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—— Abstract

Logical frameworks can be used to translate proofs from a proof system to another one. For this
purpose, we should be able to encode the theory of the proof system in the logical framework. The
Lambda Pi calculus modulo theory is one of these logical frameworks. Powerful theories such as pure
type systems with an infinite hierarchy of universes have been encoded, leading to partial encodings
of proof systems such as Coq, Matita or Agda. In order to fully represent systems such as Coq and
Lean, we introduce a representation of an infinite universe hierarchy with an impredicative universe
and universe variables where universe equivalence is equality, and implement it as a terminating and
confluent rewrite system.
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1 Introduction

The formalization of mathematical theorems and the verification of softwares are done
in several tools, and many logical systems and theories are developed as the research on
proof-checking makes progress. Interoperability is then a big challenge which aims to avoid
the redevelopment of the same proof in each system. Instead of developing translators from
each system to another one, logical frameworks propose to define theories in a common
language, which makes translation easier. Thus, the logical framework should be expressive
enough and work should be done to define the wanted theories in the framework.

In this paper, our goal is to show how to define the universe levels of the theory of the
CoQ proof system in one of these frameworks, the All-calculus modulo rewriting. Since
a lot of theories are expressed as extensions of Pure Type Systems, the first part of this
introduction will define them. Then, we will present the All-calculus modulo rewriting and
the type system behind Co0Q, in particular the universe levels.

Pure Type Systems

A lot of theories are based on extensions of Church’s simply-typed A-calculus (STLC). In [5],
Barendregt introduced the A-cube which classifies type systems depending on the possibility
to quantify on types or terms to build new types or new terms. It captures systems such as
System F (with type polymorphism), Aw (with type operators), AIl (with dependent types),
and the Calculus of Constructions (CC) which allows all these quantifications.
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Encoding impredicative hierarchy of type universes with variables

More generally, these constructions can be extended, leading to more powerful systems
called Pure Type Systems [6, 8].

» Definition 1. A Pure Type System (PTS) is defined by a set of sorts S (that we will also
call universes), a set of azioms A C 8% and a set of rules R C S3.

A describes the sorts typing (s; has the type so when (s1,$2) € A), and R describes the
possible quantifications and their typing rules. The terms are the following, where s € S and
x is an element of a countable set of variables X

t=s|x|HMe:t-t|(Az:t-t)|tt

and the typing rules are given in Figure 1.

' A: r :
(EMPTY)HWF (DECL) s o (VAR)FWF (z:4) el

I'z: AWF 'z A

T'HFA:s; T,z: AF B: sq

SORT . (s1,82) € A PrOD 7 $1,892,53) ER

(SORT) |51 s, RO A B s (81,52, 55)
't¢:Mlz: A-B T,hu: A : : :A-B:
(App) (ABS) le: AFt: B THIz: A-B:s

F'Ftu: Bz =14 F'Xe-t: Tlz: A-B

I'-B:s TI'kt:A A=3B
(Conv) 7 ses
'-¢: B

Figure 1 Typing rules

» Definition 2 (Functional and full PTS). A PTS is said to be functional if A and R are
functional relations from S and S X S to S, that is to say (s1,82) € AN (s1,83) € A =
s = s3 and (81, 82,83) € R A (s1,82,84) €E R => 83 = 4.

A PTS is called full if A and R are total functions from S and S X S to S.

The Mll-calculus modulo rewriting

A, the extension of STLC with dependent types, is the language of the Edinburgh Logical
Framework (ELF) [22]. However, computation plays an essential role in type theories, then
in modern proof assistant, and AIl is not well-suited for this. To address this point, the
AMl-calculus modulo rewriting (A[I/ =) [12] extends AT by allowing user-defined higher-order
rewrite rules [16, 30] that can be used to define functions but also types. Types are then
identified modulo 8 and these rewrite rules.

In order to have good properties such as the decidability of the type-checking, the rewrite
rules introduced should preserve typing and form a confluent and strongly normalizing rewrite
system, which adds some restrictions and requires more efforts to show that these properties
are respected.

» Remark 3. In the rest of this article, we will use the syntax u — v (where u may contains
free variables used for matching) to define a rewrite rule and the syntax v < v to indicate
that the term u rewrites to the term v.

The AI/ = can express CC and its subtheories [10], and, in [15], Cousineau and Dowek
show how to embed functional PTS (with a possibly infinite number of symbols and rules):
1. for each sort s, symbols Ug: Type and Elg: U — Type,

2. for each axiom (s1,s2), a symbol ug, : Us, and a rewrite rule Elg,(s1) — U,
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3. for each rule (s1,s2,s3), a symbol m(, 5,y: (2: Us,) — (Elg,(z) — Us,) — Ug, and a

rewrite rule Elg, (m(s, s,) (A, B)) — (2: Elg, (A4)) — Elg, (B).
ug corresponds to the sort s as a term, Ug to the sort s as a type, and Elg associates a sort
(as term) of type s to its corresponding type, hence the rewrite rule added for each axiom,
and 7, s,)AB is the term corresponding to the types of the function from A to B(A), hence
the rewrite rule added to obtain the type associated to this term.

Several systems have been encoded in AIl/ =: HOL-LicHT [31, 2], AGDA [20], MATITA
[2], but also parts of COQ, on which we will come back to later. Besides, since there exist
multiple implementations of the AIl/ = such as DEDUKTI [3], LAMBDAPI [24], or KONTROLI
[18], these embeddings have been effectively implemented leading to translations from the
proofs systems to these implementations, but also to translations from these implementations
of MII/ = to proof assistants [31, 32].

Coq'’s type system

The theory of CoqQ is based on CC extended with an infinite hierarchy of universes and an
impredicative universe Prop. It corresponds to a slightly different version of the following
PTS (where Prop is denoted as Typey).

» Definition 4 (Impredicative max). We define imax: N — N — N by imax(z,0) = 0 and
imax(i,7 + 1) = max(é,j + 1).

» Definition 5 (CC™). CC™ is the full PTS defined with an infinite sequence of sorts Type;
indexed on N, the azioms (Typei,Typei_H), and the rules (Typei,Typej, Typeimax(m)).

