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Abstract

We show the local in time well-posedness of the Prandtl equation for data with Gevrey
2 regularity in x and H' regularity in . The main novelty of our result is that we do not
make any assumption on the structure of the initial data: no monotonicity or hypothesis on
the critical points. Moreover, our general result is optimal in terms of regularity, in view of
the ill-posedness result of [9)].

1 Introduction
We are interested in the 2D Prandtl equation

oUr +U"0,U" +vo,ut — iU = o, U" + U0, U, 0,UY + 0,V =0, (1)
set in the domain Q = T x R4, completed with boundary conditions

P _ /P _ : P _ 1/E
U |y:0 =V |y:0 == 0, yEI}-looU =U". (2)
This equation is a degenerate Navier-Stokes model, introduced by Prandtl in 1904 to describe the
boundary layer, which is the region of high velocity gradients that forms near solid boundaries
in incompressible flows at high Reynolds number. It can be derived from the Navier-Stokes
equation under the formal asymptotics

(", ")t 2, 2) = (UF (2, 2/V0), VOV (2, 2/ V), (UFVE) = (U, VE)(t,2y), (3)

where v is the inverse Reynolds number, and (u”,v") is the Navier-Stokes solution. This asymp-
totics is supposed to apply to the flow in the boundary layer region: the typical scale \/v of the
boundary layer in this model is inspired by the heat part of the Navier-Stokes equation. Away
from the boundary, one rather expects an inviscid asymptotics of the type

(u”,v")(t,x, z) = (uE,vE)(t,x, z),

where (u”,v”) is the solution of the Euler equation. In order to match the two asymptotic
expansions, one must impose the condition

lim UT(t,z,y) = UE(t,x) :== uP(t,z,0),

Y—r—+00
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which yields the boundary condition for y — oo in (2). The other two boundary conditions at
y = 0 express the usual no-slip condition at the boundary. We refer to [6] for a more detailed
derivation. Let us stress that the pressure in the Prandtl model is independent of y: its value
is given by the pressure in the Euler flow at z = 0. This explains the right-hand side of (1),
which depends only on ¢, z, and is coherent with the third boundary condition in (2).

The Prandtl system (1)-(2) is very classical, as it appears in most textbooks on fluid dy-
namics. Still, it is well-known from physicists that its range of applications is narrow, due to
underlying instabilities. Among those instabilities, one can mention the phenomenon of separa-
tion, which is related to the development of a reverse flow in the boundary layer [8, 4]. Another
example is the so-called Tollmien-Schlichting wave, that is typical of viscous flows at high but
finite Reynolds number [5, 15]. Of course, such instability mechanisms create difficulties at the
PDE level, making the mathematical analysis of boundary layer theory an interesting topic.
The two main problems that one needs to address are the well-posedness of the reduced model
(1), and the validity of the asymptotics (3). We shall focus on the former in the present paper.
About the validity of boundary layer expansions in the unsteady setting, there are many pos-
sible references, among which [31, 14, 32, 11, 26, 16]. About the steady setting, see the recent
works [19, 10, 17].

To analyse the well-posedness of the Prandtl model is uneasy, even at the level of local in
time smooth solutions. The key difference with Navier-Stokes is that there is no time evolution
for the vertical velocity, which is recovered only through the divergence-free condition. Hence,
the term v0yu can be seen as a first order nonlinear operator in x. Moreover, this operator is not
skew-symmetric in H*. As the diffusion in (1) is only transverse, this prevents the derivation
of standard Sobolev estimates. The first rigorous study of the Prandtl equation goes back to
Oleinik [29], who tackled the case of data Ul;—o that are monotonic in y. She established local
well-posedness of the system using the so-called Crocco transform, a tricky change of variables
and unknowns. Let us stress that such monotonicity assumption excludes the phenomenon of
reverse flow and therefore prevents boundary layer separation. More recently, the local well-
posedness result of Oleinik was revisited using the standard Eulerian form of the equation, see
[1, 27, 21] for the local theory in Sobolev spaces.

The analysis of non-monotonic data is much more recent, and has experienced some strong
impetus over the last years. Surprisingly, it was shown in [9] that the Prandtl system is ill-posed
in the Sobolev setting (c¢f. [13, 18, 24] for improvements). Specifically, paper [9] centers on the
linearization of (1)-(2) around shear flows, given by (U, V) = (Us(y),0). The linearized system

reads
Oy + UsOpu+ Ulv — Oju =0,

8$u + 8y?) == 07 (4)
uly=0 = v|y=0 =0, yggloou = 0.

In the case where Ug has one non-degenerate critical point, one can show that (4) has unstable
solutions of the form wu(t,z,y) = e*%e*uy(y) for k arbitrarily large and Roy ~ Avk. Such
high frequency instability forbids the construction of Sobolev solutions. To obtain positive
results, one must start from initial data wu;, that are strongly localized in Fourier, typically
for which |tg(k,y)| < e 9" for some positive § > 0, v < 1. Such localization condition
corresponds to Gevrey regularity in x (Gevrey class 1/7). The first result in this direction is
due to Sammartino and Caflisch [30], who established existence of local in time solutions in the
analytic setting (7 = 1). See also the nice paper [22]. Note that the requirement for analyticity
is natural in view of standard estimates. For instance, at the level of the linearized equation
(4), one gets directly by testing against u that
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so that ||u(t, k, )HLz < eClFl ||z (K ,-)\|L§. Hence, if Hﬂo(kz,-)HLg < ekl a uniform control will
be provided as long ast <4§/C. ‘ ‘

To relax the analyticity condition is much harder. In the special case where w;, has for
each value of x a single non-degenerate critical point in y, the first author and N. Masmoudi
proved the local well-posedness of system (1)-(2) for data that are in Gevrey class 7/4 with
respect to = [12]. Well-posedness was extended to Gevrey class 2 in article [23], for data that
are small perturbations of a shear flow with a single non-degenerate critical point. Note that
this exponent (corresponding to v = 1/2) is optimal in view of the instability mechanism of [9].

All the recent results mentioned above rely heavily on the structure of the initial data:
monotonicity for the Sobolev setting, single non-degenerate critical points for the Gevrey setting.
It is therefore natural to ask about the optimal regularity under which local well-posedness of
the Prandtl equation holds, without additional structural assumption. This is the problem
that we solve in the present paper: we establish the short-time well-posedness of the Prandtl
equation for general data with Gevrey 2 regularity in  and H' regularity in y. We recall once
more that such regularity framework is the best possible. Indeed, from the results of [9], high
frequency modes k in  may experience exponential growth with rate v/k. This means that to
hope for short time stability, the amplitude of these modes should be O(e*C\/E), which is the
Fourier translation of a Gevrey 2 requirement.

2 Result

Let v>1, 7 >0, r € R. For functions f = f(z) of one variable, we define the Gevrey norm

Y+ )
FS oY (i TN )

jEN

and for functions f = f(x,y) of two variables, the norm

TSy ((j(%“)) 102112, ©)

JjeN
where | - [|;, j > 0, denotes a family of weighted L? norms. Namely,
1913 = | 1) Poiw) dedy, g
TxR+

where p;, j > 0, is the family of weights given by

. J -
po(y) = (L+y)>",  piy) = % =) [ 1 <1 + k—%) i,
1 + ]—a) k=1

for fixed constants a > 0 and m > 0 chosen later (m large enough and o matching the constraints
found from the estimates). The need for this family of weights will be clarified later. Let us
note that locally in y, this family of norms is comparable to more classical families such as

(J+1)
I, =3 (U o, ©
jEN ’
For instance, for functions f which are zero for |y| > M, one has

||f||’y,T,r < CM|||f|||7,7—,r, |||f|||%7,7’ < CM,T’HfH%T’,r for any >



The only difference is when y goes to infinity, where the family of weights p; puts less constraints
on the decay of the derivatives compared to a fixed weight pg for derivatives of any order.
With these spaces, we can now state our main result.

Theorem 1. There exists m and « such that: for oll 0 < 7 < 19, 7 € R, for all Ty > 0, for all
UE satisfying

sup |(9tUE|27TO7r + |UE|2,TO,,~ < 400, sup max ||0(8 + UE(%)UEHHs—zz(T) < 400
[0.70] [0,7] 1=0:--:3

for all UY satisfying
Ui = UPlizollzimor < +00, (1 +9)0, Uit ll2,m0,r < 00, [[(1+4)" 0, UL | go(rxr,) < +00

and under usual compatibility conditions (see the last remark below), there exists 0 < T < Ty
and a unique solution UF of (1)-(2) over (0,T) with initial data UL that satisfies

T
sup [[UF(t) = U (1|3, + sup H(1+y)0yUP(t)H%m+/ 11+ 93U (B)[I3,7, , dt < +00
t€[0,T] t€[0,T] 0

Remarks.

e The main novelty of the theorem is that we reach the optimal Gevrey regularity although
no structural assumption is made on the data: no monotonicity, or hypothesis on the
number and order of the critical points is needed. Only Gevrey regularity of the data and
natural compatiblity conditions are required.

e Our method of proof, explained below, is inspired by the hyperbolic part of the Prandtl
equation. It is based on both a tricky change of unknown and appropriate choice of
test function. This method would also allow to recover the Sobolev well-posedness of
the hyperbolic version of the Prandtl system by means of energy methods. As far as we
know, the well-posedness of this inviscid Prandtl equation had been only established in
C* spaces using the method of characteristics: see [20] for more. This part will be detailed
elsewhere. In the case of the usual Prandtl equation studied here, our methodology has
to be slightly modified to handle in an optimal way the diffusion term. Still, commutators
are responsible for the loss of Sobolev regularity: only Gevrey 2 smoothness in x can be
established.

e There is a loss on the Gevrey radius 7 of the solutions through time, going from 74 to ;.
This loss, which appears technical in the paper, is actually unavoidable. This is due to
the instabilities described in [9]: exponential growth of perturbations at rate Vk causes a
decay of the Gevrey radius linearly with time.

e Besides the regularity requirements mentioned in Theorem 1, the initial data must satisfy
compatibility conditions. It is typical of parabolic problems in domains with boundaries,
cf. [28, Chapter 3] for a general discussion. Here, the value of UL and of some of its
derivatives at y = 0 cannot be arbitrary: they must be related to U” accordingly to the
equation and to the amount of regularity asked for u (with respect to the y-variable). Let
us note that locally near y = 0, most of our estimates only involve UF — U¥ in L%H;
(not mentioning the Gevrey regularity in x). Such estimates could be carried with the
single compatibility condition UL|,—o = 0. Still, the low norm |[(U”, V)| introduced
in (19) involves more y-derivatives: its control through Lemma 15 implies therefore a few
more compatibility conditions. For the sake of brevity, we do not provide their explicit
expressions, and refer to [33, Proposition 2.3] for a detailed discussion on a variation of
the Prandtl equation.



