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Abstract

The problem of identifying the best arm among a collection of items having Gaussian rewards dis-
tribution is well understood when the variances are known. Despite its practical relevance for many
applications, few works studied it for unknown variances. In this paper we introduce and analyze
two approaches to deal with unknown variances, either by plugging in the empirical variance or
by adapting the transportation costs. In order to calibrate our two stopping rules, we derive new
time-uniform concentration inequalities, which are of independent interest. Then, we illustrate the
theoretical and empirical performances of our two sampling rule wrappers on Track-and-Stop and
on a Top Two algorithm. Moreover, by quantifying the impact on the sample complexity of not
knowing the variances, we reveal that it is rather small.

Keywords: Gaussian Bandits, Unknown Variances, Best-arm Identification.

1. Introduction

In a bandit model, an agent sequentially collects samples from unknown probability distributions,
called arms. These samples may be viewed as rewards that the agent seeks to maximize, or equiv-
alently minimize its regret (Bubeck and Cesa-Bianchi, 2012). In this paper our focus is instead
on a Best Arm Identification (BAI) problem in which the agent should identify the arm that has the
largest expected reward using as few samples as possible, without incentive on maximizing rewards.

We are interested in a Gaussian bandit model in which the variances of the arms are unknown.
Quite surprisingly, and despite its practical relevance, this problem has received little attention in
the bandit literature. Gaussian distributions could indeed be used to model the revenue generated
by different versions of a website in the context of A/B testing, or some biological indicator of the
efficiency of a treatment in the context of an adaptive clinical trial comparing several treatments. In
both case, assuming known variances is a limitation. Formally, we consider a bandit model with K
arms vy, . .., Vi in which v, is a Gaussian distribution with mean p,, and variance o,. The best arm

(assumed unique) is defined as the arm with largest mean a* () &f arg max,e(x| fla- We consider
the fixed confidence setting, in which the parameter § € (0, 1) is an upper bound on the probability
that the algorithm makes an error.

A fixed confidence BAI algorithm is made of a sampling rule and a stopping and recommen-
dation rule. In each time ¢ € N, an arm a; € [K] is chosen by the sampling rule, then an ob-
servation Xy ,, ~ Vg, is received. The choice of a; may depend on a random variable U;_1, in-
dependent of everything else, which models internal randomization. The o-algebra generated by
(Uo, X1,a15- - Ui—1, Xt,0,, Ur) is denoted by F. a; is then an F;_;-measurable random variable,
and X, is independent of F;_; conditionally on a;. The stopping rule is a stopping time with respect
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to the filtration (F;)sen, denoted by 75. When the algorithm stops, it recommends an arm a.,, € [ K],
which is measurable with respect to 7. 75 is called the sample complexity of the algorithm.

The goal of a fixed confidence best arm identification algorithm is to return the best arm with
high probability while having low sample complexity. The main requirement we impose on a fixed
confidence identification method is d-correctness.

Definition 1 (0-correct) Let D be a set of distributions on R. Given 6 € (0,1), we say that
an identification strategy is 6-correct on the problem class DX if for all v = (l/a)ae[K] e DK,
P, (15 < +00, ary # a*(p)) <94.

We follow the approach pioneered by Garivier and Kaufmann (2016) and initially introduced
for one-dimensional parametric models (e.g. Gaussian with known variance). They derived lower
bounds on the expected sample complexity of d-correct algorithms and introduced algorithms in-
spired by the maximization of those lower bounds. Extending their lower bound to our two-
parameters setting allows us to quantify the impact on the expected sample complexity of not know-
ing the variances, and reveals that this impact is rather small. To leverage the stopping and sampling
rules of existing algorithms, we propose two approaches to deal with unknown variances: plugging
in the empirical variance or considering the transportation costs for unknown variance.

As it is common in previous work for the stopping rule, we will compare a Generalized Likeli-
hood Ratio (GLR) to a well chosen threshold (Kaufmann and Koolen, 2021). Our two approaches
yield the Empirical Variance GLR (EV-GLR) stopping rule, which plugs in the empirical variance
in a GLR assuming known variance, and the GLR stopping rule, which corresponds to a GLR as-
suming unknown variance. Our main technical contribution lies in the derivation of (near) optimal
stopping thresholds which ensure the J-correctness of both the GLR and the EV-GLR stopping rules,
regardless of the sampling rule. These thresholds are based on new time-uniform concentration in-
equalities for Gaussian with unknown variances, which are of independent interest (Corollary 26
and Theorem 43).

When considering the sampling rule, each approach yields a wrapper which is a simple proce-
dure that can be applied to any BAI algorithm for known variances. We illustrate each wrapper with
Track-and-Stop (Garivier and Kaufmann, 2016) and the Top Two algorithm 5-EB-TCI (Jourdan
etal., 2022). By deriving upper bound on the expected sample complexity, we show that algorithms
obtained by adapting the transportation costs enjoy stronger theoretical guarantees than the ones
plugging in the empirical variance. In particular, we propose the first asymptotically optimal algo-
rithms for Gaussian bandits with unknown variances. Our experiments reveal that both wrappers
have comparable performance when applied to several BAI algorithms including the ones above,
DKM (Degenne et al., 2019) and FWS (Wang et al., 2021). This reinforces our finding that not
knowing the variances has a small impact on the sample complexity.

Related work Algorithms based on GLR stopping rules and aimed at matching a sample com-
plexity lower bound were either studied for one-parameter exponential families (Degenne et al.,
2019) or under generic heavy tails assumption (Agrawal et al., 2020). Other algorithms are either
based on eliminations or on confidence intervals and have been mostly analyzed for sub-Gaussian
distributions with a known variance proxy! (Even-Dar et al., 2006; Kalyanakrishnan et al., 2012;
Jamieson et al., 2014). For the special case of bounded distributions, confidence intervals based

1. A random variable X with mean y is o2 sub-Gaussian if E[exp(A(X — )] < # forall A € R.
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on the empirical variance have been used (Gabillon et al., 2012; Lu et al., 2021) but the resulting
algorithms cannot be applied to unbounded distributions as they rely on the empirical Bernstein in-
equality (Maurer and Pontil, 2009). In the fixed budget setting, in which the size of the exploration
phase is fixed in advance, it is possible to upper bound the error probability of the Successive Re-
ject algorithm of Audibert et al. (2010) when the variances are unknown, as we only need to upper
bound the probability that one empirical mean is smaller than another, see also Faella et al. (2020).
However, in the fixed-confidence setting elimination thresholds, confidence intervals or GLR tests
need to be calibrated in a data-dependent way, which calls for the development of new time-uniform
concentration inequalities, that we provide in this work.

In the related literature on ranking and selection (Hong et al., 2021), the problem of finding the
Gaussian distribution with largest mean has been studied for unknown variances. This literature
mostly seek to design algorithm that are §-correct whenever the gap between the best and second
best arm is larger than some specified indifference zone (Kim and Nelson, 2001). However the
work of Fan et al. (2016) does not consider an indifference zone and their algorithm is therefore
comparable to ours. They propose an elimination strategy which features the empirical variances
and whose calibration is done based on simulation arguments (resorting to continuous-time approx-
imations) and justified in an asymptotic regime only (when § goes to zero). Our algorithms have
better empirical performance and stronger theoretical guarantees.

2. Lower Bounds and GLR-based Stopping Rules

First, we introduce the lower bounds characterizing the complexity of the setting in Section 2.1.
Then, we present the generalized log-likelihood ratios (GLR) stopping rules in Section 2.3.

2.1. Lower Bounds

In the following, all the distributions are Gaussian denoted by v, 2 = N(x,0?). The class of
Gaussian distributions with known variance o2 is denoted by D,2 = {v, 2 | 3z € R}, and the class
of Gaussian distributions with unknown variance by D = | J,2.,D,2. We denote the Kullback-
Leibler (KL) divergence between v, 2 and v, 2 by KL((z1, 02), (x2,02)).

Let (u,0%) € M = RE x (R%)X such that |a*(u)| = 1. The alternative sets A(u,0?) =
{(\,k?) € M | a*(p) ¢ argmax, Ao} and Ay2() = {\ | (A\,02) € M, a*(u1) ¢ argmax, Ay}
are the sets of parameter for which a*(u) is not the best arm. The (K — 1)-dimensional probability
simplex is denoted by Ay = {w € RE | 2ae[K] Wa = 1}

For Gaussian with unknown (resp. known) variances, Lemma 2 shows that 7™ (y, 02) (resp.

T, (1)) is the asymptotic complexity of the BAI problem on the instance v/ def (Visa,02)a> Where

T M,UQ 1= sup inf wy, KL MCL’o'g , )\a,/ig ,
( ) WEN i ()\752)61&(;1,,0'2) a(%{] (( ) ( ))

* -1 : 2 2
i = sup inf we KL((tta,0), (Aas0y)) -
™ = s 3 KL ) ()

The maximizer over the simplex A in these complexities is denoted by w* (., o) and w, (u).
The rationale for the difference between the T*(u, o) and T (1) is that when the variances are
unknown, there exist instances of the form (), x2) for k # o that are harder to differentiate from
(1, 0?) than instances of the form (), 02) with respect to an information criterion.
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Lemma 2 (Garivier and Kaufmann (2016)) An algorithm which is §-correct on all problems in
DX, satisfies that for all 1 € RX, E,[15] = T2 (1) log(1/(2.46)) .

An algorithm which is 6-correct on all problems in D satisfies that for all (p,0?) € M,
E,[75] = T*(11,0%) log(1/(2.46)) .

We say that an algorithm is asymptotically optimal on DX if it is é-correct and its sample
complexity matches that lower bound, i.e. liminfs_,oE,[7s]/log(1/8) < T*(u,0?). A weaker
notion of optimality is S-optimality (Qin et al., 2017; Shang et al., 2020). An algorithm is called
asymptotically -optimal on DX if it satisfies liminfs o E,[75]/log(1/8) < Tg(u,a2) and is
d-correct, for TE(;L,O’Q) defined as follows. For 5 € (0,1), the definition of TE(M,UQ) is the
same as 1™ (1, ) with the additional constraint on the outer maximization that w,+ = £, hence
T*(1,0%) = mingeo,1) T5 (1 02).

An asymptotically (-optimal algorithm is asymptotically minimizing the sample complexity
among algorithms which allocate a 3 fraction of samples to the best arm. Russo (2016) shows
that an asymptotically 3-optimal algorithm with 5 = 1/2 also has an expected sample complexity
which is asymptotically optimal, up to a multiplicative factor 2, i.e. T’ 1*/2( 02) < 2T*(u,0?). The
f-optimality on DX, involves T 2 5(1), which is similarly related to 777, (n). While there is a rich
literature on asymptotlcally (8- )optlmal algorithms for Gaussian with known variance, we are the
first to derive algorithms with those guarantees when the variances are unknown.

2.2. Comparing the Complexities

To compare T*, (1) and T* (11, %), we first propose a more explicit expression of the infimum over
. g . . . . .
the alternative set featured in their expression, in terms of appropriate transportation costs.

Lemma 3 For every i such that a* () = {a*} and w € RE,

inf KL — mi x
By 2 0K (02 o)) = i O ),

where the transportation cost from a to b given an allocation w is defined by

C(a,byw) = 1{pg > pp} /\mﬁ Z we KL (e, 02), (Ae, £2)) (1)

b
ka =0,k >0 c€{a,b}

. We c_)\2
=1{ua>ub})\ inf Z 710g <1+w> .

E(bell«a) ce{a,b} C

From the proof (Appendix C.1) we note that the minimizer in x is £, = 02 + (11 — A)?, thus even
if we want to identify the arm with largest mean, the closest alternatives have an increased variance.
When the variances are known, computing the infimum over the alternative A € A2 (u) yields the
same expression but with a different transportation cost, which has a convenient closed form:

— )2 2
Cya2(a,b;w) = 1{pg > up}  inf Z wcM = {uq > } (1 = p1o)

Ae(mtia) (S 202 202/wg + ok jwy

On the contrary, the infimum in the mean parameter \ in the transportation cost for unknown vari-
ance has no simple analytic form (see Appendix C.2 for details on its computation). Still, comparing
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the two types of transportation costs (and using properties of the mapping = — log(1 + x)/x) per-
mits to establish a link between T7% (1) and T™*(u, 02) (resp. 1% 5(p) and T3 (p, a2)), hence to
quantify the impact of not knowing the variances.

* —la 2
Lemmad4 Letd(p,0%) = max % Then,
a#a* (1) mln{oa,oa*(u)}

T (o) _  d(p.o?)

Tﬂ*(ﬂﬁa2) < d(p,0?)
Tr(p)  log(1+d(p,02))

and 1< < .
Ty 5(p) — log(1+d(u,0%))

1<

2

When d(u, 02) is small, say d(u,0?) < 1, the two complexities are close since we then have
T (p)/T* (1, 0%) € [log2,1). Observe that a small d(u, o) also implies that the BAI problem is
. min{o2,0%, \}

hard: if d(p,0?) < c € Ry then for all a € [K], W
the number of samples needed to distinguish the two arms, the problem is hard when it is large.
Still, there exist instances with an arbitrarily large complexity ratio T*(u, 0'2)/ 1% (1) (Lemma 12).
We conjecture that they always correspond to easy problems, for which both 77, (1) and T (1, o?)
are small. Lemma 4 is not sufficient to prove this conjecture as there exists hard instances with a
large value of d(u, o) and instances for which the upper bound in (2) is not tight (Appendix J.2.1).

> ¢!, Since that ratio is roughly

2.3. GLR Stopping Rules

Given any sampling rule, constructing a stopping and recommendation rule for the BAI problem
may be viewed as a sequential testing problem with multiple hypotheses { Ha = MaXpe[K] ,u,b}. In
one of the first papers on active hypothesis testing (in which the data collection process is further
optimized), Chernoff (1959) proposed to rely on Generalized Likelihood Ratio Tests (GLRT) for
stopping. This idea was later popularized by Garivier and Kaufmann (2016) for the BAI problem.

Forall a € [K], let Ny,o = Xy H{as = a}, pie,0 and o}, be the empirical count, mean and
variance of arm ¢ after time ¢, where

def 1 def 1
fra = ~ Z {as =a}X;q and 07, = ~ Z {as = a} (Xs0 — f1a)” -
ta selt] ta se(t]

For Gaussian with unknown variances, the GLR to reject (i1, 0%) € A, with A € D, is written as

GLRP(A) = inf Nio KL((ptt.0,024) (Ao, £2)) 3)
(A\,k2)eA oe[K] ’

which is reminiscent to the expression in the lower bound. We let a; & o (u¢) denote the empirical
best arm (EB). Similar calculations as in the proof of Lemma 3 yield that GLRP (A(uy, 0?)) =
ming .4, Zq(t) where the GLR statistic of arm a # d; is defined as

N, i
Za(t) = GLR?({()\a 52) | )\a = )\flt}) = inf 2 3 log - w |
)\e[yt,a’/‘«tﬁt] be{a,at} 2 O—t,b

which we refer to as the empirical transportation cost between arm a; and arm a.



DEALING WITH UNKNOWN VARIANCES IN BEST-ARM IDENTIFICATION

GLR Stopping Rule In its general form, the GLR stopping rule triggers when GLRP (A(py, 07))
exceeds a threshold ¢(t, 0). Here we propose to further exploit the structure of the problem and use
a family of thresholds ¢, : N% x (0,1] — Ry for all (a,b) € [K]?, leading to the stopping rule

75 Linf {t € N| Va # ar, Za(t) > cap.a(Ne,6)} . @)

EV-GLR Stopping Rule For known variances, we should consider GLRP+2 ({\ : A\, > Aa,}),
which can be computed in closed-form and depends on the variance o2. Replacing the variance
vector o2 by its empirical estimate o7 yields the Empirical Variance GLR (EV-GLR) statistic

—u)? 1 a a 2
ZEV (1) = inf | Z Nt,b(ut’b u) (Kta — Har)

2 52 2 o
u€lpt a5kt be{a,at} 2Ut,b 2 Ut7a/Nt7a + Ut,dt/Nt,at

The EV-GLR stopping rule given a family of thresholds (cap)(q4,p)e[x]? is defined as

PV inf {t e N|Va # &, ZEV(t) > ca,a(Ni,8)} - (5)

Given their proximity with the lower bound —see (3)—, GLR stopping rules are good candidates
to match 7. Indeed, it is easy to prove that sampling arms from w* and using the threshold
Cap(N,9) = log(1/6), the lower bound would be matched. However, such a threshold is too good
to be d-correct (Section 3). Moreover, w* needs to be estimated since it is unknown (Section 4).

3. Calibration of the Stopping Thresholds

We present ways of calibrating the thresholds used by the GLR stopping rule, by leveraging concen-
tration arguments. Under any sampling rule, to obtain a d-correct GLR stopping rule it suffices to
show that the family of thresholds is such that the following time-uniform concentration inequality
holds for all v € DX with probability 1 — d, for all ¢ € N and for all @ # a* (),

N, _ 2
Z Tt’blog (1 + M) < Ca,a* (1) (Nt,(S) . (6)
)} y

be{a,a*(p 2

Aiming at matching the lower bound, we want to derive a family of thresholds satisfying
Cap(N,0) ~50 log (1/6). As regards the time dependency, generalizations of the law of the iter-
ated logarithm suggest we could achieve O(loglogt). Both dependencies are achieved for known
variances (Kaufmann and Koolen, 2021), and we are the first to show it for unknown variances (The-
orem 6). While simple ideas yield §-correct thresholds (Section 3.1), obtaining the ideal dependency
in § requires sophisticated concentration arguments (Section 3.2).

Similar arguments can be used to calibrate the thresholds used by the EV-GLR stopping rule
(Appendix G). Moreover, J-correct thresholds for the EV-GLR stopping rule can be obtained by
using the ones calibrated for GLR stopping rule, and vice-versa (Lemma 47).

3.1. Simple Ideas

As per-arm concentration results are easier to obtain, we first control each term of the sum in (6).



DEALING WITH UNKNOWN VARIANCES IN BEST-ARM IDENTIFICATION

Student thresholds Since (1t — fta)/0¢,q is an observation of the Student distribution 7y, , 1,
a first simple approach involves the quantiles of Student distributions with n degrees of freedom. A
direct union bound over time and arms yield a d-correct family of thresholds (Lemma 49).

Box thresholds As illustrated in Figure 1, the Student threshold suffers from a probably sub-
optimal dependence in both log(1/d) and ¢. This is why we propose an alternative method where
the union bound is replaced by time-uniform concentration (which has proved useful to improve
both dependencies in different contexts) and the Student concentration by concentration on the
mean and the variance separately. The resulting time-uniform upper and lower tail concentration
inequalities for the empirical variance (Corollary 26) are of independent interest. Thanks to these
“box” confidence regions on (i, 07), Lemma 5 yields a d-correct family of thresholds.

LemmaS5 Letny > 0, s > 1, ( be the Riemann ( function and, for i € {0,—1}, W;(z) =
—Wi(—e™%) for x = 1 where (Wi)i€{07,1} are the branches of the Lambert W function. Define

eu(t, 9) = %W,l (1 + 2log <4(K_51)C(8)> + 25+ 2slog <1 + k;if)) :

| —e_o(t,8) = Wy <1 + 2(1:770) <log <4(K_51)C(5)> + slog (1 + logy 4, (t)))) - % .

The family of thresholds cgf}j‘ (Nt,0) with value +00 if t < maXceqp) tBox(8) and otherwise

N, €,(Ntc,0)
Box _ ﬂ o t,cy
cavb (Nt’ 5) B CE{Zab} 2 log <1 + 1 - 6—7(7 (NtyC - ]-’ 6)) (7)

yields a d-correct family of thresholds for the GLR stopping rule. The stochastic initial times are

t80+(5) = inf{t | Noa > 1+ 61+W°(2“1"°)(1°g<4<K5)“5))“1"%(”%))‘61)} . ®

To derive the Box threshold, we leverage a lower bound on the empirical variance which is
ensured to be strictly positive (hence informative) thanks to the initial time condition (8). As
Wo(xz) € [—1,+0), it also yields that N;, > 2. Using that Wy(z) ~ log(z) — loglog(z)
(Appendix 1), it is asymptotically equivalent to %W
suggests that the stopping time is asymptotically equivalent to T*(u, o) log (1/6), the condition (8)
has a vanishing influence compared to the stopping time. For the parameters used in our simulations
(see Section 3.3), (8) is empirically satisfied after sampling each arm 16 times for 6 = 0.1 and 20
times for & = 0.001. Recall that W_1 () ~ = + logx and Wo(x) ~ e *T¢ " (see Appendix I).

. Since the lower bound in Lemma 2

3.2. Beyond Box

While being simpler to derive by controlling each arm independently, the above thresholds have
a worse d dependency than more sophisticated approach controlling directly the joint term (6).
Since it is challenging to deal with (6), we consider as a proxy the KL divergences for which is is
easier to construct martingales, which can improve on the ¢ dependency. To do so, we consider the
formulation (1), which removes the minimization step over variances, and apply the arguments used
to obtain (6). Under any sampling rule, to obtain a é-correct GLR stopping rule it suffices to show
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that the family of thresholds is such that the following time-uniform concentration inequality holds
for all v € DX with probability 1 — §, for all £ € N and for all a # a* (1),

Z Nt,b KL((:UJt,b: Jt%b)? (Mbv Jl%)) < Ca,a* (1) (Nta 5) : ©))
befaar (1))

KL thresholds First, we derive time-uniform concentration results on the summation of KL di-
vergences (Theorems 42 and 43), which are of independent interest. Then, applied to our setting, it
yields a Jd-correct family of thresholds (Theorem 6).

Theorem 6 Letn; >0, v,s > 1. Lete,, e_ , as in Lemma 5 with § = % and (tf‘”‘)a asin (8),

2(1t+171) <10g <12(K - 1)((5))

1
) t

L+eso(t,0)=W_ <1 + + slog (1 + logy 4y, (t)))) -

For all t, define iy, = [logv Nial nta = y0a, ty = inf {t | Npo = neal

2
2 Eu(nt7a7 5)
ma + 203
Fitta = 2% (“ta @ "tma\/ 1—e_o(nta—1,0)) ’

Ui,t,af—f— (g(o-?ht,au /J“2++,t,a))
Ui,t,af— (g(o-%,t,a’ M2++,t,a))

1+ E4 (n -1 5)

2 2 +,0\",a )

04 tq = 0f : ’ and R 0) =
+.1, ta;CLI c ’ (nt’ ) taa( )

i

where fi(x) = H\fvl L and g(x,y) = m The family of thresholds cX (Nt, 9) with value

+00 if t < MaXefqpy max{ti™(6/3),t7(8)} and otherwise

7 lo SO S
CE,II;(NH‘S) — AW, 1+€T5 1 Z log(1 + log,, Nic) + B Z log (YRy,c(9))
ce{a,b} ce{a,b}
(10)

yields a §-correct family of thresholds for the GLR stopping rule. The stochastic initial times are

R I e

t"(6) =inf < t | N; g > 1+ ma ) . (11

As W_q(x) ~ x + log(z), Theorem 6 proves that we can obtain §-correct threshold with the
dependencies ¢(t,0) ~s_o log(1/9) and ¢(t,d) ~i—+0 Cloglog(t), which are widely used in
practice for BAI problems. While this dependency was already motivated when the variances are
known (Kaufmann and Koolen, 2021), Theorem 6 legitimates its use for unknown variances.

