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ARTICLE

Thermodynamics, statistical mechanics and the
vanishing pore width limit of confined fluids
W. Dong 1,2✉, T. Franosch3✉ & R. Schilling4✉

Temperature, particle number and volume are the independent variables of the Helmholtz

free energy for a bulk fluid. For a fluid confined in a slit pore between two walls, they are

usually complemented by the surface area. However, an alternative choice is possible with

the volume replaced by the pore width. Although the formulations with such two sets of

independent variables are different, we show they are equivalent and present their relations.

Corresponding general statistical-mechanics results are also presented. When the pore width

becomes very small, the system behaves rather like a two-dimensional (2D) fluid and one can

wonder if thermodynamics still holds. We find it remains valid even in the limit of vanishing

pore width and show how to treat the divergences in the normal pressure and the chemical

potential so that the corresponding 2D results can be obtained. Thus, we show that the Gibbs

surface thermodynamics is perfectly capable of describing small systems.
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Despite its phenomenological character, thermodynamics is a
powerful framework providing universal relations between
various thermodynamic functions, e.g., the equations of

state. It is remarkable that thermodynamic potentials depend only
on a quite small number of independent variables. For instance, for
a one-component fluid in a box, the fluid-particle number, N, and
the box volume, V, are such variables. With different choices of
independent variables, various thermodynamic potentials can be
obtained using Legendre transforms.

Thermodynamics was initially developed for homogeneous
macroscopic systems. In such cases, extensive thermodynamic
variables scale with the system size, e.g., its volume, V, while the
conjugate intensive variables are independent of the system size.
Statistical mechanics provides a microscopic justification of the
macroscopic thermodynamics in the so-called thermodynamic
limit, e.g., V→∞ and N→∞, keeping the particle density ρ=N⁄V
fixed. Macroscopic thermodynamics holds under the condition,
limV!1 A=V

� � ¼ 0 where A is the total surface area of system. J.
W. Gibbs proposed surface thermodynamics to go beyond the
macroscopic one by including the surface contribution, propor-
tional to A, into thermodynamic potentials1. However, it is not
clear whether Gibb’s formulation is the unique way for elaborating
the surface thermodynamics. Our work here shows that alternative
variants are possible.

An important class of inhomogeneous systems in which surfaces
play a salient role are confined fluids. For simplicity, we consider
here a one-component classical fluid confined in a slit pore com-
posed of two parallel and flat impenetrable walls (see Fig. 1).
The area of a single wall is A and the slit width is H. Since we will
illustrate the thermodynamic and statistical-mechanics results for a
colloidal liquid of monodisperse hard spheres (HS) of diameter, σ,
the accessible width for the centers of hard spheres is L=H − σ
while for point particles, L=H and the volume given by V= LA.
Thermodynamic quantities of experimental interest are, e.g., the
normal pressure and the surface tension resulting, respectively,
from the change of pore width and wall area.

As pointed out above, Legendre transforms allow generating
various thermodynamic potentials, thus leading to different ther-
modynamic formulations. However, it is much less well recognized
that even with a same thermodynamic potential, multiple choices
of independent variables exist in some situations, which result in
different intensive variables and different relations concerning the
intensive variables, e.g., Gibbs-Duhem equation. The motivation for
working out these equivalent formalisms is also to offer a most
suitable description for different experimental or simulation situa-
tions. Fluids confined to a slit-pore provide an illustrating example
and we will show that even for one and the same thermodynamic
potential, e.g., the Helmholtz free energy, two alternative thermo-
dynamic formulations are possible. Besides the well-known Gibbs

formulation with the choice of T, V,A ¼ 2A, andN as independent
variables, i.e., considering F T;V;A;Nð Þ, there is an alternative
one based on the choice of T, L=V⁄A, A and N as independent
variables, considering �F T; L;A;Nð Þ. Our first objective in the
present work is to prove first that the alternative formulation is
completely equivalent to Gibbs’ one and second to find relations
between them. The second one is to establish the microscopic
statistical-mechanics description corresponding to the proposed
thermodynamic formalism.

Intuitively, one expects that the 3D confined fluid should
be able to transform to a 2D one in the limit of vanishing pore
width, i.e., L→ 0. Nevertheless, the theoretical demonstration
of this appealing idea does not appear to be a trivial task. There
are several evident difficulties. First, the normal pressure and the
chemical potential of the 3D confined fluid diverge in the van-
ishing pore-width limit. So, it is obvious that the thermodynamic
functions of the 3D confined fluid do not transform directly to
those of the 2D fluid when the limit of vanishing pore width is
taken. Moreover, in the limit L→ 0, the system size in this
direction becomes vanishingly small. One can seriously question
the validity of thermodynamics (a theory for macroscopic sys-
tems) under this condition. T. L. Hill was the pioneer who tried to
extend thermodynamics for small systems2,3. His approach,
named now as nanothermodynamics4–6, is attracting much
renewed interest7–14 (see the monograph of Bedeaux, Kjelstrup
and Schnell7 for a recent review). Is it necessary to resort to Hill’s
nanothermodynamics to study the dimensional cross-over pro-
blem described above? If yes, how can it be applied concretely,
i.e., how to construct the replicas needed for Hill’s nanother-
modynamics? How can the divergences of the pressure and the
chemical potential of the 3D confined fluid be coped with
properly? What are the precise relations between the thermo-
dynamic functions of the 3D and 2D systems? Searching the
answers to these open questions constitutes the third objective of
the present work.

