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Abstract

Optimistic algorithms have been extensively studied for regret minimization in episodic tabular
Markov Decision Processes (MDPs), both from a minimax and an instance-dependent view. However,
for the PAC RL problem, where the goal is to identify a near-optimal policy with high probability,
little is known about their instance-dependent sample complexity. A negative result of Wagenmaker
et al. (2022) suggests that optimistic sampling rules cannot be used to attain the (still elusive) optimal
instance-dependent sample complexity. On the positive side, we provide the first instance-dependent
bound for an optimistic algorithm for PAC RL, BPI-UCRL, for which only minimax guarantees were
available (Kaufmann et al., 2021). While our bound features some minimal visitation probabilities,
it also features a refined notion of sub-optimality gap compared to the value gaps that appear in
prior work. Moreover, in MDPs with deterministic transitions, we show that BPI-UCRL is actually
near instance-optimal (up to a factor of the horizon). On the technical side, our analysis is very
simple thanks to a new “target trick” of independent interest. We complement these findings with
a novel hardness result explaining why the instance-dependent complexity of PAC RL cannot be
easily related to that of regret minimization, unlike in the minimax regime.

Keywords: Optimism, exploration, PAC reinforcement learning

1. Introduction

We are interested in the probably approximately correct (PAC) identification of a near-optimal policy
in an episodic Markov Decision Process (MDP) with finite state space S, action space A, and horizon
H. We denote by M := (S, A, (ph> Vn)ne[H)> 51, H ) such an MDP. Each episode starts in the initial
state s; € S and lasts H steps (called stages). In each stage h € [H], the agent is in some state
sp, € S, it takes an action ay, € A, it receives a random reward drawn from a distributions v, (s, a)
with expectation (s, a), and it transitions to a next state s,.1 € S with probability py(-|sp, ap).
A (deterministic) policy m = (Wh)he[ ) is a sequence of mappings 7p, : S — A. The action-value
function Q7 (s,a) quantifies the expected cumulative reward when starting in state s at stage h,
taking action a and following policy 7 until the end of the episode. It satisfies the Bellman equations:
forallh € [H],s € S,and a € A,

Qr(s,a) =ru(s,a) + Y pu(s']s,a) Vi (),
s'eS
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where V;7(s) := Q7 (s, Tr(s)) is the corresponding value function (with V7, ; = 0). A policy 7*
is optimal if V{™ (s1) = max;, V{"(s1). From the theory of MDPs (Puterman, 1994), a sufficient
condition is that 75 (s) € arg max,c 4 @7 (s, a), where the optimal Q-function satisfies Q7 (s, a) =
Th(s,a) + Y gcs Pu(s]s,a)Vy  (s'), with V¥ (s) = max,ea Q(s,a) and Vi (s) = 0. This
condition implies that 7* maximizes the expected return at any state and stage simultaneously, while
the (weaker) optimality condition only requires so at the initial state s;.

In online episodic reinforcement learning (RL), the agent interacts with the MDP M by choosing,
in each episode ¢t € N, a policy 7' and collecting a trajectory in the MDP under this policy:
(8}, a7 )nerm) Where s§ = s1 and, for all h € [H], aj, = 7}, (s},), 7}, ~ vn(s},, a},), and s}, | ~
pr(:|sh,, a ). The choice of 7" based on previously observed trajectories is called the sampling rule.
Several objectives have been studied in the literature. An agent seeking to maximize the total reward
received in 1" episodes equivalently aims at minimizing the (pseudo) regret

Ru(T) = Y (Vi(s) = V(1))

t=1

In PAC identification (or PAC RL), the agent’s sampling rule is coupled with a (possibly adaptive)
stopping rule 7 after which the agent stops collecting trajectories and returns a guess for the optimal
policy 7. Given two parameters ¢, > 0 with § € (0, 1), the algorithm ((7%)sen, 7, 7) is (&, §)-PAC
if it returns an e-optimal policy with high probability, i.e.,

P (V7 (s1) 2 Vii(s1) —2) 21— 6.

The goal is to have (e, §)-PAC algorithms using a small number of exploration episodes 7, which is
called the sample complexity.

Related work The PAC RL framework was originally introduced by Fiechter (1994) and there
exists algorithms attaining a sample complexity O((SAH?3/e?)log(1/4)) (Dann et al., 2019; Ménard
et al., 2021), which is optimal in a minimax sense in time-inhomogeneous MDPs (Domingues et al.,
2021). These algorithms use an optimistic sampling rule coupled with a well-chosen stopping rule.
Optimistic sampling rules, in which the policy 7' is the greedy policy with respect to an upper
confidence bound on the optimal Q function, have been mostly proposed for regret minimization (see
Neu and Pike-Burke (2020) for a survey). In particular, the UCBVI algorithm of Azar et al. (2017a)
(with Bernstein bonuses) attains minimax optimal regret in episodic MDPs.

Recent works have provided instance-dependent upper bounds on the regret for optimistic
algorithms (Simchowitz and Jamieson, 2019; Xu et al., 2021; Dann et al., 2021). An instance-
dependent bound features some complexity term which depends on the MDP instance, typically
through some notion of sub-optimality gap. To the best of our knowledge, for PAC RL in episodic
MDPs the only algorithms with instance-dependent upper bound on their sample complexity are
MOCA (Wagenmaker et al., 2022), PEDEL (Wagenmaker and Jamieson, 2022), and EPRL (Tirinzoni
et al., 2022), the latter being analyzed for MDPs with deterministic transitions. Neither of these
algorithms are based on an optimistic sampling rule.

Notably, Wagenmaker et al. (2022) proved that no-regret sampling rules (including optimistic
ones) cannot achieve the instance-optimal rate for PAC identification. The intuition is quite simple:
an optimal algorithm for PAC RL must visit every state-action pair at least a certain amount of times,
and this requires playing policies that cover the whole MDP in the minimum amount of episodes. On
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the other hand, a regret-minimizer focuses on playing high-reward policies which, depending on the
MDP instance, might be arbitrarily bad at visiting hard-to-reach states.

Despite not being instance-optimal, optimistic sampling rules are simple (e.g., as opposed to the
complex design of MOCA), computationally efficient (e.g., as opposed to the intractable sampling
rule of PEDEL), and do not require any sophisticated elimination rule (e.g., as opposed to the one
proposed by Tirinzoni et al. (2022) to obtain the optimal gap dependence in deterministic MDPs).
However, it remains an open question what instance-dependent complexity they can achieve.

