
HAL Id: hal-04307739
https://hal.science/hal-04307739

Submitted on 26 Nov 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Revisiting Quantum Contextuality in an Algebraic
Framework

Mathias van Den Bossche, Philippe Grangier

To cite this version:
Mathias van Den Bossche, Philippe Grangier. Revisiting Quantum Contextuality in an Algebraic
Framework. Journal of Physics: Conference Series, 2023, 2533 (1), pp.012008. �10.1088/1742-
6596/2533/1/012008�. �hal-04307739�

https://hal.science/hal-04307739
https://hal.archives-ouvertes.fr
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1 Thales Alenia Space, 26, avenue J.-F. Champollion, 31037 Toulouse, France and
2 Laboratoire Charles Fabry, IOGS, CNRS, Université Paris Saclay, F91127 Palaiseau, France.

Within the framework of quantum contextuality, we discuss the ideas of extracontextuality and
extravalence, that allow one to relate Kochen-Specker’s and Gleason’s theorems. We emphasize
that whereas Kochen-Specker’s is essentially a no-go theorem, Gleason’s provides a mathematical
justification of Born’s rule. Our extracontextual approach requires however a way to describe the
“Heisenberg cut”. Following an article by John von Neumann on infinite tensor products, this can
be done by noticing that the usual formalism of quantum mechanics, associated with unitary equiva-
lence of representations, stops working when countable infinities of particles (or degrees of freedom)
are encountered. This is because the dimension of the corresponding Hilbert space becomes uncoun-
tably infinite, leading to the loss of unitary equivalence, and to sectorisation. Such an intrinsically
contextual approach provides a unified mathematical model including both quantum and classical
physics, that appear as required incommensurable facets in the description of nature.

I. INTRODUCTION

The usual formalism of quantum physics makes use
of separable Hilbert spaces1 and operators acting in
it, that form a type-I von Neumann algebra, accor-
ding to the classification introduced in the 1930’s by
Murray and von Neumann [1, 2]. In this article we
will argue that this mathematical framework is unduly
restrictive, and that it is worthwhile exploring what
happens when the Hilbert space is non-separable and
the operators acting on its vectors form a type-II or
type-III von Neumann algebra. The motivation is that
this extension appears as a reasonable framework to
describe macroscopic systems with such mathematical
tools, as explained below. However, operator algebras
are unfriendly for non-mathematically oriented physi-
cists, and they appear more as a subfield of mathema-
tics than of physics. It addition, it is not so obvious to
find a clear-cut situation where type-I fails, and where
higher-type operator algebras are required.

In this paper, we want to show how such sophisti-
cated mathematical objects can be very physically re-
levant to describe large systems, and may shine some
light on foundational questions of quantum mechanics.
Correspondingly, it will appear that the clear-cut si-
tuation where type-I fails is nothing but the so-called
quantum measurement problem.

In Section II we will start from a simple discussion of
contextuality in standard Quantum Mechanics (QM),
and show how it relates to the whole structure of QM
through Gleason’s theorem and Born’s rule. This leads
however to a picture that cannot avoid including the
“Heisenberg cut”, separating (quantum) systems from
(classical) contexts. In Section III we recall some basic
results of [1], based on John von Neumann’s work on
infinite tensor products [2], and we show how build up
a complete and consistent picture of QM.

1. This means that there exists a countable basis in such
spaces.

II. QUANTUM CONTEXTUALITY
REVISITED.

A. From Kochen-Specker to Gleason.

For the clarity of the presentation, we will intro-
duce quantum contextuality in a simple way, based
upon usual textbook quantum mechanics2. Then we
will open some questions, and propose a way to ans-
wer them. Finally, we will draw some conclusions from
our approach.

Within basic textbook quantum mechanics (QM),
let us consider a complete quantum measurement of
a quantity A, where “complete” means with no dege-
neracy left ; usually such a measurement is associated
with a complete set of commuting operators (CSCO),
that we summarize in a single “observable” opera-
tor Â. Denoting as ai and |ui〉 the eigenvalues and

eigenstates of Â, one has from the spectral theorem
Â =

∑
i ai |ui〉〈ui| with standard Dirac’s notations.

