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Abstract

Langlands defined L-packets for real reductive groups. In order to
refine the local Langlands correspondence, Adams-Barbasch-Vogan com-
bined L-packets over all real forms belonging to an inner class ([ABV]).
Using different methods, Kaletha also defines such combined L-packets
with a refinement to the local Langlands correspondence ([K1]). We prove
that the L-packets of Adams-Barbasch-Vogan and Kaletha are the same
and are parameterized identically.

1 Introduction

Let G be a connected reductive algebraic group defined over R. Langlands
defined a partition of the (infinitesimal equivalence classes of) irreducible ad-
missible representations of G(R) into L-packets ([L]). The L-packets II, are
parameterized by (conjugacy classes of) L-homomorphisms

¢ Wr — VGF (1)

from the Weil group W of I' = Gal(C/R) to the L-group VG' ([B1, Section 8]).

Langlands proposed a further parameterization of the representations in each
L-packet in terms of the centralizer ¥ Gy of ¢(Wr) in the dual group VG. Specifi-
cally, the representations in Iy were to correspond to characters of the (abelian)
component group VGy/(YGg)?. Shelstad completed this proposal for a wide
class of groups ([S]), but was obliged to introduce formal “ghost” representa-
tions in order to make the correspondence one-to-one.

Adams, Barbasch and Vogan proposed a different approach to achieve a
one-to-one correspondence ([ABV, Theorem 10.11]). Rather than defining a
packet for a single real form G(R), they defined a packet of representations over
several real forms appearing in the inner class of G(R). We continue to call
these compound packets “L-packets”, but denote them by

ABY = {wfBV 1+ € (YGy/(“Gy)*)"} 2)

In this preliminary version of the L-packet, each character 7 determines a real
form of G which is inner to a quasisplit form, and 72BV is (an infinitesimal

equivalence class of) a representation of the inner form. Unfortunately, not
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every real form of G appears in such an L-packet. (Only the pure real forms
appear (Section 2).) In order to include all of the real forms of G one must
introduce algebraic coverings

15 J V6 VG - 1.

in which we take J to be a finite abelian group. The more general L-packets,
which encompass all real forms in an inner class, take the form

HQEV = {waV 1T E (VGi/(VGi)O)A} .

Here, J is a (sufficiently large) finite subgroup of the centre Z(G), defined over R,
and is related to J through [ABV, Lemma 10.2]. The real forms parameterized
by the characters 7 are called strong real forms of type J.

In [V2] Vogan presented ideas towards defining compound L-packets for re-
ductive groups over p-adic fields as well. A basic problem in this endeavour is to
extend the notion of strong real form to groups over local fields. In characteris-
tic zero, this problem was solved by Kaletha, who described the analogue as a
rigid inner twist ([K1]). Kaletha combined his theory of rigid inner twists with
the work of Langlands and Shelstad on L-packets for real groups. In doing so,
he defined compound L-packets for tempered L-homomorphisms ([K1, Section
5.4]). Let us assume for the moment that ¢ is tempered, i.e. has bounded image
in VG. The compound L-packets of Kaletha, Langlands and Shelstad run over
representations of strong rez}l forms and are in one-to-one correspondence with
the characters of VG /(¥ G?)?. We denote these packets by

s = {718 17 e (VG /(a0 )
Our main theorem is

Theorem 1.1. Suppose ¢ is tempered. Then for all T € (VGi/(vGi)O)A

TABV _ KLS,

The equation in this theorem is to be interpreted as an equality of infinites-
imal equivalence classes of irreducible representations. It should also be noted
that 7 determines a strong real form using the approach of Adams-Barbasch-
Vogan, and determines another strong real form using the approach of Kaletha.
Kaletha’s approach relies heavily on Galois cohomology, and this is completely
absent in the approach of Adams-Barbasch-Vogan. It is implicit in the theorem
that the two strong real forms coincide.

An essential feature in the two approaches is the choice of a maximal torus
related to ¢. The choice of tori in the two approaches differs significantly when
the representations of the L-packet have singular infinitesimal character. In
this case we relate the two different tori through Cayley transforms. The rep-
resentations are defined through the two tori and we identify them through
Hecht-Schmid character identities ([SV, Section 5]).



There are two corollaries to Theorem 1.1 to which we wish to allude. The
first pertains to the assumption of ¢ being tempered. The only reason for
this assumption is the absence of the definition of the compound L-packets in
[K1, Section 5.6] for general ¢. The extension of this definition to arbitrary ¢
may be completed by imitating Langlands’ definition of arbitrary L-packets from
tempered ones ([B1, Section 11.3]). One starts with the compound essentially
tempered L-packet of a Levi subgroup. The general L-packet is then obtained by
taking Langlands quotients of representations induced from the Levi subgroup.
Although Adams-Barbasch-Vogan do not define their L-packets using intermedi-
ate Levi subgroups, their definition is also consistent with this approach. In this
way, the extension of Theorem 1.1 to arbitrary ¢ is an unremarkable exercise.

The second corollary pertains to the theory of endoscopy. Both Kaletha and
Adams-Barbasch-Vogan define a notion of endoscopic datum for ¥G” which ex-
tends the usual one for VG ([K1, Section 5.3], [ABV, Definition 26.15]), [LS]).
In the absence of the technicality of z-extensions ([LS, Section 4.4]), both def-

initions are easily seen to coincide, and to boil down to an element s € VG’
and a connected reductive group H. Let us restrict to this setting and further
assume that ¢ is a tempered L-parameter for H. In this setting ¢ yields a
compound L-packet for H and also for GG. Suffice it to say that both Kaletha
and Adams-Barbasch-Vogan prove character identities between the resulting
L-packets ([K1, (5.11), Proposition 5.10], [ABV, Proposition 26.7, Definition
26.18]). The chief coefficients in both character identities are of the from 7(s),
where 7 is given in Theorem 1.1. From the equivalence of the representations
attached to 7 it becomes apparent that both endoscopic character identities are
the same. This fact implies that the endoscopic lifting of tempered L-packets
in the two perspectives is the same as well. (See [ABV, p. 289], where this is
left as a “straightforward exercise”.)

We anticipate that Theorem 1.1 will be valuable in similar endoscopic iden-
tities for compound Arthur packets of classical and unitary groups ([A, Chapter
9], [M], [KMSW], [MR], [ABV, Theorem 26.25], [AAM]).

This work is organized as follows. In Section 2 we review the equivalent
definitions of strong real forms and rigid inner twists over the real numbers. We
recall how representations are attached to these objects, and how pairings are
attached to these objects. The relationships between the attached representa-
tions and pairings are discussed. Section 3 introduces the L-packets of [ABV]
without any assumptions on ¢. Section 4 introduces the L-packets of [K1] for
tempered ¢. The comparison of the two kinds of L-packets requires a compar-
ison of certain component groups and the pairings between them and strong
real forms. This is done in Sections 5.1-5.2 and is the core of the paper. The
main point is that the component groups differ by Cayley transforms and that
representations in the packets are seen to be equivalent through Hecht-Schmid
character identities. This is briefly explained in Section 5.3.



2 Strong real forms and rigid inner twists

We first recall the notion of strong real form in [ABV]. We then review how
Kaletha’s notion of rigid inner twists, which are valid for groups over local
fields, are equivalent to strong real forms when the local field is R ([K1, Section
5.2]).

We mention in passing that there is yet another equivalent notion to strong
real forms, namely that of strong involutions ([AdC, Definition 5.5], [AT, Re-
mark 8.13]). Although we do not pursue strong involutions here, they are often,
for good reasons, preferred over strong real forms. One could reformulate our
results purely in terms of strong involutions.

Let G be a connected reductive complex algebraic group. Let G' be a
group containing G as an index two subgroup, with the additional condition
that every element in G' — G acts by conjugation on G as an antiholomorphic
automorphism. More precisely, given any § € G — G and an algebraic function
f € C[G], the function

g = f(Int(d)(g)), g€C

is also in C[G]. The group G is a weak extended group containing G ([ABV,
Definition 2.13]). A strong real form of G* is an element § € GI' — G such that
52 € G belongs to the centre Z(G) and has finite order. The strong real form §
determines a real form Int(d) and a corresponding group of real points

GR,d0) ={g € G:Int(d)(9) = g}

Two strong real forms of GT are equivalent if they are conjugate under G.
These definitions are enriched by the addition of a G-conjugacy class W of
a triple
(6117 N7 X) (3)

in which §, is a strong real form of G'', N C G is a maximal unipotent subgroup
normalized by d4, and x is a unitary character of N(R,d,) which is non-trivial
on each simple restricted root subgroup. We fix such a W. The pair (G'', W) is
called an extended group for G ([ABV, Definition 1.12]). In essence, W specifies
a Whittaker datum for the quasisplit real form G(R, d,).

