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Precise control of the filamentation of an ultrashort and intense near-infrared laser pulse in air is crucial for
many applications but remains challenging. By combining inverse design for shaping of a pulse at the output
of a laser with simulation of the nonlinear propagation of the pulse in air, we numerically investigate the way
to simultaneously control the length and position of a plasma filament at an arbitrary remote distance for the
first time. An intermediate state, with a Bessel-Gauss beam profile, is introduced between the laser output and
the filament. Through forward and backward propagations of the intermediate state, an end-to-end design of the
initial laser pulse is achieved to match the desired filament characteristics. Our calculations show that a properly
engineered torus pulse can project such a Bessel-Gauss beam at remote distance and generate a long plasma
filament without requiring any feedback loop. We also proposed an experimental arrangement to project such
an intermediate state and generate the corresponding filament remotely. The method can be further extended to
other types of filaments or targets that may be reached from different intermediate states.

DOI: 10.1103/PhysRevResearch.4.043025

I. INTRODUCTION

The discovery of the nonlinear propagation of an intense
femtosecond laser pulse in air in the form of a filament in
1995 [1] has opened a new era of atmospheric applications of
ultrashort laser pulses [2]. The ability of an ultrashort and in-
tense laser pulse to propagate over an outstandingly extended
distance due to a competition among diffraction, nonlinear
focusing, and plasma generation [3,4], has enabled applica-
tions so far unthinkable, such as supercontinuum white-light
lidar [2,5–7], lightning triggering and guiding [8–13], vir-
tual antennas [14], terahertz emission from a remote plasma
source [15–17], and laser-induced breakdown spectroscopy
detection and analysis of a target at a large distance [18–20].

Further implementations of and full benefits from the
demonstrated applications crucially rely on the capacity to
control filaments, with respect to their most important char-
acteristics, the starting distance, length, optical intensity, as
well as electron density in the associated plasma channels.
Research efforts in the generation, characterization, and op-
timization of filaments at a remote distance and over a large
extent in the atmosphere have been conducted intensively over
the last two decades, highlighted notably by an observation
of vertical propagation at an altitude of 20 km, of the su-
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percontinuum white light generated by filaments formed at a
distance estimated at 2 km above the laser [21], and a direct
evidence of plasma channels associated to filaments hori-
zontally propagating at a distance exceeding 1 km from the
laser [22]. Simple waveform and wavefront modulations of
the output pulses of a CPA laser by respectively group velocity
dispersion (GVD) precompensation and beam collimation by
telescope were applied in to push the filament starting position
to the largest possible distance [23–25]. Air pressure has also
been found to affect the onset of filament; however, its length
is almost invariant [26–28]. More recent experimental as well
as theoretical efforts have been focused on the generation of
long and stable laboratory scale filaments. Wavefront reshap-
ing was introduced using a deformable mirror [29,30] and
optimized by a genetic algorithm [31] to increase the filament
length and control the filament pattern with an optimized
manipulation of the energy reservoir [32]. The model of an
energy reservoir surrounding and dynamically replenishing a
filament [32] has inspired other works, demonstrating the pre-
vailing role of nonlinear losses in the robustness of filaments,
acting as a sink of energy in the high intensity core of the
beam and driving a conical energy flux from the low intensity
tails that refills and sustains the filament [33–36]. A sponta-
neous emergence of such energy flux toward the filament is
exemplified by the nonlinear propagation of a Bessel-Gauss
beam showing an effectiveness in generating a long and stable
filament in spite of nonlinear losses [37–40]. An approach
with a Gaussian beam surrounded in a suitable way, by a
ring auxiliary beam, leads to a significant protraction of the
filament length [41,42]. A similar physical process relying
on the nonlinear propagation of Bessel-Gauss beams, albeit
in the tight focusing regime, was applied to generate long
aspect ratio plasma channels in the bulk of dielectric media.
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Their subsequent evolution into void through channels [43]
presents a significant interest for micromachining applica-
tions [44–48].

