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1 Introduction

The classical Ginzburg-Landau model describes the macroscopic theory for phenomena in superconduc-
tivity at low temperatures. It is derived from the Helmholtz free energy, which consists of a complex order
parameter u and the magnetic potential A [4]. In the physical literature, |u|? represents the density of the
superconducting electron pairs in the superconducting material. The state |u|?> = 0 implies that the material
remains in normal conducting state, whereas the material is superconducting if [u]? = 1.

The Ginzburg-Landau theory also gives a good insight into understanding various topological defects
arising from cosmology. The superconducting state is achieved at the vacuum level of the potential, and it
can be regarded as a broken symmetry during a phase transition. For instance, this idea is realized by the
(special) relativistic extension of the planar Ginzburg-Landau theory, called the Abelian-Higgs model [8].
This model describes a charged scalar field i interacting with a U(1) gauge field A and allows vortex
solutions that are charged magnetically but electrically neutral.

The Abelian-Higgs model is considered in the (2+1)-dimensional Minkowski space R2 with the metric
diag(-1, 1, 1). The metric is used to raise or lower indices. The Lagrangian density for the model is defined
as follows:

1 1 — 1
-EO = _ZEIVFHV + E yuD“u - @(|u| - 1) . (1'1)

Here, u,v = 0, 1, 2, £ > 0 is the Higgs coupling constant, u : R> — C is the Higgs field, and 4, : R"? —» R
is U(1) gauge fields. In addition, F,, = F}ﬁ, = 0,4, — 0,4, represents the electromagnetic field and Du =
D,j‘u = 0uu + iAyu is the covariant derivative. The Lagrangian L, is invariant under the local U(1) gauge
transform
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u- e, A, A -
for any smooth function a : R*> — R. The Euler-Lagrange equations are

1
D,DHu = §(|u|2 - Du
; (1.2)
a"Fw = E[UDHM - HDHu],

which are the (special) relativistic Ginzburg-Landau equations.
As a direct generalization of (1.1), Vachaspati and Achucarro proposed a new model in [12], which
contains n scalar fields:

Y = (w,..., u,), where uyy:R*2—>C fork=1,...,n.

The Lagrangian £, is modified as follows:
L= g vy Lpwprg - i(|\1/|2 - n)? (1.3)
o4 2" 82 ' '

It is easy to show that £ is invariant under the local U(1) gauge transformation
Y el Ay — Ay -0

for any smooth function a : R%»? — R. Indeed, if we write ® = e*¥ and B, = A, - 0,4, then the invariance
of £ follows from the following two identities:

Fp = 0,(A, - 9,a) - 3,(A, - 9,) = Fy,
D® =3,® + iB,D = e*DV.

It is also invariant under the global SU(n) gauge transformation
¥ o einty,

wherea, ¢ R fork=1,...,n?> - 1and {T"}Zi’ll are the generators of the Lie algebra su(n). The Euler-Lagrange
equations are obtained as follows:

82

1 n
D,DFuy = —[Z|u,-|2 - n]uk,
=

) (1.4)
i — -
a"FHV = E Z(u,-Dyui - u,-Dyuj),
j=1

which we will refer to as n-component Ginzburg-Landau equations.

Model (1.3) is useful in the study of some issues in cosmology, for instance, the formation of cosmic
strings that have both local and global natures [12]. So, the string solutions for (1.3) are called semilocal.
The semilocal string solutions for (1.3) are similar to those for (1.1) which reflect the local gauge transforma-
tion. But they have additional features that have some resemblance to global defects. For further physical
implications of model (1.3), one may refer to the study by Hindmarsh [7] and Vachaspati and Achucarro [12].

In this article, we are interested in static solutions for (1.2) and (1.4). In particular, we assume that the
electromagnetic fields vanish, that is, A, = 0 for u = 0, 1, 2. Then, the main topic is to study the asymptotic
behavior of solutions for (1.2) and (1.4) as € — 0. For the case (1.2), there have been lots of research on this
topic after the seminal work of Bethuel-Brezis-Helein [1,2]. More specifically, let Q ¢ R? be a smooth,
bounded, simply connected domain. Given a smooth map

g:00 - S'={zeC:|zl =1} with d=deg(g, oQ),

the Ginzburg-Landau equations (1.2) with 4, = 0 reduce to
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1 .
- Mu==ul - [uP) in Q,
€

(1.5)
u=g on oQ.
The associated energy functional is
Efo) = 5 [ IVupdx + o [t - Py (1.6)
Q Q
Then, E2, has a minimizer u?, in
Hy(Q; C) ={u e H(Q; €):u=g on 3Q},
that is,
Ebout,) = inf{EL o) : u € Hy(Q; C)}. 1.7)

We often write H; instead of Hy(Q; C) if there is no confusion.

