic analytic class of bidegree (p, ), p, g # 0,
p > q, q # dy is acyclic for the Zariski topology on each open subset U C X such that there exists an etale
map e : U — A% such that e : U — e(U) is finite etale and A% \e(U) € A% is a divisor (proposition
2), this allows us to proceed by a finite induction using the crucial fact that the purity isomorphism for
De Rham cohomology preserve logarithmic analytic classes since the purity isomorphism is motivic (c.f.
[3], see proposition 1).

1.2 Hodge conjecture for smooth projective hypersurfaces

Let X = V(f) C PY be a smooth projective hypersurface. Denote j : U := P¥\X < PY the open
complementary subset. Let (Q22y @0,y F*77j.Op)*" be the filtered De Rham complex of U. The cone
of 1y :

o+ Qpiv 1, (10g X)°=[=p] = (Vx @0, F* 75, 00)""

is locally acyclic for the complex topology, more precisely is acyclic on open balls (see e.g.[6]). As a
consequence, we show in proposition 4, using an open cover ]P’(JCV = U™, B; by open balls ¢; : B; ~ D(0, 1)V
such that ¢;(B; N X) = {0} x D(0,1)¥ =1, that a Hodge class a € FN"PHN (U Q) is logarithmic, that
is

o € HYOLyan o(H?

usu

N—
(Uan7 QU‘”}?log,O))'

We get that, if N =2p+1 and A € FPH?P(X Q) is a Hodge class,

A= Resx pn () + m[H] € H?OLxan o(HE (X", Qan 105.0))»

where Resxpy : HY (U, C) = H?P(X",C) is the residu map, using the fact that since the residu
map is motivic (see definition 1), it preserves the logaritmic De Rham classes. Proposition 3 (ii) then
implies that A = [Z], Z € ZP(X), is the class of an algebraic cycle.

To our knowledge, Hodge’s conjecture for hypersurfaces was known for only a few cases : hyperplanes,
quadrics and Fermat’s hypersurfaces of degree < 21 (Shioda). Our new contribution which allowed us
to tackle the general case of hypersurfaces is the introduction of the notion of analytical logarithmic de
Rham classes on the one hand and the motivic purity isomorphism on the other hand.

I am grateful to Professor F. Mokrane for his help and support during the preparation of this work.

2 Preliminaries and Notations

2.1 Notations

Denote by Top the category of topological spaces and RTop the category of ringed spaces.

Denote by Cat the category of small categories and RCat the category of ringed topos.

For § € Cat and X € S, we denote S/ X € Cat the category whose objects are Y/X := (Y, f) with
YeSand f:Y — X is a morphism in S, and whose morphisms Hom((Y”, /'), (Y, f)) consists of
g:Y’' =Y in S such that fog= f'.

For (S,0s) € RCat a ringed topos, we denote by

— PSh(S) the category of presheaves of Og modules on S and PShp, (S) the category of presheaves
of Og modules on S, whose objects are PSho, (S)? := {(M,m), M € PSh(S),m : M ® Os — M},
together with the forgetful functor o : PSh(S) — PShog(S), for F € PSh(S) and X € S we
denote F(X) :=T'(X, F) its sections over X,



— C(S) = C(PSh(S)) and Cp,(S) = C(PShp,(S)) the big abelian category of complexes of
presheaves of Og modules on S,

— Cogs@2)fi(S) = C(2)7i(PShog(S)) C C(PShog(S), F, W), the big abelian category of (bi)filtered
complexes of presheaves of Og modules on S such that the filtration is biregular and PSho (2)7:(S) :=
(PSho,(S), F,W).

Let (S, Og) € RCat a ringed topos with topology 7. For F' € Co.(S), we denote by k : FF — E,(F)
the canonical flasque resolution in Co4(S) (see [1]). In particular for X € S, H*(X, E.(F)) =
H* (X, F).

For f : 8’ — S a morphism with §,8’ € RCat, endowed with topology 7 and 7’ respectively, we
denote for F' € Cp4(S) and each j € Z,

— = HIT(S, ko ad(f*, £)(F)) : HI(S, F) — HI(S', f*F),
— = HID(S, ko ad(fm0, £,)(F)) : HU (S, F) — HI (S, f*molF),

the canonical maps.

Form: A — B, A,B € C(A), A an additive category, we denote ¢(A) : Cone(m : A — B) — A[l]
and ¢(B) : B — Cone(m : A — B) the canonical maps.

For X € Top and Z C X a closed subset, denoting j : X\Z < X the open complementary, we will
consider
'} Zx := Cone(ad(ji, j*)(Zx) : 1j*Zx — Zx) € C(X)

and denote for short vy := Y% (Zx) := ¢(Zx) : Zx — I'},Zx the canonical map in C(X).

Denote by Sch C RTop the subcategory of schemes (the morphisms are the morphisms of locally
ringed spaces). We denote by PSch C Sch the full subcategory of proper schemes. For a field k, we
consider Sch /k := Sch / Speck the category of schemes over Spec k. The objects are X := (X, ax)
with X € Sch and ax : X — Speck a morphism and the morphisms are the morphisms of schemes
f: X" — X such that foax = ax. We then denote by

— Var(k) = Sch’* /k < Sch /k the full subcategory consisting of algebraic varieties over k, i.e.
schemes of finite type over k,

— PVar(k) c QPVar(k) C Var(k) the full subcategories consisting of quasi-projective varieties
and projective varieties respectively,

— PSmVar(k) € SmVar(k) C Var(k), PSmVar(k) := PVar(k) N SmVar(k), the full subcategories
consisting of smooth varieties and smooth projective varieties respectively.

For X € Sch a noetherian scheme and p € N, we denote ZP(X) the Q-vector space generated by
closed subset of codimension p.

Denote by AnSp(C) C RTop the subcategory of analytic spaces over C, and by AnSm(C) C AnSp(C)
the full subcategory of smooth analytic spaces (i.e. complex analytic manifold).

For X € Top and X = U;c;X; an open cover, we denote X, € Fun(A, Top) the associated simplicial
space, with for J C I, jrj: X1 := Nier X; — X := N;csX; the open embedding.

For X € AnSm(C) and X = U;e;X; an open cover, we denote X, € Fun(A, AnSm(C)) the associ-
ated simplicial complex manifold, with for J C I, jr; : X1 := Nier X; — X := NiegX; the open
embedding.

Let (X,0x) € RTop. We consider its De Rham complex Q% := DR(X)(Ox).

— Let X € Sch. Considering its De Rham complex Q% := DR(X)(Ox), we have for j € Z its
De Rham cohomology H},,(X) := HY (X, Q%).



— Let X € Var(k). Considering its De Rham complex Q% := Q% = DR(X/k)(Ox), we have

for j € Z its De Rham cohomology H%,R(X) = H7(X,Q%). The differentials of Q% := Q% /i
are by definition k-linear, thus H%,R(X) = HY (X, Q%) has a structure of a k vector space.

— Let X € AnSp(C). Considering its De Rham complex Q% := DR(X)(Ox), we have for j € Z
its De Rham cohomology HY,,(X) := H/ (X, Q%).

e For X € AnSp(C), we denote o(X) : Cx — Q% the embedding in C(X). For X € AnSm(C),
a(X) : Cx — Q% is an equivalence usu local by Poincare lemma.

e We denote I" := [0,1]" € Diff(R) (with boundary). For X € Top and R a ring, we consider its
singular cochain complex

* (X, R) := (ZHomre, (", X)¥) ® R

sing

and for [ € Z its singular cohomology H. (X, R) := H"C%_,(X,R). For f: X’ — X a continuous

sing sing
map with X, X’ € Top, we have the canonical map of complexes

ff:CL (X, R) = Ch . (X,R),0— ffo:=(y—a(fory)).

sing sing
In particular, we get by functoriality the complex

C;(,Rsing € CR(X)7 (U C X) = :ing(U7 R)

We recall that

— For X € Top locally contractible, e.g. X € CW, and R a ring, the inclusion in Cr(X)
cx : Bx — Ok, Rsing 18 by definition an equivalence top local and that we get by the small

chain theorem, for all I € Z, an isomorphism H'cx : H'(X, Rx) = Hsling(X, R).
— For X € Diff(R), the restriction map
rx : ZHompgr) (I*, X)¥ = CL (X, R), w = w: (¢ = w(¢))

is a quasi-isomorphism by Whitney approximation theorem.

e We will consider the morphism of site given by the analytification functor
An : AnSp(C) — Var(C), X — An(X):= X", (f: X' — X) — An(f) = f*".
For X € Var(C), we denote by
anx := Anjye = X - X any (U — X) :=U"",

its restriction to the small etale site ox (X ) C Var(C), where ox (U — X) = U, in particular we
have the following commutative diagram

AnSp(C) 225 Var(C) ,

\LOXan \LOX

Xan,et anx Xet

where oxan (U < X)) = U. We get the morphism in RTop anx := anxocx) : X" — X,
0:O0(X) C X* being the embedding of the Zariski open subsets of X.