The extended groups for G are classified in [ABV, Proposition 3.6]. There it
is shown that two extended groups (GT', W) and ((G')’, W) for G are equivalent
only if 62 = (8;)* for any choices (04, N,x) € W and (8,,N,x) € W'. This
allows for inequivalent extended groups when the centre of GG is non-trivial.
Nevertheless, as noted on [ABV, p. 46], there appears to be no reason to
prefer one extended group over another. Thus, from now on, we assume that
67 =1 € Z(G). We fix (d4, N, x) € W so that as an internal semidirect product

G =G x (5,). (4)

This also fixes the unique Borel subgroup B D N. Let Z(G)'"" be the torsion
subgroup of Z(G), i.e. the elements of finite order. Let J be a subgroup of



Z(G)tr. A strong real form § € G' — G is of type J if 62 € J (J[ABV, Definition
10.10]). We say that it is a pure real form if it is of type {1}, i.e. 6% = 1.
Obviously, d, is a pure real form.

Kaletha defines analogues of strong real forms uniformly for groups over any
local field of characteristic zero ([K1, Section 5.1]). These analogues are called
rigid inner twists. We summarize and paraphrase his construction of rigid inner
twists over the real local field. A rigid inner twist of (G, d,) is a pair (¢, z). The
first element ¥ : G — G’ is a C-isomorphism of algebraic groups in which the
group G has the quasisplit R-structure defined by Int(d,). The group G’ is taken
to have an R-structure defined by o’ such that ¢! oo’ 0y oInt(d,) = Int(gy) for
some g € G. The second element defining the rigid inner twist is a 1-cocycle
z € ZY(W,G). Here, W is an extension of I' = Gal(C/R)

lsu—->W-—->1I-—>1

in which u is a pro-algebraic group ([K1, Sections 3.1-3.2]). The 1-cocycle is
defined to satisfy two conditions. The first is that the restriction z|, is an
algebraic homomorphism into a finite subgroup J of Z(G), defined over R. The
second is that Int(z(c)) = Int(gy), that is

Yoo’ orpolnt(s,) = Int(z(a)), (5)

where ¢ is a canonical element in W which maps to the non-trivial element in
I'. In this case, the rigid inner twist (1, z) is said to be realized by J. Observe
that the finiteness condition on the subgroup J C Z(G) is stronger than the
condition on J for strong real forms stated above. A rigid inner twist is pure if
it is realized by {1}.

Let (¢,z) and (¢1,21) be rigid inner twists of (G,d,) with ¢ : G — G
and 11 : G — GY. An isomorphism between them is a pair (f,g) in which
f:G"— G} is an R-isomorphism and g € G. This pair is required to satisfy:

1. 1 oInt(g) = for

2. z1(w) = gz(w)w- (¢g71) for all w € W (W acts on G through I alone.)
The first property in the definition is equivalent to the commutativity of the
diagram

G—Lec
Int(g) !
G——G]
P1
Let us make the R-structures of the groups in this diagram more explicit by
writing
(G, Tnt(84))——(G", o)
Int(g) lf
(G t(5,)) = (G4 o)

1



Here, the I'-action of the group in each pair is given by the automorphism in
the second entry, and foo’ o f~! = o].

Lemma 2.1. Letid : G — G be the identity map and o € W be the canonical
element mapping to the non-trivial element in T (5). Suppose (¥, z) is a rigid in-
ner twist of (G, d,). Then (=1, 1) is an isomorphism between (1, z) and (id, z),
where the R-structure of G in the codomain of id is defined by Int(z(o)dy).

Proof. The second property in the definition of isomorphism of rigid inner twists
is trivially satisfied. We must therefore show the first property of the definition
for f =4, i.e. show that

(G, Int(6,) —2—=(G", ")

Int(1) P!
(G, Int(éq))—id>(G, Int(z(0)dy))

is a commutative diagram. The commutativity follows from (5). O

Suppose (1, z) is a rigid inner twist of (G, d4). According to [K1, Theorem
5.2] the map

(1, 2) = 2(0)d, (6)

takes values in the set of strong real forms of GT. In addition, the map passes to
a bijection from isomorphism classes of rigid inner twists to equivalence classes
of strong real forms. It carries rigid inner twists realized by J C Z(G) to strong
real forms of type J. In particular, it carries pure rigid inner twists to pure real
forms.

2.1 Representations

A representation of a strong real form of GT is a pair (7, d) in which § is a strong
real form of G and 7 is an admissible representation of G(R,d). Two such
representations (m,d) and (m1,01) are equivalent if there exists g € G such that
d1 = g6g~ ! and 7 is infinitesimally equivalent to woInt(g~') ([ABV, Definition
2.13]).

In the same vein, a representation of a rigid inner twist of (G,04) is a triple
(¥, z,7) in which ¢ : G — G’ is the C-isomorphism of a rigid inner twist
(¢, 2) and 7 is an admissible representation of G'(R). Suppose (11,21, 71) is
another representation of a rigid inner twist of (G, d,) with 1 : G — G}. An
isomorphism between (1, z,m) and (11, 21,71 ) is an isomorphism (f, g) between
(1, z) and (v, z1) such that 7 is infinitesimally equivalent to 7o f~1.

Lemma 2.1 implies that any representation (v, z, 7) of a rigid inner twist of
(G, d4) is isomorphic to (id, z, 7 o ¢). Furthermore, the map (6) makes it clear
that (z(0)dy, m o)) is a representation of a strong real from of G''. This defines
a map

(¥, 2,m) = (2(0)dg, mo ) (7)



from representations of rigid inner twists of (G, d4) to representations of strong
real forms of GT.

Proposition 2.2. The map (7) passes to a bijection of isomorphism classes of
representations of rigid inner twists of (G, dq) to equivalence classes of repre-
sentations of strong real forms of G'.

Proof. Suppose (f,g) is a isomorphism between (¢, z,7) and (1, z1,71). We
must prove that (z(o)dq, w0 ) is equivalent to (z1(0)dg, w1 0 ¢1). By definition

mo =m0 forh=m oty olnt(g)

and so

(21(0)84, ™1 0 Y1) = (21(0)dg, w0t o Int(g "))
~ (g7 21(0)dqg, ™o )
= (9_121(0) Int(5q)(g) dg, o).

The action of 0 € W on G is by Int(d,). The second property in the definition
of the isomorphism (f, g) therefore implies

(97" 21(0) Int(8,)(9)8g, 7 0 ¥) = (2(0)0g, 7 0 ),

completing the proof of the equivalence. This proves that (7) passes to a map
from isomorphism classes to equivalence classes.

For surjectivity, suppose (0, 7) is a representation of a strong real form of
GT. Using the surjectivity of (6) and Lemma 2.1 we may take § = z(0)d, for a
rigid inner twist (id, z) in which the codomain of id has R-structure defined by
Int(z(0)d,). This ensures that (id, z, 7) is a representation of a rigid inner twist
of (G, d,). It is obvious that (id, z,7) maps to (4, 7) under (7).

For injectivity, we may assume without loss of generality that (id, z, 7) and
(id, z1,m) map to (J,m) and (d1,71) respectively. If there exists g € G such
that

(01,m) = (969", woInt(g~"))

then it is straightforward to show that (id, g) is an isomorphism between (id, z, 7)
and (id, z1,m). O

2.2 Pairings for real algebraic tori

Pairings between equivalence classes of strong real forms of tori and certain
component groups appear in both [ABV] and [K1]. We describe the pairings
first in the context of [ABV] and then show that the pairings of [K1] agree with
them when working over the real numbers.

Let T be a complex algebraic torus defined over R, i.e. with a I'-action. We
define the extended group

T =T x(q), W= {44},



where 67 = 1 and §, acts on T by the non-trivial element o € T'. Set T(R) =

T(R,d,). The strong real forms of T' are the elements of the form td, € T" for
which
(£,)% = t3,(1) 02 = t3,(t)

is of finite order. Clearly, Int(¢d,) = Int(d4) and so
T(R,td,) = T(R)

for any strong real form of 7.

Let VTT = VT x (V§,) be the L-group of T. Just as for the extended group,
conjugation by any element VT' — VT defines the same automorphism Y6 =
Int(Vd4) of VT'. The transpose Y07 of V6 defines an automorphism of X*(VT') =
X.«(T). The Lie algebra of T' may be identified with (X, (T)®C)/X,(T) via the
map exp(27i-). Under this identification, the differential of the action of o € T’
is equal to VAT ([ABV, Lemma 9.9 (d)]).

According to [ABV, Lemma 9.9, Proposition 9.10], the map

AL exp(mid) (1—0)T, A € (X(T)@Q)"7/(1—0)Xu(T)  (8)

defines an isomorphism onto the group
{t € T : t64(t) is of finite order}/(1 — o)T.
In consequence, the map
A1 exp(midg) 6g, M € (Xu(T) @ Q)77/(1 — 0)X.(T) (9)
pz;sses to a bijection onto the set of equivalence classes of strong real forms of
' 'The restriction of (8) to X.(T)~7 produces an isomorphism from
X(T) /(1 = o) X.(T)
onto
{teT: t5,(t) =1}/ — )T ={t €T :to(t) =1}/(1 —o)T = HY(T',T)

which is the set of equivalence classes of pure real forms of TT. Tate-Nakayama
duality identifies the latter group with the characters of the component group

\/Tv(-)/(\/TVH)O
([K4, (3.3.1)]). In summary,

Equivalence classes of pure real forms 2 X, (T)77/(1 — o) X.(T) (10)
=~ Hom (VTV"/(VTV")O,(CX) .