Contributions Our main contribution is a new instance-dependent analysis for (a variant of) BPI-
UCRL, a PAC RL algorithm based on an optimistic sampling rule proposed by Kaufmann et al.
(2021) with only a worst-case sample complexity bound. In particular, in Theorem 2 we show that
the sample complexity of BPI-UCRL can be bounded by

~ H4*1og(1/6
50| Y Y g e 7

he[H] s€S ac A Ph (s,a maX{Ah(S a),e}?

where piin(

s, @) is the minimum positive probability to reach (s, a) at stage h across all deterministic
policies, while A, (s, a) := M ITp7 (5,0) >0 MAXpe[fr] MaXyyr (s)50( V7 (8") — V/(s')) is a new
notion of sub-optimality gap that we call the conditional return gap.” Interestingly, we show that the
gaps ﬁh(s, a) are larger than both the value gaps of Wagenmaker et al. (2022) and the (deterministic)
return gaps of Tirinzoni et al. (2022). Notably, we prove this result with a remarkably simple analysis
based on a new “target trick”: instead of bounding the number of times each state-action-stage triplet
(s,a, h) is visited (as it is common in the bandit literature), we control the number of times the played
policy visits (s, a, h) with positive probability with (s, a, h) being the least visited triplet so far, an
event that we refer to as (s, a, h) being “targeted”.

Our second contribution is to prove that, unlike what happens in the minimax setting, there is
no clear relationship between regret and sample complexity in the instance-dependent framework.
Indeed, the “regret-to-PAC conversion” often proposed to turn a regret minimizer into an (e, §)-PAC
algorithm for PAC RL (e.g., Jin et al., 2018; Ménard et al., 2021; Wagenmaker et al., 2022) cannot
directly exploit an instance-dependent upper bound on the regret. In Theorem 4, we construct an
MDP for which the sample complexity suggested by a regret-to-PAC conversion cannot be attained
by any (g, d)-correct algorithm for PAC RL. In particular, this implies that one cannot take an
instance-dependent regret bound for an optimistic algorithm (e.g., Simchowitz and Jamieson, 2019)
and turn it into an instance-dependent sample complexity bound of the form above: a specific analysis
for PAC RL, like the one proposed in this paper, is actually required.

2. The BPI-UCRL Algorithm

Let nf (s,a) := S, 1 <sil =s, a{b = a ) be the number of times the state-action pair (s, a) has

7j=1
been visited at stage h up to episode . We introduce the maximum-likelihood estimators
t J o Jj J t J J_ Jj
A (5.0) ijl]l(sh— ,ah—a)rh o (]s.a) Ej:1]1<sh—s,ah—a,sh+1—s’>
rh(s,a) = s'ls,a) =
A nt (s, a) o PrlSlS, nt (s, a)

1. The notation O hides constant and logarithmic terms.
2. We denote by py, (s, a) (resp. pj, (s)) the probability that 7 visits (s, a) (resp. s) at stage h, and by II the set of all
deterministic policies.
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for 71,(s, a) and py(s'|s, a), respectively. As common, and without loss of generality, we assume that
reward distributions are supported on [0, 1]. We define inductively the following upper and lower

bounds on the optimal value function. Letting @2 1= =0, for all h € [H] we have

t
< H+1

Qn(s,a) = min (H h+1, 7h(s,a) + b, (s,a) + stws?a)vws')),
s'eS

@' (s,a) = max (o, P (s,0) — B(s.a) + 3 Fh(s']s, a>vz+1<s’>>,
s'eS

where VZ(S) = maX,cA @2(8, a), V! (s) = maxge QZ(S, a), and b}, (s, a) is a confidence bonus
defined as

h

b (s,a) = (H—h+1)< WM>
ny(s,a

for a suitable threshold function § that we shall specify in the analysis. The BPI-UCRL algorithm
(Kaufmann et al., 2021) can be described as follows:

« the sampling rule prescribes 7}t (s) = arg max,c 4 @Z(s, a) foreach t € N;

* the stopping rule is 7 = inf {t € N : max, @i(sl, a) — maxg Q’i(sl, a) < 5};
* the recommendation rule is 7} (s) = arg max,c 4 @} (s,a).

More precisely, in episode ¢, BPI-UCRL uses the optimistic policy 7’ to generate a trajectory
(8%, afy 77, )hem)- This trajectory is used to update the estimates of the dynamics to pj, (s'|s, a) and

7} (s,a) and the bounds on the optimal Q-values to QZ and @Z At the end of the ¢-th episode,

BPI-UCRL checks for stopping and proceeds to the next episode if and only if max, @i (s1,a) —
max, Qtl(sl, a) > e. Upon stopping, it outputs as the guess for the optimal policy the greedy policy
with respect to the lower confidence bounds on the optimal value, Q;(s, a), where 7 denotes the
(random) number of episodes used before stopping.

Note that the sampling rule of BPI-UCRL is essentially the UCBVI algorithm with Hoeffding’s
bonuses proposed by Azar et al. (2017b) for regret minimization. Such bonuses can be improved
using Bernstein’s inequality, yielding either Bernstein-based UCBVI (Azar et al., 2017b) or EULER
(Zanette and Brunskill, 2019). While this would likely reduce the dependence on the horizon from
H* to H? in our final sample complexity bound, we focus on Hoeffding’s bonuses for simplicity
since the extension to Bernstein’s bonuses is somewhat straightforward given existing analyses.

3. The original BPI-UCRL algorithm uses slightly different Q-function bounds which do not feature 7% (s, a) and
ph(s'|s, a) explicitly but rather scale with KL confidence regions around them (see Appendix D of Kaufmann et al.
(2021)). Here we write the explicit version obtained by appyling Pinsker’s inequality, though our analysis also holds
for the original confidence intervals.
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3. An Instance-dependent Analysis of BPI-UCRL

Before stating and proving our main result, we introduce our novel notion of sub-optimality gap.
Formally, the conditional return gap of any state-action pair (s, a) at stage h € [H] is
.— 3 * (! T ]

Ah(s’ a) o nenzg;%l(?,a)w ?elf}f} s’esr:;}?();’»o (VZ <$ ) B Vé (S ))’ 1
where we recall that p7 (s) := P™(s, = s), pj(s,a) = pj(s)1 (m4(s) = a), and II is the set of
all deterministic policies. The intuition behind this definition is quite simple: in order to figure
out whether (s, a) is sub-optimal at stage h, the agent must learn that all policies visiting (s, a) at
stage h with positive probability are indeed sub-optimal. The complexity for detecting whether
any of such policies (say, 7) is sub-optimal is proportional to the maximum gap between the
optimal value function and the one of 7 across all possible states visited by 7 itself. This is a
gap between expected returns conditioned on different starting states and stages (hence the name
conditional return gap). It turns out that these gaps are larger than both the value gaps Ay (s, a) :=
Vi¥(s) — Q5 (s, a) (Wagenmaker et al., 2022) and the variant of the return gaps Ay (s, a) = Vi*(s1) —
MAX el (5,a)>0 V{" (s1) introduced by Tirinzoni et al. (2022).