Outline of the strategy. As mentioned earlier, our analysis of the Prandtl equation relies
on the identification of new controlled quantities because the usual unknown w and kinetic
energy do not give enough information. To help to identify the relevant quantities, it is a good
idea to start from the study of the linearized system (4). After Fourier transform in = and
Laplace transform in time, we are left with the ODE

(A +ikUs)0y ¥ — ikULW — 030 = uiy (9)

where ¥ corresponds to the Fourier-Laplace transform of the stream function. At high frequen-
cies k, a natural idea (although not legitimate in the end) is to neglect the diffusion term. We
are then left with the first order ODE

(A +ikUs)0y ¥ — ikULU = . (10)

We note that the standard estimate (based on taking 9, ¥ as a test function) yields a control
of the type

R0y U172 < kIO, W 2 lUZ | 2 + [futin 2210y ¥l 2
S KllOy W72 + lluinll 2210, | 2

where the last line comes from the Hardy inequality (as soon as |U.(y)| = O(y~!) at infinity).
Such bound ensures the solvability of the resolvent equation (10) only for A ~ k. This in turn
yields a semigroup bound of the type e“¥¢, only compatible with stability in the analytic setting.

To reach stability in lower regularity, an important point is to notice that the homogeneous
equation has Wy, = (A+1kUs) as a special solution. With the integrating factor method in mind,
it is then natural to set ¥ = (A + ikU,)1. The first order equation (10) becomes

(N + ikU;)? 0,0 = uip

which is much better than the original formulation. Indeed, we can test the equation against
¢ = mﬁyw to obtain a control of Jy% in terms of ui,, and from there a control of ¥ for any
A > 0.

Back to the full resolvent equation (9) we find for the same unknown

(A +1kUS)?0y1p — (A + 1kU) 050 = uin + [N + ikUs, 95 1.

Testing again against ¢ = maﬂ, the LHS allows the control
RA 0y 0lI72 + 10531172
In the commutator at the RHS, the worst error term is 3ik0, U38§¢, which is bounded as

2 1 2 2 Csz 2
10y 2210y ¥l 22 < 510,172 + Wllayw\lm-

ko

“TRA

We see that under the constraint R\ ~ k2/3, the estimate can be closed, and this can be shown
to imply short time stability for data with Gevrey regularity 3/2. This estimate around a shear
flow is detailed as Lemma 4.1 in [3].

In order to reach the optimal Gevrey exponent 2, we need to get rid of the commutator
term containing 351/1, which comes with a worse control than dy1. To do so, we change a bit
our new unknown : we now define 1 through the relation

U = (A +ikUs — ) (11)
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including the diffusion term. Hence, (9) becomes
(A +1kUs — 02)20,1 + (A + 1kU, — 02) (ikUL) — ikUg (A + ikUs — 92) = uin.

Testing this time against the solution ¢ of (A + kU, — 83)(]5 = yﬂ (again with the diffusion
term), the LHS yields the same control, but the error term is now

R / [\ +ikUs — 82, ikUJY .

From the definition of ¢ it can be shown that ||¢|| < A71{|,%| so that the error can be bounded
by
ko

2

The estimate can now be closed for R\ ~ k'/2 yielding Gevrey regularity 2.

Obviously, such approach is no longer applicable as such to the nonlinear system (1)-(2): we
not only lose the linearity of the equations, but the coefficients are no longer of shear flow type.
They notably depend on ¢ and =, which forbids an easy use of Fourier or Laplace transform.
Rather than turning to the characterization of Gevrey spaces in the Fourier variable k, we
consider norms based on the z-variable, see (5) and (6). Roughly, the idea is to work with time
dependent norms, that is with the quantities

1" =U")()

”'y,T(t),r7 T(t) = Toe_ﬁt'

By differentiating j-times the Prandtl equation, we can derive an equation on
() (+)"

(j')'y 85: (U (t) -U (t))

uj(t) =
that can be written as
Y
(815 + ,8(] + 1))uj + UPamu]' + VPayu]' + UjayUP — 8§u] = Fj, ’Uj = —A avuj. (12)

Roughly, inspired by the shear flow case, the idea will be to introduce as a new unknown
the solution 1; = [/ H; of

Yy
(8 + B+1) + UPD, — 02y = /O uj dz.

which is reminiscent of the Fourier relation (11). The test function ¢; should then solve the
reverse equation

(=0 + B(j+1) — U0, — 82)p; = Dy

and be solved backward in time. Performing the same estimate as in the shear flow case, we
expect to find an inequality of the type

1
WH@:@@;%HQ
By exploiting a relation of the form ||0,0,v;| ~ j||0yj+1|| (that needs to be shown!) and

using that v < 2, we will then be able to sum over j and establish for large enough 5 a control
of 32, 9,51 in terms of ¥, | Fy|2

. 2 2 2 1 2
BUHDN0y 5117 + 118,41 SWHFJ‘H +



In fact, in implementing this strategy, several refinements are necessary, and the relations
satisfied by 1; = foy Hj; or ¢; need to be slightly modified. Particularly problematic is the
term VP 0y because VP ~ —0,UFy increases linearly with y: this prevents from closing an
energy estimate with a fixed weigth p = p(y). This difficulty appears in various places in the
literature on the Prandtl equation. This is for instance the reason why article [12] is limited
to the special case UF = 0 and decaying initial data. One can also mention [22], where this
difficulty is overcome by a clever change of variables, which is reminiscent of the method of
characteristics and allows to remove the bad part of the convection term from the equation.
Energy estimates can then be established in these new coordinates z’,%’, and yield some local
well-posedness result, with solutions that are analytic in 2’ and L? in ¢/. The disadvantage of
this approach is that the regularity of the solution in the original variables x and y is no longer
clear at positive times. Here, we stick to the eulerian variables, but overcome the difficulty by
introducing the family of weights p;, 7 > 0. These weights allow to trade a power of y against
a derivative in x, which is appropriate to the commutator terms. Moreover, they put very little
conditions on the derivatives of the solution, so that they provide a very general framework for
well-posedness. Note that the specific expression of p; is important: it could not be for instance
replaced by the more natural guess (1 +y)2(m*j ), as commutators with the diffusion term would
not be under control. Note also that the strategy used in [27], where Sobolev well-posedness
is established under monotonicity assumptions by increasing the weight with the number of
y-derivatives, does not extend to the Gevrey framework in variable .

The plan of the paper is as follows. In the next section, we first collect several properties of
the weight p;. We then write the equations satisfied by the z-derivatives of the Prandtl solution
in a form analogue to (12). This means that we put most of the nonlinear terms at the right-hand
side, and consider those equations as linear. We finish the section by introducing the adapted
quantities H; and ¢;. The main section is Section 4: a priori Gevrey estimates for the linear
equations are perfomed, that provide a control of the u;’s in terms of the nonlinear terms Fj(s.
Note that such estimates are obtained under a condition of the form 8 > C(1+|[(UF, V) |iow)?,
where |[(U?, V)]|10, is a low regularity norm of the solution. The treatment of the nonlinearity
F} is then handled in Section 5. The last step in the derivation of a prior: estimates is to recover
the control of the low regularity norm |(U”, V)10, see Section 6. Finally, issues regarding
the construction and uniqueness of solutions are discussed in Section 7.

3 Preliminaries

The explicit form of the weights p; is only needed in the Section 5. In the other parts, we just
need a sufficient control of the logarithmic derivative (Lemma 2), a bound for antiderivatives
(Lemma 3) and relate p; to pj+1 (Lemma 4).

Lemma 2. Let m >0 and o > 0. There exists a constant C; such that for ally € RT, j € N

Ci(Gj+1D) e ifa<1

@/pf](!)/)‘ << Clog(j+1) ifa=1
Pty c, ifa>1
and 8,p:(4)
yPi\Y .
(1+y) 7,0j(y) ‘ < Cp(j+1).




Proof. Given the explicit form of p;, we can compute the logarithmic derivative of p directly as

, j j
%:8ylogpj:8ylogp0—228ylog (1+i) :2_m_22;
Pi k=1 k 1ka(

ke 1+y 1+ %)

From this expression the result follows directly. U

Lemma 3. For m > % introduce the constant

[ 1
Cm = om—1"

Then for all a« >0, j € N and all f = f(y),

: 12 ry
sup (Z88) [ 110102 < Cul iz

More generally, for 0 <n < j withn <m — % one has

: 12 py
sup (Z85) [0l < Co 1l

Eventually, for all A= A(x,y) and B = B(x,y), the following inequality holds:

y
14 [ Bzl < CullAllz m 1Bl
Proof. Note that p;/py for j > n is non-increasing. Hence

(%Y [irenas< [ (g—ii)/ 11 < W liogs ( [ o5 02) "

where we used the Cauchy-Schwarz inequality in the second inequality.
As a > 0 we find directly that

1
pnly

_mj Y \?2 1
)§(1+y) 2 ]};[1(1+k_a) SW

whose integral over y € RT gives C2,_ . This proves the first and second bounds. The remaining
estimate with A and B follows directly. O

The weights are decaying so that p; < pp for j > k. As o > 0, we have for j € N that

(1+9)2pjt1 < (j+1)**p; and pjiq > (15;—2)2. This shows:

Lemma 4. Let « > 0. For j € N, A= A(x,y) and B = B(x,y) it holds that for
[Alljr < [[All;, A+ y) Al < G+ Al

and

H(lfy)

Yy
<Al 14 [ BE G < Cull (1) Al g 1Bl
J



Let us insist again that most parts of the proof would work with constant weight p instead
of pj. The dependency on j will be only needed to treat the commutator terms coming from
vr oyU P The difficulty is that V¥ grows like 4 as soon as U” is non-constant. Here the crucial
property that we will use is that we can control [[(1 + y)A| ;41 by (7+1)%||Al|;.