If one identifies the equivalence classes of pure real forms with the groups on
the right, then one may equally well say that there is a perfect pairing between
VT8 /(YT 9)% and the set of equivalence classes of pure real forms.

We would like a similar pairing for equivalence classes of strong real forms.
Towards this end, we already have isomorphism (9). For the second isomorphism
we need to introduce the algebraic universal covering ¥ T®€ of VT, which is the
projective limit of all finite coverings of ¥YT'. The algebraic universal covering is
part of a short exact sequence

1= m(T)Me - Vrle 5 VT 1 (11)
in which 7;(YT)2 is a profinite group ([ABV, (5.10)]). According to [ABV,
Proposition 9.8 (¢)]

Equivalence classes of strong real forms 2 (X,.(T) @ Q)"7/(1 — o) X.(T)
(12)

~ Hom ((VTVH)alg/((VTVH)alg)O, (Cx) '

Here, the group (VT '?)?# is the preimage of YT ¢ € VT in (11). The isomor-
phisms of (12) amount to a perfect pairing between (V7' ¢)218 /(YT ¢)218)0 and
the set of equivalence classes of strong real forms.

Our next task is to determine the correct pairing for equivalence classes
of strong real forms of type J C T**. In order to compare with rigid inner
twists, we restrict to the case that J is finite and defined over R. Under this
assumption, equivalence classes of strong real forms of type J are a subset of
(12) which is related to an isogeny of T'. Set T = T/.J. As J is defined over R,
it is stable under d,, and so we may define TT = T x (§,). It is an algebraic
torus which is related to T' through the isogeny

v:T —=T/J.
The dual isogeny
VT =T
yields an algebraic cover
1 —keri— VT — VT — 1.
As ker is finite, there is a surjective map
m (YT)8 — keri.

This surjection induces the commutative diagram

1 > 1M (\/T)alg \/Talg VT 1
1 ker i vT vrT 1

with surjective columns and exact rows ([ABV, 10.10]).



Lemma 2.3. The kernel of i is isomorphic to J = Hom(.J,C*).

Proof. The dual of the short exact sequence
1=J=T5T—1
yields the short exact sequence
1= X*(T) S X*(T) = J— 1
(B2, Section 8.12]). This implies in turn that .J = X*(T)/.*X*(T) and
J = Hom (X*(T)/L*X*(T), (CX) . (13)
Identical reasoning applied to the dual isogeny implies that
ker i = Hom (X.(T)/i*X.(T), C*),

where

& X (T) — X.(T) (14)

is the transpose of ¢*. The perfect Z-pairing between X, (T') and X*(T) allows
us to rewrite this isomorphism as

ker i = Hom (Hom(X*(T), Z)/i*Hom(X*(T), Z), C*) .
Looking back to (13) and applying duality, we are reduced to proving
X*(T)/*X*(T) = Hom (Hom(X*(T), Z)/i*Hom(X*(T),Z), C*).  (15)

This is a statement about a quotient of X*(T') = Z™ by a full-rank sublattice.
By choosing Z-bases for X*(T') and X*(T), we identify both groups with Z"
and ¢* as an endomorphism of Z". It is an elementary exercise to show that
Z = Hom(Z,Z), that ¢* has the same invariant factors, mq,...,m,, as the
transpose of ¢*, and that the invariant factors do not depend on the choice of
bases. Consequently, isomorphism (15) is equivalent to

©_1Z/m;Z = Hom(®}_, Z/m;Z, C*),
which follows from the well-known isomorphism
Z/m;Z = Hom(Z/m;Z, C*).
O

This lemma allows us to denote V7T of [K1, Section 5.3] by Y7/. In this way

1 ——m (YT)%e VTals VT 1
1 J v VT 1

10



which conforms with the notation of [ABV, (5.13)].

We shall see in a moment how the set of equivalence classes of strong real
forms of T of type J is associated to X,(T). The precise statement depends
on the injection (14), which is the bridge between the two relevant groups. It
is possible to identify X, (7T") with its image under (14) and this is done in [K1,
Section 4.1]. Alternatively, one may extend i* to a vector space isomorphism

i X (T)2Q - X.(T)®Q,

and identify X, (T") with its preimage under i, in X,(T') ® Q. We then set

XD (XD ) (LT
Tom - @ (o) © Toara 09

We use this identification below.

Lemma 2.4. The map (9) sends X..(T) /(1 — 0)X.(T) bijectively onto the
set of equivalence classes of strong real forms of T of type J.

Proof. Suppose 18, is a strong real form of TT where ¢ = tJ for some t € T.
Then td,(t) is of finite order. This in turn implies (td,4(¢))™ € J for some
m > 1, t3,(t) has finite order, and td, is a strong real form of T'. Combining
these observations with (9), we obtain the commutative diagram

(fi’;(f));’?f’{){)d equivalence classes strong real forms 77

zgi /J

(X (M) ~7
(I—0) X (T)

equivalence classes strong real forms T

Arguing as above one sees that the strong real forms of TT of type J map onto
the pure real forms of TT upon taking the quotient by J. Therefore the previous
diagram and (16) imply

(1{’; ()TX)?[) equivalence classes strong real forms type J
zai /J
(1{’;():’;)7(;) equivalence classes pure real forms 77

The top horizontal arrow of the latter diagram is the assertion of the lemma. [
We now have a refinement of (12)

Equivalence classes of strong real forms of type J

~ X, (T)"°/(1 - 0)X.(T) (17)
~ Hom ((vTve)j/((VTVG)j)O, Cx)

11



in which the bottom isomorphism is given by [ABV, Theorem 10.11] after writing
VT as VT7. This is equivalent to a perfect pairing between (VT %) /(YT 9)7)0
and the equivalence classes of real forms of type J.

An application of [K1, Corollary 5.4] to T produces a perfect pairing re-
sembling the one we have just established. There are two apparent differences
between the pairings. The first difference is the use of the torsion subgroup
of X.(T)/(1 — 0)X.(T) in place of X.(T)~7/(1 — 0)X.(T) above. [KI, Fact
4.1] states that the two groups are actually equal, and this may be proven by
decomposing a torsion element into +1 and —1 eigenvectors with respect to o
in X,(T) ®C.

The other apparent difference in the pairings is the isomorphism between
X.(T)79/(1 — 0)X.(T) and the equivalence classes of strong real forms of type
J. The isomorphism is given in [K1, Theorem 4.8] and is rather intricate over p-
adic fields. Fortunately, over the real numbers the setup simplifies considerably
([K1, Theorem 5.2]), and one may prove that the isomorphism is equal to (8).
Without delving too far into the details, the proof runs as follows. In [KI,
Section 4.6] the element \; € X.(T)~% (cf. (9)) is assigned to the the strong
real form ¢4, in which

t= (lkck Uc/r k!)\l) (o). (18)

In this equation, o € T is non-trivial, k¥ > 0 is any integer divisible by |J|, lj is
the (usual) k!-th root function on C*, ¢, € Z2(I',CX) is the 2-cocycle defining
Wr, and Ug/g is a cup product defined in [K1, Section 4.3]. The formula for
the computation of (18) appears at the end of [K1, Section 4.3] and one may
compute that it is

kA (exp(mi/k!)) = A1 (exp(7i)).

Since we are regarding X, (7T') as a submodule of X, (T) ® Q, this element is re-
garded as an element in 7. It is an elementary exercise to prove that A; (exp(7i))
coincides with exp(7tiA;) under the identification we have made for the Lie alge-
bra of T. In consequence, the map A; — A1 (exp(7i)) induces the same map as
(8), and the first isomorphism of (17) coincides with Kaletha’s. The second iso-
morphism of (17) also coincides with Kaletha’s ([K1, Proposition 5.3]), so that
the perfect pairings between (YT')7 /((YT"?)7)0 and the equivalence classes of
real forms of type J in (17) and in [K1, Corollary 5.4] are the same.

3 L-packets in Adams-Barbasch-Vogan

In this section we review the definition of L-packets as given in [ABV]. In this
framework the representations in an L-packet are representations of strong real
forms, and usually run over different real forms of a given group. One may
calibrate the size of an L-packet by specifying a subgroup J C Z(G)%*" and
considering only strong real forms of type J. We first complete the description
of L-packets over all strong real forms, i.e. where J = Z(G)'*". Towards the
end of the section we shall discuss how the construction is affected in taking J
to be a smaller subgroup.
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An L-packet is determined by a (¥ G-conjugacy class of an) L-homomorphism
as in (1). The (equivalence classes of) irreducible representations which appear
in the L-packet H;“;BV are parameterized by characters of an abelian group. For

this we need the algebraic universal covering VG of V@,
1-mVa)Me - VGEils 5 Va =1 (19)

in which 7t; (VG)# is a profinite group. Let VG, be the isotropy subgroup of
V@ acting on ¢ under conjugation, i.e. the centralizer of ¢(Wg) in VG. Let
szlg be the preimage of YGy under (19), and let

szlg/(szlg)o

be the component group of VGZlg . The component group is abelian ([ABV, p.
61]). Let (VGZIg/(VGZ:g)O)A be its group of characters. The elements of I35V

are parameterized by the elements 7 € (VGzlg/(VG;lg)o)A and most of this
section is devoted to the description of this parameterization.