In the following Â will be identified with a context,
that can be understood with different meanings : on
the physical side the context corresponds to a ma-
croscopic and operational device, able to measure the
quantity A, whereas on the mathematical side it cor-
responds to the observable Â, or also to the above set
of rank-one orthogonal projectors {|ui〉〈ui|}, where i
goes from 1 to N , the dimension of the Hilbert space.
In usual QM these physical and mathematical objects
correspond to each other, and we will come back to
that in the last part of the paper. We emphasize that

2. Here we only consider projective measurements (PVM),
where, as explained in [3], all the notions of compatibility, i.e.,
joint measurability, nondisturbance, outcome repeatability, etc.,
are equivalent to the commutativity of the observables. This is
the original framework of the discussion on quantum contextua-
lity, and though it has been extended in many other interesting
directions [3], it is enough for our current purpose.
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in our approach QM is basically a non-classical pro-
bability theory, relative to events that happen to phy-
sical objects made of systems within contexts ; in this
framework the role of “agents” is the same as in clas-
sical probability theory.

According again to standard QM, a measurement
of Â will give one of the eigenvalues ai, whereas other
complete measurements B̂, Ĉ... associated with other
contexts, will similarly give one of their eigenvalues
bj , ck... In each context the corresponding observable
gets one value among N possible ones, so one says
that the value ai is assigned to the observable Â.

Now, what is quantum contextuality, in its sim-
plest definition ? It is the observation that in QM,
it is impossible to assign simultaneously va-
lues with certainty to all observables in all pos-
sible contexts, each one seen as the experimen-
tal background of a measurement. This simple
observation clashes with classical physics, where the
possibility of such an assignment is considered essen-
tial to express the laws of nature. The formal proof
of quantum contextuality is given by the Kochen-
Specker (KS) theorem, showing a contradiction bet-
ween QM and all models attributing non-contextual
values to some (well chosen) set of observables. Such
a result is “negative”, or in other terms it is a no-go
theorem, showing that a large class of non-contextual
models (typically the models with non-contextual hid-
den variables) contradict QM predictions and experi-
mental observations [3].

However, it does not tell much about what is ac-
tually happening in QM : the whole purpose of the
KS discussion is to tell what QM is not, rather than
to tell what QM is – which is the real issue we are
interested in.

As a step in this direction, we may ask the ques-
tion : if it is impossible to assign simultaneously va-
lues with certainty to all observables in all possible
contexts, how to make sense of what is being obser-
ved and measured ? There is an answer from observa-
tion : given a result in a context, one cannot in general
specify results in other contexts, but one can specify
the probabilities of such results. Even more interes-
tingly, the assignment of probabilities to the value of
all observables (that is, to any given measurement re-
sult) turns out to be non-contextual ! In other words,
all measurement results within different contexts can
be predicted simultaneously, albeit as a probability
rule, and not a certainty rule.

Contrary to the previous negative result, this is ma-
jor asset : as we will show in more details below, it is
the basis of Gleason’s theorem, mathematically esta-
blishing Born’s rule. It is therefore a “positive” result,
much more interesting and powerful than Kochen-
Specker’s theorem. On the mathematical side, we note
also that Kochen-Specker’s theorem can be seen as a
corollary of Gleason’s one, whereas the reverse is not
true [3]. It is also important to note that there is a

special case for probabilities : if we restrict ourselves
only to certainties (probabilities p = 0 or p = 1), they
are actually values (eigenvalues of projection opera-
tors), not probabilities (average values of projection
operators). Certainties are therefore contextual, as it
is not possible to assign truth values (0 or 1) to all
measurement results, this is another useful way to see
Kochen-Specker’s theorem. But one can assign non-
contextual probabilities as said above, with values gi-
ven by Born’s law or Gleason’s theorem.

As a conclusion of this introduction, QM is both
contextual (for the measurement results) and non
contextual (for the probabilities assigned to these re-
sults). Though this sounds hardly comprehensible,
everybody agrees on that, and this is the current sta-
tus of quantum contextuality as presented in [3]. Our
purpose here is to make sense of this situation, by
introducing a few additional ideas and definitions.

B. What is quantum (extra)contextuality ?

In this section we will introduce some new ideas,
still within the scope of the usual textbook QM. Then
at some point we will diverge, as it will be seen below.

First, let us introduce a distinction between a usual
pure quantum state |ψ〉, described as a vector in the
relevant Hilbert space H for the considered system,
and the same vector considered as an eigenstate of
a complete measurement, therefore within a given
context as introduced above. We will define a moda-
lity as the association of |ψ〉 and the context Â. By
construction a modality is certain and repeatable : the
same |ψ〉, and the associated eigenvalue, will be found

again and again as long as the same Â is measured on
the same system.