The Prandtl equation is given for (U, VF) with inhomogeneous boundary conditions at
y — oo. In order to work with homogeneous boundary conditions at zero and infinity, we
introduce

U(t,z,y) = (1 —e HUE(t,z), Ve(t,z,y)=—(y+e ¥ —1)0,U"(t )

and setu:UP—Ue,v:—foyamu:VP—Ve. Then,

Oru + (u0y + v0y)u + (U0, + VO, )u + (u0y + v0,) U — 8§u = f° (13)
where
fe=0U" + UP0,U — 0,U° — U0,U° — VeO,U° + 0,U°". (14)
In the new variables (u,v) the boundary conditions are
u=v=0 aty=0, and lim u = 0. (15)
Y—00

The condition at y — oo will be encoded in the functional space of .

To prove Theorem 1, the point is to obtain good estimates for Gevrey norms of u of type
(6) for time-dependent radius 7 = 7(¢). More precisely, we give ourselves parameters m, a,~y, r,
to be fixed later, as well as the time-dependent radius 7(t) = T0e Pt with 8 > 0 to be fixed
later. Then, for any function f = f(¢t,z) or f = f(¢t,2z,y) and 7 € N we set

: £ (j+1)"
()= 230050 it 3y = T

Taking j derivatives in x of (13) and multiplying by M; yields

(@ + B(j+1) + U8, + (j+1)0,U" +VTo, - 8j>uj +0,U v; + jo,, U0 \v; = F;  (16)

where F; collects all terms with less than j derivatives in = as well as the weighted derivative
of the forcing f€. It is given by
Fy = f§ + M [udy, 03] u+ M; ,udu

+ M; [Oyu, 8%] v+ M;j Opyudi v + Mjv d10,u
+ M; [U°0,,02] u+ M;j 0,U¢ du

+ M; [V€0,,07]
+ M; [0,U°,07]
+ M; [0,U°, 0% v + M;j 05U 02 M.

u
u

We now introduce our crucial auxiliary functions H;(t, z,y) defined by

Yy Yy
(at + B(+1) + UP0, + (j+1)0,U7 + VP, — aj) / Hjdz = / ujdz,
0 0

Hili=o =0,  9yHjly=0=0,  Hjlysc0 =0

(17)

For the existence of H;, one can consider (17) as a convection-diffusion equation for A; =
foy Hj;dz, with boundary conditions Aj|,—g = 0yAj|ly0c = 0, which has a solution by the

9



classical theory of parabolic PDEs. The PDE (17) itself then implies that (9§Aj|y:0 so that
taking H; = 0,A; gives the required solution.
We further introduce the corresponding test functions ¢; by

2
(-at + B(j+1) — UPd, + jo,UP — VFa, — 0,VF — VP% - (ay + M) ) ;= Hj,
j
Gile=r =0, dily=0=0,  djly—oc =0.
(18)
Note here that the operator acting on ¢; is the formal adjoint operator of the operator acting
on [ H;dz in (17), with respect to the L*(p;) scalar product, denoted (,);. This is a backward
heat equation solved backward in time for ¢ € [0, 7.
Testing (18) against ¢; in || - ||; and integrating over [t,T] yields

T T
S +56+D) [ oI ds+ G+5) [ (0:070,.0,),ds

t

17 PO r Oyp;
3 [ (o v Y o5 [ioeas+ [ (220,000

j j
T
:/t (Hj, ¢5);ds
Hence we find

1 36(j+1) (T 17
o0+ 2D o s)as+ 5 [ 10,613 as

yp;
Pj

Oyp;
J

o, vr+v?P +

o0

1 T 2 1 P
< m/t [ H;(s)]|5 ds + ((]+§)\|61U oo + 5 5

|

2 T
) / 165(s) 2 ds

Lemma 5. Fizm > 0 and o > % Then there exist a constant C = C(m,«) such that for all
j € N it holds that

By Lemma 2, under the condition « > %, we get the following control:

T T
||¢j(t)\|?+ﬁ(j+1)/t ()13 ds+/ 10,5 (s)II3 ds < ﬁ/t 1 (s)15 ds

o

Note that for o < 1, the term with Ha;ﬁugo could not have been absorbed. This a prior
J

estimate also ensure the existence of ¢; as solution of (18). A similar estimate holds for H;
which ensures the existence of H; as solution of (17).

VP
1+y

g>c (1 10U oo + 10,V oo + H

4 Linear estimates

In this section we analyse the linearised equation (16) and obtain an estimate for the solution
in terms of the F; containing the forcing and lower-order terms. For this, we shall first analyse
(16) for a fixed j. We will obtain a control of H; in terms of the forcing F; and an error term
0y Hj, which will be shown to be approximately (j+1)7H;1. By summing over j, we will find
the following control.

10



Lemma 6. Fiz m > %,% < a< %—l— 7,1 < v < 2,r € R. Then there exists a constant
C =C(m,a,,r) such that for all 71, B and T such that

1
B> CAHUT, V) liow) (1 + — 1T, V) liow) and 7(T) > 7

the H;’s defined by (17) for solutions u;’s of (16) satisfy

22 2 T N 1 ‘ 2 1 T 12
jz_(j)/s (1) [ | iz o OB + 505 | 1o dt]

j+1 2'\/ 4 T (j+1)2fyf3
<163 | [ imar s 7 2]

7=0

Here we use a low-order control of U¥ and V¥ in order to control the commutator error
terms. From the required bounds, we define the low-order norm as

1T V) liow = sup maX( max |50 [|oo, 1020, U" [loos | (14 4) 0y U |loos [|(1 + )05 U" |l cc,
te[0,7) 0<k<3

(1 + y)ayUPHLgOLg(po% H8$yUPHLg°L§(p0)7 HamyUP”LgOLﬁ(po)v
8kVP
1+y

11+ y)*0;U" L5212 (po)» 11 4 9) s our 1250 12 (00) Jnax.

).

o0

(19)

Although a main ingredient of our proof, the unknown H; is less natural that the usual u;,

notably for the future treatment of the nonlinearity, which involves u; and w; = dyu;. This is
why we shall we relate the control of H; to u; and show:

Proposition 7. Fiz m > %,% <a< %4— v, 1 < v < 2,r € R. Then there exist constants

C=C(m,a,v,r) and C = C(m,a,~,r) such that for all 71, f and T such that
1
B> CA+ U7, V)liow) (1+ p 1T, V) liow) and 7(T) > 7
1

the solution u of (16) satisfies

T
|l e sup Zjul? / S TC "
0 te[OT}

1
- s ﬁ2u<1+y>wuw+_w 7 /0 10+ )l
<C 1§/T temin a5 > [ s a
VB L) Gry TR Ay G T

1
Z / ol 4t C |Gl g+ 0+ el ey

11



For v > 5/4 this is

T 2 1 2 T 1 2
| Bt s Sl [0 el

te[0,7)
Ll X LY ORI dt
+t:£%}?”( +y)w|’%m+%,7+@ ; I+ )yl 1,
2

1 o [T 1 y
<C|= /7 1+—Y  _\F|| ar

S50 s () )

C = [T 1 5 1 5 1 )
+@ZO/O W\\Fj’y:OHLg dt+C[BHumewﬂ_%+@H(1+y)winH%m7r+%_7 :

J:

4.1 Estimate for H;

We focus first on Lemma 6. The idea is to use the solution ¢; of (18) as a test function in (16).
Taking the weighted scalar product and integrating over [0, 7], we find for the first term in (16):

T
/O (80 + BUHY) + U0, + (G41)0.U° + V70, — 07 s, 65);
= _<uin,ja¢j(0)>j
r . P . P P P pOyp; ypj ?
+ i (uj, | =0, + B(j+1) —UT 0, + jOLUP —VPD, —0,VE -V S 8y + L) ) ¢, dt
T
= —(Uin,j, 9;(0)); +/0 (uj, Hj);dt.