» Remark 6. One can also define a predicative PTS where the products from Type; to Type;
are elements of Type,,.(; ;) instead of Type;, ..(; j)- This latter is the building on AGDA
proof system while CC* is the one of CoQ but also of LEAN or MATITA.

In both cases, the sorts are characterized by levels indexed on N; the functions R and A
can be defined in the A\II/ =, and we can adapt the general embedding of Cousineau and
Dowek to a finite embedding. For that, we define the natural numbers N with the successor
function s, max: N — N — N, imax: N — N — N, and

symbols U: N — Type and E1: (i: N) — U(:) — Type,

a symbol u: (i: N) — U(s(i)) and a rewrite rule E1 _ i — U 4,

a symbol 7w: (i: N) = (j: N) = (A: Ud) = (E1i A — U j): U (imax ¢ j) and a rewrite rule

El_(rijAB)— (z:El1i A) - Elj (Bux).

CoQ extend CC* with other features. Some of them have been encoded, leading to a
partial translator from CoQ to DEDUKTI [11, 17], and to the sharing of developements of the
GeoCoq library [7], a formalization of geometry, to other proof assistants [21]. Extensions
such as inductive types [13, 28] and cumulativity [27] have been widely covered: Burel and
Boespflug in [11], then Férey in his thesis [17] proposes embeddings of inductive constructions
and cumulativity have been studied by Assaf [1, 2], Férey [17] and Thiré [32].

In this paper, we are interested in another feature, the level variables, which permits to
extend CC> with floating universes [25] or with universe polymorphism [29, 23, 14].

Level variables

We extend the syntax of the levels with variables.
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Encoding impredicative hierarchy of type universes with variables

» Definition 7 (Levels). A level is a term of the grammar
t:=0]s(t) | max(t,t) | imax(¢,t) | «

where x is an element of a countable set of variables X. We denote by L the set of the levels,
and we say that t is a concrete level if t does not contain any variable.

» Definition 8 (Valuation). A waluation is a function o: X — N.

» Definition 9. Let 0: X — N be a a valuation. We define inductively the value of a level t
over o, denoted as [t], with

O, =0 [s®l, =s([tl,)  [«], = o(x)

[max(t1,t2)], = max([t1],, [t2],) [imax(ty,t2)], = imax([t:],, [t2],)

We use the same symbol s, max, and imax for the syntax of the levels and the functions
of the natural numbers. However, levels are abstract terms and are interpreted through
valuations. Besides, the concrete levels can clearly be identified as the natural numbers which
justifies the use of the same symbol and permits to see the interpretation as a function that
concretizes a level, turning it into a concrete level.

» Definition 10 (Level comparison). Let t1,ty € L. We say that t; <. to if for all valuations
o, [t1], < [t2]l,- In the same way, we say that t1 =, to if for all valuations o, [t1], = [t2],-
Hence ty =, to if and only if t1 <p to and to <, t1.

With level variables, the equivalence is no more the syntactic equality and the above
embedding does not reflect it anymore: max(x,y) and max(y, ) are not convertible and adding
rules for that would lead to a non-terminating system. In the same way, commutativity and
equivalences such as max(z,z) =, = or max(s(x),x) =, s(z) are hard to express, and the
impredicativity introduces other:imax(z,z) =, x, max(imax(z,y), x) =, max(z,y), etc.

And yet, a correct embedding of the levels should reflect these equivalences. For instance,

a term of the universe Type,, is also a term of the universe Type and then we should

imax(z,x)’

be able to identify the universes such as Type, and Type This paper presents a

imax(z,z)*
new embedding that faithfully represents levels with variables.

Related work

Some solutions have been studied in the predicative case. The big issue is the associativity and
commutativity of the max symbol. In [20], Genestier solved this problem to encode AGDA’s
universe polymorphism. For that, he used rewriting modulo associativity and commutativity
(AC). The idea, also mentionned in a draft of Voevodsky [33], is to represent each level
as max(n,ni + x1,...,ng + =) where n > max(nq,...,ny). Besides, if there exists i # j
such that z; = z;, we simplify the term and keep only max(n;,n;) + ;. Then, we obtain a
minimal representation of terms of the max-successor algebra.

Blanqui gives another presentation of this algebra in [9], with an encoding without
matching modulo AC. However, this solution requires to keep the level in some AC canonical
form, and can then require the modification of the AIl/ = type-checker.

The imax-successor algebra is less studied and we do not know easy ways to reflect its
equalities. A confluent encoding is proposed in [4], but it does not fully reflect the equalities;
for instance, the levels max(imax(z,y), z) and max(x,y) are not convertible. Besides, Férey
designed a non-confluent encoding of universe polymorphism in [17].
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Contribution and outline

We introduce a new representation for the levels, using the idea presented above in the
predicative case: find a set of subterms such that any level can be expressed as a maximum
of subterms. They should be easily comparable to simplify max(u,v) into u if u < v and
obtain minimal representations, and they should ensure the uniqueness property:

max(uy, ..., Uy) = max(vy,...,vm) <= {ug,...,un} ={v1,...,0m}

Intuitively, the subterms should be very basic and simple: a subterm u must not be equivalent
to a maximum of other subterms. With this representation, we obtain a deep understanding

of the imax-successor algebra, and an easy procedure-decision for the level inequality problem.

In the Section 2, we study the semantic of the imax operator and establish a suitable
set of subterms. Then, in the Section 3, we introduce the minimal representation and
show that equivalent terms have the same minimal representation. And the Section 4 is
dedicated to the implementation of this representation into the AII/ = as a first-order
confluent and terminating rewrite system. An implementation in DEDUKTI is available on
https://gitlab.crans.org/geran/dedukti-level-implementation.

2  Universe representation in impredicative hierarchy

In this section, we study the imax operators and its interaction with max and the successor
and establish semantic equalities that permits to simplify the levels in order to find a set of
sublevels for the desired representation.