To control the KL divergence between the true parameter and the MLE for Gaussian with un-
known variances, our threshold combines two concentration results and is obtained by covering
N with slices of times with geometrically increasing size to cover (referred to as the “peeling”
method). First, we use a crude per-arm concentration step to restrict the estimated parameters to a
region around the true mean and variance. Then, a second result uses the knowledge of the restric-
tion to get a finer concentration on the weighted sum of KL. It is proved for generic exponential
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families by approximating the KL divergence by a quadratic function on this crude confidence re-
gion. In (10), R;,(J) represents the cost of this approximation, while log(1 + log,, Ni.c) is the
cost of time-uniform. The initial time condition (11) ensures the monotonicity of the preliminary
concentration, and it is of the form N;, > 1 + co(0) where cp(0) > 0. In our simulations (see
Section 3.3), (11) is empirically satisfied after sampling each arm twice for all considered 6.

Degenne (2019) derives concentration on the KL divergence of sub-Gaussian d-dimensional ex-
ponential families defined on the natural parameter space © p = R?. This doesn’t include Gaussian
with unknown variance, but our proof builds on his method. The main challenge was to tackle
Op # R, and we solved it by truncation on the sequence of crude confidence regions. In gener-
alized linear bandits, truncated Gaussians were also used to derive tail-inequalities for martingales
“re-normalized” by their quadratic variation (Faury, 2021). For general d-dimensional exponential
families, Chowdhury et al. (2022) derives concentrations on the KL divergence between the true
parameter and a linear combination of the MLE and the true parameter. As we are interested in the
KL divergence between the true parameter and the MLE, we cannot leverage their result.

BoB thresholds While the KL thresholds reach the desired dependency in (¢, §), using (9) instead
of (6) yields larger thresholds due to additive constants. To overcome this hurdle, we maximize (6)
under the per-arm box constraints (Lemma 5) and the pairwise non-linear constraint (Theorem 6).
The resulting family of thresholds is denoted by BoB (Best of Both) thresholds. While the BoB
thresholds have no closed-form solution, they can be approximated with non-linear solvers, e.g.
Ipopt (Wichter and Biegler, 2000).

Corollary 7 Let f(z,y) = (1 +y)z — 1 — log(z) for all (z,y) € (R%)2. Let (t5%), and ("),
as in (8,11). Let €,,e_ , as in Lemma 5 and (clff’(};)b,ae[K] as in (10). The family of thresholds
CEZB(Nt, 6) with value +00 if t < max.e(, py max{t3(6/6),7(6/2)} and otherwise solution of
the optimization problem

1
maximize — Z Niclog (1 + yc)
ce{a,b}

such that Yc € {a,b}, y. =0, veye < €u(Nie,0/2), xze =1 —e_ o(Nye —1,6/2),

1
and 2 Z Nief (e, ye) < ClIfCI;(Nt’(S/Q)’
ce{a,b}

yields a d-correct family of thresholds for the GLR stopping rule.

Since (6) is smaller than (9), the KL constraint is an upper bound on the BoB threshold. Com-
pared to the box threshold, the maximization underlying the BoB threshold has an additional con-
straint. Therefore, we have cp$®(Ny,6) < min{cp%(Nt,6/2), c5y(Ni,6/2)}. In particular, the
BoB threshold combines the best of both thresholds in terms of (¢, §) dependencies.

3.3. Simulations

We perform numerical simulations to compare the family of thresholds introduced above for the
GLR stopping rule (see Appendix J.2.2 for the EV-GLR stopping rule). Taking K = 2, we consider
the instance 1 = (0, —0.2) and 0 = (1,0.5). Since we are not interested in observing the influence
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Figure 1: Thresholds for (4) as a function of (a) log (1/9) for t = 5000 and (b) ¢ for 6 = 0.01.

of the sampling rule, the stream of data is uniform between both arms. For the thresholds, we set
the parameters to s = 2,y = 1.2 and 19 = n; = log (1/8) .

Figure 1 plots the dependency of the thresholds in log (1/5) and ¢. In Figure 1(a), we are
only interested by the slopes, and smaller slopes are equivalent to better dependency in log (1/0).
As expected, Student thresholds have poor performance for both variables. While box thresholds
improve in t, they suffer from a worse dependency in log (1/§). KL thresholds circumvent this issue
with the best dependency in log (1/4) so far. However, they incur a large constant cost making it
worse than the box threshold in practice. As hoped, BoB thresholds combine the good performance
in ¢ of the box threshold and the asymptotic dependency in log (1/6) of the KL threshold.

The improved theoretical dependency of the BoB threshold comes at the price of a higher com-
putational cost: on average 400, 600 and 800 times larger than the ones for the KL threshold, the
Box threshold and the Student threshold respectively. When the computational cost is a major con-
cern, the Box threshold should be used since it has low computational cost and good empirical
performance. Alternatively, we could use the BoB threshold and evaluate the stopping rule only on
a predefined geometric grid of times. This “lazy” stopping rule is still §-correct.

4. Sampling Rule Wrappers

After calibrating the stopping threshold to ensure J-correctness, we need to design a sampling rule
which requires few samples before stopping. Given any BAI algorithm for Gaussian with known
variances, we propose two wrappers that can adapt the algorithm to tackle unknown variances:
plugging in the empirical variance or adapting the transportation cost.

When the variances are unknown, a natural idea is to plug in the empirical variances instead of
using the true variances which are now unknown. We can apply this wrapper to any BAI algorithm.

Section 2 discusses the differences and links between the transportation costs for known and un-
known variances. Leveraging this interplay, we can adapt a BAI algorithm to use the transportation
costs for unknown variances instead of the ones for known variances. We can apply this wrapper to
any BAI algorithm relying on transportation costs.

We illustrate how to instantiate each wrapper (Section 4.1), derive guarantees on their asymp-
totic expected sample complexity (Section 4.2), and assess their empirical performance (Section 4.3).

10
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4.1. Instantiating the Wrappers
As initialization, we start by pulling each arm ng > 2 times, and let {g = ng K.

Track-and-Stop The Track-and-Stop algorithm (Garivier and Kaufmann, 2016) computes at each
time ¢ > t( the optimal allocation for the considered transportation costs, i.e. w; = w;2 () for
Gaussian with known variances. Given the vector w; in the simplex, it uses a so-called tracking
procedure to obtain an arm a4 to sample. We describe and use the one called C-tracking by
Garivier and Kaufmann (2016). On top of this tracking a forced exploration is used to enforce
convergence towards the optimal allocation for the true unknown parameters. Let € € (0,1/K] and
NS = {w e [¢,1]¥ | 2lae[k] Wa = 1}. Defining wy the L* projection of w; on A, C-Tracking
pulls a¢41 € arg max e[ Zizto ws , — Nia.

Plugging in the empirical variance yields the EV-TaS (Empirical Variance Track-and-Stop) al-
gorithm which computes w; = w;? (11¢). Adapting the transportation cost yields the TaS algorithm

which uses w; = w* (s, 07 ). Computing w*, (1) and w* (¢, 07 ) can be done by solving an equiv-
t

alent optimization problem with one bounded variable (Theorem 13 in Appendix C.2), which can
itself be numerically approximated with binary search.

Top Two algorithm At each time ¢ > %, the Top Two algorithm 3-EB-TCI (Jourdan et al., 2022)
pulls the EB leader Bf?, = a; with probability 8. If BEP, is not sampled, then it pulls the TCI

challenger A}¢] € argmin, BB, Ci(BFB,,a) + log N, , for the considered transportation costs

. _ 1 (Nt,a*ﬂt,b)Q . . .
Ci(a,b),ie. Ci(a,b) = 1{psq > ”t’b}Q—ag/Nt,ﬁog/Nt,b for Gaussian with known variance.

Plugging in the empirical variance yields the 5-EB-EVTCI algorithm which uses

1 (e — pep)?
2 UtQ,a/Nt,a + UtZ,b/Nt:b

def
CEV(% b) = 1{Mt,a > Mt,b}

Adapting the transportation cost yields the 5-EB-TCI algorithm which computes

def : N (e — N)?
Ct(a,b) = Hpra > ut,b}g& Z 5 log (1 + oy :

ce{a,b} 2

Since Cy(at, a) = Z4(t), we can re-use computations of the GLR stopping rule.

4.2. Sample Complexity Upper Bound

Definition 8 introduces the notion of asymptotically tight family threshold (Jourdan et al., 2022),
which corresponds informally to ¢, (N, ) ~5-0 log(1/d). As hinted in Figure 1(a), the KL and
the BoB thresholds are asymptotically tight (Appendix G.5), but not the Student and Box thresholds.

Definition 8 A family of thresholds (Ca,b)(a,b)e[ K12 is said to be asymptotically tight if there exists
a € [0,1), 6 € (0,1], functions f,T : (0,1] — R, and C independent of § satisfying: (1) for all
(a,b) € [K]% 6 € (0,80] and N € NX such that |[N|y = T(6), then cop(N,68) < f(8) + C|N

(2) limsups_,o f(9)/log(1/d) < 1 and limsups_,,1'(0)/log(1/6) = 0.

(0%
1>

When combined with the GLR stopping rule using the KL or the BoB thresholds, Theorem 9
shows that TaS (resp. 5-EB-TCI) is a §-correct and asymptotically (resp. [3-)optimal algorithm.

11
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Theorem 9 Using the GLR stopping rule with an asymptotically tight family of thresholds, TaS
(resp. B-EB-TCI with ng > 4) satisfies that, for all v with |a*(p)| = 1 (resp. mingzp |pia— | > 0),

E, [7-5]

<ST*(p,0%)  (resp. Tj(p,07)) -

In Appendix H, we derive a similar result involving 77, (u) (resp. 17 5( w)) for EV-TaS (resp.
B-EB-EVTCI with ng > 6) combined with the EV-GLR stopping rule using an asymptotically
threshold. However, since 1)), (1) < T*(u1,0%) and T, 4(u1) < T3 (p, o), neither of these algo-
rithms can be J-correct. Otherwise it would yield a contradiction with the lower bound in Lemma 2.
Moreover, as there exist instances for which the ratios T* (11, 0%)/T% (1) and T3 (w, a?)/ Tr: 5(1)
are arbitrarily large (Lemma 12), multiplying the thresholds by a problem independent constant is
not sufficient either to obtain d-correctness, as expressed in Theorem 10.

Theorem 10 There exists a sampling rule such that: for all asymptotically tight family of thresh-
olds (Ca,b)(a,b)e[ K2 and problem independent constant oy > 0, combining this sampling rule with
the EV-GLR stopping rule using (aoca7b)(a,b)e[ K2 yields an algorithm which is not d-correct.

Inspired by Section 3, we propose families of thresholds (EV-Student, EV-Box and EV-BoB)
which are d-correct for the EV-GLR stopping rule (see Appendix G) but are not asymptotically tight
(Theorem 10). Still, in our experiments the empirical proportion of error is lower than ¢ even when
using a heuristic, asymptotically tight threshold.

Based on Theorems 9 and 10, algorithms obtained by adapting the transportation costs enjoy
stronger theoretical guarantees than the ones plugging in the empirical variance.

4.3. Experiments

We compare the empirical performance of the two wrappers for different BAI algorithms in the
moderate regime (6 = 0.01). As benchmarks, we consider FHN2 (procedure 2 in Fan et al. (2016),
see Algorithm 1 in Appendix J), uniform sampling and “fixed” sampling which is an oracle playing
with proportions w*(u,02). FHN2 is an elimination strategy which repeatedly samples all arms
until only one arm is left. Its elimination mechanism is calibrated by resorting to continuous-
time approximations. Therefore, FHN2 is only asymptotically §-correct and has no guaranties on
the sample complexity. Based on Degenne et al. (2019) and Wang et al. (2021), plugging in the
empirical variance yields EV-DKM and EV-FWS, while DKM and FWS refers to the algorithms
using the transportation costs for unknown variances. Even though those instances are not analyzed,
we believe that similar guarantees on the sample complexity can be shown.

Algorithms obtained by plugging in the empirical variance uses the EV-GLR stopping rule,
while the GLR stopping rule is used by the ones with adapted transportation cost and the uniform
sampling. We consider the stylized stopping threshold c¢(t,d) = log ((1 + logt)/d), which was
proposed in Garivier and Kaufmann (2016). While it doesn’t ensure é-correctness of the stopping
threshold, it is asymptotically tight and yields an empirical error which is several order of magnitude
lower than 6. Top Two algorithms use 3 = 0.5.

We assess the performance on 1000 random instances with K = 10 such that (u1,0%) = (0,1).
Fora # 1, we set (f1q,02) = (—A4,74) where A, ~ U([0.2,1.0]) and r, ~ U([0.1,10]). To illus-
trate the two regimes for T (., 02) /T (1), we consider a standard instance (T* (11, 0%) /T (1) ~
1.015) and an easy instance (T™* (i, 0%) /T (1) ~ 1.384). We average over 5000 runs.

12
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In Figure 2, we observe that algorithms obtained by plugging in the empirical variance yield
similar result as the ones using the adapted transportation cost, and slightly better performance on
the easy instance. Moreover, those wrapped BAI algorithms outperforms uniform sampling and are
on par with “fixed” sampling. On random instances FHN2 has similar performance to the wrapped
BAI algorithms, but it wastes precious samples on easy instances.
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Figure 2: Empirical stopping time on Gaussian (top) random instances with K = 10, (left) stan-
dard instance (i, 02) = ((1.0,0.85,0.8,0.7,0.65), (1.0,0.6,0.5,0.4,0.35)) and (right)
easy instance (u,0?) = ((1.0,0.2,0.15,0.1,0.05), (1.0,0.05,0.05,0.05,0.05)). Lower
bound is 7™ (i) log(1/9).

5. Conclusion

In this paper we provided two approaches to deal with unknown variances, either by plugging in the
empirical variance or by adapting the transportation costs. New time-uniform concentration results
were derived to calibrate our two stopping rules. Then, we showed theoretical guarantees and
competitive empirical performance of our two sampling rule wrappers on two existing algorithms.

While the literature abounds with designs of sampling rule, the optimal calibration of stop-
ping rules is a most pressing issue as it leads to lower empirical stopping time. While calibrated
thresholds have been derived with (near) optimal dependency in ¢, those thresholds are known to
be too conservative in the moderate confidence regime where their empirical error rate is orders of
magnitude lower than 9.

Finally, in the fixed-budget setting, characterizing the impact of not knowing the variances on
the probability of misidentifying the best-arm is still an open problem. While similar approaches

13
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might be used to deal with the unknown variances, the resulting algorithms might not enjoy similar
theoretical guarantees and empirical performance.
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Appendix A. QOutline

* Notation are summarized in Appendix B.

* In Appendix C, we study the characteristic times 77 (1), T (i, 02) and how to compute the
optimal allocation oracles w¥, (1), w*(p, o).

* Properties on the GLR and EV-GLR statistics are detailed in Appendix D.

* In Appendix E, we prove time-uniform and fixed time upper and lower tail concentrations for
sub-exponential process and the empirical mean and variance of Gaussian observations.

* For d-dimensional exponential families, a time-uniform concentration inequality on the sum
of KL is shown in Appendix F.

* In Appendix G, we show how to calibrate the GLR and EV-GLR stopping rules and derive
several family of thresholds.

* Asymptotic guarantees on the expected sample complexity (Theorem 9) and the impossibility
results (Theorem 10) are proved in Appendix H.

* The functions (Wi)ie{—l,o} based on Lambert’s branches and their properties are presented
in Appendix 1.

* Implementation details and additional experiments are available in Appendix J.

Appendix B. Notation

We recall some commonly used notation: the set of integers [ K] &f {1,---, K}, the complement
Xt of aset X, the (K — 1)-dimensional probability simplex A g &f {w eRE | Y ae[K] Wa = 1},
the Gaussian distribution N (z,v) with mean x and variance v, the Kullback-Leibler (KL) diver-
gence KL((z1,0%), (v2,03)) between two distributions N (z1,0?) and N (w9, 03), Landau’s no-
tation o and O and the two main branches W_; (negative) and Wy (positive) of the Lambert W
function which is implicitly defined by the equation W(m)ew(m) = z. Problem-specific notation
are grouped in Table 1. Table 2 gathers notation for the algorithms.
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Table 1: Notation for the setting.

Notation Type Description
K N Number of arms
D Set of Gaussian distributions
D, Set of Gaussian distributions with variance v
v DK Vector of distributions, v = (Va) e[k
1 RE Vector of means, (1 = (fta)ae[K]
o? (R)K Vector of variances, 0% = (03 )qe[K]
Vo2 DK Problem in which each arm has distribution ' (p,, 02)
0 R x R: Natural parameter of the distribution of arm a € [ K]
0 (R x R*)X  Vector of natural parameters, § = (6,,) ae[K]
F R —- R xRy  Sufficient statistic
0] (R x R*) - R Log-partition function

w;2 ()
’ w;-2 B (:u)

TC:Z (:U’ bl
52,6 (

T5(p, 0°

)
)

T*(u,0%), w* (p, 0°)
), ws(p, 7*)

Characteristic time and optimal allocation, known o2

Characteristic time and S-optimal allocation, known o
Characteristic time and optimal allocation
Characteristic time and S-optimal allocation

2

Table 2: Notation for the algorithms.

Notation Type Description
4] (0,1)  Confidence parameter
ag [K] Arm sampled at time ¢
Xt.a R Observation at time t, X; 4, ~ Vg,
Fi History up to time ¢, o (a1, X140y, -, at, Xt 0,)
Niq N Empirical count, N; , = 22:1 1{as = a}
Lt.a R Empirical mean, ji; o = ﬁ Zi:l Xsa.1{as = a}
aga R% Empirical variance, O'tQ’a = Ni,a Zizl(st — fita)?1{as = a}
5, T N Stopping times (sample complexity)
ar [K] Candidate arm at time ¢, G; € arg max,¢[x] fit,a
Za(t), ZEV(1) R* GLR and EV-GLR statistic of arm a at time ¢
Cap(Nt, 6) R Stopping threshold at time ¢ for the arm pair (a, b)
F,q R x Ry Averaged statistic, ﬁ M F(Xsa.)1{as = a}
0+ 4 R x R*  Maximum likelihood estimator of 6,, V¢~ (F} ) for Ny 4 = 2

Appendix C. Characteristic Times

In Appendix C.1, we show properties on the characteristic times 7% (1) and T*(u, 02), i.e. explicit
formulas and relationships. In Appendix C.2, we show those characteristic times can be obtained as
solution of a simpler optimization problem, allowing to compute the associated optimal allocation.

17



DEALING WITH UNKNOWN VARIANCES IN BEST-ARM IDENTIFICATION

Theorem 1 in Garivier and Kaufmann (2016) yields the first part of Lemma 2 (Gaussian with
known variances). Its second part (Gaussian with unknown variances) is a direct consequence of
the arguments in Garivier and Kaufmann (2016), hence we omit the proof.

C.1. Explicit Formulas and Inequalities

We can obtain slightly more explicit formulas for the characteristic times T7% (1) and T*(y, o)
(Lemma 11). It is direct to see that similar explicit formulas can be shown for 77, B(u) and

75 (p, 02).

Lemma 11 Let M = RE x (R* )X and a* (i) = a*. Then,

2
* -1 _ . inf (y - Nb) _ : (,U'a - Ma*)
»2(n)”" = max min in Wy~ = max min —————5—,
WEA i aFa* yE[pa g ] QUb weA g aFa* 9 (i 0%
be{a,a*} we Voo

)2
T*(u,0*) "' = max min inf Z %log (1 + M) ‘

2
wEAK a#a* ye[ﬂ'awu'a*] be{a,a*} O’b

Proof While an explicit formula for 7%, (1) was already proven in Garivier and Kaufmann (2016),
we derive the equivalent result for 7*(p1, 0%). For Gaussian with different variances, the KL has the
following expression

KL((1, 02), (A, 12)) = & (W + Zi 1 log <“2>> .

2 K K2

Direct computations yield that

1 —\)?
inf KL((1,0%), (0, %)) = KL((1,0%), (0 0% + (1 — M) = ~log 1+ LA
K2>0 2 o?

The set A(u,0%) = {(\, k%) € RE x (R})X | a* ¢ arg maxX,cx] A“} can be rewritten as
Udsar {A € RE | X@ > X"} x (R ). Therefore, taking A, = 4 and &7 = o7 for b ¢ {a,a*}, we
obtain

T* ’02 -1 — max min inf wn KL ,02,)\,,%2
(:u ) weAKﬂﬁéa*(A7H2)€R2X(Rl)2:)\a>)\a*be{aza*} b ((Mb b) ( b b))

w —\p)?
= max min inf Z —blog 1+ M
WEAK a#a* \eR2:\a>\a* 2 o
be{a,a*}

)2
= max min inf Z % log (1 + (Mb)\)>

* 2
weA i a#a )\E[Mmua*] be{a,a*} O'b

*

where the last equality is obtained since at the infimum there is equality, i.e. A* = A*, and
Lemma 14. |

Using Lemma 11 and algebraic manipulation, we derive inequalities between T7% (1) and T* (11, 0%)
(Lemma 4). It is direct to see that the same proof would hold for T7; ;(x) and T3 (4, a?).
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Proof For all a # a*, A € [uq, o] and {a, a*}, we have

Y 2 . — 2
(:u’b : ) < d(/J/, 0_2) d; max (,LLa ,Lta)2
o} aza* min{o2., 02}

log(1+z) .
z

Using that © — is decreasing for x > 0, we obtain, for all A € [, iq+] and b € {a, a*},

— )2 —\)2log (1 + d(u, o?
log <1+ (1 2)\) >> (o 2>\) og ( (l; o?))
oy [ d(,U,,O')

)

Since T%, (1) ™1 = maxyen  Minger inf Aelparas ] Dibe (0,0} wb( , this yields

log (1 + d(u, 02)) .
d(p, 0?)

The same arguments as above also yield the formulation

2T (1, 0%) ™! = max mf Z wblog< (/\b)> ,
%

WEN ¢ NeA 2 u

T*(n,0%) " >

and a similar one for T, (u). Since x — log(1 + ) is concave, we obtain that
2T (p, o) <log (1 + 2T (p) 1) < 2T (p) ™
where the strict inequality uses that 7% ()~ > 0. |

Using Lemma 11, Lemma 12 shows that T* (1, 6)/T% (1) can become arbitrarily large by
taking instances with large gaps.

Lemma 12 For all K > 2, there exists a sequence of instances (Vp,)nen with |a*(vy,)| = 1 such
that limy,—, oo T™ (tn, O'TQL)/T;% (tbn) = +o00.

Proof Let K > 2. We construct explicitly the sequence instances. Let (A, )nen such that A,, > 0
for all n € N and limy,—, 4.0 A, = +00. For all n € N, we define v, = v, ;2 where (fin,1, 072171) =
(0,1) and (pin,a, 02 ,) = (—An, 1) forall a # 1.

Using Lemma 11, we obtain

T3, (n) A7 - , 1 1 LE-1
———— = min min max-——— + — = min

1
— 1+vK
2 Be(0,1) werk 1 a#l (1 —Blw, [ pe0,1) 1= B =+ )

and, taking y = —A,,/2, we obtain

2T (puy, 02) 1 = in inf log(1 + 42) + (1 — B)w, log(1 + (A, + y)?
('u 7071) ﬁg%ﬁ)weni%(xf1 rc?;irllye[inAn,O] {/B Og( ty >+( 6)11] Og( +( +y) )}

< log(1 + A2 /4) Bmax {B + (1 —-p) max minwa}

(0,1) weN_1 a#l
= log(1 + A2/4) max {8 + 1-5
" Be(0,1) K-1

} <log(1 + AZ/4) .
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Therefore, we have

T*(pn,03) A7
T ()~ (14 VK —1)2log(1 + A2/4)

—n—4o0 T00,

since limy,, 1o Ay, = +00 and log(1 + z) =41+ 0o(2). |

It is slightly more technical to construct a sequence of instances (v, )pen With ming.p |fan —
to.n| > 0 such that limy,—, o T (i, 02)/ 17, 5(kn) = +00. Since the means have to be distinct,
it is not possible to use directly closed-form formulas. However, the same type of construction with
increasing gaps will allow to conclude the proof. The main argument behind both proofs is that
log(1 4+ z) =z 400 0().