While projecting a near-infrared (NIR) filament system
to a remote distance in the atmosphere and keeping it to
survive over a large extent beyond the nonlinear focus seem
to be fundamentally challenged by nonlinear losses ow-
ing to the appearance of a plasma channel [3], solutions
have been proposed and demonstrated for mid-infrared and
long-wavelength infrared pulses with new collapse-arresting
mechanisms allowing a low-loss and filamentary propagation
over a large distance [49,50].

In this paper, we implement an approach of wavefront
engineering by inverse design in order to delay and stretch
the effect of nonlinear losses while launching a NIR filament
to a larger distance. The approach is based on the possibility
that a well-defined wavefront called intermediate state can
be projected to an arbitrarily large distance with a negligi-
ble loss. The subsequent evolution of the system leads to a
filament associated with a uniform and stable plasma string.
The wavefront of the initial pulse at the output of a CPA laser
can be found by reversely propagating the intermediate pulse
toward the laser, with a practical constraint that the resulting
wavefront can be prepared using a reasonably accessible op-
tical arrangement. For linear propagation, the feasibility of
the procedure is guaranteed by the optical reversibility [51].
For an ultrashort intense laser pulse undergoing filamentation
with a significant ionization loss, the reversibility has been ex-
pressly demonstrated to be valid for specific wavefronts [52].
However, as mentioned in Ref. [53], the reversibility ensures
neither that any arbitrary pulse shape can readily be back-
propagated, nor that it will follow a filamentary path during
its backpropagation. For an arbitrary wavefront, the nonlinear
loss, being turned into a gain for backward propagation, may
indeed lead to a divergence of the simulation. Berti et al.
proposed an elegant strategy to overcome this problem, based
on backpropagation of a hybrid laser pulse that combines a
post-filamented pulse with a target waveform, allowing the
synthesis of a waveform in the postfilament region, with de-
sired features for a specific application [53]. In the present
paper, rather than reaching a specific waveform at a given dis-
tance after a filament, our goal is to control the features of the
target pulse that will subsequently undergo filamentation over
a predefined length. Therefore, in our numerical simulation,
we chose an intermediate state pulse with a Gaussian beam
profile and a linear phase along the radial coordinate. Their
amplitude and phase are optimized to avoid ionization while
back-propagating toward the position of the initial pulse (out-
put of the laser), therefore preventing the potential divergence
triggered by the nonlinear gain. The waveform obtained after
backpropagation can be further approximated by an analytical
expression, which can be characterized by a couple of control
parameters. With the above forward and backward propaga-
tion of the intermediate state, the results of the numerical
simulations relate the characteristics of the filament to the
control parameters of the intermediate state and then to those
of the initial pulse. Scaling laws are extracted by fitting the
simulation results. Finally, a thorough forward propagation
from the initial state to the final filament is performed to
validate the scaling laws derived for the filament length as a

function of the projection distance and the characteristics of
the initial state.

II. NONLINEAR PROPAGATION OF A ULTRASHORT
LASER PULSE IN AIR

Following Mlejnek et al. [32], we perform numerical sim-
ulations of the nonlinear propagation of an ultrashort laser
pulse in air by solving an extended nonlinear Schrödinger
equation (NLSE) for the envelope of the electric field coupled
with a rate equation describing the generation of an electron
plasma. The electric field E is assumed to propagate along the
z-axis, to be linearly polarized along ex and written by E =
E exp(ik0z − iω0t )ex, where ω0 denotes the central frequency
of the carrier wave and k0 the corresponding wavenumber. The
electric-field envelope E (r, t, z) satisfies

∂zE = i

2k0
�⊥E + iD(i∂t )E + i

ω0

2cn0

P (E )

ε0
, (1)

where t refers to the local time within the pulse waveform.
The transverse Laplacian �⊥ accounts for diffraction in the
transverse plane, and is written as �⊥ = r−1∂r (r∂r ) under
the assumption made throughout this paper, of beam cylin-
drical symmetry around the z axis. The operator D(i∂t ) =∑+∞

n=2
k(n)

0
n! (i∂t )n accounts for the effect of dispersion in the

time domain and is easily calculated in the frequency domain
as D̂(ω) ≡ k(ω) − k0 − k