2.1 Levels as maximum

The very first step is to show that any level can be expressed as a maximum of levels that do
not contain any max, that is the principle of our idea of representation. The succesor can be
distributed over max, the two next propositions show how to distribute imax over max.

» Proposition 11. For all u,v,w € £, imax(u, max(v,w)) =, max(imax(u, v), imax(u, w)).

Proof. Let o be a valuation, ¢ = imax(u, max(v
If [v],, = [w], = 0, then [max(t1,t2)], =0
If [v], # 0 and [w], = 0, then [max(t;,t2)
If [v], = 0 and [w], # 0, then [max(t;,t2)
Else, [max(t1,t2)], = max([u],, [v],, [w],

,w)), t1 = imax(u,v) and to = imax(u, w).
= [t],-

Iy = max([u],, [v],) = [],-

1, — max([ul, . [ul,) = [,

) =[],

<

» Proposition 12. For all u,v,w € L, imax(max(u,v), w) =, max(imax(u, w), imax(v, w)).

Proof. Let o be a valuation.
If [w], = 0, then [max(imax(u,w), imax(u,w))], = 0 = [imax(max(u, v),w)], .
Else, [max(imax(u, w), imax(v,w))], = max([u],, [v],, [w],) = [imax(max(u,v),w)],.

<

Then, any level can then be expressed as a maximum of levels without max. Note that
for this, we consider that max takes a set of levels as argument. We obtain this theorem.

» Theorem 13. For allt € L, there exists uy, ..., u, in the grammart =0 | s(t) | imax (¢, 1) |
x such that t = max(uy, ..., Uy).

23:5
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Encoding impredicative hierarchy of type universes with variables

2.2 Simplification of the levels

We can now focus on levels without maximum. The uniqueness property sought for the
representation requires the subterms to be very basic, and then search to simplify the levels.

The main issue is imax: its asymmetry complicates its interaction with other symbols.
The previous equalities show how to remove the interaction between imax and max, now, we
will study the interactions between imax and the other symbols. The goal is to restrict the
localisation of the imax symbols to specific parts of the levels in order to understand and
control their influence on the levels semantic.

Firstly, we recall these equalities that are direct consequences of the semantic of imax.
They permit to deal with 0 and the successor.

» Proposition 14. For all u,v € L, imax(u,0) =£ 0 and imax(u, s(v)) = max(u, s(v)).
And we show how to remove imax symbol in second argument of imax.
» Proposition 15. For all u,v,w € L, imax(u,imax(v, w)) = max(imax(u, w), imax(v, w)).

Proof. Let o be a valuation.
If [w],, = 0, then [max(imax(u,w),imax(u,w))], = 0 = [imax(u, imax(v,w))], .
Else, [max(imax(u, w),imax (v, w))], = max([u],, [v],, [w],) = [imax(u, imax(v,w))], .
<

Thus, we can consider that the second argument of a imax is always a variable. It is
more complicated to directly enforce the form of its first argument, but we can obtain one
restriction by distributing the successor over the imax. However, we cannot do it as directly
as we distribute the successor over the max, as shown in the next example.

» Example 16. We show that s(imax(y,z)) #, imax(s(y), s(x)) by considering a valuation
o such that o(z) =0 and o(y) = 1.
» Proposition 17. For all u,v,w € L, s(imax(v,w)) =, max(s(w),imax(s(v),w)).

Proof. Let o be a valuation.
If [w], = 0, then [s(imax(v,w))], = s(0) = [max(s(w), imax(s(v),w))], .
Else [s(imax(v,w))], = s(max([v],, [w],)) = [max(s(w), imax(s(v),w))], .

<
Finally, all of these propositions lead to this grammar restriction.
» Theorem 18. For all u € L, there exists ui,...,u, in the grammar t = s*(z) | s¥(0) |
imax(t,x) such that w =, max(u,...,uy,).
» Remark 19. For all ¢ in the grammar of Theorem 18, there exists z1,...,z, € X, and

v = s¥(0) or v = s¥(x) such that ¢t = imax(imax(imax(- - - imax(v, 21),22) -+ ), Tn_1), Tn)-

2.3 Introducting new levels

Here, we continue the simplification of the levels under max in order to find simple enough
terms to reach the uniqueness property. Indeed, the terms of the grammar of Theorem 18
are still not enough.

» Example 20. Let us consider ¢t = max(imax(x,y),imax(y,z)). Then, ¢t =; max(z,y).
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To better understand the issue, we should have a deep understanding of the semantic of
imax(z,y). It means that we always consider the value of y, but we only consider the value
of x if y is not zero: the position of the variables is essential in the levels. But, taking into
account imax(y, z) leads to offset this, and the value of x and y are always considered.

Here, we come to a solution that consists of introducing new symbols that permit to
represent the current levels, without taking into account the order of the variables.

» Definition 21 (Sublevels). We define new symbols A and B. A takes as argument a set
of variables, a variable and an integer, and B takes as arqgument a set of variables and an
integer. They have the following semantic.

0 if there exists y € E such that o(y) =0

[AE,z,9)], = {[[x]]g + 8 else

0 if there exists y € E such that o(y) =0

[B(E, $)], = {S else

In the next proposition, we show that any level of the grammar of Theorem 18 can be
written as a maximum of terms of this new grammar.

» Proposition 22. If ¢ = imax (imax (imax (- - - imax(s*(y), 1)) - +)), #n—1), ), then

t = max(A(0, 2,,,0), A{xn}, 20-1,0), ..., A{z2, ..., 20}, 21,0), A{z1, ..., 20}, 4, k).
And if t = imax (imax (imax (- - - imax (s*(0), 1)) - -+ )), @p—1), &), then

t =7 max(A®0, 2, 0), A({zn }, Tn-1,0), ..., A{m2s ..., 20}, 21,0), BUz1, .. . 20}, k).