For convenience, we fix Borel subgroups, B C G and B C V@G, and maximal
tori T C B and T C B. We may and do choose these subgroups to be stable
under the T'-actions of G and VG respectively. Write Wg = C* U jC*. We
may assume that ¢ : Wg — VGT is an L-homomorphism such that

P(z) = 2 AN e T 5 e CX (20)

for some A € X, (T) ® C. We identify the Lie algebra of T with (X.(7T) ®
C)/X.(T) via the map exp(27i ). Set y = exp(7i))¢(j).

The pair (), y) attached to ¢ allows us to choose another maximal torus
4T C V@ in the following manner. First, define the Levi subgroup

AL =1L\ y-\) ={ge€ VG :Int(g)ol =\, Int(g)Int(y)o = Int(y)oA} C VG.
(21)
Evidently, 7 is a maximal subtorus of ?L. Since y? = exp(2mi)\) ([ABV, Propo-
sition 5.6]), it follows that 32 is central in ¢L. Therefore, in setting V6 = Int(y)
and restricting it to ?L, we obtain an involutive automorphism of ?L. By
[ABV, Lemma 12.10] there exists a maximal torus ‘7 C ¢L with the prop-
erty that (%)~"? is a maximal semisimple abelian subalgebra of (%)~ . The
torus %7 is unique up to conjugation by the identity component of the subgroup
K = (dL)ve. One may interpret such a maximal torus as a maximally split
torus of ?L.
As ?L is a Levi subgroup of VG, the torus 4T is maximal in VG as well. Let
47T be the group generated by y and ?T. It is not difficult to see that ¢ takes
values in 47T ([ABV, (12.11)]). Define

bq: Wr — 9TT

to be the resulting L-homomorphism for T,

13



This describes the passage from ¢, a homomorphism associated to VG, to ¢g,
a homomorphism associated to ?T. We wish to accomplish the same thing for
T E (VGzlg/(VGzlg)O)’\. The analogue of the component group for 4T is defined
by setting (dTve)alg’vG to be the preimage of T ¢ in (19) and then considering
its component group

(dTVG)alg,VG/((dTVO)alg,vG)O- (22)
The inclusion of (7" ¢)2e: G into szlg induces a surjection
Vorale.V Vorale.V al al
(dT 0) lg, G/((dT 9) lg, G)O — VG¢g/(VG¢g)O

([ABV, (12.11)(e)]). The kernel of this surjection is generated by the cosets of
the elements , y
va(_U c (dT O)alg, G (23)

(JABV, (12.6)(c), (12.11)(f)]), where o € R(?L, T) satisfies a0V = —a (i.e. «
is V6-real). Note that the definition of L forces these roots to satisfy (A, a) = 0.
In consequence, we call these the real ¢-singular roots of R(YG, 9T) and denote
the set of them by Rg(?L,%T). At this point, we abandon the VG in superscript
and summarize by writing

(T 0)e /(T 70) )0 (Va(~1) s a € Re(“L,T)) = VG3E/(VGLE)P . (24)

This isomorphism induces an isomorphism of the character groups. We define 74
to be the image of 7 € (VGZIg/(VGZ:g)O)’\ under the isomorphism of character

groups. We shall often identify 74 with a character of (47" %)als/((4T"?)al2)0
which is trivial on the cosets of Ya(—1), @ € Rg(?L,9T). So far we have
described an assignment

(¢,7) = (P, Ta)- (25)

The pair on the right is a complete Langlands parameter of the Cartan subgroup
47T with respect to VGT ([ABV, Definition 12.4]).

Using [ABV, Proposition 13.10 (b)] we obtain a Cartan subgroup 70 C G
([ABV, Definition 12.1]) related to ?T. First off, T' is a weak extended group
of T', which is itself a maximal torus of G. The proposition also provides an
element 64 € TT such that dg = gd,g~! for some g € G (4). This implies that
(84,9 *Ng,x o Int(g)) € W and that G(R, ) is a quasisplit real form of G.
In addition, the proposition provides an isomorphism V7T 22 ¢T which identifies
ITT as an E-group of T ([ABV, Definition 4.6]). The classical Langlands corre-
spondence matches ¢q with an irreducible representation mq of T(R) = T'(R, d4).

According to (12), there is a map from (7 ?)28 /(4T "9)a18)0 to equivalence
classes of strong real forms of T'. According to [ABV, Proposition 13.12 (a)],
the image of (22) under this map actually lies in the equivalence classes of strong
real forms of GT'. The map is denoted by

Td 5(7'(1)
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in [ABV, Proposition 13.12], and is chosen to send the trivial character to the
equivalence class of d4, i.e. 3 = 6(1). We may progress from (25) by writing

(¢, 7) = (¢a,7a) = (7a,6(7a))- (26)

For the final step in this sequence of maps, observe that T'(R,d(7q)) = T(R).
Hence, w4 is a representation of

T(R,6(1q)) € G(R,d(7q)). (27)

This representation may be induced, cohomologically and parabolically, to a
standard representation M (m4,d(74)) of G(R,d(74)) ([ABV, Section 11, Theo-
rem 12.3, Proposition 13.2]). The standard representation has a unique Lang-
lands quotient, which is an irreducible representation 7, of G(R,d(74)). The
final step to be added to (26) is

(¢, 7) = (@a,Ta) = (Ta,6(7a)) ¥ (Try, 0(Ta))- (28)

The L-packet of ¢ is defined to consist of the distinct equivalence classes of
the representations of strong real forms (m,,d(74)), T € (szlg/(szlg)O)A.
Ignoring any indication of equivalences in our notation, we simply write

3% = { (. 0(7)) s 7 € (VGEE/(GE0

We now consider a torsion subgroup J C Z(G)'"" and the parameterization
of the smaller L-packet defined by

mABY = {(wm,s(m)) c7 e (VGUE/(VGIE), b(ra)? € J}.

There is a natural isomorphism between Z(G)*" and the group (71 (¥ G)8)" of
continuous characters of m;(¥G)8, the Pontryagin dual of m(VG)*& (J[ABV,
Lemma 10.9 (a)]). We may therefore identify .J with a subgroup of (7; (¥ G)*1&)"
and write

J e (m (VG)Me)N

Applying Pontryagin duality yields a surjection
st (VG)alg — j

([F, Theorem 4.31, Corollary 4.41]). We form a profinite covering

1-J-=VG" VG -1 (29)

([ABV, (10.10)]), and repeat the earlier constructions replacing “alg” in super-
script everywhere with J. In particular, the component group becomes

VGGl
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According to [ABV, Theorem 10.11]
35V = {(7rs0(r)) 1 7 € (VG /(Y60 ) (30)

In anticipation of the comparison with the L-packets of the next section, let
us rephrase inclusion (27) in the language of embeddings when the strong real
forms 6(74) are of type J, where J C Z(G) is a finite subgroup defined over R.
As in Lemma 2.1, the group G(R,d(74)) is the group of real points of a rigid
inner twist (id, z-,) for which z,,(c) = 6(74)d4. Inclusion (27) may be written
as an R-embedding

Ney : T = G

in which the R-structure of G is defined by §(74) (or equivalently z,,). It makes
sense to call n,, an embedding of T into a strong real form of (or rigid inner
twist of ) G of type J (cf. [K1, p. 594]).

Keeping Lemma 2.1 in mind, the discussion on [K1, pp. 593-594] reveals
that the map

6(7a) = Nz, (31)

passes to a bijection from the set of equivalence classes of strong real forms of
TT of type J to set of equivalence classes of embeddings of T into strong real
forms of G of type J. Here, the two embeddings 7,,, 1., are equivalent if there
exists ¢ € G such that Int(g) is defined over R and z,,(0) = g2, () d,(g7 ")
(cf. [K1, p. 591]).

We conclude by making some cosmetic changes to the correspondences of
(28). In our current context the correspondences may be written as

(6.7) = (G4, 7a) = (7ay115,) = (7(1r,), (7). (32)
In this notation the L-packet (30) becomes
35 = { (x(nr). 0(r)) 7 € "G/ G} (33)
Alternatively, we may highlight the torus 7" and write
\V 7 \ ] A
M5y = {wnm),&(m)) srae (T /T Ca(=1) s a € Ra(“L,T)))
(34)

Here, (dTv‘g)j is the preimage of 97 % under (29). The identification of the
character groups follows from (24) and [?ABV, Definition 10.10].

4 Tempered L-packets of Kaletha, Langlands and
Shelstad

The scope of this section is narrower than the previous section. We begin
with a tempered L-homomorphism ¢ : Wg — YGT rather than an arbitrary
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one. Moreover, we fix J C Z(G)"™" to be a finite subgroup defined over R.
Otherwise, we continue with the same setup as Section 3. Our goal is to review
the parameterization of the tempered L-packet Hfﬁ}s attached to ¢ and J as
given in [K1, Section 5.6]. The presentation in [K1, Section 5.6] itself contains
a review of the work of Shelstad in [S]. We shall only present the results of
Shelstad and Kaletha necessary for the comparison with Section 3 later on.