′
0(ω − ω0), where k0 ≡ k(ω0), while

the dispersion in air is due to the frequency dependence of
the refractive index n(ω), which is related to the wavenumber
k(ω) = n(ω)ω/c and given by the relation established by Peck
and Reeder [54]. The last term on the right-hand side of
Eq. (1) denotes the nonlinear polarization

P (E ) ≡ 2ε0n0(�n(r, t, z) + iκ (r, t, z))E (r, t, z) (2)

describing the changes of refractive index �n, due to opti-
cal Kerr effect and plasma defocusing, as well as nonlinear
absorption with a coefficient κ , contributed by multiphoton
absorption and plasma absorption,

�n(r, t, z) = n2

∫ t

−∞
R(t − τ )I (r, τ, z)dτ − σω0τc

2k0
ρ(r, t, z),

κ (r, t, z) = σ

2k0
ρ(r, t, z) + βK

2
IK−1(r, t, z). (3)

The Kerr response function

R(t ) = (1 − fR)δ(t ) + fR
�2 + 2


exp(−�t ) sin(t ) (4)

encompasses the instantaneous electronic and delayed molec-
ular rotational contributions, parametrized by a relative weight
fR for the delayed part with frequencies � and . The quantity
τc denotes the electron collision time entering in the cross
section for inverse bremsstrahlung [55]

σ = k0

ρc

ω0τc

1 + ω2
0τ

2
c

, (5)

where ρc ≡ ω2
0ε0m/e2 denotes the critical electron number

density for an overdense plasma with respect to an electro-
magnetic radiation of frequency ω0.
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TABLE I. Parameters used for simulations of the propagation in
air of a pulse at 800 nm.

Pulse energy (mJ) 10
θ (deg) 0.1, 0.125, 0.15, 0.175, 0.2
w0 (mm) 5, 10, 15, 20
tp (fs) 50
n2 (m2/W) 3.2 × 10−23

fR 0.5
�−1 (fs) 70
 (THz) 16
τc (fs) 350
Eg (eV) 12.1
K 8
β (K ) (m13/W7) 1.83 × 10−120

a (m3/s) 5.0 × 10−13

Evolution of the electron number density on the femtosec-
ond time scale is mainly driven by multiphoton ionizations,
our model also includes weaker cascade ionizations and ra-
diative recombinations,

∂tρ = σ

Eg
ρI + β (K )IK

Kh̄ω
− aρ2, (6)

where Eg is the ionization potential and β (K ) the K-photon
absorption coefficient.

In our simulations, the electric field envelope of the inter-
mediate state is Gaussian both in space and time, while the
phase is linearly modulated in the radial direction, as obtained
experimentally by transmitting a Gaussian pulse through an
axicon with a cone angle θ ,

E (r, t, z0) = E0 exp

(
− r2

w2
0

− t2

t2
p

− ik0r sin θ

)
. (7)

The pulse duration tp = 50 fs is fixed, and the central
wavenumber k0 = 2π/λ0 corresponds to a central wavelength

of λ0 = 800 nm. The amplitude E0 =
√

2Pin/πw2
0 is obtained

by fixing w0 and the input power Pin for a pulse energy of
10 mJ.

Table I summarizes the parameters used to solve the NLSE
[Eq. (1)], in the both forward and backward directions with the
initial conditions determined by the intermediate state given
by Eq. (7). The critical power Pcr for self-focusing can be
calculated to be about 3 GW.

Different pairs of parameters (w0, θ ) are chosen for the
intermediate state, guided by the knowledge that (i) a linear
propagation of the pulse [Eq. (7)] would result in a focal line
extending over the Bessel zone of length zB ≡ w0/ tan θ [56]
and (ii) a nonlinear propagation would lead to a filament that
covers the Bessel zone with a more uniform intensity [38].

The choice of the pulse energy of the intermediate state
ensures a negligible ionization for a reversely propagating
pulse avoiding therefore an eventual divergence of the simula-
tion [52]. Among nonlinear effects, only the Kerr nonlinearity
is relevant during the backward propagation of the intermedi-
ate pulse.