Proof. We show the result for the first case. Let o be a valuation. If forall 1 < i < n,
o(x;) # 0, then

[t], = max(o(2ys),...,0(z1),k +o(y))

V1 <i<n, [A{zn, ..., zis1},2:,0)], = o(x;)

[[A({xna s 71'1}7 Y, k)]]o' =k + U(y)

and else, we take the largest 1 < ¢ < n such that o(z;) = 0, then

[t], = max(o(xn),...,o0(zit1)) V1<j<i,[A{zn,...,zj41},25,0)], =0
[[A({’JJTH . ,ZL‘l},y, k)ﬂo =0 Vi < _] < n, [[A({xn, - 7$j+1}7xj70):“a' = O'(Zlfj)
hence the equality.

And the second case is very similar. Let o be a valuation. If forall 1 <i < n, o(x;) # 0,
then

[t], = max(o(zy),...,0(x1), k)
Vi<i<n,[A{zn,. .., Tiy1},23,0)], = o(zs)
B({zn,...,z1}, k)], =k

and else, we take the largest 1 < i < n such that o(z;) = 0, then

[t], = max(o(xn),...,0(zit1)) V1 <j<i,[A{zn,...,2j401},25,0)] =0
[[B({xn’ s 7‘1'1}’ k)ﬂa’ =0 Vi<j<m, [[-A({xnv s 7$j+1}"rj70)]]g = O'(xj)
hence the equality. <
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Encoding impredicative hierarchy of type universes with variables

The two equivalences are quite similar, the difference being in the very last subterm of
the max which is a A in the first case (we have to take into account s*(y) that is to say
k+y) and a B in the second one (k is taken into account with a B).

The sublevels that we search for our representation are elements of this grammar. We
just have two slightly modifications, two simplifications to make. The first one is illustrated
by this example.

» Example 23. With ¢; = A(0,z,0) and to = A({z},=,0), we have t; = ta since for all
valuation o, [t1], = o(z) = [t2],-

The issue here is the fact that the second argument of a A symbol does not necesarily
appear in its first argument. This creates equalities as shown in the next proposition.

» Proposition 24. Letx € X, E C X\ {z} and S € N. Then
A(E,z,S) = max(A(FE U {z},z,95),B(E,S)).

Proof. Let o be a valuation, t = A(E,z,S), u= A(E U {z},z,5) and v = B(E, 5).
If there exists y € E such that o(y) = 0, then [t], = [u], = [v], = 0.
Else, if o(z) = 0, then [t] =S, [u], =0 and [v], = S.
Else, o(z) # 0, and then [t], = o(z) + S, [u], = o(z) + S and [v], = S.
Hence the result. <

Then, we will only consider elements of the form A(F,x, S) such that « € E.

The second modification is related to the representation of 0. Indeed, for all E C X,
B(E,0) =¢ 0, and we should then keep at most one of them. However, since we already have
0 =, max(()), we can remove all of them.

And we end up with this set of sublevels which permits to express any level of L.

» Definition 25. We denote by L the set of the sublevels that check the following conditions.
1. A(E,z,8) € Ly < z€E,
2. B(E,S)e L; <= S >0.

» Theorem 26. Lett € L. Then there exists uy, ..., u, € Lg such that t = max(uy, ..., uy,).
» Remark 27. By convenience, we will note u; € t if there exists uq,...,u, € Ls such that
t =r max(uy, ..., Uy,).

3 A minimal representation

In the previous section, we find a set Ls and showed that any level can be represented
as a maximum of elements of L. The goal of this one is to show that any level has a
minimal representation as maximum of elements of L4 and that this representation is unique.
Intuitevely, the sublevels of a minimal representation should be incomparable (else one of
the sublevels could be removed).

» Definition 28 (Minimal representation). Let t be a term. We say that t is a minimal
representation if and only if there exists uy ..., u, € Ls such that

1. t = max(uy,...,u,),

2. foralli # j, u; and u; are incomparable.

We denote by L, the set of the minimal representations.
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Of course, any level ¢t has a minimal representation. We can express ¢ as a maximum
of elements of L5 (by Theorem 26) and we remove elements if they are comparabe. The
challenging part is its uniqueness. To show it, we study the core of the definition of a minimal
representation: the sublevel comparison.

» Theorem 29 (Sublevels comparison). FElements of Ls are compared as follows.

A(B,2,5) £ B(FK) 1)
B(E,S)<;B(F,K) — FCEAS<K 2)
B(E,S) <z A(F,2,K) «= (FCEAS<K+1) 3)
AE,2,8) <c A(F,y,K) < FCEANx=yAS<K (4)

Proof. With o such that o(x) = K+ 1 and o(y) = 1 if y # x, we show the first case. Indeed,
[AE,z,S)], =K +1+ 5> K = [B(F,K)], hence A(E,z,S) £, B(F, K). The cases 2, 3
and 4 correspond to Propositions 30-32 proved below. |

» Proposition 30. Let E.F C X,z € E,y€ F and S, K € N. Then
A(E,z,5) <, A(F,y,K) < FCFEANxz=yANS<K.

Proof. We note t; = A(E,z,S) and ty = A(F,y, K). Let us suppose F' C F, z = y and
S < K. Let o be a valuation.
If there exists y € F' such that o(y) = 0, then [t5], = 0 and since F' C E, [t1], = 0.
Else, [t1], < o(z) + S < o(z) + K = [t2] .
In both cases, [t1], < [t2], hence t; <. to.
Now, we show the other implication by contraposition.
If there exists z € F such that z € F, we take o such that o(z) = 0 and forall j # z,
o(j) = 1. We note that z # = (since z ¢ E and x € E) hence o(z) = 1. Then,
[t:i], =S +1>0=[t],-

If © # y we take o such that o(xz) = K42, o(y) =1 and forall z # x and z £ y, o(z) = 1.

Then7 [[tl]]a :K+S+2>K+1 = [[t2ﬂa'
If S > K we take o such that forall z, 0(z) = 1. Then, [t;], =S+1> K +1 = [t2],.
<

» Proposition 31. Let E,F C X and S, K € N. Then
B(E,S)<;B(F,K) < FCEANS<K.