2.2 Complex integral periods

Let k be a field of characteristic zero and X € SmVar(k) be a smooth variety. Let X = U7_; X; be an
open affine cover. For each embedding o : k < C, we have the evaluation period embedding map which
is the morphism of bi-complexes

ev(X)s : I'(X,,0%,) — ZHomDiH(H',XEﬁ)V ® C,

wy € D(X7, Q) = (ev(X)](w)) : 7 € ZHompig(I', X¢7)¥ ® C = evy(wy)(¢)) = [ ¢ w))

given by integration. By taking all the affine open cover (j; : X; — X) of X, we get for o : k — C, the
evaluation period embedding map

ev(X) = lim ev(X)g:  lim I'(X., Q%,) — lim Z Hompgr) (I°, X&7%)Y @ C
(i: X5 X) (ji: X 5 X) (ji: X X)

It induces in cohomology, for j € Z, the evaluation period map

Hiev(X) = Hiev(X)s: Hpp(X) = HIT(X.,Q%,) — H,

sing

(Xgn, ) = H‘j (HomDiﬁ'(]R) (]I., ngl.)v & (C)

which does NOT depend on the choice of the affine open cover by acyclicity of quasi-coherent sheaves on
affine noetherian schemes for the left hand side and from Mayer-Vietoris quasi-isomorphism for singular
cohomology of topological spaces and Whitney approximation theorem for differential manifolds for the
right hand side.
Let X € SmVar(k). Then,
H*ev(Xc) = H*RT(XE", (X)) L o T(XE", ELar(Qany))) : Hpp(Xc) = H;‘ing(X(‘cm, C)

is the canonical isomorphism induced by the analytical functor and the quasi-isomorphism «(X) :
Cxan < Q%an, which gives the periods elements H*ev(X)(Hp (X)) C Hg, o (Xg", C).

sing

2.3 Algebraic cycles and motives

For X € Sch noetherian irreducible and d € N, we denote by Z¢(X) the group of algebraic cycles of
codimension d, which is the free abelian group generated by irreducible closed subsets of codimension d.
For X, X’ € Sch noetherian, with X’ irreducible, we denote by Z/5/X' (X' x X) ¢ Z4,, (X' xX) which
consist of algebraic cycles a = ), na; € Z4,, (X’ x X) such that, denoting supp(a) = Usa; € X' x X
its support and p’ : X’ x X — X’ the projection, pi supp(a) ° supp(a) — X’ is finite surjective.
Let k be a field. We denote by Cor SmVar(k) the category whose objects are {X € SmVar(k)} and

Homc,, SmVar(k) (X/v X) = ZfS/XI(X/ x X)

(see [3] for the composition law). We denote by Tr : Cor SmVar(k) — SmVar(k) the morphism of site
given by the embedding Tr : SmVar(k) < Cor SmVar(k). Let F' € PSh(SmVar(k)), we say that F' admits
transfers if F' = Tr, F with F' € PSh(Cor SmVar(k)).

Let k be a field. We recall that DA(k) := Hop1 (C(SmVar(k))) is the derived category of mixed
motives.

We have (see e.g. [1]) the Hodge realization functor

FHd9 . DA(C) — D(MHS), M — FHAU (M) .= =Y (FFPR(M), Bti* M, a(M)),

where D(MHS) < Dasiy(C) X1 Dy (Q) is the derived category of mixed Hodge structures.
For X € Var(k) and Z C X a closed subset, denoting j : X\Z < X the open complementary, we will

consider
F%ZX = Cone(ad(jﬁ,j*)(ZX) Zjﬂj*ZX — Zx) S C(Var(k:)sm/X)



and denote for short
vy =5 (Zx) = c(Zx) : Zx — T5Zx

the canonical map in C(Var(k)*™/X). For X € Var(k) and Z C X a closed subset, denoting ax : X —
Spec k the structural map, we have then the motive of X with support in Z defined as

Mz (X) :=axiTyaxZ € DA(k).
If X € SmVar(k), we will also consider
ax3T'yZx := Cone(axy o ad(jy, j*)(Zx) : Z(U) — Z(X)) = Z(X, X\Z) € C(SmVar(k)),

and denote for short
vy = axyvy(Zx) = c(Z(X)) : Z(X) — Z(X, X\Z)

the map in C'(SmVar(k)). Then for X € SmVar(k) and Z C X a closed subset
Mz(X) = axTya\Z = axsTyZx =: Z(X, X\Z) € DA(k).

e Let (X,Z) € Sch? with X € Sch a noetherian scheme and Z C X a closed subset. We have the
deformation (DzX,AL) — Al (DzX,AL) € Sch? of (X, Z) by the normal cone Cz/ix — Z, ie.
such that

(DzX,A%)s = (X,2), s € ANO, (DzX,Ay)o = (Cz/x,Z).
We denote by i1 : (X,Z) — (DzX,A}) and ig : (Cz/x,Z) — (DzX,A}) the closed embeddings
in Sch®.

e Let k be a field of characteristic zero. Let X € SmVar(k). For Z C X a closed subset of pure

codimension ¢, consider a desingularisation € : Z — Z of Z and denote n : Z < Z € X. We have
then the morphism in DA (k)

D(Z(n)) = Z(e)

Gzx : M(X) M(Z)(c)[2¢) — M(Z)(c)[2(]

where D : Hompa ) (Mc(Z), Mo(X)) = Hompa ) (M(X), M(Z)(c)[2¢]) is the duality isomor-
phism from the six functors formalism (moving lemma of Suzlin and Voevodsky) and Z(n) :=
ad(ng,n!)(a!XZ)l noting that ny = n. since n is proper and that a'y = a’[dx] and a!Z = a*ZLdZ]
since X, resp. Z, are smooth (considering the connected components, we may assume X and Z of
pure dimension).

We recall the following facts (see [3] and [1]):

Proposition 1. Let k be a field a characteristic zero. Let X € SmVar(k) and i : Z C X a smooth
subvariety of pure codimension d. Then Cz/x = Nz/x — Z is a vector bundle of rank d. The closed

embeddings i1 : (X, Z) < (DzX,A}) and i : (Cz/x,Z) — (DzX,AL) in SmVar®(k) induces isomor-
phisms of motives Z(i1) : Mz(X) = My (DzX) and Z(io) : Mz(Nz/x) = My (DzX) in DA(k). We
get the excision isomorphism in DA (k)

PZ,X = Z(io)_l OZ(il) : Mz(X) = MZ(NZ/X)-

We have
Th(Nz/x)o Pzx o v5(Zx) = Gz x := D(Z(i)) : M(X) — M(Z)(d)[2d).

Proof. See [3]. O



Definition 1. Let k be a field a characteristic zero. Let X € SmVar(k) and i : Z C X a smooth
subvariety of pure codimension d. We consider using proposition 1 the canonical map in DA(k)

P, L oTh(N -1 .
Resgx : M(Z)(d)[—2d] —2X N2 0y (x) <EXAD),

M(X\Z)[1].
We recall that ¢(Z(X\Z)) : Z(X, X\Z) — Z(X\Z)[1] is the canonical map in C(SmVar(k)).

e Recall that we say that F' € PSh(SmVar(k)) is Al invariant if for all X € SmVar(k), p* := F(p) :
F(X) — F(X x A') is an isomorphism, where p : X x Al — X is the projection.

e Similarly, we say that F € PSh(AnSm(C)) is Al invariant if for all X € AnSm(C), p* := F(p) :
F(X) — F(X x A') is an isomorphism, where p : X x Al — X is the projection.
2.4 The logaritmic De Rham complexes

We recall from [2] the following notion :
e For k a field and X € Var(k), we consider the embedding in C'(X)
OLX : Q;(,log — Q;{ = Q;{/k’

such that, for X C X an open subset and w € Q% (X°), w € Q% |, (X°) if and only if there exists
(ni)lgigs € 7Z and (fi,ak)1<i<s 1<k<p € F(XO, Ox)* such that