We show the most salient difference between the alternative
formulations based on F T;V;A;Nð Þ or �F T; L;A;Nð Þ is that the
respective intensive variable conjugated with the surface area is
different, for the former it is the well-known surface tension while
for the latter it is the averaged transverse pressure. It is revealed
also that if the singularities in the normal pressure and in the
chemical potential are treated properly in the limit of vanishing
pore width, thermodynamics holds even in this limit and the 3D
to 2D crossover can be achieved.

Results and discussion
Thermodynamics
General thermodynamic relations. Depending on the choice of
independent variables, there exist multiple but equivalent for-
mulations of thermodynamics. This is why different thermo-
dynamic potentials, such as the Helmholtz or the Gibbs free
energy, and the grand potential, etc. have been introduced.
Nevertheless, it is less well recognized that even with a given
thermodynamic potential, different choices of independent vari-
ables are also possible and lead to different thermodynamic
formulations. Failure in treating properly such situations can lead
to confusions. In order to illustrate this point, we will consider a
fluid confined in a slit pore composed of two parallel impene-
trable walls with accessible width, L, as shown in Fig. 1. It is to
note that all the results in the present and the next subsections
hold for any one-component fluid and any pore width. The well-
known surface thermodynamics formulated by Gibbs chooses the
volume, V, total surface area, A, number of particles, N, and
temperature, T, as independent variables, the Helmholtz free
energy, F T;V;A;Nð Þ, as thermodynamic potential, which is

Fig. 1 Schematic representation of a fluid of hard spheres confined in a
slit pore formed by two hard walls. Hard sphere (blue) diameter: σ; Pore
width: H; Accessible pore width: L= H − σ; Surface area of one wall: A; Pore
walls: green; Inaccessible region of hard sphere center: light brown.
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described by the following fundamental equation,

dF ¼ �SdT � p?dV þ γdAþμdN; ð1Þ
where the conjugated variables, i.e., pressure, p⊥, surface tension, γ,
chemical potential, µ, and entropy, S, are defined respectively by,

p?¼ � ∂F
∂V

� �
T;A;N

; ð2Þ

γ ¼ ∂F
∂A
� �

T;V;N

; ð3Þ

μ ¼ ∂F
∂N

� �
T;V;A

; ð4Þ

S ¼ � ∂F
∂T

� �
V;A;N

: ð5Þ

Due to the system’s inhomogeneity, the surface region becomes
also anisotropic. The obvious manifestation of the anisotropy is
that near the surface, the pressure is no longer the same in
different directions with respect to the surface normal. For the
case of a flat surface considered here, the intensive variable
conjugated to the volume is in fact the pressure perpendicular to
the surface and this will be shown below more clearly and the
index of p⊥ is to indicate this explicitly. The fundamental
equation, Eq. (1), describes a closed system in contact only with a
thermal bath to exchange heat. For a slit pore of slab shape with
the two walls of square shape with area, A, perpendicular to the
z-axis (see Fig. 1), the volume and the total surface area are given
respectively by,

V ¼ AL; ð6Þ

A ¼ 2Aþ 4L
ffiffiffiffi
A

p
: ð7Þ

Recall that L=H for point particles. Since we will consider
later the thermodynamic limit, A→∞ and N→∞ such that the
2D density, n=N⁄A, is fixed, the second term on the right-hand-
side (RHS) of Eq. (7) is negligible. Consequently, A ¼ 2A in our
following discussions. As pointed out above, p⊥ is in fact the
normal pressure and this can be seen clearly by rewriting Eq. (2)
as,

p?¼ � ∂F
∂V

� �
T;A;N

¼ � 1
A

∂F
∂L

� �
T;A;N

: ð8Þ

where � ∂F=∂L
� �

T;A;N is nothing else but the force perpendicular
to the pore walls.

We can also make an alternative choice of thermodynamic
variables with the pore width, L, as independent variable instead
of V. In addition, we will use A ¼ A=2 instead of A. Note that L
and A are the natural variables in a statistical-mechanics
approach15,16. It is to be pointed out that this choice of
independent variables for describing the Helmholtz free energy
was used by F. Varnik17 to devise a simulation method at
constant normal pressure. Here, we present a systematic
presentation of the formulation. Now, the fundamental equation
for the free energy with such a choice of independent variables,
i.e., �F T; L;A;Nð Þ, becomes,

d�F ¼ ��SdT � �ϒdL� �ΣdAþ �μdN; ð9Þ
where the connection between both free energies is given by