C.2. Optimal Allocation Oracles

In Garivier and Kaufmann (2016), they show that w(’;z (1) can be computed as the solution of an
optimization problem with one bounded variable. By using similar arguments, Theorem 13 gives
a similar equivalent optimization problem for w* (i, o%). Without loss of generality we consider
a*(p) = 1 to ease the notations in the following arguments.

Theorem 13 For all a € [K]| and X\ € R, let do(\) = log (1 + (A_U#) For all a # 1 and
x € [0,40), let go(z) = minyer (d1(A) + xd (X)), with \o(z) being the minimizer realizing
9a(x). The functions g, are strictly increasing function with values on [0, d;(u,)) with inverse
function x4(y) = g~ (y). Then, we have w(j1, 0%)q = xa(y*)w(u,0?)1 forall a # 1,
y* 9 1
= ~ and w(p,0%)1 = *
1+ Za;ﬁl x(l(y ) 1+ Za;él ZL‘a(y )

Moreover, y* € [0, ming.1 di(j1q)) is a solution of the equation F(y) = 1 where

2T (1, 0%)"!

K
- S22

is an increasing function such that F(0) = 0 and lim o, F'(y) = +c0.

a=2

Proof When w; = 0, we have ming.q (w1di () + wedq(N)) = 0, hence this is not the maximum
of a positive quantity, i.e. for all w € w*(p,0?), wy > 0. Therefore, by dividing by wy and using
that g, (x) = infyer (d1 (M) + 2do (X)), we obtain directly

. . o
200%™ = g i o (n1 )+ wado ) = s i ()

Let w* € w*(u, o). Then, using the above result, we obtain

* . Waq,
w € argmaxwi mimnggqg | —
wEAK a#1 w1
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w*

Introducing 27 = ¢ forall a # 1, using that 2ae[k] Wa = 1, one has
1 x,
w] = ——7—— and,fora>2w; = ——%——.
I+ Za:2 952 1+ Za:2 x&

Moreover, {z:} X , € RE~! belongs to

arg max MiNg£1 ga (ﬂﬁa)

(12)
(e} jerE-1 1+ 208 1,

Let O = {be [K|\{1}| gy (2}) = mingx1 ga (z})} and A = [K\({1} U O). Let’s show
that all the g, (z};) have to be equal. Assume that A # (J. Foralla € Aand b € O, one
has g, (x}) > gp (x;). Using the continuity of the g, functions and the fact that they are strictly
increasing (Lemma 14), there exists € > 0 such that

Vae Abe O, gal(zg—e/lAl) > go (5 +¢/|0]) > g (23) -

We introduce 7, = a7, — ¢/|A| forall a € A and 7y, = z; + ¢/|O| forall b € O, hence Y, 7, =
2522 x,. There exists b € O such that ming .1 gq (Za) = gs (27 +€/|O

), hence

ming.1 ga (Ta) _ 9 (3 +£/]0]) < 1629 _ ming .1 go (77,)
1+Zo+...2x l+as+---4a}  l1+azb+--+aj) 1+ai+---+a}’

This is a contradiction with the fact that z* belongs to (12). Hence A = (J and there exists
y* € [0, ming.1 di(fq)) such that, for all @ € [K]\{1},

*

ga(z}) = y* = x; = z4(y")

with the function z, introduced in Lemma 14. From (12), y* belongs to

arg max +
ye[0,ming1 di(pa)) 1 + Za:? l’a(y)

Using Lemma 14, we have that y* is a solution of F'(y) = 1 with

A key theoretical and computational difference between the oracle for w*,(u) and the one for
w*(p, 0?) is that A\, (z) is defined implicitly as one of the real solution of a third order polynomial
equation (Lemma 14). Fortunately, there exists closed form solutions for the roots of a third order
polynomial equation, namely Cardano’s formula. Therefore, we only need to compute three roots,
among which at least one is real (two might be complex), and find the real one minimizing our
original functions.

Lemma 14 gathers technical results used to prove Theorem 13.
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Lemma 14 Let d,, g, and )\, as in Theorem 13.

1. Forall x € (0,+00), A\o(x) € (la, 1), Aa(0) = p1 and limy_, 4o Ao(z) = pq. Moreover,
the functions \,(x) are among the (at least one) real solutions of Py(\, x) = 0 where

P,(\z) = A3 — aayg(x))\Q + g1 ()N — ag0(),

_ Ha + Tp1
Qo 2(T) = fa + p1 + Tz
2 2
0, T x07 Mg + T
Qa1 (@) = = Hpa + (i pa) =
_ mpg +03) + pa(pi + of)zx
@a0(7) = 1+ '

2. The function g, is a concave and strictly increasing one-to-one mapping from [0, +0) to
[0, d1(1a)), such that g/,(z) = do(Aa(z)) and gll(x) = N, (2)d.,(No(2)). In particular, © —

Ao () is decreasing. Moreover, the function x, is strictly increasing and x!,(y) = m.

3. Defining G(y) = m and F(y) = 31, %fory € [0, mingz1 di(pa))-
Then G'(y) = 0 if and only if F(y) = 1. The function F is increasing such that F(0) = 0

and imy, ,rin 1 dy (ua) F(y) = +c0.

Proof Forall a € [K]and all A € R, let dXV()\) = ()‘_U# Then, we have

o = ED) 20— )
do(A) = 1+ d<V(N) - 024+ (A —pa)?

(1) Let ho(z,A) = di(A) +2dq(N). Since 2 (2, \) = d} (\) + zd},(\), we have 2 (2, 1) > 0
for A > p; and aah/\“ (x,A) < 0for A < pg. Therefore, the solution of aah/\a (x,A) = 0isin [ug, p1] if
it exists. As hq(x, ) is continuous and bounded on [ji4, 1], Ag () exists.

The functions d, have a unique minimizer i, such that d,(p,) = 0. Using that h,(0,\) =
d1(A), we obtain A\,(0) = py. Introducing w = wix such that wy + w < 1, we have \y(7) =

Aa(w) = argminyep,, ;] Wi1di(A) +wde(A). The same argument as above shows that Ao (1) = 14,

Ha,H1
as w = 1 implies wp, we have lim,_, o, \y(x) = 5\a(1) = llg.

Since d, is continuous, we have d},(1,) = 0. For all z > 0 and a € [K]\{1}, we have
P (2, pta) = d} (ta) + 2}, (1a) = di (ta) < 0 and e (z, 1) = di (1) + @}y (1) = wdfy(p1) >
0. Therefore, we have Ay (z) € (ug, 1) for all z € (0, +00).

Writing the condition that A,(x) is a minimum, rewrites as d} (Ao (z)) + zd,(Aa(x)) = 0 and
d{(Aa(x)) + zd)(Aa(x)) > 0. Direct computations yield

d (Xa(2)) + zdy (Na(2)) = 0

B B _ Ha + T aﬁ—i—w% _ \KV B _
= (A—pu)(\ pa)<)\ Ttz >+ T+ A=AV (x) =0 <= P,(\,z)=0

where P, (A, x) is defined in the statement of Lemma 14. When © — +00, we already know that
Aa(T) = pia +0(1). To prove limy_, 1 oo xdg(Aa(x)) = 0, we need a finer dependency in x. Writing
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the change of variable y = A\ — 1., we obtain P, (A, x) = 0 if and only if Q,(y,x) = 0 where

Qa(y, ) = y(y + pta — p1) <y a( - ua>> | 4+ a0t (y AT u;))

1+ 1+ 02 + zo7

When z — +00, we have y(z) = o(1), Z¥=Ha) — (1 — 11.)(1 + o)), galm—ta) _ O(2) and

1+z o2+zo?
Jg-i-xaf
1+x

= 07 + O(2), we obtain the following

Quly(@),2) =0 = y(x) (0 + (1 — pa)* + 0(1)) + O() =0

This yields that y(z) = O(2). Therefore, dXV (Ao (z)) = y@? _ O(%) and

2da(a(2)) = 210g(1 + A (\a(2)) ~an 25V (N (2)) ~op 2212

Therefore, we have shown lim,_, 4o 2dg(Ag (7)) =
(2) Since go(7) = minye[y, 4] 91(A) + 2da(N), ga is a concave function as infimum of an infinite

Ma, 1
number of linear functions. Since g, (z) = hq(x, Ao (x)), aah/\“ (x, A\a(z)) = 0 (optimality condition)
and ah 2 (z,\) = da(A), we have
oh Ohq oh

9a(@) = == (@, Xa(2)) + Aa(@) 23 (@, Aa(2)) = Z2(@, Aa(@)) = da(Na(@)) > 0

where the last inequality is strict since A\, () € (g, p11] for x € [0, +00). Therefore, g, is a strictly
increasing one-to-one mapping from [0, +0) to [0, lim o go(2)). Since limy 00 Ao (2) = g
and lim,_, 4 oo xdg (Ao (2)) = 0, we obtain limg_, 4 o ga () = di(ta)-

Directly computing the derivative of d,(A\,(z)), we obtain ¢ (z) = X, (z)d,(Aa(x)). Using
that A\, (z) > pg for all z € [0, +o0), we have d/,(\,(z)) > 0. Since g, is concave, we know that
go(xz) = 0, hence X, (z) < 0,i.e. z — Ay () is decreasing.

Using the above result, x,(y) is well defined. Using the derivative of the inverse function and
gh(z) = dg(Ae(x)), we obtain 2/, (y) = g&(zi(y)) = da()\a(]gfa(y)))' Since dg(Ag(z)) > 0 for all
x € [0,400), we have z/,(y) > 0 forall y € [0, d; (uq)).

(3) Using that 2, (y) = m and d1(A\a(24(y))) + 2a(y)da(Ma(2a(y))) = y. Direct compu-
tations yield that G’(y) = 0 if and only if

1 B y K y
1+ 25:2 Ta(y) (1+ 2522 74(y))2 ; a(y)

S S S P PSR Y- (0L 1)) B
aZ=:2 da(Ma(2(y))) L+ 2, walv) 2 ) L F(y)=1

Using that A\,(0) = g1 and di(p1) = 0, we obtain F'(0) = 0. Using that limg_,on A() = pq
di(pta) > 0, da(ta) = 0 and lim,,_, 4, (tta) Ta(y) = +00, we obtain that lim,, i, _, di(pa) F y) =

+o0. Let H(y) = 25:2 m fory € [0, ming.1 di(pq)). Since dj (Ao (2)) +zd,(Aa(x))
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0, di(Aa(za(y))) + 2o (y)da(Aa(z4(y))) = y, direct computations yield

H'(y) = - f )W) e )

F'(y) = ai 2 (YN, (2a(y)) /1()‘a(xa(y)))da()\a(ﬂfzilél)j(;ac(l; §>)\)a2(33a(y)))dg()\a(aja(y)))
- i )X () () P2 e D) Sl 20 (0))
: —yimg<y>xg<xa<y>> jjfj:g:(%g YI'(y)

Note that for all a € [K]\{1}, y — m is an increasing function of y since d, () is
strictly increasing on (4, pt1], Ao () is decreasing on [0, +o0) and z,(y) is strictly increasing on
y € [0, ming; lim o go(x)). As a summation of increasing functions, H is an increasing function,
i.e. H'(y) = 0. Since F'(y) = yH'(y) = 0, this yield that F' is an increasing function. [ |

Appendix D. Generalized Log-Likelihood Ratios

The GLR to reject the hypothesis Ho = {(1, %) € A} for a subset A € M of the whole parameter
space M is given by

GLRM(A) % 1og "P0srM Wino? Xian, -+ Xt
Sup()\,li2)EA dl/)\,HQ (Xl,au Tty Xt,cu)
where dv,, ,2(X1,4y, -+ , Xt,4,) denotes the likelihood of the observations X14,,- -, Xt q, for a

Gaussian bandit with parameters (1, 02). The empirical mean and variance are defined as

1 1

Z 1{as = a} X4 and O'Za = Z 1{as = a} (Xsq — ,utya)2 .

ba sef] ba selt]

Ht,a =

Using the formula of the KL for Gaussian bandits with different variances, the GLR rewrites as

N, K2 02, + (Hta — Na)?
M _ . t,a a t,a ,a a
ot - | 5 e (e (2] 4 Tt

E[K] t,a

= inf Nio KL((pt,0,074) s (Mas K2)) -
(A;g)eAa(%{] b0 KL (11,0, 07.0)s (Aas £2))

When A = M = RE x (R* )X, the minimizers of the log-likelihood are (y1,0?), i.e. the
empirical estimators (1, o7) are exactly the MLE.
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Explicit formulas The GLR has a more explicit formula when considering the alternative to the
subset of interest A(u, 0?) (Lemma 15).

Lemma 15 Let M = R¥ x (R%)X. Then, GLRP (A(ut,0%)) = ming.a, Za(t) where

N, _ 2
Zo(t) = GLRP({(\, k%) | A\g = Ng,}) = inf Z Tt’blog (1 + M) .

Ada=Ng o
“ befa,a} t,b

Proof Since a*(pu:) = ar and A(pg, 02) = Jyua {(A, £2) | Aa = Aa, }, we obtain

aFa¢

GLRM(A(p,02)) = min Z,(t) with  Z,(t) = GLRP({(\, k) | A\a = Aa,}) -

aF#at

For b ¢ {a, a;}, we can take (\p, Iig) = (t,ps Ufb), hence we obtain

Zg (t) = inf 2 Nt,b KL ((Mt,bu 0—15271;)7 ()\b7 Kz))
()\,,%2):)“12)\,% be{aric}

. Ny (1o — )2
= f hay | 1+ =
>\:/\1an>)\ Z 2 Og( + o2

* be{a,ar} tb

The second equality uses that the objectives and the constraints are separate and that

arg gnin KL ((pt,0, ‘7t2,b)7 Nos k) = (e — Ap)* + Uzb ,

Ky

%—;% and arg min,_ fo(z) = a,fora = (,utjb—)\b)zwtafyb.

since fq(r) = 24log(x) has f;(x) =
|

Inequalities Lemma 16 gives inequalities between Z, () and ZEV ().

J— 2
Lemma 16 For a # ay, let Cy(puy, 02) = iy —iee)” e statistics ZEV(t) and Z,(t) satisfy

min{o—?,dt ’0—1270.} ’

- log (1 + C’a(ut,atz))

221 2 Zalt) 2 = =g = 2y (1) (13)

The proof is omitted since it was obtained with similar manipulations on Z,(t) and ZEV (¢) as
done on T™* (s, 0) and T% (1) in Appendix C.1.

Appendix E. Box Concentration

In Appendix E.1, we derive time-uniform upper and lower tail concentrations for sub-exponential
processes, as well as their fixed-time counterpart. In Appendix E.2, for Gaussian observations, we
use those results to obtain similar concentrations for the empirical variance and derive time-uniform
(and fixed-time) upper and lower tail concentrations for the empirical mean.
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E.1. Sub-Exponential Processes

We prove time-uniform and fixed-time concentration results for 1-sub-1 g . process with variance
process V; = ct (Appendix E.1.1) and 1-sub-1g _. process with variance process V; = ct (Ap-
pendix E.1.2). The concept of sub-1) process (Definition 17) was introduced in Howard et al. (2020).
This concept is particularly useful to derive time-uniform concentration results.

Definition 17 Let (S;)ie10 40y and (Vi)ieT o0y be two real-valued processes adapted to an under-
lying filtration (F)ie7 o0y With So = 0 and Vo = 0 a.s. and V; = 0 a.s. forallt € T. For a
Sfunction 1 : [0, Amax) — R and a scalar ly € [1,+0), we say that (St) is lo-sub-1p with variance
process (V) if, for each X € [0, Amax), there exists a supermartingale (Li(\))eTo g0y With respect
to (F) such that Lo(N\) < lp a.s. and

exp {AS: — Y(N)Vi} < Le(N) a.s. forallte T .

Lemma 18 (Ville’s inequality) Let Po[-] = Po[- | Fo]. Let T < N*, such that |T| = . If
(Lt)teT U0} IS @ non-negative supermartingale with respect to the filtration (F¢)e70 10}, then

Ya > 0, Po(HtGT:LtZCL)gLo/a.

Since we aim at deriving one-sided bounds on scalar martingales, we have [y = 1. Using Ville’s
inequality (Lemma 18) on a sub-1) process yields time-uniform concentration results. Let (S;) be a
1-sub-%) with variance process (V;), then for all A € [0, Apax ), With probability greater than 1 — 6,

Vie T, AS:—v¢(\)V; <log(1/0) .
Let A € [0, Amax). Direct manipulations show the above result,
PEteT : XS —yp(N)Ve =1log (1/5)) <P3te T : Li(N) =1/5) <0.
In the following, we are interested by 1-sub-1 g . processes for ¢ € R, where 1 g .. is defined as

AE[0.1/(ev0), tme(y) = BN A (14)

The derived upper and lower tails concentrations involve the positive (¢ = 0) and negative
(i = —1) Lambert’s branches W; solutions of W (z)e"V(®) = 2. We refer the reader to Appendix I
for mode details and corresponding technical results.

E.1.1. UPPER TAIL CONCENTRATION

We derive time-uniform and fixed-time upper tail concentration for 1-sub-1g . process with vari-
ance process V; = ct. While the time-uniform result require using the peeling method, the proof of
the fixed-time concentration is simpler. To use the peeling method, we need to control the deviation
of the process on slices of time (Lemma 19).

Lemma 19 Let c > 0 and S; a 1-sub-y g, . process with variance process V; = ct. Let N > 0. For
all x > 1, there exists X\ = \(x) such that for all t = N,

N

{Si+t=tx} {/\St —ctpp (N = -

(o) - 1)}

log(1—c))

c

where \(z) = arg maXye[o,1/c) (:1:)\ + ) and h(z) = © — log(zx) for v > 1.
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Proof Defining ¢ (A) = A+ cp (A) = —M and A(x) = argmax,cg 1 /) TA— YU (), we
have zA(x) — Yy (A(x)) = ¥f; (x) where v; is the convex conjugate of /7. Note that 1/} () = 0
(see below), hence t1)}; (x) = N1} (z) for t > N. Direct computations yield

St +t=te <= ASi— ctpp.c(N)
= AS; — ctp.(N)

taX — t( + cp.e(N))
t(zA —u(N) =ty (2)
— ASy — cttbpe(N) = Naj (z) = % (h(z) - 1)

Vv

Note that for f(\) = \x + M,wehave ffA=2-—71=0 < rx=1(1-1)
and 2 (1-1)€e[0,1) « 2> 1. Since f"(\) = — ez < 0, the function is concave hence
this is a maximum. This yields that forall z > 1, ¢ (z) = f(1 (1 —-2)) = L (2 — 1 — log(z)) =

c x

¢(h(x) = 1) = 0 where h(z) = x — log(z). .

Let n > 0. Applying Lemma 19 on slices of time with geometric growth rate (NN;);en+ with
N; = (14 1)"L, we obtain Lemma 20.

Lemma20 Let W _q(z) = —W_1(—e ) forz >1,5¢€ (0,1),7>0,s>1,¢c> 0, and ¢ be
the Riemann ¢ function. Let S; a 1-sub-1g . process with variance process V; = ct. Then, with
probability greater than 1 — 6, for all t € N*,

S 0207 (15 (g (0 g (14 50 Y))

Proof Let g(t,0) such that g(¢,d) > z;(J) for t € [N;, N;41) and z;(6) > 1. Using Lemma 19
with z;(6) > 1 and g(¢,d) = x;() on [N;, N;+1), we obtain

PAteN : S +t>1tg(t,0) < > P(3te[N;, Nis1): S+t > ta;())

1EN*
N;
< Z P (Ht € [NZ, Ni+1) S — Ct@bE,c()\) = ? (h (131(5)) — 1))
1eN*
<) = P (h(i(8)-1)
1EN*

where the last inequality uses that Sy a 1-sub-1g . process with variance process V; = ct. Taking

P <1 L : n) <1Og (“?) + slog <1 " mgl(f(i)n))))

and z;(8) = W_4 (1 + 7; log (%)) satisfies the required properties. First, we have x;(0) > 1

(Lemma 75). Second, since W _j is increasing on (1, +c0) (Lemma 75), t € [N;, N;11) and i =
log(1+n)

o clog ) +cslog (1 + log(t) o s
gt, ) =W_1 |1+ < 0 ) + ( log(1+n)) >, <1+]§log <2 C(S(s)>>

, we obtain
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Using Lemma 75 for each ¢ € N* yields
PELeN: S +1>1tg(t,6) < 3 e e @D < 2NV = 5
iEN* ¢(s) ieN*
|

Fixed-time concentration When the time is fixed and not random, there is no need to consider
slices of time and we can directly control the deviation of the process (Lemma 21).

Lemma 21 Let h(z) = x —log(x) for x > 1. Let ¢ > 0 and S; a 1-sub- g . process with variance
process V; = ct. Then,

t
Vte N*, Vo >1, P(Si+t=>tx)<exp (—c(h(x) —1)) .

Proof With similar computations as in the proof of Lemma 19, the fact that S; a 1-sub-1 g . process
with variance process V; = ct and the Chernoff inequality yield the first result. |

E.1.2. LOWER TAIL CONCENTRATION

We derive time-uniform and fixed-time lower tail concentration for 1-sub-¢) g _. process with vari-
ance process V; = ct. Likewise, we use the peeling method and control the deviation of the process
on slices of time (Lemma 22).

Lemma 22 Let c > 0 and —S; a 1-sub-\)i; . process with variance process V; = ct. Let N > 0.
For all x € (0,1), there exists A = \(x) such that for allt > N,
N

{—St —t= —tx} - {)\(—St) — thE,—c()‘) = -

(o) - 1)}
where \(x) = arg maxye[o, +o0) (—x)\ + M) and h(x) = z — log(x) for x € (0,1).

Proof Defining ¢,(A) = =X + cp,—c(\) = —w and \(z) = argmaxyejo o) —TA —

r(X), we have —zA(x) — ¥ (A(x)) = ¥} (—x) = 0 (see below), hence t} (—z) > Ny} (—x)
for t = N. Direct computations yield

—Sp—t = —tr < A—S5) — ctyp _(N)

— AN—=5;) — ctvp,—c(A

—ta\ — (=X + chp,_(N)
t(—zA —Yr(N) = ] (—x)
> Nyt (—x) = % (h(z)—1)

=
=

-

— )\(*St) — CtiﬁE’fc()\

Note that for f(\) = —/\m—s—w,wehavef’()\) =24+ =0 = A=1(1-1)

and 2 (1 —1) € [0,+0) <= =z € (0,1). Since f"(\) = —m < 0, the function is
concave hence this is a maximum. This yields that for all z € (0,1), ¢} (—2) = f(1 (2 —1)) =
1(z—1—-log(z)) = % (h(z) — 1) = 0 where h(z) = z — log(z) for z € (0, 1). [ |

Let n > 0. Applying Lemma 22 on slices of time with geometric growth rate (NN;);en+ with
N; = (14 1)L, we obtain Lemma 23.
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Lemma 23 Let Wo(z) = —Wo(—e ®) forx > 1,6 € (0,1),7> 0,5 >1, ¢ > 0, and  be
the Riemann ( function. Let S; a 1-sub-1g, _. process with variance process V; = ct. Then, with
probability greater than 1 — 6, for all t € N*,

Si+t=tW, <1+0(1t+77) <log (g(;)) + slog <1+10g1(2f<+t>n)>>> .