We begin with an L-homomorphism as in (20) whose image in bounded. Let
y = exp(miA)¢(j) as before, and define V6 = Int(y). Attached to ¢ is a root
subsystem

VA¢ C R(VG, T)

When YAy is non-empty, it is of Dynkin type A1 X - - - X A;. The automorphism
V0 fixes every root in YAy and negates any root vector X, in the root space
of & € YAy4. Thinking of V6 as a Cartan involution of VG, we say that every
root in YA, is imaginary and noncompact ([ABV, (12.5), (12.7)]). In addition,
all roots a € YAy satisfy (A\,Va) = 0, that is to say all roots are ¢-singular
([ABV, Definition 12.4)).

Shelstad determines a new maximal torus of ¥ G, essentially by taking Cayley
transforms of 7 with respect to the roots of YA, ([K3, Section VI.7]). More
precisely, for specific choices of root vectors X4, Shelstad defines elements

Co = €Xp (%(Xa + Xa)> , a€ VA, (35)

For each a € YAy the element w, = (c4)? is a representative of the simple

reflection of v in the Weyl group. By the properties of YAy listed above, these
elements are seen to commute with one another, Ad(c,) is seen to act trivially
on A, and Y6(co) = ¢;'. Choose a positive system YA and set

c= H Cay Ti=cTc b (36)
aGVAI

We call the various actions induced by conjugation with ¢ the Cayley transform
with respect to ¥ Ay. The roots in ¢ VA, C R(YG, Tq) are of the form ca = cqa
for o € VA4, and we compute

Vh(ca) = c; (VO a) = calca) 2 a = —co.

In other words, the Cayley transform converts the imaginary roots of YA, into
real roots ¢ YAy in R(YG,T1) ([ABV, (12.5)]).

The ¢-singularity of the roots in YA, ensures that ¢- A = X and so ¢(C*) C
T1. In addition,

$(j) - Ti="0(c-T)=c - VOT)=c" - T=cc?T=T.

This proves that ¢ takes values in the group 7! generated by 71 and ¢(j) (or
y). We define
¢1: Wr — T (37)
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to be the L-homomorphism given by changing the codomain of ¢ to 7T;". We
could define ¢; equally well by conjugating ¢ by ¢ as in [K1, Section 5.6], and
leaving 7" unchanged. However, for the purposes of comparison later on, we
prefer to record the changes effected by the Cayley transform in the maximal
tori instead.

The representations in the the L-packet of G are obtained from represen-
tations in the L-packet of an intermediate Levi subgroup M;. The dual group
VM of M is defined by the root system

R(VMy,T1) = {a € R(VG, T1) : V(a) = —a} (38)
={ca:Yaec RVG,T), ¢(j) - a=—-c*a}.

The group Y M is a Levi subgroup of VG which corresponds to a Levi subgroup
M; of G using the Borel pairs T C B and T; C cBe™! ([B1, Section 3]). Fur-
thermore, M; has a real structure defined by d,. Since M; is preserved by dq,
we may define

M} = M; x (§,) C G*.

We continue in making our way to a description of the intermediate L-packet
Hé\,{ e As ) is not necessarily M;-regular, we make a detour by shifting to a reg-
ular infinitesimal character, describing the shifted L-packet, and then recovering
Hi{lﬁ(] from the shifted L-packet. Let v € X.(71) be a strictly dominant element
with respect to ¢Be™t NV M; and let ¢, : Wg — T be the L-homomorphism
obtained from ¢; by replacing A with A + v. (¢f. (20)). Then ¢, is a discrete
L-parameter for M;. As in the previous section, [ABV, Proposition 13.10] pairs
T with a Cartan subgroup T{ C M{. Again, as in the previous section, this
inclusion into M{ yields an R-embedding

mw - T1 — M1 (39)

where the R-structure of 17 and M are given by é,. Moreover, this embedding
together with the L-homomorphism ¢, determines (the equivalence class of) a
representation w21 (1,) which is generic with respect to the Whittaker datum
W, inherited from W ([ABV, Lemma 14.11]). The representation 721 ()
is in the essential discrete series of Mj(R,d,), and the pair (721 (nw),d,) is a
representation of a strong real form of type J (in fact it is pure).

Recall from (31) that there is a bijection between the set of equivalence
classes of embeddings of T} into strong real forms of M; of type J and the set
of equivalence classes of strong real forms of T} of type J. Combining this
bijection with bijection (17), we recover the L-packet

= L@ ), 80m)) < 7 € (M) /(ML) o)
This is just the L-packet (33) for the group My and the discrete L-parameter ¢,,.

Nevertheless, some explanation of the terms is in order. The group (¥ M)g, is
the centralizer in VM of ¢, (W), and (Y M) is its preimage in the covering
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group YM{. (By Lemma 2.3, this covering is also the dual of M; = M;/J.)
There is an isomorphism between (7; ¢)7/((7; %)7)° and (VMg /(Y My)]))°
(cf. (24)). The character 7 of the former group is identified with 7 under this
isomorphism.

The L-packet Hé\,{ ' ; is defined from H(];{l ; by translating the representations
in Hj\{l ; to the infinitesimal character A using Jantzen-Zuckerman translation
([V1, Definition 4.5.7]). Each translate is either zero or an irreducible repre-
sentation of a strong real form of type J. By [K1, p. 619], the characters
of (YMy)} /((VMy);,)° which correspond to non-zero translates are precisely
those characters which are trivial on the cosets of Ya(—1), where a € ¢ VA (cf.
(23)). Consequently, the L-packet for the group M; and the merely tempered
L-parameter ¢; is

\V2 S V2 ] A
Mg, = {(le (1r,),8(r)) s 1€ (T /(1)) (Va(=1) s a € eV y)) }
(41)
The representations in this set may either be thought of as the translates of the
representations of (40), or equivalently as the standard tempered representations
defined by ¢; and the embeddings n,, ([ABV, Proposition 11.18 (a)]).
The final step in the description of Hf}s is the parabolic induction

.. 1G(R,(T
m(nr) = mdzw(1 (R,(zs(lf)l))) M () (42)

of each (equivalence class of a) representation occurring in (41). Shelstad proves
that the resulting representations are irreducible and tempered. Observe that
m(nr, ) is a standard representation, so the notation conforms with that of the
previous section. At last, we write the packet as

v 2 v 2 A
155 = {n(r). 0 s 7 € (77T a1 rae vag)) |
) ) (43)
There is an obvious map from (7; )7 /((7; )7)° into VG /(Yay)P. By K1,
Proposition 5.9], this map is surjective with kernel generated by (Ya(—1): «a €
¢V Ay). One may therefore also write

55 = {(x(nr,),8(m)) 7 € (VGG

where 7 and 7 correspond under the isomorphism of character groups.

5 The comparison of tempered L-packets
In this section we are working under the assumptions of Section 4. In particular,

the L-homomorphism ¢ as given in (20) is tempered, and the subgroup J C Z(G)
is finite and defined over R.
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5.1 A comparison of component groups

Consider the two groups
T /(T 7Y (Ya(~1) : @ € Re(UL,T)) (44)

and
(T /(T (Va(=1) e € eV Ay) (45)
appearing in (34) and (43) respectively. Each of these two groups is canoni-
cally isomorphic to VGg / (VGg )? and therefore there is a canonical isomorphism
between the two of them. The goal of this section is to describe the latter
isomorphism without reference to VGi / (VGQJ;)O.
Recall that 4T was chosen to be a maximal torus of ¢L (21).

Lemma 5.1. The mazimal torus Ty is a subgroup of *L.

Proof. Recall that 7 C 9L, 71 = ¢Te! (36), and (a,A) = 0 for all a €
YAy. The final property and the definition of the Cayley transform imply that
Int(c) o A = A\. We must also prove that Int(y)(c) also commutes with A. This
follows from Int(y)(c) = VO(c) = ¢ 1. O

We now see that both 4T and 7; are maximal tori in L. The torus T is
defined by the property that d¢="0 is 4 maximal semisimple abelian subalgebra
of U0, If T; satisfies the defining property of T then we may take 77 = T
and the canonical isomorphism between (44) and (45) reduces to the identity
map.

On the other hand, if 7; does not satisfy the defining property then R(?L, 77)
has an imaginary noncompact root 8 ([ABV, Lemma 12.10]), and the maximal
torus cg Ty cgl C %L has a larger (—V#)-fixed subalgebra. Proceeding recursively,
we arrive to a product ¢’ of Cayley transforms, and a maximal torus ¢/71(¢') " C
4], which satisfies the defining property of 7. Without loss of generality,

7 = dT(d) L (46)

The goal then is to describe the canonical isomorphism between (44) and (45)
under this hypothesis.

Maintaining the dual notation only serves to clutter the exposition here.
We shall therefore write the preliminary results in the context where G is a
connected complex reductive algebraic group, # is an involutive automorphism
of GG, and T is a f-stable maximal subtorus of G.