Proof. We note t; = B(E,S) and t = B(F, K). Let us suppose F' C F and S < K. Let ¢
be a valuation.
If there exists y € F such that o(y) = 0, then [t2] , = 0 and since F' C E, [t;], = 0.
Else, [[tlﬂa S K < S = [[tg]]g.
In both cases, [t1], < [t2], hence t; <g to.
Now, we show the other implication by contraposition.
If there exists y € F such that y € E, we take o such that o(y) = 0 and forall z # y,
o(z) = 1. Then, [t;], =5 > 0= [to],.
If S < K we take o such that forall y, o(y) = 1. Then, [to], = K > S = [t1],-

» Proposition 32. Let E,F C X,z € E and K,S € N. Then

B(E,S) < A(F,z,K) < (FCEANS<K+1).
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Proof. We note t; = B(E, S) and to = A(F,z, K). Let us suppose FF C E and S < K + 1.
Let o be a valuation.
If there exists y € F such that o(y) = 0, then [t2], = 0 and since F' C E, [t;], = 0.
Else, o(z) > 1 (because x € F) and then [to] = o(z) + K > 1+ K > S > [t41],.
In both cases, [t1], < [t2], hence t; <, ta.
Now, we show the other implication by contraposition. First, we note that S > 0.
If there exists y € F such that y € E, we take o such that o(y) = 0 and forall z # y,
o(z) = 1. Then, [t:], = K > 0= [t2],.
If S > K + 1 we take o such that forall y, o(y) = 1. Then, [t;], =S > K + 1= [t],.
<

As a corollary, we get that the sublevel equivalence is a syntactic equality, which is quite
natural; the uniqueness property would be impossible otherwise.

» Corollary 33. Let ti,to € Ls. Thenty =, to < t1 = ts.
Proof. We havet; =, to <= t1 <¢ taAts <, t1, and we conclude with the Theorem 29. <«

And we can show the uniqueness of the minimal representation. First, we show that two
equivalent minimal representations have the same A.

» Proposition 34. Let t1,ty € L, such that t1 =, to. Then
A(E,z,S) €ty < A(E,z,S) € to.
Proof. Let us note

tl = maX(.A(Eo,Jfo, So), P ,A(En, Tn, Sn),B(Go,TQ), e ’B(GZNTP))
tz = maX(A(Fo,yo,Ko), e ,A(Fm7ym, .Kvm),[)’(.[{o7 Lo), ey B(Hq, Lq))

Let A(E,x,S) be an sublevel of t;. We consider o such that

maX(So,...,Sn,K(),...7Km,T0,...,Tp,L0,...,Lq)—|—1 lfy:[li

o(y) =11 ify € B\ {z}
0 else

We have [t;], = [A(E,z,S)], = S+ o(x) and then [t2], = S + o(x). Then, there exists
A(F,y, K) in t9 such that F C EU{x} = E (else F contains a variable z such that o(z) = 0)
and o(y) + K = o(x) + S or there exists B(F, K) in t5 such that K = o(z) + 5. Since
o(x) > max(Sy, ..., S, Ko, ..., Kn), we deduce that it is the first case and y = «.

Then, there is (F,z,5) in to with F C F and o(y) + K =o(x) + S. If F C E, then by
the same reasoning, we show that there exists A(G,z,S) € t; with G C F C E. But, by
Definition 28, it is impossible to have A(FE,z,S) and A(G, z,S) in t; with G C F since they
are comparable.

Then F = F and A(FE, z,S) is also an element of ¢5. <

And we show the same for the B.

» Proposition 35. Let t1,to € L, such that t1 =, to. Then

B(E,S) et < B(E,S) € ta.
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Proof. Let us note

tl = maX(A(Eo,fEQ, S())7 e ,A(En, Tn, Sn),B(Go,T0)7 e ,B(Gp,Tp))
tg = HlaX(.A(Fb7 y07K0)7 ce ,.A(F’m,ym7 [(,m),[)’(f’[()7 Lo), ey B(Hq, Lq))

We show the result by induction on E. Let B(FE,S) be a sublevel of ¢t;. If E = (), we consider
o the zero function. Then, [t;], =S, hence [t2], = S. Since S > 0, it follows that B(0, S)
is a sublevel of 5.

In the induction case, we consider ¢ such that o(z) =1 if z € E and o(z) = 0 otherwise,
hence [t1], = S. Then, [t2], = S and since S > 0, there exists A(F,z, K) in t, such that
F C E and o(z) + K = S or there exists B(F,.S) in t3 such that F C F and K = S.

In the first case, we have x € F' C F, then o(z) = 1 and K = S — 1. Then, by
Proposition 34, A(F,z,S — 1) € t; which is impossible by Definition 28 since it would be
comparable with B(E, S) € t;.

Then, we have B(F,S) € ty. If F C E, we apply the induction hypothesis and obtain
B(F,S) € t1, impossible because it would be comparable with B(FE, S).

Then E = F and B(E, S) is also an element of ¢5. <

We immediately obtain that equivalence of minimal representations is the syntactic
equality.

» Proposition 36. For allty,to € L., t1 =7 to < t1 = ts.

Proof. The reverse implication is trivial and the first one is a consequences of the Proposi-
tions 34 and 35. <

And finally, we obtain the main theorem: the existence and uniquennes of a minimal
representation for each level. First, we show the intuitive property that the minimal
representation of a maximum of sublevels is formed with elements of these sublevels.

» Proposition 37. For all uy,...,u, C Ly, there exists a unique {v1,...,vm}t C {ug, ..., un}
such that max(uy, ..., u,) = max(vy, ..., V) and max(vy,...,vmn) € L.

Proof. We apply the following procedure. We consider F = {uy,...,u,}. While there exists
u,v € F such taht u <, v, we remove u from E. The Proposition 36 permits to obtain the

uniqueness of this minial representation. <
» Theorem 38 (Representation). For allt € L, there exists a unique {us,...,u,} C Ly such
that t = max(uq,...,u,). We say that max(uq,...,uy,) is the minimal representation of t

and we denote it as repr(t).

Proof. By Theorem 26, there exists u,...,u, € Ls such that t =, max(ui,...,u,), and by
Proposition 37, there exists a unique minimal representation of max(u1,...,uy). <

Having a unique minimal representation is useful to have a faithful embedding of £ in the
All/ =, which is done in Section 4. Moreover, this representation also gives us an easy way to
compare two terms. Indeed, a sublevel can be compared to a level using the representation.

