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Abstract

We consider a general class of birth-and-death processes with state
space {0, 1, 2, 3, . . .} which describes the size of a population going even-
tually to extinction with probability one. We obtain the complete spec-
trum of the generator of the process killed at 0 in the large population
limit, that is, we scale the process by a parameter K, and take the limit
K → +∞. We assume that the di�erential equation dx/dt = b(x)−d(x)
describing the infinite population limit (in any finite-time interval) has
a repulsive fixed point at 0, and an attractive fixed point x∗ > 0. We
prove that, asymptotically, the spectrum is the superposition of two spec-
tra. One is the spectrum of the generator of an Ornstein-Uhlenbeck
process, which is n(b′(x∗) − d′(x∗)), n ≥ 0. The other one is the spec-
trum of a continuous-time binary branching process conditioned on non-
extinction, and is given by n(d′(0)− b′(0)), n ≥ 1. A major di�culty is
that di�erent scales and function spaces are involved. We work at the
level of the eigenfunctions that we split over di�erent regions, and study
their asymptotic dependence on K in each region. In particular, we
prove that the spectral gap goes to min

{
b′(0)− d′(0), d′(x∗)− b′(x∗)

}
.

This work complements a previous work of ours in which we studied the
approximation of the quasi-stationary distribution and of the mean time
to extinction.

Key-words: Ornstein-Uhlenbeck process, quantum harmonic oscillator,
binary branching process, Jacobi operators, Dirichlet form, spectral gap,
Fréchet-Kolmogorov-Riesz compactness criterion, discrete orthogonal
polynomials, quasi-eigenvectors, quasi-stationary distribution.
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1 Introduction, heuristics, and main result

1.1 The context

We consider a class of birth-and-death processes (XK
t )t≥0 with state space

Z≥0
1 which describes how the size of a single population evolves according to

birth and death rates of the form

λ(K)
n = Kb

( n
K

)
and µ(K)

n = Kd
( n
K

)
(1.1)

where n ≥ 1, and K ∈ Z>0 is a scaling parameter, which can be for in-
stance interpreted as the ‘carrying capacity’ in the logistic model. We sup-
pose that b(0) = d(0) = 0, implying that 0 is an absorbing state for the
process, modeling extinction, and our assumptions are such that the proba-
bility to reach this state is equal to one. The unique stationary distribution
is the Dirac measure at 0, so a relevant distribution to look for is a quasi-
stationary distribution. A probability measure ν(K) on the positive integers is
a quasi-stationary distribution if, for all t > 0 and for all subsets A ⊂ Z>0,
one has Pν(K)

(
XK
t ∈ A |T (K)

0 > t
)

= ν(K)(A), where T (K)

0 is the extinction
time, that is, the smallest t > 0 such that X(K)

t = 0. In other words, a
quasi-stationary distribution plays the role of a stationary distribution when
conditioning upon non-extinction. We refer to [6, 11] for more informations
about quasi-stationary distributions.

When K → +∞, the trajectories of the rescaled process
(
K−1X(K)

t

)
t≥0

converge in probability, in any fixed time-window, to the solutions of the dif-
ferential equation

dx

dt
= b(x)− d(x) (1.2)

if the initial condition state is for instance of the form bKx0c for a given x0 > 0.
We assume that the functions b and d only vanish at 0, and that

d′(0)− b′(0) < 0

meaning that the fixed point 0 is repulsive. We also assume that there is a
unique attractive fixed point x∗ > 0, that is

b(x∗) = d(x∗) and b′(x∗)− d′(x∗) < 0.

We will give the complete set of assumptions on the functions b and d later on
(see Section 2).

A famous example is the so-called logistic process for which b(x) = λx,
d(x) = x(µ + x), where λ and µ are positive real numbers. We assume that
λ > µ and we have x∗ = λ− µ.

1We denote by Z≥0 the set of non-negative integers, and by Z>0 the set of positive integers.

3



In [5] we obtained the precise asymptotic behavior of the first eigenvalue
of the generator LK of the process killed at 0, and also of the law of the
extinction time starting from the quasi-stationary distribution (among other
results). Here we go further and obtain the complete spectrum of the generator
of the killed process, in the limit K → +∞. In particular, the knowledge of
the spectral gap allows us to obtain the time of relaxation for the process
conditioned on non-extinction to obey the quasi-stationary distribution.

1.2 Notations for basic function spaces

We denote by

• D the space of C∞ C-valued functions with compact support on R;

• c00 the space of C-valued sequences with finitely many nonzero values;

• `2 the space of square-summable C-valued sequences equipped with the
standard scalar product.

• L2 the space of square-integrable C-valued functions with respect to
Lebesgue measure on R.

We will define several operators on c00 and will consider their closure on `2.
For simplicity, we will use the same notation for an operator and its closure.
As we will see later, there is no ambiguity on the extensions.

1.3 Heuristics

The fundamental object in this paper is the spectrum of the following operator
that we momentarily define on c00:
(
LKv

)
(n) = λ(K)

n

(
v(n+ 1)− v(n)

)
+ µ(K)

n

(
v(n− 1)1{n>1} − v(n)

)
(1.3)

for n ∈ Z>0. The idea is to ‘localize’ this operator either around n = bKx∗c
or n = 1, which corresponds in the dynamical system to the fixed point x∗ or
the fixed point 0. A natural idea would be to ‘cut’ the operators in order to
di�erentiate these two dynamics. However the main di�culty is that the two
di�erent pieces involve di�erent scales and di�erent function spaces. Since we
don’t know how to cope with this problem at the level of operators, we work
at the level of the eigenfunctions that we will split on di�erent regions, and
study their asymptotic dependence on K in each region.

To have an idea of the di�erent scales involved in the problem, let us
first study the asymptotic behavior of the birth and death rates. By Taylor
expansion around Kx∗ we have

λ(K)
n = K b

(
x∗
)

+ (n−Kx∗) b′
(
x∗
)

+O
(

(n−Kx∗)2
K

)
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and

µ(K)
n = K d

(
x∗
)

+ (n−Kx∗) d′
(
x∗
)

+O
(

(n−Kx∗)2
K

)
.

Taking v(K)(n) = u
(
(n−Kx∗)/

√
K
)
with u ∈ D , we get

(
LKv

(K)
)
(n) = OU∗u

(
n−Kx∗√

K

)
+O

(
1√
K

)

where
OU∗f(x) = b(x∗)f

′′(x) +
(
b′(x∗)− d′(x∗)

)
xf ′(x) (1.4)

is the generator of the Ornstein-Uhlenbeck process on R which satisfies the
stochastic di�erential equation dXt =

(
b′(x∗)− d′(x∗)

)
Xt dt+

√
2b(x∗) dBt,

where (Bt)t≥0 is a one-dimensional Brownian motion. It is well known (see
Remark 3.1) that the spectrum of OU∗ is −S1, where

S1 =
(
d′(x∗)− b′(x∗)

)
Z≥0 (1.5)

in the space L2
(√

d′(x∗)−b′(x∗)
2πb(x∗)

e
− (d′(x∗)−b′(x∗)

2b(x∗)
x2

dx
)
.

Now we look at n near 1. By Taylor expansion, we have

λ(K)
n = n

(
b′(0) +O

( n
K

))
and µ(K)

n = n
(
b′(0) +O

( n
K

))
.

If v ∈ c00, then we get

‖LKv − Q0v‖`2 ≤
O(1)

K

where
(
Q0v

)
(n) = b′(0)n

(
v(n+ 1)− v(n)

)
+ d′(0)n

(
v(n− 1)1{n>1} − v(n)

)

which is the generator of a (continuous-time) binary branching process killed
at 0. We shall prove later on (see Theorem 7.1 in Section 7) that, in a suitable
‘weighted’ `2 space defined below, the spectrum of Q0 is −S2 where

S2 =
(
b′(0)− d′(0)

)
Z>0. (1.6)

The previous observations suggest that the limit of the spectrum of the
generator of the birth-and-death process (X(K)

t )t≥0, in an appropriate space,
is (

d′(0)− b′(0)
)
Z>0

⋃ (
b′(x∗)− d′(x∗)

)
Z≥0.

Notice that all the elements of this set are negative and this is not a disjoint
union in general. The logistic model is an example illustrating this, since
d′(0) − b′(0) = b′(x∗) − d′(x∗) = µ − λ, so we will have asymptotic double
eigenvalues in this case.
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We will prove that the limit of the spectrum of LK is obtained from the
explicit spectra of the above two operators. Notice that one limit is a di�er-
ential operator whereas the other one is still a finite-di�erence operator. We
look for the asymptotics of (a part of) the spectrum of a discrete operator in
terms of the spectrum of a di�erential operator. This is a reverse approach
with respect to numerical analysis where the spectra of limiting di�erential
operators are obtained from the knowledge (computation) of the spectrum of
finite-di�erence operators. See for instance [4].

1.4 Main result

For each K ∈ Z>0, the sequence of numbers

π(K)
n :=

λ(K)

1 · · ·λ(K)

n−1

µ(K)

1 · · ·µ(K)
n

, n ≥ 2 and π(K)

1 :=
1

µ(K)

1

(1.7)

naturally shows up in the study of birth-and-death processes. We will give
below a set of assumptions on the functions b and d, defining the di�erential
equation (1.2), ensuring that the process reaches 0 in finite time with probabil-
ity one, that the mean-time to extinction is finite, and that the quasi-stationary
distribution exists and is unique.

Let `2(π(K)) be the space of C-valued sequences (vn)n≥1 such that
∑

n≥1
|v(n)|2π(K)

n < +∞ .

This is a Hilbert space when endowed with the scalar product

〈v,w〉π(K) :=
∑

n≥1
v̄(n)w(n)π(K)

n .

From [5, Theorem 3.1], we have the following properties. The operator LK
(defined in (1.3)) is closable in `2(π(K)). The closure (which we denote by the
same symbol) is self-adjoint and has a compact resolvent, hence its spectrum is
discrete, composed of simple eigenvalues which are negative real numbers, and
the corresponding eigenvectors are orthogonal. (More precisely, Theorem 3.1
in [5] states that the maximal eigenvalue is simple, but in the proof we actually
show that all eigenvalues are indeed simple.) We normalize these eigenvectors
and we can assume that they are real (since they are defined by a second-
order real recurrence relation whose solution is determined by choosing the
first element). We write

LKψ
(K)

j = −ρ(K)

j ψ(K)

j (1.8)

where we order the eigenvalues −ρ(K)

j in decreasing order as j increases. To
emphasize that all operators considered in this paper are negative, we have
decided to write their eigenvalues under the form −ρ, with ρ > 0.
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As shown in [5], the quasi-stationary distribution exists, is unique, and
given by

ν(K)({n}) =
π(K)
n ψ(K)

0 (n)

〈ψ(K)

0 ,1〉π(K)

, n ∈ Z>0 (1.9)

where 1 = (1, 1, . . .). Note that it also follows from Theorem 3.2 and Lemma
9.3 in [5] that there exists D > 1 such that for all K ∈ Z>0, we have D−1 ≤
ψ(K)

0 ≤ D. Therefore, the Hilbert spaces `2(ν(K)) and `2(π(K)) are isomorphic.

Let S(K)

t f(n) := En

(
f(X(K)

t )1{T (K)
0 >t}

)
(t ≥ 0) be the semigroup of the

killed process, where n ∈ Z>0 and f ∈ `∞. The following result justifies that
we look for the spectrum of LK in `2(π(K)).

Proposition 1.1. The semigroup (S(K)

t )t≥0, de�ned on c00, extends to a C0-
contraction semigroup on `2(ν(K)).

We refer to [18] for definitions and properties of C0-contraction semi-
groups.
PROOF. We follow the argument of Proposition 8.1.8 p. 162 in [3]. Since ν(K)

is a quasi-stationary distribution, for f ∈ c00 and t ≥ 0, we have
∫
|S(K)

t f |2dν(K) ≤
∫

dν(K)(n)En

(∣∣f(X(K)

t )
∣∣21{

T
(K)
0 >t

}
)

= e−ρ
(K)
0 t

∫
|f |2dν(K).