�F T; L;A;Nð Þ ¼ F T;V ¼ AL; A ¼ 2A;Nð Þ; ð10Þ

and the other thermodynamic variables are,

�S ¼ � ∂�F
∂T

� �
L;A;N

; ð11Þ

�ϒ¼ � ∂�F
∂L

� �
T;A;N

; ð12Þ

�Σ ¼ � ∂�F
∂A

� �
T;L;N

; ð13Þ

�μ ¼ ∂�F
∂N

� �
T;L;A

: ð14Þ

Similar to F and �F, S and �S, as well as μ and �μ, are
different functions, although they are related directly via
S T;V ¼ AL;A;Nð Þ ¼ �S T; L;A;Nð Þ and μ T;V ¼ AL;A;Nð Þ ¼
�μ T; L;A;Nð Þ. From Eq. (8), we obtain readily,

�ϒ¼ � ∂�F
∂L

� �
T;A;N

¼ p?A: ð15Þ

�Σ defined by Eq. (13) has the same physical dimension as the
surface tension, γ, but it does not correspond to the well-known
surface tension defined by Eq. (3) as it will be shown below. It is
useful to note that �Σ has also the same physical dimension as the
pressure in a 2D system and that �Σ=L has the dimension of the
pressure in a 3D system. To clarify the physical meaning of �Σ, we
rewrite Eq. (9) as,

d�F ¼ �SdT � p?AdL�
�Σ

L
LdAþ μdN: ð16Þ

The second and third terms on the RHS of Eq. (16) describe
respectively the work done by a volume change resulting from
modifying the pore width, L, or pore surface area, A. For an
isotropic bulk system, p? ¼ �Σ=L ¼ p, the sum of these two terms
reduces to �pdV and we recover the well-known equation for a
bulk system from Eq. (16). However, for a confined fluid
interacting with the pore walls, the system becomes anisotropic,
i.e., p?≠p and the pressure in the pore is no longer a scalar but a
tensor with unequal normal and transverse components18.
Rearranging Eq. (16) as follows allows for clarifying the physical
meaning of �Σ and its relation to the surface tension,

d�F ¼ �SdT � p?dV þ 1
2

p? �
�Σ

L

� �
LdAþ μdN; ð17Þ

where V = AL and A ¼ 2A were used. Comparing Eq. (17) with
Eq. (1), we obtain the thermodynamic relation between the
surface tension, γ, and �Σ:

γ ¼ L
2

p? �
�Σ

L

� �
: ð18Þ

The well-known mechanical definition of surface tension for a
slit geometry19 is given by,

γ ¼ 1
2

Z L=2

�L=2
dz p? � pk zð Þ
h i

; ð19Þ

where p? and p|| are the normal and transverse components of
the pressure tensor. Although p? is the same at any point in the
pore to assure the mechanical equilibrium, the parallel compo-
nent of the pressure tensor, pk zð Þ, varies with the position in the
neighborhood of pore surfaces. From Eqs. (18) and (19), we
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obtain immediately,

�Σ ¼
Z L=2

�L=2
dzpk zð Þ: ð20Þ

Hence, it is more appropriate to name �Σ as integrated
transverse pressure although it was called surface tension in the
previous work of Franosch, Lang and Schilling15. In the context of
Langmuir films, this is also referred as surface pressure. The
expression for the pressure tensor found initially by Irving and
Kirkwood is based on a mechanical definition and a particular
choice of integration path to calculate the contribution of inter-
particle interaction18. Schofield and Henderson pointed out that
the choice of integration path is not unique20. The non-
uniqueness for the mechanical definition of the pressure tensor
have given rise to many debates in the literature (see, e.g., a recent
study21 and the references therein). Equations (18) and (19) show
that to calculate the surface tension, one needs only the integrated
normal and traverse components of the pressure tensor. The
results given in Eqs. (13) and (15) provide a thermodynamic
route for obtaining these integrated components from the
derivative of the Helmholtz free energy and no choice of an
integration path is needed for this route. The statistical-
mechanics expressions obtained from this route will be presented
below in Section III.

It is worthwhile to discuss also further consequences resulting
from the different formulations above. For fluids confined to a slit
pore, the free energy is a first-order homogeneous function only if
all the extensive variables scale with the surface area, i.e.,

F T; λV; λA; λNð Þ ¼ λF T;V;A;Nð Þ; λ> 0: ð21Þ
This leads immediately to the Euler relation,

F T;V;A;Nð Þ ¼ �p?V þ γAþμN; ð22Þ
and the corresponding Gibbs-Duhem equation,

SdT � Vdp?þAdγþ Ndμ ¼ 0: ð23Þ
Alternatively, �F exhibits the following scaling,

�F T; L; λA; λNð Þ ¼ λ�F T; L;A;Nð Þ; λ> 0; ð24Þ
which leads to the Euler relation,

�F T; L;A;Nð Þ ¼ ��ΣAþ �μN: ð25Þ
It is to note that as already pointed out earlier, F T;V;A;Nð Þ

and �F T; L;A;Nð Þ, respectively, on the left-hand-side (LHS) of Eqs.
(22) and (25) describe the same free energy [see Eq. (10)]. Due to
the different choice of independent variables, the right-hand-sides
(RHS) of Eqs. (22) and (25) look different but the results to be
given in Sec. IV allow for showing that the sums give the same
result. Taking the total differential of both sides of Eq. (25) and
comparing the result with Eq. (16), we obtain the following
Gibbs-Duhem-like relation for the alternative formulation with �F,

�SdT þ A p?dL� d�Σ
� �þ Nd�μ ¼ 0: ð26Þ

Although this relation does not look exactly the same
as the Gibbs-Duhem equation in Eq. (23), they are closely
related. Substituting �S ¼ S, d�μ ¼ dμ and the identity,
p?dL ¼ d p?L

� �� Ldp?, into Eq. (26) and using the relation
Eq. (18), we recover readily the Gibbs-Duhem equation given
in Eq. (23).