Note that there is no boundary term as u; and ¢; vanish at the boundaries. Differentiating
(17), we can replace u; in the last integral and find

T
/0 (uj, Hj); dt
T
:/O (8 + BUHY) + U0, + (GH0)0,U7 + V"0, — 62 Hy. )t
t Yy
+/ <(ayUP8:v "’jamyUP)/ deZ’Hj>jdt
0 0
t Y T
+/0 <0nyP/O Hjdz, Hj); df+/0 (0,V"Hj, Hj); dt
1 2 T 2 T 2
U@+ 86+ [N @+ [ 0,01 d
t Yy
+/ <(8yUP3x+j8$yUP)/ Hjdz, H;);dt
0 0
t Y T
+/0 <anyP/O Hjdz, H;); dt+/0 (0,VFH;, H;); dt
1. /T 17 dyp; T 0,p;
+(j+§)/ <axUPHj,Hj>jdt—§/ <<ayVP+VPy—'?J> Hj,Hj>jdt+/ (ML my), dt.
0 0 Py 0 Pj
By the boundary values of H; there are again no boundary terms from partial integration in

y. In the last expression, the first line contains the good controlled terms, the second line will

12



cancel the leading contribution from the bad terms 9,U"v; + jO,,UT 0, 'v; (see below), while
the last two lines collect the error terms.
Next, we compute the contribution from the terms with v; using v; = -0, foy ujdz:

T
[0

T Y
= _/ (0,U" 0, [(@ +B(j+1) + U0, + (j+1)8,UP + VI, — aj) /0 H; dz} ,5); dt

T
0,ur at+ﬁ(y+1) + U0, + (j+1)0,UP + VP9, — 02 / Hjdz, ¢;);d
0

/

H

0,U" 0, U"0, + (j+1)92U" +0,v'a,) / Hjdz, ¢;);d

o
S

at+63+1)+UPa + (j+1)0.UP + VP, — 82> [a Uu”o, / H, dz} ¢;);d

_l’_

o\ﬂh

at + U0, +V¥0,)0,U" —20;U"0, — 83UP / Hjdz, i), d

H

/ 0,U"(0,U"0, + (j+1)92U" + 0,v'0,) / Hjdz, ¢;);dt
0

T
UPa/HdzH>d

_|_

o\qo\

8t+UP6 +V*0,)0,U" —20;U"0, —a3UP / Hjdz, ¢;);d
T

/ 0,Uf (0, U"0, + (j+1)92U" + 0,V* 0, / Hjdz, ¢;);dt

0

and
T
/(; <]'amyUPa;1’Uj, ¢j>j dt
T y
= —j/ (0nyU” ((% +B(+1) + U0, + (j+1)0,U7 + V70, — aj) / H;dz, ¢;);dt
0 0
T Yy
= —j/ (awUP/ Hjdz, H;);dt
0 0
T y
+j / (@ +UP0, + VP00, U — 20,0207, — 0,650" ) / H;dz, ¢;);dt
0 0
In both cases the leading order term cancels. Hence collecting the terms we arrive at
1 2 < g 2 g 2
SIH;(D5 +B(+1) ; 1H;(@)][7 dt + i 18, H; (£)][5 ¢

T T
g/o (Fj,¢j>dt+<uin,j,¢j(0)>j+/0 > Eidt

13



where F1,..., Es5 collect the lower-order error terms as

)
E, = —<3nyP/ Hj;dz, Hj); — (0,VFHj, Hj);j,
0
1 1 Oy, 0 Oy 04
By = —(j+§)<3xUPHj7Hj>j + §<<5yVP + VPZ—]&> Hy, Hy); — (2205 Hy) s,

Y
By = ~(((& + U0, + V70,)0,U" — 202U ), - 3§’UP)3x/O Hjdz, ¢);,

Yy
By = (0,UF (0,070, + (j+1)82UF + aggvPay)/ H,ydz,,);,
0
Y
Es = —j(((@t + U 0, +VP0,)0,,U" - 20,0;U"0, — amajUP) / Hjdz, ¢);.
0

Here E3 and Ej contain the worst terms, as they involve z-derivatives of H;. They are respon-
sible for the Gevrey regularity requirement.

Assume m >0, a > % and [ large enough so that Lemma 5 applies. We can then estimate
the forcing terms as

T 9 T 9

. T
[

and

4 T
D [ imae

2 2
(uin,j, #;(0)); < WHWHJHJ‘ +

Absorbing the terms with H; we therefore find

T T
|H;(T)]2 + BU+1) /0 VH(1)]2 dt + 2 /0 0, H; (1)

4 1 5 4 5 T
< " F:(t)]|5dt + ———=||tin.4 »—1—2/ E E; dt.
a 53(3—1‘1)3/0 H ]( )HJ ﬁQ(J—H)QHU ’]HJ [

We now estimate the error terms, where we repeatedly use Lemma 3. For E; we find
P P 2
By < |Conll0ay U 5= 300y + 10,V e | 113

For E9 we also use Lemma 2 and assume o > %

By < |4 D100 o + 110,V e + 1G4 (14| 22
2> | 2 T o0 2 Y ) 1\J 1+y

BICE

In the term E3 we have terms with 0, H;, which we want to estimate in | - ||;41 as they will be
later controlled by H;,i. Using Lemma 4 we find

By < Con|(14+y) (01 + U0 + VI — 07)0,U || o 12 (o) 10 Hj 111651
+ 2|/ (195U (ool 0 Hj 411155115
< 2| (149U ool 02 Hjll 411165115

where we used the identity

(0 +U"0, +VP0,)0,U" — 070,U" = 0. (20)

14



Similarly, we find for F, that

Ex < Conll (149)0,U " 0.0 | 30 13 00 10 Hj 411151
+ (D) Con|0,U P 30U | e 12 (o) I H 16515
+ 10,U7 0V | o 1 Hjl| 15

And finally for E5 we find

Es < (§Cnl| (% + UT 0y + V78 = 07)05y U || 1012 o) + 2310205U " || o) 115116511
< (JOmll(8:U" 05 + 8V 80,)0,U" || Lo 12 (o) + 2310205 U " |0 ) I1Hj 1511515

where we took again advantage of (20).
We collect the various factors in constants D1, Do, D3 defined as folllows:

Dy = 4(I(1+9)020  low + Con| (1+9)0,UT 00 1221300 )

and
Dy = 2((41)Cl|0,UF 20" 12013y + 10,07 0V o

+ JCm | (0UF 0z + 02V 0,)0,U° 120130y + 231020207

and

1 1 - VT
Dy—2 <CmHamyUPHL§°L§(PO) + 110,V |loo + (J+§)H8$UPHOO + §”ayVPHoo + Ci(j+1) (1 + H Ty

)

Then
T 5 T T T )
; /0 S di < Dy /0 100 H; 411165, dt + D /0 | H, 1311651, dt + Ds /0 |12 dt
=1

<1/T53('+1)3H¢»||2dt+ﬂ/Tua 2 aes (=222 4 p /T\|H»||2dt
4y 7Y 7 B+1)3 Jo T BG+13 7)) Jy 1N

With Lemma 5 the ¢ integral can be estimated as

1 T 1 T
1| PaRlea < gaGan [ 1m0l

and thus can be absorbed in the LHS.
Here [|[(UF, V)10 has been designed such that we can find numerical constants cj, ¢z, c3
such that

Dy < e (1+ (U, V) liow)?,
Dy < co(j41) (L4 [[(UF, V) liow)?,
D3 < e3(541) ((UT, V) liow)-

Combining all the estimates we arrive at the following lemma.

Lemma 8. Assume a > % and m > % Then there ezist a constant C = C(m, «) such that for

B> CA+UT, VD)t iow)

15



and j € N the H; defined by (17) for a solution u; of (13) satisfy
T T
2B + 80+ [ IO d+4 [ o,y ar

< s Fi())2 dt + ——— w12
< 53(j+1)3/0 | F5( )H] +ﬁ2(j—|—1)2”u ,JH]

4G+ I(U", V) [liow)* /T 10, H;||2, , dt.
B3(j+1)3 o
Proof. Use the previous estimates. Note that the condition on 3 also implies that the hypothesis
of Lemma 5 is satisfied by choosing C large enough. U

4.2 Relating 0,H; with H;

To conclude the proof of Lemma 6, that will be achieved by summation of the previous estimate
over j, we need first to control d,H; by Hj1.

Lemma 9. Let m > 3 and a > 3. Then there exist constants C = C(m,a) and C = C(m, o, 1)
such that for all T, B and T with

B>C(1+ 1T V) ow)®, (T)>m,

it holds that

T 2
Au@mmwﬂ

j+1 2y T ]+1 2a—2 T C T
<7 gz ar o e mzany € [ )2 ar
1 0 /8 0 /8 0

. T .
Proof. From the definition of w;, it holds that J,u;(t) = (%) %uﬂl(t). Hence we

anticipate that

01,0~ (

Therefore we estimate the difference

J+2\" G+
Aj = 8$H] - <]+—1> T(t) Hj+1.

J+2\" G+1)”
i) S )

From equation (17) (used with indices j and j+1), we find that

Y Y
<0t+5(j+1)+UP0$+(j+2)a$UP+vPay—a§)/ Ajdz = — [(j+1)8mUP+8$VP8y]/ Hjdz.
0 0

(21)
We stress that foy A dz does not converge to zero at infinity, so that one can not perform L?
estimates on this quantity. However, we can notice by Lemma 3 that

Pi+l 1/Q/yA'dz s < P1y1/2 2 Pit1 1/2/yA-dz 2
H(po) B Iz _||(p0) Iz ( ,01) | A lrzre
< Con |51

< +00.
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The square integrable quantity d; = (%)1/ 2 foy A dz satisfies the equation

(at +B(j+1) + U0, + (j+2)0,U" + VP, — a§>5j

=~ (10U (2)'2 /0 Hydz — 0,V (F2) 2

Po PO
P Pi+1N1/2Y (Pi+1N—1/2¢ Pi+1\1/2 a2 (Pi+1N1/2) (Pit1N—1/2 ¢
F VR0, ((PEE)12) (P75 — 0, ((P20)17) o = g (P25 77) (220) @é)
23

As in (22), we obtain
: pi+iyi/2 (Y :
H(J+1)5mUP(j)—Z) ! /0 Hjde|| 2 < Crne1 (7411020 U” [loo [l Hj 1 (24)

We also get
P Pi+1\1/2 1 P
10V (Z)—o) Hjllz2 < Hmaxv (oo [[ [ j41-

By Lemma 2, we find

Pi+1\1/2\ [ Pj+1\—1/2 1 _p ,
VP, ( (2 Sillzz < l=—=V"llcCi(j + VI8l z2-
V70, ((%252)'7%) (P20) 7205l <l Ve Cals o+ 11 12