Therefore

‖S(K)

t f‖`2(ν(K)) ≤ e−
ρ
(K)
0 t
2 ‖f‖`2(ν(K)), t ≥ 0.

Since c00 is dense in `2(ν(K)), we get

‖S(K)

t ‖`2(ν(K)) ≤ e−
ρ
(K)
0 t
2 , t ≥ 0.

This implies that (S(K)

t )t≥0 extends to a contraction semigroup in `2(ν(K)).
Now, since Pn(X(K)

t = m,T (K)

0 > t) → δn,m, as t → 0, then for any f ∈ c00,
S(K)

t f → f pointwise, hence by dominated convergence we obtain S(K)

t f → f
in `2(ν(K)) as t → 0. The proposition follows from the contraction property
obtained above and the fact that c00 is dense in `2(ν(K)). �
Observe that the same result holds in `p(ν(K)) for any 1 ≤ p < +∞ (with
a similar proof). In the case p = 2, see also [7], Theorem 5.2.1 for the C0

property.

Recall from [5] that we also have

Pν(K)

(
T (K)

0 > t
)

= e−ρ
(K)
0 t, t > 0
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and the mean-time to extinction starting from ν(K) is

Eν(K)

[
T (K)

0

]

=
1

ρ(K)

0

=

√
2π exp

(
K

∫ x∗

0
log b(x)

d(x) dx

)

b(x∗)
(√

b(1/K)
d(1/K) −

√
d(1/K)
b(1/K)

)√
KH ′′(x∗)

(
1+O

(
(logK)3√

K

))
.

(See the next section for the definition of H .) In the logistic model this gives
(recall that x∗ = λ− µ)

Eν(K)

[
T (K)

0

]
=

√
2π µ exp

(
K
(
λ− µ+ µ log µ

λ

))

(λ− µ)2
√
K

(
1+O

(
(logK)3√

K

))
.

Thus ρ(K)

0 is exponentially small in K, and we also proved in [5] that the
‘spectral gap’ satisfies (see Theorem 3.3 in [5])

ρ(K)

1 − ρ(K)

0 ≥ O(1)

logK
, K ∈ Z>1.

This lower bound goes to 0 as K → +∞, so it suggests that the spectral gap
could vanish in the limit. Actually, this is not the case, as Corollary 1.3 shows.
As a matter of fact, we can compute explicitly the spectral gap in the limit.

In fact we will fully describe the asymptotics of all eigenvalues, which is
the content of our main theorem. To state it, we need to order S1 ∪ S2 to
take care of possible multiplicities. Recall that S1 and S2 have been defined in
(1.5) and (1.6) and that they are positive sequences. This is done through the
definition of a non-decreasing infinite (positive) sequence (ηn)n≥0. Let η0 = 0.
We construct this sequence recursively as follows.

� If ηn ∈ S1∆S2, then ηn+1 = min
{
η : η ∈ S1 ∪ S2 : η > ηn

}
.

� If ηn ∈ S1 ∩ S2, then

• If ηn−1 = ηn, then ηn+1 = min
{
η : η ∈ S1 ∪ S2 : η > ηn

}
.

• If ηn−1 < ηn, then ηn+1 = ηn.

The main result of this paper, whose assumptions will be stated in Section
2, is the following.

Theorem 1.2 (Convergence of the spectrum).
The spectrum of LK in `2(π(K)) converges pointwise to (−ηn)n≥0 when K tends to
in�nity. In other words

lim
K→+∞

ρ(K)

j = ηj , ∀j ∈ Z≥0.
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Corollary 1.3. When K → +∞, the spectral gap ρ(K)

1 − ρ(K)

0 converges to

min
{
b′(0)− d′(0), d′(x∗)− b′(x∗)

}
.

Examples. In the logistic model, we have d′(0)−b′(0) = b′(x∗)−d′(x∗) = µ−λ
(asymptotic double eigenvalues), and the spectral gap is equal to λ− µ.
Another example is the Ayala-Gilpin-Ehrenfeld model [1] de�ned by b(x) = λx,
d(x) = x

(
µ + xθ

)
where θ ∈ (0, 1) is a parameter, and λ > µ. In this case,

d′(0) − b′(0) = µ − λ, x∗ = (λ − µ)
1
θ , and b′(x∗) − d′(x∗) = θ(µ − λ), so the

spectral gap is θ(λ− µ).
Yet another example is Smith’s model [17] de�ned by b(x) = λx/(1 + x), d(x) =
(x(µ+x))/(1+x), where λ > µ. One easily �nds d′(0)−b′(0) = µ−λ, x∗ = λ−µ,
and b′(x∗)−d′(x∗) = (µ−λ)/(1+λ−µ), so the spectral gap is (λ−µ)/(1+λ−µ).
A last example is Nisbet-Gurney model [12] de�ned by b(x) = λxe1−x/c, d(x) = µx,
where λ, µ, c > 0 and µ < eλ. We have d′(0) − b′(0) = µ − eλ, x∗ = c(1 −
log(µ/λ)), and b′(x∗)− d′(x∗) = µ(log(µ/λ)− 1). Hence the spectral gap is equal
to µ(1− log(µ/λ)).

1.5 Consequences on relaxation times

Recall that the spectral gap is the inverse of the relaxation time to the quasi-
stationary distribution, namely for ψ ∈ `2(π(K)), t > 0 and K ∈ Z>0 we
have
∥∥∥eρ

(K)
0 tS(K)

t ψ − ψ(K)

0 〈ψ(K)

0 ,1〉π(K)ν(K)(ψ)
∥∥∥
`2(π(K))

≤ ‖ψ‖`2(π(K)) e−
(
ρ
(K)
1 −ρ(K)

0

)
t.

From Corollary 1.3, it turns out that the relaxation time converges to a
finite limit as K tends to infinity.

We can also characterize the decay of correlations for the so-called Q-
process, namely the birth-and-death process conditioned on survival. Recall
that the Q-process is the irreducible Markov process with state space Z>0,
defined by the semigroup

R(K)

t g = eρ
(K)
0 t 1

ψ(K)

0

S(K)

t

(
gψ(K)

0

)
.

It satisfies R(K)

t 1{n≥1} = 1{n≥1}. Denoting by
(
R(K)

t

)†
the adjoint operator

to R(K)

t , the unique invariant distribution m(K) of the Q-process, defined by(
R(K)

t

)†
m(K) = m(K), is related to ν(K) by m(K)(g) = ν(K)(ψ(K)

0 g) where ν(K)

has been defined in (1.9). Indeed we have g ∈ `2(m(K)) if and only if ψ(K)

0 g ∈
`2(π(K)), and

‖g‖2
`2(m(K))

=
‖ψ(K)

0 g‖2
`2(π(K))

〈ψ(K)

0 ,1〉π(K)

.

Hence, we get the following result.
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Proposition 1.4. Let g ∈ `2(m(K)) and K ∈ Z>0. Then for all t > 0

∥∥R(K)

t g − 〈ψ(K)

0 ,1〉π(K)m(K)(g)
∥∥
`2(m(K))

≤ ‖g‖`2(m(K)) e−(ρ
(K)
1 −ρ(K)

0 ) t.

Furthermore, for g1, g2 ∈ `2(m(K)) and for all t > 0, we have
∣∣∣∣
∫
R(K)

t g1 · g2 dm(K) −
∫
g1 dm(K)

∫
g2 dm(K)

∣∣∣∣

≤ ‖g1‖`2(m(K))‖g2‖`2(m(K)) e−
(
ρ
(K)
1 −ρ(K)

0

)
t.

As before, it follows from Corollary 1.3 that the rate of decay of correlations
converges when K goes to infinity.

1.6 Organization of the paper

The proof of Theorem 1.2 relies on two results stated in Section 3. Theorem
3.5 ensures that the set S1 ∪ S2 is contained in the set of accumulation points
of the eigenvalues of LK when K tends to infinity. More precisely, we will not
work with LK in `2(π(K)), but with the conjugated operator LK on the ‘flat’
Hilbert space `2. The proof is based on the construction of quasi-eigenvectors
and is given in Section 5. The second result is Theorem 3.7 which ensures that
all the previous accumulation points are contained in S1 ∪ S2 taking care of
eventual multiplicities. Its proof, given in section 5, relies on two propositions.
The first one (Proposition 4.1) is the splitting of the eigenvectors of LK into
two dominant parts, one localized near the origin, the other one near bKx∗c.
The second (Proposition 4.5) relies on compactness arguments of each piece
of the previous splitting. Section 6 collects various auxiliary results (some of
more general nature).

Let us emphasize that one of the main di�culties of the proof is that the two
pieces of the spectrum correspond to limiting operators which are obtained at
di�erent scales and live in di�erent function spaces.

2 Standing assumptions

We work under the assumptions of [5] which we recall for convenience. Part
of them were already stated in the introduction.

The functions b, d : R+ → R+ defining the di�erential equation (1.2) are
supposed to be such that

b(0) = d(0) = 0

and the functions x 7→ b(x)/x and x 7→ d(x)/x are defined on R+ and as-
sumed to be positive, twice di�erentiable and increasing (in particular the
sequences (λ(K)

n )n≥1 and (µ(K)
n )n≥1 defined in (1.1) are increasing for each

K).
We start by the biologically relevant assumptions:
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� d′(0) > 0 and b′(0) > d′(0) (i.e., births prevail at low density).

� There is a unique x∗ > 0 such that b(x∗) = d(x∗), so x∗ is the only
positive fixed point of (1.2).

� limx→+∞
b(x)
d(x) = 0 (i.e., deaths prevail over births at large densities).

We assume that b′(x∗) 6= d′(x∗) (genericity condition). The remaining (tech-
nical) assumptions are the following:

�
∫ +∞

x∗
2

dx
d(x) < +∞ and supx>0

(
d′(x)
d(x) − 1

x

)
< +∞.

� The function x 7→ log d(x)
b(x) is increasing on R+.

� The function H : R+ → R defined by H(x) =
∫ x
x∗

log d(s)
b(s) ds is three

times di�erentiable, and supx∈R+

(
1 + x2

)
|H ′′′(x)| < +∞.

The assumptions imply that 0 is a repulsive (or unstable) fixed point of (1.2),
whereas x∗ is an attractive (or stable) one, that is, b′(x∗) < d′(x∗). It also
follows that H ′′(x∗) > 0. These assumptions are satisfied for many, if note all,
classical examples. We gave four examples above (see end of Subsection 1.4).

As explained in [5], the above conditions imply (for each K ∈ Z>0) the
following properties (where π(K)

n is defined in (1.7)):

�
∑

n≥1
(
λ(K)
n π(K)

n

)−1
= +∞, which is a necessary and su�cient condition

for the process to reach 0 in finite time with probability one.

�
∑

n≥1 π
(K)
n < +∞, which implies finiteness of the mean time to extinc-

tion.

�
∑

n≥1
(
λ(K)
n π(K)

n

)−1∑
i≥n+1 π

(K)

i < +∞, which is a necessary and suf-
ficient condition for existence and uniqueness of the quasi-stationary
distribution.

We add a last condition to the previous ones, namely

lim
x→+∞

log b(x)

x
= lim

x→+∞

log d(x)

x
= 0. (2.1)

We could avoid it, but it makes our life easier and we don’t have any natural
example which does not satisfy it. As the above examples show (see right after
Corollary 1.3), b and d are usually polynomial or rational functions, so (2.1)
is amply satisfied.
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3 Proof of Theorem 1.2

3.1 Some useful operators

Instead of working with the operator LK (defined in (1.3)) on the weighted
Hilbert space `2(π(K)), we find more convenient to work on the ‘flat’ Hilbert
space `2. We thus introduce the conjugated operator

LK =
(
Π(K)

) 1
2LK

(
Π(K)

)− 1
2

where Π(K) denotes the multiplication operator

Π(K)v(n) = π(K)
n v(n)

for v ∈ c00 and n ∈ Z>0. One can check that
(
LKv

)
(n)

=
√
λ(K)
n µ(K)

n+1 v(n+ 1) +
√
λ(K)

n−1 µ
(K)
n v(n− 1)1{n>1} −

(
λ(K)
n + µ(K)

n

)
v(n)

for n ∈ Z>0. We denote also by LK its closure in `2 and by Dom(LK) its
domain, and we have

LKφ(K)

j = −ρ(K)

j φ(K)

j (3.1)

where the eigenvalues−ρ(K)

j are that ofLK (see (1.8)), and φ(K) =
(
Π(K)

) 1
2ψ(K).