15,13 R>

w=Y" nidfia,/fron N+ Ndfiay/ i, € W (X°),

1<i<s
and for p =0, Q%J% :=Z. Let k be a field. We get an embedding in C(Var(k))

OL : Q9 1op = Q,, given by, for X € Var(k),
OL(X) := OLx : Q9 1,,(X) := I'(X, Q% 1o5) = T'(X, Q%) =: Q7 (X)

and its restriction to SmVar(k) C Var(k).

e For X € AnSp(C), we consider the embedding in C(X)
OLx : Q% 105 — Q% = Q%/c;

such that, for X C X an open subset and w € Q% (X°), w € Q% |, (X?) if and only if there exists
(ni)1<i<s € Z and (fi o) )1<i<s,1<k<p € I'(X°, Ox)* such that
w=Y" idfia,/fion N Adfiay/ fio, € (X0,

1<i<s

and for p = 0, Q%7log := Z. The differential is by definition C linear. Recall that for f € O(X),
df = 0 if and only if f is locally constant with complex values, that is fix» = A; € C for each

1 < ¢ < r, where X = U_;X; is the decomposition into connected components. We get an
embedding in C(AnSp(C))

OL™ : Qo™ < Q%" given by, for X € AnSp(C),

* “"log
OL™(X) = OLx : Qp"(X) 1= [(X, Q% 10g) = [(X, Q%) =: Q**"(X)

log

and its restriction to AnSm(C) C AnSp(C).

In the analytic case we also consider the following



Definition 2. For X € AnSp(C), we consider the morphism in C(X)
° e 4L . OLx .
OLX70 . QX,]Og,O = A OX — QX,IOg —_— Qx,
where, for X° C X an open subset, p € N,
Qz))(,log,O(Xo) = /\pO;((XO) ®Q =< dfa1/fa1 AREN /\dfap/fap7faj € O(XO)* > /
< dfal/fal ARRRA d(fajféj)/(fajf;‘j) AN /\dfap/fap
_dfal/foq A "'/\dfaj/faj A "'/\dfap/fap - dfal/faq /\"'/\dféj/f(;j /\"'/\dfap/fap > ®Q

is the abstract abelian group gemerated by logarithmic forms, for p < 0 of course Q’;Qlo&O = 0, and by
definition all the differentials of this complex are trivial. Note that Q.lX,log,O =0%®Q. For f € O(X°)*,
df =0 € Q%{,log,o(Xo) if and only if f = 1. In particular OLx gy is NOT injective. For A\ € C and
feoXxe),

ANF)/NF) # df | f € D 1og,o(XO)s dONF)/(NF) = df [ f = dA/X € D 16g,0(X°).

We get the morphism in C'(AnSp(C))

OLg™ : g’ gL, Qe oL, Q%" given by, for X € AnSp(C),

OLS”(X) = OLX)O : Ql.o)g,%(X) = P(X, Q;(,log,()) — I‘(X, Q;{) = Qo,an(X)
and its restriction to AnSm(C) C AnSp(C).

Remark 1. Note that for X € AnSp(C) and df € QLo (X)) with f € O(X"), we have Of =

(0ef) /el € Qllo’gn(X‘m), hence, since open balls form a basis of the complex topology on complex analytic

manifold, for eachp € Z, p # 0,

p,any __ ,an,0=0 __ —1,an
ausu(Qlog )=QF = Qs ONP .

On the other hand, for X € AnSp(C), H*(X, Qllc;g%) = Pic(X) is the Picard group, H'(X,Qbem9=0) =

H2(X, F1Q%) is a complex vector space and

OLx: H'(X,Qu2%) = Pic(X) = H*(X, F'Q%) — H?(X, Q%)
is the cycle class map.

‘We will also consider :

Definition 3. We consider the (non full) subcategory AnSm(C)P" C AnSp(C) whose set of objects
consists of X x Ab* X € AnSm(C) and

Homapsm(cyer (X x AMY x AD*™) := Hompnsp(c) (X, Y) @ Tpr.an.
We have then the morphism of sites
o m:AnSm(C) = AnSm(C)?", 7(X x Ab*) .= X, n(f®1I) = f,
o p: AnSm(C)?" — AnSm(C), p(X) := X x Aben p(f) = f@ I,
in particular pom = I. We have then, for each p € Z, a canonical splitting in PSh(AnSm(C)P")
Qpamd=0 _ , Op.an.d=0 g (e

with



QPe(X x Al) = {Z anz"w(z) +w' Adz,a, € C,w € QP(X),w € QP H(X x Al)}
n=1

C Qp,an,@:O(X % Al)

where z is the coordinate of A', a,r™ — 0 when n — oo for all r € RY, and x € X. We have the
factorization in PSh(AnSm(C))

ad(m) := ad(7*, m) (=) : 7 QP° Sy prQpan0=0 . pxp Qp.an,0=0
L0240, o d () (= Qpoe) 124, Qpian,0=0,
and we denote again by abuse
o P00 = ad(m) (77 Q%) C QPand=0 = Qe.an.
o Q%€ ;= ad(m)(7*Q*) N Ql'o’g" C QPand=0 c e.an,
We will consider, referring to definition 2, for each p € Z, the exact sequence in PSh(AnSm(C))

p,an —1/_*yp,e\ © p,an 4 p,an,ne . op,an p,an —1/_%Op,e
0— Qlog,o Ng, (T QP¢) = Qlog,O — Qlog,o = Qlog,O/(Qlog,O Ngy (7€) — 0.

We have then the commutative diagram in C(AnSm(C))

e.an —1/_x0)e,e x()e,e
Qlog,O Nqp (7"Q%°) oLa” () )
el e
Qo,an e.an
log,0 oLan
Ql q
OLCLn
e.an,ne ,__ e®,an e.an -1/ _x0)e,e 0 e.an *()e,e
Qlog70 T Qlog,O/(Qlog,O n qy, (ﬂ- Q )) Q /(ﬂ- Q )

. .. . . . . . e.an
whose columns are exact with e injective and q surjective, and of course all differentials of Qlog,O and of
Q% are trivial.

Lemma 1. We have a splitting in C(AnSm(C))

e.an __ e.an —1 *()e,e e.an,ne
ausuglog@ = Qusu (Qlog,O N qr, (7T Q )) & ausquog,O

Proof. We have
TNX) = lim Q(m)(QN(Y x Al)) c Q*(X),
m: X —Y xAl

where we denote again by abuse
7 Q* = ad(m)(7* Q%) C Q%"

Now,

eifgom: X Y x A' 4 Al is non constant, we can factor

m:(nxl)om’:XﬁY’xAlﬂYxAl

with dimY’ = dim X — 1 and m/(X) C Y’ x A! an open subset, and
Q') : Q" (Y x Al) - Q%n(X)

so that we still have a splitting in the image of Q(m’)



eifgom: X Y x Al 4 Al is constant with value ¢,
Qm)(7T* Q) (Y x A =0
since c¢*dz = 0, where ¢ : Y x {c} < Y x Al is the closed embedding.

We then define

(T*Q*)" C Q0 (1*Q°)"°(X) = lim Q(m)(Q*(Y x A1) € 7°Q°(X),

m: X —Y xAl gomNC

where nc means non constant. Now consider a splitting of complex vector spaces
Ql,B:O(Dl) — 91,6:0(A1> @ Ql,na(Dl).

We consider similarly the (non full) subcategory AnSm(C)?”" c AnSp(C) whose set of objects consists of
X x D', X € AnSm(C) and

Homapsm(c)er (X x D', Y x D') := Homapsp(c)(X,Y) @ Ipr.
We have then similarly the morphism of sites
e ' : AnSm(C) — AnSm(C)?"”', #/(X x DY) := X, 7/(f @ I) := f,
e o/ : AnSm(C)?" — AnSm(C), p/(X) := X x D', p/(f) == f @1,
in particular p’ o 7’ = I. We define similarly

(7 Q%)™ C 1%, (7 F0%)(X) = limy Q(m)(Q**(Y x DY) C 7 *Q°*(X).

m:X—Y x D! gom1NC

We have then

Qean — ausu(ﬂ_'*ﬂo)nc _ ausu(W*Q-)nc D ausuﬂ_'*ﬂo,nc,na,
W/*Q.’na(X) = ]& Q(m)(Q._l’an(Y) % Ql,na(Dl)) cC Qo,an(X)

m:X—Y x D! gomNC

and thus

a5y = et O 0 (7°021)") = s sy 16 (72" © o (i N1 (°27707))

where the first equalities follows from the fact for an open ball D4 C X, we have the morphism
my : D¥ — D=1 x D! which is the canonical isomorphism. Hence,

e.an __ e.an —1/__xe,e ~e,an,ne
a’usquog,O - a’usu(Qlog,O N ar, (ﬂ— Q )) D Qlog,O

with

Q" (X) = (U 107 (79 Q0)™) © (500 1 g7 (7 Q0740)),

We have the following :

Lemma 2. (i0) The sheaves O, € PSh(AnSm(C)) and Qllogn € PSh(AnSm(C)) admit transfers com-
patible with transfers on Q19" € PSh(AnSm(C)).