Using again Lemma 2 and the identity

PIHINI2A g s g ((PIHLNU2Y Pty =1/25
(F2)!20 = 0,8 — 0, ((F54)'7%) (P12,

and defining

Aj o = max((j+1)7% log(j+1),1) (25)
we obtain PitinL2
120, ((%59)"*) &gl e < 200450085 2 + 207 A3 10312
Eventually,
o2 Pit1\1/2Y (Pitl\-1/25
15 (P2 2) (25) 7 )
= 1 Pi+11/2\ /Pj+1\—1/2
— i+ j+1\— ‘ < 2 A
190( 2 oy ) ) ) Pl < Ol

for some constant C' = C(a). The previous bounds combined with an energy estimate yield
that for C large enough (we remind that a > %)

T T T
16,(T) 22 + BG +1) /O 1612, dt + /0 1,612 dt < (j+1) /0 |Hj2, dt. (26)

We can then take the z-derivative of equation (23) and proceed as above. For C large enough,
we get

T T
1026,(T) |2 + B(-+1) / 10,622 dt + / 020,512 dt
T
< (j+1) /0 (10aH, |21 + | Hj|2,) dt

T , o
-/ (2Havaay((%>”2)(%> Y245 1+ 2(4+2) 102075 2 +2Haxvpay6jup) 102852 dt

17



We then use that

0,V
14y

0, VP, ((BEL)/2) (B 125, 2<H
1070, ( (P51 72) (FEE) 7265 1 <

Ci(G+D1051 2,

o0
and

0, VP

o, VP
ool < |34

1+y

GG+ D)5l + \

1481541

o0 o0

and the bound (26) to end up with

AU+ [T ’
03, + S5 [ 10ut et + [ 00,51 0

T
<21 [0+ 1 s + 18 )
To estimate directly A;, we differentiate the equation (21) with respect to y, which gives
(at + B(j+1) + U8, + (j+2)0,U* + VT, +9,VF — 0§>A]~

)
= — (j+1)0, U  H; — (j—i—l)amyUP/O H;j —0,,V'H; —0,V'0,H;

v ]
—ByUPBx/ Aj— (j+2)8$yUP/ Aj.
0 0
We take the (,);41 scalar product with A;:
1 4 4 1 1, pOypis
(500+ AG+D ) I = [G+2) 1007 e + 510,V o + 51V L T2
Oypj+1
+ 110851511 — (94, ZL=Ag) 14
Pj+1
< (D) (100U lloo + ConllOnay U M go 13 p0) + 102V lloo) 1 H; 41 1251114
0, VF
1 e TG Ty P
+ (10,U" /poll 1028511 2 + (G+2) 11025 U /Pollso 16511 22) 1451154 -
By the 1d Sobolev imbedding theorem, we find that for a constant C' = C'(m) it holds that

10,U" Vol < CNUT, V) liow and (102,07 /pollso < CITT, V) liow-

Combining these last two inequalities with (26), (27) and the inequality
1L+ )0y Hjlljr1 < (G110, Hjll 5,

and taking C large enough, we obtain

T T
1A (D)2, + BG+1) / 1412, dt + / 18,212, dt

T T T
. e 1
sm®/|mmﬂw+oﬂfl/l@mﬁd+—fT/H%mWH&
0 0 B+1) Jo

Lemma 9 follows straightforwardly. O

18



Combining Lemmas 8 and 9, we will now prove Lemma 6.

Proof of Lemma 6. We choose C such that Lemmas 8 and 9 apply. We multiply the inequality
in Lemma 8 by B(j+1)2Y~! and sum over j to get

> R e LA R el MR R

0 i1 2v—4 T i1 2v—3
< 8]2::0 [%/O IF5(6)2dt + %Hum\@]

° 4c2l+ UP,VP 0w4 . — g
Y 1 ( H(ﬁQ Miow)” -y 4/0 10, Hj|[2,, dt.

j=0
Taking C large enough, we can then find by Lemma 9 a constant C' = C'(m, «,r) such that

[e.9]

ST / 0, H |12, dt

J=0

1 00 T 00 N T
<c(1 —)ZUH)‘“ / | Hy 2 dt + Zm (o) /0 0, H; |2 dt
=0

]:

oo T 1 T
+14V4[/ H~2dt+,—/ aH?dt]
<1+ )23 a5 [ 1o

We have used here that a <~ + 5. Hence, the last term at the right-hand side can be absorbed
if

1 4C'c 1+ [UE,VE) liow)? 1 . _
1 1 ow 1 _ 1 4’\/ 4
S G+D)Y 72 +— ) G
which can be ensured by a suitable large C if v < 2. O

4.3 Control of u; and w;

We now relate the estimates on H; to u; and start with an estimate for the L? norm.

Lemma 10. Let m > 3 and o > 3. Then there exists a constant C = C(m, «) such that for
821+ U7 V"))

and for any €1, €z, €3,€4 > 0 it holds that

3 ), Hujdet_W ; ||3xuj||j+1dt—m ; |Oyu;ll5 dt

€3 2 €4 g 2 2
- oI~ g [ 190l a

1
< U o
3

+ [1652(j+1)2 p (J+ )

1)
N [5(% )
462
where uj is satisfying (16), Ajq is defined in (25) and Hj is defined by (17).

,82 ]_|_1 2y T
T IO U g 15 + | [ M

+16012A§,a}/0 ||aij\|§dt+/O [ 1511 £5 115 dt
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Proof. Using the definition (17) of H; we find
T T
/O [ ()13 dt :/O <<at + B(+1) + U0, + (j+1)0.UP + VP9, + 0,V7 — ag)Hj, uj); dt

T Yy
+/ ((ayUPam+(j+1)amyUP)/ Hjdz,uj);dt.
0 0
(29)

By the evolution equation (16) for u;, the first term can be written (from the partial integration
in y there is no boundary term as u|,—o = 0)

T
| (0 8G+0) + UP0, + 100,07+ VF0, + 0,V = 5 1y

T .
= (H;(T),u;(T)); +/ (Hj, (=0, + B(j+1) = U8, + jo, U = V9, — VP%)W
0 J
T O 0
+ [ 0t 0+ By,
g . . P P Oypj
= (HT) () + [ 28G+1) + Qi+ 10.UT = VP2,

Pj
T

T
+/ (HjaayUPUj +j8nyP8;1vj>j dt—/ (Hj, Fy); dt
0 0

Lo H (0, + %Pivy g il Py d
+ ; (OyHj, (0 + 0; Jug); dt — f (Hj, yuj>] L.
J

The terms can now be bounded using Lemma 2:

. ) Oypj
(Hj, (28(j+1) + (2j+1)2,U" — vp;—f]mm

. . Oypi
< H2ﬁ(3+1) +@10.07 VUL ),
J [e'e)
. , VP
< (J+1) |28 + 2|0, U" ||so + C Ty (1 |11 ]]5-

Recalling that v; = —0, foy uj dz we find
(H;, 0,U vj + j0,,UT 0, v;); dt
< Conll (1H+9)3y U™ || 120 12 o0) 1 1110w 11 + 1102 Ul 2o 2 (00) 1 Hi 1510

For the forcing terms we find
—(Hj, Fj)j < [1H; 511 F51];-

The diffusion terms give

(0,115 (0, + 22, — (. ),
<10y Hyll; 10y ull; + CrAsallOy Hilj llwill; + I Hjll 105 sl
The integrand in the second integral in (29) can be estimated as
((0,U 8, + (j+1)05,UT) /Oy Hjdz,uj);
< Coll (14990, 13000 1H 1225 531 + 5Con 02y U 23000 ]
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Collecting the terms we find by choosing C large enough that

T T
/O g 7 dt < (T, g (T)); + 4B(+1) /O 1 lull, dt

T
+QCmH(ler)@yUPHLgOLg(pO)/0 1H 11119l 41 d2
T 2
+/0 (HaijHj 19yu;llj + CrA;.allOyHyllj [lusll; + HHjHjHayujHj) dt

T
+ [ E )
Splitting the products gives the claimed estimate. U
The missing terms can be estimated by the evolution of u; and w; = dyu;. For u; we find:
Lemma 11. Let m > % and o > % Then there exists a constant C = C(m,«) such that for
B=CA+IU" V) iow)

the solution u; of (16) satisfies

1 5 1 (T )
5!!%‘(T)Hj+§ [0y uj||* dt
0
T Crll(1+9)0, U |13 12 T
. m &2 L3 (po) 2
—14 —|—17/ wil|? dt — - L / Opti||5. 1 dt
/8(] ) 0 H ]H] 5(]_{_1)7 0 H JH]+1
< Sl + 5 [ I o
SHUingll; ™ 577~ i1l dt.
— 20 B o T

Proof. By (16) we find

(Bpuj,uj)j = <( — B(j+1) = U"0, — (j+1)9,U? — V"9, + 3Z)Uj,uj>j
— (0yU ) + jOuy U0 0j, us); + (Fy ),
C%H(l“‘y)ayUPH%gOLg(po

1 2 . 2 ) 2
< g0yl + 48+ sl + T o, 2

1
TGy

15113,

where there is no boundary term from the partial integration in y as u; vanishes at the boundary

and we used in the inequality that C can be chosen large enough. Integrating this over [0, 7]
gives the claimed result. O

By differentiating (16) in y and find
(0BG 1)+UT 0+ (1), UP+V 0,4 0,VE =02 )0yt By U000y U 0 000y Uy = O, .

(30)
This immediately yields the following control for w;.
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Lemma 12. Let m > % and o > % Then there exists a constant C = C(m, «) such that for

B>C 1+ U, VE)iow)

the vorticity wj = Oyu; satisfies

T T
11+ 5)w; (D)1 +/0 BEHDI + w3 dt+/0 11+ )y dt

2 2 P2
LT I/ V7 100 [ 10l a0
< B+1) o

ACEG+DIA +9)ayy U e 12y (T 24
+ 5 Nl dt
T

T
1+ )| + 4 /0 11+ ) F5 |2 dt + 4 /0 IEy o2, dt.