To capture the behavior of the eigenvectors of LK near bKx∗c at scale
√
K, we

are going to embed `2 into L2. For this purpose we define for each K ∈ Z>0

the functions
e(K)
n (x) = K

1
4 1

I
(K)
n

(x), x ∈ R, n ∈ Z>0

where

I(K)
n =

[
n− 0.5√

K
− x∗

√
K,

n+ 0.5√
K
− x∗

√
K

[
.

The functions e(K)
n are orthogonal and of norm one in L2. They form a basis

of a sub-Hilbert space HK of piecewise constant functions in L2. We define
two maps denoted by QK and PK as follows:

QK : `2 → L2, QKu(x) =
∑

n≥1
u(n) e(K)

n (x)

and

PK : L2 → `2, PKf(n) =

∫
f(x) e(K)

n (x) dx , n ∈ Z>0. (3.2)

We will use the following properties of PK and QK stated as two lemmas.
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Lemma 3.1. The two maps PK and QK are continuous. For each K ∈ Z>0, the
map QK is a surjective isometry between `2 and HK . The map PK is the adjoint of
QK . Moreover

PKQK = Id`2 and QKPK = PK

where PK is the orthogonal projection on HK in L2.

The only non trivial point is the continuity of PK . It follows from the
identity
∫
f2(x) dx =

∑

n≥1

∫

I
(K)
n

(
f(x)− 1

|I(K)
n |

∫

I
(K)
n

f(y) dy

)2

dx+
∑

n≥1

1

|I(K)
n |2

(∫

I
(K)
n

f(y) dy

)2

.

The proof of the other statements is left to the reader.

Lemma 3.2. Let f ∈ C1(R) and assume that there exists a > 0 and A > 0 such
that ∣∣f(x)

∣∣+
∣∣f ′(x)

∣∣ ≤ A e−a |x|, x ∈ R.
Then

(i) limK→+∞
∥∥f −QKPKf

∥∥
L2 = 0 .

(ii) limK→+∞
∥∥PKf

∥∥
`2

=
∥∥f
∥∥
L2 .

PROOF. Let us prove (i). We have QKPKf(x) = e(K)

n(x)(x)
∫
e(K)

n(x)(y) f(y) dy

for
(
n(x) − 0.5

)
/
√
K − x∗ ≤ x ≤

(
n(x) + 0.5

)
/
√
K − x∗. We get from our

hypothesis
QKPKf(x) = f(x) +O

(
K−

1
2
)

e−a|x|

and the result follows.
We now prove (ii). From the isometric property of QK on the space of piece-
wise functions HK , we get

∥∥PKf
∥∥
`2

=
∥∥QKPKf

∥∥
L2

and the result follows from (i). �

We now introduce the operator

LK = QKLKPK

with domain QKDom(LK) ⊕H ⊥
K . It is left to the reader to prove that this

operator is closed (using the relations of Lemma 3.1). Since LK when acting
on HK is conjugated to LK , we have

LKϕ
(K)

j = −ρ(K)

j ϕ(K)

j

13



where ϕ(K)

j = QKφ
(K)

j , and the φ(K)

j ’s are defined in (3.1). We will prove in the
next proposition that the operator LK converges pointwise in L2 on a subset
of functions, when K → +∞, to the operator

H∗f(x) = (3.3)

b(x∗)
d2f(x)

dx2
−
(
d′(x∗)− b′(x∗)

)2

4b(x∗)
x2f(x) +

d′(x∗)− b′(x∗)
2

f(x).

Proposition 3.3. Let f ∈ C3(R) and assume that there exist a > 0 and A > 0
such that

3∑

j=0

∣∣f (j)(x)
∣∣ ≤ A e−a |x|, x ∈ R.

Then
lim

K→+∞

∥∥LKf −H∗f
∥∥
L2 = 0 .

PROOF. By the assumption made on f , it follows easily that

lim
K→+∞

∥∥1{| · |>(logK)2} H∗f
∥∥
L2 = 0.

We have

LKf(x) =
∑

n≥1
e(K)
n (x)

(√
λ(K)
n µ(K)

n+1

∫
e(K)

n+1(y) f(y) dy (3.4)

+
√
λ(K)

n−1 µ
(K)
n 1{n>1}

∫
e(K)

n−1(y) f(y) dy −
(
λ(K)
n + µ(K)

n

) ∫
e(K)
n (y) f(y) dy

)
.

It follows easily from the assumption made on f and assumption (2.1) that

lim
K→+∞

∥∥1{| · |>(logK)2}LKf
∥∥
L2 = 0 .

Therefore we only have to consider |x| ≤ (logK)2. Note also that for such
an x, the sum in (3.4) reduces to one element for K large enough, namely
n = n(x) = bKx∗ +

√
Kx+ 0.5c. For x ∈ R, we have

LKf(x) = e(K)

n(x)(x)

(√
λ(K)

n(x)µ
(K)

n(x)+1

∫
e(K)

n(x)+1(y)f(y) dy

+
√
λ(K)

n(x)−1 µ
(K)

n(x)

∫
e(K)

n(x)−1(y)f(y) dy

−
(
λ(K)

n(x) + µ(K)

n(x)

) ∫
e(K)

n(x)(y)f(y) dy

)

= e(K)

n(x)(x)

(√
λ(K)

n(x) µ
(K)

n(x)+1

∫
e(K)

n(x)(y)f

(
y − 1√

K

)
dy

+
√
λ(K)

n(x)−1 µ
(K)

n(x)

∫
e(K)

n(x)(y)f

(
y +

1√
K

)
dy

14



−
(
λ(K)

n(x) + µ(K)

n(x)

) ∫
e(K)

n(x)(y)f(y) dy

)
.

Now we have
∫
e(K)

n(x)(y) f(y) dy

= K
1
4

∫ 1

2
√
K

− 1

2
√
K

f

(
n(x)−Kx∗√

K
− s
)

ds

= K−
1
4 f

(
n(x)−Kx∗√

K

)
+
K−

5
4

24
f ′′
(
n(x)−Kx∗√

K

)
+O

(
K−

7
4

)

where the error term is uniform in x. Similarly
∫
e(K)

n(x)(y) f

(
y ± 1√

K

)
dy

=

∫
e(K)

n(x)(y) f(y) dy ± 1√
K

∫
e(K)

n(x)(y) f ′(y) dy

+
1

2K

∫
e(K)

n(x)(y) f ′′(y) dy +O
(
K−

7
4

)

= K−
1
4 f

(
n(x)−Kx∗√

K

)
±K− 3

4 f ′
(
n(x)−Kx∗√

K

)

+
13K−

5
4

24
f ′′
(
n(x)−Kx∗√

K

)
+O

(
K−

7
4

)
.

Recall that
λ(K)
n = Kb

( n
K

)
and µ(K)

n = Kd
( n
K

)

hence

λ(K)
n = Kb

(
x∗
)

+ (n−Kx∗) b′
(
x∗
)

+O
(

(n−Kx∗)2
K

)

and

µ(K)
n = Kd

(
x∗
)

+ (n−Kx∗) d′
(
x∗
)

+O
(

(n−Kx∗)2
K

)
.

After a tedious but straightforward computation, we obtain that

LKf(x) = H∗f

(
n(x)−Kx∗√

K

)
+O

(
K−

1
4
)

= H∗f(x) +O
(
K−

1
4 (logK)4

)

and the error term is uniform in |x| ≤ (logK)2. We get
∥∥1{| · |≤(logK)2}

(
LKf −H∗f

)∥∥
L2 = O

(
K−

1
4 (logK)6

)

and the result follows. �
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Remark 3.1. Let us recall the relationship between the generator of the Ornstein-
Uhlenbeck process (1.4) and the operator (3.3) which is, up to a minus sign and
a shift, the Schrödinger operator for the quantum harmonic oscillator. We refer to
e.g. [2, Chapter 3] or [13, Sections 4.4 and 4.9]. In L2, the eigenvalues of H∗ are
−
(
d′(x∗)− b′(x∗))n, n ∈ Z≥0, and the corresponding eigenfunctions are

ψn(x) =

1√
2nn!

((
d′(x∗)− b′(x∗)

)2

2πb(x∗)

) 1
4

e
− d
′(x∗)−b′(x∗)

4b(x∗)
x2
Hn

(√
d′(x∗)− b′(x∗)

2b(x∗)
x

)

where (Hn)n is the family of the physicists’ Hermite polynomials de�ned by

Hn(x) = (−1)n ex
2 dn

dxn
e−x

2
.

One can check that H∗ is conjugated to the generator of the Ornstein-Uhlenbeck pro-

cess (1.4) acting on L2
(√

d′(x∗)−b′(x∗)
2πb(x∗)

e
− (d′(x∗)−b′(x∗)

2b(x∗)
x2

dx
)
in the following way:

ψ−10 H∗(ψ0f) = OU∗f .

In Proposition 3.4 we prove that the operator LK converges pointwise in
`2 on c00, when K tends to infinity, to the operator M0 defined for v ∈ c00 by
(
M0v

)
(n) = (3.5)

√
b′(0) d′(0)n (n+ 1) v(n+ 1) +

√
b′(0) d′(0)n (n− 1) v(n− 1)1{n>1}

− n (b′(0) + d′(0))v(n)).

Here again we denote the operator on c00 and its closure by the same letter.

Proposition 3.4. Let u ∈ c00. Then

lim
K→+∞

LKu = M0u

whereM0 is de�ned in (3.5).

PROOF. Follows from the fact that for each fixed n

lim
K→+∞

λ(K)
n = b′(0)n and lim

K→+∞
µ(K)
n = d′(0)n.

�
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3.2 Steps of the proof of Theorem 1.2

The proof of Theorem 1.2 relies on the following two theorems whose proofs
are postponed to Section 5. Recall that for any fixed K, the spectrum Sp(LK)
is discrete, and let

G =
+∞⋃

j=0

(
ρ(K)

j

)acc

where
(
ρ(K)

j

)acc is the set of accumulation points of
(
ρ(K)

j

)
when K → +∞.

Theorem 3.5. We have
S1 ∪ S2 ⊂ G

where S1 and S2 are de�ned in (1.5) and (1.6).

This theorem is proved in Section 5.1.

Corollary 3.6. For every �xed j we have

lim sup
K→+∞

ρ(K)

j < +∞.

PROOF. We proceed by contradiction. Assume that there exists j0 such that

lim sup
K→+∞

ρ(K)

j0
= +∞.

Let jc = min{0 < ` ≤ j0 : lim supK→+∞ ρ
(K)

` = +∞}. Hence there exists
α < +∞ such that lim supK→+∞ ρ

(K)

jc−1 = α. By definition of jc, there exists a

diverging sequence (Kp)p≥1 such that limp→+∞ ρ
(Kp)

jc
= +∞. Let ρ ∈ S1 ∪ S2

such that ρ > α.
If j ≤ jc − 1, we have lim supp→+∞ ρ

(Kp)

j ≤ lim supp→+∞ ρ
(Kp)

jc−1 ≤ α < ρ.

For all j ≥ jc, we have lim infp→+∞ ρ
(Kp)

j ≥ lim infp→+∞ ρ
(Kp)

jc
= +∞. This

implies ρ /∈ G, contradicting Theorem 3.5. �

Theorem 3.7. We have
S1 ∪ S2 ⊃ G.