Lemma 5.2. Suppose 8 € R(G,T) is imaginary and noncompact with respect to
0. Let cg be the Cayley transform with respect to 5 (35), and set cg-T = q;TcEl.
Then

(a) ker(B) C TN (cg-T) and ker(Biro) C (TN (cg-T))°.
(b) ker(Byoy) = ((cs - T)°)° (Y (csB)(—1)).
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(c) The previous assertions induce a monomorphism
ker(By7e)/ ker(Bjroy) = (cs - T)°/ ((cg - T)")" (¥ (caB)(~1))-
(d) There is a natural isomorphism
T%/(T%)° — ker(Byro)/ ker(B|¢roy)

and so a monomorphism
T°/(T°)° = (cs-T)°/ ((cs - T)°)° (Y (cpB) (1))

Proof. Suppose t € T and $(t) = 1. Then Ad(¢) fixes both X3 and X_g, and
sot = Cﬁtclgl € T'N(cg-T). The first assertion follows. For (b), we note that

(T9)° = (1+6)T and 6(B8) = 3. As a result

ker(B|(poyo) = {t0(t) : t € T, B(t0(t)) = 1}
={th(t) : t € T, B(t)* =1}
={t0(t):teT, B(t)=1}U{t0(t) : t €T, B(t) = -1}
=1 +0)(ker8) U {t(t):t €T, B(t) = -1} (47)
We consider the group (1 + 6)(ker 8) first. Let us show that it is connected.
Let Y be in the Lie algebra t = (X.(T) ® C)/X.(T) and denote the root of

the Lie algebra corresponding to 8 by dB. Suppose exp(2miY’) € ker 8. This is
equivalent to dB(Y") € Z. We may decompose Y as

Y = %Y)Vﬁ—i—yj_ € %ZVﬁGBkerdB.

Clearly, exp(ker df) is connected, so the component group of ker 8 is generated
by elements of the form

exp (27‘[igvﬁ> = exp(mikVB) = (YB(-1))*, kecZ

The component group is thus generated by ¥ 3(—1). We recall that § is imagi-
nary so that §o V3 =V 3. This implies (1+60)(V3(—1)) = VB(—1)? =1, and we
deduce that (1 + 6)(ker 3) is connected.

As (1 + 0)(ker ) is connected, it is also a torus. The first assertion tells us
that it is a subtorus of the torus ((cs - T)?)°. The dimensions of the tori are
equal as may be seen from

dim(1 + 6)(ker 3) = dim ker(df|)
= (dimt’) — 1
= dim(cgt)”
= dim((cg - T)?)°
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([K3, (6.65b), Proposition 6.69]). Consequently, the first set in (47) is ((c5-T)%)°.
To compute the second set in (47), suppose ¢ € T and §(t) = —1. Observe
that V(i) € T and B(VA(i)) = i'f"A) = —1. Setting t; = tVA(i)"!, we see
that t =t V(i), where 3(t1) = 1. Moreover,
t0(t) = (t:10(t1)) (VB(i) 07 B(7)))-

We have already proven that (t10(t1)) € ((cs - T)?)°. For the second term of
the product, we compute (V3(i)8(¥3(i))) = YB(—1), and since (¥ 3(-1)) =
(—1)2 =1, we have

YB(=1) = 5 VB(=1)c5" = " (caB)(-1).

This proves (b). Assertion (c) follows immediately.
For the isomorphism of (d), consider

VB(B(®)'?), teT.
We compute
8 (VBB®W')) = BH)H A2 = 5(t).
In addition, as 3 is imaginary, V3(8(t)'/?) € T?. In fact,
VB(B(1)'/?) € VB(CX) C (T9)".

Suppose that ¢ € T? and set t; = ¢ VB(B(t)"*/?). Then t; € T? and B(t;) = 1.
It follows that ¢(7%)° = ¢;(T7?)° and in turn that

T°/(T%)° = (ker Bi7o)(T%)°/(T?)°
= ker Byro /((T°)° Nker Bigo)
= ker B0 / ker B)(poyo.
The final monomorphism is now a consequence of this isomorphism and part
(). O

We may apply Lemma 5.2 repeatedly. Suppose 81 € R(G,T) and By €
R(G, cp, - T) satisfy the hypotheses of Lemma 5.2 for the respective tori. Since
¢g, b1 € R(G,cp, -T) is real with respect to § and (3, is imaginary, the two roots
are orthogonal. Consequently,

B2 (V(ea, 1) (=1)) = (=)= (P = (1) =1,
and

Y(ep 1) (=1) = e, V(ep, Bi(=1)) 5, € cpcp, - T
Similar arguments imply that cg,cg, 81 = cg, 1 is a real root in R(G, c,cp, - T).
Applying Lemma 5.2 twice, we obtain monomorphisms

T°/(T%)% = (e, - T)°/ ((ea, - T)°)°(¥ (e 1) (=1))
— (052051 T)G/ ((052051 'T)9)0<V(Cﬁ1ﬂ1)(_1)a V(Cﬁzﬂ2)(_1)>'

Arguing inductively, we obtain the following corollary.
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Corollary 5.3. Suppose ¢’ - T is the mazimal torus obtained by iterated Cayley
transforms ¢ = cg,, ---cg, from T by imaginary noncompact roots B1,. .., Bm
with respect to 8. Then there is a natural monomorphism

TNT)° = (¢ -T)°/ (- T)°)" (“(cp,8;)(~1) : 1 < j < m).

Proposition 5.4. Suppose ¢’ in (46) is the iterated composition of Cayley trans-
forms of imaginary noncompact roots 1, ..., Bm. Then the following inclusion
diagram is commutative.

T ¢ e
RAGE @00 (g, B )~ AL Zm)
7’1v9 = apVo
(71 9)0 (Va(—1): accVAy) (dT\/e)0 (Ma(—1): a€Rg(4L,4T))
VGo/(VGy)"

Proof. The top horizontal arrow is an application of Corollary 5.3 to the alge-
braic group L containing the tori 7; and ¢T. The left vertical arrow is obvious.
The right vertical arrow is clear once one recalls that the roots cg, 3; are all real
with respect to V6. The bottom two arrows were addressed in Sections 3 and
4. The lower horizontal arrow is induced by the upper horizontal arrow since
the roots of ¢ YAy are real and are not altered by the imaginary Cayley trans-
forms. In this way the diagram is commutative. The lower horizontal arrow is
an isomorphism by virtue of the lower two isomorphisms. O

We would like a version of Proposition 5.4 which encompasses the covering
groups (29) for our finite central subgroup J. An application of Lemma 2.3
with 7' a maximal torus in G implies that VG = VG, where G = G/J. Let Ty
and T be the respective preimages of 7; and 4T under (29). These preimages
are maximal tori in VG. There is an obvious bijection between R(VG,71) and
R(VG, 7'1j ). These kinds of bijections allow one to lift the Cayley transforms on
maximal tori in VG to Cayley transforms in ¥G. In particular, (46) lifts to an
equation

T = 9T (48)

The following lemma is an extension of Lemma 5.2 to the setting of covers.

Lemma 5.5. Suppose
1=-J—=G -G—1

is a covering of G in which G’ is a connected reductive algebraic group with a
finite central subgroup J. For any subgroup H C G let H” denote its preimage
in G7. Suppose B € R(G,T) is imaginary and noncompact with respect to 6
and identify B with its corresponding root in R(G’,TT). Let cg be the Cayley
transform with respect to 8 (35), and set cg - T = CgTJclgl. Then
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(a) (ker(Bire))” € (TN (cs-T))°%).
(b) (T%)7 = (ker(Byro))” VB(CX)
(c) (ker(Bire))” N ((T%)7)° = (((es - T)*)7)° (V(csB)(~1)).
(d) The previous assertions induce a monomorphism
(ker(B7e))” / (ker(Byr0))'N((T?)7)* = (s T)°) / (((es-T)°)7)° (Y (csB)(—1)).
(e) There is a natural isomorphism

(T%)7/((T%)7)° = (ker(Bjre))” / (ker(Byre))” 0 ((T%)7)°

and so a monomorphism
(T*)7/(T*)7)° = ((cs - T)")/ (((e5 - T)*)7)° (Y (eaB)(~1))-

Proof. The first assertion follows from Lemma 5.2 (a). For (b) suppose ¢ €
(T?)7. Let t denote the image of ¢t in T. By definition, ¢ is fixed by 6. Set
t; = tVB(B(t)~1/?). Then t = t; YB(B(£)Y/?), and following the arguments
in the proof Lemma 5.2, we find t; € (ker(B70))’. This implies (T%)7 c
(ker(By7e))” VB(C*). The reverse inclusion follows from 3 being imaginary. By
substituting (b) into the left-hand side of (c), we obtain

(ker(Byre))” N ((T%)7)° = (kex(Bro))” N ((kex(Biza))”)” ¥ B(C).

The intersection of ¥ 3(C*) with (ker(87s))” is ¥V5(£1). Furthermore, as seen
in the proof of Lemma 5.2, V8(x1) = V(c38)(x1). Thus,

(ker(Bizo))” N ((T9)7)° = ((ker(Biro))”)” (Y (caB)(=1)).