The asymptotic behavior of solutions of (1.5) as € — 0 has attracted lots of interest for three decades.
The behavior of global minimizers for uf, ¢ was studied in detail by Bethuel et al. [1,2].Ifd = O, uglf ¢ converges
to a harmonic map that minimizes

J|Vu|2dx
Q

over the space
Hy(Q; SN = fu e WHX(Q, S?) : u = g on 3Q}.
This problem has a solution u? satisfying
Ml = ublvul? on Q,

ué’ =g on 0Q, (1.8)

|u(’)’| =1 on Q.

When d # O, the analysis is more delicate because H;(Q; SY) = @. There exists a set {a, ...,a4} ¢ Q such
that, up to a subsequence, uglf ¢ converges to the map u. that satisfies the harmonic map equation [2,6]

—Au, = w,|Vu,]? on Q\{ay, ...,a4},
u,=g on oQ, (1.9)
u,] =1 on Q\{a, ...,a4}.

Moreover, we have

X—& X~ 4d g
’

. 1.10
x—al - ad (1.10)

where ) is harmonic on Q and the singularities ay, ..., az of u. minimize the associated renormalized energy.
We refer to [3,5,10,11] for the study of the Ginzburg-Landau model with and without a magnetic field that
describes superconductivity.

Now, we turn to the n-component Ginzburg-Landau equations (1.4). If we assume A, = O, then (1.4) is
reduced to

1 n
—Au; = —un- Y |luP| in Q,
g2 { ;I ’l] (1.11)

uj=g; on dQ



4 —— Rejeb Hadiji et al. DE GRUYTER

for each i = 1,..., n. One may regard (1.11) as a direct extension of (1.5) to n-component equations. Here,
8ps---» 8, : 0Q — S! are smooth maps such that

deg(gj) = deg(g;, 0Q) =dj e NuU {0} forj=1,...,n. (1.12)

The system (1.11) is the Euler-Lagrange equations of the functional

n n 2
Eeoug, ... uy) = %IZIVujlzdx + éj‘[n - Zluj|2] dx (1.13)
. ) p

/=1

for a pair of maps (u, ...,un) € Hg(Q; C)x---x Hg (Q; C). For simplicity, we write E? and E, instead of E/,
and E; g if there is no confusion on the domain Q. It is easy to check that

Inf{E:(uy, ..., un) : (W, ..., Un) € Hg(Q; C)x---x Hg (Q; C)} (1.14)

is achieved by some (Uy,c, ...,Une) € Hg(Q; C)x---x Hg (Q; C). We also denote by uf, a minimizer for E?
on Hgl,j Q; ©).

The purpose of this article is to study the asymptotic behavior of minimizers (uy¢, ...,Une) as€ — 0.In
this study, there is a remarkable difference between (1.5) and (1.11). First, we consider the possible limit
equation, which could be an n-component generalization of (1.9) in some sense. For (1.5), if d # 0, then the
limit function u, in (1.10) has d singularities. However, even for the case (d,, ...,d,) # (0, ...,0), the limit
functions for (1.11) turn out to have no singularities. This difference is related to the nonexistence of singular
harmonic map in H;(Q; SY. In fact, we have H;,(Q; SY) = @ for the single equation (1.5). For the system
(1.11), it is natural to define a function space analogously:

n

X, .28 Q) = {(ul, .o lp) € Hél(Q; C) x -~-><H;H(Q; C): Zlujl2 =n a.e.on Q}
j=1

We write X(g;, ...,g,) if there is no confusion on domains.

The asymptotic behavior of minimizers for E, is closely related to the maps in X(g, ...,8,). Since
it is expected that |ujc|* + - +|une[> > n as € — 0, the limit functions, say, (u, ...,u;) will satisfy
| + - +|us]? = n a.e. on Q. Thus, it is important to know whether X(g, ...,g,) is nonempty or not. We
can see that if ¥ = (wy, ...,un) € X(g, ...,8,), then

o[, ) e,
Jn Jn
Since the homotopy group m(S***1) is trivial, there is no topological obstruction, and we expect that the

limit problem will not have singularities. More precisely, the next theorem tells us that X(g, ...,g,) is
nonempty if n > 2.

Theorem 1.1. If d; > O for all1 < j < n, then X(g,, ...,8,) # &. Furthermore, if

I(ul’ '~~sun) = Zjlvujlzdxy (1.15)
i1y

the minimization problem
Bg, -...8,) = Inf{I(w, ...,uy) ¢ (W, ..., un) € X(gp ..., 8 )} (1.16)

is achieved in X(g,, ...,8,)-

Proof. We choose smooth functions v; € Hél,]_ (Q; ©) such that info(Jvi]2 +---+|vZ]) > 0 on Q. Set
vy,

:W foreaChjzl,..., n.
k=1

W
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Then, (wy, ..., W) € X(g,, ...,8,) # &. Moreover,