Moreover, for each j ∈ Z≥0, let (Kp)p≥1 be a diverging sequence such that

lim
p→+∞

ρ
(Kp)

j = ρ∗

where ρ∗ is �nite by Corollary 3.6. Then

1) If ρ∗ ∈ S1∆S2 then

lim inf
p→+∞

min
{∣∣∣ρ(Kp)

j+1 − ρ∗
∣∣∣,
∣∣∣ρ(Kp)

j−1 − ρ∗
∣∣∣
}
> 0. (3.6)

Moreover there are only two cases:
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(a) If ρ∗ ∈ S1 then there exists a diverging sequence of integers (p`)`≥1 such that

QKp`
φ

(Kp`
)

j
L2

−→ ϕ∗, where ρ∗ and ϕ∗ are such that H∗ϕ∗ = −ρ∗ϕ∗.

(b) If ρ∗ ∈ S2 then φ
(Kp)

j
`2−→ φ∗, where ρ∗ and φ∗ are such that M0φ∗ =

−ρ∗φ∗.

2) If ρ∗ ∈ S1 ∩ S2 then we have the following two assertions:

(a) There exists a diverging sequence of integers (p`)`≥1 such that:

either lim
`→+∞

ρ
(Kp`

)

j+1 = ρ∗ or lim
`→+∞

ρ
(Kp`

)

j−1 = ρ∗.

(b) We have

lim inf
p→+∞

min
{∣∣∣ρ(Kp)

j+1 − ρ∗
∣∣∣,
∣∣∣ρ(Kp)

j−1 − ρ∗
∣∣∣
}

= 0 (3.7)

and
lim inf
p→+∞

max
{∣∣∣ρ(Kp)

j+1 − ρ∗
∣∣∣,
∣∣∣ρ(Kp)

j−1 − ρ∗
∣∣∣
}
> 0. (3.8)

Note that (3.6) means that if ρ∗ ∈ S1∆S2 then −ρ∗ is a simple asymptotic
eigenvalue, and either −ρ∗ is an eigenvalue of H∗ if ρ∗ ∈ S1, or of M0 if
ρ∗ ∈ S2. In addition, (3.7) and (3.8) mean that if ρ∗ ∈ S1 ∩ S2, then −ρ∗ is a
double asymptotic eigenvalue which is an eigenvalue of both H∗ and M0.

Proof of Theorem 1.2. The proof is recursive. For j = 0 it follows from
[5] that limK→+∞ ρ

(K)

0 = 0. Let j ≥ 0 and assume that for ` ≤ j (if any)
limK→+∞ ρ

(K)

` = η`. We now prove that limK→+∞ ρ
(K)

j+1 = ηj+1. There are
several cases to consider.

• If ηj ∈ S1∆S2, we claim that lim infK→+∞ ρ
(K)

j+1 ≥ ηj+1. Otherwise,
by Theorem 3.7 and the recursive hypothesis, there would exist Kp →
+∞ such that ρ(Kp)

j+1 → η∗ < ηj+1. Since by the recursive hypothesis

limK→+∞ ρ
(Kp)

j = ηj , we have η∗ ≥ ηj . From the first statement of
Theorem 3.7 it follows that η∗ = ηj . This contradicts 1) of Theorem 3.7.
We now claim that lim supK→+∞ ρ

(K)

j+1 ≤ ηj+1. Otherwise, by Theorem
3.7 and the recursive hypothesis, there would exist Kp → +∞ such that
ρ
(Kp)

j+1 → η∗ > ηj+1. This implies that ηj+1 6∈ G, contradicting Theorem
3.5.
Hence, in this case, limK→+∞ ρ

(K)

j+1 = ηj+1.

• If ηj ∈ S1 ∩ S2 (which implies j > 0), we have two cases:

– If ηj−1 = ηj , then we claim that lim infK→+∞ ρ
(K)

j+1 ≥ ηj+1. Other-
wise, by the same argument as before, there would existKp → +∞
such that ρ(Kp)

j+1 → ηj , contradicting (3.8) in Theorem 3.7.
We now claim that lim supK→+∞ ρ

(K)

j+1 ≤ ηj+1. Otherwise, as be-
fore, this would contradict that ηj+1 ∈ G.
Hence, in this case, limK→+∞ ρ

(K)

j+1 = ηj+1.

18



– If ηj−1 < ηj , then we obviously have lim infK→+∞ ρ
(K)

j+1 ≥ ηj . If
lim supK→+∞ ρ

(K)

j+1 > ηj , then there exists Kp → +∞ such that

ρ
(Kp)

j+1 → η∗ > ηj , contradicting (3.7) in Theorem 3.7.
Hence, in this case, limK→+∞ ρ

(K)

j+1 = ηj+1.

Therefore we limK→+∞ ρ
(K)

j+1 = ηj+1. As announced, the proof of Theorem
1.2 follows recursively.

4 Properties of the eigenvectors

In this section, we prove that, for K large enough, the eigenvectors φ(K)

j of
LK (see (3.1)) are functions whose representation is sketched in the figure.
An eigenvector is ‘negligible’ outside the union of a neighborhood of 1, and a
neighborhood of Kx∗. It is ‘non-negligible’ in at least one of these neighbor-
hoods.

ng nl nr nd Kx∗

O(1)

O(
√
K)

n

∣∣∣φ(K)
j

∣∣∣

0

Figure: Schematic representation of one of the three possible ‘shapes’ of the eigen-
vectors φ(K)

j (scales are not respected).

To separate the di�erent behaviors, we introduce a ‘potential’ defined by

Vn(K) = λ(K)
n + µ(K)

n −
√
λ(K)
n µ(K)

n+1 −
√
λ(K)

n−1µ
(K)
n 1{n>1}. (4.1)
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For η > 0, let ng(K, η) and nd(K, η) be integers such that Jng(K, η), nd(K, η)K
is the maximal interval containing Kx∗/2 such that

inf
n∈ Jng(K,η), nd(K,η)K

(
Vn(K)− η

)
> 0.

Let n`(K) =
⌊
(logK)2

⌋
and nr(K) =

⌊
Kx∗ − K

2
3 logK

⌋
. It follows from our

assumptions that for K large enough

1 < ng(K, η) < n`(K)� Kx∗
2

< nr(K) < nd(K, η).

Proposition 4.1. For any η > 0, there exists aη > 0, and Kη > 0 such that, if
K > Kη , and if φ is of norm one in `2 and satis�es

LKφ = −ρ φ where ρ < η

then
sup

n`(K)≤n≤nr(K)

∣∣φ(n)
∣∣ ≤ e−aη(logK)2 .

PROOF. Let us consider an eigenvector φ of norm one in `2 satisfying LK φ =
−ρ φ.

If φ(ng(K, η)) 6= 0, define ñg(K, η) = ng(K, η) and if needed, change the
sign of φ such that φ(ñg(K, η)) > 0. If φ(ng(K, η)) = 0, define ñg(K, η) =
ng(K, η) + 1 and if needed, change the sign of φ such that φ(ñg(K, η)) > 0
(note that φ(ng(K, η)) = φ(ng(K, η) + 1) = 0 contradicts the normalization
since φ solves a second-order recurrence relation). Then, changing the defini-
tion of ng(K, η) if necessary, we can assume that φ(ng(K, η)) > 0.

Thanks to the local maximum-minimum principle (see Proposition A.2)
we only have four cases.

1) φ(ng(K, η) + 1) ≥ φ(ng(K, η)) and φ(n) is increasing on Jng(K, η), nd(K, η)K.

2) φ(ng(K, η) + 1) < φ(ng(K, η)) and φ(n) is decreasing and stays nonnega-
tive on Jng(K, η), nd(K, η)K.

3) φ(ng(K, η) + 1) < φ(ng(K, η)) and φ(n) has a minimum in the interval
nmin(K) in Jng(K, η)−1, nd(K, η)−1K and φ(nmin(K)) ≥ 0. Note that φ(n)
is decreasing on Jng(K, η), nmin(K)K and increasing on Jnmin(K), nd(K, η)K.

4) φ(n) is decreasing on Jng(K, η), nd(K, η)K and φ(nd(K, η)) < 0.

We first observe that since b′(0) > d′(0) we have

lim
K→+∞

sup

n∈
q
n`(K)

2
, n`(K)

y

√
λ(K)

n−1 µ
(K)
n

λ(K)
n + µ(K)

n − η −
√
λ(K)
n µ(K)

n+1
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=

√
b′(0) d′(0)

b′(0) + d′(0)−
√
b′(0) d′(0)

< 1.

We also observe that there exists c > 0 such that for K large enough, and any
n ∈ Jnr(K), nd(K, η)K, we have

√
λ(K)
n µ(K)

n+1

λ(K)
n + µ(K)

n − η −
√
λ(K)

n−1 µ
(K)
n

≤ 1

1 + c (n−Kx∗)2
K2

.

The result follows by inspecting the monotonicity in the di�erent cases and
using the last part of Proposition (A.1). �

Proposition 4.2. Let φ ∈ Dom(LK) ⊂ `2 of norm 1, satisfying

LKφ = −ρ φ
for some real ρ. Then there exist C(φ) > 0 and an integer r(φ) such that for all
n ≥ r(φ) we have

|φ(n)| ≤ C(φ) 2−n.

Moreover, (φ(n))n≥r(φ) does not vanish and is of constant sign.

PROOF. It follows from our hypothesis that for any K > 1 there exists an
integer r0(K) such that, for all n ≥ r0(K), we have

0 <

√
λ(K)
n µ(K)

n+1

λ(K)
n + µ(K)

n+1 + ρ−
√
λ(K)

n−1 µ
(K)
n

≤ 1

2
.

We can assume that (φ(n))n is a sequence of real numbers and φ(r0(K)) > 0.
We start by proving that (φ(n))n is positive and decreasing for n ≥ r0(K).
There are only the following four possibilities.

1. φ(r0(K) + 1) ≥ φ(r0(K)). It follows from Proposition A.3 that φ is in-
creasing for n ≥ r0(K), contradicting that φ has norm 1.

2. φ(r0(K) + 1) < φ(r0(K)), and there exists r′ > r0(K) such that φ(r′) < 0
and φ decreases on Jr0(K), r′K, and φ ≥ 0 on Jr0(K), r′ − 1K. Then
by Proposition A.3, φ is decreasing for n ≥ r′, contradicting that φ is
normalized.

3. φ(r0(K) + 1) < φ(r0(K)), and there exists r′ > r0(K) such that φ(r′) < 0
and φ is not monotonous on Jr0(K), r′K, and φ ≥ 0 on Jr0(K), r′ − 1K.
Then there exists r′′ < r′ such that φ is decreasing on Jr0(K), r′′K, and
such that φ(r′′ + 1) ≥ φ(r′′). If φ(r′′) > 0, then we are in case 1. If
φ(r′′ + 1) > 0, it follows from Proposition A.3 that φ is increasing for
n ≥ r′′ + 1, contradicting that φ has norm 1. If φ(r′′′ + 1) = φ(r′′′) = 0
then φ is the null sequence as solution of a second order equation, which
leads to a contradiction.
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4. φ(r0(K) + 1) < φ(r0(K)), φ ≥ 0. Suppose that there exists a local min-
imum at r′′′ (finite). Then if φ(r′′′ + 1) ≥ φ(r′′′) > 0, we are in case
1. If φ(r′′′ + 1) > φ(r′′′) = 0, then it follows from Proposition A.3 that
φ is increasing for n ≥ r′′′ + 1, contradicting that φ has norm 1. If
φ(r′′′ + 1) = φ(r′′′) = 0 then φ is the null sequence, which leads to a
contradiction.

Therefore φ is strictly positive and monotone decreasing. The result then
follows by using the last part of Proposition A.1.

�

Let us now prove two key lemmas.

Lemma 4.3. Let φK ∈ Dom
(
LK
)
be a normalized sequence such that

LKφ(K) = −ρ(K)φ(K).