From this definition one has |ψ〉 = |ui〉, where |ui〉
is an eigenstate of Â, and the modality “|ψ〉 ≡ |ui〉
considered as an eigenvector of Â” will be denoted
as |ψ〉A. It is clear that the same vector |ψ〉 may ap-
pear as an eigenstate of many other observables (ac-
tually, an infinity), as soon as the dimension of H is at
least 3. Since the changes of context are continuous,
both physically and mathematically, there is actually
an infinity of such observables. So there will be many
modalities, e.g. |ψ〉A, |ψ〉B , |ψ〉C , all associated with
the same |ψ〉 : in the langage of usual QM, they are
the same |ψ〉 ; but here they are different modalities,
because they belong to different sets of mutually ex-
clusive outcomes.

So now we start moving away from the usual lan-
guage : let us consider that the different modalities
|ψ〉A, |ψ〉B , |ψ〉C are indeed different, though they are
all associated with the same vector |ψ〉, or equiva-
lently the same projector |ψ〉〈ψ| (projectors are ac-
tually more suitable for reasons that will appear be-
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low). Clearly this creates an equivalence class between
modalities, that we will call an extravalence class,
where all modalities are associated with the same |ψ〉.
This means that certainty can be transferred between
contexts, because |ψ〉 is an eigenstate in all the cor-
responding contexts, and the associated physical phe-
nomenon will be called extracontextuality.

So far so good, but does this help with the previous
annoying statement that QM is both contextual for
measurement results, and non contextual for probabi-
lities assignments ? To see that consider the following
statements

(i) when making measurements, certainty and re-
producibility are warranted for a modality in a given
context, and are also warranted for extravalent moda-
lities when changing context. But they are not war-
ranted beyond that, due to contextuality in the assi-
gnment of measurement results as established by the
KS theorem.

(ii) in other cases, when changing the context from

Â to B̂, the result is probabilistic and given by Born’s
rule |〈φ|ψ〉|2 for an initial modality |ψ〉A and final
one |φ〉B . This probability depends only on the extra-
valence classes of the initial and final modalities, in
agreement with the non-contextuality in the assign-
ment of probabilities, a basic hypothesis of Gleason’s
theorem.

So by attributing the vector |ψ〉 not to a “quan-
tum state”, but to an extravalence class of modalities,
one gets a more transparent picture of what QM is
telling us : certainty and reproducibility do exist, not
only within a context, but also accross contexts wi-
thin an extravalence class ; when changing context and
extravalence class, probabilities are needed, but they
are non-contextual because they connect extravalence
classes, whatever the contexts are.

This argument tells the “how”, but not yet the
“why” : what would be needed is to explain, or at
least justify, the origins of statements (i) and (ii). This
can be done within the framework called CSM, for
Contexts, Systems and Modalities [5–8], and we will
briefly summarize here some elements taken from [7].
In this framework systems within contexts are defined
as basic objects, and modalities are properties associa-
ted with certainties, in agreement with the first part
of statement (i). Its second part, i.e. the contextuality
of the assignment of measurement results, appears as
a consequence of a quantization postulate : for a given
system, the maximum number of mutually exclusive
modalities is bounded toM ; this requires a probabilis-
tic description when contexts and extravalence classes
are being changed [7].

To get the probability law (ii), one assumes that the
probabilities when changing contexts depend only on
the extravalence class, and one attributes a projector
|ψ〉〈ψ| to each extravalence class. These are strong
assumptions, but they do agree with empirical evi-

dence, and are justified in detail in [7], based on induc-
tion. Then it is easy to check that all hypotheses for
Gleason’s theorem are satisfied, and as a consequence,
that Born’s rule is justified as the only acceptable pro-
bability law. This argument can be made even more
convincing by using Uhlhorn’s theorem in addition to
Gleason’s, in order to associate unitarity transforms
to context changes [9].

We see now that the consequences drawn from ex-
tracontextuality are considerably stronger than the
ones drawn from contextuality alone : we not only
get no-go theorems, but we reach the correct pro-
babilistic structure of QM, essentially by providing
a physical justification of Gleason’s and Uhlhorn’s
hypotheses. This automatically ensures that Kochen-
Specker’s theorem is true also, as a corollary of Glea-
son’s, without the need of examining many different
scenarii in many different dimensions [3].

C. Confronting the Heisenberg cut.

A conclusion of the above is that extracontextuality
and subsequently extravalence tell “how much non-
contextual” QM can be, given that it is neither non-
contextual (as it would be the case in classical physics)
nor fully contextual (then there would be no connec-
tion between different contexts, and thus no objective
theory at all).