Proof Let ¢(t,d) positive such that g(¢,0) < x;(0) for t € [N;, N;j+1) and z;() € (0,1). Using
Lemma 22 with z;(§) < 1 and g(¢,9) < z;(0) for t € [N;, Ni4+1), we obtain

P(Ete N : S+t <tg(t,0) =P(3teN:—S —t > —tg(t,0))
<Y P@EteT; =S —t = —tx;(0))

ieN*
< P (375 eT;: M—=St) — ctop,_(\) = Ni (h (z:(0)) — 1))
C
ieN*
< 3 e o)
ieN*

where the last inequality uses that —S; a 1-sub-1) g _. process with variance process V; = ct. Taking

161+ 20 g (49 g (1 B0 ))

and z;(0) = Wy (1 + 7; log (isg(s(s))) satisfies the required properties. First, we have x;(d) €

(0,1) and g(t,8) > 0 (Lemma 75). Second, since Wy is decreasing on (1, +00) (Lemma 75),

te[N;,Niz1)andi =1+ lg;g((ljfg), we obtain

o clog <ls) +cslog (1 + log(?) o g
g(t,8) <Wo |1+ < ° ) ¥ ( 1°g(1+")) <Wo <1+ ﬁlog <Z %(5)»

Using Lemma 75 for each ¢ € N* yields

i 1) 1
P(3teN S +t<tg(t,0) < ). e GO d—=4.
1eN* C(S) 1eN* E

|
Fixed-time concentration When the time is fixed and not random, there is no need to consider
slices of time and we can directly control the deviation of the process (Lemma 24).

Lemma 24 Let h(x) = x — log(x) for x € (0,1). Let ¢ > 0 and —S; a 1-sub-y i _. process with
variance process V; = ct. Then,

C

Vte N*, Vo e (0,1), P(Si+t<tx)<exp <—t (h(z) — 1)> .

Proof With similar computations as in the proof of Lemma 22, the fact that —S; a 1-sub-yp _.
process with variance process V; = ct and the Chernoff inequality yield the first result. |
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E.2. Univariate Gaussian

We prove time-uniform and fixed-time upper and lower concentration results for the empirical vari-
ance (Appendix E.2.1) and empirical mean (Appendix E.2.2) of Gaussian observations.

E.2.1. EMPIRICAL VARIANCE

We first prove Lemma 25 which shows that the empirical variance is closely linked with a sub-
exponential process. This is obtained with manipulations derived in the Appendix H of Howard
et al. (2021), in which they consider martingales with x? increments.

Lemma 25 Let 0 be the empirical variance of t i.i.d. samples from a Gaussian distribution with
2

variance o*. Then, 75 = St’tlfl + 1with Sy—1 +t—1 = Zf;} Y2 where (Y;) are i.id. with

distributions N'(0, 1). In particular, Sy is a 1-sub-1 g o process and — St is a 1-sub-\)g, o process,

both with variance process V; = 2t.

Proof Let (X;);c[,] the n samples from a Gaussian distribution with parameters (1, o). Let fiy,
and 62 be the empirical mean and variance. Let Z; = % forall i € [n], Z, = %Z | Zi and
Sn—1 =2 1(Z; — Zn)z — (n—1). Then, Sy = 0 and for all n. > 2

n 2
2Z(Xi—ﬂn)2—(n—1)=n%—(n—1).

n—1
Sn 1— Sn 2 = (Zn - Zn)2 + Z ((Zz - Zn)2 - (ZZ - Zn—1)2) —1
i=1

n—1
= Z}+ Zp — 220 Zn + Y (—2Zin + 2Zi 1) + (n—1)(Z} — Z7 1) — 1
=1

N N n—1 N
=72 - nZ’+(n-1722,-1= - (Zn — Zn_1)? —1.

Since S, 1 = Y""1(Ss — Ss_1) and Sy = 0 a.s., we obtain S, 1 = "' (V> — 1) where
Yoo1=4/22(Z, — Zn—1). The (Y;) are iid with distribution A/(0, 1) and the CGF of (Y2 — 1) is
log(1 —2)\)

log Ee*¥7 1) — T = A= 200(N) for e (—o0,1/2).

By Definition 17, we have that S, is 1-sub-¢)g » and that —S,, is 1-sub-y)g _o, both with vari-
ance process V,, = 2(n — 1). [

Thanks to Lemmas 20-23-25, Corollary 26 gives time-uniform upper and lower tails concentra-
tions on the empirical variance of Gaussian observation.
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Corollary 26 Fori e {0,—1}, let W;(z) = —W;(—e %) forz = 1,6 € (0,1), no,m1 > 0, s > 1
and ( be the Riemann ( function. Let O't2 1 be the empirical variance of t + 1 i.i.d. samples from a
Gaussian distribution with variance 0. Then, with probability greater than 1 — 6, for all t € N*,

ot (o (14 205 (g (S0t (14180 Y)Y 1),

Moreover, with probability 1 — 6, for all t = ty(0),

5 20 o (4 v 1+ ) )

where the initial time condition, which ensures the lower bound is positive, is

to(0) = inf {t It > 61+Wo(2(1tw(IOg(<%s>)+slog(1+loéfgf<+t7)m)))_e1)} |

Proof Combining Lemmas 20-23-25 yields the desired result. Using Lemma 75, we know that the
upper bound is always positive. The intial time condition, after which the lower bound is positive,
is obtained by Lemma 75

o (10 205 (g (9 o (14 O )Y T g,

Fixed-time concentration To our knowledge, the first fixed-time upper tail concentration result
for the empirical variance dates back to Lemma 3 of Honda and Takemura (2014) and to Lemma 7
of ? for fixed-time lower tail concentration results. Corollary 27 is obtained as a direct consequence
of Lemmas 21-24-25, hence the proof is omitted.

Corollary 27 Let h(x) = x — log(x) for x > 0. Let 02, | be the empirical variance of t + 1 i.i.d.
samples from a Gaussian distribution with variance o*. Then,

t 1

1 t 1
Vt>1, Vx e <0,1—t>, P(afﬂgazx)gexp(—z <h<m+t>—1>> .

On sub-Gaussian distributions with unknown variances While it is well-known that (time-
uniform) concentration for Gaussian distributions with known o2 apply to o2-sub-Gaussian distri-
butions, thus the same bandit algorithms can be used in both settings, we believe that there is no
counterpart of this phenomenon when o2 is unknown. For regret minimization, some papers have
provided examples of sub-Gaussian arms with unknown o2 under which the regret can be linear.

Extending our algorithms to sub-Gaussian distributions would require time-uniform concentra-
tion results for the empirical variance of sub-Gaussian distributions with unknown variance. Our
concentration on the empirical variance relies on Lemma 25, which leverages the fact that the empir-
ical mean and empirical variances of Gaussian distributions are independent, which does not extend
to the sub-Gaussian case.
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Moreover, if the focus is on asymptotically optimal algorithms, we note that it is difficult to
express the characteristic time 7™ for the non-parametric class of sub-Gaussian distributions with
unknown variances. Optimal BAI has however been studied under other interesting non-parametric
assumptions (see, e.g., Agrawal et al. (2020)).

E.2.2. EMPIRICAL MEAN

While time-uniform concentration results for the empirical mean of Gaussian observations already
exist in the literature (e.g. Kaufmann and Koolen (2021)), Lemma 28 is proved for completeness
and to present unified concentration results as it also involves W _;. The empirical mean of a
Gaussian after a given number of observations is a sub-Gaussian random variable. It is in fact
exactly Gaussian, but the sub-Gaussian hypothesis will be easier to handle for a random number of
samples.

Lemma28 Let W_i(z) = —W_q1(—e %) forx =1, € (0,1), s > 1 and ¢ be the Riemann
C function. Let p; be the empirical mean of t i.i.d. samples from a Gaussian distribution with
parameter (., 02). Then, with probability greater than 1 — 6, for all t € N*,

2__ 1
e — pf < \/UtW_l <1 + 2log <5> +2g(s) + 2slog (2s + logt)> ,

where g(s) = log(¢(s)) + s(1 — log(2s)).
Proof Let (X;)e[;) the observations from a standard normal distributions and denote Sy = >, X

We will derive a concentration result for Sy = t@, which implies a concentration result for fi;.
Letn > 0and s > 1. Foralli € N*,lety; > 0 and N; = (1 + n)"!. For all i € N*, we define

the family of priors fn, -, (z) = A@]X exp (—75”2721']\&) with weights w; = = C( 7 and process
M Z wZJfN“% x) exp (xSt - 1:2t> dz ,
eN*

which satisfies M (0) = 1 since Y, y« w; and § fa; ,(z) dz = 1. A test martingale is defined as a
non-negative martingale of unit initial value. It is direct to see that M (t) = exp (zS; — 52°t) isa

test martingale, as M (0) = 1 and E[M (t) | F;—1] = M(t — 1) Ey _nr0,1)[e wY_éﬁ] = M(t—1)
i

since By ar(0,1) [e*Y] = 3% By Tonelli’s theorem and using that M (¢) is a martingale
E[M(t) | Fi_1] = Z wz’iji,%(x)M(t —1)de=M(t—-1).
1eN*

Therefore, M (t) is also a test martingale. Let i € N* and consider ¢ € [N;, N;41). For all z,

me \/7ftm ft%( )

Direct computations shows that
1 1 S?
, Sy — —a?t) do = —— —t ).
fftm(x) exp (a; -t ) x = exp (2(1 f %)t)
Vi
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Combining those results with the fact that M (t) > w; § fw, , (x) exp (zS; — $2°t) da, we obtain

_ 1 1 5¢
M®) =2 50 \/(1 +7;7 (1 +n) - <2(1+%)t> |

Using Ville’s maximal inequality, we have that with probability greater than 1 — &, log M (t) <
log (%) Therefore, with probability greater than 1 — ¢, for all : € N* and ¢ € [N;, N;41),

’j%' < \/<1 ) (2 log (;) + 2log (#¢(s)) + log(1 +7;™4) + log(1 + m) -

Since this upper bound is independent of ¢, we can optimize it and choose ~y; as in Lemma 76 for all
i € N*. Therefore, with probability greater than 1 — J, for all i € N* and ¢t € [V, N;41),

ng <W_, (1 + 2log <C(;)> + 2slog (i) + log(1 + 77)>

t
<W_, (1 + 2log <<(;)> + 2slog (log(1 + n) + logt) — 2sloglog(1 + n) + log(1 + 77)>

=W_ <1 + 2log (;) + 2slog (2s + logt) + 29(5))

logt
log(1+n)
for t € [N;, Ni1+1). The last equality is obtained for the choice n* = 62:9 — 1, which minimizes
1 — log(1 + 1) — 2slog(log(1 + n)). Since N* € ey« [Ni, Niv1) and “£ = 5t this yields the
result. u

where g(s) = log(¢(s)) + s(1 —1log(2s)). The second inequality is obtained since i < 1+

Fixed-time concentration Lemma 29 is a known result for the deviation of the empirical mean
of Gaussian observations, hence we omit the proof (see Ex. 2.2.23 in Dembo and Zeitouni (1998)).

Lemma 29 Let py be the empirical mean of t i.i.d. samples from a Gaussian distribution with
parameter (y, 02). Then, for all t € N* and all x > 0

2

t taz?
]P’(,ut>,u+x)<exp<—2i2) and Nx >0, ]P’(,uté,u—x)<exp(—2i2>.

Appendix F. Kullback-Leibler Concentration

We prove our time-uniform upper tail concentration for d-dimensional exponential families (Theo-
rem 42). The two key novelties compared to previous work Degenne (2019) are that we consider:
(1) a sum over S € [K] arms and (2) ©p < R%. To go from one arm to S arms, it is enough to
consider the product of the the mixture of martingales used for each arm. Dealing with a support
different from R is the real challenge of the proof. This is the reason why we start by showing the
result for one arm in Appendix F.1, and then generalize it to § arms in Appendix F.2. For Gaussian
with unknown variance, which are a 2-dimensional exponential family with support O p = R x R* |
we obtain Theorem 43 (Appendix F.3).
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In the following, each arm a € [K] has a parameter 0, and distribution vy, belonging to an
exponential family with parameter space ©, < R? (we call d the dimension of the family), sufficient
statistic F}, : R — R? and log-partition function ¢, : ©, — R. That is, there exists a distribution
v such that g, is defined by %% (X) = exp(6] Fo(X) — ¢u(0a)) -

We define the average statlstlc F = ﬁ S, 1{as = a}F,(Xs). We denote the maximum

likelihood estimator (MLE) of 6, by 0; ,. It is defined as 0; , := arg max),g, )\TFM — ¢q(N) (and
may not exist). When F}; , € V¢, (0,), we have 6, , = (ng)a)_l(Ft,a).

Let dg, (04, \a) denote the Bregman divergence of ¢, between parameters 6, and \,. It is equal
to the Kullback-Leibler divergence between the distributions with parameters A, and 6, (note the
reversed order of the parameters). For a subset of arms S < [K], we seek high probability bounds

on Z(ZGS Nt,adgi)a (0a, et,a)-

F.1. One Arm

In this section we consider one arm a € [K]. The first step of the proof consists in linking the KL
divergence to a mixture of martingales in order to obtain a time-uniform upper tail concentration
(Lemma 30).

Lemma 30 Let pg, be a distribution supported on ©p , and T be an almost surely bounded
stopping time. With probability 1 — 6, either F,_ , o ¢ V¢a(©p.a) or

1
N‘r,adqﬁa (0as QNT,a,a) < —log Ey~p0,a €xp (_NT,ad¢a (v, GNT,a,a)) + log —

5
Proof We first remark that for all y € ©p 4, the log-likelihood ratio [ [, , _, jy”: (Xs) is a
martingale with expectation 1 under vy, . This is also true for E,,, , [Hsgmsza %(XS)]' By

the optional stopping theorem, its stopped version at 7 also has expectation 1. Then by Markov’s
inequality, with probability 1 — 6,

dl/y 1
Ey~po.0 [ 11 dVea ] <. (15)

S<T,a5=a

We now rewrite the product as exp (2;1 I{as = a}log o dvy (XS)> and detail its value:

Z I{as = a}log jVey (Xs) = Z Has = a}(¢a(0a) — Ga(y) — (00 — y)TFa(XS))

s=1 a s=1

= Nt,a(¢a(9a) — ¢a(y) — (00 — y)TFNt,a7a> .
Now if Fin, ..o € Véa(Op,a), we have F, , o = Vda(On, ,.q) and

t

>’ Ha = a}log 57 (X.) = Neal(6a(6a) = 6al) = (0 — 1) T0u0n,.)
s=1 a

= Ntadg, (00, 0N, 0 ,a) — Ntadp, (Y, ON, 4.0) -
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We can write (15) again with that expression to get

1
E?JNPO,a eXp (NTaad¢a (9617 HNT,aya) - N7—7ad¢)a (y7 9N‘r,aaa>) < g .
The first term in the subtraction does not depend on y and ca be brought outside of the expectation.
Taking the logarithm then proves the lemma. |

Corollary 31 generalizes Lemma 30 to all times.

Corollary 31 Let pg o be a distribution supported on ©p ,. With probability 1 — 6, for all t € N,
either F'n, , .o ¢ V$a(©Op,a) or

1
Niadg, (0o, HNt,a,a) < —logEy~p, , €xp (_Nt,ad% (v, 9Nt,a,a)) + log 5
Proof The extension of the result of Lemma 30 from a stopping time to all times is standard. W

We will now use Corollary 31 with a truncated Gaussian prior (Lemma 32). The reason for
the truncation is that the domain ©p , may not be R? but only a subset. In that case, we have to
restrict the prior. We also truncate to ensure a control the hessian V2¢, on the support with positive
semi-definite upper and lower bound.

For M a positive-definite matrix and a set S, let V/(.5) be the volume of set S according to
measure \'(0, M~1). Note that Vi (S) = Vi,(M1/28).

Lemma 32 Let A be a convex set containing 0, H and G be upper bounds and lower bounds of
V2¢ in the positive semi-definite (PSD) sense on 0, + A. Let My be a positive definite matrix. For
neNleté&,, = ((nH)™' + My )" (nHO, + Myb,). With probability 1 — 6, for all t € N, if
FN, 00 € Va(Op ) and Oy, , .o € 0, + A then

1 p—
|?(Nt,aH)7l+M0_1)71 + 3 log det(1 + Ny o HM, 1)

VMO (A)
VNt,aH+M0 (aa - gNt,aya + A) .

1
Nt,ad(ba (eaa eNt,aya) < 5”9(1 - eNt,a,a

1
+ log 5 + log

Proof We use Corollary 31 with prior pg, equal to N (0, M 1) truncated to A and rescaled to
have mass 1.

Suppose that Fy, , o € V¢u(Op ) and Oy, ..o € 0, + A. Forall y € 6, + A, since Oy, , o €
0o + A as well and A is convex, we can conclude from the definition of H that dy, (y, 0N, ,.a) <
%Hy —ON,0a ]%{ We use this to compute an upper bound to the expectation in Corollary 31.

1
By 050 (-1, (1000)] > By o0 (=3l 6l )|

det (M) f 1 , 1 ,
= o | 1 —=ly =013 — sy — Onl?s ) d
(27T)d/2VMO (A) JeRe 6+A €XPp 9 Hy HMO 9 |y ”nH Y
Let &, = (nH + M) "' (nH0, + Mob,) and C,, = 3|6, — 0, > .. Remark that

(nH)=1+My )~

1 1 1
—§Hy - HH?\/[O - 5”29 - HNH%H = —§Hy - an%HJrMO —Cn .
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We use this equality:

— 2 n - —&n
Ey~po.. [exp (—ndg (y,0r))] (27T)d/2VMO(A)€ LeRd 1y, +aexp ZHZ/ nllnmsns, | Ay

det(M()) 67071 VnH+M0 (9(1 - gn + A)

det(nH 1 My) Vi (4)

The result of the lemma is obtained by taking the logarithm of this expression. |

Lemma 33 starts by choosing for H and G multiples of the identity, hence we will compare the
divergence dy, with the euclidean distance (z,y) — |z — y|?/2. This choice is possible by using
the maximal and minimal eigenvalues of V2¢,(\) on A, which we denote by

Ao = max {A+ (v2¢a(éa)) | 0 € By + A} Ao =min {)\_ (v%a(éa)) | B € B + A} .
For v > 0 and a set S, let V,,(S) be the volume of set S according to measure A/ (0, v~ 11y).

Lemma 33 Let A be a convex set containing 0, A4 , and A_ , be the maximum and minimum of the
eigenvalues of V2¢4(\) on 0, + A and let vg > 0. Forn € N, let k,, = ——2——. With probability

nAt,qa+v0
L -6, forallteN, if Fy, ,a € V¢a(Op,) and Oy, ,.a € 0u + A then

1 , | d o
Nt,adci)a (9(17 QNt,Cha) < 5”9(1 — HNt,a,a” (Nt@)\.ha)_l n 1)0_1 + 5 log(l + Nt,a>\+,av() )
1 A
+ log ~ Vi (4)

+ log .
(5 VNt,a)\+,a+'UO (K;Nt,aA)

Note that since pg, is a prior and has to ensure the martingale property used in the proof of
Lemma 30, it cannot depend on the observations and in particular it cannot depend on the random
variable N 4.

Proof We use Corollary 31 with prior pg, equal to N (6,, vy 1Id) truncated to A and rescaled to
have mass 1.
Suppose that F'y, , o € V¢a(Op,a) and Oy, , o € 0, + A. As in Lemma 32, we obtain

/2
—ndy(y,0 0
By~poa [e #( ")] =

—c
Z " 1
(2m)4/2V, (A)e LeRd 0,+A €XP

_nAya T+ 0o
2

I\y—£n||2> dy.

We define k,, = m and show that &, + kK, A < 0, + A. We can rewrite &, = Kk,0, +
(1 — Kp)0p. Lettheny € &, + Kk, A. We need to prove thaty — 6, € A,buty — 6, =y —&, + (1 —
Kn)(0n — 04). By hypothesis y — &, € kA and (1 — K,)(0,, — 6,) € (1 — ky,)A. By convexity of

A, we conclude that kK, A + (1 — k,)A < Aand y € 0, + A.
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We use that set inclusion to lower bound the integral over 6§, + A by the same integral over the
subset &, + knA.

ST FIS) P G e e THRSE
T @MV e T 2 "
e et w)®? [ tccmaen (-0 g2 a
(n)\+,a + vo)d/2%0(A) (27r)d/2 JeRA Enthin 9 n
— ¢ COn vg/Q Vn}\+,a+vo (knA)
(Pt 0 + v0)4/2 Vio (A)
The result of the lemma is obtained by taking the logarithm of this expression. |

Lemma 34 gives a bound on the ratio of volumes.
Lemma 34 Let \,n,v > 0and kn, = ;5. Then

Vo(d)  _ —ap2

Vn)\+’u(/€nA) s
Proof We first prove that for all « > 1, ‘3(?3) < a®. For a convex set S < R? containing 0, let

vs(z) = argmax{r > 0 | rz € S}. We have that for all y € R? and 3 € R*, v5(8y)By = vs(y)y.
Note also that yg(x) > 1 <= x € S.

Vi(ad) 1+ Vi(aA\A4) _ 1+ $pera Laava(@) exp (—5]x]3) do
Vi(A) Vi(A) §pepa 14() exp (—3]|3) da
Sperd Laava(@) exp (=3 |va(z)z|3) da
Spera 1a(@) exp (=3 |va(z)z]3) da
_ Joere Laa(@) exp (= 1|m< )z[3) da

Spera La(@) exp (—g[va(x)z(3) do

a§ g 1a(y) exp (—3valay)ayl3) dy

Spema 1a(z) exp (= QHVA(JU z[3) da
a’§ cra La(y) exp (=5va(y)yl3) dy L

§pepa 1a(@) exp (=3 |va(z)z|3) da

<1+

Using that ﬁ = Kn 1/2 > 1, we obtain the result
d
V4 GEA) < Vo ) _
Virgo(Fnd)  Vi(vVnX + vk, A) VX + vk, L

Combining Lemma 33 and Lemma 34 yield Corollary 35.
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Corollary 35 Let A be a convex set containing 0, Ay o and \_ , be the maximum and minimum
of the eigenvalues of V?¢4(\) on 0, + A and let vg > 0. Forn € N, let k,, = . With

+,a+v()
probability 1 — 6, forallt € N, if FN, , o € V$a(Op,q) and Oy, , 4 € 0 + A then

1 1 d _
Ntadg, (0as 9Nt,a7a) < §H9a - eNt,a7aH2 +35 log(l + NtaA+,a0 1)

(Neadia) ™t +ogt 2

log = + L log k2!
+ Og5+§ OgK/Nt,a .

Proof This is simply Lemma 33 combined with the bound on the ratio of volumes of Lemma 34. l

We will now choose v > 1 and define values n; = ’yi for ¢ € N. For each interval [n;, n;+1), we
will choose a good value of the variance v, ! to get a bound for Ny 4 in this interval. The reason we
restrict to an interval is that the best choice for that variance scales with V; ,, but we are not allowed
to do that since the prior cannot depend on V; ,. Thanks to this smart choice, we can control the
KL divergence on this interval (Lemma 36).