Proof. Integrate (30) against (14 y)%w; in || - ||;. This yields

1 :
F0lI(L + Ywill; + B+ y)oslF + (L +y)dyw;;

‘ dyp;  Oy(1+y)?
< 100l s+ V7 (22 4 BI04
J 00

+ ||Wj|y=OHL§||aywj|y=0”L§

0,p;  9,(1+y)?
14y < vPi | % o
T o e )i,
+ Conll (1 +9)*0y U || 150 120y 1005|111 + 9)ews 5
+ 30mll(L + 1)y U [l 50 13 00) 105 1511 (L + )

dyp; 8(1+y)2>
1 ) yFj Y )
( +y)<y+ o (w2 )

+ 11+ y) Oyl

+ 1+ y) il

J
where we find a boundary term from the diffusion and there is no boundary term from V9,
because V|,_o = 0.

From (16) we find Oywj|y—o = Fjj|y=o. For wj|,—o write

iy = 0)] s/ol [wjm+/0yr<wjm>'\dz} dy

to get
9yp;

2
) leos 12 + 2019y 2
J

sl <2 (1+]

By choosing C large enough and using that oo > %, the result follows after integration over
time. U

Combining the results, we can conclude this section.
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Proof of Proposition 7. Adding the control of Lemma 11 with a factor e3(j+1)~7 /8 and Lemma 12
with a factor (j+1)'727/5% to the inequality of Lemma 10 yields

2 Aeq —
2 "¢ G+

S |y (T >||2+( 6o )/Tuau»\|2dt—6—4/T||02u»<t>||2dt
T apGr T SaGy T BG ) Sy 1Ol B2(j+1)> Jo TV
€3Cm ”(1+y)8 UPHLOO L2(p

1 ACHI1(1 + y)axyyUPH%gong(po) T 9
il / g2

2 P2
(e, o 2Ol H D0l Nz \ (7)o g,
G+)? P+ )P o
JHDI2 T G+y*™ jtl
G0+ [0 o [Tyl a
B(j+1)7
< POy oy

12
n [16ﬁ2(j+1)2 n 7(‘72) i

([

B+ [t
Crll +9)0 U e o o0y + 30— ; 15117 dt

T T
A +16OEA§4 / o e+ [ A e
€9 0 0

T
+ — in.ills F dt

G+ 4(¢7+1)1 5 A+ T
el + = [ B e = | IE ol de

T 52 5

Jj+1
propriately to arrive for m > %, o> %, v > 1,71 > 0,7 € R at the control

. T .
Using that 0,u;(t) = <ﬂ) %uﬂl(t), we can sum over j and choose €1, €9, €3, €4 ap-

o0

T L 1\2-2y T
>{/ Huj\|§dt+5(j—im\|uj<zﬂ>\|§+“++ [ v peiach

T
+Z Sl {u<1+y>wj<T>u§+/0 11+ 9)Byeos (1)]2 dt}

o0

T T
gcz{ﬁ(jﬂ)'yuﬂjmn?+52<j+1>2” /0 | 2 dt + B(j+1) /O ||aiju§dt}
=0

oo .
G+
03 { gl + T+

j=0

3 Gyt ot (j+1) ’ 2
+cz{/ sl So— [ det+ﬁ—/o | F3ly=oll3 dt.

J=
(31)
if )
B2 CA+[(WU"VI)llow) 1+ — + (U, V) liow) and 7(T) > 7
1

where C' and C are constant only depending on m, «, v, (and not 7).
Controlling H by Lemma 6 then yields the result for a fixed time 7. Applying this estimate
for all T in [0, 7] then shows the claimed estimate.
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For v > 5/4 we find that (j+1)27=* > (j+1)!727 so that

. _ . _ . _ Y
GHDPTHET + GO+ ) F5lF < 20+D)2 0+ ———5)F

which proves the expression in this case. O

5 Nonlinear estimates

In order to close the estimate, we have to estimate F}.
Proposition 13. Fiz the parameters m,a,y,r and an additional parameter R such that

2y —1
+1,
o (32)
r>2y, R>2y+4+1, R>r-+3y-—2.

3
76[5’2]’ a<y—-1, m2=>

Then there exists a constant C = C(m,a,y,r) such that for g, 71 and T with 7(T) > 11,

2
o] T
P 1+— Y Vgl a
T 1)4—2 . -3 J
= G o (j+1)*2 j
T
<o [0t nRI,.,
> 0 Yy gy, mr—24~
1+ y)w|2 T
o5 0+l [ L
il U X | dt.
Rl B lull3 ey + 3 U | el + 3

We restrict to the case of v > 3/2 because we need « > v — 1 in order to control the terms
OFudl-*+1ly in F;. Combined with the earlier requirement that o > 1/2 this yields v > 3/2.

Proof. Write F; = f§ + Z?:1 sz with

F} = M; [udy, ] u+ M;(j+1) 0yu du,
F? = M; [0yu, ] v+ M;j 0pyu 0l v + Mjv 850, u,
F} = M; [U°0y, ] u+ M;j 0,U° dlu,
Fjf = M; [V°0,,0] u,
F) = M; [0,U°, 9] u,
M; (9,

F) = M; [0,U°, 8] v+ M;j 0.y U° )"0

Asy>3/2and a <~y -1, WehaveQ’y—gza, so that

(= R (e

so that it suffices to bound the right-hand side.
Analysis of Fjl. We write

15 ]

F’1 — ] 7JUZU‘ 41+ le j 7julu, 1 =: Fl —|—F1 '
’ =2 ! Mle*l‘Fl I T l Mle,lJr1 J=l+ © glow 4, high*
- =5+

J
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For Fjllowa we notice that for [ < L%J there exist a constant C' = C(r) with

e
l MM; 11— 1 l (l—{—l)r.

This shows
1 v\ ¢ I (1 g
— (1 F; < — A i i
(j—i—l)Q_V < + (j‘i‘l)a) J,low ; = ; <l> (H—l)r Huluj l+1”] 1
J+1
< ¢ Lz <J> = (j+1)22 < Pi—1 )1/2u [ I;
I s l (I+1)r Pj—i+1 : T Saanl
z,yY
Note that for an absolute constant C,,
G) G+1)P2<0, forall2<]< V%J (33)
From the 1d Sobolev embedding and Lemma 3, we find that for n < min(m — 1,1):
. 1/2 . 1/2
()], ez o
Pj—i+1 e, Pj—i+1 2L
Pj—1Pn 1/2
< CpCysup [ ——— 11020y w 1
y \PIPj—1+1

C pj—ipn \
< —sup (7] . ) (D[ + y)wiglli1
Ty \PlPj—I+1

where Cy is an absolute constant, C' is a constant depending on m,r. Note that we used here
Lemma 4 to bound ||wi11]); by ||(1 + y)wis1|l;+1-The factor with the p is explicit:

I

( Pj—1Pn )1/2 = [T (1 + £%5)
. - j—1

PLPj—1+1 [hisj o+ ) I (L + 45)

For | <m — 1, we take n = [ and find that

1/2
< Pj—1Pn ) <1
PLPj—1+1 o

For [ > m — 1, we take n = m — 1 and find that

1/2 l

( Pj-1Pn ) " [Tt (1 + 75)

P = Tiomt2 -1
PIPj—I+1 =000+ 30 TS (1 + %)

§<<j—l+2)---(j—m+2)>“

m---1

o3 e
for a constant C' = C'(m, ) and using that [ < LﬁJ
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Hence we find for a constant C' = C'(m, «,r) that

E

: L+ Flow| <= 3 @071 + g le g llj-i1
29— J,low = "9 + + J—l+1117—1+

Gz G+1)° ST

using that 1 — v+« <0 and 2y —2 < a(m — 1).
The discrete Young’s convolution inequality implies for all ¢ € [0, 7] that

o0

2
Y 1
— (j+1) ( i (j+1)“> Howl);
J=0 J
C o0
s <Z(l+1)7 " +y) le) Z [
=0
C [ee] [ee]
< & (Duryr ) (S iy wlul) >l
L \i=0 1=0
As 4y — 1 — 2r < —1, the first integral is finite. Hence we arrive at the required estimate
© T
1 / 9 C
i | Fewll A < sup. (1 + y)wl? / [ull3-.,. dt
jzo(]+1)4 2 ow E[O y,T,r+1—7 0 ¥, T,T

with a constant C' = C'(m, a,y, ).

For the treatment of Fj high SWap the roles of u; and u;_;41 so that

i-| 5] ; "
Flo = < >7]u Ui_[41-
j,high ZZQ -1 Mle—l+1 [Uj—1+1
In the given range [ = 2,...,j — L%J we find
J < J
1—-1) = \U
so that it can be bounded as F]ll ow-
Analysis of Fj2. We write
| & j-1 ,
2 _ J M; 9 M;
F} = — Z (l)MTa u18 U] I+1 — Z <l>ma UZa ’Uj 1+1
E = 5

7, low + F j,high
and note that it vanishes unless j > 3.

By vj_i41 = =0y Jj uj—i14+1dz we find for n < min(
inequality and Lemma 3 that

(1 + ﬁ) %uﬁ;lvj,l“

m — 1,7 — [+ 1) using the 1d Sobolev

< Hayulaajlvjflﬂujq

pi1pn \'*
< J : n ) ayul
PIPj—1+1 L L2 ()

C - 1/2
s—&m(ﬁLﬁl) A1) 11+ gheors ot leg—ion e
Tl y PLPj—14+1

J

< Cmn lwj—11llj—141
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for a constant C = C(m, ).
In the range [ = 2,..., VHJ for F?