Both formulations presented above contain the whole thermo-
dynamic information, including that for phase transitions. When
a phase transition takes place, both free energies become singular
at, e.g., a critical temperature, Tc. Using F T;V;A;Nð Þ or
�F T; L;A;Nð Þ allows for investigating respectively the variation
of Tc with the volume or with the pore width.

We emphasize that the above thermodynamic formalism is valid
for any value of the pore width. An extreme situation, i.e., a
vanishing pore width, will be discussed in the next subsection.
When the pore becomes narrower and narrower, some character-
istic behaviors of small systems manifest themselves more and
more. For example, differential and integral pressures (p, and p̂),
differential and integral surface tensions (γ and γ̂), differential and
integral chemical potentials (μ and μ̂) are no longer the same9,13,14.
The definitions of these differential and integral thermodynamic
functions are recalled: p ¼ � ∂F=∂V

� �
T;A;N ¼ � ∂Ω=∂V

� �
T;A;μ

(Ω:

grand potential), p̂ ¼ �Ω=V, γ ¼ ∂F=∂A� �
T;V;N ¼ ∂Ω=∂A� �

T;V;μ,

γ̂ ¼ Ω� Ωbulk
� �

=A, μ ¼ ∂F=∂N
� �

T;V;A ¼ ∂G=∂N
� �

T;V;A, μ̂ ¼
G=N . T. L. Hill has been a pioneer for developing a thermodynamic
approach for small systems2–6. Recently, W. Dong has shown that
if the surface contribution is adequately accounted for, an
alternative approach is possible, which is based on the more
traditional surface thermodynamics13,14. It is to be emphasized that
the thermodynamic formalism presented in this section applies for
any arbitrarily small pore width. Moreover, we know now that the
differential intensive variables are ensemble-independent while the
integral intensive variables depend on ensembles14. In the present
work, we consider only the differential intensive thermodynamic
functions.

Vanishing pore-width limit, L → 0. Although the expectation that
the vanishing pore-width limit of a 3D confined fluid should lead
to a 2D fluid is physically appealing, such a limit cannot be taken
straightforwardly since certain singularities arise, e.g., the 3D
density, ρ=N⁄V, diverges as L−1, and the normal pressure
diverges in the same way. Moreover, the chemical potential
contains a logarithmic singularity such as lnL. Nevertheless, these
are removable singularities and we can deal with them properly
by rewriting Eq. (22) as follows,

F þ kBTNln
L
Λ
¼ � p?L� 2γ

� �
Aþ μþ kBTln

L
Λ

� �
N; ð27Þ

where kB is the Boltzmann constant and Λ the thermal wave-
length. The terms, kBTNln ΛL�1

� �
, on both sides of Eq. (27) is the

difference between the Helmholtz free energy of an ideal gas in
three and two dimensions. Now, the limit, L→ 0, can be taken
and in this limit, Eq. (27) becomes the Euler equation of the 2D
fluid,

F2D ¼ �p2DAþ μ2DN; ð28Þ

where

F2D ¼ lim
L!0

F þ kBTNln
L
Λ

� �
; ð29Þ

p2D ¼ lim
L!0

p?L� 2γ
� �

; ð30Þ

μ2D ¼ lim
L!0

μþ kBTln
L
Λ

� �
: ð31Þ

Equations (29)–(31) give, respectively, the transformation of
different thermodynamic quantities of the 3D confined fluid to
those of a 2D fluid in the limit of vanishing slit width. Moreover,
the Euler relation given in Eq. (28) shows clearly that the obtained
2D fluid is a bulk one since the free energy does not contain any
interface contribution (nota bene: an interface in a 2D system is
a line).
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A similar treatment can be made for �F given by Eq. (25). We
find the Euler relation for the free energy of the 2D fluid,

�F þ kBTNln
L
Λ
¼ �ΣAþ μþ kBTln

L
Λ

� �
N: ð32Þ

Now, taking the limit of vanishing slit width, we obtain,

�F2D ¼ ��p2DAþ �μ2DN; ð33Þ

where

�F2D ¼ lim
L!0

�F þ kBTNln
L
Λ

� �
; ð34Þ

�p2D ¼ lim
L!0

�Σ ¼ lim
L!0

p?L� 2γ
� � ¼ p2D; ð35Þ

�μ2D ¼ lim
L!0

�μþ kTln
L
Λ

� �
¼ lim

L!0
μþ kBTln

L
Λ

� �
¼ μ2D: ð36Þ

When going to the second equality of Eq. (35), we relied on
Eq. (18) and �μ T; L;A;Nð Þ ¼ μ T;V ¼ AL;A;Nð Þ was used when
going to the second equality of Eq. (36). Now, we see that �Σ leads
directly to the 2D fluid pressure in the limit of vanishing pore-
width while it is the combination of normal pressure and surface
tension in Eq. (30) which leads to the 2D fluid pressure. Although
F T;V;A;Nð Þ and �F T; L;A;Nð Þ are not the same function for a 3D
confined fluid, the results of Eqs. (28)–(36) show that the
functions F2D and �F2D, depending on the same set of variables,
i.e., (T, A, N), are identical.