Proposition 1 Forall s € S,a € A,h € [H]|, Ay(s,a) > Ap(s,a) and Ap(s,a) > Ap(s,a).

s
Moreover, if the MDP has deterministic transitions, Ap,(s,a) = Ay (s, a).

Proof For the first inequality, we have

Ap(s,a) > Vi(s) — max  Vii(s) =Vi(s) — max Q7 (s,a)
m:py (s,a)>0 m:pf (8)>0
=Vi(s) — Qj(s,a) = Ap(s,a).
The second one is trivial by lower bounding the maximum with s’ = s; and £ = 1. To see the
equality, note that V;*(s) — V7 (s) = E™ [Zf:h Ay(se,me(se)) | sn = s}. In the deterministic case,
this implies that V;*(s) — V}7(s) is a sum of H — h + 1 fixed (non-negative) value gaps. Therefore,
the maximum in (1) must be attained at the initial stage and state, which implies the statement. H

A different notion of “return gap” was introduced in the regret-minimization literature by Dann
et al. (2021) as

1
= —A Vo i E
gap,, (s, a) n(s,a) H weH:P(%’%?&a)PO

h
> Adlsear) | Bh(57a)] ;
/=1

where B (s,a) = {sy = s,ap, = a,3 < h : Ay(sg,ag) > 0} is the event that policy  visits (s, a)
at stage h after at least one sub-optimal action was played. We found no clear relationship between
gap,, (s, a) and Ay(s, a) besides the fact that the former is also comparing returns (from stage 1),
as for any policy playing optimally from stage h + 1, V*(s1) — V{"(s1) = E™ [Z?:l Ay(sg, ag)} .
This last quantity is called the “policy gap” of 7 by Tirinzoni et al. (2021) and also appears in the
sample complexity of PEDEL (Wagenmaker and Jamieson, 2022).

We now state and prove our main result.

4. The return gaps were introduced by Tirinzoni et al. (2022) only for deterministic MDPs. Here we extend them to
stochastic MDPs by replacing their maximum over policies visiting (s, a, h) with probability 1 by the one over policies
visiting it with positive probability. Clearly our definition matches theirs in deterministic MDPs.
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Theorem 2 Let 3(t,0) = (\/B7(t,0) + \/26P(t,0))> where B"(t,8) = L(log(3SAH/5) +
log(e(1 +1t))) and BP(t,9) := log(3SAH/6) + (S — 1)log(e(1 +t/(S — 1))). With probability
at least 1 — 6, BPI-UCRL outputs a policy &7 satisfying V[T (s1) > V{*(s1) — € using a number of
episodes upper bounded as

H 720log 3545 4 17295 log (11525:41;1; log %)
T S H4 Z Z Z : \ min - 7
h=1s€8 ac A Pt (s, a) max{Ap(s,a), e}

where pi (s, a) = M eI p7 (5,0) >0 pr(s,a) and p"(s,a) = +oo when (s, a, h) is unreachable

by any policy.

Theorem 2 shows that the sample complexity of BPI-UCRL is upper bounded by a function
that scales inversely with the conditional return gaps squared multipled by the minimum visitation
probabilities of each triplet (s, a, h). We recall that BPI-UCRL also enjoys the worst-case sample
complexity bound 7 < O(SAH*log(1/§)/e?) proved by Kaufmann et al. (2021), which is minimax
optimal up to a factor H. Thus, one can always take the minimum between this worst-case bound
and the instance-dependent one of Theorem 2. Before proving our main theorem, we discuss how it
relates to existing instance-dependent results.

Comparison to MOCA (Wagenmaker et al., 2022) The sample complexity upper bound achieved
by the MOCA algorithm of Wagenmaker et al. (2022) is

hma"(saa)> | HYOPT(e)|log(1/9)

_ 1 p
< H?log(1 § i
7<O0 og(1/9) min <p2“ax(s,a)Ah(s,a)2’ 5 5 )

g
s,a,h

e

max

where p;'**(s,a) = maxyerrpr(sa)>0 Py (s, @) and OPT(e) is roughly the set of all e-optimal
triplets. In contrast to the bound that we derived for BPI-UCRL, this one scales with the maximum
probabilities for reaching the different state-action pairs. This is obtained thanks to the clever
exploration strategy of MOCA which focuses on efficiently covering the whole MDP. However, the
bound of Wagenmaker et al. (2022) scales with value gaps which, from Proposition |, are provably
smaller than our conditional return gaps. Overall, the two bounds result non-comparable as there
exist MDP instances where the one of BPI-UCRL is smaller, and viceversa for the one of MOCA.
Indeed, in the example given in Figure 1 of Wagenmaker et al. (2022)), a two-stage MDP with a
state at depth two that is hard to reach under an optimal policy, our complexity (and in general the one
of any optimistic algorithm) is larger than the gap visitation complexity. However, we can provide
examples in which py,i, and py .« are of the same order and the conditional return gap is much larger
than the value gap, which favors BPI-UCRL. For example, let us take an MDP in which there are
only two actions at the root. Playing action 1 yields a mean reward of one and makes the agent enter
a sub-MDP of S; states and horizon H — 1. Playing action 2 yields a mean reward of zero and makes
the agent enter a sub-MDP of .S, states and horizon H — 1. The two sub-MDPs are “disguised”
contextual bandits where the transition kernels are uniform and the mean reward is zero at every
state, regardless of the played actions. In this case p""(s, a) = pi*®(s,a) = 1/S; (resp. 1/52) in
the first (resp. second) sub-MDP. The value gap is zero everywhere, while the conditional return

5. The sample complexity bound of MOCA is actually written as an optimization problem over the value gaps. Here we
report its explicit upper bound given in Proposition 4 of Wagenmaker et al. (2022).
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gaps are zero in the first sub-MDP and one in the second sub-MDP. One can easily show that, due to
the H*|OPT(¢)|/e? term, the sample complexity of MOCA is Q((S; + S2) AH® log(1/5)/€?). On
the other hand the sample complexity of BPI-UCRL is O(S? AH? log(1/6)/e% + S3AH? log(1/4)),
which for a small € and S; << S2 can be much smaller than the sample complexity of MOCA.