Clearly, (ker(S3j70))” D (ker(Sj(rey0))” and the two groups have the same dimen-
J

sion. This implies that ((ker(S/70)) )0 = ((ker(BKTe)o))J)o. Therefore Lemma
5.2 (b) implies

((ker(Bra))) = (((es - )4 esB) 1)) = ((es-1)")".

This proves (c).
Part (d) is immediate from parts (a) and (c). Part (e) follows the proof of
Lemma 5.2 (d). O

The following proposition ensues from Lemma 5.4 just as Proposition 5.3
ensues from Lemma 5.2.
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Proposition 5.6. Suppose ¢’ in (48) is the iterated composition of imaginary

noncompact roots B1,...,Bm. Then the following inclusion diagram is commu-
tative.
(7—1V9)1i ¢ ] (dT\/Q)f
(r"97)° (4T 9)T)0(V (eg;8;)(—1):1<j<m)
(1)’ = A (') ____
(TV9)7)0 (Va(—1):a€c ¥ Ay) ((ATY9)7)0 (Va(-1): a€Ra((L)7,(4T)7))
(VGo)/((VGy)?)°

5.2 A comparison of strong real forms of type J

In Sections 3 and 4 the dual groups of (44) and (45) are placed in bijection with
sets of strong real forms of type J. This requires a pairing between each of the
two maximal tori ¢T" and 77. In Section 3 we denoted the torus paired with T
by T' C G, and in Section 4 we denoted the torus paired with 73 by 71 C G.
Equation (46) relates 9T to T; through Cayley transforms. We shall establish
a parallel relationship between the paired tori T" and T;. Once this is complete,
the diagram dual to Proposition 5.6 together with (17) produce a map between
strong real forms of T and T7.

We continue by reviewing the manner in which 7; (or any other maximal
torus of V@) is paired with a maximal torus 773 C G. This is presented in [ABV,
Section 13-14]. We use the constructions of Section 4. Starting with the Cartan
subgroup 7' C VGT (cf. (37)), one chooses a positive system R (YG,T1), for
the real roots with respect to ¥, making A € X,.(7) dominant. We arbitrarily
fix a positive system R;&(VG, T1) for the set of imaginary roots with respect to
V. The triple (T, R (YG, 1), Rt (VG, T1)) determines a unique based Cartan
subgroup for the L-group VG' ([ABV, Definition 13.7, Proposition 13.8]). There
is a pairing between this based Cartan subgroup and a based Cartan subgroup
of (GY,W) ([ABV, Proposition 13.10]). The latter is a quadruple

(Tlrv W(TIF)’ R:]IQ(Gv Tl)a R]?{; (Gv Tl)) (49)

in which T} is a Cartan subgroup of GT' ([ABV, Definition 12.1]), W(TY) is a
Ti-conjugacy class of an element in 71 — T, and the last two terms are positive
systems for the imaginary and real roots respectively, relative to any element in
W(TYT). This quadruple satisfies additional properties ([ABV, Definition 13.5]),
and is determined uniquely up to conjugacy by G. After possibly conjugating
by an element of G, we may assume that W(TT) is the Tj-conjugacy class of
the quasisplit strong real form &, so that T = T1 x (&) (4).
The pairing between 77 and T} is an isomorphism

C: YTy —Th (50)
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which transports the Galois action on 77 compatibly to the Galois action of 77,
carries the roots of T to the coroots of 77, carries imaginary roots R;&(G, Ty)
to the positive real coroots of 71, and carries the real roots Rﬂ{(G, T1) to the
positive imaginary coroots of 71 ([ABV, Definition 13.9]).

The pairing (50), together with the map (9), yields a bijection between the

Vv 7 Vv 7 A
strong real forms of T of type J and the group ((’Tl N (T, 9)‘])0) (¢f. (17)).

By regarding the dual of (45) as subgroup of ((ﬂv‘g)']/((ﬂv‘g)‘])o)A, we obtain
the strong real forms §(7) of type J appearing in L-packet (43). We wish to
compare these strong real forms §(7) with those appearing in the L-packet (34).

To facilitate this comparison, we wish to express the maximal torus 7', which
is paired with T, as an iterated Cayley transform of T;. The first step in
this direction is to construct a based Cartan subgroup from an iterated Cayley
transform of T parallel to (46). We shall achieve this one Cayley transform at
a time.

Suppose 3 € R;r(?L, T1) is an imaginary noncompact root. Then the pairing
¢ sends [ to a real coroot of T7. This coroot corresponds to a unique real root
in Rr(G,T1). To keep the notation from getting out of hand, we also denote
this real root by 3. The context should make it clear whether 3 € Rig(?L,T1)
or ﬂ S RR(G, Tl)

The root 8 € Rr(G,T1) is orthogonal to A and satisfies a parity condition
relative to the character of T1(R,d,) determined by (37) ([ABV, Proposition
13.12]). The parity condition is the one appearing in the Hecht-Schmid character
identity theorem ([ABV, pp. 129-130]).

Since f € Rr(G,T1) is real, one may apply a Cayley transform dg € G to
obtain a maximal torus dﬁTldgl C G which is more compact than 77 ([K3,
(6.67)]). Computations similar to those in Section 4 reveal that dgéngléq_l =
d[% is a representative for the simple reflection wg of 5 in the Weyl group, and

therefore that d, normalizes dBTldgl. Thus, we may define
(dsTrdy ") = dgTidg" x (3,). (51)

This is a Cartan subgroup of G ([ABV, Definition 12.1]). Let R (G, dﬁTldgl)
be any system of positive imaginary roots containing R;DFQ(G, T) and dgf. Let
R (G, dﬁTldgl) be any positive system of real roots. Changes in the choice
of positive roots do not affect the constructions below, up to equivalence (see
proof of [ABV, Proposition 13.13]).

The parity condition and the Hecht-Schmid character identity theorem are
pertinent to the irreducible standard representations m(n,,) (42) appearing in
the L-packet (43). The centralizer in G(R,d(m1)) of the split component of
(d,@TldEl)(R) yields a real Levi subgroup Mg 2 M; (38). The Hecht-Schmid
character identity ([SV, pp. 264-265]) and the irreducibility of 7(n,,) provide
an identity of the form

. Mg (R,5(T
nde((R,6((Tll)))) w0 (nr,) = 7 () (52)
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The term on the left is the parabolically induced character (equivalence class of
a representation) of 71 (n,,) (¢f. (41)). The term on the right is the character
of an irreducible essential limit of discrete series representation on Mg(R, §(11)).
In addition, we have an equivalence

.. 1G(R,(T
T(Nr) = md]\jB(ng(lgl))) M (1r1)
of standard representations. The difference in perspective is not entirely appar-
ent from our notation. The Hecht-Schmid identity converts the R-embedding
Ny ¢+ 11 — G on the left into the identically denoted R-embedding 7,
d,@Tldg1 — G on the right (see [K2, Theorem 14.71]).

Lemma 5.7. The quadruple
((ds 3" nt(daTid; ") (0,), R (G, dTad3 "), RE (G, dsTd3h))

is a based Cartan subgroup of (G',W).

Proof. We are required to verify conditions (a)-(e) of [ABV, Definition 13.5].
The only conditions which are not obviously satisfied are (¢) and (e). Condition
(c) states that every element in the dﬁTldgl—conjugacy class of §, (51) appears
as the first entry in some triple in W as given in Section 2. It suffices to show
that §, appears as the first entry of a triple in W, and this is true by (3).
Condition (e) states that every standard representation of G(R, d,) induced
from a character on dﬁTldgl(]R), dominant with respect to R;&(G,dngdlgl),
has a Whittaker model with respect to W. The discussion on [ABV, pp. 161-
162] reduces this condition to proving that the limit of discrete series rep-
resentation 7M# (1) has a Whittaker model with respect to the Whittaker
datum Wy, inherited from W ((39), [ABV, Lemma 14.11]). Since (49) is a
based Cartan subgroup for (G,W) the same discussion entails that 71 (ny)
has a Whittaker model with respect to Wyy,. By (52) we have 7% () =

ind%f((ﬂf”g((:)))) 7M1 (), and so ([ABV, Lemma 14.11]) implies that 7 ()

has a Whittaker model with respect to Wy, . O

We would now like to define a pairing between the based Cartan subgroup in
Lemma 5.7 and a based Cartan subgroup containing cﬂTlcgl. For this, we use
the pairing ¢ (50) between the based Cartan subgroups containing 7} and 7;.
The isomorphism ¢ may be regarded as a pair of isomorphisms, X*(71) = X.(T)
and X, (T1) = X*(71). Regarded in this manner we define

(o dpgTds" = csTicy (53)
through the commutative diagrams
¢
X*(Tv) X.(Th) X.(Th) X*(Th)
Int(dﬁ)T llnt(cg) Int(dg)T llnt(cg)

X*(dgTydg") - Xi(egTicy')  Xu(dgTidgh) = X*(cgTicg")

27



Recall that ¢ carries the Galois action on 77 compatibly to the Galois action
on T;. To be more precise, [ABV, Proposition 2.12] converts the antiholo-
morphic Galois action of conjugation by d, on T into a holomorphic action
ar, € Aut(T1). In the present case,

aTl()\l)z)\loéq_l, A1 EX*(Tl)

Conjugation by Y, on 7; is already holomorphic and is denoted by a7, €
Aut(71). The compatibility condition is

Coar oc_l =a.