Vvi? vil2(Y Vv |22
lew;FdngI( Vvl + Vil* (2 VIvil*) < C
Q Q

zklvklz (z‘.k|Vk|2)3

Thus, (g, -..,8,) < co and it is achieved in X(g,, ...,g,) by a standard variational argument. O
The associated Euler-Lagrange equations for (1.15) are

n

-Ay; = luj Zqukl2 inQ, uy=g onoaQ,
n _

k=1 (1.17)

n
YR =n in Q.
j=1
Indeed, if (uy, ...,uy,) is a critical point of I, then we are led to
n 1 n
0=i(0) = —Zj[Auj + —ujZ|Vuk|2]lpjdx
17y n oo

by using the fact V(Z;‘:ﬂujlz) = 0. Here, we set i(t) = I(wy(t), ..., uy(t)) for (¥, ..., ,) € HY(Q)x -+ x Hj(Q)
and

n(u; + ty.)
= ! ) = € X(gp, ---»8))-
A\ nZkzlluk + tl/)kl

We will refer to (1.17) as n-component harmonic map equations. The condition |u,| = 1 in (1.9) makes its
zeros singular, whereas the condition |w]? + -+ +|up|? = n in (1.17) does not force its zeros to be singular
since it does not mean |u| =---=|u,| = 1. We also note from (1.17) that w,, ..., u, share the same singularities
if any.

Now, we are ready to state the first main result of this article.

u;(t) =

Theorem 1.2. Let (¢, ...,Une) be a minimizer for (1.14). Then, as € — 0, up to a subsequence,
Ui,y ..osUne) = (U, ..., uy) in CHE(Q)x - x CLA(Q). (1.18)

Here, (uy, ...,u;) is a minimizer of I defined by (1.15) and satisfies a system (1.17) of harmonic map equations.
Moreover, for any positive integer k,

(Uies -.oslne) = (U5 .oy y) 0 Gl (Q)x - x Gl (Q), (1.19)
1 u 1<

=|n- Y luel | - ;ZWuflz in Gk (Q)x---x CK(Q). (1.20)
j=1 j=1

The key ingredient of the proof is the uniform boundedness of the energy. We will show that although
the degrees of the minimizers (u ¢, ...,uUn,) are not 0, our energy E.(u ¢, ...,Un,) is still bounded as € — 0.
This situation is very interesting since the energy of the Ginzburg-Landau energy in (1.6) tends to infinity as

€ — 0. Indeed, it is known that Egb(ug g) grows logarithmically in the limit € — 0 if deg(g, 0Q) # 0. See
Sandier’s study [9] for optimal lower bounds for the energy E’ and many applications.

The convergences (1.19) and (1.20) imply that u;, ..., u;; are smooth. The condition [u;]> +---+ |u;> = n
makes each uj smooth at its zeros. It is an interesting question whether [u;| = 1 on Q for some j. This is not
true if d; > 0. As the following theorem says, we are not sure that this can happen even for the case d; = 0.

Theorem 1.3. Let (uy¢, ...,Un) be a minimizing sequence for (1.13).
(i) Ifd; > O for some1 < j < n, then we have
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1
EJ.(I ~ ueP)?dx — co.
Q

(if) Supposethatd;=0forallj=1,...,n.Ifa(g, ...,8,) > B(&g,, ...,8,), then thereis somek € {1, ...,n} such
that

1
;j(l ~ lugeP)?dx — oo,
Q

Here, a(g,, ...,8,) is defined by Remark 4.2.
(ifi) For n = 2, if either one of di and d, is positive or a(g,, &) > B(g;, &), then

%I(l - |uje?)%dx — oo for eachj =1, 2.
€
Q

This article is organized as follows. In Sections 2 and 3, we prove Theorem 1.2. The basic idea is based on
the study by Bethuel et al. [1]. We deal with interior and boundary estimates, respectively, in Sections 2
and 3. We will focus on how the argument in [1] for single equation (1.5) can be generalized to the system
(1.11) nontrivially. In Section 4, we prove Theorem 1.3. We consider another minimization problem for (1.15)
on a smaller space and see how it is related to the question that [u;| = 1 for some j. We also study some
additional properties of solutions for (1.11) and (1.17).

We list some notations and facts that are used hereafter. The vector v stands for the outward unit
normal vector field on a given domain. We write B,(x) or B(x, r) to denote the ball of radius r centered at
point x. We often use the following fact: there exists y, = y,(Q) > 0 such that

meas(Q N B,(x)) > yr? VxeQ, Vr<l. (1.21)

2 Interior estimates
In this section, we will prove Theorem 1.2. In what follows, we often use the following lemma.

Lemma 2.1. [1, Lemma A.1] Let —Au = f in an open set Q c R2. Given any K € Q, we have
IVuliow < Cellulzow(lullog + Ifle@),
where C depends only on Q and K. In addition, if u = 0 on 9Q, then
IVulior < Clullo) If =),

where C depends only on Q.
The next lemma provides L*-estimates for u; . and their gradients for j = 1,..., n.
Lemma 2.2. Let (Uy¢, ...,Une) be any solution of the system (1.11). Then, for 0 < € < 1, we have

n
Yl <n onQ, (2.1
j=1

C :
IV ellgq) < ?0 forj=1,..,n. .2)