Initial state
at the laser output

Intermediate state
waist 0, cone angle , 
at a remote distance 

Final state
a filament of length 

Backward propagation

Forward propagation

C
om

plete sim
ulation,

from
 the initial pulse to the filam

ent

FIG. 1. Flowchart integrating of inverse design into the simula-
tion of the evolution of a NIR ultrashort intense laser pulse into a
filament.

III. REVERSE ENGINEERING THROUGH
AN INTERMEDIATE STATE

The flowchart of the combination of inverse design and
numerical simulation is shown in Fig. 1. The intermediate
state is first forward propagated leading to a filament, ac-
companied by a plasma channel. Its backward propagation
allows us to find the form of the initial pulse at the laser
output capable of projecting such an intermediate state. After
reversely engineering the wavefront of the initial pulse, a com-
plete simulation is performed to investigate the relationship
between initial pulse and the filament in order to verify the
robustness of the method.

A. Generation of a filament together with the associated plasma
channel with a controllable length

We first determine the conditions required to generate a
filament in air with a plasma channel several meters long by
modeling the nonlinear propagation of the intermediate state.
The evolution of the field and the generation of a filament
depend on the properties of the intermediate state, especially
the spatial distribution of the intensity. Figure 2 presents a
summary of the simulation results for the peak intensity of the
filament and the peak electron number density in the plasma
channel. They are obtained for cone angles θ ranging from
0.1 to 0.2 degrees and for beam widths w0 ranging from
5 mm to 20 mm. The peak intensity is calculated by taking
the maximum of |E (r, t, z)|2 at each propagation distance z
and the electron density is extracted out by solving the rate
equation governing the photoionization [see Eq. (6)]. Shown
in Fig. 2(a) are results for a fixed cone angle θ = 0.15◦. With
an increasing w0, both the peak intensity and electron density
decrease, while the lengths of the corresponding light and
plasma channels increase. Results in Fig. 2(b) are obtained
for different cone angles by keeping a constant w0 = 15 mm.
The peak intensity and electron number density grow with an
increasing θ , while the channel lengths are reduced. The ob-
served trends are determined by the spatial phase distribution
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FIG. 2. Peak intensity and electron number density of a filament
as functions of the propagation distance z. (a) for different beam
waists w0 of the intermediate pulse with a given cone angle θ =
0.15◦, and (b) for different cone angles θ with w0 = 15 mm. The
length of a filament L is extracted by measuring the full width at half
maximum (FWHM) of the intensity curve.

of the intermediate pulse, which governs the conical energy
flux sustaining the filament. As the waist w0 increases, a
larger energy reservoir surrounds the central core. In parallel,
a smaller cone angle θ reduces the inward energy flow. The
nonlinear propagation can be maintained for a longer distance
due to the both effects. Note that in all simulation results, a
single, continuous, and quite homogeneous filament with the
associated plasma channel string is obtained. Periodic oscil-
lations of a small amplitude appear, due to the interference
between the conical and axial components of the beam and
the interference induced by the nonlinear phase modulation.

Quantitatively, the length of a filament L is defined by the
full width at half maximum (FWHM) of the peak intensity
profile along the z axis [see Fig. 2(a)]. Filament lengths cal-
culated from our simulation results are shown in Fig. 3 as a
function of w0 and θ . In our simulations, intensity clamping
becomes one of the relevant effects flattening the profiles of
the peak intensity along the z axis, as compared to the profile
obtained with a linear propagation of a Bessel-Gauss beam,
whose focal line scales as the Bessel zone zB = w0/ tan θ . A
fit of the simulation data results in a scaling law of the filament

FIG. 3. Filament length L as a function of (a) the cone angle θ ,
and (b) the beam waist (w0) of the intermediate state. The dashed
lines represent the fits by the function given in Eq. (8).

length L as a function of w0 and θ ,

L(w0, θ ) = 136
λ0.35

0 w0.65
0

(tan θ )0.75
∝ z0.75

B /ŵ0.1
0 . (8)

The dependence on the dimensionless beam waist ŵ0 ≡
w0/λ0 and θ indicates that the filament length is expected to
increase less fast than the Bessel range zB, when w0 increases
or θ decreases. The scaling law of Eq. (8) provides therefore
a practical way to precisely control the length of a filament,
together with its related properties by the characteristics of
the intermediate state.