» Lemma 39. Let u,v,...,v, € Ls. Then u < max(vy,...,v,) if and only if there exists
i such that u <, v;.

Proof. The reverse implication is trivial. We show the direct implication by contraposition.
We suppose that forall 4, u £, v;.

If u = B(E,S), we consider o such that o(z) =1 if z € E and 0 otherwise. Then, forall
v;, we have either
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v; = A(F,z,K) or v; = B(F,K) and F ¢ E hence [v;], =0 <5 = [u],,

or v; = A(F,z,K) with F C F and K < S — 1 hence [v;], = K+1< 5= [u]_,

or v; = B(F, K) with K < S —1 hence [v;], = K <S5 =1[t],.

Then u €, max(vy,...,v,).

If u=A(E,x,S), then, each v; is of the form A(F};, z;, K;) or B(F;, K;), we consider M
the maximum of these K; and o such that o(z) = M +2,0(y) =1ify € E\ {z} and 0
otherwise. Then, forall v;, we have either

v; = B(F,K) hence [v;], < K < S+ M +2=[u]_,

or v; = A(F,y,K) and F' ¢ E hence [v;], =0< S = [u],,

or v; = A(F,y,K) with FFC F and x # y, hence [v;], = K+1< S+ M +2 = [u],,

orv; = A(F,z, K) with F C F and K < S, hence [v;], = K+M+2 < S+M+2 = [u],.
Then u £ max(vy, ..., Uy). <

And we use this lemma to compare two levels, for instance by comparing each sublevel
of the minimal representation of the first one to the second one. More generally, two
representations are compared in the following way.

» Theorem 40. Letuy,...,Upn,v1,...,0n € L. Then, max(uq, ..., u,) <g max(vy, ..., Un)
if and only if forall i, there exists j such that u; <. vj.

Proof. If max(ui,...,u,) <g max(vy,...,v,), then for all 4, u; <z max(vy,...,v,) and by
the Lemma 39, there exists v; such that u; <, v;. The reverse implication is trivial. |

One can note that the Lemma 39 gives us a new proof of the uniqueness property stated
in Proposition 36.

Proof. Let u = max(uy,...,u,) and v = max(vy,...,v,) be two minimal representations
such that v =, v. We want to show that forall 7, there exists j such that u; = v;.

We have u; <z u <¢ v, hence by Lemma 39, there exists v; such that u; <z v;. In
the same way, there exists uy such that v; <z wg. Then, by Definition 28, ¢ = k (because
U1, ..., Uy, are incomparable), and then u; =, v; hence u; = v; by Corollary 33. <

This shows that there is a link between the Lemma 39 and the uniqueness property. In
fact, this lemma should be understood as an independence lemma. Indeed, if we consider
max(u1,...,u,) as a linear combination of uy, ..., u,, then this lemma states that the only
way to be smaller than a linear combination is to depend on and be smaller than one of the
elements of this combination.

This analogy provides a new point of view on our work: Ly is a ‘linearly independent’
family (uniqueness of the minimal representation) which generates at least £ (for instance,
max(A({z},y,0)) or max(B({z},1)) are not equivalent to any level).

4 A rewriting system for this universe representation

This section is dedicated to the implementation of this representation in the AIl/ =.

4.1 Basic tools

Here, we define the very basic term that we will used. The booleans and the natural numbers,
to begin with, are necessary.
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» Definition 41 (Booleans). We define a type B, with constructors true: B, false: B and
functions and: B — B, or: B — B and not: B — B. B is interpreted as the Booleans, true,
false, and, or and not as T, L, the conjunction, the disjunction and the negation.

» Definition 42 (Natural numbers). We define a type N, with constructors 0: N, s: N —» N
and functions +: N - N = N, <=y: N - N = B, =y: N = N — B, <y: N = N — B (with infix
notation) and maxy: N — N — N. N is interpreted as N, 0 as 0, s, +, <=y, =y and maxy as 0,
s, +, <, = and max.

Moreover, we define a if-then-else structure. It is not really necessary, but will be very
convenient to facilitate the writing of some rules.

» Definition 43. Let T be a type. We define the function iter: B — T — T — T such that
Vu,v € T, iter true u v <— u and iter false u v < v. For convenience reasons, we will
denote itep bu v by if b then u else v.

And finally, we show how to define a type of sets for all ordered types. It will be used for
set of natural numbers (to define the sublevels), but also for set of sublevels (to define the
representations).

» Definition 44 (Sets). Let T be a type equipped with a total order function leqp: T —
T — B. Then, we define a type S[T] corresponding to the finite set of elements of T with a
constructor {}r: S[T] and the functions (all with infix notation) «p: S[T] — T — S[T1],
++p: S[T] — S[T] — S[T11], iny: T — S[T] — B, subp: S[T] — S[T] — B and
=srr7: S[T] — S[T] — B.

S[T] is interpreted as the set of finite subsets of T', {31 as the empty set, «p as the
function that adds an element to a set, ++p, inp, subp and =g as U, €, C and =.

For convenience reasons, we will denote the term {3r «rx1 < <pay by{x1,...,Tntp.
In particular, {x}7 will represent a singleton.

S[T1] is implemented as a sorted list of elements of T" with the constructors {}r: S[T1]
and ::p: T — S[T]1 — S[7], and the function «r adds an element to a list while keeping
the uniqueness and order properties. Then, a set will be built through {}r and «p and the
constructor ::7 will only be used in patterns of rewrite rules.

» Definition 45 (Set order). Let T be a type with a total order function leqy. Then, we
define a total order leqgryy by considering the lexicographic order on sorted word of T'.
Besides, we define the corresponding strict total order 1qgpp.

We do not give the rules for these elements since they are quite basic. However, the
DEDUKTI implementation is available if necesary.

4.2 Level encoding

In order to implement the sets of sublevels and to compare two sublevels, we should be able
to compare and sort level variables. That is why we use a deep encoding where each variable
is encoded as a natural number. We denote by 7: X — N a bijection that associates each
variable to a natural number.