(i) For each | € Z, the sheaf Q{;ag" € PSh(AnSm(C)) admits transfers compatible with transfers on

Qban € PSh(AnSm(C)), that is Q" € C(Cor AnSm(C)) and the inclusion OL : Qfg;"[—l] — Qeon
in C(AnSm(C)) is compatible with transfers.
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(i1) For each |l € Z, the presheaf Qfg:dne € PSh(AnSm(C)) given in definition 3 is Al invariant.
(i1)’ For eachl € Z, the sheaf ausuﬂﬁ)“g%"e € PSh(AnSm(C)) given in definition 3 is A' invariant, where
aysy 2 PSh(AnSp(C)) — Shv(AnSp(C)) is the sheaftification functor.

Proof. (10):Let W C X’ x X with X, X’ € AnSm(C), X’ connected, and px/ : W C X' x X — X' finite
surjective over X’. Then M (px) : M(X') — M(W) is a finite, where for Y € AnSp(C) irreducible,
M(Y) := Frac(O(Y)) denote the field of meromorphic function. Since O(X') C M(X') is integrally
closed, the trace map Try,x: : M(W) — M(X') sends O(W) to O(X’), and the norm map Ny, x :
MW)* = M(X")* sends O(W)* to O(X')*.

The sheaf O, € PSh(AnSm(C)) admits transfers : for W € X’ x X with X, X’ € AnSm(C) and
W finite surjective over X’ and f € O(X)*, W*f := Ny x:(pkx f) where px : W — X' x X — X
is the projection and Ny /x: : M(W)* — M(X')* is the norm map. This gives transfers on Qllo’g" €
PSh(AnSm(C)) compatible with transfers on Q%" € PSh(AnSm(C)) : for W C X’ x X with X, X’ €
AnSm(C) and W finite surjective over X’ and f € O(X)*,

Wrdf/f = dW”" f/W*f = Trw;x (px (df / f)),

where we recall px : W — X' x X — X is the projection and Try,x: : O(W) — O(X’) is the trace

map. Note that d(fg)/fg=df/f +dg/g.
(i): By (i0), we get transfers on

Db, @04 € PSh(AnSm(C))

log

since ®(lQ)Q]1(;g" = H%@év@ﬁé") and @L 0" = HO(@5'Q%%"). This induces transfers on
-~ Drocii,..., Ary:=(w@w —wRww’)
/\(l@Qllc;gn = coker(@bc[1 vvvvv I ®<lQ 1 Qllovgn IpC1,.. 1| Ay ®(1@Qllo,gn) € PSh(AnSm(C)).
and

Brycq,... 1A =(wduw' —wWeW")

Ao = coker(D ... ®F, " Q8" ) ®L Q" € PSh(AnSm(C)).

(ii): Let X € AnSm(C) and, denoting p : X x Al — X the projection,

Qp) = Qg™ (X) = Qg™ (X x A,

Since €2(p) is split injective, it is enough to show that Q(p) is surjective. We have

Qoo (X x Al) = Qg o(X x AY) /g tOPe(X x AY)

The result then follows from the fact that for X € AnSp(C), QP (X xAl) = QP(X)®(QP~1(X)@Q! (ALen))
and that AL9" is simply connected. Indeed, for w = w' + w” A dz € QP(X x AN)?=0,

t=z t=z t=z
w(z, 2) = 8(/ w’(x, t)dt) + w(z,0) = 8(/ w’(z, t)dt). + (9(/ w(z, t)dt)(z,0) + w'(x,0)
t=0 =0 =0
and O( :::02 w'(x,t)dt). € QPC(X x Al)
(ii): Follows from (ii) since open ball form a basis of the complex topology on complex analytic manifolds.

O

We have the following result :

Proposition 2. Consider, for each p € Z, the presheaf Qfo’gn’"e € PSh(AnSm(C)) given in definition 3.

(i) Let D € AnSm(C) be an open ball. Then, for each p,q € Z, ¢ # 0, Hi_, (D, QpD,log,O) =0.
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(i)’ Let D € AnSm(C) be an open ball. Then, for each p,q € Z, ¢ # 0, HY, (D, Q;ﬁ)’g%’ne) = 0.

(i)” For each d €N, p,q € Z, Hl,, (A2, Q") =0.

(ii) Let U € SmVar(C) such that there exists an etale map e : U — Afé” such that e : U — e(U) is finite

etale and A(gclu\e(U) C Afé” is a divisor. Then, for eachp € Z, p # 0, p # dy, HE,,,(U*", Qﬁ)"g’%’”e) =
0.

(i)’ Let U € SmVar(C) such that there exists an etale map e : U — AfiCU such that e : U — e(U) is
finite etale and AféU\e(U) C AféU is a divisor. Then, for each p,q € Z, p,q # 0, p > q, q # dy,
HY, (U QPemney Z 0,

uUSsU log,0

Proof. (i):Let B = D(0,1)Y € AnSm(C) be an open ball. Let a € Hiy\ (B, 1000)s 4 € Z, q # 0.
Consider a sequence of sub-balls

ln: By :=D(0,7,)Y < B:=D(0,1)",n € N, with r, — 0 when n — ooc.

Since (B, := D(0,77))nen form a basis of neighborhood of 0 € B and since Qf; ,  is a single presheaf,
there exists n := n, € N (depending on «) such that

lya=0¢€ Hi,,(Bn, Q%,log,o)'
But it follows immediately from the definition of the the presheaf Q%,log,o considering the isomorphism
bn: Bn = B, ¢p(2) =1,z
so that (¢,) "t ol, = r,I, that
o= o, dha = radha € Hig (Ba, 10, )-

Hence ¢} a = 0. Since ¢, is an isomorphism, we get a = 0.
(i):Consider the splitting

e.an __ e.an —1 *)e, e.an,ne
ausuglog@ = Qysu (Qlogﬁ Naqg (7T Q e)) @ ausquog,O

given in lemma 1. It gives in particular a canonical isomorphism

H’Zsu (D7 Q:fog,o) = Hgsu (D7 Qfog,o n W*Qpﬂe) @ Hgsu (D7 Qfo)g%ne)'
By (i) we have
Hgsu (D7 Qfog,o) =0= Hgsu (D7 Qfog,o n T‘—*Qp)e) & Hgsu (D7 Qfo)g%ne)'

Hence H{,, (D, Qp2""") = 0. This proves (i)’. One can also prove (i)’ directly using the same arguments
as in the proof of (i).

(i)”:Similar to (i) by considering the presheaf ¢*O}, € PSh(D) where ¢ : A = D is the standard
homeomorphism.

(ii): We proceed by induction on the dimension of U. Let U € SmVar(C) such that there exists an etale
map e : U — A, such that e : U — e(U) is finite etale and A \e(U) € AL is a divisor Denote

D := A" \e(U) the complementary closed subset. Since HY,, (A%U,Qfo’g%’"e) =0 for all p,q € Z by (i),

HBusu(Qg ") (Z(e(U))) = 0 - Hi, (e(U), Qgs™) = HiLo (AL, Qhg5™)

is an isomorphism for all p,q € Z. By (i)’ and (i)”,

HB,5u(Qe6") € PSh(AnSm(C))
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is Al invariant for each p,q € Z. Indeed, for X € AnSm(C) connected, take an open cover X = U;erD;
by open balls D; ~ D(0,1)%x and let Dy € Fun(A, AnSm(C)) be the associated simplicial complex
manifold, with for J C I, j;5: Dy := NjerD; — Dy := N;csD; the open embedding. Then we get the
isomorphism

Pt H1Eue, (D) (X x AY) = HI, (X x AL, QPonmey =

log,0 usu log,0
HY (Do x AL, QE0") =5 HIT (Do X A, ausuf¥g o)
=5 HT (Do, ausues™) S HY(Do, QUEW™) S HI (X, QP20") =t HO By (Q8™")(X)

where ., is the sheafification functor, px : X x A' — X is the projection, and the second and the
fourth map is the isomorphism given by (i)’ and (i)”, and the middle map is an isomorphism by lemma