The ratio of the eigenvalues represents the approximation error in considering that d, is locally
quadratic. It yields that A_ , Iy < V2¢,(\) < A} oI on the set, which for x,y € ©,, translates to

Aa < dg, (2, 9)/(lz = y[?/2) < A =

Lemma 36 Let A be a convex set containing 0, Ay o and \_ 4 be the maximum and minimum of
the eigenvalues of V2¢4(\) on 0, + A and let > 0, i € N. With probability 1 — 6, forall t € N, if
FNt,a,a S Vqﬁa(@D,a), Nt,a S [ni, ni+1) and eNt,a,a €0, + A then

1 A 1
Ntadg, (0o, 0Ny 0.0) < (1+17) (dlog(l + ;) + dlog(v;’“) +log > :
—a
Proof We assume in this proof that the three conditions of the lemma are true.

Choose Uail = /\_lani ((1+ %) - :\\;Z) Then for Ny 4 € [ni,ni41),

1 1 1
= Nt,a)\—,a(l - 7) )

<
—_ -1 == Ala
(Nt,a)\-i-,a) ! + vO,i (Nt,a)\-i-,a)il + )\—,ath,a ((1 + %) - : ) 1+ N

Ata

log(1 + Nt,a)\+7av(il-1) < log(1 + ’yniA+7av&})
A 1 1
= log(1 —y +7y522(1 4 =) <log(1l + =) + log(y =22y .
Aa n n
With that value of v ;, we also have

_ _ _ A 1

HNtl,a =14 Niaravy, <1+ynidiavg; =1—7+ ’Y%(l + ﬁ)
a

Ao 1

Sre(g 42y,

)\_a( ?7)

)

S
We use those inequalities in Corollary 35 to get

Nt,ad(ba (9(17 HNt7a,(l)
1

1 1 1 A
< 5”‘911 — 0N, o al *NeaA— (1 — ﬁn) + dlog(1 + 5) + dlog(’Y/\_’Z) + log 5

38



DEALING WITH UNKNOWN VARIANCES IN BEST-ARM IDENTIFICATION

Thanks to the fact that A_ , is a lower bound on the eigenvalues of V2¢, on 0, + A, we have
31600 — On, 0al*A—a < dg, (6a, 0N, ..a). We group the divergences on the left of the inequality to
finally obtain

A good choice of 1 yields Lemma 37.

Lemma 37 Let A be a convex set containing 0, Ay , and \_ , be the maximum and minimum
of the eigenvalues of V?¢, on 0, + A and let i € N. With probability 1 — 6, for all t € N, if
FN, 00 € V0a(©Da), Nia € [ni,nir1) and On, ,.q € 04 + A then

- 1 1 )\ “
Nt,(ld(z?a (00,) QNt,a,a) < dW,1 (1 + 8 log 5 + log(,y)\+, )> )

Proof Optimize n in Lemma 36 by using Lemma 76. |

Considering a union bound over the intervals and applying Lemma 37, we obtain Lemma 38.
Therefore, we have obtained a time-uniform upper tail concentration of the KL divergence of a
d-dimensional exponential family with support © p < R

Lemma 38 Let (Ay(n,0))nen be a sequence of non-increasing convex sets containing 0, Ay 4(n, )
and \_ 4(n, §) be the maximum and minimum of the eigenvalues of V¢4 (\) on 0, + Aq(n,6). Let
s > 1 and let C be the Riemann ( function. For all t, let i(t) = |log,, Nt |- With probability 1 — ¢,
forallt e N, if Fy, , 0 € V¢u(Op ) and Oy, ,.a € 0u + Aa(Nia, ), then
_ C(s) s )\+,a(ni(t)7 5)
Niody (04,0 <dW_1|1+4log >~ + —log(1l+ log, N, 1 — .
t,a (15(1( as Ntﬂ,a) 1 < + og 5 + d Og( + Og’y t,a) + og ry)\fya(ni(t), 5)
Proof Suppose that Fiy, , o € Vo (Op.q).
For all : € N, Lemma 37 gives that with probability 1 — m if N¢q € [ni,nit+1) and
HNt,a,a el, + Aa(ni, 5), then

A/ 1 J 1) A a i75
Nt,ad¢a (9(17 eNt’a,a) < dW-l <]. + g log M + log(fy—i_’(n))> .

5 )\_’a(ni,(S)

With probability 1 — §, this is true for all ¢ € N. In particular we have the inequality for i(¢): if
9Nt,a,a €0, + Aa(nz‘(t), 5), then

¢(s)(ift) + 1)°

5 + log(~y

R 1 A a\lty 76
Nt adg, (0a, 05, w.a) < AW <1 + ~log Ara(nin, 0) ) .

)\_7(1 (ni(t)) 5)
Since the sets A,(n,d) are non-increasing, a sufficient condition for HNM,G € 0y + Ag(n; ) 8)
is ON, 4.0 € 0o + Aa(Nta,0). By definition of i(t), it satisfies i(t) < log, Ni.. We get that if
0Nt,a,a € 0(1 + Aa(Nt7a7 5), then

¢(s)

Nt.adg, (0a, 0N, 0a) < AW 1 |1+ = log >— + s log(1 + log, N¢4) + 10g(,yw) )
’ a ? t,a, d 5 d 2l ’ Af,a(nz(t)76)
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To obtain Theorem 42, it remains to extend this argument to a sum of S € [K| arms.

F.2. Sum Over Arms
In this section we consider s subset of arms S < [K]. Lemma 39 extends Corollary 31 to the sum

over S arms.

Lemma 39 Let (po,q)acs be distributions each supported on © p o. With probability 1 — 6, for all
t € N, either there exists a € S such that Fy, , o ¢ V¢a(©pqo) or

1
Z Niadp, (0a; 0N, 0a) < — Z log [y, , €XP (—de% (y, HNt,ma)) + log 5
aeS aesS

Proof The proof is the same as the one of Lemma 30 and Corollary 31, except that the likelihood
ratio martingale considered contains observations of all arms in S. |

Lety > 1. We define n; = 4 for i € N. Lemma 40 extends Lemma 36 the sum over S arms.
Lemma 40 Let (Ag)qes be convex sets containing 0, A o and A_ , be the maximum and minimum

of the eigenvalues of V¢4 (\) on Aq and let ) > 0, (%) qes € NISI. With probability 1 — 6, for all
teN, ifforallaeS, Fn,,q€ V¢a(Opa) Nia € [Nia,njay1) and O, , 4 € 0q + Aq then

1 1 Ao
> Neadg, (00,0, ,.a) < (1+7) (d!8l log(1 + 5) +log = +d > log(v;’ )) :
aeS aeS i@

Proof For each arm, we choose a truncated Gaussian prior, as in Lemma 32, and consider upper
and lower bound multiples of the identity, as in Lemma 33. Then, we choose the variance of that
prior according to the interval, as in Lemma 36. |

Lemma 41 extends Lemma 37 the sum over S arms.
Lemma 41 Let (Ag)qes be convex sets containing 0, Ay , and \_ 4 be the maximum and minimum

of the eigenvalues of V>¢4(\) on 0, + A, and let (i%)4es € NISI. With probability 1 — 6, for all
teN, ifforallaeS, Fn,,q€ V¢a(Opa) Nia € [Nia,njar1) and Oy, , o € 0y + Ay then

— 1 1 1 A
Y Niadg, (00,05, ,.0) < AISIW 1 | 1+ —=log = + —= > log(vT2%) |
d|S] 5 S| Ala
aesS aesS ’
Proof Optimize 7 in Lemma 40 by using Lemma 76. |

Theorem 42 extends Lemma 38 to the sum of S arms. Therefore, we have obtained a time-
uniform upper tail concentration of the sum of S KL divergence of d-dimensional exponential fam-
ily with support ©p , < R,
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DEALING WITH UNKNOWN VARIANCES IN BEST-ARM IDENTIFICATION

Theorem 42 Foralla € S, let (Aq(n,d))nen be a sequence of non-increasing convex sets contain-
ing 0, Ay o(n, ) and A_ 4(n, ) be the maximum and minimum of the eigenvalues of V?¢q()\) on
O+ Aa(n,0). Let s > 1 and let ( be the Riemann ¢ function. For allt, let i%(t) = |log., Ny |. With
probability 196, forallt € N, ifforalla € S, Fy, , o € V¢u(Op,o) and Oy, , q € 00+ Aa(Nta,0),
then

Z Nt,adtba (HCH QNt,a,a)
aeS

Ay a(ngeir,
Zlog +.a(Map) ))

loo [ &)

- (455) |

<dSW_i 1+ 2 log(1 +10g7Nta |S] )\ e o )
aeS Mia(t)s

d|S| d\Sl =

Proof Suppose that foralla € S, F'y, ,.o € V¢o(Op,q). Forall (i%)4es € NIS|, Lemma 41 gives
. ey 6

that with probability 1 — RO PRGES

0o + Aa(nia, d), then

if for all @ € S, Nyo € [n4a,n041) and Oy, , 4 €

Z Nt,adqﬁa (eav 0Nt,a7a)
aeS

— 1 () T [oes (@@ +1)° 5)
<d|SW_i |1+ log aes log(~y )
SV ( 5 : g Z}S Aralnie, ),

With probability 1 — 0, this is true for all (i*),es € N ISI. In particular we have the inequality for
(i%(t))aes: ifforalla € S, On, ,.a € 0 + Aa(nia(t), J), then

Z Nt,adqﬁu (Haa eNt,a,a)
aeS

— Lo SOF Taes @) +1)° At.a(nio(), 0)
<dSW_{ |1+ lo ac log(y—"—F—— .
SV ( ds] 6 \5| Z 87 La(nza(t)ﬁ))

Since the sets A,(n,0) are non-increasing with respect to n, a sufficient condition for 6y, , . €
0o + Aa(nja(), )18 ON, 4.0 € Ou + Aa(Ni g, 6). By definition of i%(t), it satisfies i®(t) < log, Ny .
We get the inequality of the theorem. |

F.3. Univariate Gaussian

Theorem 43 gives a time-uniform upper tail concentration of the sum of S KL divergence of Gaus-
sian with unknown variance. It is obtained by using Theorem 42 with adequate pre-concentration
results.
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Theorem 43 Fori € {0, —1}, let W;(z) = —W;(—e %) forx =1, § € (0,1), S eC [K], no > 0,
n > 0,v>1, s> 1and ( be the Riemann ( function. Let

L 1
eult,0) = W <1 +2log (W> + 25 + 2slog <1 + (;gst» ,

14 ey 0(t,6) = <1+ (L5 m) <1og<6|8|5<(5)>+510g<1+m1(01g%>>)—1,
< LD (g (BI6) g o D))
nd i,

Foralla € [K]andt > t,(9), letiq(t) = |log, Nia a =inf {t | Npq = ia(t)},

u(NVey a0 1+es,(Ngo—1,0
= 420y 2 ) 2 LEca(Va = 1)

l—e (N, o—1,0) » 7800~ Tlwelger (N, ,—1,0)°

3 2 2
2 2 U+,t,af+ (9(U+,t7a>/‘++7t,a))
Higta=maxpy, » Rea(d) =

e ¢ ¢ O—zi,t,af— (g(az,t,a’ :u?l--‘r,t,a))

)

where fi(x) = lifvx < and g(z,y) = (a:+22yix+l)2 Then, with probability 1 — 6, for all t >
2

maxXges tq(9),

Z Nt,a KL((:u’t,a? 01f2,a>7 (:U’av 0’2))

aeS

__ log 2<(5)‘S|
<28W_i |1 log(1 + log., Nt q) log (7Ry¢.q (6 .
SW_y 1+ o 2|3120g +log,, N, |S|Q§S0g7t())

Forall a € S, the stochastic initial time is defined as

tq(d) = inf {t | N o > 1+ max {ti(é), €1+W0(2(1:n0) <log<6lség(5))+51°g<1+m»_61)}} .

(16)

_ s _ _ s _
where log(t—(6)) = 10g(6|$\5§(s)> log(1+1m9) and log(t+.(9)) IOg(G‘SIrSC(S))_mlim) log(1+m1).
As Wy(z) € [—1,40), t > t,(5) implies that Ny, > 2. Numerically, we always observed
maxtq () < 2.
The distribution family D of Gaussian distributions with positive variance is an exponential

. . . . . 62
family, with natural parameter domain ©pp = R x R* and log-partition function ¢(0) = — 5~ —
1 5 log(—263). The distribution with mean x and variance v corresponds to natural parameters
(%, —%) The distribution with natural parameter 6, has mean pu, = 209 2 =

20
The domaln V¢(Op) is the set {(z,y) € R? | y > x?}. Finally, the sufficient statistic for that
exponential family is F'(X) = (X, X?). Indeed we have

. With those correspondences, we get ¢(6,) = ﬁ + log o, and ng)( a) = (Has 1 + 7).

A, o(3) = e pa?/2ot _ L 6] (@a)-0(60)

VMG’O% T =

Ve V2
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We define the estimator F}, = ﬁZZﬂ F(X)1{as = a} = (ptar #iq + 07,). When
afva > 0, F} 4 belongs to V¢(©p) and the maximum likelihood estimator for §, in R x R* is well

defined: itis 6 , & V¢~ (F,,,). With probability 1, we have 07, > 0 if and only if Ny, > 1. That
maximum likelihood estimator (MLE) has mean i , and variance aﬁa. Therefore, the condition

FN, ..a € Vu(Op ) will be satisfied almost surely if and only if Ny, > 1.

Preliminary concentration We will need non-increasing sequence of convex sets A, (Nyq,0)
containing 0 such that with probability 1 — 0, for all ¢ greater than an initial time ¢¢(9), the MLE
0, belongs to O, + A (Ny,q, 6). Thanks to Lemma 44, the problem is reduced to the task of finding
intervals for the mean and variance. The non-increasingness of the sequence of convex sets will
be a direct consequence of the monotonicity of the bounds defining the rectangles [p— 4, fi4 4] X
[02 4,07 ] foralla € S (Lemma 46).

—,a’

Lemma 44 A rectangle in mean and variance space maps to a (convex) trapeze in natural pa-

rameter space. That is, for % > 0 the set [u_,pui] x [02,02] represents the same distri-

butions as the natural parameters {§ € Op | 0y € [—#,—252], g—l € [—2a4+,—2a-1}. If
— + 2
2 2

(1, 0%) € [u—, pi] x [02,0%), it rewrites as 0 + A, where A is a (convex) trapeze containing 0s.

— L
252

(1, 02), we define A to be the following trapeze in the natural parameter space

Proof Given (i, 52), the associated natural parameter is 6 = (&%’ ) In particular, for § =

0+ A0 (7,62 € [p- ] x [02, 021}

~ o~ 1 1 ~ ~ ~
= {9 | 92 € [_%‘_2, _M:| 5 01 € |:—2/,6702, —2M+92:|} .

where the second equality uses that 6, < 0. Since convexity is preserved by translation, A is
convex if and only if # + A is convex, which is direct by considering the last expression. Likewise,
A is a trapeze since 6 + A and geometry is preserved by translation. By assumption, we have
(1, 0%) € [p—, ps] x [02,02%]. Therefore, @ € 0 + A, in other words A contains O2. Note that
J L 1 1
Ac g i) < [-ar-an ] .
Combining the time-uniform concentration inequalities for the mean (Lemma 28) and the vari-
ance (Corollary 26) derived in Appendix E, a direct union bound yields that with probability at least
1-— g, forall a € S and all t > t,(9)

Ug (1 - 5—,U(Nt,¢1 - 176)) < JtQa < 02 (1 + 5+,U(Nt,a - 175)) )

)

’Mt,a - ,U'a| < Oan/ 5,u,(Nt,aa 5) s
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where, abusing notations compared to Lemma 5 (re-scaling of 9),

£.(6) = inf {t (N> 1+ L+ (2t (log (SIS s tog (14 E T ) ) 61>}

1— 1
eu(t,0) = ¥W,1 <1 + 2log <6|8|5<(8)> + 25 + 2slog <1 + (;gj)) ,

L+eso(t,0)=W_ <1 + 2(1:7’1) (log <6|S|(§(S)> + slog <1 + b;f’%))) - %
1—c_,(t0) =Wy <1+ 2(1:770) <log <6|S’5C(8>> + slog <1+ 10;?%))) — %

Note that t > 4(0) implies that o7, > 0 and Ny, > 2 hence Fi, , o € V¢a(Op,q4). Defining

i

Ptta = ta + 0ar/€u(Nia,d) and U?Lt,a = 02 (I+eto(Neog—1,9)),

we have obtain non-decreasing sequences fi— t, and o2 and non-increasing sequences i ¢

7t7a7

and 0} ; ,, such that with probability 1 — %, foralla € Sand all t > t,(9),

(Har 03) € (= tas fis 0] X [02 10005 1a]  and (ea; 07a) € [ pas e tal X [02 40,07 10] -

For all a € S, applying Lemma 44 on this non-increasing sequence of rectangles yield a se-
quence of non-increasing convex sets containing 0z, denoted by (Aq(n,0))nen, such that 6, €
0. + Aq(n,0). By construction, we have with probability 1 — %, forall a € S and all t > t,(9),

et,a € 9(1 + Aa(Nt,av 5) .

This concludes the construction of the preliminary concentration sets used to apply Theorem 42.
Doing a union bound (splitting ¢ in two) and restricting to ¢ > maxges to(9), we obtain that with
probability 1 — §, for all t > maxges tq(9),

Z Nt7a KL((Nt,aa 0-152,(1)7 (:U’av 0-621))
aesS

< 2SI, [ 1 log%(?m log(1 + log., N, 1 —A” *(0):9)
< 2ASW {1+ =55 — + g7 2, lowl + log, Ni) |S|Z°g (e8] |

aeS

where we used that dg, (0a,0n, ,.a) = KL((1tt,0,074), (fta> 02))-

Controlling the eigenvalues While the above is enough to obtain a concentration result, the ratio
At,a(nia(y),9)
)\—,a (nia(t) 76)
an upper bound on this unknown quantity, which will yield a valid concentration inequality.

Upper bounding this quantity might be done by considering a larger rectangle containing the
one used to apply Theorem 42, which can be done by chaining the concentration to replace (14, 02)

by (ttta,07,). Defining

Nt 0 14es,(Npg—1,6
ﬂi,t,a = ,UJt7a i QUt,a\/ 5/1/( t,a» ) and 6_2 2 5+ 0'( t,a )

cannot be computed since it depends on (p1, 02). To circumvent this issue, we derive

1—c_o(Nia—1,0) +.ta Ut“1+s o(Nia—1,0)"
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we have by direct manipulations that

[M—,t,a7ﬂ+,t,a] x [Ug,t,a70-3-,t,a] - [la—,t,a7ﬁ+,t,a] X [6—37t,a75—-21-7t,a] .

By Lemma 44, there is also inclusion of the associated trapeze in the natural space parameters,
hence implying the following ordering of the eigenvalues

)\f,a(”z‘a(t), 5) = X—,a(nz‘a(t), §) and )‘Jr,a(nia(t)a §) < Ay a(ni“(t)a 5) -

)

Lemma 45 provides a control on the eigenvalues A; and A_ in the case of Gaussian distributions
based on the trapeze obtained in Lemma 44.

Lemma 45 Let ji_ and pi, be real values such that ji_ < jiy. Let 0% and ai be real values such
that 0 < 02 < 03_. Let © be the trapeze corresponding to that set in natural parameter space (see

Lemma 44). The minimal and maximal eigenvalues of V2$()\) on © are
A= V200 (g0, 1% y) Ay < V208 fo (90717 )

where pi3 = max{yi2 i3}, fi () = B2 and glo,y) = i,

Proof Recall that ¢(0) = —% — 3 log(—265), therefore we obtain

=— e
205 ) — 205 2051 61 1 7

~ o8 9 1 [—02 6
Vo(l) = (071)2 1 and V<¢(0) 02 | -

Computing the eigenvalues of Vé(6), we have A_(0)Ix < V2¢(0) < A, ()] for all § € Op,
where the values of the eigenvalues expressed with the mean parameters are

1 1\?
Ai(0) = o2 02+2M2+2+\/<02+2M2+2> — 202

Note that (o2 + 2p% + %)2 —202 20 <= (0°)%+ (4p* — 1)o? + (2p® + 3)2. Since (4p* —
1)2 — 4(2p% + )% = =162 < 0, we have (02 + 22 + 1)* =202 > 0,

Defining f (z) = Y12 and g(z,y) = ( 2 we have, forall § €  + A,

NG T+2y+1)

_ 1 1\?
Me(0) =62 |62+ 202+ 5t \/<&2 + 242 + 2) — 252 | =25 f1 (9(6% %)) -

Direct computations yield, for all z € (0, 1)

F(z) = 1+v1—2
e __Qx\/:v(lfx)

Y
<0 and f (v)= — " >0,

a 2x/x(1 — )
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hence f is decreasing on (0,1) and f_ is increasing on (0, 1). For all (z,y) € RT x R*

8x

Oyg(z,y) = —————— <0

hence y — g(x,y) is decreasing for all z € R™. Let 2 , = max{y?, % }. By composition rule
and A1 (0) = v/263 f1 (9(62, 4?)), we obtain that: for all 6 € § + A(n, d)

A+ (0) <V25° 4 (9(6% 63 1)) and A_(0) = V267 f- (9(6°, 1% ,)) -
To show that 62 — &3f, (9(62,ui+)) and 62 — &3f_ (g(&g,,u?H)) are increasing on
R*, we use 6°f+ (9(62, 43 ,)) = 52f2u2+++%7i(5'2) = ha+(6%) where fo1(x) = o +a+

A/(x+a)? =2 = 0and hy4(x) = xfer(x). Since Wyt (r) = fo+(x) + 2f; +(2) and
Ja+(x) = 0, having f; (x) = 0 on RT is sufficient to conclude that h; ,(z) > 0 on R¥.
Therefore, a sufficient condition to conclude is to show that f, 4 is increasing on R*.

+a—1
Fo(x) =1+ <
Jax () (x +a)? -2z

When x + a — 1 = 0, we have directly f, . (z) > 0. Moreover,

—1
fl (2)=20 = 1> rea — 0>1-2a
’ (x +a)? —2x
Since 1 — 2a = —243 ,, we can conclude that f] () = 0.

When z + a — 1 < 0, we have directly f; _(z) > 0. Moreover,

+a—1
' ()20 = 1> — < — 0=21-2a
fa+ (@) (x +a)?—2z
Since 1 — 2a = —2y3 ,, we can conclude that f () > 0. |

Lemma 45 and using the above arguments concludes the proof of Theorem 43.

Monotonicity of the preliminary concentration The non-increasingness of the sequence of con-
vex sets is obtained by monotonicity of the bounds of the rectangles [i— 4, f14 4] X [aia, ai,a] for
all @ € S. Given their definitions, it is sufficient to show that the functions ¢t — ¢,(¢,0) and
t — e+ ,(t,9) are decreasing. This is shown in Lemma 46. The conditions on the initial time to
have monotonicity are quite mild since ¢+ (0) < 1 after a relatively mild condition on ¢. Depending
on the choice of (|S]|, s,70,71), it can even hold for all § € (0,1]. Numerically, for any practical
choices of parameters, we always had ¢+ (J) < 2. Since t > t,(0) implies that N, > 2, the
condition Ny 4 > t(0) is milder.

Lemma 46 Let 6 € (0,1]. The functiont — €,(t,9) is decreasing on [1,400). There exists t (0)
such that the function t — e+ (t,0) is decreasing on [t4(8),+00). In particular, t_(0) < 1 if and

s

s 1
only if 6 < 6|S|¢(s)e s(+m0) and t, (§) < 1if and only if 6 < 6|S|((s)e Tes(tm) 20+m),
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Proof Let § € (0,1]. Recall that W(z) = forallz > 1 andi € {—1,0} (Lemma 75).