Assume that there exists a diverging sequence (Kp) such that

0 ≤ lim
p→+∞

ρ(Kp) = ρ∗ < +∞

and
lim sup
p→+∞

∥∥φ(Kp)1{·≤n`(Kp)}
∥∥
`2
> 0.

Then ρ∗ ∈ S2 and there exists a diverging subsequence
(
Kp`

)
`≥1 such that the limit

lim
`→+∞

φ(Kp` ) = φ∗

exists in `2, ‖φ∗‖`2 > 0 and φ∗ is an eigenvector of M0 with eigenvalue −ρ∗.
PROOF. Let (pi)i≥1 be a diverging sequence of integers such that

lim
i→+∞

∥∥φ(Kpi ) 1{·≤n`(K)}
∥∥
`2

= lim sup
p→+∞

∥∥φ(Kp) 1{·≤n`(Kp)}
∥∥
`2
.

For each i, we define a normalized sequences in `2 by

ψi(n) =
φ(Kpi )(n) 1{n≤n`(Kpi )}∥∥φ(Kpi ) 1{·≤n`(Kp` )}

∥∥
`2

.

It is easy to verify using Proposition 4.1 that ψi ∈ Dom(M0) and

∥∥M0ψi + ρ(Kpi )ψi‖`2 ≤
O(1)(logKpi)

2 e−a (logKpi )
2

∥∥φ(Kpi ) 1{·≤n`(Kpi )}
∥∥
`2

.

The first result follows from Proposition B.1 since the right-hand side goes to
zero.

The second result follows from Proposition B.2 since the spectrum of M0

is discrete and simple by Theorem 7.1. �
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Lemma 4.4. Let φ(K) ∈ Dom
(
LK
)
be a normalized sequence such that

LKφ(K) = −ρ(K) φ(K).

Let us assume that there exists a diverging subsequence (Kp)p≥1 such that

0 ≤ lim
p→+∞

ρ(Kp) = ρ∗ < +∞

and
lim

p→+∞

∥∥φ(Kp) 1{·≥nr(Kp)}
∥∥
`2
> 0.

Then ρ∗ ∈ S1 and there exists a diverging subsequence of integers (p`)`≥1 such that

lim
`→+∞

QKp`φ
(Kp` )

∥∥QKp`φ
(Kp` )

∥∥
L2

= ψ∗

exists in L2, ‖ψ∗‖L2 = 1, and ψ∗ is an eigenvector of H∗ with eigenvalue −ρ∗.

PROOF. We define for each p a normalized sequence in `2 by

ψ(Kp)(n) =
φ(Kp)(n) 1{n≥nr(Kp)}∥∥φ(Kp) 1{·≥nr(Kp)}

∥∥
`2

.

It is easy to verify using Proposition 4.1 that ψ(Kp) ∈ Dom
(
LKp) and

∥∥LKpψ(Kp) + ρ(Kp)ψ(Kp)‖`2 ≤ O(1)
Kp e−a (logKp)

2

∥∥φ(Kp) 1{·≥nr(Kp)}
∥∥
`2

. (4.2)

From Proposition 4.2 it follows that, for each p, ψ(Kp) decays exponentially fast
at infinity. We apply Proposition 6.6, Lemma 6.2, Lemma 6.3, and Theorem
6.1 to conclude that there exists a diverging sequence of integers (pi)i≥1 such
that the sequence of functions QKpiψ

(Kpi ) converges in L2 to a normalized
function ψ∗.

Let u ∈ D . We have from (4.2)

lim
i→+∞

〈
PKpiu , LKpi ψ

(Kpi ) + ρ(Kpi ) ψ(Kpi )
〉
`2

= 0

hence, since PKpi u ∈ Dom
(
LKpi

)
, we obtain

lim
i→+∞

〈
LKpi PKpiu , ψ

(Kpi )
〉
`2

= −ρ∗ lim
i→+∞

〈
PKpiu , ψ

(Kpi )
〉
`2
.

From the isometric property of Q (see Lemma 3.1) we get

lim
i→+∞

〈
QKpiLKpi PKpiu , QKpiψ

(Kpi )
〉
L2
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= −ρ∗ lim
i→+∞

〈
QKpiPKpiu , QKpiψ

(Kpi )
〉
L2 .

In other words

lim
`→+∞

〈
LKp`

u,QKp`ψ
(Kp` )

〉
L2 = −ρ∗ lim

`→+∞

〈
QKp`PKp`u,QKp`ψ

(Kp` )
〉
L2 .

Using the convergence in L2 of
(
QKp`ψ

(Kp` )
)
`≥1 to ψ∗, Proposition 3.3, and

Lemma 3.2, we get
〈
H∗u, ψ∗

〉
L2 = −ρ∗

〈
u , ψ∗

〉
L2 , ∀u ∈ D .

Since D is dense in the domain of the self-adjoint operator H∗, we conclude
that ψ∗ is an eigenvector of H∗. �

Remark 4.1. Another method to separate the eigenvectors in their dominant compo-
nents is to use the so-called IMS localization formula. See for example [15]. In [10],
convergence of the spectrum of a discrete operator to the spectrum of a continuous one
was investigated using discrete pseudo-di�erential calculus.

We now state three key propositions.

Proposition 4.5. Let j be �xed and let (Kp)p≥1 be a diverging sequence such
that

lim
p→+∞

ρ
(Kp)

j = ρ∗.

Let φ(Kp)j be a normalized eigenvector of LKp with eigenvalue −ρ
(Kp)

j . Then there
exists an in�nite sequence of integers (pi)i≥1 such that

• φ
(Kpi )
j 1{·<n`(Kpi )}

`2−→ φ∗, where φ∗ is either the null sequence or an eigen-
vector of M0 with eigenvalue −ρ∗, namely ρ∗ ∈ S2.

• QKpiφ
(Kpi )
j 1{·≥nr(Kpi )}

L2

−→ ϕ∗, where ϕ∗ is either the null function or an
eigenvector of H∗ with eigenvalue −ρ∗, namely ρ∗ ∈ S1.

Moreover, ‖φ∗‖2`2 + ‖ϕ∗‖2L2 = 1.

PROOF. We have either

lim
p→+∞

∥∥∥φ(Kp)j 1{·<n`(Kp)}

∥∥∥
`2

= 0

or there exists an infinite sequence of integers (pi)i≥1 such that

lim
i→+∞

∥∥∥φ(Kpi )j 1{·<n`(Kpi )}

∥∥∥
`2
> 0 .
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The first statement of the proposition follows from Lemma 4.3 applied to the
diverging sequence (Kpi)i≥1. Similarly, either

lim
p→+∞

∥∥∥φ(Kp)j 1{·≥nr(K)}

∥∥∥
`2

= 0

or there exists an infinite sequence of integers (pi)i≥1 such that

lim
i→+∞

∥∥∥φ(Kpi )j 1{·≥nr(Kpi )}

∥∥∥
`2
> 0.

The second statement of the proposition follows from Lemma 4.4 applied to
the diverging sequence (Kpi)i≥1. The last statement follows from the normal-

ization φ(Kp)j and Proposition 4.1. �

Proposition 4.6. Let ρ ∈ S2. Then there exists a normalized vector vρ ∈
Dom(LK) with eigenvalue −ρ such that

lim
K→+∞

‖LKvρ + ρ vρ‖`2 = 0.

Moreover
lim

K→+∞

∥∥vρ1{·>n`(K)}
∥∥
`2

= 0.

PROOF. Let vρ be a normalized eigenvector corresponding to the eigenvalue
−ρ for the operator M0 in the space `2. From the assumptions we have for
n ≤ blogKc

λ(K)
n = b′(0) +O

(
logK

K

)
and µ(K)

n = d′(0) +O
(

logK

K

)
.

Since M0vρ + ρ vρ = 0, the reader can easily check that

‖LKvρ + ρ vρ‖`2(Z>0∩J1,blogKcK) ≤ O
(

logK

K

)
.

Now using Theorem 7.1 we have

vρ(n) =
√
n

(
d′(0)

b′(0)

)n
2

P (n)

where P is a certain polynomial. Hence there exists cv > 0 such that for any

n ∈ Z>0, |vρ(n)| ≤ cv
(
d′(0)
b′(0)

)n
4 . By (2.1) there exists c > 0 such b(x) + d(x) ≤

c ex for all x ≥ 0. This implies that λ(Kp)
n ≤ cKp en/Kp and µ(Kp)

n ≤ cKp en/Kp .
The reader can easily check that

‖LKvρ + ρ vρ‖`2(Z>0∩JblogKc+1,∞K) ≤ O(1)

(
d′(0)

b′(0)

) logK
4

.
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It follows that vρ ∈ Dom(LK), and (remember that b′(0) > d′(0))

lim
K→+∞

‖LKvρ + ρ vρ‖`2 = 0.

The other statement follows at once from the exponential decay of v. �

Proposition 4.7. Let ρ ∈ S1. Then there exists a sequence of normalized vectors
(ψ(K)

ρ )K≥1 ⊂ `2 such that ψ(K)
ρ ∈ Dom(LK), and

lim
K→+∞

∥∥LKψ(K)
ρ + ρψ(K)

ρ

∥∥
`2

= 0.

Moreover
lim

K→+∞

∥∥ψ(K)
ρ 1{·<nr(K)}

∥∥
`2

= 0.

PROOF. Let ϕρ be a real normalized eigenvector of H∗ corresponding to the
eigenvalue −ρ (in L2). Since ϕρ is a (rescaled) Hermite function (see [2] or
Remark 3.1), it satisfies the hypothesis of Proposition 3.3, hence

lim
K→+∞

∥∥LKϕρ + ρϕρ
∥∥
L2 = 0.

Using Lemma 3.2 we get

lim
K→+∞

∥∥LKϕρ + ρ QKPKϕρ
∥∥
L2 = 0

and then
lim

K→+∞

∥∥LK PKϕρ + ρPKϕρ
∥∥
`2

= 0

and
lim

K→+∞

∥∥PKϕρ
∥∥
`2

= 1.

The first statement follows by letting ψ(K)
ρ (n) = (PKϕρ)(n), where PK is de-

fined in (3.2). The other statement follows from an exponential bound on the
decay of ϕρ. �

5 Proofs of Theorems 3.5 and 3.7

5.1 Proof of Theorem 3.5

The proof of Theorem 3.5 is an immediate consequence of the following two
propositions.

Proposition 5.1. We have S2 ⊂ G.
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PROOF. The proof is by contradiction. Let ρ ∈ S2 and assume ρ /∈ G. Then
there exists η > 0 be such that for K large enough, [ ρ− η, ρ+ η ] ∩ G = ∅.
It follows from Proposition 4.6 that there exists a normalized vector v in `2,
such that v ∈ Dom(LK), and

lim
K→+∞

‖LKv + ρ v‖`2 = 0.

Therefore, using Proposition B.1, we obtain a contradiction. This ends the
proof. �

Proposition 5.2. We have S1 ⊂ G.

PROOF. The proof is by contradiction. Let ρ ∈ S1 and assume ρ /∈ G. Then
there exists η > 0 such that, for K large enough, [ ρ − η, ρ + η] ∩ G = ∅. It
follows from Proposition 4.7 that there exists a sequence of normalized vectors
(ψ(K))K≥1 ⊂ `2 such that ψ(K) ∈ Dom(LK) and

lim
K→+∞

∥∥LKψ(K) + ρψ(K)
∥∥
`2

= 0.

Therefore, using Proposition B.1, we obtain a contradiction. This ends the
proof. �

5.2 Proof of Theorem 3.7

The first statement follows at once from Proposition 4.5.
The proof of (3.6) is by contradiction. Assume

lim inf
p→+∞

min
{∣∣∣ρ(Kp)

j+1 − ρ∗
∣∣∣,
∣∣∣ρ(Kp)

j−1 − ρ∗
∣∣∣
}

= 0.