2(ii)’. Take a desingularization of the pair € = €; : (AfiCU,E) — (A%U,D), so that £ = U;_, E; C Afé” is

a normal crossing divisor and ¢ : AflCU\E = AflCU\D. We thus get by proposition 1, for each p,q € Z,
p.q # 0,

O B (™) (P, o)+ HIL g (A QL) ™ HIZH (B x G, O™,
isB¢

For p € Z, p # 0,dy, we get, using the induction hypothesis, by a finite decreasing induction Ei. C
Eijg—i-lv -+, Ejo C E;, where
o EY:= E;\E; C E; is an open subset such that there exists a finite etale map e; : £ — e;(E) C
Adv—1 with Adv—1\e;(E?) € A1 a divisor, € : (E;, Eig) — (Ei, Ej) is a desingularization,

o Y = Nik\Eik_H C E’ik is an open subset such that there exists a finite etale map ey, : Ej —
eir(ES) C AM=F with AW =F\e; (ES) C Adv—F a divisor, € : (BN, Eirt1) = (Eik, Bigy1) is a
desingularization

since dy > p (), =0 for p > dy,Y € AnSm(C)),

D p,an,ney __ p+1 dy p,an,ney __ p+1 /E; p,an,ne
Husu (G(U), Qlog,O ) - Husu,D(A(C ’ Qlog,O ) - Husu,E(AC ’ Qlog,O )
~ r —c( I c p,an,ney
- 69i:lI{gsu (Eicfl X Gm’ Qlog,O ) =0

since Pic(E;._1) = Pic(E;) = 0 by induction as e(E;) C A% and ek(EikH) C Ej;, are hypersurfaces of
dimension at least two, and for ¥ € AnSm(C),

(Y, Ql,an,ne),

Hl (K Ql,an) _ PIC(Y), Hl (K Ql,an) _ Hl (Y, qgl(w*Ql’e) N Ql,an) ® Hl Led

uUSU log,0 usu log,0 usu log,0 usu

where the second equality follows from lemma 1. We thus have, since An* M (U) ~ An* M (e(U))®" where
e € N is the degree of e, for each p € Z, p # 0,dy

HP

usu

(U, Quwme) = HE_ (e(U), QU25"¢) = 0.

(ii):Follows from (ii). O

3 Complex analytic logarithmic de Rham classes
We recall (see section 2) the morphism of site given by the analytification functor

An: AnSm(C) — SmVar(C), X — An(X):= X", (f: X' — X) — An(f) := f*".
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and for X € SmVar(C), the following commutative diagram

AnSm(C) _An, SmVar(C) .

\LOX(ML \LOX

X an,et anx xet
We have also the morphism of sites (see definition 3)
e m: AnSm(C) — AnSm(C)?", 7(X x Aban) .= X n(f® ) = f,
e p: AnSm(C)?" — AnSm(C), p(X) := X x Aban p(f) == f® 1,

in particular p o m = I. Consider the commutative diagram in C(AnSm(C))

Qlég% N qZI(W*Q.ﬁﬂ orLe Qe )
.1 ’
Qlog,% oran Qe-an
ql q
QL
Qlo)g% ne ._ Qlég%/(ﬂmg% ) q;l(W*Q.’e)) o Qe an (- 1e)

whose columns are exact with e injective and ¢ surjective (see definition 3). We have the factorization in

C(AnSm(C))

ad(m) = ad(n*, m,)(—) : 77Q%° < T Uy 000~ 1= ¥, QO @0=0
(ad(),0) ad(ﬂ')(ﬂ'*Q.’e) fad (n) Qo,an,E):O’
and we have denoted again by abuse

o TFO%E = ad(w)(w*ﬂ've) C Q.,an,@:O C Q®on,

o TFO%E = ad( )( *Qo,e) I Qlc;gn c Q®an, 0=0 c Q®an,

Let X € SmVar(C). Then, for k € Z, we have the commutative diagram

k Lan
HE (X, O’y N gyt (0o WL HE (X ad(r) (0% ¢))

usu

H’%e)l lme)
Hk

oOLam
usu(Xan7 Q.ﬁan) " o HDR(X) Hk (Xan7 QO,an)
Hk(q)l lH’C(Q)

log,0 usu
H*OLA"™
(Xan, Q.,an,ne) Hk (Xan7 Qi,an/(ﬂ_*ﬂo,e))

log,0 usu

Hk

usu
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whose columns are exact, and of course all differentials of Q' ‘"6 and of 7*Q*€ are trivial. Let Z C X a

closed subset. Then, for k € Z, we also have the commutatwe dlagram

Hk

usu,z

usu, Z(Xan’ ad(ﬂ) (7T* Qo,e))

H’%e)l lme)

e
(xon queny — PO g (x) = B, (X0, Qeen)
lH’C(Q)

log,0 usu
(‘X'an7 QO,an/(ﬂ.*Q.,e))

kOLan
(Xan Ql.og% N qL *Qo,e)? 0 Hk

Hk

usu,z

H’“(q)l

(X, Qoeo™)

kATan
H*OLS H*

usu,z

Hk

usu,z

whose columns are exact.

Lemma 3. Let X € SmVar(C). For each k € Z, k # 0, we have H*(e)(HF

usu

(X ad(7)(7*Q*))) = 0.
Proof. We have the canonical splitting

k
Husu

(X, ad(m) (7* Q%)) = @pez HEZP (X, ad(r) (" Q<))

Consider for each p € Z, the composition in C(AnSm(C))

ad(m) Tad ()
E—

ad(m) 1= ad (7", m,) (=) : 75 (A®ZP*) ad(m) (7" (A*2P*¢)) =250 AS2Pe

where the embedding
QpPe < (Q-Zp)e s A°2P-*e

in C(AnSm(C)P") is the Dolbeault resolution. Let X = Ul_,X; be an open affine cover. Then for
each I C [1,...,r], there exists by Noether normalization lemma a finite map X; — A(d:X . Hence the
presheaves (7 (Al’T’e))‘XI and (7*QP°)|x, are sheaves. We have thus, by Poincare lemma on open balls,
for each I C [1,...,7],

k
Husu

(X7, ad(m)(7* Q7€) = H'T(X{", ad(m) (7 A*ZP*¢)),

indeed, since open balls form a basis of the complex topology, there exists D! such that D' ¢ D=1 x Al.
We have

ad(m)(r* ASZPSO) (XP) = T AS(m)(AZP(Y x AL)) © AP (XN

m:X7—Y xAl
Now, for each I C [1,...,7],

e ifgom: Xy ™Y x A' & Al is non constant, we can factor

m:(nx[)om':X}m—T/—)Y'xAl XLy x Al
with dimY” = dim X — 1 and m/(X¢") C Y’ x A! a dense open subset, and
AC(m') : (ASZPoe (Y x Al) — ASZPe(X0m)
is injective, and

HYAS(m)(A®ZP2(Y x AY)) = HEA®(m/)(A®ZPS(Y" x A1)
Ae(m/)(Hk(A.Zp,-,e)(Yl % Al)) =0

by Kunneth formula for Y’ x Al
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eifgom: X Y x Al 4 Al is constant with value ¢,
H* A% (m)(AZP*¢) (Y x Al)) =0
since ¢*dz = 0 and ¢*dz = 0, where c: Y x {c} = Y x Al is the closed embedding.

Hence, for each I C [1,...,7] and k € Z

H(e) (1

usu

(X7™, ad(m) (" QP€))) = 0.

By the spectral sequence associated to the bi complex I'(X,, A*ZP>*¢), we get

H(e)(H);

usu

(X ad(m) (7 QP9))) = 0.
for each k € Z.

Proposition 3. Let X € PSmVar(C). Consider the morphism anx : X — X in RTop given by
analytical functor.

(i) The analytic De Rham cohomology class of an algebraic cycle is logarithmic and is of type (d,d),
that is, for Z € Z4(X)

(2] = H**Q(vz)([Z]) € H* OLxen 0(Hile (X", Qkan 10g0)) © HER(X ™) = HER(X).

usu

(ii) Conversely, any w € HQdOLXanVO(Hgsu(X“”,Q§Qn710g70)) is the class of an algebraic cycle Z €
ZUX)®Q, i.e. w=[Z].