Finally, we remark that while we are able to show this improved gap dependence thanks to
optimism alone, we are not sure how to achieve it with a suitable elimination rule that could be
plugged into the MOCA exploration strategy to obtain the best of these two bounds.

Comparison to PEDEL (Wagenmaker and Jamieson, 2022) The PEDEL algorithm of Wagen-
maker and Jamieson (2022) is designed for the more general setting of low-rank MDPs and uses
an exploration strategy in policy space, whose sample complexity is expressed as an optimization
problem featuring policy gaps. When instantiated in the tabular setting, the leading term in the
sample complexity of PEDEL can be written

H 2
_ ' 1 Ph(s,a)
<O | H*log(1/6 g inf max 7 < V. - V > ’
n ( s )hzlwcxpens el £ p, " (s, a) max(V{*(s1) — V" (s1),¢€)

where IT° is the set of stochastic policies and IT the set of deterministic policies. As noted by the
authors (see their Proposition 4), the sample complexity bounds obtained for MOCA and PEDEL in
tabular MDPs are actually non-comparable. It is thus not clear how the bound of PEDEL compares
with our result, as conditional return gaps can be larger than policy gaps, however our dependence on
the minimum visitation probabilities is always worse than the one in both MOCA and PEDEL.

The dependence on pm‘n(s, a) One might be wondering whether a better dependence than
pﬂ“n( s, a) can be achieved with an optimistic rule like BPI-UCRL. Unfortunately, this is not possible,
at least in a worst-case sense. In fact, Wagenmaker et al. (2022) already proved that there exists
an MDP instance in which any no-regret sampling rule (thus including optimistic ones) suffers a
depence on the minimum visitation probabilities, while a “smart” PAC RL algorithm does not. The
intuition is that a no-regret algorithm focuses on playing high-reward policies which, depending
on the MDP instance, might be arbitrarily bad at exploring the state space. In our context, this
means that, if the policy visiting (s, a, h) with largest reward is also the one that visits it with lowest
probability, an optimistic sampling rule is likely to play such policy quite frequently and thus its

sample complexity will scale inversely by pmm( s,a) as we show.

Deterministic MDPs (comparison to EPRL (Tirinzoni et al., 2022)) If the MDP has determin-
istic transitions, we have A (s, a) = Aj(s, a) (see Proposition 1) and pin(s,a) = 1 if state s is
reachable by some policy at stage h, while pmm( a) = +oo in the opposite case. Theorem 2 then
implies that

T<O 74 Z Z Zlog 1/8) + Sloglog(1/6) ’

he[H] s€S, acA maX{Ah(S a) 8}2

where S}, is the subset of states reachable at stage h. Up to the extra multiplicative H? and
S'loglog(1/0) terms, this matches the bound obtained by Tirinzoni et al. (2022) for the EPRL

6. Corollary 3 of Wagenmaker and Jamieson (2022) rather presents an upper bound on this quantity featuring value gaps,
the inequality presented here corresponds to their Equation (B.1)
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algorithm with a maximum-diameter sampling rule that is informed a-priori about the MDP being

deterministic. These extra terms arise because BPI-UCRL needs to concentrate the transition

probabilities to work for general stochastic MDPs. If we knew that the MDP is deterministic, we
t

could modify the bonuses as b}, (s, a) := % A 1 and the thresholds as (¢, 0) := 8" (t,9).

This would yield sample complexity

<0 | H? Z Z Z:log(1/<5)/mahx{zh(s,a),e}2

he[H] s€S, acA

which matches exactly the one of EPRL with maximum-diameter sampling and which is at most
a factor of H? sub-optimal w.r.t. the instance-dependent lower bound of Tirinzoni et al. (2022).
This is quite remarkable since EPRL obtains the “optimal” dependence on the deterministic return
gaps Ay (s, a) using a clever elimination rule, while here we show optimism alone is enough. We
note, however, that reducing the sub-optimal dependence on H? still requires smarter exploration
strategies than optimism, like the maximum-coverage one proposed by Tirinzoni et al. (2022).

The dependence on S and I We believe that the H* and the (5% /£?) loglog(1/6) terms in our
bound could be improved for more sophisticated optimistic algorithms. Following existing work in
the minimax setting (e.g., Zanette and Brunskill, 2019; Dann et al., 2019; Ménard et al., 2021), we
could reduce these terms to H?> and S? /¢, respectively. As our focus is on the instance-dependent
part of the analysis (i.e., how to get a good scaling in the gaps), we chose to analyze the simpler
Hoeffding-based BPI-UCRL algorithm, which allows to present the target trick without distracting
the reader with technical steps for handling Bernstein bonuses.

3.1. Proof of Theorem

All lemmas and proofs not explicitly reported here can be found in Appendix
We carry out the proof under the “good event” £ := " N EP N £, where

T (it )
£ = {W €Nog s € S.ac A e H): |m(s.a) ~ 7h(s.a)| < W}
h\<»

BP(nj,(s,a), )
gp = {Vt S N>0,3 S S,CL & A,h e [H] . KL (ﬁl("s,a),ph('ls,a)) S W s

1
&€= {Vt €Nsg,s €S,a€ A h € [H]:nl(s,a) > QEZ(S,CL) - log(SSAH/é)} .

Note that event £€ relates the counts n} (s, a) to the pseudo-counts 72/, (s, a) := Z;:l pr (s, a).
Thanks to Lemma 5, we have P(£) > 1 — 4 and, thus, the final result will hold with the same
probability.

This good event is identical to the one used in the original (minimax) analysis of BPI-UCRL
(Kaufmann et al., 2021). On this good event, one can prove that our (slighlty different) bounds
@2(3, a), QZ(S, a) are respectively upper and lower bounds on the optimal action value Q7 (s, a),
for all (s, a, h) (see Lemma 6, which justifies the choice of threshold /3). The correctness follows

7. Note that the lower bound of Tirinzoni et al. (2022) holds for Gaussian rewards while here we assume them in [0, 1].
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from this fact using the same arguments as Theorem 11 of Kaufmann et al. (2021). The original part
of our proof is the way we upper bound the sample complexity on the good event £.