» Definition 46. We define L, the type of the levels together with the constructors Op: L,
sp:L—L,max;: L —L—L, imax;: L = L — L and vary: N — L. We define inductively a
translation function |-|: £ — L with

0 =0L  [s@) =sult|] |z =var. |y(2)ly

|max (u, v)| = maxy, |u| |v] limax(u, v)| = imaxy |u| |v]
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» Definition 47. We define Lg, the type of the sublevels, with the constructors a: S[N] —
N — N — Ls and b: S[N] — N — Ls. We define a translation function |-|,: L, — Lg by
|A(E, z,5)|, = a|El |z] |S] and [B(E,S)|, =b |E]| [S].

In order to define S[Lg], we need a total order on Lg. We consider the order where all the
a are before the b, and the a (respectively) the b are sorted according to the lexicographic
order:

aFxS<bFK,
<

aFE xS <al|F| |yl |K]| is the lexicographic order between (E,x,S) and (F,y, K) (which
is a total order since N and S[N] are equipped with a total order by Definition 45),

b E S <b F K is the lexicographic order between (F,S) and (F, K).

» Definition 48 (Total order on sublevels). We define a total leq;  onLs (and its corresponding
strict order 1q;_). Indeed, we consider these rewrite rules.

(@Ez S)leq (b F K)— true
(aExS)leq (aFyK)— or (Elqgy F)
and (E =spn F) ((or (2 <yy) (and (z =y y) (S <=y K))))
b E Sleq b F K — or(E lqgyy F,and(E =sp F, S <=y K))

And we can then define the representations.

» Definition 49. We define a function maxy,: S[Ls] — L that embeds a set of Lg into a L and a
translation function ||,: £, — L defined by |max(uy, ..., uy)|, = max ({|Juilg, ..., [un|3p)-

Now, we have defined all the types and the elements of £, have translations in AII/ =.
The next step is to provide rewrite rules that transform a level into its minimal representation.
The cases of Oy and of variables are easy.

O — maxy, ({},) vary (z) — maxg, ({a({zdy, z, O)}LS)

For the other cases, and in particular for the max, the sublevel comparison will be useful,
so we define it.

» Definition 50 (Sublevels comparison). We define <=,: Ls — Ls — B interpreted as <
with these rewrite rules.

— false

— and(F suby E, S <=y K)

— and(F suby E,S <=y K + 1)

— and(F suby E,and(z =y y, S <=y K))

a(E,x,S) <=1, b(F, K
b(E,S) <=1, b(F, K
b(E,sL(S)) <=1, a(F,y, K
a(E,xz,S) <=, a(F,y, K

~— — ~— ~—

» Proposition 51. Let u,v € L,. Then, u < v <= |u| <=4 |v]| =" true.

Proof. Each rule (i) corresponds to the case i of the Theorem 29. |

And now, we can give the rules to normalize the other levels.
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s« 4.3 The successor
s We show how to compute the minimal representation of s(max(uq,...,uy)).

s Definition 52. We define s; on the sublevels by ss(A(E,z,S)) = A(E,z,S+1) and
sr ss(B(E,S)) =B(E,S+1). Then ss(u) =, s(u).

ss B Proposition 53. repr(s(max(0)))) = max(B(0), s(0)) and for alln > 0 and t = max(u1, ..., u,) €
si0 L, repr(s(t)) = max(ss(uy), ..., 8s(un)).

550 We create a function si : S[Lg] — S[Lg] corresponding to s;.

551 SLs ({}Ls) — {}Ls SLg (b(E7 S)::LSQ) — SLs (q) <<Ls b(E7 S(S))

55 sis(a(E, z, 5):1,q9) — s15(q) < a(E, x,8(S))

ss3 And we compute the minimal representation of a successor according to Proposition 53.

554 st (maxy, ({}1)) — maxy, (b({}w,5(0))) st.(maxy, (uigq)) — maxy,(ses(usiesq))

ss B Proposition 54. For allt € L,, s.(|t],) —* |[repr(s(t))]

re

s 4.4 The maximum

57 For the maximum, we define maxg, that adds a sublevel to a minimal representation.

sss B Definition 55. We define inductively maxs: P(Ls) X L — P(Ls) inductively defined by
0 maxg(P,u) = {u} and

{uy, ..., up,u} ifv<eu,
560 maxs({u1,...,upt U{ub,v) = {us,...,up, v} ifu<ew
maxg({uy,...,un}t,v)U{u} else.
s B Proposition 56. For all minimal representations t = max(uy,...,u,) € L, and v € L,
s repr(max(uq, ..., un,v)) = maxs({u,...,un},v).
563 We implement maxg as a function maxhelper: S[Ls] — Lg — S[Ls] with these rewrite
sea  Tules.
565 maxhelper({}Ls, ’IL) — {U}Ls
566 maxhelper(u: F,v) — if v <=  uthen F <«  u
s67 elseif u <=y, vthen F <, velsemaxhelper(E,v) < u

ss And we compute the minimal representation for max; according to Proposition 56.

569 maxy, (maxp, (F), max ({}1,)) — maxy (F)

570 max (maxy, (E), max; (u F')) — maxy (maxhelper(FE, u), maxy (F))

sn B Proposition 57. For all ti,ty € L., maxy(|t1],, |t2],) =" |[repr(max(ti,t2))],.

s» 4.5  The impredicative maximum
si3 To begin, we study imax(u,v) where u,v € L.

s » Proposition 58. Let f(E,S) be either A(E,x,S) or B(E,S) and g(F,K) be either
s A(F,z,K) or B(F,K). Then

576 imax(f(E,S),g(F,K)) = max(f(EUF,S),g(F, K)).
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Proof. We note u = f(FE,z,S5) and v = g(F, K). Let o be a valuation.
If there exists y € F' such that o(y) = 0, then [imax(u,v)], = 0 = [max(f(EUF,S),v)],.
Else,[v], = K > 0 and then [imax(u,v)], = max([u],, K). Besides, since o(y) # 0 forall
y € F, there exists y € E'U F such that o(y) = 0 if and only if there exists y € E such
that o(y) = 0, hence [u], = [f(FUF,S)],.