Flow W€ find that j — 1+ 1 > % and as we can assume

that j > 3 we can always ensure that this is at least 2.
For % <m — 1, we can take n = 2 and find a constant C' = C'(m,r) such that

. 1/2
sup (M) <C

Yy PLPj—141
and otherwise we can taken n = m — 1 and find the same control as for F ]11 ow 35
=
1 < Y > 9 C
—— {1+ = Fi <= (D" + y)wrra i1l -4
G |\ G ) B = 72 2 el
and we can conclude as for F} i low
For F] high We find
-5,
J M; —1
F2 . — — 0 OyUi_j+1.
Jhigh Z (l - 1> MM;_11 * YOyttt

=2

For n = min(m — 1,1 + 1) we find

(v

IN

1/2
<_Pj—1> 8_11)1
Pj—l N
c ( Pj—1Pn

< —sup
Ly \Pl+1Pj—I

Yy _
1)a> ax 1?)[ 8Z/uj*l+1

(1 +y)wj—isillj—i+1
L&y

J
1/2

) U a0+ sl

For [ +1 < m — 1 we can find a constant C' = C(m) such that

(0) = (porn

Using the stronger assumption 2y — 1 < a(m — 1), we can then conclude as in the treatment of

jlow that
NESY
1 < Y ) 2 C . -1
o I\ 1T 7= E high — D) g i G+ At y)wjmis -4
GrE [\ G ) ik = 72 Z S

Hence we find

o0 y 2
- ||| 1+ = F?,.
= G+ ( (J+1)“> shigh|
C o0 o0
<5 <Z<l+1 Y- ruunh) S G+ + e 2
1 \i=0 j=0
C o (o] o0
<3 <Z(l+1 i 2r> <Z (I+1) VHmH?) G+ + y)wsll3
1 \i=o0 1=0 §=0
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As 3y — 2r < —1, this gives the required estimate

(e o]

C T
1F7 hignllf dt < — sup ul? __/ 11+ gl - dt
]Z: J+1 )= / Sl ™1 tefo,1] 3o v

with a constant C' = C(m, a,y,7). Asr —1 <r+1— ~ this is the required control.
Analysis of F 33 and Fj5. We write

3, pb L (] M; e M;
F] +F_7 :—Z<Z>MTUZ Uj—141 — Z(Z)WUH—luj 1

=2 =1

N, .
J J Mj e J J Mj e

T Uruj- ————Uu;_

() ()] svruans 5 [0 ()] st

- o =) o

3,5 3,5

P}low+F},hi9h

with the convention that

(jil)z

Using the definition of U€¢ and the 1d Sobolev embedding theorem we find

Ci(l+1)7
Uz, < 1UPlLge < < Gl IUE.
T1
As [ > 2, this implies
Y Cs(I4+1)"
1 Ufu;_ < ——||U, - a1
H( T _|_1)a> 1 Uj—i+1 o - 10 =l

Forl=2,..., L%J we find for a constant C' = C(v,r)

O+ (2 ) =50) &

Yy 3,5
(1 " (j+1)“> Fitou

so that as [ > 2

1
(+1)2=

(l—i—l)”‘rHUﬁlH -1l j—141-

Hence we find

i e
; 4—2
= G

IN
4 Q
A/~
INngt

(+1)7 " (|Uf II> leugll2
(Z(m 2HR> ( (I+1)*F2uf H2> > sl
=0 Jj=0

Y 3,5
<1 - (j+1)“> Fitou

J

IN
S Q

As 2y — R < —1 this gives the bound

T 0
1 y 3,5
/ Z ; 4-2 <1+ ; )F'low
0o g U (G+1)) >
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For [ = L%J—Fl,...,jweﬁnd

(062 =202 o

so that
J
1 Y 35 < c 1132 | U 1) s .
('+1)2—'y + (j+1)> ghigh|| = 2 Z (I+1) | l+1” (j—I+1) H%4+1Hg—l+1-
J J j 1 =[5 |41
- 2
Hence we find
2
- ( ) 3.5 2 C i = 6v—4177E
> myes || (1 e ) Fi| < 5 | D00l ) S0
4 2 j,high — 4 I+1
J=0 ‘7+1 ! (+1) i \G=o 1=0
C o0 o0
< o > G+ Z [l (Z l+1)6”4HU£1H2> :
7=0 =0

Asr >3 L this gives the bound

T =° 1
|3 omves | (1 e ) Fo
0 o DT (j+1) ) " Hhah],

which is the required bound as R > r + 3v — 2.
Analysis of F ]4. This term is creating trouble with the integrability in y as V¢ ~ y and is the
reason for most technical difficulties.

2

C T
a5 swp UPR / Jul?.,., dt,
T1 te[0,T] 0

We write
5 j
j Mj —1yre <]> Mj —1y/e

— — 0 Ve Oyui; — — 0 "V Oyui_
Z <l> Ml+1Mjfl x +1Y%Uy5—1 Zl l Ml+1Mjfl x 1+1Yyty—I
=1 =]

= Fﬁlow + Fﬁhigh'
As !> 1 we find
0: Vi

<

|+

!/ )a> 9 Vi1 0yu

(1 g ) 0+ e

C
< ?(l+1)7||Ul€2|| (1 +y)wj—illj—

i I+y L, i

where C' = C(r) is constant. In the last line we used the 1d Sobolev inequality and that

Pj Y
—— 1+ =) <C
pj—i ( (J+1)°‘>

Fori=1,..., VHJ we find

2
l Ml+1Mj—l T1 l
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so that

Jj+1
e Y <SS T P G OB 1+ el
Groe |\ G ) e =72 20 J Frall 10+ )il
C L%J 2 E 1
< © S )T U G+ eyl
LS

Hence we find

> s | (0 G >F4 < (Z(HM—THUE H) >G4+ s 2
4 B < Jlow|| = 2 I+2 I
= ]+1 Y (j4+1) i T\ =
C o
< SIUPE R [ DoGHD) 2 + y)w;

i =0

as 4v — 2R < —1. This gives the bound

T 1 y
VTG 14 — > F4
/0 ;) G+ ( (1)) e

which is the required bound as —1 <1 — .
For F# i high We find

Yy 4
(1 * <j+1>a> Fipigh

As —14+y—-1r< —% this gives the bound

T 1 y
— 14+ — F4 .
/0 ]Zo(m)“” < (y+1>a> rhiot

As R > r + 3y — 2 this is the required result.
Analysis of F]6. We write

2

C T
at< S sup UER, / 11+ )], dt,
j 7—1 t€[0,T] 0

S
G+

c &P
<= Y R+ y)wi—llj—

2 r +1 J J
j ™ it 41 (J_H'l)

2

C T
at< o5 sup [UPR gy [ N0l
j T1 t€[0,T] 0

+ .
J )
J M;
Z O,Uf 07 vjis1— ()78U8v11_ N o
=2 () ] I+1 : o IL;JH l MIMJ 1+1 ! J—l+ gl shigh
- 2

As 0,U° is exponentially decaying, we find

(o e e

< CNUF e llujrall -1

J

C(l+1)7
= - HUJPLH llwj—ig1llj—i+1-
. ; M. B 1y
For Fjﬁlow we find (using that ({)WZH <CO(+1)" for = 2... L%J)
i3
() B < S 2 DTN jmrrall—
(J+1)*=7 G0 ) Ml T &
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Asy—R< —% this gives the control

T ©0 1 y 5 2 C B T
—— | 1+ ——= | F; dt < — sup |U / U dt.
/0 jzo (‘7_|_1)472’y < (]+1)a> Jilow 4 p | | TR 0 H ||'y7'r

j T1 t€[0,T]
For F] high W€ find
(j+11)2_7 <1 + (jfl)a> F} high = 7-_02 Zj: (D> 2 UL G gl -1
R

Asy—r< —% this gives the control

T 1 y
———— 1+ —== | FY,
/0 jZO(H‘l)‘lQV ( <J+1)a> phat

which is the required control as R >r+ 1 —~. O

? C E r 2
dt< 5 sup (UPR oo [ full g dt
j 1 tefo,1] 0

As a direct consequence of Proposition 7 and Proposition 13, we can state the following
corollary, where we use that Fj|y—o = ff|y=0 as u and v vanish at y = 0.

Corollary 14. Fiz the parameters m,a,y,r, R as in (32) and o > 1/2. There exists C and C
such that for all B, m,T with

1
B2 CAHTT, V) liow) (1 + ot 1T, V)liow), — and 7(T) > m

we have
1
P < © [ Shnl? g + G0+ Dl s
1 [T 1 [T
+C|: 52/ er|y OH'yTr 2+’ydt+52/ H( +y)feH'yT7" 2+'ydt:| (34)
C
C(LuEe 2 2
+ 2 (GIUPB o+ Bl ) e
where

T
|||U|||2=/0 ||U\|3,Trdt+tes[up}—||UHW7»__ 5/ (L + 9wl 7 a1 dt
(35)

+ sup —

1 T )
t€[0,T] ﬁ2”(1+y) ”vrr+——v @/0 ||(1+y)6yw||%77r+%_ydt

6 Control of the low norm and final a priori estimate

Corollary 14, which shows an a priori bound on the Gevrey norm of u, was derived under a
lower bound on 3 involving |[(UF, V?)||;0n- The last step is to see how this low norm relates
to [|ul|]. A convenient approach is to establish an additional estimate on a weighted Sobolev
norm, namely
e = 3 [P AR ) e,
|a|<s

where the summation variable is the multiindex & = (@1, &2). In this setting, we can state the
following estimate.
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Lemma 15. Let s > 3 be an even integer, m > s+ 2, a > 0, r € R, v > 1, and define ||u|| as
in (35). Then, there exists C' depending on s,m, o, ~y,r such that

d S
anPH%S + 10,0 13 < Cllw®lI5s + CA+ U | gseremy + el w13
5
+ 31104 @: + UP0,U) |12
=0
where wt = ayUP.

Proof. A similar estimate was established in [27, Proposition 5.6], so that we will only explain
the main steps. The starting point is the advection-diffusion equation on the vorticity

(0, + U0, + VPO )wh — 92wl = 0. (37)

One applies 9% to the equation, test it against (1 4 y)2*2pe0°w?’, and sum over |a| < s. Then,

1
SO’ G + 10,7 B < Y [ VEO((1+9)**2po) 0w ?
lo|<s

= > 1% (U0, + VO, w” 0°wP (1 + )2 po

|| <s
— Z /8y((1+y)20‘2,00)6y60‘wp Wt — Z / 9y 0°w’ 9%wr.
lo|<s @ o <s {y=0}

Using the equation on U, one can obtain recursively boundary conditions for the odd deriva-
tives 3§k+1wp , starting from the Neumann condition

Oy’ |y=0 = —0UF —U*0,U".