(iii) We have HIOLxan (H] G (X" Qan 1050)) = 0 for j,1 € Z such that 21 > j.

usu

Proof. Consider, for j,l € Z and X € SmVar(C),

LYX) = HIOL xan o (HIZHX ™, Qan 1og.0)) = HOLE™ (H'~' Hom(An" Z(X), E,, (2"))).

usu log,0

Consider also for j,1 € Z, X € SmVar(C) and Z C X a closed subset,

LY 7N X) = HIOLxan o(H1, (X", Qan 10g.0)) = HIOLE™ (H?~' Hom(An* Z(X, X\ Z), ES,,.(2"))).

usu,”Z usu\"“log,0

Consider, for j,1 € Z and X € SmVar(C),

LYre(X) i= HY (OLG")(H7 ™' Hom(An" Z(X), B, (Q56™)))-

Consider also for j,1 € Z, X € SmVar(C) and Z C X a closed subset,

Ly (X)) := HY (OLg")(H?~' Hom(An" Z(X, X\Z), B} (575"))-

For each [, j € Z, the presheaf Hj*lEusu(Qfg;"’ne) € PSh(AnSm(C)) is A! invariant by proposition 2(i).
Indeed, for Y € AnSm(C) connected, take an open cover Y = U;c;D; by open balls D; ~ D(0,1)%, and
let Dy € Fun(A, AnSm(C)) be the associated simplicial analytic manifold, with for J C I, jrj : Dy :=

NicrD; — Dy :=N;csD; the open embedding, we then get the isomorphism

pg‘/ . Hj*lEusu(Ql,an,ne)(Y « Al) — Hj*l(Y % A17Ql,an,ne) ~

log,0 usu log,0
j—1 1 l,an,ney ~ j—l 1 l,an,ne
H 7 (Do x A%, Q15,7") — H7'T(De X A%, ausufl5 0 )
~ j—1 lan,ney ~ j—1 l,an,ney ~ 3=l l,an,ney __, j—l l,an,ne
=y BT (D, @usu U25"0) S5 HIH (Do, QU™ S HITH (YL QRES™) =2 HI ™ By (25)(Y)
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where py : X x A! =Y is the projection, and the second and the fourth map is the isomorphism given
by proposition 2(i)’ and (i)”, and the middle map is an isomorphism by lemma 2(ii)’. This gives in
particular, for X € SmVar(C) and Z C X a smooth subvariety of (pure) codimension d, by proposition
1 an isomorphism

Busu(Qgs" ) (Pzx) : LY 70" (X) 5 L 70 (Ny ) & L7 HI71mdme(2),

(i):Similar to the proof of [2] theorem 2.
(ii): Let X € PSmVar(C) and

a =H?*'OLxen (o) € LY(X): = H*OLxan o(He, (X, Q%an 10g.0))

usu

HOLE"(H Hom(An" Z(X), ES,, (Qh))).

Then,

H?(g)(e) = H*Y(q) 0 H**OLxan o(a) = H**OL&" 0 H*(¢)(a)

€ Lhne(X) := H*OL§" (H* Hom(An* Z(X), Ej, (QL2"))).

Up to split X by its connected components, we may assume that X is connected. The case d = dx is
trivial. So let assume d # dx. Let U C X an open subset such that there exists an etale map e : U — A(d:"
such that e : U — ¢e(U) is finite etale and AfiCU\e(U) C Afé” is a divisor Denote j : U — X the open
embedding. By proposition 2(ii), we have

J H*(q)(a) =0 € H]

usu

(U, Q) = 0.

Considering a divisor X\U C D C X, we get

H*(q)(a) = HYE},, (00" (vh) (@), o € L ~H"(X).

Denote D° C D its smooth locus and [ : X° < X a Zariski open subset such that X°N D = D°. We
then have

* d,d o —1,d— o

"o’ € LES(X°) = L H41(D?)

We repeat this procedure with each connected components of D° instead of X. By a finite induction of
d steps, we get
H*(g)(0) = H' B2, (Qoas" ) (v2)(a), o’ € LG*"(X) = LOO(Z°).

with Z := D4 C --- C D C X a pure codimension d (Zariski) closed subset, thus

usu

o= nilZi)+ B € HER(X), § € H*(e)(HL, (X", ad(m)(x* Q"))

where n; € Q and (Z;)1<i<; C Z are the irreducible components of Z. But by lemma 3, we have
H () (HE,, (X", ad(m)(x* Q%)) = 0.

usu

for each k € Z, k # 0. Hence 8 = 0, that is

o= Zni[Zi] € H¥L(X).

(iii): Let j < 2I. Let X € PSmVar(C) and w € L"~!(X). By proposition 2(ii)’, arguing as in the proof
of (ii), there exists Z C X a closed subset of pure codimension j — [ such that

j j— ° l,an,ne l,j—1l,ne
HJ (q)(w) = HJ lEusu(Qlogﬁ )(7%)(1”/)7 U]/ S LZJ (X)
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For Z' C X a closed subset of pure codimension ¢, consider a desingularisation e : Z' — Z' of Z' and
denote n : Z' 5 Z' € X. The morphism in DA(k)

Z(€)

DEw), == M(Z')(0)[2d]

Gz .x : M(X) M(Z")(e)[2d]

where D : Hompy ) (Mc(Z'), Me(X)) > Hompa k) (M (X), M(Z')(c)[2¢]) is the duality isomorphism
from the six functor formalism (moving lemma of Suzlin and Voevodsky) and Z(n) := ad(ni,n')(a'yZ),
is given by a morphism in C(SmVar(k))

Gz x : Lir(X) = Eet(CuZir(Z"))(c)[2¢).

Let I : X? < X be an open embedding such that Z° := Z N X is the smooth locus of Z. We have the
following commutative diagram of abelian groups

1—1 an l,an,ne " j—1 o.an l,an,ne o j—1+1 an l,an,ne
0 H'le,su,Z(X ’ Qlog,O ) Hisu,Z" (X T Qlog,O ) H'L];,su,—i_Z\Z" (X ’ Qlog,O )

Q(GZ’X)T Q(PZO,XO)T Q(GZ’X)T

_8>H1

N 0
0 H usu,Z\Z°

an (2l—j,an,ne I 0
usU (Z ’ Q2 ) H

log,0 usu

(Zo’an, Q2l7j,an,ne)

ol (Zan, Qﬂfj,an,ne) L

log,0
whose rows are exact sequences. Consider

Pl = Q(Pge xo) (w°) € Higy 70(X7™, Q™). w € HE (20", Qo " ").

Since dl*w’ =0 € Hi;j}l\zo (X, Q{fg%"e), we get, considering the smooth locus (Z\Z°)° C Z\Z° and

X°° C X is an open subset such that X N (Z\Z°)° = X°° N (Z\Z°),

o __ 1 an 2l—j,an,ne
ow’ =0¢€ I{usu,Z\ZO (Z 7Qlog,0 )7

. 1 an 2l—j,an,ney __ . . .
since Husu,(Z\ZO)\(Z\ZO)O(Z ,Qlog70 ) = 0 for dimension reasons, that is

H (q)(w) = Q(Gz,x)(w'), withw' € HY(Z", Q 54"").

Hence HY(q)(w) = 0 since HO(Z ", Q{Cog,O) =0 for all k > 0 and all Z’ € PVar(C). But by lemma 3

H(e)(H,, (X, ad(m)(7*Q%¢))) = 0.

usu

Hence w = 0. O

4 Hypersurface De Rham cohomology and its complex periods

We denote PV := PY := Proj(Clzo, - ,2n]). Let X = V(f) C PV be a smooth hypersurface. If
N — 1 = 2p is even, we consider the decompositions

HYZ'(X)=CIANX]® Hy (X)), Hi (X, Q) =CANX] & HL L (X, Q)

sing sing,v
of vector spaces, where A C PY is a linear subspace of codimension p. If N — 1 = 2p + 1 is even, we set

Hpp(X) = Hpp'(X) , HYSL (X Q) = HILH (X, Q).

sing,v sing

Let X = V(f) € PN be a smooth hypersurface. Denote j : U := PN\ X — PV the open embedding.
We consider the algebraic Hodge module

j*Hdg(OU;Fb) = ((j*OU,F),]*QUan,j*Oé(U)) € HM(]P)N)a
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where F¥j,0py = Clzy, - - - xn][4]. Recall for each p € Z,

7F
FPHER(U) = HY =P (HY (BN, 0357 (log X)) = HY P HY (PY, Qfn @0, F*7j.00)
and
FPANY(X) = HN 12PN (X, Q7).

where
P Qé%p(log X) = Qon(log X)), 2P : QO ®o,y F* 770 — Qpx ®o_y j+Ov = j O

and (2P : Q;?p — Q% are the canonical embeddings. Then the map Resx p~ of definition 1 induces for
each p € Z, canonical isomorphisms

HNQ(Resypn) : FPFT HNR(U) = FPHY (X)), , HY Bti(Resx pn) : HY,, (U,Q) = HEH(X, Q).

sing

Lemma 4. Let X = V(f) C PV be a smooth hypersurface. Denote j : U := PN\ X < PV the open
embedding. Let B C PN, ¢ : B ~ D(0,1)V be an open ball such that $(X N B) = {0} x D(0,1)N—1,
Then,

(i) Forq€Z, q#0, H (e Q0N F*75,.0py)™) = 0.

usu(

(i) Forqe€Z, q#0, H

USU(

, Q0P (log X)?=0) = 0.