Hence the result. |

We implement it as a function imax,: Lg — Lg — L.

imax; (a(F,x,S),b(F, K)) — maxy(maxy, (a(F ++y F,z,5)),max., (b(F, K)))
imaxy, (b(E, S),b(F, K)) — maxy(maxy, (b(F ++y F, S)), maxy, (b(F, K)))
imaxy, (b(E, S),a(F, z, K)) — maxy(maxy, (b(F ++y F, S)),maxy, (a(F,z, K)))
imax (a(E,x S),a(F y, K)) — maxg (maxp(a(E ++y F,x,S)),mast(a(F y, K)))

Then, following the equalities imax(0,t) =, ¢ and imax(¢,0) =, 0, and Propositions 11
and 12, we define imax_aux: Ly — L — L and add these rewrite rules.

imaxy (maxy, ({},),t) —
imaxy (maxy, (uiLq),t) —>maXL(1maX aux(u, t), imaxy(q,t))
imax_aux(u, max, ({}1;)) — maxy, ({}1,)
q))

imax_aux(u,maxy (viy.q)) — maxy(imaxy, (u,v), imax_aux(u,q))

» Proposition 59. For all t,,ts € L,, imaxy(|t1],, [t2],) —* |repr(imax(ti,t2))|,.

Proof. By Propositions 57 and 58, for all u,v € L, imax (|ul,, |v|,) —* |[repr(imax(u,v))|.
Then, by induction on ¢t € L, and using Proposition 57, we show that forall u € L,
imax_aux(|ulg, [t|,) —* |repr(imax(u,t))|,. And finally, we show the result by induction on
to using Propositions 11 and 12 and the equivalences imax(0,t) =, t and imax(¢,0) =, 0. <«

4.6 Implementing the substitution

Since we use a deep encoding, S-reduction cannot be used for substitution. Then, we
implement a substitution function. First, we implement eval;,: Lg - N — N — L for the
sublevels following the semantic given in the Definition 21.

evaly (b(E,S),y,n) — if and(y iny F,n =y 0) thenmax; ({},)
elsemaxy, (b(E \yy,95))
eval (a(E,z,S),y,n) — if and(y iny F,n =y 0) thenmax; ({},)
elseif x =y y thenmax;, (b({}y, S +n))
elsemaxy (a(F \yy,x,95))

Then, we create a function evaly: L — N — N — L that evaluate a level using the fact that
[max(uq, ..., u,)[{x = n} = max([u1]{z — n}, ..., [u]{z — n}).

evaly ({}i,,y,n) — {3, evaly(u:iLeq,y,n) — max(evaly (u,y,n),evalr(q,y,n))

» Proposition 60. Lett € L. Then, the normal form of |[t]{x — u}| is evalp(|t],|ul).
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4.7 Properties of the rewrite system

The rewrite system that we designed have strong properties. First, one can note that it
is does not use any higher-order rewrite rule, hence it can be implemented in a first order
system.

» Theorem 61. The rewrite system is confluent and strongly normalizing.

Proof. The termination has been proved with two termination checkers, T7To [26] and
SizeChangeTool [19], and the confluence with CSI [34]. <

And of course, we show that it is sound relatively to the minimal representation.
» Theorem 62 (Soundness). Let t € L. Then, the normal form of |t| is [repr(t)],.

Proof. We show that ¢ <* |repr(t)|, by induction on ¢: var(z) < max, ({a({z}y,0, x)}LS),

0 — maxp, {},, and we show the cases s, max and imax using Propositions 54, 57, and 59.

Since no rewrite rule can be applied to max;, the normal form of |t| is [repr(t)|,. <

Theorems 38 and 62 give us that the translations of two equivalent levels are convertible,
and even more, they have the same normal form. In other words, this embedding faithfully
represent the level equivalences.

Besides, one could note some drawbacks of this embedding. First, we do not have a back
translation from AII/ = to L. There are two main reason for this.

1. a and b are not exact translations of A and B.

2. L, and L are not equivalent.

The first reason is linked to the restrictions that we added to A and B. Here, it is possible to
write terms b £ 0 or a E x k where x is not an element of E. In the same way, it is possible
to write max, L while two sublevels of L are comparable.

A solution could be to add a dependent term as argument, to check these conditions.

For instance, a would have the type (E: S[N]) — (z: N) — Prf (z iny E) — N — Lg where
Prf: B — Type represents the proof of a proposition. We declare I: Prf true and we use
a F z k T using the fact that x iny F reduces to true if and only if = is an element of FE.
The second reason is not related to the embedding, but to the representation that we
introduced. Indeed, we already noted that some minimal representations are not equivalent
to any level (max(A({z},y,0)) or max(B({z},1)) as examples). Then, it could be a good
idea to find a characterization of the elements of £, that actually correspond to levels.

5 Conclusion

We introduced a new representation of the levels of the impredicative PTS where equivalent
levels have the same representation. It provides us an easy procedure decision for the
inequality problem in the imax-sucessor algebra, and it permits us to get a sound encoding

of these levels in the AIl/ =, in the sense that equivalent levels have convertible translations.

Moreover, this encoding corresponds to a first-order, confluent and strongly normalizing
rewrite system, and in particular it permits to decide level equality.

This encoding of the levels permits to encode CC* with universe polymorphism. Besides,
we still have to study how this encoding behaves well together with encodings of inductive
types or cumulativity in order to get a better encoding of C0Q. The ideas mentioned at the
end of Section 4 are also interesting. In particular, the characterization of the elements of L,

that are actually levels would lead to a better understanding of the imax-successor grammar.
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Finally, this idea of representation, with the linear algebra analogy, could certainly be

adapted to some sets of terms built over a maximum, a supremum or other similar operations.
In addition to providing decision procedures, it would permit to define a concept similar
to the basis of a vector space on these spaces on these sets, and then it seems to be an

interesting direction to explore.
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