T W)
Decreasing ¢,,. Let f(t) = 2slog (1 + lz%t) andc =1+ 2log (%) + 2s. Since s > 1 and
% > 1, we have ¢ > 3. Directly, we have f'(t) = %@ Then, by composition of the

derivatives, we obtain

20eu(t0) 17 (1+) (Wi e+ £1) - 1)
¥ (1) (- wsr)

Since t > 1and W_; (¢ + f(t)) > 1, we have

0z, (t,9) log t

’;T<0 — <1+2$> (W_i(e+ f(t)—1) >1
logt - 1 _q
25 W_i(c+ f(t) — '

Using that f(t) > O forallt > 1, ¢ > 3 and W_q(z) > x, we obtain

1 1 logt
— —-1< < .
W_i(e+ f(1) — 2 2s
Therefore, we have shown that ¢ — sﬂ(t, 9) is decreasing on [1, +o0) for all § € (0, 1].

Decreasing ¢+ ,. Let (i4,i—) = (—1,0) and (n4+,n-) = (n1,m0). Letax = 2(1 +n+), b =

log (%» f4(t) = slog (1 + log%‘%tm)) and g4 (t) = %i(t). Directly, we have

fit) =

1 s tfi () — (b + f+(1))
tlog(1 4 1) + logt and  g3(t) = t2 ’

Then, by composition of the derivatives, we obtain

g2 Og+0(t,0) _ Wi, 1+ az+g+(t) (L —ax (b+ f+(t) —tfi(t)) —
- ot 1= Wi, (1+asg+(t))

Sincet > 1, W_1 (1 +ayg4+(t)) >1and Wy (1 +a_g_(t)) < 1, we have

Oy o(t,0 ’
6+’5t() <0 == as 0+ f(t) —tfi(t)) > 1~ Wi, (14 a+g+(1))
1

— a4 <b— 5 ) =>1—- = )
- log(1 + n+) + logt Wi, (1+a+g+(t))
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where the sufficient condition is obtained by noting that f4 (t) > 0 for t > 1. Using that W(1 +
x) € (0,1) and that W_; (1 + ) > 1, we can obtain further sufficient conditions

0o (t8) _ 1Og(6|s>‘|c<s>> - L, s

ot B 1+n)  log(l+mn)+logt
S
t=t,(0) = — log(1 :
— +(6) = exp 10g<6‘3|§(5)) — og(1 +m)
I} 2(1+T]1)
W<O<:t>t(5)=exp >

—————— — log(1 + o)
6]SI¢(s)
log < 5 )

Appendix G. Thresholds

After leveraging the link between the GLR and the EV-GLR statistics (Lemma 47) and showing how
to calibrate d-correct thresholds (Lemma 48), we derive several d-correct family of thresholds with
increasing complexities both theoretically and numerically: Student thresholds (Appendix G.1), box
thresholds (Appendix G.2), KL thresholds (Appendix G.3) and BoB thresholds (Appendix G.4). In
Appendix G.5, we study whether the derived family of thresholds is asymptotically tight.

Thresholds Relationship Lemma 47 shows that the relationship between the GLR and the EV-
GLR statistics (Lemma 16) allows to obtain §-correct thresholds for the EV-GLR stopping rule by
using the ones obtained for GLR stopping rule, and vice-versa.

Lemma 47 Let (cap)(q,p)e[x]? be a family of thresholds.
If (cap) (a,b)e[K]2 ensures d-correctness of the EV-GLR stopping rule, then it ensures d-correctness
of the GLR stopping rule.

R 2

Let Cy(ug,0%) = % If (Cap)(ap)e[ K2 ensures d-correctness of the GLR stopping
mln{at’@t,at’b} ) )

rule, then (Cap) (ap)e[ K> ensures o-correctness of the EV-GLR stopping rule, where ¢ (Nt 6) =

Cb(ﬂt702)
10g(1+Cb(Mi,o?)) Ca’b(Nt’ 0).

Proof Using Lemma 16, we have the following inequalities between the statistics involved in the
GLR and EV-GLR stopping rules

log (1 + Cy(put, 02))
Ca(:utv 0152)

ZEV(t) = Z,(t) = ZEV(t).

Let (ca,b)(mb)e[ K72 & family of thresholds ensuring §-correctness of T(?V. We show by inclusion
of event that (cmb)(%b)e[ K72 1s a family of thresholds ensuring d-correctness of 7s.

{15 < +00,ar #a*} = {FteN, Va # as, Zo(t) > c4,,0(Nt, 0), 0 # a*}
c{IteN,Va+a, Z,¥(t) > caya(Ne,6),a; # a*}

The exact same argument can be used to show the second statement. |
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Calibration by concentration Lemma 48 gives the terms to concentrate to ensure d-correctness.
Due to the structure of the identification problem which doesn’t involve the variance, two distance
metrics can be used as starting point for the GLR stopping rule. They both rely on a weighted sum
of the per-arm KL divergences between the current estimator and an unknown parameter (u, 52).
While the choice 57 = o2 seems natural in (9), it doesn’t fully leverage the BAI structure. This can
be done in (6) by choosing 52 = o2 + (s — p1)%, which yields smaller thresholds.

Lemma 48 [f with probability 1 — 6, for all t € N and for all a # a*(p),
Nip (e — pp)*
Z TN log <1 + T2 < Capar (u) (N, 0)
be{a,a* (1)} t.b

then the GLR stopping rule using the family of thresholds (cb’a)(b@)e[ K2 IS §-correct on DX.
If with probability 1 — 6, for all t € N and for all a # a* (),

D N KL 02). (116, 07)) < ooy (Ve 6)
be{a,a*(p)}

then the GLR stopping rule using the family of thresholds (Cb,a)(b,a)e[ K72 is 0-correct on DK,
If with probability 1 — 0, for all t € N and for all a # a*(p),

2
— Mb
Z N M < Ca,a* (1) (Nta 6) ) (17)
be{a,a*(p)} ’
then the EV-GLR stopping rule using the family of thresholds (Cb,a)(b@)e[ K72 is 0-correct on DK,

Proof Let a; = a; and a* = a*(u). Using Lemma 15, the stopping time (4) for the GLR stopping
rule involves the statistics

_ : 2 2
Zq (t> - ()\752)151\?12/\% be{?&t} Nt’b KL((:U’t,ba Ut,b)a (/\lN ﬂb))

N, —\p)?
= inf Z L) log [ 1+ 7(%’1) 5 ) .
(A K2):ha>Ng, be{adn) 2 Tip

Then, by definition,
P (15 < 400,a4r #a*) <P(3teN, Ja #a*, a=a, Ve # a, Z:(t) > cq.c(Ng,0)) .
Since a valid choice is ¢ = a* and A = p, we obtain
P (15 < +00,ar, # a¥)
P (3teN, 3a # ", Shetar ap Nos KL, 53,), (105,08)) > Car (N3,6) )

< * Nip (e p—1)?
P(3teN, da # a*, Zbe{a*,a} 5o log | 1+ 5= | > Ca,a* (Nt, 0)

t,b

The concentration assumptions yield d-correctness of the first two family of thresholds. The
proof for the EV-GLR stopping rule is identical to the one for the GLR stopping rule except that it
uses the statistics ZEV (t). [

49



DEALING WITH UNKNOWN VARIANCES IN BEST-ARM IDENTIFICATION

G.1. Student Thresholds
Lemma 49 gives the family of Student thresholds.

Lemmad49 Let s > 1 and ¢ be the Riemann ( function. Let a family of thresholds cq (N, 0)
with value +00 if t < maxe(qp) t5(0) and otherwise ¢ , (Ny, 0) = max {35(Nyq,6), 5(Nyp, 6) }.

Taking
s o 1 5 . ?
B>(t,0) = tlog (1 + =1 IQ (1 — —4(K— D) 7t—1> ) (18)

yields a d-correct family of thresholds for the GLR stopping rule. The stochastic initial times are

1/s
Va e [K], ti(a)défmf{tewma max{Q <4(K—51)C(s)> }} (19)

Proof Let s > 1 and ¢ be the Riemann ¢ function. Let 7,, denotes the Student distribution with n
degrees of freedom and @ its quantile function. We define a threshold ¢, ;(NV¢, ) with value +00 if
t < MaXe(q,p} te(d) and otherwise cqp(N¢,0) = max {c(Nya,0), c(Nip, 6)}.

Using Lemma 48, §-correctness of the family of thresholds can be obtained directly by upper
bounding (6). An initial time condition ¢ > maxX c(q 4} t(0) is necessary for the threshold (ca,)a,b
to be defined since they involve the quantiles of Student distribution. We obtain

1/s
tq(6) =e1nf{teN]Nta max{2 <4(K—51)((s)> }} .

Let a* = a*(u). A simple approach to control the sum of two terms is to control each term
individually. Each individual term is a function of \/“;“777““ which has a Student distribution,

Ot.a Nt a
~ N,
where 67, = New La atza is the unbiased variance. Let ji; be the empirical mean of ¢ standard
_ _ _t
Gaussian, 67 = 13! | (X, — fir)? is the empirical variance and 62 — 767 is its unbaised

version. Using a union bound and the fact that —££— ~ 7;_; we obtain
g W t—1
- it - fit - 0
P(3t=t(0): —— > ¢(t, 5)) < P ( —— > c(t,5)> < —
< o7/t tztzol(é) o7/t 4K -1)

where ¢(t,9) = Q (1 — m; 72_1). Using this result, direct computations yield that

N, o 2
P 3t=1ty(0): Ja # a”, Z Tt’blog (1 + w> > max _¢(Ngp,9)
b

o b *
be{a,a*} t cta.ary

2
<P (375 >to(0) : Ja #a*, Ibe {a,a’}, Niplog <1 + M) > C(Nt7b,(5)>

Oib

5

<2(K-1)P <3t > 1(d) : tlog <1 + tut) > c(t,é))
t—15?

<4(K —1)P (at > 1y(6) : g%/t > \/(t— 1) (exp <C(tt§)> - 1>) <9
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where the last equation is obtained by choice of the stopping threshold

1 5 2
c(t,d) =tlog (1 + m@ <1 — 4(K—1)§(s)t'5;7;_1> > . (20)

Since it satisfies the hypothesis of Lemma 48, this yields the desired result. |

EV-GLR stopping rule Up to a log-transform the same arguments yield a family of thresholds
for the EV-GLR stopping rule. The proof of Lemma 50 is omitted since it is almost identical to the
above.

Lemma 50 Let s > 1 and ¢ be the Riemann ¢ function. Let (to)ae[r] as in (19). We de-
fine a threshold cqp( Ny, 6) with value +00 if t < maxXee(qp) te(0) and otherwise cqp(Ni, ) =
max {¢(N¢,q,0),c(Nep,0)}. Taking

Lol 0 ) 21
t—1Q< 4K —1)¢(s)t* “) @D

yields a d-correct family of thresholds for the EV-GLR stopping rule.

c(t,d) =

G.2. Box Thresholds

Before presenting the counterparts for the EV-GLR stopping rule, we first present the proof of
Lemma 5.

Proof Leta # a* = a*(u). Using Lemma 48, we only need to exhibit threshold ensuring the re-
quired concentration behavior. One way of obtaining such an upper bound is to maximize the above
quantities under constraints obtained by our concentration results. The form of the optimization is
independent of the considered pair of arms {a,a* ()} and of the time ¢ (omitted in the following).

2 2

7(’”’(’;;5[’) and p, = 5.

t, b
We can show that the family of thresholds in (7) is the solutions of an optimization problem.

Let C, D € (R%)? and N € (N*)2,

As we will see it only depends on y;, = Ztb

N,
maximize Z ?blog(l—l—yb)
be{1,2}

such that Vb e {1,2}, y, =0, 2pyp < Cp, 25 = Dy .

Since y — log (1 + y) is concave and increasing, y — Zbe{l 9y Ny log (1 + yp) is concave and
increasing in each of its coordinates. Since the constraints and the objective are separate between
each coordinate, the maximum is achieved at g—l; and as value

2 % log (1 + gb) .
be{1,2) b

To obtain the family of thresholds as in (7), we simply need to use concentration results to specify
the constraints C, and Dy, which differ depending on the considered pair of arms {a, a* ()} and of
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the time ¢. This can be done by combining the lower tail concentration on the empirical variance
(Corollary 26) and the upper and lower tail concentration of the empirical mean (Lemma 28). By
direct union bound, we have with probability greater than 1 — for all b € {a,a*} and all
t= MaXpe{qg,a*} tb(é),

Kl’

(1 —e_o(Nep —1,0)).

where €, €_ , and 1, are defined as in Lemma 5. Using Lemma 75, this initial time condition
ensures that 1 — e_ (N — 1,0) > 0. Since Wy has values in (0, 1), we obtain that e_ ,(¢,0) €
(0,1). Taking a union bound over a # a* concludes the proof. [ |

EV-GLR stopping rule Up to a log-transform the same arguments yield a family of thresholds
for the EV-GLR stopping rule (Lemma 50). The proof of Lemma 51 is omitted since it is almost
identical to the above.

Lemma 51 Lete,, e ; and (to)qe(k as in Lemma 5. We define a threshold c, ,( Ny, 6) with value
+00 if t < maxXee(qpy te(0) and otherwise

_ Nt7c€u(Nt,ca 6)
Ca,b(Nt’ 5) B ce{Eab} 2(1 - Ef,U(Nt,C - 17 6)) . (22)

This yields a d-correct family of thresholds for the EV-GLR stopping rule.

G.3. KL Thresholds

Thanks to Lemma 48, it is sufficient to concentrate the summed KL divergence. Let a* = a*(u).
This can be done by Theorem 43 with S = {a, a*} for all a # a* (and taking a bound over those
K — 1 terms). For all a € [ K], the additional initial time condition to obtain monotonicity rewrites

e S B S N sa).

1479 ’ 1+m

to(d) =inf < t | Ny g > 1+ max

Numerically, we always observed that this was satisfied after initialization. Therefore, those terms
have no impact.

G.4. BoB Thresholds

In Appendix G.2, we saw how to calibrate stopping threshold based on an optimization problem
using concentration constraints. Modifying the optimization problem therein, we can leverage The-
orem 6 by adding a constraint. While this argument requires doing the union bound over two
concentration results (hence considering ¢/2), the added constraint can result in a smaller stopping
threshold (hence faster stopping).

With our notations, for b € {1,2}, the KL divergence rewrites as KL( (s, b, b), (p, o)) =

%f(xb,yb) with f(x,y) = (1 + y)r — 1 — log(z). Since V2f(z,y [ 0] is a positive
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semi-definite matrix on (R?)?, f is a convex function of (R%)?. Let £ > 0. The KL constraint
from Theorem 6 is convex and can be expressed as

Y
> be(@“b,yb) <E.
be{1,2}

Since this constraint mixes the two coordinates, we can’t conclude by using the separation ar-
guments. To our knowledge, there is no closed form solution for the resulting optimization problem

N,
maximize Z 717 log (1 + yp)
be{1,2}

such that Vb e {1,2}, yy =0, zpyp < Cp, xp = Dy,

N,
and ) be(%’b,yb) S E.
be{1,2}

However, as a maximization of a concave function under linear and convex inequalities, we can
solve it numerically. Corollary 7 is a direct consequence of the above manipulations and an union
bound over concentration result.

EV-GLR stopping rule The same ideas lead to Corollary 52, which optimizes a different function
under the same constraints. The resulting optimization problem is computationally faster since the
objective is linear. The proof of Corollary 52 is omitted since it is almost identical to the above.

Corollary 52 Let f(z,y) = (1 +y)z — 1 —log(z) for all (x,y) € (R%)% Let (ta)ae[x] in (8),
€ E— o as in Lemma 5 and (c}ff;)b’ae[K] in (10). The family of thresholds cq,(Ny, d) with value
+00 ift < maxX,e(qp) tc(0/6) and otherwise solution of the optimization problem

1
maxzmlze§ Z Nt cye
ce{a,b}

such that Yc € {a,b}, y. =0, veye <€u(Nie,6/2), xe =1 —e_ o(Nge —1,6/2),

1
and 5 Z Nt,cf (xm yc) < c}fi"(Nt’é/Q)
ce{a,b}

yields a d-correct family of thresholds for the EV-GLR stopping rule.

G.5. Asymptotically Tight Thresholds

Among the class of d-correct family of thresholds for the GLR stopping rule, Theorem 9 suggests
we should select the asymptotically tight ones since they yield an asymptotically optimal algorithm.

As observed empirically in Figure 1(a), the Student and the box thresholds are not asymp-
totically tight since their slope in log (%) is higher than the ones of the KLL and BoB thresholds.
Theoretically, the arguments used in the proofs also justify why they couldn’t reach the log (%) For
the Student threshold, it comes from the fact that we consider the inequality {(I) + (II) > 25} <
{(I) > B} U {(IT) > B3}, hence we could at most reach 2log (). For the box threshold, it comes
from the fact that we concentrate the term of each arm individually as well, hence we could also
reach at most 2 log (%) (higher in practice).
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EV-GLR stopping rule Similar arguments could be used to study the log (%) -dependency of the
families of thresholds derived for the EV-GLR stopping rule. However, since they are J-correct,
they can’t be asymptotically tight. Otherwise, the Theorem 9 will contradict the asymptotic lower
bound on the expected sample complexity as 7% (1) < T*(u, 0?) (Lemma 4).

KL and BoB thresholds In order to hope to achieve the log (%) dependency one should concen-
trate the whole sum, as done for the KL threshold. Since log (1 + y) = inf,~¢ f (z,y), the KL
constraint is also an upper bound on the solution of the optimization problem, i.e. the BoB thresh-
olds are smaller than the KL thresholds c}fgj(Nt, d/2), hence they inherit their log (%) dependency.
Therefore, to show the asymptotically tightness of both the KL and the BoB thresholds, we only
need to study the KL family of thresholds. This result is established in Lemma 53.

Lemma 53 The KL thresholds defined in (10) is an asymptotically tight family of thresholds.

Proof We analyze our threshold under a sampling rule that starts by pulling all arms ¢(§) =
max{ty(0),t1()} times, where

tl (5) déf min {t I= N | t > 61+WO<2<1J;nO) <log(12(K_51)<(S))+510g<1+1031;(()1g$%0)))_<1a)} ,

o/ log (LZESECD) - ((og (L2EDC) )

1+n9 ’ 1+

to(0) f max

After Kt(9) pulls, our threshold is finite for all arms. We have t((6) Using

~6-0 Trminfio7n]
that Wy (z) ~ log(z)—loglog(x) (Appendix I), t1 (d) is asymptotically equivalent to %{W.
Therefore, this initial pulling count ¢(9) satisfies lim sup;_,, t(9)/log(1/0) = 0.

Our threshold is in fact a family of threshold functions (cq,5(Nt,0))q pe[x], Which after that

initialization, are defined by

log L%S)Q

Ca,b(Nta 5) = 4W_1 1+ 1

s 1
+7 > log(1 + log, Nie) + 5 D7 log (YRq.c(6))
ce{a,b} ce{a,b}

Using concavity of z — log(1 + log, (2)) and 3¢,y Nt,e < ¢, we have

Can (N2, 8) < ATV p s B s () st/ 1 log (vR(t, 5))
a,b\{Vt, X —1 A 2 g IOg"}/ g \Y ) )

where R(t,0) = max,e(g] Rt (J). Using the above, the concavity of W _1 (Lemma 75) yields for
t = Kto(9)

cap(N1,8) < 4T _, (1 1 llog <2C(3)2>)

4 5
+4 <; log <1 + 10gt/2> +log (YR(, 5))) W, <1 + ilog (QC?)Q» .

log v
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. .. 5/ 5/
F:r all  for which it is defined, W_l(xL: m Letc > 1, wehave W_,(z) < ¢ <
W_i(z) = 1_% Taking z. such that W_;(z.) = 1_% which is possible since it is a strictly
increasing function with values in [1,400), Lemma 75 yields that z, < . 1 + log (1 — f) For
¢ = 2, we obtain W _, () < 2 forall z > 2 — log(2), hence W_, (1 + %log (@)) < 2 for
all 6 < min{1, o} where 5y = 2¢(s)%e~*. Then, for all § < min{1, &},
2¢(s)?

— 1 logt/2
N 8) <4W_y (14 S1og [ 2280 1 , dslog (1 .
Ca,b(Nt, 0) W_4 < + 1 0g< 5 >) + 8log (YR(t,0)) + 4s og( + log >

We know that 4slog (1 + %) = O(t%) for some o € (0,1) and, using W_1(z) =44 T +

log(z) +o(1) (Lemma 75), that 4W _; (1 + tlog <%)> =log (1) + o0 (log (3))- To conclude

the proof, we need to show that lim sup;_, % <1

The term R(t,0) is a data-dependent term quantifying the goodness of the local quadratic ap-
proximation for the KL (as a function of the natural parameters). Taking the notations from Theo-
rem 6 and setting /"L?‘r-‘r,t,(l = max uit’a, we have

3 2 2
02 s o= 9002 14
R(t, 5) — max 3,t,af (g( 2,t,a :U’;Jr,t,a»
aclK] 0%y o f+ (9(0% 1ar 131 10))

where fi(z) = 1% fvl L and g(z,y) = (x+22y7“+%)2 Using the definition of €, and €+ ,,we obtain

directly thatlim;_, y €, (t,6) = 0 and limy—, ;0 €4+ »(¢,0) = 0.
Let a € [K]. For all ¢, define 4; o, = |log, Nia|, nt.a = yita ty =inf {t | Ny = neal- Usmg

the law of large number, we also have that limy;, , 40 17, o = e and limy, , 1o 02

ta_a

Chaining the limits, we obtain limy, , 4o ,u?H’t,a = ,ug and limp, , 400 O+ t.a = 04 Since the
functions f and g are continuous, we have shown for all a € [K]

lim O—itaf (g( 3,t,a7“3—+,t,a)) _ f, (g(gg’ug))
Nea=t0 0%y o fa (9002 4 anitipa) o (9002, 12))
a +ta —+ +7t7a7u++7t7a + g CL?MCL

When § — 0, the initialization yields ¢y(0) — co. Therefore, by using the above convergence
and the fact that N;, > ¢((6), there exists d; € (0, min{1, do}) such that for all § < ¢; and all
t=>K to(&),

f-(9(o2, 113))

R(t,0) < 2 max 50002, 12))

which is a constant independent of ¢, hence lim sup;_, % <1 |

Appendix H. Expected Sample Complexity

Theorem 9 gives asymptotic upper bound on the expected sample complexity of the algorithms
using the GLR stopping rule. Theorem 10 gives an impossibility results for the algorithms using
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the EV-GLR stopping rule, which is based on first deriving an upper bound on the expected sample
complexity. In Appendix H.1, we prove the upper bound for TaS with the GLR stopping rule and
for EV-TaS with the EV-GLR stopping rule. In Appendix H.2, we prove it for S-EB-TCI with the
GLR stopping rule and for 5-EB-EVTCI with the EV-GLR stopping rule.

H.1. Wrapped Track-and-Stop

Showing an asymptotic upper bound on the expected sample complexity of TaS and EV-TaS can be
done with similar asymptotic arguments as when the variance is known (Garivier and Kaufmann,
2016). The proof relies on two main ingredients. First, a concentration result for (11, o7) is obtained
thanks to the forced exploration (Lemma 54 proved in Appendix H.1.1). Second, we use the Lemma
20 in Garivier and Kaufmann (2016), which ensures that the empirical allocation & converges
towards the optimal allocation being targeted. While it corresponds to w*(j,o?) for Ta$, it is
w*, () for EV-TaS (where the 02 dependency is hidden by notation).