(iii) For q € Z, q# 0, H1_, (B\X, Q) 0.

IF’N an log, 0>
Proof. (i): Since B is Stein, we have for r,q € Z, ¢ # 0,
Hgsu(B (QITP’N ®OH;N FT_pj*OU)an) =0.

On the other hand the De Rham complex of (j.Op\ x, F') is acyclic (see e.g. [6] corollary 18.7)
(ii): Consider a sequence of sub-balls

ln: Bn = D(0,7,)Y < B :=D(0,1)",n € N, with r, — 0 when n — ooc.

Since (By, := D(0,75,))nen form a basis of neighborhood of 0 € B and since QIP’N 2. (log X) 0 is a single
presheaf, there exists n := n, € N (depending on «) such that

lia=0€ HY(B,, QL (log X)?=0).
But it follows immediately from the definition of the the presheaf QIJPYN P (log X)?=° considering the

isomorphism

bn:Bn = B, ¢p(2) :=71,'2
so that (¢,) "t ol, = r,1I, that

Lo =Uign Y dha = rp¢ha € HI(B,, Qo E, (log X)770).

Hence ¢;,a = 0. Since ¢,, is an isomorphism, we get a = 0.

111): proposition 2(1), we have N.an = 0. Hence, by the spectral sequence associate
iii): By ition 2(i), we have H{,, (B, Qpx 2. | ) = 0. Hence, by th 1 iated
to the double complex
HY(B,singp, szv o 1og.0) = 0-
Thus,
0 = c(Z(B\X)) : HY(B\X,singp, pr_ﬁl log, 0) =
1 N-p—1

HE (B, sing,, QD2 logo) = HI(BN X, singp, Qp i, o) =0

is an isomorphism. Hence, HY(B\X, szv an.log, o) =0. O
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We have by the local acyclicity of the De Rham complex of (5.Op, F') a canonical map By :

Definition 4. Let X = V(f) C PV be a smooth hypersurface. Denote j : U := PN\ X — PN the open
embedding. Consider the canonical embedding

1o+ i (log X)7=0[—p] = (n @0, F*77j0u)""

Let PN:am = U™ | B; an open cover, with ¢; : B; ~ D(0,1)Y open balls such that ¢;(X N B;) = {0} x
D(0,1)N=1. Denote, for I C [1,...,n], Iy : B = PY the open embeddings, with Br := Nie1B;. Since,
for each I C[1,...,n] and p € Z,

ljto : [ b, (log X)P=0[—p] — 15 (Qn @0,y F*77j.0u)™"

is an quasi-isomorphism (see e.g. [6] corollary 18.7), the spectral sequence of the filtration on the total
complex of a bi-complex gives, for each p € Z, a canonical isomorphism, where the first and last map are
isomorphism by lemma 4(i) and (ii) respectively,

By : FPHpr(U) := HY 2PHY

zar(PN?QI}’N ®OH;N F._pj*OU)
HY((17=9(l:))1<i<n)

HYNZPHNT(B,, (Q8y ®0,, F*75.00)"")

N(rr=Q(l, ) -1
— HPD(Ba, Q1 7, (log X)?=0) LUEZH ==y e (pN QN7 (log X)7=0),

usu

given by, for w € T'(U, Qﬁ,yN), inductively by a p step induction where p is the order of the pole of w at X,

o taking for each 1 < i < n, [fw = Jw;,; since Ow = 0 for dimensional reason and by exactness of
l;,k Lo,

o we then have for each 1 < 4,5 < n, considering wi;; := l;“j (w1 — wij), wii; = Owsg; since
Owij = 13;(0wr; — Owyj) = 0w — l;‘w) =0
and by ezactness of I7;ta,
o at the final p step, B(w) := wpr € HN(B.,QIJPYN_,fn (log X)9=9), cardI = p.
By definition Ba(w) = (HP15) ™ (w).

Let X = V(f) € PN be a smooth hypersurface. Denote U := PN\ X. For [ € Z, we consider the
factorization in C(U")

OLanny()[il]

L ° *— . an Lzl Y
OLlan o : Qyan 1og.0l—1] Qban (log X)7=0[—1] 5 (Qpy @0,y F*P5.00)"™ “— Qfjan,

where
Lot Qpnan (log X)?=[—1] = (U ®0,, F*75.0p)™"

is an equivalence usu local (see [6]), and the factorization in C(U*")

OLL o [=1]
l . l 0Ol -k )l van o
OLUQ",O . QU‘”‘,log,O,v[_l] = QU“",log,O/] Q]PNva”,log,O[_l] -

2LOL .
pr)N,a7l (log X)azo/j*QfPN,an [_l] L—8> Q. an /]*prN,an .
The main result of this section is the following :

Proposition 4. Let X = V(f) € PN, N = 2p + 1, be a smooth projective hypersurface. Denote
U :=PN\X. We have
FPEN (U™, Q) = eo(U)(FPH HRR(U) N HE,, (U™, Q) = OLgun o(HE g (U™, Q00 106.0)):

That is for each w € FPTYHN,(U), the following assertions are equivalent

20



(i) ev(U)(w) € HY (U™, 2irQ),

sing

(ii) w € OLYun o(HE

usu

Proof. We first show that

(Uan? Qg‘;lzjlog,O)) .

FPRYHEN (U, Q) D OLYan o(HE

usu

N—
(UU«”, QU‘”flog,O))’

that is for each w € FPT'HJN,(U) (ii) implies (i): Follows from proposition 3(i) for X by the map
Resx pn : M(X) — M(U)[—1] given in definition 1. Note that for Y € SmVar(C) and w € HZOLyHg;l(Y, QlYlog),
we have 7

w = any w € H'OLyan o HI7H (Y™™, Q§a7l710g70).

We see that by considering first an open affine cover Y = U!_,Y; such that w = (w;) € HI7}(Y,, Qly,log)-
See [2] proposition 3.

We now proof that
FPHN (U, Q) = OL{an o(HL o (U, Q0105 0))s
that is for each w € FPTTHE(U) (i) implies (ii): We will show that
co(U)(FPT HER(U)) NHR™ (U, Q) D ev(U)(OLun o(Hy (U, Qanlog0)) © CFF N HY™ (U, Q) (D)

that is if for v € Hy"¥(U",Q) we have ev(U)(¢)(y) = 0 for all £ € HE,, (U™, QP o @ C) then
ev(U)(w)(y) = 0 for all w € FPTLHpR(U), which is equivalent to

an an N—
FrEN U ,Q):OLgan7o(H55u(U ,QUanpilog)O)).

Indeed ifw # 0 € FPHHN (U, Q)\OL{un o(H?,

P gem, an_"}?log,o))’ there would exist v € Hy"8(U*", Q)
such that

ev(U)(@)(7) #0 and ev(U)(OLgan o(Hfuu (U™, Al 10,0))) (1) = 0,
hence (D) does not hold. On the other hand, if there exist v € Hy"¢(U*", Q) such that
O(U)(OLfan o(Howu (U™, QiF10.0) @ ©)(7) = 0 and ev(U)(F"* Hpr(U))(7) # 0,
considering a splitting
HY™® (U™, Q) = ev(U)(FP Hpr(U))" N HY#(U™,Q) & L,
there exists w’ € FPTLHN (U Q) such that ev(U)(w') () # 0, giving
w' #0e FPHHN (U, Q\OLYan o(H?,

N—
usu (Uan7 QU‘mzflogyo))'

To prove (D), we will show that for each w € FPHHN,(U) and each v € HA"8(U*",Q) there exists
e Hﬁsu(U‘m,Qg;ﬂogﬁ ® C) such that ev(U)(&)(y) = ev(U)(w)(y) (D), which obviously implies (D).
Let PV:an = Ul | B; an open cover, with ¢; : B; ~ D(0,1)" open balls such that

¢1(X n Bz) = {O} X D(O, 1)N_1 and (bl(z) = ¢i(207 AT ZN) = (Zo, R f(Z), Ceey ZN).