The logarithmic singularity arising in the chemical potential
and the Helmholtz free energy in the limit L→ 0 is ln(L⁄Λ) if the
particles interact with the pore surfaces via a hard-wall potential,
vHW zð Þ, (see Section IV). In more general cases described by a
particle-wall interaction potential vW zð Þ, the singularity becomes

ln Λ�1
R L=2
�L=2dz exp �β vW z þ L=2

� �þ vW L=2� z
� �� �	 
h i

where

β ¼ kBT
� ��1

. In these cases, the proper 2D limit can be obtained
similarly by removing such a singularity.

In the limit L→ 0, the size of the considered system becomes
vanishingly small. Despite the fact that the 3D to 2D crossover in
this limit is a physically appealing idea, it is by no means evident
that thermodynamics (widely recognized as a theory for
macroscopic system) is still valid in this limit. Hill’s
nanothermodynamics2–6 is currently the best-known approach
for describing the thermodynamic behavior of small systems.
However, it does not seem possible to describe the 3D to 2D
crossover by applying Hill’s theory since even the surface tension
does not enter explicitly into his theory. As already pointed out at
the end of the last subsection, the thermodynamic formalism
presented in this section applies also for small systems. The above
treatment of the vanishing pore width provides such an
application concretely. Moreover, the success in describing
correctly the 3D to 2D crossover shows that our alternative
approach possesses also some advantage compared to Hill’s
nanothermodynamics.

Statistical mechanics. The thermodynamic formalisms presented
in the last section provide a macroscopic description. In this
section, we present also a microscopic description based on sta-
tistical mechanics and discuss the connections between the two
descriptions. For this, we consider a quite general model for a
one-component fluid confined in a slit pore formed by two
parallel impenetrable walls. The fluid particles interact with each
other through a pair-wise additive potential, u, and with each wall

through vW. The total interaction potential is given by,

U ¼ ∑
N

i¼1
∑
N

j>i
uðjrj�r

i
jÞ þ ∑

N

i¼1
vW zi þ L=2
� �þ vW L=2� zi

� �� �
;

ð37Þ
where ri ¼ xi; yi; zi

� �
is the position vector of particle i (see

Fig. 1) and the interparticle potential considered in this subsec-
tion can be any generally used one. For the general discussion
here, we just require that the fluid-wall interaction goes to infinity
when a fluid particle is out the slit pore, i.e.,

vW zð Þ ¼ 1; z < 0: ð38Þ
Inside the pore, vW zi

� �
can be a quite arbitrary finite potential.

Since the Helmholtz free energy is chosen as the thermo-
dynamic potential for the presentation given in the Section
“Thermodynamics”, the canonical ensemble is considered for the
corresponding presentation of statistical-mechanics results in this
section. The Helmholtz free energy can be expressed either by,

βF T;V; A; Nð Þ ¼ �lnZ T;V; A; Nð Þ; ð39Þ
or

β�F T; L;A;Nð Þ ¼ �ln�Z T; L;A;Nð Þ; ð40Þ
where the partition function is respectively given by,

Z ¼ 1

Λ3NN!

Z
V

YN
i¼1

drie
�βU ¼ 1

Λ3NN!

YN
i¼1

Z ffiffiffiffiffiffi
A=2

p

0
dxi

Z ffiffiffiffiffiffi
A=2

p

0
dyi

Z V=A

�V=A
dzie

�βU ; ð41Þ

�Z ¼ 1

Λ3NN!

Z
V

YN
i¼1

drie
�βU ¼ 1

Λ3NN!

YN
i¼1

Z ffiffiffi
A

p

0
dxi

Z ffiffiffi
A

p

0
dyi

Z L=2

�L=2
dzie

�βU ; ð42Þ

and Λ is the thermal wavelength.

Normal pressure and a general contact-value theorem. According
to its definition given in Eq. (8), it is straightforward to obtain the
statistical-mechanics expression of the normal pressure. To
facilitate the calculation of the derivative, the change of variable,
zi ¼ Lẑi with L ¼ 2V=A, is made and the partition function
becomes,

Z ¼ 2V=A� �N
Λ3NN!