Another conclusion is that the usual state vector
|ψ〉 is incomplete indeed, not due to any “hidden va-
riable”, but because it gives access to an actual phy-
sical modality |ψ〉A only when the context Â has
been specified. Correspondingly, |ψ〉 can be turned
into a non-trivial (p 6= 0, 1) probability distribution
only when considering a new measurement context,
that does not admit |ψ〉 as a modality ; otherwise one
has again p = 0 or 1. This feature implies that |ψ〉 is
predictively incomplete [10], and allows the violation
of Bell’s inequalities, without requiring any nonloca-
lity at the elementary level [11].

On the other hand, the modalities |ψ〉A, |ψ〉B , |ψ〉C
are indeed complete, with deep reaching consequences
on all the usual “paradoxes” of QM. For instance, in
the framework of the Einstein-Bohr debate, it means
that |ψ〉 is incomplete indeed, as claimed by Einstein,
Podolsky and Rosen, and that it must be completed
by “the very conditions that allow future predictions”
(i.e. by specifying the context, either Â, or B̂, or Ĉ),
as claimed by Bohr [12].

The above ideas emphasize that a well defined quan-
tum property, i.e. a modality, belongs to a system wi-
thin a context. This is a quite objective statement,
but clearly the system and the context are not des-
cribed in the same way. A system with M mutually
exclusive modalities is associated with a Hilbert space
H of dimension M , whereas the context (as a CSCO)



4

is associated with operators acting in H. Such ope-
rators are constructed from macroscopic data, such
as orientations or positions of the apparatus, and the
whole construction makes clear that both systems
and contexts are needed, and that there is no proper
way to make one “emerge” from the other, although
the consistent relationship between both will be ex-
plained below.

This leads to the (in)famous question of the “Hei-
senberg cut” between system and context and of the
universality of the quantum description. Within the
CSM framework there are two ways to answer this
question :

– The first and simplest one is to postulate that
quantum objects are made of systems within contexts
[4, 5]. This fits quite well with usual textbook QM,
and allows retrieving Born’s rule from Gleason’s
theorem [7], as explained above. The main benefit
here is that the usual “quantum paradoxes” just
vanish : QM is certainly not classical, but it results
from contextual quantization, which fits quite well
within the usual physical realism [4, 5, 8] - though
not within classical physical realism.

– A second way is to include both systems and
contexts in the same description as incommensurable
objects, along the lines introduced e.g. by von Neu-
mann in [2]. More details are given in [1, 13], but this
approach requires to use algebraic tools that have not
been considered in textbook QM until now. More tech-
nically, the operators used in textbook QM belong to
type-I algebras in the Murray-von Neumann classifi-
cation, whereas the approach quoted here requires ty-
pically higher-order algebras, that are typically type-
III [1, 13]. These algebraic tools open a way to include
both systems and contexts in a unified framework. The
price to pay is to “manipulate infinities”, which hap-
pens to be quite possible mathematically, even though
not popular in physics nowadays [1]. We develop these
ideas in the next section.

III. MODELLING MACROSCOPIC
QUANTUM SYSTEMS

This section assumes that the usual formalism deri-
ved from the contextuality postulates to describe mi-
croscopic quantum systems should in a certain manner
still hold when considering macroscopic systems built
out of a large number of microscopic quantum system.
But one has to take into account some changes of the
mathematical tools that they involve. This change,
however, matches surprisingly well the properties of
macroscopic systems.

A. Macroscopic limit modeling

The basic assumption we make to extend the des-
cription of microscopic quantum systems to macro-
scopic systems is reminiscent from statistical physics.
In this domain, it is assumed that a macroscopic ob-
ject is well described as a system where the number
N of particles it contains N → ∞. This allows e.g.
using the central limit theorem as exact, as well as
obtaining non-analytical correlation functions in cri-
tical systems.

This assumption has key consequences in our case.
As a matter of facts, it means that the composite
quantum system that we will be considering has now
an infinite number of elements, and thus that the Hil-
bert space to accomodate its states is the result of an
infinite tensor product of elementary Hilbert spaces.
Even in the simplest case of an infinite chain of spins
1/2 where the elementary Hilbert spaces have a finite
dimension 2, the dimension of the macroscopic Hil-
bert state space is 2ℵ0 = ℵ1, i.e. has the power of
continuum. This means that there is no countable ba-
sis that spans this macroscopic Hilbert state space, i.e.
it is non-separable. The operators acting in this space
form in most cases a type-III von Neumann algebra,
that contains by construction no finite non-zero pro-
jection. Type III is used in quantum field theory and
statistical physics, for systems with an infinite number
of particles or degrees of freedom [13].