Assume ρ∗ ∈ S1\S2 and let (p`) be a diverging sequence of positive integers

such that ρ
(Kp` )

i → ρ∗ and ρ
(Kp` )

i+1 → ρ∗ (where i = j or i = j − 1). Let φ
(Kp` )

i

be a normalized eigenvector of LKp` corresponding to the eigenvalue −ρ(Kp` )i .

We define φ
(Kp` )

i+1 similarly. We claim that

lim sup
`→+∞

∥∥∥φ(Kp` )i 1{·<n`(Kp` )}

∥∥∥
`2

= 0.

Otherwise Proposition 4.5 would imply that ρ∗ ∈ S2, a contradiction. By
Proposition 4.1 we have

lim
`→+∞

∥∥∥φ(Kp` )i 1{·>nr(Kp` )}

∥∥∥
`2

= 1.
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This implies 1-a).
By a similar argument, we have

lim
`→+∞

∥∥∥φ(Kp` )i+1 1{·>nr(Kp` )}

∥∥∥
`2

= 1.

By Proposition 4.5, there exists a diverging sequence of integers (`r) such that
∥∥∥QKp`r

(
φ
(Kp`r

)

i 1{·>nr(Kp`r )}

)
− ϕ∗

∥∥∥
L2
→ 0

where ϕ∗ ∈ Dom(H∗) is a normalized eigenfunction of H∗ corresponding to
the eigenvalue−ρ∗. By Proposition 4.5 again, there exists a diverging sequence
of integers (rs)s≥1 such that

∥∥∥QKp`rs
(
φ
(Kp`rs

)

i+1 1{·>nr(Kp`rs )}

)
− ϕ′∗

∥∥∥
L2
→ 0

where ϕ′∗ ∈ Dom(H∗) is a normalized eigenfunction of H∗ corresponding to

the eigenvalue −ρ∗. Since φ
(Kp`rs

)

i and φ
(Kp`rs

)

i+1 are orthogonal in `2, it follows
from the previous estimates that

lim
s→+∞

〈
φ
(Kp`rs

)

i 1{·>nr(Kp`rs )}
, φ

(Kp`rs
)

i+1 1{·>nr(Kp`rs )}

〉

`2
= 0.

By Lemma 3.1 we have
〈
QKp`rs

(
φ
(Kp`rs

)

i 1{·>nr(Kp`rs )}

)
, QKp`rs

(
φ
(Kp`rs

)

i+1 1{·>nr(Kp`rs )}

)〉

L2

−−−−→
s→+∞

0.

In other words, 〈ϕ∗, ϕ′∗〉L2 = 0. This is a contradiction since ϕ∗ and ϕ′∗ are
normalized eigenfunctions of H∗ corresponding to the same eigenvalue −ρ∗
which is simple.

The case ρ∗ ∈ S2\S1 is similar (using again Proposition 4.5), so it is left
to the reader.

Let us now assume that ρ∗ ∈ S1∩S2. We now prove (3.7) by contradiction.
So we assume that there exists δ > 0 such that

lim inf
p→+∞

min
{∣∣∣ρ(Kp)

j+1 − ρ∗
∣∣∣,
∣∣∣ρ(Kp)

j−1 − ρ∗
∣∣∣
}
> δ.

Since ρ∗ ∈ S1 and from Proposition 4.7, there exists a sequence of normalized
vectors (ψ

(Kp)
ρ∗ )p≥1 ⊂ `2 such that ψ(Kp)

ρ∗ ∈ Dom(LKp) for all p, and

lim
p→+∞

∥∥∥LKpψ
(Kp)
ρ∗ − ρ∗ψ(Kp)

ρ∗

∥∥∥
`2

= 0.

We also have (since ρ(Kp)j → ρ∗) that

lim
p→+∞

∥∥∥LKpψ
(Kp)
ρ∗ − ρ(Kp)j ψ

(Kp)
ρ∗

∥∥∥
`2

= 0.
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For each p, let φ(Kp)j be a normalized eigenvector of LKp corresponding to the

eigenvalue −ρ(Kp)j . By using Proposition B.2 with A = LKp , we deduce that
there exists a sequence of real numbers (θp)p such that

lim
p→+∞

∥∥∥ψ(Kp)
ρ∗ − eiθpφ

(Kp)
j

∥∥∥
`2

= 0. (5.1)

Since ρ∗ ∈ S2 and from Proposition 4.6, there exists a normalized vector
vρ∗ ∈ Dom(LKp) for all p such that

lim
p→+∞

‖LKpvρ∗ + ρ∗vρ∗‖`2 = 0.

We also have
lim

p→+∞

∥∥∥LKpvρ∗ + ρ
(Kp)
j vρ∗

∥∥∥
`2

= 0.

By using Proposition B.2 withA = LKp , we deduce that there exists a sequence
of real numbers (θ′p)p≥1 such that

lim
p→+∞

∥∥∥vρ∗ − eiθ
′
pφ

(Kp)
j

∥∥∥
`2

= 0. (5.2)

Moreover, from Propositions 4.7 and 4.6, it follows that

lim
p→+∞

∥∥∥ψ(Kp)
ρ∗ 1{·<nr(Kp)}

∥∥∥
`2

= 0 and lim
K→+∞

∥∥vρ∗1{·>n`(K)}
∥∥
`2

= 0

which implies (using Proposition 4.1) that

lim
p→+∞

〈ψ(Kp)
ρ∗ , vρ∗〉 = 0.

This is a contradiction with (5.1) and (5.2). Finally, we prove (3.8) by con-
tradiction. So we assume that there exists a diverging sequence of integers
(p`)`≥1 such that

lim
`→+∞

∣∣∣ ρ(Kp`
)

j+1 − ρ∗
∣∣∣+
∣∣∣ ρ(Kp`

)

j−1 − ρ∗
∣∣∣ = 0.

We now apply Proposition 4.5 with j and Kp` . Hence there exists a diverging
sequence of integers (`s)s≥1 such that

φ
(Kp`s

)

j 1{·<n`(Kp`s )}
`2−→ φ∗,1

and
QKp`s

φ
(Kp`s

)

j 1{·≥nr(Kp`s )}
L2

−→ ϕ∗,1

and we have ‖φ∗,1‖2`2 + ‖ϕ∗,1‖2L2 = 1.
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We now apply Proposition 4.5 with j − 1 and Kp`s
. Hence there exists a

diverging sequence of integers (sr)r≥1 such that

φ
(Kp`sr

)

j−1 1{·<n`(Kp`sr )}
`2−→ φ∗,2

and

QKp`sr
φ
(Kp`sr

)

j−1 1{·≥nr(Kp`sr )}
L2

−→ ϕ∗,2

and we have ‖φ∗,2‖2`2 + ‖ϕ∗,2‖2L2 = 1.
We now apply Proposition 4.5 with j + 1 and Kp`sr

. Hence there exists a
diverging sequence of integers (rq)q≥1 such that

φ
(Kp`srq

)

j+1 1{·<n`(Kp`srq
)}

`2−→ φ∗,3

and

QKp`srq
φ
(Kp`srq

)

j+1 1{·≥nr(Kp`srq
)}

L2

−→ ϕ∗,3

and we have ‖φ∗,3‖2`2 + ‖ϕ∗,3‖2L2 = 1.

Moreover, since φ
(Kp`srq

)

j−1 , φ
(Kp`srq

)

j , φ
(Kp`srq

)

j+1 are pairwise orthogonal, we
have 〈

φ∗,m, φ∗,m′
〉
`2

+
〈
ϕ∗,m, ϕ∗,m′

〉
L2 = 0, ∀m 6= m′. (5.3)

The linear subspace of `2 spanned by φ∗,1, φ∗,2, φ∗,3 is of dimension at most
one because they are eigenvectors of M0 for the same simple eigenvalue −ρ∗.
The linear subspace of L2 spanned by ϕ∗,1, ϕ∗,2, ϕ∗,3 is of dimension at most
one because they are eigenfunctions ofH∗ for the same simple eigenvalue−ρ∗.
Therefore the subspace of `2 ⊕ L2 spanned by the three vectors (φ∗,1, ϕ∗,1),
(φ∗,2, ϕ∗,2), (φ∗,3, ϕ∗,3) is of dimension at most two. However, these three
vectors are normalized and pairwise orthogonal by (5.3). We thus arrive at a
contradiction.

6 Fréchet-Kolmogorov-Riesz compactness criterion and
Dirichlet form

6.1 Fréchet-Kolmogorov-Riesz compactness criterion

We recall the Fréchet-Kolmogorov-Riesz compactness criterion in L2.

Theorem 6.1. Let (fp)p be a normalized sequence in L2 such that the following
two conditions are satis�ed.

(i) There exists ε0 > 0 such that there exists a function R(ε) > 0 on (0, ε0) such
that

sup
p

∫

{|x|>R(ε)}

∣∣fp(x)
∣∣2dx ≤ ε.
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(ii) There exits a positive function α on ]0, 1] satisfying

lim
y↓ 0

α(y) = 0

and such that for any p and y ∈ ]−1, 1]
∫ ∣∣fp(x+ y)− fp(x)

∣∣2dx ≤ α(|y|).

Then one can extract from (fp)p a convergent subsequence in L2.

We refer to Remark 5 on page 387 in [9]. The following lemmas provide
expressions for R(ε) and α(y) in our case. Recall that the potential Vn(K)
and nr(K) have been defined in Section 4 (see (4.1)).

Lemma 6.2. Let C > 0. Let FC,K be the set of normalized sequences (φ(n))n in
`2 such that φ(n) = 0 for any n < nr(K) and

+∞∑

n=nr(K)

(
1 ∨ Vn(K)

))
φ2(n) ≤ C.

Then, for any φ ∈ FC,K , the function x 7→ QKφ(x) satis�es condition (i) in
Theorem 6.1 with

R(ε) =
C

ε

for any 0 < ε < 1.

PROOF. We are going to prove that there exist R0 > 1 and K0 > 4 such that
for any K > K0, any R > R0 and any φ ∈ FC,K

∫

{|x|>R}

(
QKφ(x)

)2
dx ≤ C

R
.

We observe that
∫

{|x|>R}

(
QKφ(x)

)2
dx ≤

∑

{n:|n−Kx∗|>R
√
K−1}

φ2(n).

Our aim is to prove that the right-hand side of the above inequality is bounded
above by C/R.

It follows from the hypotheses on λ(K)
n and µ(K)

n that there exist constants
K0 > 4, 1 > C2 > 0, Γ > 0 and ζ > 0, such that for any K > K0 there exists
an integer ΓK > m∗(K) > 2Kx∗ (hence of order K) such that µ(K)

n > ζ n for
any n ≥ m∗(K) and

m∗(K)∑

n=nr(K)

(1 ∨ Vn(K)) φ2(n) ≥ C2K
−1

m∗(K)∑

n=nr(K)

(n−Kx∗)2φ2(n)

31



+∞∑

n=m∗(K)+1

(1 ∨ Vn(K)) φ2(n) ≥ C2

+∞∑

n=m∗(K)+1

nφ2(n).

These estimates imply the following bounds for any integer L > 0

∑

{nr(K)≤n≤m∗(K)}∩{|n−Kx∗|>L}

φ2(n) ≤ KC

C2 L2
1{L<m∗(K)}

∑

{n>m∗(K)}∩{|n−Kx∗|>L}

φ2(n) ≤ C

C2(L ∨m∗(K))
.

We now replace L by R
√
K − 1 in the above estimates.

Fix K > 4. We distinguish two cases according to the value of R.

1) 1 ≤ R < m∗(K)/
√
K. Then

√
K − 1 ≤ L < m∗(K) ≤ ΓK. Since L =

R
√
K − 1 > R

√
K/2 (because K > 4), we have

∑

{|n−Kx∗|>R
√
K−1}

φ2(n) ≤ 4 C

R2
+

C

C2m∗(K)
≤ 4C

C2R2
+

C Γ

C2R2
≤ C

R

if R > C−12

(
4 + Γ).