YN
i¼1

Z ffiffiffiffiffiffi
A=2

p

0
dxi

Z ffiffiffiffiffiffi
A=2

p

0
dyi

Z 1=2

�1=2
dẑie

�βU : ð43Þ

The final result for the normal pressure is given by,

βp? ¼ � ∂ βF
� �
∂V

� �
T;N;A

¼ � 1
A

∂ βF
� �
∂L

� �
T;N;A

¼ ρ� β

2L

Z
dz1

Z
dr12ρ

2ð Þ z1; z2; s12
� �

u0 r12
� � z2 � z1

� �2
r12

� β

L

Z
dz1ρ z1

� �
v0W z1 þ L=2
� �

z1 þ
L
2

� �
þ v0W L=2� z1

� � L
2
� z1

� �� �
;

ð44Þ
where r12 ¼ r2 � r1, ρ ¼ N ALð Þ�1, ρ z1

� �
is the density profile of

the confined fluid, ρ 2ð Þ z1; z2; s12
� �

, the two-body distribution
function and,

sij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxj�xiÞ2 þ ðyj�yiÞ2

q
: ð45Þ

When the fluid interacts with the pore walls through a hard
wall potential, i.e.,

vW zð Þ ¼ vHW zð Þ ¼ 1 ; z<0

0 ; z0


; ð46Þ

the last term on the RHS of Eq. (44) vanishes.
For an inhomogeneous fluid in contact with a single hard wall,

the well-known contact-value theorem (see e.g., the work of
Henderson and Blum22) gives the exact result, βpbulk ¼ ρc, with
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pbulk being the pressure in the bulk far from the wall and ρc the
fluid density at contact of the wall. For a fluid confined between
two hard walls, it becomes highly inhomogeneous when the pore
width is decreased, e.g., to a few particle diameters, and the fluid
loses its bulk character in the pore. We show now, even in this
case, a contact-value theorem can be established for a fluid
confined between two hard walls. In this case, Eq. (44) becomes,

βp? ¼ ρ� β

2L

Z
dz1

Z
dr12ρ

2ð Þ z1; z2; s12
� �

u0 r12
� � z2 � z1

� �2
r12

:

ð47Þ
First, we need to rewrite the second term on the RHS of Eq.

(47) with the help of the first equation of Born-Green-Yvon
hierarchy, i.e.,

dρ z1
� �
dz1

¼ �βρ z1
� � dvext z1

� �
dz1

� β

Z
dr12ρ

2ð Þ z1; z2; s12
� �

u0 r12
� � z1 � z2

r12
:

ð48Þ
Multiplying the both sides of Eq. (48) by z1 and integrating

over z1, we obtain,Z
dz1z1

dρ z1
� �
dz1

þ β

Z
dz1z1ρ z1

� � dvext z1
� �

dz1

¼ �β

Z
dz1

Z
dr12ρ

2ð Þ z1; z2; s12
� �

u0 r12
� � z1 � z2

� �
z1

r12

¼ � β

2

Z
dz1

Z
dr12ρ

2ð Þ z1; z2; s12
� �

u0 r12
� � z1 � z2

� �2
r12

:

ð49Þ

When going to the last equality of Eq. 49, we used the symmetry
relation, ρ 2ð Þ r1;r2

� � ¼ ρ 2ð Þ r2;r1
� �

, which allows for replacing

z1 � z2
� �

z1 in the integrand by z1 � z2
� �2

=2. Substituting
Eq. (49) and vext z1

� � ¼ vHW z þ Lz=2
� �� vHW Lz=2� z

� �
into

Eq. (47), we obtain
R1
�1dz1z1

dρ z1ð Þ
dz1

¼ �R1�1dz1ρ z1
� � ¼ N=A,

ρ z1
� �

v0HW z þ L=2
� � ¼ ρ z1

� �
eβvHW zþL=2ð Þ e�βvHW zþL=2ð Þh i0

and

finally,

βp? ¼ � 2
L

Z 1

�1
dz1z1ρ z1

� �
eβvHW zþL=2ð Þδ z þ L

2

� �
¼ ρ � Lþ

2

� �
¼ ρ

L�

2

� �
:

ð50Þ

where we have used the fact that the density profile is an even
function. It is to be emphasized that the contact-value theorem
given by Eq. (50) hold for any pore width. This exact result, which
was already observed in the case of extreme confinement23 but not
proven, can serve as one accuracy check for a density functional
theory dealing with fluids confined in a slit pore with hard walls. In
the limit L→∞, we recover the contact-value theorem for a single
wall since p? ! pbulk.

Integrated transverse pressure. The thermodynamic definition of
the averaged traverse pressure is given by Eq. (13). Now, we find
its statistical-mechanics expression again by calculating the cor-
responding derivative of Helmholtz energy. To facilitate this
calculation, the change of variables, xi ¼

ffiffiffiffi
A

p
x̂i and yi ¼

ffiffiffiffi
A

p
ŷi

are made and we obtain,

β�Σ ¼� ∂ β�F
� �
∂A

� �
T;L;N

¼ n� β

4

Z
dz1

Z
dr12ρ

2ð Þ z1; z2; s12
� �

u0 r12
� � x2 � x1

� �2
r12

þ y2 � y1
� �2

r12

" #
;

ð51Þ

where n=N⁄A is surface density.