Here, C, is a constant that depends only on g; and Q.
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Proof. Let f=n - Z;’:1|ui,g|2. Then,

2 n n 2 n
Af < = Yl [f - 2) [Vu P < = YlueP |f in Q.
j=1 j=1 j=1

Since f = 0 on 0Q, we have f > 0 in Q by the strong maximum principle.
To show (2.2), let us decompose u;, = u})s + uiz,g, where

1 c .
~Auf, = ;uj,g(n - Y lueP) inQ, ul,=0 ondQ,
Pt

-Auf, =0 in Q, uj, =g on Q.

Then, ||Vu},‘,5||OO < C/e by Lemma 2.1 and IIVu,%SII00 < C by elliptic estimates for j = 1,..., n. O
In the remaining part of this article, we simply write
Hgx---x Hg = Hg(Q; €)x---x Hg (Q; C)
as long as there is no confusion.
Proposition 2.3. Let (uy¢, ...,une) be a minimizer for the problem (1.14). Then,
(Upes ooosling) — (U, ...ou)) in H§1><~-~>< H;n as € — 0,

where (U, ...,uy) is a minimizer for (1.16). Moreover,

2

1 L

hm—zj[n - Z|ui,£|2] dx = 0. (2.3)
Q j=1

-0 &

Proof. Let (i, ...,iI,) € Hgx---x Hy be any minimizer for (1.16). Since Y l%P? =n ae. on Q and
E.(uie, ..., Une) < Ec(ily, ...,H,), we have

1(< 1 < ’ 1(<
EI 2 [V e [Pdx + EI n- Z|u,-,g|2 dx < EJZqu,»Fdx. (2.4)
Q ]—l Q ]—l Q Jj=
Hence,
{(w e, ... une)} is uniformly bounded in HY(Q; €)x---x HY(Q; C) (2.5)

and there exists an n-tuple (uy, ...,u;) € H;lx e X H;n such that, up to a subsequence,
(ul,s’ oo sun,s) - (ul*’ oo ,Ll;;)

weakly in H'x ---x H' and strongly in LPx ---x L? for all p > 1. Moreover, Z;’:l|uf|2 = na.e.onQ by (2.4) and
thus (uy, ...,u,) € X(g;, -..,8,). Since E.(Uy¢, ...,Une) < Eg(uy, ...,u;), we obtain

n n
| S ivuepdr < [ 3 1vpar.
o /=1 o /=t
This implies that
n n n
JZW“LE - VuPPdx < ZIZWu;‘lzdx - 2IZVu,-,g Vurdx — 0.
o /=t o /=t o /=1
S0, (Uyes ---sUne) — (U, ...,u;) strongly in H'x---x H. Taking liminf, o on (2.4), we are led to

IZqu}‘de < IZwﬁ,-de,

Q j=1 Q j=1
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and we conclude that (i, ...,u,) is also a solution for the minimization problem (1.16). Moreover, (2.3) is a
direct consequence of (2.4). (|

Lemma 2.4. 3 ,[u; > — n uniformly on Q.

Proof. Fix x, € Q. By (2.2), we have that for |[x — xo| < &p,,
[u,C0P < ([uje(x0)| + Cop,)*> for j=1,...,n

Since |u;¢| < Vn forall j =1,..., n, we obtain

j=1 j=1 j=1

n n 1 n
n— Y [u0P 2n- Y |uexo)? - 2nynCop, — nCp? = E[n = Zlu;,s(xO)Iz],

where the last inequality holds if and only if

n

1
a(xo) = E[n - Z|uj,g(x0)|2) > 2nJnCop, + nCip?,

j=1
in other words,

_ I + nag(xo)
0<p, < nJyn + {n’ + na.(xo) . by(x).
nCo

By taking p, = b, we deduce from (1.21) and (2.3) that

n 2
o(1) = é j (n - Z|uj,£|2) dx > y,a2(x0)b2(xo)-

Bepg(XO)nQ J=1

Hence, a.(xo) — O uniformly. O
Lemma 2.5. (U - Une)llg2 ... x 2, < C.