2) R ≥ m∗(K)/
√
K. Then L ≥ m∗(K). We get

∑

{|n−Kx∗|>R
√
K−1}

φ2(n) ≤ C

C2L
≤ 2C

RC2

√
K
≤ C

R

if C2
2K > 4.

We define K0 = 5 + 4C−22 and R0 = 1 + C−12

(
4 + Γ). The result follows. �

Lemma 6.3. Let (φ(K))K∈Z>0 be a sequence of normalized elements of `
2 such that

φ(K)(n) = 0 for n ≤ nr(K). Assume also that there exists C > 0 such that

sup
K>1

{
+∞∑

n=nr(K)

√
λ(K)
n µ(K)

n+1

(
φ(K)(n+ 1)− φ(K)(n)

)2

+

+∞∑

n=nr(K)

(1 ∨ Vn(K))
(
φ(K)(n)

)2
}
≤ C.

Then there exits a positive constant C̃ such that for any |h| ≤ 1 and any K > 1
∫ [

QKφ
(K)(x+ h)−QKφ

(K)(x)
]2

dx ≤ α(h) = C̃ |h| .

Hence, for any (φ(K))K satisfying the above assumptions, the sequence of functions
(QKφ

(K))K≥1 satis�es condition ii) in Theorem 6.1 with

α(y) = C̃y.

32



PROOF. It is enough to consider the case 0 < h < 1. We first consider the
case 0 < h ≤ 1/

√
K. We have

∫ [
QKφ

(K)(x+h)−QKφ
(K)(x)

]2
dx =

∑

q≥1

∫

I
(K)
q

[
QKφ

(K)(x+h)−QKφ
(K)(x)

]2
dx.

Since
QKφ

(K)(x) = K
1
4

∑

q≥1
φ(K)(q)1

I
(K)
q

(x)

and since the intervals I(K)
q are disjoint, we get

∫ [
QKφ

(K)(x+ h)−QKφ
(K)(x)

]2
dx

= K
1
2

∑

q≥1

∫

I
(K)
q

(
φ(K)(q)1

I
(K)
q

(x+ h)

+ φ(K)(q + 1)1
I
(K)
q+1

(x+ h)− φ(K)(q)1
I
(K)
q

(x)
)2

dx

= K
1
2

∑

q≥1

∫

I
(K)
q

((
φ(K)(q)

)2
1
I
(K)
q

(x+ h) +
(
φ(K)(q + 1)

)2
1
I
(K)
q+1

(x+ h)

+
(
φ(K)(q)

)2
1
I
(K)
q

(x)− 2
(
φ(K)(q)

)2
1Iq(x)1

I
(K)
q

(x+ h)

− 2φ(K)(q)φ(K)(q + 1)1
I
(K)
q

(x)1
I
(K)
q+1

(x+ h)
)

dx

Let us consider each term separately. Since
∫
I
(K)
q

dx = K−
1
2 , we have

K
1
2

∑

q≥1

∫

I
(K)
q

(
φ(K)(q)

)2
dx =

∑

q≥1

(
φ(K)(q)

)2
.

Then we have

K
1
2

∑

q≥1

∫

I
(K)
q

(
φ(K)(q)

)2
1
I
(K)
q

(x+ h) dx

= K
1
2

∑

q≥1

(
φ(K)(q)

)2
∫ q√

K
+ 1

2
√
K
−x∗−h

q√
K
− 1

2
√
K
−x∗

dx

=
(
1− hK 1

2
) ∑

q≥1

(
φ(K)(q)

)2
.

We also have

K
1
2

∑

q≥1

∫

I
(K)
q

(
φ(K)(q + 1)

)2
1
I
(K)
q+1

(x+ h) dx
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= K
1
2

∑

q≥1

(
φ(K)(q + 1)

)2
∫ q√

K
+ 1

2
√
K
−x∗

q√
K
+ 1

2
√
K
−x∗−h

dx

= K
1
2

∑

q≥1

(
φ(K)(q + 1)

)2
h

= K
1
2 h
∑

q≥1

(
φ(K)(q)

)2
.

Similarly

− 2K
1
2

∑

q≥1

∫

I
(K)
q

(
φ(K)(q)

)2
1
I
(K)
q

(x)1Iq(x+ h) dx

= −2
(
1− hK 1

2
)∑

q≥1

(
φ(K)(q)

)2

and

− 2K
1
2

∑

q≥1

∫

I
(K)
q

φ(K)(q)φ(K)(q + 1)1
I
(K)
q

(x)1
I
(K)
q+1

(x+ h) dx

= −2hK
1
2

∑

q≥1
φ(K)(q)φ(K)(q + 1) .

We rewrite the last term as follows:

− 2h
√
K
∑

q≥1
φ(K)(q)φ(K)(q + 1)

= −2h
√
K
∑

q≥1

(
φ(K)(q)

)2
+ 2h

√
K
∑

q≥1
φ(K)(q)

(
φ(K)(q + 1)− φ(K)(q)

)
.

Summing up, we get
∫ [

QKφ
(K)(x+ h)−QKφ

(K)(x)
]2

dx

=
∑

q≥1

(
φ(K)(q)

)2
+
(
1− h

√
K
) ∑

q≥1

(
φ(K)(q)

)2
+K

1
2 h
∑

q≥1

(
φ(K)(q)

)2

− 2
(
1− h

√
K
) ∑

q≥1

(
φ(K)(q)

)2 − 2h
√
K
∑

q≥1

(
φ(K)(q)

)2

+ 2h
√
K
∑

q≥1
φ(K)(q)

(
φ(K)(q + 1)− φ(K)(q)

)

= 2h
√
K
∑

q≥1
φ(K)(q)

(
φ(K)(q + 1)− φ(K)(q)

)
.

It follows from Cauchy-Schwarz inequality that
∫ [

QKφ
(K)(x+ h)−QKφ

(K)(x)
]2

dx
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≤ 2h
√
K


∑

q≥1

(
φ(K)(q + 1)− φ(K)(q)

)2



1
2 ∥∥φ(K)

∥∥
`2
.

From the assumption of the lemma and using that

inf
n≥
⌊
Kx∗
3

⌋
−1

√
λ(K)
n µ(K)

n+1 > ζK

for some ζ > 0 independent of K, we get

K
1
2


∑

q≥1

(
φ(K)(q + 1)− φ(K)(q)

)2



1/2

≤
√
C

ζ
.

Therefore, since the sequence φ(K) is normalized, we get

∫ [
QKφ

(K)(x+ h)−QKφ
(K)(x)

]2
dx ≤ 2h

√
C

ζ
.

We now consider the case 1 > h > 1/
√
K. Let r = bh

√
Kc and h′ = h −

r/
√
K. Note that 0 ≤ h′ ≤ 1/

√
K. We have

∫ [
QKφ

(K)(x+ h)−QKφ
(K)(x)

]2
dx

=

∫ [ r−1∑
j=1

(
QKφ

(K)

(
x+

j + 1√
K

)
−QKφ

(K)

(
x+

j√
K

))

+QKφ
(K)

(
x+

r√
K

+ h′
)
−QKφ

(K)

(
x+

r√
K

)]2
dx

≤ 2

∫ [ r−1∑
j=1

(
QKφ

(K)

(
x+

j + 1√
K

)
−QKφ

(K)

(
x+

j√
K

))]2
dx

+ 2

∫ [
QKφ

(K)

(
x+

r√
K

+ h′
)
−QKφ

(K)

(
x+

r√
K

)]2
dx.

We have already estimated the last term. For the first term we now observe

that e(K)
n

(
x+ j√

K

)
= e(K)

n−j(x). Therefore we can write

r−1∑

j=1

(
QKφ

(K)

(
x+

j + 1√
K

)
−QKφ

(K)

(
x+

j√
K

))

=

r−1∑

j=1

(∑

n

φ(K)(n) e(K)

n−j−1(x)−
∑

n

φ(K)(n) e(K)

n−j(x)

)
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=
r−1∑

j=1

(∑

p

e(K)
p (x)

(
φ(K)(p+ j + 1)− φ(K)(p+ j)

)

=
∑

p

e(K)
p (x)

r−1∑

j=1

(
φ(K)(p+ j + 1)− φ(K)(p+ j)

)
.

This implies

∫ [ r−1∑

j=1

QKφ
(K)

(
x+

j + 1√
K

)
−QKφ

(K)

(
x+

j√
K

)]2
dx

=
∑

p



r−1∑

j=1

(
φ(K)(p+ j + 1)− φ(K)(p+ j)

)



2

≤ r
∑

p

r−1∑

j=1

(
φ(K)(p+ j + 1)− φ(K)(p+ j)

)2

= r2
∑

p

(
φ(K)(p+ 1)− φ(K)(p)

)2 ≤ C

ζ

r2

K

as we have seen before. We observe that r2/K ≤ h2 ≤ h since h ≤ 1, and the

result follows by taking C̃ = 2
√

C
ζ + C

ζ . �

6.2 Dirichlet form for the operator LK
We need an estimate on the decay at infinity of the eigenfunctions. Note that
since the eigenvalues are real, we can assume that the eigenfunctions are real.

Proposition 6.4. If φ is a normalized sequence in Dom(LK) decaying exponen-
tially fast at in�nity, then

− 〈φ,LKφ〉

=

+∞∑

n=1

√
λ(K)
n µ(K)

n+1

(
φ(n+ 1)− φ(n)

)2
+

+∞∑

n=1

Vn(K)φ(n)2 − 1

2

√
λ(K)

1 µ(K)

2 φ(1)2.

PROOF. For any fixed positive integer N we have

N∑

n=1

φ(n) (LKφ)(n)

=

N∑

n=1

√
λ(K)
n µ(K)

n+1 φ(n)φ(n+ 1) +
N∑

n=2

√
λ(K)

n−1 µ
(K)
n φ(n)φ(n− 1)
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−
N∑

n=1

(
λ(K)
n + µ(K)

n

)
φ(n)2

= −1

2

N∑

n=1

√
λ(K)
n µ(K)

n+1 (φ(n)− φ(n+ 1))2 +
1

2

N∑

n=1

√
λ(K)
n µ(K)

n+1 φ(n)2

+
1

2

N∑

n=1

√
λ(K)
n µ(K)

n+1 φ(n+ 1)2 − 1

2

N∑

n=2

√
λ(K)

n−1 µ
(K)
n (φ(n)− φ(n− 1))2

+
1

2

N∑

n=2

√
λ(K)

n−1 µ
(K)
n φ(n)2 +

1

2

N∑

n=2

√
λ(K)

n−1 µ
(K)
n φ(n− 1)2

−
N∑

n=1

(
λ(K)
n + µ(K)

n

)
φ(n)2

= −
N−1∑

n=1

√
λ(K)
n µ(K)

n+1 (φ(n)− φ(n+ 1))2

−
N∑

n=1

(
λ(K)
n + µ(K)

n −
√
λ(K)
n µ(K)

n+1 −
√
λ(K)

n−1 µ
(K)
n 1{n>1}

)
φ(n)2

− 1

2

√
λ(K)

N µ(K)

N+1 (φ(N)− φ(N + 1))2 +
1

2

√
λ(K)

N µ(K)

N+1 φ(N + 1)2

− 1

2

√
λ(K)

1 µ(K)

2 φ21 −
1

2

√
λ(K)

N µ(K)

N+1 φ(N)2.

Since φ ∈ Dom(LK), the functions φ1{n≤N} and LK(φ1{n≤N}) converge to φ,
respectively LKφ, in `2 when N tends to infinity. The result follows by letting
N tend to infinity, since Vn(K) is positive for n large enough, and since λ(K)

N

and µ(K)

N are exponential in N and φ decays exponentially fast by assumption.
�

Lemma 6.5. There exists ξ > 0 such that for all K ∈ Z>0, infn≥1 Vn(K) ≥ −ξ.

PROOF. Since (λ(K)
n )n is an increasing sequence we have

Vn(K) = λ(K)
n + µ(K)

n −
√
λ(K)
n µ(K)

n+1 −
√
λ(K)

n−1 µ
(K)
n 1{n>1}

≥ λ(K)
n + µ(K)

n

2
−
√
λ(K)
n µ(K)

n+1.