Our proof is based on the following “target trick” which extends an idea first used by Tirinzoni
et al. (2022) to MDPs with stochastic transitions. Fix any s € S, a € A, and h € [H]. Let us
introduce the event “(s, a, h) is targeted at time ¢” as

Gt ah’ pzt(s,a) > 0,(s,a,h) € arg max bz_l(s’,a’)
("0, 0):pf" (s',0')>0

Intutively, (s, a, h) is targeted at time ¢ if (1) it is visited with positive probability by 7! and (2) it
maximizes the bonuses at time ¢ — 1 (i.e., the current uncertainty) across all triplets visited by 7.
Let Z](s,a) ==/ ;1 <G27a7h> be the number of times (s, a, h) is targeted up the stopping time.
Since at each time step at least one triplet is targeted,

H
TSZZZZ;_l(S,a)-i-l. (2)

h=1seS ac A

We shall now focus on bounding Z,T(s, a) for some time 7" > 0 at the end of which the algorithm
did not stop. Thanks to (2), this will imply a bound on the final stopping time.

We first state the following crucial result which relates confidence intervals and conditional return
gaps. The proof (Appendix A.2) uses the definition of optimistic policy together with a recursive
application of the confidence intervals.

Lemma 3 Under event &, foranyt € Nyg,s € S, h € [H],

Vir(s) = ) < 22 S opr (s s b T (s),

{=h s'eS

where pj (s'|s, h) :=P™(sp = §'|sp, = s).
Let (3, hy) € arg max(s,ve):p?t(S/)>0(V£*(S/) _ Vgrt(sl)). Using Lemma 3 with this couple,

max  max (Vi (s — ) <2 Z sz (s'|5¢, he) bt (s, mp(s)).

ZG[H]S’ES:pgt(s’)>0 i—i, €S
t

Summing both sides for all episodes where (s, a, h) is targeted up to 7" and using that pgt (s,a) >0
under G?

s,a,h’
T ~
2) 1(GL,, Z > 07 (5150 )by (s, wi(s) = ZiL (s,a)An(s, ). 3)
t=1 0=h, S'E€S

Note that, for each time ¢, since pzt (5¢) > 0, then p}rt (s'|3¢, ht) > 0 implies that p?t (s") > 0. Using
t

that, under GZ ah (s,a, h) maximizes the bonuses at time ¢ — 1 over all triplets visited by 7t we
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can upper bound the left-hand side as

T

Z]l sah Zzpé |5t7ht ( <HZ]l Gsah btil(sﬂa)

t=1 ¢=h; S'E€ES

—~
Na

a

2 B(m, " (s,a),9)
< 2H Z]l Glan) \/W
2 ﬁ(Ta(S)
2H’§:1 GS“}\/zﬁwaanmw¢ov1
A (

gﬂﬂ¢MT® s,a)
pznln( )

where (a) uses Lemma 7 of Kaufmann et al. (2021) to relate the counts nt 1(s, a) to the pseudo-

counts 7}, ' (s, a) together with the definition of b}~ (s, a), (b) uses that

—
INS

t—1

s a) 2 Y1 (G,) PR (s,0) 2 237 (s, )i (s, ),
7=1

and (c) uses the pigeon-hole principle (see Lemma 8). Plugging this into (3) and solving the resulting
inequality in Z] (s, a), we obtain

64H*B(T, 0)
Pﬁm(& a)ﬁh(sa a)2 ‘

Zl(s,a) <

A similar derivation using the stopping rule definition together with the fact that the algorithm did
144H*8(T,5)

not stop at T also allows us to prove that Z/ (s,a) < W

two bounds into (2) with T’ = 7 — 1,

H 4 .

1s€SacA ph (s,a maX{Ah(S a),e}?

(see Lemma 9). Plugging these

The proof is concluded by noting that (7 — 1,d) < 5log % + 45 + 4Slog (7) (see Lemma 10)
and by using Lemma 11 to solve the resulting inequality in 7 (see Appendix A.4). |

4. On the Regret-to-PAC Conversion

In the minimax setting, the complexity of PAC RL and that of regret minimization are very related.
Indeed, Jin et al. (2018) suggest the following regret-to-PAC (a.k.a. online-to-batch) conversion:
one can take a regret minimizer, run it for 7" episodes, and output a policy 7 uniformly drawn from
the T played. Then, by Markov’s inequality, P (V{7 (s1) < Vi“(s1) —¢) < & S E[Vi(s1) —
Vi (s1)] = LE[RMm(T)/T). Thus, choosing T such that the expected average regret is smaller than
€6 yields an e-optimal policy with probability 1 — §. This is why in the literature it is common
to derive an upper bound R(T) on the expected average regret and then claim that the resulting

10
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sample complexity for PAC RL is 7T := infrey {T :R(T) < &6 } For instance, applying this
regret-to-PAC conversion to the UCBVI algorithm with Bernstein bonuses (Azar et al., 2017a), we
get a sample complexity of order O(SAH?log(1/4)/(c262)), which is optimal in a minimax sense
in all dependencies except 6.

However, this trick can only be perfomed when R(T') contains quantities known by the algorithm
(e.g., it can be a worst-case instance-independent bound but not an instance-dependent one). In fact,
the regret minimizer is used as a sampling rule for PAC identification coupled with a deterministic
stopping rule which simply stops after 7. episodes. When 7 is unknown, we need to use an
adaptive stopping rule. Then a natural question is: when R(T) is an instance-dependent regret
bound, is 77 still a good proxy for the sample complexity of the regret minimizer coupled with a
suitable (adaptive) stopping rule? Here we provide a negative answer. In particular, we show that
there exist MDPs where T can be exponentially (in S, A) smaller than the actual stopping time of
any (e, 9)-PAC algorithm. This implies that a sample complexity of 7 is not attainable in general,
and thus the regret-to-PAC conversion is not possible with instance-dependent regret bounds.

Theorem 4 Forany S >4, A > 2and H > [logy(S)]| + 1, there exists an MDP M with S states,
A actions, and horizon H, and a regret minimization algorithm such that

. 1 2 17
= e < < — —= .
T. 71“2% {T T]EM [Rm(T)] < 56} < 35 <3610g(25AH) + 16 log 25 + 9¢ ) +1

Moreover, on the same instance any (g, 0)-PAC identification algorithm must satisfy

N SAlog(1/45).