Proof. We note that
n n n
A Y Ve | = 2) D25 e P+ 2) Vi e -V(Due).
j=1 j=1 j=1
Hence, we have
2
Z|D2u]g|2 - ZA(|Vu]8|2) + —Z|Vu]£|2(n - Z|ulg|2) _ _[zu]‘g -V, g] .
j=1

Since Z;.’zlluj,gl2 — n uniformly on Q, at least one of ;. satisfies that |u;j .| > 1/2 on Q for all small . If
|uk,e| = 1/2 for some k € {1, ...,n}, then

u
(n—legF] A “|'<2|Auke|

Hence, we can write

n

Y 1D < —ZA(Wu, )+ ZZWu, ePluy ¢,
j=1 1 1 j=1

which implies that
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1 n 1 n n
EZIDzuj,gI2 < EZA(IVu;,sIZ) + C Y |Vuyel. (2.6)
j=1 j=1 j=1

Fix xq and r = dist(xo, 0Q)/4. Let { be a smooth function such that { = 1 on B,(x,), supp{ ¢ B(xp), and
0 < ¢ < 1. Multiplying (2.6) by ¢? and using the Sobolev embedding W-(Q) — L*(Q), we are led to

> eYmuparse [ Ywuepacrc [ Y@mupyax

j=1 =1 j=1
Bu(xp) Ba(x0)’ Ba(x0)’

n n
<C I 3|V cPdx + C f ¢S |Vl 1D cldx.

=1 j=1
Bu(xo)’ Bul(xo) ’

In the sequel, by (2.5),

n n
% j {2 D%y ¢ Pdx < CIZIVuj,glzdx <C.

j=1 =1
By(xo) ’ o’

Now, the standard covering argument shows that each ;. is uniformly bounded in H2.(Q). O

Let

fe = iz(n - Z|ui,s|2]- (2.7)
£ P

Then, we can rewrite (1.11) as follows:

—Au; ¢ = fou; in Q,
i & fe je (2.8)
U =g oOn 0Q.
A simple calculation provides
n n
—20, +2) |uicPfe =2) [Vu P in Q, 29)

j=1 j=1
fe =0 on 0Q.

Given a compact set K ¢ Q, we define
A ={K c Q| K e K € Q}.
For K € Ak, we define a set (K, K) of smooth functions by
FK,K)={peC>Q)|0<p<1,9o=1 on K and suppyp c K}.

In what follows, Cx, or simply C, denotes a generic constant depending on a compact set K but independent
of . For simplicity, we also often write ||(uy, ...,Up)l|xx...xx as [|(w, -..,un)llx for a function space X.

Lemma 2.6. For any p > 1, we have (¢, ...,un,g)llwzypx...xmﬁg < C and |Ifellco, < C.

loc

Proof. By Lemma 2.4, we may assume that Z;’zllu]’,gl2 >1on Q. Given K € Q, we denote K = K, and choose
compact sets K; € A, for j = 1, 2, 3 and ¢ € F(K;, Kp). Set F; = ¢f;. Then,

—-&2AF, = -&¥fA\p - 2’V -Vf, — 29/,

j=1 j=1 j=1 j=1

n n n n
= —(n - Z|uj,e|2]A(P + 4 YU (VP Vi) = 28 ) w6l + 2 ) [V

n
<-2F + CK[I + Zquj,glz].

j=1
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Hence,

n
—&2AF, + 2F, < CK(l + Z|Vu,-,€|2] on K. (2.10)
j=1

For p > 2, multiplying (2.10) by F?~!, we are led to

eX(p - 1)I |VERFP~2dx + 2 _[Ffdx

K K
1 p-1
n p p p
< Ck I(l + Z|Vuj’£|2) dx J‘ngdx
K j=1 K
p-1 p-1
< CK"(ul,S: ~~-sun,8)||H2(K3)”F;:”LP(K3) < CK"F;:"LP(KB)-

Here, we used Lemma 2.5 in the last inequality. Then, we deduce from Young’s inequality that
|Elry) < Ck. This implies by (2.8) that [|Au; ¢lli7,) < Ck for any p > 2 and j = 1,..., n. Therefore,

ll(uy, e ---’un,s)"WZ'p(Kl) < Gk

by the interior regularity. Moreover, [|(uy,¢, ...,Une)lcix) < Ck by the Sobolev embedding.
Now choose Jf € F(K, K)) and set F. = $ fe. Then, as above, we have

n
—e2AE. + 2F < CK[l + Z|Vuj,£|2) on K.
j=1
By applying the maximum principle to this inequality, we are led to
_ n
maxF; < G 1+ Y IV el | < Cee
1 j=1

In particular, we conclude that |fz[lz~k) < Ck. O

Lemma 2.7. Given a nonnegative integer k and a real number p > 1, we have
I, - tnllwkezry..cwioze < € and fellgy, < C. (2.11)

Proof. We use an induction on k. The case k = 0 follows from Lemma 2.6. Suppose that (2.11) is true for k. By
the Sobolev embedding, [(ue, ... ,u,,,g)||cl§£1 < C. By the induction hypothesis, we note from (2.9) that

-2\, = a’{—ziluj,glzf£ + ZiWuj,gl2 =0Q1)
j=1 j=1
on every compact set. Then, by applying Lemma 2.1, we obtain that
0% el < Ce™ (2.12)
By (2.8) and (2.12), on every compact set,
-A* My, = Y fou ) = O(e™).
Hence, by Lemma 2.1 again,
10k+ 2 ol < Ce 12, (2.13)

By (2.12) and (2.13), we obtain
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n n
—e20KYf, = R Y =2 |uy o Pfi + 2) Vi | = O(e™)
j=1 j=1

on every compact set. Applying Lemma 2.1 to this equation, we are led to

k+2 -2
10" *fellLe < Ce™2.