B. Properties of macroscopic system state space

The purpose of this section is a pedestrian introduc-
tion to the properties of the Hilbert spaces obtained by
the approach suggested in the previous section, i.e. in-
finite tensor products of separable Hilbert spaces that
result from the N → ∞ limit. Following [2], we will
first outline the meaning of the convergence of an in-
finite product of complex numbers, then outline the
construction of a Hilbert space that results from an
infinite tensor product, that will be denoted as ITP.
Then we will give the most important properties of
such a Hilbert space, and of the physically relevant
operators acting in it. For a more detailed presenta-
tion we refer to [1, 2].

Infinite complex products – The basic predictions
of quantum physics lie in probability amplitudes, i.e.
scalar products between states in a Hilbert space. As
scalar products of tensor products are products of ele-
mentary scalar products, (〈ψ1| ⊗ 〈ψ2|)(|φ1〉 ⊗ |φ2〉) =
〈ψ1|φ1〉〈ψ2|φ2〉, infinite tensor product require defi-
ning properly the existence of infinite products. Let
I be an infinite set of indices (countable or not), and
let {zα}, α ∈ I be a set of complex numbers label-
led in I. The infinite product of the zα’s converges to
complex value Z iff one can get as close as desired to
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Z with a finite partial product of selected zα’s with
distinct α’s. One can show that this value is unique.
In the case where I is a countable ordered set, this is
equivalent to the convergence of the series of the loga-
rithm of the product to ln(Z). In terms of α values, it
means that all but a finite number of the zα’s accumu-
late in the vicinity of 1 in the complex plane. A notion
of quasi-convergence can be introduced usefully, that
corresponds to accumulation of zα’s in the vicinity of
the unit circle, with no constraint on the argument.

Infinite tensor products (ITP) – Let us consider
an infinite set of separable Hilbert spaces (i.e. with fi-
nite dimension or countably infinite dimension) {Hα}.
One defines a (quasi-) convergent sequence {|ψα〉}α∈I
of vectors by selecting one ψα in each Hα (assuming
the axiom of choice) and requiring that

∏
α∈I〈ψα|ψα〉

(resp. quasi-)converges as defined above. One has to
distinguish the trivially convergent sequences (where
at least one of the factors is 0) from the non-trivial
convergent sequences on which the following is built.
With these notions in mind, one can define linear
forms on the set of convergent sequences, first by se-
lecting another convergent sequence {|φα〉}α∈I and
forming φ[{|ψα〉}] :=

∏
α∈I〈φα|ψα〉, and then by ex-

panding this to a linear combination of such linear
forms with N convergent sequences {|φkα〉}α∈I,k=1,N

and N complex coefficients Φk defining Φ[{|ψα〉}] :=∑
k=1,N Φ∗k

∏
α∈I〈φkα|ψα〉. One can form the scalar

product of such linear forms and show that their set
is a Hilbert space. This scalar product allows defining
a distance (the norm of the difference of vectors) and
thus, taking N → ∞, proceed with the topological
completion of the set (just as the rational numbers
are completed to build the real numbers). Then, the
infinite tensor product of the Hα’s is defined as the
dual of this completion of the set of linear forms, noted
H = ⊗α∈IHα. So, not only is it well defined but it can
be shown to be a metrisable Hilbert space. Although
this construction is rather lengthy, it is rigorous and
it shows that the language of quantum physics keeps
existing with an infinite number of elements.

Sectorisation – With the above definition, one can
explore the properties of H. One can define a rela-
tion between two vectors |Ψ〉 := ⊗α∈I |ψα〉 and |Φ〉 :=
⊗α∈I |φα〉 in H as |Ψ〉 ∼ |Φ〉 ⇔