Note that since PY>%" is compact, up to take finite subcover, we can assume that this cover is finite.
Denote, for I C [1,...,n], Iy : Bf = P¥ the open embeddings, with By := N;c;B;. Then, using lemma
4,

Bs(w) := [B(w)] € HPF(B.,QgNjfn (log X )2=0),
B(w) = (dz1i/z1A (Y darg Adz, A-eAdzg, ) +w]) € T(Ba, Q0 7, (log X)7=0)% =
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where ¢1(2) := ¢i(20, 21, ..., 2n8) = (20, f(2), 22, ..., 2n), a1,5 € C[z1,- -+, zn] is a polynomial and (w7 ) €
[(Ba, Qpy 2, )?=0:0=0_ Hence, denoting for a,b € N, (a,b) the set of subsets of b elements in a set of a
elements,

w = [B(w)] € FP* HR(U), B(w) = (wr Adf/f) € T(Ba, Qe (log X)PHH070)%=0,

(w)=( Y dhryAdz, A Adzy, ) €T(Be, Q807%) hyy € Clzt, -+ 2n], 1 € (n,p),
ve(2p+1,p—1)

which gives (wr) € I'(B., Qfy log o) since on open balls all closed forms are logarithmic (see remark 1).
The evaluation map

ev(U) :==ev(U)g : T(B\ X", Qpn.an) = Clig(Be\ X", C),
is a morphism of bi-complexes. On the other hand, we have the following canonical map

D(Be\X""10) [(Bo\X "2V 7P)
R

BCy: HPD(BDX", CJal ) HVD(BAX™, CEEN )

HYN (I3 =:Clan gy (li i<n) !
HYT(BANX ™, Cfran aier) WO aalhzsn) | gy (U, Q) = HYT(U™, Clran ain),

sing

where H¥ (1) is an isomorphism by the acyclicity of C’éan)diﬂ € PSh(U*") for each j € Z, and

K2

Cron dit = Clran sing: for V. C U™, Cig(V) < C

sing

V)
is the canonical quasi-isomorphism in C(U%"). We then have the following commutative diagram

HNZPHNT(PN, Q8 @0, F*75.0y)

lHN((l:_Q(“M)

HNZPHNT(B,, (Qx ®0,, F*7j.0y)™") —2—— HPT(B,, QN 2, (log X)?=0)

Lev(U) leU(U):

HEL, (U™, C) = HNT(U™, Clran gig @ C) SeeeC HPT(BN\X, Ciig""~" @ C)

Since ev(U) is injective by the strictness of the Hodge filtration and since By is an isomorphism, ev(U)s
is injective and

(BCy®C) := (BCy @ C>|ev(U):(Hpr(B.,QN*P (log X)9=0)) *

pN,an

ev(U)s(HPT(Bo, Q05 2, (log X)7=0)) — HY (U, C)

sing

is injective. Recall that H ]s\i,ng(U an Q) = HyCi™(B,\X, Q) by Mayer-Vietoris property. Then, assertion
(D’) become, using lemma 4 : for each v = (y7) € Ce"¥(Bs\X,Q)?1%=0 and w = (w; A df/f) €
['(Ba, ng{,l’azo(log X))?=0_ there exists

E= (& ndf/f)=( Z dg]qy/\dzl’l/\.'./\dZfol/\df/f)GF(B‘\X7Q§$11]Og10®C)5
ve(2p+1,p—1)

gi,v EC{Zlv'" ;ZN}; Ie (nvp)a
such that

o {= (& Adf/f) eT(BJ)\X, QL] ® C)%=0 (1)

PN.an 1og,0
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o ev(U)((&r A df/1))((v1)) = evo(U)((wr Adf /) (1)) (2)-
So, let v = (71) € Cs™8(B,\ X, Q)?+%=0 and
w=(wNdf/f)=( > dhry Ndz, Ao Ndz,  Adf/f) € T(Be, Q8577 (log X)) 7 =0
ve(2p+1,p—1)
Considering
(nr AdFLL) = (or Ndf/F =€ AdF/F) = (S0 dlry Adzy, Aee Adzy,_, AdF/S)
ve(2p+1,p—1)
By, Q250" log X))+,
b =hiy—g10 € C{z1,--- ,2n}, I € (n,p),
o (1) is equivalent to the fact that for all v € (2p+1,p— 1), and all J € (n,p+ 1),
ao(fdll,v - n[,ull,vdf) = ao(fdhl,v - n[,uhl,udf>a (nl,v) € F(Bo\X7 Q) (1)/

which is a finite number of linear equations in the variable (I7,,) € C{zy, - , 2y} THP=D-(12)

e the fact that for each v € (2p+1,p— 1) and (v}) € Cs"(B,\ X, Q)

Z/ dlpy Ndzy, A+ Ndz,,  Ndf/f = Z/ dhyy Adzy, A Ndzy, | Ndf/F (2)
I VI

o (V)1
implies (2) since 9¢ (wy Adf/f) =0,
e thus (1) and (2) holds if for all v € (2p+ 1,p— 1), and all J € (n,p+ 1),
Ba(fdl1y — nrylrodf) = 8a(fdhr, — by df), (nr.) € T(BM\X,Q) (1)

and

Z/ dlpy Ndzy, A+ Ndzy, , Ndf/f - Z/ o(dlr) g Nz, A Ndz,,  NdFJF=0(2)
v

I v J
for each v € (2p+ 1,p — 1). Indeed, if (1)’ holds, (2)’ become

Z/ dly Ndz, A+ Ndzy, | NdfJf = Z/ dhry Adzy, A+ Ndz,, , Ndf/f
I Y1 -(’Y{I

Z 8dh11,J/\dz,,1 - ANdz,, N/ f

Z 3dlIVJAdzU1 o Ndz, , Ndf/F.

)

Since the equations (2)’ can take coefficients such that (1) is linearly independent to (27) for each
v € (2p+1,p—1) by choosing (7)) € Cd"#(B.\X, Q) appropriately as (2)’ have coefficient in

() = { [ e, A A, df/f} cc
Vg

there exists

E= (& Ndf/f) = ng, v ANdzy Ao Ndzy,  Ndf/f) € T(Bo\X, ngllogo ®@C)?%=° g;, €Clz1,-- , 2n]

which satisfy (1) and (2). This proves (D’), hence (D), hence the equality
Fp+1HN(Uan7 Q) = OLJ[\][an,O(Hgsu(Uan an"plog 0))
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5 Hodge Conjecture for complex smooth projective hypersur-
faces

We now state and prove using the result of section 3 and section 4 the main result of this article :

Theorem 1. Let X = V(f) C ]P’g be a smooth projective hypersurface, with N = 2p + 1 odd. Let
A€ FPH?* (X Q). Then there exists an algebraic cycle Z € ZP(X) such that \ = [Z].

Proof. Let U := PN\ X. Consider Resy p~x : M(X) — M(U)[—1] the canonical map given in definition
1. We have the commuative diagram of complex vector spaces :

HYQ(Resy pn)

HpR(U) Hpp' (X)y

HNoc(Uan)_ev(U)lT THNla(Xan)_ev(X)l
(HN Bti(Res ))®oC
(U™, C) X L g (X ©),

sing

HN

sing

whose arrows are isomorphisms. Denote w()\) := HYN "1a(X)()\) € FpHépR(X). We have

A= HY ' Bti(Resx pv)(a) + m[H], withm € Q, a € HLY (U™, Q),

sing
where H := X N A C X is an hyperplane section. Then
w(\) = HN7'Q(Resx pn ) (w(a)) + m[H], with w(a) := HNa(U*)(a) € FPYHER(U).
Since ev(U)(w(a)) = a € HY

sing

(U*",2imQ), we have by proposition 4,

w(e) = HNOLyen o(w(a)) € HYOLyen o(H2,, (U™, QYal 100 0))

usu

Hence, as in the proof of proposition 3(ii), we have by lemma 2(ii)’, proposition 2 (i)’ and (i)”, and lemma
3,
w(X) = HY7'OLxan o(Qug 67" (Resx pn ) (w(a))) + m[H] € OLxan o(HEyy (X, Qan 104 0))-

Hence by proposition 3(ii), w(\) = [Z] with Z € ZP(X). O
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