— 11

(2.14)

Now, given K < Q, we denote K = K, and choose compact sets K; € Ay, , forj = 1,2, 3 and ¢ € F(K, K3).

Set F. = @dk*1f,. It follows from (2.12) and (2.14) that
—€2AF, = —g20"1f,Ap — 2e2V¢p -VO¥*If, — e2pN*If, = O(1) — e2p NI+, .,
On the other hand, by (2.9),

n n n
—e2pNF Y, = -2 ) PR - 290 ) a{2|u,-,g|2)a1fg + 2<pak+1(2|w,~,g|2)

j=1 i+l=k+1,1<k+1 j=1 j=1

n
<-2F + CK[l + Z|Dk+2u,~,g|].

j=1

Hence,

n
—&2AF, + 2F, < CK[I + Z|Dk*2uj,g|] on K.
j=1

For p > 2, multiplying (2.15) by FP~!, we are led to

£(p - 1) I \VEPEP2dx + 2 f FPdx

K3 K3
1 p-1
n p p p
< G I[1 + Z|Dk+2ui,£|] dx ngpdx
e j=1 e
< Glltes ooty VL) < GARIEL,

which implies that |Fll;»«x;,) < Ck. As a consequence, by (2.8),
1A% llpey < Gk for j=1,...,n.
Therefore,
IQues - s ne)llwesrgy < Ck-

In particular, [0 2(uy, ...,uUne)lco) < Ck.
Now choose (,75 € F(K, K;) and set E = $ak+1f£. As above, we obtain

n
—2AE + 2E < CK(l + ZlD"*zu}-,d) on K.

j=1
Then, we deduce from the maximum principle that
. n

maxk < Cg|1+ 2:"1)k+2uL8”L“{Kﬂ < Ck.
K =
j=1
In the sequel, we conclude that
105 Yz oy < Ck.

Therefore, (2.11) is true for k + 1 by (2.16) and (2.17). This completes the proof.

(2.15)

(2.16)

(2.17)
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3 Boundary estimates and Proof of Theorem 1.2

Lemma 3.1. For any solution of problem (1.11), there is a constant C such that for all € > 0,

P

Here, v is the outward unit normal vector field on 0Q.

a R
Hie do < C. (3.1

Proof. For simplicity, we drop the subscript €. Let us multiply (1.11) by V - Vu;, where V = (1, 15) is a smooth
vector field on Q such that V = v on 0Q. By integrating them by part, we obtain

(LHS) = IAul(V Vu)dx = Iaul

do - %j ViPdo + 0(1)
0Q

since Vuy; is uniformly bounded in L?(Q). On the other hand,

(RHS) = - I[n - Z|u,|2](V Vi P)dx.

Q =1

Adding these for eachi = 1,..., n, we have

oI5

i=1

aul

do - % fquilzdo
20

= Lz J( Z u,IZ] Y (V-V|u;P)dx + 0(1)

=1
1 n
-4 I Z WP (v V)dx + 0(1) = 0(1),
where the last inequality comes from (2.4). Combining these identities, we conclude that
5 (]2 ao-3 | % 2
=130 0 =130 o

Here, 7 is the tangential vector field on 0Q. O

do + 0(1) = O(1).

In this section, the estimates of solutions for problem (1.11) would be proved up to the boundary.
Lemma 3.2. [|(ty,¢, ..., Une)lm2)x . xm2@) < C-

Proof. In view of Lemma 2.5, it suffices to prove uniform H?-boundedness near each x, € Q. We may
assume xo = 0 and change local coordinates (x, x2) — (¥, ¥5) = (%, X2 — h(x)), where h represents dQ locally
and h'(0) = 0. We set ; (3, ¥,) = ui:(x1, %) and §i(y;, y,) = 8(xa, %) onU = {(y;, ,) : ¥, > 0} N B,(0) for some
r > 0 and rewrite (1.11) as follows:

N 1. o
~Lil;, = Eui,g(n - Z|u,-,g|2] on U,

j=1
e =8, on{y,=0}nal.

Here,
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2
L=Y) 9 (akli) with a3 =1, ap = ay = -h', and axp =1+ (h')?
k1= 1ayl ayk

is a strongly elliptic operator if r is small enough. For simplicity, we write ij; . as y; in what follows.