Without loss of generality and for the sake of simpler notations, we assume that the Gaussian

bandit model with parameter (u, 0%) € (R x R%)¥ is such that a* () = 1.

Track-and-Stop Since the proofs share the same structure as in Garivier and Kaufmann (2016),
we detail the one for TaS and highlight the differences for EV-TaS later.

Proof Let ¢ > 0. From the continuity of (y, 02) — w*(u, 0?) (Degenne and Koolen, 2019), there
exists & = &1(e) < w, & =& (e) > 1and & = &3(e) € (0,1) such that

TE X [pa—Cpa+al|x [ X [02¢5,02¢]

ac[K] ae[K]

satisfies maxq |w} (f,62) — wj(p, 02)| < e for all (i1, 62) € Z.. Since a*(fi) = 1 for all (i, 52) €

d:ef Tl/4

T., the empirical best arm is a; = 1 whenever (us,07) € I.. Let T € N, h(T) and define

the concentration event &7 = ﬂ;‘i h(T) {(,0%) € I.}.

The forced exploration ensures that each arm is drawn at least of order 4/t times at round t¢.
Thanks to concentration results on both (u;, 07), Lemma 54 upper bounds P, (5%)

2
Lemma 54 Let T such that h(T) > (K + ﬁ) . There exist two constants B, C (that depend
on (j1,02) and ¢) such that P, (£5.) < BT exp (—CT'?).
Lemma 55 is exactly Lemma 20 in Garivier and Kaufmann (2016), hence the proof is omitted.

Lemma 55 (Lemma 20 in Garivier and Kaufmann (2016)) There exists a constant T, such that
forT = T, it holds that on E, for either C Tracking or D-Tracking,

N,
Vt > VT, max|—2 —w(p,o?)
ae[K]

<3(K — 1)

On the event £, it holds for ¢ > h(T') that a; = 1 and the GLR rewrites

N, Y% N,
min Z,(t) = min  inf hby, 1+M =t t,JQ,—t
g 2 g\ K t

a#1 a#1 Ne[pt,a,pt,1] be(La} Tib
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where, for (ji,52) € (R x R% )% such that a*(j1) = 1 and @ € A, we introduced the function

~ ~ 2
9 . Wy, (fis — A)
g(f1,0%, ) = min 1nf Z > log (1 + 02>

R U Pyl b

Recall that a*(fi) = 1 on Z.. We introduce C?*(u, 0?) = inf g (f1,6% W), where
(1,62 0)eHe (1,0%)

He(p,0?) =T x {we Ak | |w — w*(y,02)||oo <2(K —1)e} .

Using Lemma 55, for T > T, on the event & it holds that for every t > /T, ming.; Z,(t) >
tCz (n, o).

Let a € [0,1), 8o € (0,1], functions f,7 : (0,1] — R, and C as in the definition of an
asymptotically tight family of thresholds. In the following, we consider § < dgand T > {T((5 ), T }
Using that for all a # 1, Z,(t) = mingz1 Za(t) = tC (i, 0?) and c¢1 (N, 8) < f(8) + Ct* <
f(9) + CT*, we obtain on &,

min {75, T} < VT + 2 1{rs >t} < VT + Z 1{3a # 1, Za(t) < c1.a(Ny, 6)}
t=vT t=vT

T
<SVT+ )} Lt (n,0%) < f(0) + CT*} < VT +
t=v/T

( )+ CT™
Ct(p,0?)

Introducing
Ty(6) = inf{T> T(8) : VT + SHCT) < T},

(
for every T > max {T(0),T(6), %}, one has Er = {75 < T}, therefore, by using Lemma 54,

P, (5 > T) < B, (£%) < BT exp <—CT1/8)

and

o0
E, [7s] < To(6) + T(8) + To + 3 BTexp (~CT').
T=1

We now provide an upper bound on 7j(9). Letting 7 > 0 and introducing the constant
1\ 2
D) ¥ inf{TeN:T-VT>T/1+n)} <1+ <1+>
Ui

one has

To(5) < D(n) + inf {T > T(6) | £(6) + CT* < TC1<+77)} .

For all v > 0, there exists T}, ~ (depending on /i, 02) such that for all T > T s

* 2 * 2
TC&‘ (M?U ) _ CTa > T C&‘ (/’L?U ) .
1+n (L+n)(1+9)
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Then,
* 0.2
To(8) < D(n) + T(8) + Tuy + inf {T | £(0) < T%}
<1+ D) +T(0)+ Tuy+ Wﬂ& :

Cz(p,0?)
Dividing by log(1/d) and taking limits, we get
To(o 1 1
i sup 000 +*77)( -QM)
s—0  log(1/0) Cz(p,0?)
We obtain that for every n,e,v > 0,

50 log(1/8) = oo log(1/8) T Ci(p,0?)
By continuity of g and by definition of w*(u, 0?), we obtain lim._,o C*(u,0?) = T*(u,0%)" L
Letting 17 and € go to zero yields

E,
lim sup kel

Tl e 62)
DD fog(1/0) S L )

Empirical Variance Track-and-Stop We only highlight some differences since the proofs are
similar. We emphasize here that the notations w, (1), 77, (x) and all the ones we will use below
hide the dependency in o to distinguish this from the quantity defined when the variance is assumed
to be unknown. While this might be unfortunate, we believe it eases greatly the notations and the
highlight the difference between the two complexities.

Lemma 56 Using the EV-GLR stopping rule with an asymptotically tight family of thresholds,
EV-TasS satisfies that, for all v with |a* ()| = 1,

E, [75"]
li LS ()
msup 1 10) ()

Proof Lete > 0. Similarly, there exists £ < w, & > 1,&3 € (0, 1) such that Z. defined
as above satisfies max, |w* (1) — w?(u)| < € for all (ji,6%) € Z.. Let T € N, h(T) := T"/* and
define the concentration event £7 as above. Since Lemma 54 relies solely on forced exploration, its
result still hold in that case. A tracking result similar to Lemma 55 gives the existence of 7. such
that for T > T, it holds that on &7,

Vi > VT, max
ae[ K]

N,
£~ uplp| 3K - Ve
On the event Ep, it holds for ¢t > h(T') that a; = 1 and the EV-GLR rewrites

0z =min S N, U - ( 2 Nt)
min =min in b3 T Tt
axl @ a#l e[yt a,pe,1] be(l,a} b 201?,b S\ ¢
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where, for (ji,52) € (R x R% )% such that a*(j1) = 1 and @ € A, we introduced the function

-~ ~9 - . . ~ (ﬂb — )‘)
g(f,0%,w) = min  inf Wp—————
( )= Aelfie, it be{zl:a} 267
We introduce C* (p1, 0%) = inf [i, 52, ), where
tntroduce G (1, %) (5,52, )Mo (1.0%) (1, 5%, ). w
He(p,0%) =T x {d € Ag | |0 — wia(p)], <2(K —1)e} .

By tracking, for 7 > T, on the event & it holds that for every ¢t > /T, ming; ZEV(t) =
tC2(pn,0?%). Let T > max{T(6),T.}. As above, on &, we have min {rEY, T} < VT +
=

7%{)(;22; and we introduce Tp(8) = inf {T >T(6): VT + % < T}- For every T

{To(6),T(6),T.}, one has Ep < {5V < T'}, therefore, by using Lemma 54,

0]
E, [TEV] < To(6) + T(6) +T- + Z BT exp (—CT1/8> )
T=1

Manipulations similar as above yield an upper bound on 7 (d). By continuity of g and by definition
of w*s (11), we obtain lim. o C? (11, 0%) = T (). Letting n and € go to zero yields

E, [TEV]
lim sup —L9 J <T* .
P Tog(1/) < Lo

We are now ready to prove the impossibility result for EV-TaS (Theorem 10).
Proof Let (¢4 ) (q,n)c[x]? b€ an asymptotically tight family of thresholds and a problem independent
constant cg > 0. Combining EV-TaS with the EV-GLR stopping rule using (COCa,b)(a,b)e[ K12 yields
an algorithm such that, for all v with |a*(u)| = 1,

E, [r5"]
li — = < T .
P Tog(1/5) = 07021
Lemma 56 shows the above result for ¢y = 1, and generalizing to ¢y > 0 is direct. Suppose towards
contradiction that the obtained algorithm is d-correct. Therefore, using Lemmas 2 and 4, we have
shown that

Eu EV EV EV
T*(p,0?) < liminf "] < limsup "]

5—0 log(1/9) 50 log(1/9)
For ¢y € (0,1), the contradiction is direct. For ¢y > 1, we have shown that there is a problem
independent constant ¢y > 0 such that T7* (11, 0%) /T (1) < co. This is a direct contradiction with

Lemma 12 showing that there exists a sequence of instances (v, )neny With |a*(v,,)| = 1 such that
limy, o0 T* (pin, 02) /T (pin) = +00. Therefore, the obtained algorithm is not J-correct. |

< T (p) < coTf(p, 0°) .
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H.1.1. PROOF OF LEMMA 54
2
Since T is such that h(T) > (K + ﬁ) , we have h(T) > K?and {5 < 1 — In

particular, for all t € {h(T),--- ,T} andall s € {\/t — K,--- ,t}, & + 2 < 1. Then,

K 2
> 3 [Pl 6 P (ke vt o2 (i< )

By forced exploration, for t > h(T) one has Ny, > (vt — K/2); —1 > v/t — K for every arm
a. In the proof of Lemma 19 in Garivier and Kaufmann (2016) it was shown using a union bound
over time and Lemma 29 that, for all ¢ € [h(T'), T,

1
W h(T)-K "

t=h(T

2
Kil
9" (ViE)5
P(luta = pal = &) < =
1—e 203

Since we use the same method to show our result on the variance, the proof for the mean is omitted.
Let 62, be the empirical variance of the first s reward from arm a (such that 62 New = gyt). We
adopt their proof strategy to derive the equivalent upper bound on the concentration of the variance.

P (Gg,t > 0,6) =P (Ug,t > 0282, Neo > Vit — K)
t=1 t—1 . )
2
< Z P( Og,s+1 = af2) Z exp (—2 <h <§2 + S> — 1))
s=Vi-K-1 s=vt—-K-1

The first inequality is obtained by taking a union bound over the values of N; , € [Vt — K, t]. The
second inequality is obtained by Corollary 27 with z = & + % > 1. Using that h(z) = x — log(x)
and log(1 + x) < =z, direct computations yield that

(52 2) = sta b1 slonl 1) = sh(E) + 1 slog(l+ ) > shie) +1- ¢

s&2 & ’
t—1
> (et ) < ! o~ D (he)-1)
—L(n(g)—1
s=vt—K—1 1—e 2( (&2)-1)

Putting those together, we obtain, for all ¢ € [h(T), T,

11—
e 2(1 52) e—<ﬁ72K71)(h(§2)—1)
1— 6_%(}1(52)_1) '

P (Ug,t = 0’252) <

The same manipulations using Corollary 27 with z = &3 + % € (0,1) for all s € [/t — K,t]
and all t € [h(T'), T] (see above by choice of T), yield that, for all ¢t € [h(T'), T,

P (Uit < 0253) < T —e
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Finally, letting

L t
T2 h(&)—1,h(&) -1 d
i ) - 1he) -1}
31 _ -
o i 06202 . 6%@(52)—1)—%(1—%) X e%(h(&)_l)_%(l_é)
- a=1\ 1 _ e—% 1 — e z2(h(&2)-1) 1 — e 3(h(E)-1) )

one obtains

T
P(&F) < Z Bexp(—vtC) < BT exp(—+/h(T)C) = BT exp (—CTI/S) .
t=h(T)

H.2. Wrapped 5-EB-TCI

Showing an asymptotic upper bound on the expected sample complexity of 5-EB-TCI and 5-EB-
EVTCI can be done with similar asymptotic arguments as when the variance is known (Shang et al.,
2020). We will use the unified analysis of Top Two algorithms introduced in Jourdan et al. (2022),
which highlights simple properties that the leader and the challenger should satisfy to obtain the de-
sired upper bound. While they introduced it for single-parameter exponential families and bounded
distributions, it also allows to cope for our two-parameters setting. The proof is composed of three
steps: showing sufficient exploration of all arms, proving that the expectation of the convergence
time towards the 5-optimal allocation is finite and then concluding on the asymptotic upper bound.
To ensure sufficient exploration, we assume that mingp |pe — 15| > 0, i.e. all the arms have
distinct means. To our knowledge, this assumption is shared by all Top Two algorithms analysis.

H.2.1. B-EB-TCI

Let a* = a*(u). Since the proofs share the same structure as in Jourdan et al. (2022), we detail
the one for 5-EB-TCI and highlight the differences for 3-EB-EVTCI. The -optimal allocation for
Gaussian with unknown variance is defined as

(ko — U)2>

U)E(,u,UQ) = argmax min inf 2 wp log (1+ p~
b

wEA e wor =p 1F7 uER be{a*,a}

In Russo (2016) and Jourdan et al. (2022), they show the S-optimal allocation was unique for any
single-parameter exponential families and for bounded distributions. Since the proof only relies
on strict convexity already shown in Appendix C.2, it is straightforward to see that wg (n,02)is a

singleton (Property 1 in Jourdan et al. (2022)), denoted by {w?”}, such that minge[] wg > 0.
Before delving into the specifics of the proof, Lemma 57 gathers concentration results on which
the subsequent analysis heavily relies on.

Lemma 57 There exists a sub-Gaussian random variable W,, and a sub-exponential random vari-
able W, which are independent, such that almost surely for all a € [ K| and all t such that Ny, > 2,

Nt,a

o2
Pta — tal < Wylog(e + Nio) and |Nt,a < Jtvz“ — 1] +1 <Wsylog(e+ Nig) .

a
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There exists a random variable Wy = maxqcx) W, L independent of W, where W,/o2 ~
X% (no — 1) such that almost surely, for all a € [K] and all t such that Ny 4 > no, Nt,ao't%a > Wo_l.
In particular, Wy admits a finite mean for ng = 4 and a finite variance for ng = 6, and any random

variable which is polynomial in both W, and W, has a finite expectation.

Proof The existence of W, is given by Lemma 73 in Jourdan et al. (2022).
2
Using Lemma 25, we have for all a € K] and ¢ such that N; , > 2, Ny, (J;’Z“ — 1) +1=

a

SNi.a—1,a» Where Sy, 4 is sub-exponential with ¢ = 2 and —S,, 4 is sub-exponential with ¢ = —2 and
Sp—ta+n—1= Zse[nfl] Yfa is such that Y; , are i.i.d. A(0,1). Using Lemma 72 in Jourdan

S “1,a| . . . .
et al. (2022), supy;, ,>2 % is also sub-exponential. By defining W, as the maximum over

the finitely many arms of the above quantity, we obtain that W, is sub-exponential.
Since the increments Yfa are positive, we have for all a € [K] and ¢ such that N; o > ng

5 2
070 SNea-ta+tNia—1  DieiNea—1]Ysa _ Za

_ _ - 7
Nt,a

= = =

0'2 Nt7a Nt,a

a

where Zo = 3 c[no-1] Ysza ~ x2(ng — 1). Taking W,, = 027, and the maximum over [ K] yields
the result. As maximum of finitely many inverse-chi-squared distributions, Wy admits a finite mean
for ng = 4 and a finite variance for ng = 6.

For the independence property between W, and W, and between Wy and W, this is a direct
consequence of the fact that the empirical mean and empirical variance are independent. Therefore,
any random variable which is polynomial in both W, and W, has a finite expectation. |

Using Lemma 57, it is direct to obtain that, for all £ > 0, there exists N, with E,[N.] < +0o0
0.2
such that for all @ € [K] and ¢ such that Ny , = N, |ptt.q — fta| < € and ’ La 1’ <e.

g

As in Qin et al. (2017); Shang et al. (2020); Jourdan et al. (2022), ouragoal is to upper bound
the expectation of the convergence time. For ¢ > 0, the random variable T’ g quantifies the number

of samples required for the empirical allocations % to be e-close to w”:

Ted:efinf{T>1|Vt>T, ;

N
twﬁ‘ <e} . (23)
e}

Lemma 58 shows that a sufficient condition for asymptotic 3-optimality is to show E, [T§] <
+o0 for all € small enough.

Lemma 58 Let (6,3) € (0,1)2. Assume that there exists £1(u, %) > 0 such that for all € €
(0,e1(p, 02)], By [T5] < +0. Combining the GLR stopping rule (4) with an asymptotically tight
family of threshold yields an algorithm such that, for all (11, 0?) € RE x (R*)E with |a*(p)| = 1,

E, [7_5]

limsup —=20 < T%(u, 0?) .
2P g (1/0) < 19U

Proof Lete; = e1(p,0?). Let cg = %minae[K] w? > 0and A = MiNgar |flar — pa| > 0. Let
¢ > 0. By continuity of

. —x)?
(1, 0%, w) > inf > welog <1 + W) {pa > v}

ce{a,b} ¢
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on RE x (R*)K x A, there exists e2 > 0 such that

]Via B Jga
max — —wl | <eg , max — <eg and max|—>% — 1| <e
ac[K]| t a 2 ae[K] [Hta = Pl < 22 aclK]| 02 2
A 1 1-¢
= ma — < — and - minCy(a*,a) > ——.
ae[[?] IHea = ol 4 t a#a* i ) Té (1, 02)

Choosing such a 3, we take € € (0, min{e1,€2,cg}). By assumption, we have E,[Tj] < +oo,

hence N“‘ >wh —e> cg forall a € [K].
Let N as described above (obtained with Lemma 57). For all £ > CEINE, we have NV; , > N,

0.2
forall a € [ K], hence maxqe[r] |fit,a— Ha| < € < £2 and maxqe[x ’ﬁ — 1‘ < € < g9. Therefore,
a

we have d; € arg maxX,e[g] Ht,a = A MAX e[k fla = @ S MAXye[k] |fita — Hal < ﬁ
Let a € [0,1), 8o € (0,1], functions f,7 : (0,1] — R, and C as in the definition of an
asymptotically tight family of thresholds. In the following, we consider § < Jg. Let k > 0. Let
T > 1 max{T%, c[;lNg, T(8)}. Using the definition of the GLR stopping rule (4) with a family of
asymptotically tight threshold, we have
T T

min {75, T} < T + Z 1{rs >t} < kT + Z 1{3a # a*, Ci(a”,a) < cor o(Nt,0)}
t=rT n=rT
<wT+ nz’ng{tT*l(C) < f(6) +CT)
< s BT (15 1 o).

Let T¢(6) as

T.(6) ' inf {T >1] (Tﬁ(’”Z)) (F(6) + CT®) < T} .

1= =)
For every T' > max{T;(6), £ max{T§, c INE7 T'(0)}, we have 75 < T, hence
1 1 1
< - v 5 4 - .
Eul] < (BTS¢ BN+ T0) + 7o)

ASE,[T§] + 5", [Ne] < +00 and lims g 1525 = 0. we obtain for all ¢, 5 > 0

E T (6 T (u, 0
limsupﬂ < limsup <) < B('u ) ;
50 log(1/6) = 50 log(1/6) ~ (1—¢)(1— k)
where the last inequality uses an inversion result. Letting ( and x go to zero yields the result. |

To upper bound the expected convergence time, as prior work we first establish sufficient explo-
ration. Given an arbitrary threshold L € R*, we define the sampled enough set and its arms with
highest mean (when not empty) as

sk def{ €[K]| Ntg>L} and I} L arg max i, . (24)

aeSf
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We define the highly and the mildly under-sampled sets
UM {ae[K]| Nig < L%} and V¥ € {a e [K]| Ny < L6}, 25)

where we used L'/6 and L% instead of v/L and L3/* as done in Shang et al. (2020). However,
Jourdan et al. (2022) noted the results would hold with L** and L*2 with 0 < a1 < ap < 1.
Lemma 59 shows that the transportation cost is strictly positive and increases linearly.

Lemma 59 Let i € RX with py, < pg. There exists L with E[|L|*] < 400 for all o > 0 and
D, > 0 such that for Nyq > L and Ny > L, C¢(a,b) > LD,, where D,, > 0 is a problem
dependent constant.

Proof Suppose that Ny, > L and Ny > L, for some L to be determined. First we get

L . (e — x>2
Ci(a,b) = 51{/%,(1 > Mt,b}ifelﬂg Z log (1 Tt ]

ce{a,b} t,e
For any compact interval Zo < R, the function defined by
)2
(4,0%) = 1{pa > pp} inf > log (1 + M)
xelo o
ce{a,b} ¢

is continuous on R x (R )& For L greater than some L with finite moments, we have Mt > [ b
[ — €, pta + €] S Zc and (.0, 07,) is e-close to (p1q,0;) (and same thing for (13, 07)). The
continuity then gives that there exists L with finite moments such that

. (Mtc —35)2 1, (Nc_x)Q
f 1 14+ =7 — inf 1 1+ 2.
in 2 og ( + ) 5 xlenzc og + )

eR
ce{a,b} 2 ce{a,b} ¢

\%

This is strictly positive since t, < g due to the continuity and strict convexity properties holding
for Gaussian with unknown variance. |

Lemma 60 Let D, > 0 as in Lemma 59. Let SF and T} as in (24). There exists Ly with
E,[(L4)®] < +o0 for all & > 0 such that if L > Ly, for all t such that Sf # &, for all
(a,b) € I} x (SF\I}), we have Cy(a,b) = LD,

Proof Applying Lemma 59 yields the result directly. |

Lemma 61 gives an upper bound on the transportation costs between a sampled enough arm and
an under-sampled one.

Lemma 61 Let SF as in (24). There exists Ls with B,,[(Ls)®] < +c0 for all o > 0 such that for
allL > Lsand allt € N,

— L
¥(a,b) € SF x S, Cila,b) < 5 log (1 + LWy (Dy + 4Wu)2> ,

where D1 > 0 is a problem dependent constant and Wy, W, are the random variables defined in
Lemma 57.
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Proof Let (a,b) € SF x STL (a is sampled more than L times, b is not). Taking = i, yields

1 - 2 L — 2
Ci(a,b) < 5Ny log (1 L (b= pra)” 2“““) ) < 5 log (1 L (b= pa)” 2“““) ) :

Oib Oib

where we used that b € STJ and that Cy(a,b) = 0 when pi;p > 1 4.
By definition of 1, and W,,, we have for all k € [ K]

pik < pi+ Wylogle + Nig)/New - and a7y = Wi /Ny -
Then, we obtain

- 2 N, ] N 1 + N, 2
(b = Pra)” _ Nep (\Ma—ub|+WH < og(e + Nea)  log(e t,b))) _

0'15275 h Wy Nta Nt,b
Since x — w is decreasing on R’ , we have W < 2 for Ny > 1. Then, since
Wo = max,ex] W, ', we have
2
Hep — Ht,
% < LWy (‘,U,a - ,U,b| + 4WM)2 ,
Otb
which yields the result by taking D1 = max,zp |fta — fp)- |

Lemma 62 shows that the EB leader satisfies the required condition on a leader to obtain suffi-
cient exploration, i.e. Property 2 in Jourdan et al. (2022).

Lemma 62 (Lemma 17 in Jourdan et al. (2022)) Let StL and I} as in (24). Let Ly in Lemma 60.
Then, for all L > Lu, for all n such that Sf' # &, BEB| € Sk implies BB, € T;.