B. Back propagation toward an initial state nearby the laser

To investigate the required initial pulse capable of project-
ing a Bessel-Gauss beam at a large distance, we propagate
the intermediate pulse backward toward the laser and de-
duce the characteristics of the initial pulse nearby the laser.
Since the intermediate pulse is chosen to have an intensity
below the ionization threshold while possibly carrying a sig-
nificant energy with a quite large beam waist, and a spatial
phase gradient for a divergent back propagation, reverse so-
lution is almost linear, except for a small contribution from
optical Kerr effect. Figure 4 shows the simulation results
of the amplitude and phase distributions of an initial pulse
obtained at a distance d of 20 m upstream of the interme-
diate state. During the reverse propagation, the intermediate
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FIG. 4. Results of the reverse propagation of the intermediate
pulse over a distance d of 20 m, with θ = 0.15◦, w0 = 10 mm. (a) In-
tensity distribution of the resulted initial pulse |E (r, t, z = −d )|2 as a
function of r and t . (b) Illustration of a torus pulse. (c) Intensity in the
pulse center |E (r, t = 0, z = −d )|2 and a fit with Eq. (11). (d) Radial
phase variation at the center of the pulse φ(r, t = 0) and its fit with
a linear function. (e) Major radius of the initial torus pulse wR as
a function of d tan θ for different w0. (f) Comparison of the actual
radial wavenumber kr of the torus pulse and the projection of the
central wavevector k0 sin θ .

Bessel-Gauss pulse evolves into a torus-like pulse that can
be considered as a Gaussian pulse with a ring beam profile
[Figs. 4(a) and 4(b)]. The major and minor radii wR, wr of
the ring depend on w0 and θ . There is almost no change in
the distribution of the electric field envelope along the time
axis. The pulse remains Gaussian and its duration is nearly
the same as that of the intermediate pulse of 50 fs. Dispersion
in air is too weak to induce a significant pulse distortion over
a distance of 20 m, the dispersive length in air for a 50 fs pulse
being 62 m. For a larger propagation distance, dispersion can
be compensated by prechirping the initial pulse. In this case,
we can use a parabolic function to express the chirped tem-
poral phase and a Gaussian function to express the amplitude
when reversely propagating the wavefront. Along the radial
axis, the electric field amplitude evolves into a ring beam
[Fig. 4(c)] with a linear phase shift within the width of the
ring, φ(r) = kr + φ0 as shown in Fig. 4(d).

The simulated values of wR as a function of w0 and θ are
shown in Fig. 4(e). In the figure, we can see that the data can
be well fitted by the relations derived by Gori et al. for the
diffraction of a Bessel-Gauss beam [56], proving its validity

FIG. 5. Schematic representation of reverse engineering of a
remote filament. Starting with a predefined intermediate state, the
wavefronts after the pulse shaper are calculated by backward prop-
agation. From the Gaussian pulse at the laser output, the required
phase and amplitude modulation can be realized by a phase plate and
axicon reflectors. The color plots show the evolution of the field from
a Gaussian to a torus pulse through the pulse shaper, the projection
of the torus pulse to a Gaussian beam passing through a remote
virtual axicon, and finally its propagation in the form of a nonlinear
Bessel-Gauss beam entering into the filamentation regime.

in the presence of a weak nonlinear effect,

wR ∼ d tan(θ ). (9)

At the same time, the simulations also show a good fit of the
values of wr by the diffraction of a Bessel-Gauss beam [56],

wr ∼ w0

√
1 + d2/ZR

2, (10)

where w0 is the beam waist at the intermediate state and ZR =
πw0

2/λ0 the Rayleigh length. In Fig. 4(f), the actual radial
wavevectors kr extracted from the simulations are compared
with the projection of the central wavevector k0 sin θ accord-
ing to the cone angle of the Bessel-Gauss beam. The result
shows a relative difference within 2%, which confirms a quite
good linear variation of the phase, similar to the intermediate
state.