Let A = %z}’ﬂWuiF. By a direct calculation,

2

n
Z Z (W), Wy, + W)y, - L)y 1)
j=1k1,

n

Z ID*w;* + Zz(u;)y, [y, 1,

j=1 j=1r=1
where «a is the ellipticity constant of L. We note that

2 n 2
Z w)y, LI(wy)y,] Z Z W)y, ALLwDy, = [(@a)y, Wy, 1y}

j=1k,l,r=1

-5 gIVujlz(n - iluzﬁ] +5 Z(Zu] (uﬂy,)(Z“n W h)

i=1 r=1\ j=1

IIM:

2

- z z u])y,[(akl)y,y,(ui)yk + (akl)y,(ui)ykyl]

1 n n n
>-= Z Vu,-lz(n - Z|u,~|2] - C Y (IVy? + [D2gP).
j=1 i=1

j=1
By Lemma 2.4, given y € U, if € is small, then we can find k = k(y) such that |u;(y)| = 1/2. Then,
1 - 1 c
L)l = Sl n - Y Iu(P | = el L Y IR |-
j=1 j=1
Hence,
1 n n
ol Ko Y P | < 2Ll ()] = 20(@a(y) Wy M)yl < €Y. V(I + ID2u(y))).
j=1 j=1
As a consequence, by Young’s inequality, we are led to
L[A] + —Z|D2u]|2 < C(l + Z|Vu]|‘*]
1 1 j=1

Let us choose { € F(B;,2(0), B,(0)). Then,
n n
%Z I(2|D2u,-|2dx <c+Cy I(2|Vuj|4dx + ICZL[A]dx
=1y =1y U

By integrating by parts, we obtain

[ s2eitax - ch[aklAy,]ykdx

U

IAL ¢?dx + 2 I apA(D), + I apA(?),, + j (Aa),, - I CanA,,.

{y,=0} {,=0} {0,=0} {),=0}

The first four terms are uniformly bounded by Lemma 3.1. Furthermore,

(3.2
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.[ (zazszZ = Z I CzaZZ(uj)Yl.(uf)ylyZ + czaZZ(ui)yZ'(ui)Yﬂz

7,20} =1\ gy,-0

= Y@ + Any.
j=1

By Lemma 3.1,
(I) = - J (((zazz)yl(uj)yl'(uj)yz + (ZaZZ(gj)ylyl'(uj)yZ) = 0(1)
{y,=0}
Since Lu; = 0 on {y, = 0} and a;; = 1, we have
(H) == j (2((uj)y2'(g}')yly1 + (a12)y1|(uj)y2|2 + (a21)y2(uj)y2'(gj)y1 + (a22)y2|(uj)y2|2) - I (zalz (I(uj)y2|2)y1
{1,=0} {y,=0}

—0@) + j (Ca)y |y, = O(D).
{Y2=0}

Here, we also used Lemma 3.1. In the sequel, we can rewrite (3.2) as follows:
a n n
23 [emrupax< e+ €y [emypax
j=1 U j=1 U

Now, using this inequality and employing the same argument of the proof of Lemma 2.5, we can show

> | upac<c

j=1
=2 B, 2(x0)

This completes the proof. O

Proposition 3.3. For any p > 1, we have
IQ,es - s Unedllwzriyx...xw?r@) < Cp-

Moreover, if f; is defined by (2.7), then ||f;|coq) < C.

Proof. By Lemma 3.2 and the Sobolev embedding,
IQu,es - s Unedllwtr)x...xwir@) < € Vp > 1.

We keep the notation (2.7). By Lemma 2.4 and (2.9), we obtain

n
—2e2Af, + f. < 4Z|Vu,-,‘g|2 on Q. (3.3)
j=1

For g > 1, since f, = 0 on dQ, multiplying this equation by 4!, we have
n n
[faax < 4y, [1vucpreiac < aY 1wl 150,
Q =19 J=1

which implies that [f¢ll; < C for some C = C(n, q) > 0. Hence, each Ay; . is uniformly bounded in LI(Q) for
any g > 1. By applying the elliptic regularity to (2.8), we obtain

(s -osUnellcbayx .. xchay) < € Va € (0, 1).



DE GRUYTER On a system of multi-component Ginzburg-Landau vortices = 15

By the maximum principle, we obtain from (3.3) that ||f;llcoqy < C. In particular, the right-hand side of (2.8)
is uniformly bounded in C°(Q). Hence, each u; is also uniformly bounded in W?P(Q) forany p >1. O

Proof of Theorem 1.2. The proof of (1.19) follows readily from Propositions 2.3 and 3.3. To show (1.20), let f;
be defined by (2.7) and set

n n
1 *
he = Y lue and f ==Y |Vui.
j=1 =
Then, -Au}" = ujf, and |k, - ””Clﬁc(ﬂ) = f, IICIIBC(Q) — 0. We note that

=Y Wby — M) = n(fe - £.) + felhe - 1),

j=1

Hence, as € — O,

1 c -
IIfe —ﬂ”c{gc(g) < ; IfeChe - n)”q’gc(g) + Z”uj,eAuj,s - Uj Auj ||c1’;C(Q) - 0.
=1

This completes the proof. O

4 Further properties of solutions

In this section, we study some properties of solutions of the n-component Ginzburg-Landau equations (1.11)
and the generalized harmonic map equations (1.17). First, the next proposition tells us that if g; is a rotation

of g, for each j and ¢ is not so small, then y; is a rotation of u; for any solution pair (u, ...,u,) of (1.11).
Consequently, each of u; and uy is a rotation of the other.