It follows from the general assumptions (see Section 2) that there exists x̃ ≥ 1
such that all K ∈ Z>0 and for all n ≥ Kx̃ we have

λ(K)
n

µ(K)
n
≤ 1

5
and

λ(K)

n+1

µ(K)
n
≤ 5

4
.
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For all n ≥ Kx̃ we have Vn(K) ≥ 0. When n ≤ Kx̃, we write

λ(K)
n + µ(K)

n

2
−
√
λ(K)
n µ(K)

n+1

=

(√
λ(K)
n −

√
µ(K)
n

)2

2
+

λ(K)
n√

λ(K)
n +

√
µ(K)

n+1

(
µ(K)
n − µ(K)

n+1

)
.

Now observe that

µ(K)
n − µ(K)

n+1 = K

(
d
( n
K

)
− d

(
n+ 1

K

))
≥ − sup

0≤x≤ x̃+1
d′(x).

The rest of the proof is obvious. �

Proposition 6.6. Let δ > 0 and φ be a real normalized sequence in Dom(LK)
decaying exponentially fast, such that

∥∥LKφ+ ρ φ
∥∥
`2
≤ δ. Then

+∞∑

n=1

√
λ(K)
n µ(K)

n+1

(
φ(n+ 1)− φ(n)

)2
+

+∞∑

n=1

(1 ∨ Vn(K))
(
φ(n)

)2

≤ 1 + ρ+ ξ + δ +
1

2

√
λ(K)

1 µ(K)

2 .

The proof is left to the reader. It is a direct consequence of Proposition
6.4 and Lemma 6.5.

7 Spectral theory of M0

Recall that (see (3.5))
(
M0v

)
(n) =

√
b′(0) d′(0)n (n+ 1) v(n+ 1) +

√
b′(0) d′(0)n (n− 1) v(n− 1)1{n>1}

− n (b′(0) + d′(0))v(n)).

Theorem 7.1. The operatorM0 de�ned on c00 is symmetric for the scalar product
of `2. We denote by M0 its closure which is self-adjoint and bounded above. The
spectrum of M0 is discrete, all eigenvalues are simple, and we have

Sp(M0) =
(
d′(0)− b′(0)

)
Z>0 = −S2.

The eigenvector vm corresponding to the eigenvalue (d′(0)−b′(0)
)
m, wherem ∈ Z>0,

is given (up to a multiplicative factor) by

vm(n) =
√
n

(
d′(0)

b′(0)

)n
2

Pm(n) (7.1)
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where Pm is the monic orthogonal polynomial of degree m − 1 associated with the
measure q on Z>0 de�ned by

q(n) = n

(
d′(0)

b′(0)

)n
. (7.2)

PROOF. It is easy to verify that M0 is a symmetric operator on c00, which is
bounded above since from b′(0) > d′(0), we have

inf
n

(
n (b′(0) + d′(0))−

√
b′(0) d′(0)n (n+ 1)−

√
b′(0) d′(0)n (n− 1) > −∞.

It is easy to verify that M0 is closable and we denote by M0 its closure.
Since for any m ∈ Z>0, the sequence vm(n) defined by (7.1) decays expo-

nentially fast with n, it is easy to verify that vm ∈ Dom(M0). Note also that if
m 6= m′, vm is orthogonal to vm′ in `2.

By a direct computation one checks that M0v1 = (d′(0)− b′(0))v1 (recall
that P1(n) = 1). It is left to the reader to check that

M0vm(n) =
√
n

(
b′(0)

d′(0)

)n
2

Qm(n)

where Qm is a polynomial in n in which the coe�cient of nm−1 is

m
(
d′(0)− b′(0)

)
.

To check that the vm are eigenvectors, we use a recursive argument. Assume
that m ≥ 2 and for 1 ≤ k ≤ m− 1

M0vk = k
(
d′(0)− b′(0)

)
vk.

We can write
M0vm = m

(
d′(0)− b′(0)

)
vm + rm

with

rm =
√
n

(
b′(0)

d′(0)

)n
2

Rm

where Rm is a polynomial in n of degree at most m− 2. Therefore

rm ∈ Span
{
v1, . . . , vm−1

}
.

From our recursive assumption, the symmetry of M0, and the orthogonality
of the vk (following from the orthogonality of the Pk), we get that for any
1 ≤ k ≤ m− 1

0 = 〈vk,M0vm〉`2 = 〈vk, rm〉`2 .
Therefore rm = 0. Hence M0vm = m

(
d′(0)− b′(0)

)
vm, and we can proceed

with the recursion.
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We now prove that the vm form a basis of `2. Assume the contrary, namely
there exists u ∈ `2 of norm one such that for any m

+∞∑

n=1

ū(n) vm(n) = 0.

We observe that the sequence

w(n) =
1√
n

(
b′(0)

d′(0)

)n
2

u(n)

belongs to `2(q), with q defined in (7.2). Therefore our assumption on u
implies that w is orthogonal to all the polynomials in `2(q). Let us show
that the set of polynomials is dense in `2(q). It is su�cient to prove that the
measure q is the solution of a determinate moment problem, see [8, Corollary
2.50, p. 30]. Following [16, Proposition 1.5, p. 88], it is enough to prove that
the moments of order m, denoted by γm of q, satisfy the following property:
there exists C > 0 such that, for any m ∈ Z>0,

γm =
+∞∑

n=1

nm+1

(
d′(0)

b′(0)

)n
≤ Cmm! .

The proof is left to the reader. Therefore the set of all polynomials is dense
in `2(q) implying w = 0 and we get a contradiction with the existence of a u
nonzero orthogonal to all the vm in `2. Therefore, the vm’s form a basis of `2.

We now observe that M0 is bounded above. The proof is similar to that
of Proposition 6.4 and left to the reader. Since the vm’s form a basis of `2, for
any B > 0 we have ker(M†0 − B) = {0}. Hence M0 is self adjoint (see for
instance [14, Prop. 3.9, p. 43]) and the spectrum is given by

Sp(M0) =
(
d′(0)− b′(0)

)
Z>0.

This ends the proof. �

A Local maximum principle and consequences thereof

We will state and prove a maximum/minimum principle in a form which is
well suited for our purposes. We start with a proposition giving elementary
inequalities following from the order on the real line.

Proposition A.1. Assume a > 0, c > 0 and b > a+ c. Let u,w ∈ R.
If v > 0 is such that a u+ cw − b v ≥ 0, then v < max{u,w}.
If v < 0 is such that a u+ cw − b v ≤ 0, then v > min{u,w}.
Moreover, if u ≥ v ≥ w are such that a u+ cw − b v ≥ 0, then v ≤ a

b−c u.
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PROOF. If v > 0 we have 0 < (b− a− c) v ≤ a (u− v) + c (w − v) leads to a
contradiction if v ≥ max{u,w}. The case v < 0 is similar. The last statement
is trivial since b v ≤ a u+ cw ≤ a u+ c v. �

Proposition A.2. Let 1 < n1 < n2 be integers such n2 > n1 + 1. Let (αn) be
a �nite sequence of strictly positive real numbers de�ned for n1− 1, . . . , n2. Let (βn)
be a �nite sequence of strictly positive real numbers de�ned for n1, . . . , n2. Let (un)
be a �nite sequence of real numbers de�ned for n1 − 1, . . . , n2 + 1. Assume that, for
all n1 ≤ n ≤ n2, we have βn > αn + αn−1.
If αnun+1 + αn−1un−1 − βnun ≥ 0, then the sequence (un) has no positive local
maxima for n ∈ {n1 + 1, . . . , n2 − 1}. Moreover, if there exists some un > 0 then
the maximum is attained only at the boundary, that is, on the set {n1, n2}.
If αnun+1 + αn−1un−1 − βnun ≤ 0, then the sequence (un) has no positive local
minima for n ∈ {n1 + 1, . . . , n2 − 1}, and if there exists some un < 0 then the
minimum is attained only at the boundary, that is, on the set {n1, n2}.

PROOF. It follows from Proposition A.1. �

Proposition A.3. Let 1 < n1 < n2 be integers such n2 > n1 + 1. Let (αn) be
a �nite sequence of strictly positive real numbers de�ned for n1− 1, . . . , n2. Let (βn)
be a �nite sequence of strictly positive real numbers de�ned for n1, . . . , n2. Let (un)
be a �nite sequence of real numbers de�ned for n1 − 1, . . . , n2 + 1. Assume that, for
all n1 ≤ n ≤ n2, we have βn > αn + αn−1.
If αnun+1 + αn−1un−1 − βnun ≥ 0, un1+1 > 0 and un1+1 ≥ un1 , then the
sequence (un) is increasing.
If αnun+1 + αn−1un−1 − βnun ≤ 0, un1+1 < 0 and un1+1 ≤ un1 , then the
sequence (un) is decreasing.
Finally, if (un) is a positive sequence then there cannot be two local (positive) minima
separated by a distance larger than one.

PROOF. It follows recursively from Proposition A.1. �

B Quasi-eigenvalues and quasi-eigenvectors of self-adjoint
operators

The following results are used in the proofs of Lemma 4.3, Propositions 5.1
and 5.2, Theorem 3.7

Proposition B.1. Let A be a self-adjoint operator in a Hilbert space H with
domain Dom(A). Assume there exists u ∈ Dom(A) of norm 1, ω ∈ R and ε > 0
such that

‖Au− ω u‖ ≤ ε.
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Then
Sp(A) ∩ [ω − ε, ω + ε ] 6= ∅.

PROOF. We will assume that ω /∈ Sp(A), otherwise the result is trivial. The
proof is then by contradiction. If Rω denotes the resolvent of A at ω, we have

u = −Rω (Au− ω u)

hence
1 ≤ ε ‖Rω‖.

The result follows from the estimate (a direct consequence of the spectral
decomposition)

‖Rω‖ ≤
1

d
(
ω,Sp(A)

)

where d denotes the Euclidean distance on the real line. If Sp(A) ∩ [ω−ε, ω+
ε] = ∅, since Sp(A) is closed, then

δ = d
(
ω,Sp(A)

)
> ε

and we get

1 ≤ ε

δ
< 1

which is a contradiction. �

Proposition B.2. Let A be a self-adjoint operator in a Hilbert space H with
domain Dom(A). Assume there exists u ∈ Dom(A) of norm 1, ω ∈ R and ε > 0
such that

‖Au− ω u‖ ≤ ε.
Assume A has discrete spectrum with eigenvalues of multiplicity one, and let δ > 0
denote the minimum distance between two consecutive eigenvalues. Then if ε < δ
there is a λ ∈ Sp(A) with a normalized eigenvector e such that |ω − λ| ≤ ε and

‖u− e‖ ≤ 2 ε

δ − ε .

PROOF. We will denote by Pz the one-dimensional spectral projector of A
corresponding to z ∈ Sp(A).

Since ε < δ, using Proposition B.1 we conclude that there is only one
eigenvalue of A in [ω − ε, ω + ε ] and we denote by λ this eigenvalue and by ẽ
one of the corresponding eigenvectors (they all di�er only by a phase factor).
Let

v = ω u−Au.
Since u = Pλu+ (Id− Pλ)u, we get from the spectral decomposition

A(Id− Pλ)u− ω(Id− Pλ)u = (Id− Pλ) v.
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This implies that

‖(Id− Pλ)u‖ ≤ ε

δ − ε .

Since Pλ u is proportional to ẽ, we can write

u = β ẽ+ (Id− Pλ)u

with β ∈ C. Since u and ẽ are of norm one, and ẽ and (Id − Pλ)u are
orthogonal, we get

1 = |β|2 + ‖(Id− Pλ)u‖2

which implies

1 ≥ |β| ≥ 1− ε

δ − ε .

Let β = |β| exp(iθ), we define e = ei θ ẽ, and the result follows. �
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