C. Projection of a torus pulse into a remote filament

The above simulation results suggest an implementation of
the studied method to launch and control a filament at a remote
distance. As shown in Fig. 5, an output pulse from a CPA
laser with temporal and spatial Gaussian profiles, transmits
first through a phase plate ensuring a linear radial phase mod-
ulation over the wavefront of the pulse. It is then reflected on
an axicon mirror resulting in a pulse with a ring-formed beam
profile. The latter propagates toward a ring mirror and is re-
flected onto the forward direction with a required convergence
angle. At the same time, the reflectivity of the ring mirror is
modulated in the radial direction so that when the ring-formed
beam is reflected away from it, its intensity profile in the radial
direction within the width of the ring is modulated accord-
ing to the required profile. The ensemble of the phase plate,
the axicon mirror and the ring mirror constitutes therefore a
pulse shaper, which can transform a Gaussian pulse from a
CPA laser into a torus pulse required for the projection of an
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intermediate state of a Bessel-Gauss pulse and the subsequent
formation of a filament.

For an easy implementation of the above conceptual ar-
rangement, we neglect the small scale radial modulation of the
intensity within the width of the ring beam profile as shown
in Figs. 4(a) and 4(c). And the radial intensity distribution is
approximated by a Gaussian profile centered at a major radius

of wR and having a e−1 half width of wr . Later simulations
will show the pertinence of such approximation with the fact
that a similar filament can be formed when an actual radial
intensity profile is replaced the above described Gaussian one.
The initial pulse obtained by reverse engineering as shown in
Figs. 4(a) and 4(c) is therefore approximated by an analytical
expression,

Eeng(r, t ) = A exp

(
− (r − wR)2

w2
r

− (1 + iC)
t2

t2
0

− ikrr

)[
1 + erf

(
p

(r − wR)

λ0
√

ŵr

)]
, (11)

where A is the amplitude determined by the pulse energy,
erf(x) represents the error function, p is a fitting parameter,
which can be approximated by p ∼= 0.028 and ŵr ≡ wr/λ0.
The chirp coefficient C is parametrized so as to compensate
for dispersion during the projection stage to the intermediate
state, i.e., C = −d/Zd where Zd = t2

p/2k′′ denotes the dis-
persion length. The initial pulse duration can be modified

accordingly to t0 = tp

√
1 + d2/Z2

d . For tp = 50 fs and k′′ =
0.2 fs2/cm, we find Zd = 62.5 m, and for d = 20 m, we
obtain C = 0.32 and t0 = 1.05tp. Such ideal torus pulse con-
sidered as the initial state of a complete forward propagation
is therefore characterized by three parameters of wR, wr , and
d , together with the characteristics of the pulse delivered by
the CPA laser (pulse energy, pulse duration, and wavelength).
Note that kr = k0 sin θ , and θ can be further expressed as a
function of wR and d . Intensity distribution of an ideal torus
pulse is shown in Fig. 6 for projecting at d = 20 m, an
intermediate state with θ = 0.15◦ and w0 = 10 mm.

Starting the simulation from the torus pulse of Eq. (11)
and propagating forward, the results confirm that the pulse
is focused at the predefined projection distance d and fur-
ther evolves into a filament with a length L(wR,wr, d ). It is
therefore interesting to deduce the expression of L(wR,wr, d )
using the above deduced scaling law of L(w0, θ ) in Eq. (8)
and those relating w0 and θ to wR, wr , and d . Furthermore,

FIG. 6. Intensity of an ideal torus pulse as the initial state for
projecting and a Bessel-Gauss beam intermediate state at a distance
d = 20 m, with θ = 0.15◦ and w0 = 10 mm, the corresponding
spatial and temporal phases are respectively linear and quadratic as
described in the previous section.

using the scaling laws of Eqs. (9) and (10) confirmed by the
results of the reverse simulation, we can relate the pair of
control parameters of the intermediate state w0 and θ to the
characteristics of the ideal torus pulse of the initial state and
the projection distance d ,

tan θ = wR

d
, (12)

w2
0 = w2

r

2

(
1 +

√
1 − 4d2

Z2
r

)
, (13)

where Zr = πw2
r /λ0 denotes the Rayleigh length constructed

from wr . Note that, Zr must be greater than twice the pro-
jection distance to avoid reaching the diffraction limit. The
scaling law for the filament length L as a function of the
projection distance d and the torus pulse radii wR and wr can
thus be deduced,