∑
α∈I |〈φα|ψα〉 − 1|

converges. One can show that this is an equivalence
relation. Let us call ‘sectors’ its equivalence classes.
It can be shown that when the above two vectors be-
long to the same sector, it means that |φα〉 6= |ψα〉 for
only a finite number of α’s. This means that the space
spanned by the vectors of one sector is of countable
dimension, and that there are uncountably many sec-
tors. It can be proven that in each sector there is at
least one vector which all elements are normed, so is
itself normed. The most important property is that
sectors are orthogonal i.e. if |Ψ〉 and |Φ〉 are in
different sectors, then 〈Ψ|Φ〉 = 0 and if they are in

the same sector, 〈Ψ|Φ〉 = 0 means that at least one
〈ψα|φα〉 = 0. Beyond being orthogonal, their direct
sum is H. Finally, one can show that the sectorisation
builds up progressively, in the sense that if |Ψ〉 and
|Φ〉 are not in the same sector, for any ε > 0 one can
find a finite set J ⊂ I of N indices α’s, all distinct, so
as to build |ΨN 〉 := ⊗α∈J |ψα〉 and |ΦN 〉 := ⊗α∈J |φα〉
such that |〈ΨN |ΦN 〉| < ε. The physical meaning of
this results will be detailed in the next section. Be-
fore doing so, let us explain the main properties of
operators that act in H.

Composite, bounded operators – Let us consider
now the operators that are built from linear opera-
tors Âα’s that act in the elementary Hα’s. This re-
quires first to define the completion of Âα as Ãα :=
Âα ⊗ (⊗β 6=αÎβ) (where Îβ is the identity in Hβ). One

can show that for each α, the bounded Âα’s form a
ring Bα and so the Ãα’s form a ‘completed’ ring B̃α
(i.e. stable under addition and multiplication). One
can then merge all the Bα’s in a larger ring B# that
is the ring of all bounded operators on H that can be
built from elementary operators, and that is in gene-
ral a sub-ring of the ring B of all bounded operators
on H (if I is finite, B# = B). The most important
property is that the operators of B# commute
with the projectors on each sector. In other
words, operators built from elementary operators do
not connect different sectors ; however, more general
operators connecting sectors do exist, but they cannot
be formed “from the bottom”. Finally, as for sectorisa-
tion, one can show that there is a gradual onset of this
property. Let Â be a bounded operator in B#. If |Ψ〉
and |Φ〉 are not in the same sector, for any ε > 0 one
can find a finite set J ⊂ I of N indices α’s, all distinct,
so as to build |ΨN 〉 := ⊗α∈J |ψα〉, |ΦN 〉 := ⊗α∈J |φα〉
and the restriction ÂN of Â to the ⊗α∈JHα such that

|〈ΨN |ÂN |ΦN 〉| < ε. Let us come now to the meaning
these surprising mathematical properties have, if used
as the language of quantum physics.

C. Consequences on the properties of
macroscopic systems

Let us consider a quantum system made of N de-
grees of freedom, each described by a microscopic or
elementary Hilbert space Hα, α = 1, ..., N . The full
Hibert space of the system is then H = ⊗Nα=1Hα.
As explained in section III A, we will consider that
a macroscopic quantum system is well modelled, as in
Statistical Physics, by the macroscopic limit N →∞.
This means that the Hilbert space of this system shall
have all the properties outlined in section III B. Let
us expand on these properties now.

Sectorisation is the first significant property of infi-
nite tensor products. In this case, it means that H
splits into uncountably many orthogonal subspaces
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{C} each of which is of countable dimension. Figure
1 examplifies this with two-dimensional (blue or red)
Hα’s. A the top, we have a given state |Ψ〉 that defines
a sector CΨ. In |Ψ′〉 in the middle, a finite number of
elementary states (namely, 3) have been changed from
the first state. At the bottom, an infinite number of
elementary states have been changed to build |Φ〉 (na-
mely the state of every odd element). One sees that
there is a countable infinite way of changing a finite
number of states in this system. It could be even finite
if one decided to change only the state of a fixed finite
set of elements. The subspace spanned by the states
where only a finite number of elements are changed is
thus separable. The second state |Ψ′〉 thus remains in
sector CΨ. One can say that even though this first two
states are microscopically different, they are macrosco-
pically similar (e.g. ‘blue’). Now considering the third
state, an infinite number of states have been changed.
By the above properties, this means that the bottom
state |Φ〉 is in a different sector CΦ. It is thus orthogo-
nal to the first two states, even if each changed elemen-
tary state is not orthogonal to its initial counterpart.
For instance assuming the elements are spins 1

2 , and

that |ψα〉 = | ↑〉 while |φα〉 = |+〉 = (| ↑〉 + | ↓〉)/
√

2,
then 〈ψα|φα〉 6= 0, yet 〈Ψ|Φ〉 = 2−N/4 → 0 in the ma-
croscopic limit, so indeed 〈Φ|Ψ〉 = 0 . One also sees
that there is uncountably many ways to change an in-
finite number of elementary states in this way. There
are thus uncountably many macroscopically different
states.