Emlr] = 162

Our proof (see Appendix B) essentially builds an MDP instance with many optimal actions.
The intuition is that, in such MDP, it is relatively easy for a regret minimizer to start behaving near
optimally (i.e., to have average regret below £9). However, when this occurs the regret minimizer has
still not enough confidence to produce an e-optimal policy with probability at least 1 — §. That is, a
stopping rule for identification would not trigger, hence the separation between the two times.

The main implication is that the time 7. at which the average regret goes below &4 is not always a
good proxy for the sample complexity that a regret minimizer would take for (£, 0)-PAC identification.
In particular, one cannot simply take an existing instance-dependent regret bound (e.g., Simchowitz
and Jamieson, 2019; Dann et al., 2021; Xu et al., 2021) and turn it into a sample complexity bound
by the regret-to-PAC conversion suggested above. A specific analysis for the PAC setting, like the
one we propose in Section 3 or those of Wagenmaker et al. (2022); Tirinzoni et al. (2022), is actually
needed.

Finally, we note that this result also solves an open question left by Wagenmaker et al. (2022) in
their conclusion. First, it shows that the sample complexity stated in Equation (7.1) of Wagenmaker
et al. (2022) for a regret-to-PAC conversion from an instance-dependent regret bound cannot always
be attained by a PAC RL algorithm. Second, it shows that the extra term |OPT(¢)|/e? that appears
in the complexity of MOCA is actually tight, at least in a worst-case sense, as our proof essentially
builds an MDP where all e-optimal state-action pairs must be visited €2(1/£2) times.

8. The dependence on § can be improved to log(1/6)?, see Appendix F of Kaufmann et al. (2021).

11
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5. Discussion

We derived the first instance-dependent sample complexity bound for an optimistic sampling rule
(BPI-UCRL). It features a new notion of sub-optimality gap that we call “conditional return gap” and
that is tighter than existing value gaps and (deterministic) return gaps. We proved this bound with a
remarkably simple analysis based on a new “target trick” that could be of independent interest. We
complemented this result by showing that one cannot directly leverage the standard regret-to-PAC
conversion in the instance-dependent regime, thus making our novel analysis non-trivial.

In the bandit setting, it is known that optimism, when coupled with an appropriate stopping
and recommendation rule, is near instance-optimal for best-arm identification with (sub)Gaussian
distributions (Jamieson et al., 2014). In this work, we obtained a similar result for deterministic
MDPs, where optimistic sampling rules are sub-optimal only by a factor H3. This also explains
the good empirical performance of BPI-UCRL observed by Tirinzoni et al. (2022) in such a setting.
However, there seems to be a large gap for general stochastic MDPs, where our sample complexity
scales with some minimal visitation probabilities that are avoided by algorithms like MOCA. This can
be related to known results for structured bandits (Lattimore and Szepesvari, 2017), as a stochastic
MDP presents a complex trade-off between collecting rewards and gathering information (i.e.,
exploring the state space) for which an optimistic algorithm can be arbitrarily sub-optimal.

Finding the right complexity (matching upper and lower bounds) for PAC RL in general stochastic
MDPs remains the main open problem. In deterministic MDPs, upper and lower bounds are nearly
matching and are expressed as (complex) functions of the (simple) deterministic return gaps (Tirinzoni
et al., 2022). They were obtained by properly combining a coverage-based exploration strategy
with a suitable elimination rule. We conjecture that a similar algorithmic design could be a good
direction towards instance optimality in stochastic MDPs. This would involve the combination
of (1) a coverage-based exploration strategy like MOCA (Wagenmaker et al., 2022) or PEDEL
(Wagenmaker and Jamieson, 2022) that ensures scaling with the “right” visitation probabilities, and
(2) some elimination rule to avoid over-sampling that ensures scaling with the “right” notion of gap.
Unfortunately, while there exist instance-dependent lower bounds for regret minimization (Tirinzoni
etal., 2021; Dann et al., 2021), an analogous result for PAC RL is still unknown and thus it remains
unclear what these “right” notions are. In this work, we take a step forward by proposing a novel and
tighter gap definition, though it remains an open question whether our conditional return gaps can be
related to an actual sample complexity lower bound.
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Appendix A. Proofs of Section
A.1. Additional notation

We define the following upper and lower confidence bounds over the value functions of each policy
7. We initialize K'}jﬂrl (s) = V?f;l (s) = 0, then we define recursively

@Zﬁ(s, a) = min (H —h+1, 7i(s,a) + b (s,a) + Z }’)\Z(s'|s,a)VZ’L(s')>,
s'eS

Q’;L’”(s, a) = max (0, 7 (s,a) — bl,(s,a) + Z P (8]s, a)V’;l’L(s’))
s'eS

where V" (s) = @y (s, m,(s)) and V3, (s) = Q47 (s, my(s)).

A.2. Proof of Lemma

Using event & and the fact that 7+ is greedy w.r.t. Q) (s, a),

Vir(s) = Vi (s) = max Qi(s, @) — Q7' (s, mf ()

—t t+1
<maxQp(s,a) — Qf (5,7, (5))
acA

—¢,mtt1

=Q)" (5,7 () — QF " (s, 7 (9)).

Leta = WZH (s). Expanding the last quantity using the Bellman equations,

i 71_tJrl . - 77rt+1
Q" (s.a) = QF T (s,0) <Th(s,a) —ra(s,a) + Y (Bh(s]s,a) — pr(s]s, ) Vi, ()
s’'eS
—t,mitl at+l
+ 3 puls'ls,a) (Vila (5) = Vil () + Bh(s,a)
s’eS
r(nt 5 28p(nt )
ny(s,a) V1 ny(s,a) V1
—t,mtt! att+l
+ 3 o1, ) (VT () = Vi () + bi(s.a)
s'eS
—t,rtt! attl
<2 (s,0)+ 3 puls'ls,a) (Vidy () = iy (),
s'eS

where in the second inequality we used event £ as in the proof of Lemma 6. The statement
. . . . —t, gttl — b+l
follows by recursively applying this reasoning to V.7 (s') — Vgﬂ:l (s)=Qury (¢, 77;‘/;11(3’ ) —
L b1
;Lr-i-l (S 77Th+1<8 )) [ |

A.3. Other results
Lemma 5 Using the threshold (3 defined in Theorem 2, P(£) > 1 — 4.
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Proof £" and EP hold with probability at least 1 — ¢/3 each by applying Proposition 1 and 2 of
Jonsson et al. (2020) together with a union bound and Pinsker’s inequality for the rewards. £¢ holds
with probability at least 1 — 30 by Lemma F.4 of Dann et al. (2017) and a union bound. Another
union bound over the three events proves the statement. |

Lemma 6 Using the threshold ( defined in Theorem 2, under event &, for any t € N, s € S,
ac A helH),andmell

Q' (s,a) < Qf(s,a) < Q) (s,0),
Q! (s,0) < Qh(s,0) < Qy(s,0).