Surface tension. We carry out also the calculation of the surface
tension according to the thermodynamic definition given in
Eq. (3). To facilitate this calculation, the change of variables,
xi ¼

ffiffiffiffiffiffiffiffiffiA=2
p

x̂i, yi ¼
ffiffiffiffiffiffiffiffiffiA=2

p
ŷi and zi ¼ 2Vẑi=A are made and we

obtain,

βγ ¼ β
∂F
∂A
� �

T;V;N

¼ β

8

Z
dz1

Z
dr12ρ

2ð Þ z1; z2; s12
� �

u0 r12
� � x2 � x1

� �2
r12

þ y2 � y1
� �2

r12

" #

� β

4

Z
dz1

Z
dr12ρ

2ð Þ z1; z2; s12
� �

u0 r12
� � z2 � z1

� �2
r12

� β

2

Z
dz1ρ z1

� �
v0W z1 þ L=2
� �

z1 þ
L
2

� �
þ v0W L=2� z1

� � L
2
� z1

� �� �
:

ð52Þ
Again, for a pore with two hard walls, the last term on the RHS

of Eq. (52) vanishes. The statistical-mechanics results obtained in
Eqs. (44), (51) and (52) show that the thermodynamic relation,
Eq. (18), holds perfectly. This provides the firm microscopic
foundation of the thermodynamic formulations presented in
Section Thermodynamics. One obvious advantage of the above
thermodynamic route to the normal and averaged transverse
pressures is that it avoids completely the uniqueness problem
related to the choice of integration paths suffered by the route
based on the mechanical definition of pressure tensor.

Vanishing pore-width limit L → 0 and dimensional crossover. Now,
we determine the limit values of the thermodynamic functions
discussed in the last subsection when the pore width becomes
vanishingly small. In this limit, we have,

lim
Lz!0

r12 ¼ s12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x1
� �2 þ y2 � y1

� �2q
; ð53Þ

lim
Lz!0

ρ 2ð Þ z1; z2; s12
� � ¼ ρ z1

� �
ρ z2
� �

g 0; 0; s12
� � ¼ ρ z1

� �
ρ z2
� �

g2D s12
� �

:

ð54Þ
Equation (54) shows clearly the decoupling of the normal and

traverse variables. With the help of Eq. (54), we can readily show
that the second term on the RHS of Eq. (47) vanishes when
L→ 0. So, in this limit, the normal pressure is given by the
equation of state of an ideal gas. Although ρ→∞, we find,

lim
L!0

βp?L ¼ n: ð55Þ
Substituting Eqs. (53) and (54) into Eq. (51), we can carry out

the integration of the perpendicular variables and obtain,

lim
L!0

β�Σ ¼ n� β

4
lim
L!0

Z L=2

�L=2
dz1ρ z1

� �Z L=2

�L=2
dz2ρ z2

� � Z
ds12s12g

2D s12
� �

u0 s12
� �

¼ n� βn2

4

Z
ds12s12g

2D s12
� �

u0 s12
� �

:

ð56Þ
The right-hand-side (RHS) of Eq. (56) is nothing else but the

expression of the pressure (times β) of a 2D fluid. This confirms
the results, limL!0

�Σ ¼ p2D, obtained in the Subsection “Vanish-
ing pore-width limit” , i.e., Eq. (35). In a similar way, we find,
from Eq. (52), the following result for the limit value of the
surface tension,

lim
L!0

βγ ¼ βn2

8

Z
ds12s12g

2D s12
� �

u0 s12
� �

: ð57Þ

In the vanishing pore width limit, the surface tension of the 3D
confined fluid accounts for the non-ideal part of the pressure for
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the limiting 2D fluid. The results given in Eqs. (55)–(57) show
readily that the thermodynamic result of Eq. (30) holds.

The above results show how the dimensional crossover can be
realized by confining a system with walls. Such a technique has
been used for constructing density functionals which allow for
accounting adequately dimensional crossover24,25. Now, we show
that it is also possible to realize another dimensional crossover by
adding hard walls in other directions to confine further the
system. For the 2D to 1D crossover, the following fluid-wall
interaction potential can be used,

Vext ¼ ∑
N

i¼1
vHW zi þ L=2

� �þ vHW L=2� zi
� ��

þ vHW yi þ Ly=2
� �

þ vHW Ly=2� yi

� �i
:

ð58Þ

where Ly is the accessible distance between the two walls in
y-direction. When L→ 0 and Ly→ 0, the system becomes a one-
dimensional one. If a pair of hard walls is added also in
x-direction, the crossover to 0D (just one fluid particle in the
system) can be realized under the conditions 0<Lx< σ, 0<Ly < σ
and 0<L< σ (Lx: accessible distance between the two walls in x-
direction).

Before closing this subsection about the general statistical-
mechanics results, we would like to point out also that all the
above calculations can be also carried out in a different ensemble,
e.g., a grand-canonical ensemble. When the pore width becomes
small, the fluid structure near one wall is affected also by the
presence of the other wall. Under this condition, p? ≠ pbulk, their
difference is Derjaguin’s disjoining pressure26,27 in a grand-
canonical ensemble. It is recently revealed that a non-zero
disjoining pressure is at the origin of distinct differential and
integral surface tensions13. All the statistical-mechanics results
presented above are valid also for any value of pore width, even
when it becomes vanishingly small. One can wonder why the
ensemble-dependence of thermodynamic results for small
systems, pointed out by Hill, does not seem to show up here.
From the very recent study of W. Dong14, we know now that only
integral intensive thermodynamic functions may manifest
ensemble-dependence, e.g., the integral surface tension defined
with grand potential can be different from that defined with
isothermal-isobaric ensemble14. In the present work, we discuss
only differential intensive thermodynamic functions and they are
ensemble-independent.