Figure 1: Illustration of sectors on a macroscopic chain.

Figure 2: Typical shape of an operator built from ele-
mentary operators in an ITP.

Self-decoherence – Let us now turn to the main
property of bounded operators built from microsco-
pic operators, which is that they commute with the
projectors on each sector in the macroscopic limit.
This means that such a bounded operator does not
connect states from different sectors. This has two
consequences. First, building an operator such as a
Hamiltonian as the combination of elementary, micro-
scopic operators will yield operators that have vani-
shing elements between sectors, or that can be taken
to arbitrarily small values by combining enough ele-
mentary subsystems, see Fig. 2. This is also true of
evolution operators built this way, that will thus not
take a state from one sector to another. This means
in particular that evolution cannot lead a state in one
sector to a superposition of states from different sec-
tors. As a second example, the density operator of a
large system will also have vanishing elements bet-
ween sectors (or that can be taken to arbitrarily small
values by combining enough elementary subsystems).
This means that the larger the system, the smaller
the correlations between sectors, so the macroscopic
system behaves macroscopically as in a mixed state,
with microscopic quantum correlations at most. This
is reminiscent of Zeh-Zurek decoherence, apart from
the fact that no assumption of information loss to the
environment and partial trace to model it is needed.
Decoherence appears thus to be an intrinsic property
of large quantum systems.

Superposition of macroscopic system states can
be considered to be produced by two different me-
chanisms, evolution (as in Rabi oscillations) or mea-
surement (at least QND) on a non-orthogonal state.
From the above considerations, one sees that macro-
scopic evolution from an initial state will not bring
it to a superposed state of macroscopically different
sectors. Similarly, a projective measurement on a non-
orthogonal state does not yield any superposed result
(or rather, has a vanishing probability amplitude to
succeed) because the projection of the state of one
sector on the state of another sector vanishes. This
means that the usual processes to produce superpo-
sed states fail for macroscopic systems. Consistently
with the block-diagonality of density operator, there
is no way to have macroscopically superposed states
– there are no such Schödinger cats. As superposition
is the way to code the measurement indeterminism
in the quantum formalism, this means that macro-
scopic systems are deterministic, while superpo-
sitions do make sense in the microscopic realm, that
has a share of randomness.

Quantum measurements can be considered as in-
volving a special case of macroscopic systems. As a
matter of facts, in a typical experimental setup, we
have a microscopic quantum system S and a macro-
scopic measurement device D which form a macro-
scopic system S ∪ D. If the states of S are spanned
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by the M eigenstates |uk〉 of some observable Â, the

state of S can be written as |ψ〉 =
∑M
k=1 ψk|uk〉. The

measurement device is made so that starting from an
initial ’neutral’ state |D0〉, it transitions to a macro-
scopic state |Dk〉 that corresponds to state |uk〉 of the
system. Usually, one assumes that first, a unitary evo-

lution takes S∪D from |in〉 :=
∑M
k=1 ψk|uk〉⊗|D0〉 to a

superposed state |out〉 :=
∑M
k=1 ψk|uk〉⊗ |Dk〉 and se-

cond, that decoherence due to leak of entanglement to
the device, the laboratory and the full universe, makes
the density operator |out〉〈out| becomes diagonal (mo-
delled by tracing over the non-system dimensions) and
thus S ∪D ends up in a mixed state.

The above considerations show that if modelling
large systems with ITPs is correct, a new scenario has
to be proposed for the quantum measurement pro-
cess. A first pre-measurement step occurs where the
system becomes entangled with ancilla degrees of free-
dom, which remain described with a separable Hilbert
space. A second step then occurs where ancillae them-
selves become entangled with a number of secondary
degrees of freedom (e.g. photons that probe the ancil-
lae) that are selected so as to highlight their different
states with a different behaviour. This involves ad-
ding energy in the S ∪D (e.g to accelerate photoelec-
trons) and triggers a macroscopic cascade where the
number of quantum degrees of freedom in interaction
increases exponentially and reaches a extremely large
number. If we assume that the resulting very large sys-
tem is correctly modelled by infinite tensor products,
it means that the various final states |Dk〉 of D (that
need to be macroscopically different), lie in distinct
sectors.