Proof Clearly, all inequalities hold at stage H since Q7 (s,a) = QJ;(s,a) = ru(s,a) and, by event
E", together with the fact that rewards are bounded in [0, 1],

B’ (nj (s, a), )

A1 <bh(s, a).
nt(s,a) V1 < b (s,0)

’rH(s,a) — ?tH(S, a)‘ <

Now suppose the inequalities hold at stage h + 1 < H. At stage h, we have

Qh(s,a) = r(s,a) + Y pi(s'|s, @) Vil ()
s'eS
(a) / Tt /
< rp(s,a) + Z pr(s'|s,a)Viy1(s)
s'eS

(®) —tn
< r(s,a) + > (815, @) Vi1 (s) + (H — h)|lpa(s, a) — By (s, )1

s'eS

(C) ~—t,T / ~t
< r(s,0) + 3 B4/, ) VRTL(5) + (H = )\ 2KL(G (5, ), pu(s, )

s'esS
BT (ny,(s, a), )
nt (s,a) V1

@
< 7(s,a)+

—t,m
+ > (15, a)Viia () + (H = h)
s'eS

\/wpmz(s,a),a)

nt(s,a)v1 ’

where (a) is by assumption, (b) uses that VZ’L (s') is bounded by H — h, (c) is from Pinsker’s inequal-
ity, and (d) uses the event £. As before, since rewards are bounded in [0, 1] and >~ . s(pn(s']s, a) —
ph(s']s, a))VﬁiL(s’ ) < H — h, we can clip the two bonuses above to 1 and H — h, respectively.
This implies that,

B(nj,(s,a),0)
n(s,a) V1 AL+ (H —h) nt(s,a) V1

B(ny,(s,a),0)
nl(s,a) V1

<
<(H-h+1) A(H —h+1) <b(s,a).
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This proves that Q} (s,a) < @Z’W(s, a). The proofs of all other inequalities follow analogously. W

Lemma 7 Under event &, for all (s,a) and h < H,

—t
— <
mé;Lle(sl,a) Hlé:LXQ s1,a) <3 E g ph (s,a)bl (s, a),

h=1 s,a

Proof By definition of the optimistic rule, we first observe that
—t —t 1 1
m(?x Ql(sla (l) - m(?xgi(sla a) = Ql(sb WZJF (51) - m{?XQi(Sl, a) < Dg(sla 7Ti+ (81))
where we introduce the diameters

DZ(S, a) = @Z(s, a) — QZ(S, a).

Using the inductive definition of the confidence bounds, we get

Di(s,a) < 26} (s,0) + > (515, a) (max Qi (s,0) ~ max Q! (5.0))

s'eS

< 2b(s,a) + Y Ph(s'ls,a) Dfa (s ()
s'eS

(s,a)+ Y (Bh(s's,a) — pr(s'|s, @) Dj 1 (s, L (s))

s'eS

+ > on(sls, ) Df oy (', 4 (81)
s'eS

< 3bf,(s,a) + Y pi(s']s, @) Dfa (s m i (),
s'eS

and the result follows by induction. |

Lemma8 ForanyT >0,s€ S, a€ A h e [H]

1 ZF(s,a)
Z]l Gsah \/Z;L_l(s,a) mln( )\/1§2 m

Py, by,

Proof Using the pigeon-hole principle together with the inequality > 1, 1/vi < 2y/n — 1,

T 1 Z (s,a)
: (Gzah)\/ i -
tzl o Z;L 1(57‘1)}7?111( (s,a) -1
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Lemma 9 For any time T > 0 at the end of which the algorithm did not stop, forany s € S,a €
A, h € [H],
144H4B(T, 6
Z,?(s, a) < —————"% A 2).
Py (s,a)e

Proof If the algorithm did not stop at the end of time 7', by the definition of the stopping rule and
Lemma 7, forall ¢t < T,

—t
6§mgx@1(51,a)—mng s1,a <3Zth (s,a)b} (s, a).

h=1 s,a

Summing both sides over times where (s a, h) is targeted,

H
eZl (s,a —52]1 Glan) <3Z]1 Glan) Zpr(s',a’)bz_l(s’,a’)

(=1 s',a’

<3HZ]1 Gsah) bz_l(sva)ﬁ12H2\/ZT(ZIS()B(1; 5)’

t=1 py,

where the last inequality was already derived in the proof of Theorem 2. The statement follows by
solving the resulting inequality in Z} (s, a). [ |

Lemma 10 Let S > 2. Forany timet > 1, (t — 1,0) < 5log% + 4S5 +4S'log (1).

Proof Starting from the definition of 3 and using the inequality (z + y)? < 222 + 232,

B(t—1,6) = (\/; <10g 35:54H N 1og(et)> N \/2 log 3S:;1H +2(5 —1)log <e <1 + S__11>>>

+1log(et) +4(S — 1) log <€ (1 + 5—11>)

2

AH
< 5log 35

3SAH
< 5log
3SAH

+ log(et) + 4(S — 1) log (et)

< 5log

+ 4S5 log (et)
3SAH

=5log + 4S5 +4Slog(t).