An implicit consequence of this compatibility condition is that ( carries real
roots in R(G,T}) to imaginary coroots of (YG,T;), and carries imaginary roots
in R(G,T}) to real coroots of (YG,Ty).

Let R;&(VG,%’EC?) be the set of roots corresponding to the imaginary
coroots Cﬁ(Rﬂg(G,dngdEl)). Let Ry (VG, 057‘10[51) be the set of roots corre-
sponding to the real coroots (s(Rf (G, dngdlgl))

Lemma 5.8. The isomorphism (g carries the Galois action of (dngdlgl)F

compatibly to the Galois action on (cBﬂcgl)F. Moreover, this compatibility
extends to a pairing ([ABV, Definition 13.9]) between the based Cartan subgroup
of Lemma 5.7 and the based Cartan subgroup of VG determined by

((cBﬂcgl)F, RE(VG, c,@Tlcgl), RE(VG, 057'1051)) .

Proof. We compute for any A\ € X*(T1) that

(adBTld?(dg - A1) oInt(dg) = A1 o Int(dlgl) 08y " oInt(dp)

= \; o Int(wg) 0 6 *
= (ws - M)odg "
= ar (wg . /\1)
A similar, and slightly easier, computation shows that
Int(cgl) O e © Int(cg) = ar; o Int(wg)
It follows from these two computations and the definition of (g that
CB 0 g7 51 © (5 =Int(cp) o Coar, olnt(wg) o (' olnt(cy')
= Int(cg) o ap; o Int(wg) o Int(cgl)
= acﬁﬂcgl .

This proves the compatibility of the Galois actions. The extension of the com-
patibility to a pairing follows from the choice of positive systems in the based
Cartan subgroup containing (Cﬂﬂcgl)r (see the proof of [ABV, Proposition
13.10 (a)]). O
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Lemma 5.8 may be applied repeatedly in the context of (46). If ¢’ in (46)
is the iterated composition of imaginary noncompact roots 1, ..., 8y, then the
lemma tells us that there is a pairing between dg,, - - - dg, T1(dg,, - -~ dg,)”* and
dTi(c')~t =T, Let us denote dg,, ---dg, T1(dg,, - --dg,)~* by d' - Tt, so that
d' - Ty is paired with 9T. This pairing and (17) allows us to identify the strong

\% 7 \% 7 A
real forms of d’- Ty of type J with ((dT NI4T H)J)O) . Similarly the pairing
between T} and 77 allows us to identify the strong real forms of T of type J with

v 7 v 7 A
(7, 97 /(T Q)J)O) . We wish to make these identifications in conjunction

with the diagram of Proposition 5.6.

Given a finite abelian group A, we denote Hom(A4,C*) by A”. The next
corollary is an application of Hom(-,C*) to Proposition 5.6 and is a special
instance of Pontryagin duality.

Corollary 5.9. The following diagram, given by restriction from the diagram
in Proposition 5.6, is commutative

(Tlve):j A ] (dTve)f
(('TlV@)J)O ((dTVQ)‘])f)(\/(chﬂj)(

J

1R

J

(dTve)j

A\
_1)?1§j§m>>

@Y’ " i _ :
(T79)7)° (Va(~1):a€cVAy) (AT0)7)0 (Va(~1): a€Ra((L)7,(4T)7))

1R
IR

((vGa1vGa7r)”

(dTve)j

Corollary 5.10. Suppose 74 is a character of ((AT0) )0 (Va( 1) acRa((PL)7 (1))

(1,7
T 0)7)0 (Va(-1):accVAy)
Corollary 5.9. Then the strong real form 0(74) € G¥ — G is equivalent to the
strong real form §(m) € G¥' — G.

as in

which corresponds to the unique character 11 of «

Proof. First assume J = {1} and ¢’ = ¢g for a single imaginary noncompact root
B € R(*L,T) (46). This places us in the setting of Lemma 5.8, that is d’ - T is
paired with 9T = cg - T7 through (s (53), and d’ = dg for real 8 € R(G,T). We

ap¥ o
(AT70)° (V(epB)(~1))
a € Rg(?L,?T). According to Lemma 5.2 and Proposition 5.4, the character 74
is determined by its values on a set

{6, T 1))

regard 74 as a character of

which is trivial on Y (—1) for all

in which t¢1,...,%, € ker 8. In addition, the character 77 is determined by the
equations , y
ni(t;(Ty %)°) = ma(t;(, °)°), 1<j<t (54)
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The strong real form §(7y) is defined through the maps in (10) and the
pairing (3. To be more precise, the second map in (10) is defined by identifying
74 With a character in X*(?T) = X*(cg - 1) and sending this character to an
element in X, (dg - T1) under (g (53). To be even more precise, the character 74
is sent first to 74 o Int(cg) € X*(71), then to A\ € X, (T1) under ¢, and finally
to Int(dg) o A1 € X, (dg - T1). The strong real form 0(74) is represented by the
element

exp(miInt(dg) o Ay) 6, € G (55)

Let us retrace some of these steps in view of the relationship (54) between 71
and 74. From t; € ker 3 for all 1 < j < ¢, it follows in turn that Int(cg)t; = t;,
T4 = 74 © Int(cp), and 71 = 74 0 Int(cg) € X*(7T1). The strong real form 6(71) is
defined through (10) and the pairing ¢, so d(71) is represented by the element

exp(miA;) 6, € GT, (56)

for Ay € X, (T1) as above.

Hence, in comparing (71) with §(74), we are reduced to comparing A; with
Int(dg)o A1. For the latter comparison recall from (10) that oo A; = —Aq. Since
B € R(G,Ty) is real, we have

<Bv)\1> = <ﬂ00’,0’0)\1> = <ﬂ5_)\1>

and (8, A1) = 0. This orthogonality implies Int(dg) o Ay = A and so the
respective representatives (55) and (56) of d(74) and 6(m) are equal.

This proves the corollary when J is trivial and ¢’ = ¢g. The proof for non-
trivial J follows the same argument except that one must replace Lemma 5.2
with Lemma 5.5, and replace the maps of (10) with those of (12). The proof
for arbitrary ¢’ is a proof by induction on the number of imaginary noncompact
roots occurring in its definition. The details are left to the reader. O

5.3 The proof of Theorem 1.1

We conclude by indicating how every representation in Hf}s (43) is equivalent to

a unique representation in Hf}v (34) . The main ideas have all been presented.
All we have to do is recall them in the correct sequence.

We continue to work under the assumptions of Section 4 and fix a represen-
tation (7(n-,),0(m1)) € Hf}s of a strong real form given by

ne (TR al-1)ra e evag) .

We recall that m(n,,) is an irreducible standard representation of G(R,d(7)).
It is constructed from a character of T1(R) and the embedding 7., : T1(R) —
G(R, (7)) using cohomological and parabolic induction. Following the discus-
sion after Lemma 5.8, we wish to transform these data to obtain an equivalent
representation from an embedding (d' - T1)(R) — G(R,d(7)). This is achieved
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by a repeated application of Hecht-Schmid’s character identity as follows. Re-
call d = dg,, ---dg,. The root 81 € R(G,T}) is real and satisfies the parity
condition of the Hecht-Schmid character identity. The Hecht-Schmid character
identity theorem then provides an embedding (dngldlgll)(R) — G(R,d(m)) so
that the resulting standard representation is equivalent to m(n,,). We repeat
this process for the remaining real roots, which all satisfy requisite parity con-
ditions. In the end, we obtain the irreducible standard representation obtained
from an embedding (d' - T1)(R) — G(R,d(71)). It is equivalent to the original
representation (1, ) so we keep this notation for it. From this perspective,
the representation of the strong real form (7 (1, ),d(71)) is determined by three
data:

e the pairing between the maximal tori d’ - T} and ¢ - T; = 4T

e the embedding 0, : d' - T1(R) — G(R,§(71)) and

e the L-homomorphism ¢, whose image is contained in ¢T'T.

These three data are precisely those which determine a representation in HQBV.
Therefore (m(ny,),0(m1)) is equivalent to the unique representation

(w(1r4),6(ra)) € TG5Y

which indexed by
rae (777 /(T )Y a(-1)  a € Ra(“L,“T)))

such that §(74) = §(71). By Corollary 5.10 the character 74 is the unique charac-
ter which corresponds to 71 in the diagram of Corollary 5.9. Moreover, the two
characters, 71 and 74, map to the same character 7 of (YGy)”/((YGy)7)°. We
may substitute 7 for 7 or 74 as we have in Sections 3-4. With this substitution,

what we have proven is that every element (7(1-,),d(7)) € TI5' is equivalent

to (m(nr,),8(7)) € 3BV, and this is Theorem 1.1.
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