L(wR,wr, d ) ≈
51.6 λ0

[
Z2

r
w2

r

(
1 +

√
1 − 4d2

Z2
r

)]0.325

(wR/d )0.75 . (14)

An end-to-end forward propagation simulation is then
performed to calculate the filament length L for various com-
binations between wR and wr when d is fixed at 20 m. The
obtained results are shown in Fig. 7 together with the plots
of the scaling law of Eq. (14). A good agreement can be
observed. This scaling law can thus be used to determine the
parameters of the torus pulse of the initial state according to

FIG. 7. Filament length as a function of major radius wR of the
torus pulse [see Eq. (11)] after forward propagation over d = 20 m.
Dashed curves correspond to the fitting function given in Eq. (14) for
different values of the minor radius wr .
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FIG. 8. Torus major radius wR as a function of the filament length
L, for various minor radius wr and projection distances d up to
10 km. Each line corresponds to a fixed value of wr and d .

the starting distance d and the length L of the filament that
we want to generate. In practice, several pairs of (wR,wr ) can
be used to achieve the same filament project. For instance, the
minor radius of the torus wr can be chosen arbitrarily provided
that the condition Zr > 2d is fulfilled, then requiring the major
radius wR to satisfy

wR ≈ 192 d

(
λ0

L

)1.33
[

Z2
r

w2
r

(
1 +

√
1 − 4d2

Z2
r

)]0.43

, (15)

and the transverse wavenumber characterizing the radial spa-
tial phase modulation is determined by kr = k0wR/d . Figure 8
shows the dependence of wR upon the target filament length
L for several values of d and wr . The reduction of possible
values of wr as d increases is due to the threshold condition
of wr >

√
2dλ0/π . The case of wR < wr is also excluded. In

the figure, we also plot the filament lengths resulted from the
simulations for d = 20 m. We can see that longer filaments
can be produced at a same projection distance by keeping wR

fixed and by increasing wr (up to wr ≈ wR). In addition, we
can launch a filament of a given length to a larger distance by
increasing wR while keeping wr fixed.

Finally, our simulations show that the larger the projection
distance and the filament length are, the larger the values of
wR and wr are required. For instance, projecting a 10-m-long
filament to a distance of d = 100 m, requires a torus pulse
with wR = 8.1 cm and wr = 1 cm (corresponding to a θ =
0.045◦). If the projection distance is increased to d = 1 km,
wr must be increased above the threshold value of ≈2.26 cm.
Choosing wr = 6 cm, a 10-m-long filament can be generated
with a relatively large wR ≈ 3.9 m. Alternatively, with the
other parameters (wr = 6 cm, d = 1 km) kept unchanged,
filaments with longer lengths of L = 30 m or L = 100 m can
be generated with smaller wR of respectively 91 cm or 18 cm,
which remains still manageable with a tabletop laboratory
optical arrangement.

IV. DISCUSSION

In our results, the simultaneous control of the filament
length and projection distance relies on two key processes:

(i) the focusing stage of the torus pulse into the intermediate
Bessel-Gauss beam state is entirely achieved in a weakly
nonlinear regime where the peak intensity remains below
ionization threshold. (ii) The subsequent filamentation of
the powerful Bessel-Gauss intermediate state is governed by
the spontaneous generation of a propagation-invariant beam
during its nonlinear propagation, previously identified as a
nonlinear unbalanced Bessel beam [33–36]. As in previous
experiments on long range filamentation, optical components
of large size are required to reach long distances but the
benefits of projecting a nonlinear Bessel beam lies in the
simultaneous control of the filament length and projection
distance. We discuss the main physical effects in each propa-
gation stage.