Proposition 4.1. Let (u, ...,u,) be a solution of (1.11). Assume that, for each j, there exists Y € R such that
g = efyfgl. Then, u; = ey for all € > \yn/A. Here, A, is the first eigenvalue of —A on Q with the Dirichlet
boundary condition.

Proof. Set il = e %u;. Then, #j; satisfies

n

- Al = %ﬁ'(n - ZWZ) in Q,
€ k=1
;=g on Q.

If wy = &; — w, then
1 < n
A 2= i
—Aw; + — E|uk|w]_£2w,, in Q,

k=1
wj=0 on 0Q.

Hence, it follows that

1 (< n n
| D e
eJ o € he
Q Q Q Q
If € > \n/A, then w; is a constant. Since w; = 0 on 0Q, we have w; = 0. O

It is not clear whether the conclusion of Proposition 4.1 is valid for arbitrary e.
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Remark 4.2. Suppose that d; = 0 for all 1 < j < n. Since H%(Q;Sl) # &, the minimization problem
a(gy, -..,8,) = inf{I(uy, ..., uy) 1 yj € H;?(Q;Sl)}

is achieved by a unique pair (1, ...,u?) satisfying

-Au) = u|Vul? on Q,

| =1 on Q, (4.1)

0

U =g on 0Q.
Since d; = 0 for each j=1,...,n, we have that ujo = e!% for a harmonic function ®; in Q. In general,
we have a(g,, ...,8,) = B(g, ...,g,) since u, ...,ud) € X(g,, ...,8,). An interesting question is whether

a(gy, -..»8,) = B(8, -..,8,) or not. The next proposition provides us a necessary condition that they are
equal.

Proposition 4.3. Assume that d; = 0 for all j € {1, ...,n}. If a(g,, ...,8,) = B(&> -..,8,) and it is achieved by
(uy, ...,uy), then|Vuj| = [Vuy| for all j, k € {1, ...,n}.
Proof. By assumption, (u, ...,u,) € Hél(Q;Sl)x - Hén(Q; SY and
B = I(ul, ...,un).
Since [yj| = 1, we can write y; = e!%. By plugging this in (1.17), we are led to
: 1 ,  1g >
-ing, = | = - 1|IVo,? + =) [Vg, 2 in Q.
n n k+#j
j
Thus, forallj=1,...,n,
1 n
Ap,=0 and |VoP = ——) |V, .
n-15

In particular,
1
IVg;l? — Ve, |* = m(W‘PlF - Vg,
which implies that [Ve,[* = [Ve,?, or equivalently [yl = [Vu]* for all1 < j < n. O

RemarKk 4.4. Let us consider the case n = 2 for simplicity with d; = d, = 0. We can writey; = e'% and g = e
for j = 1, 2. According to the proof of Proposition 4.3, if a(g,, 8,) = B(g;, &), then it is necessary that

Ap, =0 =Ap, on Q,
Vgl = [Vp,| on Q, (4.2)
®, =@, @, =@, on Q.

Hence, if there are no solutions for (4.2), we may conclude that a(g;, &) > B(g;, &). For instance, if ¢, is a

constant and @, is not a constant function, then there are no solution of (4.2). Another example is the case
that @, = Ap, with |A| # 1. Indeed, if @, = Ap,, then

—A(%) =0 onQ and % =@, on 0Q.

Since harmonic maps with the same boundary values are equal, we have ¢, = ¢, /A. Thus, |Vg,| = |Ve,| only
when |A] = 1.

As a final subject of this section, we prove Theorem 1.3.
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Proof of Theorem 1.3.
(i) Suppose to the contrary that there is k € {1, ...,n} such that d; > 0 and

izf(l ~ Juge)?dx < C.
&
Q

By Theorem 1.2, we have uy . — ug € H(Q) with || = 1. This implies that uj € H;k(Q; S1), which is
impossible since H;k(Q; SH=gifd > 0.
(ii) Suppose thatd; =---= d, = 0. If

S fa-pracsc foralj=1..n
&
Q

theny; . — uj in H and |uj| = 1for each j = 1,..., n. Therefore, we have a(g,, ...,g,) = B(g;, -..,8,) that
contradicts the assumption.
(iii) If we set

1 1
2= fa- e and 2= [ o,
Q Q

we are led by (2.4) and the Cauchy-Schwartz inequality that

1
c> j(z el - fueP)x
Q

2
RV j(l e P — . P)dx
Q

> (X, - )%

Hence, both X, and Y, are either bounded or unbounded. By (i) and (ii), at least one of X, and Y, is
unbounded and we obtain the desired conclusion. O
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