More precisely, the boundary data ng“wp ly=0 can be expressed in terms of the data U E and
of products of mixed derivatives 95 95?w?|,—o with py < 2k — 2. We refer to [27, Lemma 5.9
for the expressions of these boundary conditions. This allows to establish the following bound,
cf equations (5.20)-(5.22) in [27]:

£l

2

1

- / 0,0°w" 0% < CillwP|l5ys + Co Y1000 + UP0UP) [ Faar + 210,07 s
|| <s {y=0} =0

The diffusion term does not raise any difficulty: we find
1
=3 [ 0 0,57 3T < T e+ 110,67 e
laj<s 7€
where C depends on s and m. Also, through standard estimates, we find
> [ VP, +9)*2p0)l0°w” < Cllw” |
laf<s

and
>[04 U070 )w” 0% (1 4 9)**2pp < Cllw” |3
la|<s
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The other part of the commutator is slightly more delicate. First, one can show that

S 0%V, 0%w (1 + y)**2pp < Cllw” |3

|a|<s,a1#s

Note that the weight (that grows with the number of y-derivatives) allows to compensate for the
linear growth in y of V. The success of this trick comes from the fact that we are interested
here in Sobolev estimates (contrary to the former Gevrey estimates). When a1 = s, namely
a = (s,0), one can show similarly that

/ [0, VFo,Jw" 9%w" po - / OV 9ywp 0°wpo < Cllw”|IFs.

However, the term where the s derivatives with respect to = apply to V¥ can not be handled
with usual manipulations. It is the well-known loss of z-derivative peculiar to the Prandtl
equation: in particular, one cannot control [|(1+4)~'05V " 12(,) by [lw”|lzs. This is where
||| is involved. We find that

[ oV aywp 0% a0 < (14 )10V o 1+ )0y iz ) 1 2220
< Ol gesr + ull) 0" e

using that [|(1+y) 205V P |0 < OOl || < O|uf| as soon as m > s + 2. Putting together
the previous estimates yields the result. U

We conclude this section with

Proposition 16. Let us fit s =6, m > s+ 2, a, v, 7, R as in (32) and o > 1/2. Further fix
71 > 0. Let

My = 2max(C, 1) (Jluml2 s + 10+ 9l o+ ool

where C is the constant appearing in Corollary 14. There exists B, and Ty depending on 71,
My, on ||w®|i=ol3s, on SUP[0, 7] ’UE‘?y,m,R and on various Sobolev norms of U¥, such that, for

all B> B, and for all T < T, with 7(T) > 11 if ||ul|* < QMTi“, then ||u|* < 33/1—61“

Proof. Let 8,T such that |||u|||2 < QMT”‘ < 2M;, (assuming 8 > 1). We first apply Lemma 15,
which yields

d
1 e + 10,07 e < Cllw” I3 + COA+NUE s (ay + V2 Min) 0" [

2 (38)

2
+ 311840 + UP8,UP) 2.
=0

Integrating this differential inequality shows

sup _[lw” (t)[ls < 2l|w”f1=0ll3s (39)
te[0,7)

for T < T1, where Ty depends on Min, supyejo 1) [[U(6) | gs+1 (1), fOTO 1010 +UE0,UE) |12, 5 dt
and on [|w?|;=o]| 3.
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Standard Sobolev imbeddings imply that

VT
1+y

max [|0°U7||o + max
0<k<3 0<k<2

“c < . [0E0 + |||u|||)
0<k<

As regards the other terms defining ||(U”, V) |liow, ¢f (19), they all involve w” and are con-
trolled by [Jw?||3s as soon as s > 5. Hence, it follows from (39) that

H(UP’ VP)Hlow <K

for T'< Ty and for some K depending on My, ||w?|i=o||3s and various norms of U¥. If we now
choose

B.>CU+E)(1+ >~ +K), andr(T)>n
T1

where C is the constant appearing in Corollary 14, we obtain for 5 > f,:

. C
_2ﬁ i

Taking S, large enough so that

T
/O VA )L e bt (U120 5+ 203 [l

Ilull* < 571

sup (JUE]? . r+2My,) <
,8*7'1 t€[0,T0] ( 75T0, )

DN |

we get

2oCc [T 2oCc [T
llull* < Min + /82/ I+ 9) f5I3 gpy At + /82/ 15 ly=0l12 7oy~ dt

If we take T\ < T such that 2C [~

L+ y)fEl2 a0y dt < 5 Miy, the result follows. O

7 Existence and uniqueness

On the basis of the previous a priori estimates, we now complete the proof of Theorem 1: we

construct a unique solution of (1)-(2) with data UL This obviously amounts to constructing a
unique solution of (13)-(15) with data w;, := UL — U®|;=o.
1

We fix s =6, v = 2. We take m > s+ 2 and o > 3 that satisfy the inequalities in the

first line of (32). Let 0 < 71 < 70, 7 € R, Ty > 0, and Uk, UP = uy, + U®|i—o satisfying the

assumptions of the theorem. Let now (7, 7]) with 0 < 7 < 71 < 7, < 7p. Let 7/ and R’ as in
the second line of (32). As 79 > 7, we have

i,

St s H I+ ywinl? < C (luinll3 7 + 1L+ y)wiall3 7, ) < +o0

VTh 5=y =

lw® ol < C(suD U |27, + 11+ )™ Pwin | o (rxm, ) < +00

[OvTO}
and

Sup |U |2 0. R < C sup |U |2 T, < 00
[0 T()} [O T()]

for a constant C' possibly depending on 19, 74,7, 7/, R'.
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The idea is then to apply Proposition 16 to a solution of an approximate system, for which
well-posedness is granted. Inspired by [27], we consider the regularized equation

Ou + (U0, + 0oy u + (U, + VE u + (udy + v0y)UE — €d2u — BSu = f¢, (40)
adding a tangential diffusion —ed?u. The modified vector field (U, V,¢) takes the form

US = 0y(e Y (y+e ¥ —1))UF

€

Ve=—eY(y+e¥—1)0,UF

where UF is an analytic approximation of U, converging to U in the norm | 2,70, as € = 0.
Note that (U, V) is still divergence-free, but has now fast decay in y, so that all difficulties
generated by the linear growth of V¢ vanish. Accordingly, the right-hand side f€ is modified
into f¢ replacing U¥ by UF, resp. (U¢,V®) by (UE,VE) in (14). Similarly, one regularizes the
initial data to obtain some uiy . real analytic in z, y, with fast decay at infinity in y (and obeying
suitable compatibility conditions).

One can show that system (40) is well-posed following classical methods for fully parabolic
equations. For instance, for T, ,,,, small enough, one can prove the existence of a Sobolev
solution ue on (0,7 mae) through a fixed point argument applied to

¢
Tault) = ey, 4 / =D 1) (5)ds
0

with Fi[u] = f¢ — (u0y +v0y)u — (US0, + VEOy)u — (u0y +v0,)UE. Moreover, u® remains (real)
analytic in (z,y) as long as the Sobolev norm of u. does not blow up, that is on (0,T¢ maz)-
This property, related to the analytic regularization of the heat kernel is well-known, even in
the more difficult context of the Navier-Stokes equation: see [7, 25, 2| and references therein.

We now claim that all a priori estimates obtained for a solution u of (13) can be established
for wu, solution of (40), uniformly in e. For this, one just needs to adapt the definitions of the
auxiliary quantities H; and ¢;: we rather consider

) )
(at+5(j+1)+Upam+(j+1)amUp+VPay—eag—a§>/ dez:/ ujdz,
0 0

Hj‘t:O =0, 8ij’y:0 =0, Hj’y—)oo = 0.

(41)

and

2
(—at + B(j+1) - U"8, + jo,UP — VP9, —a,VF — VP% —€ed? - (ay + M) ) ¢; = Hj,
J
Gili=r =0, Pjly=0=0,  @jly00 = 0.
(42)
The additional good terms coming from —ed? allow to control the extra commutator terms that
it generates. Hence, we can apply Proposition 16 with 7, 7{, 7’ and R’ instead of 79, 71, r, and
R. Let 5, and T, given by the proposition (note that they are independent of €). We then
introduce
Te,* = SUP{T < Ts,maaﬂa ‘Huwz < 2M1n/5}

where 8 > B, is fixed, and ||u|| is defined in (35). Note that ||ul|| implicitly depends on T'. By
continuity in time of u, one has T, , > 0. But from Proposition 16, one deduces easily that for
any T < T, Ts,maa: > TE,* >T.

From there, by standard compactness arguments, one obtains a solution to the Prandtl
system over [0,7], with the regularity properties stated in the theorem. It remains to show
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uniqueness. For this, we take two solutions u! and u? up to time 7. The difference u? then
satisfies (from (13))

Ou? +u! dpu + utopu® + v?ou" + 0?0 u’ + (U0, + VOO, )u’ + (ud, + 090, U — Oju’ = f4°.
We then find for u? that

<at+6(j+1)+U17P8x+(j+1)amU17P+V27P6y—8§>u§‘+8yUlvPv;iJrjanylvPa;lvg = Féto,utul

s
where again Fjd consists of ff’e and mixed terms with less than j derivatives on u!, u? or
u?. Comparing with (16), we see that the only difference is the replacement of (U, V) by
(UYP V2P). Let us stress that the latter field not being divergence-free is not an issue: none of
the a priori estimates carried in Section 4 and Section 5 were using the fact that (U, V) was
divergence-free. One can therefore obtain a similar Gevrey bound on u¢, under a lower bound
on 3 (involving the low norms of (UYF VLF) and (U*P,V2F)). This provides a stability
estimate which shows uniqueness. These considerations now finish the proof of our main result
Theorem 1.
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