During the first stage, the only nonlinear effect influenc-
ing the propagation is optical Kerr effect. Nonlinear losses
are negligible as the highest peak intensity appearing at the
projection distance for the intermediate state is chosen be-
low ionization threshold, while allowing for the power of the
beam to exceed the critical threshold for self-focusing. In this
stage, the propagations in the forward and backward direc-
tions are essentially governed by diffraction and dispersion,
making possible the semi-analytical derivation of the scaling
laws (14) and (15) for the filament length, reflecting diffrac-
tion optics, and dispersion compensation of a prechirped
pulse.

During the second propagation stage from the intermediate
state to the filament, the prevailing physical effects in the
formation of a homogeneous filament are diffraction, opti-
cal Kerr effect, and nonlinear losses. The intermediate state
is organized as a conical wave, i.e., a beam whose spatial
phase is set to drive an energy flux along the vertex of a
cone. The linear propagation of this state would result in the
formation of a Bessel beam profile in the focal Bessel zone,
which can be described as a superposition of two balanced
Hankel components, carrying along the cone vertex the same
amount of energy in and out of the focal region [35]. When
the intensity in the focal region exceeds ionization threshold,
nonlinear losses generate an unbalance in the Hankel compo-
nents as the energy conservation requires that the energy flux
in the focal region must be equal to the sum of the energy
losses in the hot core of the beam and the energy flux out
of the focal region. Moreover, this unbalance was shown to
characterize attractors of the dynamics of nonlinear Bessel
beam propagation in a Kerr media with nonlinear losses, in
the form of propagation-invariant solutions to the NLS equa-
tion called nonlinear unbalanced Bessel beams, which are
supported by the inward energy flux until the energy reservoir
is exhausted [35,36]. These solutions are stable in a large re-
gion of the parameter space and therefore propagate steadily,
giving rise to the resulted homogeneous filaments. An un-
steady propagation regime also exists, generally obtained for
smaller cone angles than those we have considered, that would
give rise to nonhomogeneous filaments. However, our results
were limited to homogeneous filaments.

The simultaneous control of the length and projection
distance of homogeneous filaments proposed in this paper
is therefore only limited by two requirements: (i) avoid a
strong self-focusing that would lead to ionization before the
target position of the intermediate Bessel-Gauss beam and (ii)
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avoid the unsteady regime for nonlinear unbalanced Bessel
beams [36–38].

V. CONCLUSIONS

In conclusion, we have implemented inverse design in
numerical simulation of the nonlinear propagation of a NIR
intense femtosecond laser pulse in air. Starting from an in-
termediate state in the form of a Gaussian pulse with a
Bessel-Gauss beam profile characterized by the waist w0 and
the cone angle θ , its propagation is simulated using the NLSE
in the both forward and backward directions. In the forward
direction, the intermediate pulse evolves into a filament with
the associated plasma channel. The length of the filament L is
found to be controlled by w0 and θ . The intermediate pulse
is then reversely propagated, showing the evolution of the
beam profile into a torus structure with a linearly increasing
radius as it approaches the CPA laser, which can deliver the
pulse, situated at a distance of d from the intermediate state.
The divergent backward propagation leads to a decrease of the
intensity, avoiding ionization of the air molecules crossed by
the pulse and potential divergences during reverse simulation.
The obtained torus-like beam profile can be characterized by
the major and minor radii wR, wr , as well as a linear radial
phase. The both parameters of wR and wr are shown to be

related to w0, θ , and d . An end-to-end forward propagation
simulation is thus performed from an ideal initial torus pulse
to the final filament, confirming the validity of the pulse
reverse engineering procedure. Scaling laws are extracted to
express w0 and θ as functions of wR, wr , and d , which in turn
allows deducing a scaling law relating the filament length L
to the projection distance d and the radii of the initial torus
pulse wR and wr . A conceptual optical beam shaper, with a
combination of a phase plate, an axicon reflector, and a ring
mirror, is proposed to transform a Gaussian pulse at the output
of a CPA laser into a torus pulse able to launch a Bessel
filament at a remote distance. The quasilinear propagation
of the initial torus pulse toward a virtual intermediate state
of a Bessel-Gauss beam profile offers a large scalability of
the projection distance d . An extrapolation of the numerical
results obtained in this paper thus allows launching filaments
of several tens of meters long at hundreds to thousands of
meters in air for a large number of applications.
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