Lemma 63 shows that the TCI challenger satisfies the required condition on a challenger to
obtain sufficient exploration, i.e. Property 3 in Jourdan et al. (2022). The proof of Lemma 63
resembles the proof of Lemma 21 in Jourdan et al. (2022). The sole technical difference lies in the
necessities of having an finite mean for Wy, which explains why we consider ng = 4 for 5-EB-TCI.

Lemma 63 Let UF and V¥ as in (25) and J = arg max, -z Ha- There exists Lg with E, [ Lg]| <
+00 such that if L > Lg, for all n such that Ul +# 7, Bffl ¢ V' implies AtTf{ e VI u
(F{BE})-

Proof Using Lemmas 60, 61 and 62, for all L larger than a random variable L7 with finite expec-
tation, BP, € 7;* and

v(a,b) e 7 x (VAAT'), Cila,b) +log Ny > L°D, + glogL,
7L o 77L LYS 1/6 2) , 1
¥(a,b) € U x UF,  Cifa,b) +log Nip < =5 log (1 + LYSW, (Dy + 4W),) ) + s log L.
Using that log(1 + z) < /x, we obtain

LY 1/6 2 LY
~ - log <1 + LYSWy (Dy + 4W,,) ) < S/ Wo (D1 +4W,)
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12/7
Therefore, for L > Lg := Wg /7 (%{W“) + 1, we have that

5 LY/6 1
LD, + 2log L > = log (1 + LYSWy (D + 4Wu)2) + s log L.

Let Lg = max{Ly, Lg} Therefore, at least one under-sampled arm has transportation cost lower
than all the ones that are much sampled. This implies that AT} € V2 U (J2\ {BEE, }). Then, we
have 127
D1 +4W,
E,[L] < E,[L7] + 1 +E, [Wf”] E, [(M‘) ] < +o0,
2D,
The first inequality and the last strict inequality are obtained by Lemma 57, thanks to the indepen-
dence of Wy and W,,, the fact that W, has finite mean since ng > 4 and that polynomial of W,
have finite expectation. |

Since Properties 2 and 3 of Jourdan et al. (2022) are satisfied (Lemmas 62 and 63), Lemma 64
holds for 5-EB-TCI on instances such that mingp |pq — ps| > 0.

Lemma 64 (Lemma 7 in Jourdan et al. (2022)) There exist Ny with E,,[ Ng| < +00 such that for
allt > Ny and all a € [K], Nyq > (t/K)"°.

Now that we have proved sufficient exploration (Lemma 64), we will show convergence towards
the S-optimal allocation. Lemma 65 shows that the EB leader satisfies the required condition on a
leader to obtain convergence, i.e. Property 5 in Jourdan et al. (2022).

Lemma 65 (Lemma 18 in Jourdan et al. (2022)) There exists Ng with E,,[ Ng| < +00 such that
forallt > Ng, BB, = a*.

Forall a € [K]and all t > ¢, let ¢y 4 &ef P|(t—1)[a: = a] be the probability of sampling arm a
at time t and W , &« Zse[t] s q its cumulative sum.

Using the EB leader, Lemma 66 shows that the TCI challenger satisfies the required condition
on a challenger to obtain convergence towards the S-optimal allocation, i.e. Property 6 in Jourdan
et al. (2022). The proof of Lemma 66 is very similar to the proof of Lemma 22 in Jourdan et al.
(2022), hence we omit certain details.

Lemma 66 Let ¢ > 0. There exists N7 with E,[N7] < +00 such that for all n > N7 and all
a # a*(u), Uy o/t = wh + € implies that AT, # a.

Proof Using Lemma 65, we know that BEP, = a* for all t > Ng. By definition of Af¢] and

algebraic manipulation, ATC 5 a is implied by

log(tK)
2t

1
= <C’t(a*,a) — min Ct(a*,b)> >
t #a*

In Appendix C.2, we obtain the desired regularity properties: joint continuity, strict convexity, equal-
ity at the equilibrium. Therefore, by using the same proof as the one of Lemma 20 in Jourdan et al.
(2022), there exists C,, > 0 and N7 with E, [ N7] < 400 such that for all ¢ > N7 and all @ # a*,

\Ilt,a

1
> wite = i <C't(a*7a) — min Ct(a*,b)> =0y

b#a*
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log(tK)

Since =55~ — 0, there exists a deterministic Ng such that for all n > N, bgg’iK) < C,.
Therefore, for all n > N5 def max{Ng, N7} and alla # a*, Uy ,/t > wg + ¢ implies that AtTf{ # q.
Since IE,,[N7] = Ng + E,[N7] < +00, this concludes the proof. [ |

Since there is sufficient exploration (Lemma 64) and Properties 5 and 6 of Jourdan et al.
(2022) are satisfied (Lemmas 65 and 66), Lemma 67 holds for S-EB-TCI on instances such that

mingzp |fta — po] > 0.

Lemma 67 (Lemma 10 in Jourdan et al. (2022)) Letc > 0 and Tg as in (23). Then, B-EB-TCI
satisfies B, [Tj5] < +c0.

Combining Lemmas 67 and 58 concludes the proof for 5-EB-TCI.

H.2.2. -EB-EVTCI
Let a* = a*(p). Similarly, the -optimal allocation for Gaussian with known variance is defined as

2
. —u
wrs 5(p) = argmax min inf wbM
o 7/3 * 2 ’
WEA K wox = 170" uER be{a*,a} %

is a singleton, denoted by {w?}, such that Minge(k] w? > 0.

Lemma 68 Using the EV-GLR stopping rule with an asymptotically tight family of thresholds,
B-EB-EVTCI) satisfies that, for all v with mingp |pa — ] > 0,

E, [r5"] 2
limsup —2= < T5(p,07).
50 log(1/0) 5no7)

For € > 0, the random variable Tg quantifies the number of samples required for the empirical
allocations % to be e-close to w?:

TE def

T =inf{T>1|Vt>T, W

t

N ﬁ’ <e}. (26)

oe]

Lemma 69 shows that a sufficient condition to obtain an upper bound on the asymptotic expected
sample complexity is to show [E,, [TE | < 400 for £ small enough. The proof of Lemma 69 is omitted
since it is almost identical to the one of Lemma 58.

Lemma 69 Let 0,8 € (0,1). Assume that there exists €1 > 0 such that for all ¢ € (0,e1],
E, [TE] < 400. Combining the EV-GLR stopping rule (5) with an asymptotically tight family of
threshold yields an algorithm such that, for all (u, 0%) € RE x (R%)E with |a* ()| = 1,

. EV 7_EV "
M < 02’5('“) )
50 log(1/0)

Lemma 70 is obtained similarly as Lemma 60, hence we omit the proof.
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Lemma 70 Let S¥ and I} as in (24). There exists Ly with E,[(L4)*] < +c0 for all o > 0 such
that if L > Ly, for all t such that St # &, for all (a,b) € I} x (SF\I}), we have CEV(a,b) >
LD, where D, > 0 is a problem dependent constant.

Lemma 71 is obtained similarly as Lemma 61, hence we omit the proof.
Lemma 71 Let SF as in (24). There exists Ls with E,[(Ls)®] < +o0 for all a« > 0 such that for
allL > Lsand allt € N,
2

— L
Y(a,b) e SE x SE,  CF(a,b) < - Wo (D + 4W,)?

where D1 > 0 is a problem dependent constant and Wy, W, are the random variables defined in
Lemma 57.

Lemma 72 is obtained similarly as Lemma 63. The sole technical difference lies in the necessi-
ties of having an finite variance for Wy, which explains why we consider ng = 6 for 5-EB-EVTCI.

Lemma 72 Let UF and V¥ as in (25) and J; = arg max 7 fla. There exists Le with E, [Lg] <
t

+00 such that if L > Lg, for all n such that U # (&, Bffl ¢ VI implies AfJ‘r/lTCI e VikEu

(F\{BELY)-

Proof Using Lemmas 70, 71 and 62, for all L larger than a random variable L7 with finite expec-
tation, BP, € 7;* and

— 5
Wa,b) e T x (VATY) ) Cila,b) +log Nog = LDy, + 2 log L,

_ /3 1
V(a,b) € UE x UL, Ci(a,b) +log Ny < =5 Wo (D1 + 4W,)? + GlogL.

4
Therefore, for L > Lg := W} (Dl;TiW“) + 1, we have that

5 LY3 5 1
L*°D,, + Glog L > = —Wo (D1 +4W,)" + Zlog L.

Let Lg = max{L7, Lg}. Therefore, at least one under-sampled arm has transportation cost lower
than all the ones that are much sampled. This implies that AV e V' U (7\ {BEE, }). Then,
we have

Dy +4W,\*

The first inequality and the last strict inequality are obtained by Lemma 57, thanks to the indepen-
dence of Wy and W,,, the fact that Wy has finite variance since ng > 6 and that polynomial of W,
have finite expectation. |

Since Properties 2 and 3 of Jourdan et al. (2022) are satisfied (Lemmas 62 and 72), Lemma 64
holds for 5-EB-EVTCI on instances such that min, . |pq — ps| > 0.
Lemma 73 is obtained similarly as Lemma 66, hence we omit the proof.
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Lemma 73 Lete > () There exists N7 with E,[N7] < 400 such that for all n = Ny and all

a7 a*(u), Via/t 2 w? + ¢ implies that AEYTCl o g,

Since there is sufficient exploration (Lemma 64) and Properties 5 and 6 of Jourdan et al.
(2022) are satisfied (Lemmas 65 and 73), Lemma 74 holds for S-EB-EVTCI on instances such
that ming.p |q — ps| > 0.

Lemma 74 (Lemma 10 in Jourdan et al. (2022)) Let ¢ > 0 and Tg as in (26). Then, B-EB-
EVTCI satisfies E,, [TE] < 0.

Combining Lemmas 74 and 69 concludes the proof of the asymptotic upper bound on the ex-
pected sample complexity of 5-EB-EVTCI, i.e. Lemma 68.
In Appendix C.1, we explained that 77, B(,u) and T} (, o2) satisfied inequalities like the ones

between T7% () and T*(u, 02) in (2). Similar to Lemma 12, we can show that there exists a se-

quence of i instances (Vn)nen With minpsq [fin,a—fin,p| > 0 such that limy, 100 T3 (pn, 0 2)/T* > ( n) =

+00. Therefore, we can conclude the impossibility result for 5-EB-EVTCI (Theorem 10) w1th the
same arguments as for EV-TaS in Appendix H.1.

Appendix I. The Lambert 1/ Function

The Lambert W function is implicitly defined by the equation W(x)eW(””) = z. It defines two main
branches W_; (negative) and Wy (positive).

» W_1, defined on [—e~1,0), is decreasing and W_1(—e~ 1) = —1.
» Wy, defined on [—e ™!, +0), is increasing and Wy(—e~!) = —1.
The function W, satisfies for all z > e, W (¢*) < x and

log log(z) e loglog(x)
Dloa(z) < Wo(z) — (log(z) — loglog(z)) < — 1 log(z)

Lambert’s branches are involved in the inversion of h(x) = z —log(z). When x > 1, it involves
the negative branch. When = < 1, it involves the negative part of the positive branch. To make the
notations clearer, we define for all x > 1

W71($) = —Wfl(—€_$) and W0($) = —Wo(—e_z) . (27)

Lemma 75 gather useful properties on W _; and W, that we will use.
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Lemma 75 (1) For x > 1, let h(x) = x — log(x). Then,

9

W_oi(y) <z ife=>1
Vy=>1, y<h(z) <= Waly)<e lfx

Woly) =z  ifze(0,1]
W_l(l—l—%log%)ém ifx>1
Wo(l+2logt) =2 ifze(0,1)

Vo > 1, exp (—z + e %) < Wo(z) < exp(—z + el_x) ,

i

V6 >0,Ve>0, e @D <5 {

_ 1
Vo > 1, x +log(z) < W_i(x) < x + log(z) + min {

1
2?\/5}7
. 1 1
Vu>1,¥E > 1, W0(1+1:)>t<:>t>eXp<1+Wo<u >>
e

(2) The function W _1 is increasing and strictly concave on (1, +0). The function W is decreasing
and strictly convex on (1, +0). In particular,

ves1,  (Wo)(z) = (1 _ Wol(x)>l and (W_1)'(x) = <1 _ W_ll(x)>1 .

Proof (1) Lety > 1 and x € (0, 1]. We obtain

—T

Woly) =2 = Wo(—e V)< - <= —e V< -z <= y<a—log()
where the second equivalence uses that —e =¥ = Wy(—e¥)e"o(=¢7") 4 s yeY is increasing on
[—1, +00) and Wy(z) has values on [—1,0) for x € [-e~1,0). Let x € (0,1), 6, ¢ > 0. Then,

Wo <1+110g(13> > = 1+llog%<h(aj) — exp(—c(h(z)—1)) <0
c c

Letx > 1 and f(x) € (0,1). Then, we obtain
Wo () > f(z) == =< f(z) —log(f())

For f(x) = e™**¢ ", we have z < f(z) — log(f(x)) <= e~* = 0, hence this condition holds
and Wy (z) > f(x). For f(z) = e **¢'", we have z < f(x) — log(f(z)) <= z < 1, hence
this condition doesn’t hold for x > 1, hence W (z) < f(x).

For W _1(y), the same arguments yield the three results, which were first proven in Lemma A.1
and A.2 of Degenne (2019)).

We denote v = “T_l > (. Since ¢ > 1, direct manipulations show that

— 1 1 1 -1
W0(1+%)>Z — 1+u<—log< ) — 114—10g(v)<10g<u€ )

t ot t
<:>ve”<u_l <:>U<W0(u_l> @i}L_llzeHWO(u;l>
€ € Wo (45
The equivalence introducing Wy uses that for a = “;1 > 0, Wo(a)ewo(a) = qa, y — ye¥is
increasing on [—1, +00) and v > 0. The last equality uses that eWol@) — Wox(m).
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(2) Let W denote Wy or W_1 and W (x) = —W (—e~?). It is known (by implicit derivation)

that W'(z) = T%V(z) for z # —e~!. Using that ¢"V(?) = 77y this yields that W' (z) =

A\ —1 -1
<1 + eWZ( )) = (1 + ﬁ) . For x # 1, using the above with z = —e™ ", we obtain

Since Wy(—e~%) € (—1,0) for all z > 1 (positive branch on (—e~!,0)), we have Wy () € (0, 1),
hence Wy(z) < 0 for # > 1. Therefore, Wy is decreasing on (1,+0o0]. Using that W' (z) =

—1 -
(1 — ﬁ) for z # 1, we obtain that WE) is increasing on (1, +00], hence strictly convex. The
same arguments yield that W _; is increasing and strictly concave on (1, +c0]. |

Lemma 76 was proven in Degenne (2019). It is needed when using the peeling method.

Lemma 76 (Lemma A.3 in Degenne (2019)) For a,b > 1, the minimal value of f(n) = (1 +
n)(a + log(b + %)) is attained at n* such that f(n*) < 1—b+ W_1(a+b). Ifb = 1, then there is
equality.

Appendix J. Implementation Details and Additional Experiments

Implementations details are given in Appendix J.1. Supplementary experiments are provided in
Appendix J.2.

J.1. Implementation Details

We detail below the most relevant implementation details, both regarding the sampling rules and the
considered family of thresholds.

Stopping thresholds The implementation of the different families of thresholds require to specify
the hyper-parameters (s, 79,71, ). Based on the obtained formulas, we see that there is a trade-off
in their choice. Smaller values of (19, 71) yield close to ideal dependency in ¢, at the cost of
increasing the dependency in ¢. Smaller values of s yield close to ideal dependency in ¢, at the cost
of increasing the constant term. Smaller values of -y yield more frequent update of the approximation
term error (i.e. the ratio of eigenvalues), at the cost of increasing the dependency in ¢. Those updates
are responsible for stair-step shaped curves of the KL and (EV-)BoB thresholds. For reasonable
choices of the parameters, the relative performance of the thresholds are not changed. We conduct
our experiments with s = 2,y = 1.2, g = 11 = log (1/6) " (as § < 1).

Optimal allocation oracles To compute the optimal allocation in TaS, we perform nested binary
searches to solve the optimization problem described in Theorem 13. The outer binary search is
done on y € [0, ming.q* dg=(p4q)). The inner binary searches are done to compute x,(y) for all
a € [K]. To obtain A(z), we compute the (at most three) real solutions of the third order polynomial
equation, and then return the one minimizing the function of interest. For EV-TaS, the procedure
is similar as the one implemented in Garivier and Kaufmann (2016), and it is significantly faster as
A(z) has a closed-form solution.
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Sampling rules As recommended in Jourdan et al. (2022), we implemented the 5-EB-TCI al-
gorithm with 8 = 0.5. This is a deterministic instance of Top Two algorithm with an efficient
implementation since it can re-use computations done in the stopping and recommendation rules.

Based on Degenne et al. (2019), we consider DKM with one learner on A instead of K
learners. For unknown variances, the wrapped DKM algorithm is obtained by considering adapted
transportation costs (and the corresponding alternatives). To cope for an additional uncertainty due
to the unknown variance, the bonus lo ]\%(t) is multiplied by 1 + 21°g( ) This heuristic is legitimated
by our box concentration. The implementation of EV-DKM is d1rect by plugging in the empirical
variance. Based on Wang et al. (2021), the wrapped algorithms FWS and EV-FWS are obtained
similarly.

FHN?2 refers to the procedure 2 in Fan et al. (2016), whose pseudo-code (see Algorithm 1)
was given in Hong et al. (2021). FHN2 is an elimination strategy which repeatedly samples all
arms until only one arm is left. For all @ € [K], let X,,, = %Zte[n] Xi.a where (Xya)seqn]
are ii.d. observations from v, ;2. Its elimination mechanism compares the pairwise statistics
tpa(n )(Xn,b Xn.a) to an elimination threshold 9b.a(tya(n),d), where the effective time ¢ 4(n) =
n/Sp,q(n) is defined with the empirical variances of pairwise comparison between arms b and a

1 = S\ 2
Sb,a(n) T (Xt,b - Xt,a - Xn,b =+ Xn,a) .
n—1
te[n]
The calibration of the elimination threshold, which is done by simulations arguments and continuous-

time approximations, yields

Gba(z,0) = \/(:c +1) <2 log <K251> + log(x + 1)) )

The choice of the initial time ng impacts the empirical performance of the algorithm, yet few prac-
tical guidelines were given. In our experiments we took ng = max{2, 10log(1/4)}.

Algorithm 1: FHN2
Let [ = [K] and n = ng (user-specified)
Sample ng observations from each arm
while |7| > 1 do
Compute Sy ,(n) and set ty, o(n) = n/Sp q(n) forall b # a
Update active arms, I « I\ {b | Va # b, tyo(n)(Xnp — Xn,a) < —Ggba(tsa(n), 6)}
Pull each arm once, and setn «— n + 1
end
Return the unique arm in /

In Fan et al. (2016), they also propose the procedure 1, which we refer to as FHN1. The main
difference is that FHN1 uses the empirical variances obtained after initialization, meaning it uses
tha(n) = n/Spq(no) instead of ¢ 4(n) = 1n/Sp o(n). While one can argue that this wastes precious
information, FHN1 enjoys better theoretical guaranty. The impact of then choice of ng is more
important for FHN1 since S, 4(no) is used for elimination.

Reproducibility Our code is implemented in Julia 1.7.2, and the plots are generated with
the StatsPlots. j1 package. Optimizations are performed based on the JuMP . j1 optimization
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package. In particular, we use the Ipopt non-linear solver (Wichter and Biegler, 2006), available in
Ipopt.jl, and the LambertW. j1 package to compute the Lambert W function. Other depen-
dencies are listed in the Readme . md. The Readme . md file also provides detailed julia instructions
to reproduce our experiments, as well as a script . sh to run them all at once. The general struc-
ture of the code (and some functions) is taken from the tidnabbil library.

J.2. Supplementary Experiments

In Appendix J.2.1, we perform simulations on the characteristic times 7™y, 02) and 77 (p). In

Appendix J.2.2, we compare family of stopping thresholds for the EV-GLR stopping rule.

J.2.1. CHARACTERISTIC TIMES

We perform numerical simulations to compare 7*(u1,0%) and T (11). Based on the inequalities

(2), we will compare % and its upper bound log(‘f%i?ﬁ)) on = (“ ( )), where d(p,0?) =
(!La*(u)flu‘a)Q

MAX g2 g () min{ot.oT, 1" Taking K = 2, we consider the canonical instance w = (0,—A) and

o? = (1,7), hence d(u, 0?) = m, and instantiate it by default with A = 0.2 and r» = 0.5. We

perform 10000 simulations for varying A and r.

e !
—T*(u.0§)fr *(du) l‘ —T*(u,Oﬁ)fr *(du)
— —upper boun a — —upper boun
30t PP - 115} i
|
, |
207 1.10f |
!
\\
10+ 1.05¢ \\
ol . . . . 1.00 L. : ; ; ]
0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0
r

Figure 3: Evolution of % as a function of (a) A for » = 0.5 and (b) r for A = 0.2.

Figure 3 empirically confirms that % is an upper bound on T*L(‘T)), which is always

* 2
above 1. It shows that %&Q is close to one as long as the gap is not too large. Moreover, the
52

upper bound m has the same behavior, except when the variance of the optimal arm is

significantly larger than the one of the sub-optimal arm. In this particular regime, our upper bound
appears to be loose.

2. This library was created by Degenne et al. (2019), see https://bitbucket.org/wmkoolen/tidnabbil. No license were
available on the repository, but we obtained the authorization from the authors.
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J.2.2. THRESHOLDS

Using the same experimental setup as in Section 3.3, we perform numerical simulations to compare
the family of thresholds derived for the EV-GLR stopping rule: EV-Student (Lemma 50), EV-Box
(Lemma 51) and EV-BoB (Corollary 52).

4ok |7~ EV-Student 45 + | —-—EV-Student
EV-Box : _.—"7  EVBox
—---EV-BoB .- —---EV-BoB
120 + - ! Lo
.- a0} - -
100 | RS y 7
. -~ ‘/
P -/
8o} . .
~ L
A 1
60 L C
- - I, -
40*/:_/ 30+ e _
/ L L L L
10 20 30 40 0 1.0x10* 2.0x10" 3.0%10
log(1/6) t

Figure 4: Threshold for (5) as a function of (a) log (1/0) for ¢ = 5000 and (b) ¢ for § = 0.01.

Figure 4 is the equivalent of Figure 1 and similar messages can be extracted from it. However,
for the EV-GLR stopping rule, the §-correct family of thresholds can be asymptotically tight, oth-
erwise Theorem 9 would contradict the asymptotic lower bound. The Student threshold in (21) has
poor performance in t. While the box threshold in (22) yields better performance in ¢, it comes at
a worse dependency in log (1/0) (higher slope). The BoB threshold in Corollary 52 has the good
performance in ¢ of the box threshold and the same dependency in log (1/§) as the Student threshold.

Student Student
140 | _Ev.Student 60 — - —EV-Student
Box Box
120 + EV-Box = EV-Box
— — KL / —— KL
——BoB PR 50 —BoB
100 | -EV-BoB —---EV-BoB
i‘/ ——
ot o~
40\
60
40t
30}
10 20 30 40 0 1.0x10% 2.0x10* 3.0x10

log(1/6) t
Figure 5: Thresholds as a function of (a) log (1/0) for ¢ = 5000 and (b) ¢ for 6 = 0.01.

Figure 5 groups Figures 1 and 4 together. By comparing the thresholds obtained by using the
same method, all the thresholds for the EV-GLR stopping rule are above the ones obtained for the
GLR stopping rule. Given the ordering of the statistic (Lemma 16), this was expected.
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