As a result, no unitary evolution will lead S ∪D to
a superposed state such as |out〉. On the contrary, as
S∪D gets nearer to such a state, the off-diagonal terms
of the density operator shall decrease steadily, and va-
nish before any such state is reached. At the end of
the process, one of the |Dk〉 is probabilistically selec-
ted. The fact that this selection is random can be seen
as forced by the absence of a one-to-one map between
the separable state space of S and the non-separable
state space of S ∪D, so there is no determined “way
to go” for the evolution. This argument appears as an
instantiation in the infinite case of the CSM reasoning
[7], showing that quantum randomness is a necessary
consequence of contextual quantization.

D. Connecting back the results with the
postulates

The CSM approach allows building usual quantum
mechanics thanks to a limited number of empirical,
realist and objective postulates and two key theorems
of linear algebra. It can be summarised as follows.

• Quantum systems are physical objects that can
be characterised by physical quantities which va-
lue is obtained through measurements.

• Contextuality : Measurements are done by cho-
sing a context, i.e. what concrete quantities are
measured simultaneously. Once a context is cho-
sen, a quantum system can provide only a limi-
ted amount (M ≤ ℵ0) of different issues to the
measurements. These issues are the modalities
of the system within the selected context.

• Contexts themselves are continuously infinitely
many, they are self-contextual and can provide
as much information on themselves as desired.

• Quantum randomness : When changing the
context, there is in general no certainty on what
modality will be selected by a new measurement.
Only probabilities can be predicted.

• Extravalence : When the number of mutually ex-
clusive modalities (later on, the dimension of the
Hilbert space) is at least 3, certainty and repea-
tability can be transferred through modalities
that belong to infinitely many different contexts,
defining an equivalence relation between modali-
tities called extravalence. The usual state vector
|ψ〉 or projector |ψ〉〈ψ| is associated with an ex-
travalence class, not with a particular modality.

• Unitary transformations are provided by Uhl-
horn’s theorem applied to the above objects. Let
us assume that M mutually orthogonal projec-
tors are associated with the M mutually exclu-
sive modalities within a given context, and that
the same projector is associated to all modalities
in an extravalence class. For consistency, the M
projectors in a context should remain orthogo-
nal under a map Γ corresponding to a change of
context. Then Uhlhorn’s theorem proves that Γ
should be unitary or anti-unitary, showing that
the structure of the Hilbert space is a mathema-
tical consequence of the physical behavior requi-
red for the modalities.

• Born’s rule is finally obtained by applying Glea-
son’s theorem to the above objects, to provide
the value of the probability to obtain a certain
modality in a given context.

Let us compare the results of the previous section to
these basic elements.

• Macroscopic systems that differ by an infinite
number of elementary, microscopic elements can
be in an uncountable (i.e. continuous) number of
states. They cannot be superposed and thus are
deterministic. In other words, they are classical
and non-contextual. Contexts, as experimental
devices, are such macroscopic systems, and what
infinite tensor products tell is that they have
precisely the properties postulated about them.
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• Macroscopic systems that differ by a finite num-
ber of elementary, microscopic elements can be
in in a finite, or at most in a countably infinite
number of states. They are thus still contextual,
and the finite part that differs can be seen as a
quantum system. They are described by Hilbert
space operators and Born’s rule.

Figure 3: Closing the loop of CSM.

As a result, CSM, usual QM and ITP provide alto-
gether a fully consistent conceptual setup to model
both quantum systems and the classical systems they
interact with, as illustrated in Fig. 3. CSM has the
interest of being based on not-so-abstract ideas that
can be used to develop an intuition on quantum sys-
tems, that is highly desirable to develop the emerging
quantum technologies. This is in part thanks to its
objective and realist basis. Finally, it leaves the much
exotic aspect of randomness at the heart of the ap-

proach, even if it provides justifications for it. We also
note that randomness seems to have a strong link with
relativistic causality, and is thus all the more likely to
be a fundamental aspect of our universe.

IV. CONCLUSION

We have sketched a presentation of QM that relies
on simple objective, realist and empirically understan-
dable postulates. These postulates allow one to derive
the usual textbook formalism up to dynamical equa-
tions. We push further the consequences by applying
applying this formalism to the macroscopic limit that
involves using type-III von Neumann algebras. The
properties of these algebras allow understanding the
behavior of large systems that fully support the initial
assumptions. We highlight that the qualitative diffe-
rence between quantum and classical system maps in
this model on Cantor’s hypothesis of continuum, i.e.
that there is no other “infinity” between the discrete
one (ℵ0) and the continuous one (ℵ1). The non-unitary
and genuinely random aspect of measurement occurs
on the verge of this limit, that occurs physically when
a macroscopic cascade maps a quantum phenomenon
on a classical one.
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