Lemma 11 Let B,C > 1. If k < Blog(k) + C, then
k < Blog(B?* +2C) + C.
Proof Since log(k) < Vk for any k£ > 1, we have that k < B VEk + C. Solving this second-order

inequality, we get the crude bound vk < % + 4/ %2 + C, which in turns yields k& < B? + 2C using

that (x + y)? < 2(2? + y?) for z,y > 0. The statement follows by plugging this bound into the
logarithm. |
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A 4. Explicit sample complexity bound

We show how to derive the sample complexity bound stated in Theorem 2 starting from the one
4
derived in (4). Let C(e) := Z,Ilil Y oecs D acA (e H Since (1 — 1,0) <
h )

max{A},(s,a),e}2’

5log % + 4S5 + 4Slog (7) from Lemma 10, (4) implies that

SAH

3
T < 720C(¢) log

3SAH
o

+ 576C(g)S + 576C(¢)Slog (1) + 1

< 720C(e) log + 577C(g)S + 576C(g)S log (1),

where the second inequality holds since 1 < C(g)S. Using Lemma || with B = 576C(¢)S and
C = 720C(e) log 334 1 577C(e)SS,

3SAH 3SAH

4]

T < 576C(£)S log (57626(5)252 + 1440C(¢) log - 11540(5)S> + 720C(¢) log

+577C(e) S
3SAH
5
3SAH
5
3SAH
5

3SAH
o
3SAH
o
3SAH
5

< 576C()S log (4 - 5762C(£)25? log ) + 720C(¢) log + 577C(e)S

< 1152C(e)S log <1152C(5)Slog > + 720C(¢) log +577C(e)S

< 1729C(e)S log (1152C(€)Slog ) + 720C(¢) log

where the inequalities use some trivial bounds to simplify the final expression. The result stated in
Theorem 2 follows from here by noting that C(g) < 4 >

- pmin‘52 ’

Appendix B. Proof of Theorem

An example of the MDP instance we build to prove Theorem 4 is shown in Figure 1. Suppose S > 4,
A >2and H > [logy(S)] + 1. We arrange the states in a binary tree, starting from the root and
adding them one by one from left to right and top to bottom. The leaves of the binary tree have all A
actions available, and so do the states at the second-last layer which have zero children. Such actions
keep the agent in the same state up to layer H — 1. In layer H — 1, all A actions for all reachable
states transition to state sg. In the latter, only two actions are available, among which a; is the only
in the whole MDP with a positive reward of A > 0.

The intuition is that this is an extremely easy instance of regret minimization. In fact, it is
essentially a two-armed bandit where the only thing that must be learned is the optimal action at
stage H (i.e., a1), while the agent can behave arbitrarily in all stages before and still suffer zero
regret. On the other hand, this is an extremely hard instance for PAC identification since, in order to
return an e-optimal policy with enough confidence, any algorithm must explore all state-action pairs
at stages from 1 to /7 — 1 up to an error below ¢ in order to assess that their rewards are all e-close.

Proof of the sample-complexity lower bound Let us start by proving the lower bound on the
sample complexity of any (e, §)-PAC algorithm. Let d be the depth of the tree, i.e., the first integer
such that Zf;ol 20 =29 1> —1. Thatis d = [log,(S)]. Note that, even if the last layer is not
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Figure 1: Example of the MDP instance for proving Theorem 4 where S = 8, A = 3, and H > 4.
The reward is Gaussian with variance 1 and zero mean except for rg(sg,a1) = A > 0.
The optimal policy takes action a; in sg at the last stage H, while any path of length H — 1
to reach that state is optimal.

complete (i.e., it has less than 2471 states), the second last layer must be complete. Therefore, the are

at least 2972 > §/4 states with all A actions available that are reachable at stage H — 1. Call these
states 31, .. ., 8, for m some integer with m > S/4. Moreover, Ay _1(3;,a) = 0 for all i € [m]
and a € [A] since all paths are optimal up to stage H — 1, where A denotes the deterministic return
gaps of Tirinzoni et al. (2022). Note that the MDP is deterministic, so the lower bound of Theorem 2
by Tirinzoni et al. (2022) holds. By applying this result, we get

Vi€ [m],a € [A]: Ejngy_y (51, 0)] > 280/40)

4e?
This directly implies that
- SAlog(1/49)
Elr] = Z Z E[ng_1(s,a)] > 162
]

s€Sy_1 aclA

Proof of the regret upper bound Let us now deal with regret minimization. Let us take the
UCBVI algorithm (Azar et al., 2017a) with Hoeffding bonus (for general stochastic transitions)
that we described in Section 2. We shall consider a slightly different stage-dependent definition of
the bonuses b’,;(s, a). All we need is that, at any time ¢t € N, they guarantee concentration for all
(s,a, h) with probability at least 1 — t% For our proof we only need to specify the specific form at
stage H. Since at that stage we only need to concentrate rewards, using Hoeffding’s inequality for
sub-Gaussian distributions with o2 = 1, it is easy to see that

2
b'}{(s,a) = \/2log(251U{t)/\1

n’}{(s, a)
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ensures @L(s,a) > Q% (s,a) forall s € S,a € A,t € N with probability at least 1 — t% For
all stages h = 1,..., H — 1, we can simply take the bonuses considered in the main paper with a
decreasing schedule for J, though their explicit expression is not really used in our proof.

Note that, in this particular MDP, the regret is zero whenever the agent plays action a; at stage
H since all actions played from stage 1 to H — 1 are optimal. In other words, this is equivalent to a
bandit problem with two actions. Therefore, for any T" > 1,

ZT: <V1*(31) ) AZ]I AnH(sH,ag)

t=1

Under the good event G; in which the confidence intervals are valid at ¢, if a’}l = a9, then
bt > A el <3 log(294HP
H (SHvG’?) 5 = Ny (5H7a2) > F Og( )

Therefore, the cumulative regret up to any time 7" in such good events can be bounded as

Z (Vl (s1) ) <A Z <a§{ = ag,n’; (sm,a) < AS 10g(2SAHT2)>
t<T:Gi t<T:G:
< %mg(QSAHT?).

On the other hand, the expected regret under the bad events is bounded as

T
E|l Y (vl*(sl)—vlﬂt(sl) <AZIP’ﬂgt <A Z%g

t<T:=Gy

Combining these two we obtain the following bound on the expected cumulative regret:

T
) " 8
E> (Vl (s1) = V; (sl))] < Z1og(2524HT2) +2A.
t=1

Finally,

T

. 1 * t . 8 2

= - -V < < T — < .
T- %rel% {T T E_ E [Vl (s1) =V} (31)} < 65} < %rel% {T A log(2SAHT?) 4+ 2A < T55}

To bound 77, we need to solve the inequality on the right-hand side above. Using log(T") < /T, it is

easy to show that a crude bound is

260

Plugging this into the logarithm above yields

2 1
- (4 log(2SAH) + 161og A—; + 8log (4log(2SAH) + A?) + A2) +1.

Setting A = ¢ and using log (4log(2SAH) + A?) < 4log(2SAH) + A? concludes the proof. B
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