Illustration for a strongly confined hard-sphere fluid in a hard-
slit pore. In this section, we illustrate the thermodynamic
quantities and their relations by using the statistical-mechanics
results for a fluid of hard spheres (HS) of diameter σ. Despite its
simplicity, many simulation results have shown that the HS
model allows for describing many behaviors of real colloidal
liquids. We consider a HS fluid confined in a slit pore formed by
two hard walls with accessible width, L. Now, the specific inter-
particle interaction is given by,

uHSðjri�rjjÞ ¼
1 ; ri�rj

��� ���<σ
0 ; ri�rj

��� ���≥ σ
8><>: ; ð59Þ

It is not possible to obtain exact analytical results for such a
model for an arbitrary pore width, L. However, a previous work
of two of us with S. Lang15 has shown that a systematic analytical
calculation of the free energy becomes possible for extreme
confinement, i.e., 0≤ L≤ σ. In particular, it was proven that the
thermodynamics of the confined HS fluid is identical to that of a
2D fluid of disks with a hard-core diameter σL ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 � L2

p
and a

soft shell for σL ≤ jsi�sjj≤ σ [si ¼ ðxi; yiÞ] where they interact via
an effective potential interpolating between the infinite repulsion
at jsi�sjj ¼ σL and the vanishing interaction at jsi�sjj ¼ σ. A
cluster expansion allows obtaining the following exact expression
for the leading terms of the Helmholtz free energy15,

�F ¼ F3D
id � F2D

id þ eF2D þ ΔFþO nL2
� �2

; ð60Þ

where n ¼ NA−1 is the 2D particle density, F3D
id and F2D

id are,

respectively, the free energy of a 3D and 2D ideal gas, eF2D
the free

energy of a fluid of pure hard disks (HD) with a diameter σL, and,

ΔF ¼ 5
12

πkBTNnL
2g2Dþ nσ2

� � ¼ 5kBTV
2

6σ2A
βp2D � n
� �

; ð61Þ

is the leading-order correction originating from the coupling
between the normal and transverse degrees of freedom.
g2Dþ nσ2
� � � g2D σþ;N;Að Þ is the 2D radial distribution function

at contact. In the second equality of Eq. (61), the following
relation28,

p2D ¼ kBTn 1þ 1
2
πnσ2g2Dþ nσ2

� �� �
; ð62Þ

was used. Replacing g2Dþ nσ2
� �

by the pressure p2D will facilitate
the following discussions.

Now, we calculate various thermodynamic quantities up to the
order of nL2. From Eqs. (60), (61) and (10), we obtain readily the
following result for the chemical potential,

μ ¼ ∂F
∂N

� �
T;V ;A

¼ eμ2D � kBTln
L
Λ

� �
þ 5kBTL

2

6σ2
β

∂p2D

∂n

� �
T

� 1

� �
;

ð63Þ

where eμ2D ¼ ð∂eF2D
=∂NÞT;V ;A is the chemical potential of a HD

fluid of diameter σL. It is easy to check that ∂�F=∂N
� �

T;L;A gives
the same results as that given in Eq. (63), as it should be due to
the findings in Section Statistical Mechanics. The normal pressure
is given by,

p? ¼ � ∂�F
A∂L

� �
T;A;N

¼ nkBT
L

1þ 1
6
πnL2g2Dþ nσ2

� �� �

¼ nkBT
L

1þ 1
3

L
σ

� �2 βp2D

n
� 1

� �" #
;

ð64Þ

where we used the fact that F2D
id does not depend on L. In this

calculation, one has to be careful for not setting

∂eF2D
ex = A∂Lð Þ

h i
T;A;N

to zero since eF2D
ex (eF2D

ex ¼ eF2D � F2D
id ) depends

on nσL
2 and σL depends on L (see the work of Franosch, Lang and

Schilling15). The surface tension is given by,

γ ¼ ∂F
∂A
� �

T;V;N

¼ ∂eF2D

∂A

 !
T;V;N

þ nkBT
2

� 5nkBTL
2

12σ2
βp2D

n
þ β

∂p2D

∂n

� �
T

� 2

� �
:

ð65Þ

The derivative with respect to A accounts for both walls.
Caution must be taken for calculating the first term on the RHS of

Eq. (65), which is not equal to �ep2D=2 ¼ �∂eF2D
=∂A

�
T;L;N because

V is kept constant. As shown in the work of Franosch, Lang, and

Schilling15, eF2D
depends not only on A but also on L, via σL. For T
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and N constant, this implies,

deF2D ¼ ∂eF2D

∂ 2Að Þ

" #
T;L;N

d 2Að Þ þ ∂eF2D
HD

∂L

" #
T;A;N

dL: ð66Þ

Then, Eq. (66) and dV= AdL+ LdA= 0 lead to,

∂eF2D

∂ 2Að Þ

" #
T;V;N

¼ ∂eF2D

∂ 2Að Þ

" #
T;L;N

� L
2

∂eF2D

A∂L

 !
T;A;N

¼ �ep2D
2

þ nkBTL
2

σ2
βp2D

n
� 1

� �
;

ð67Þ

where the leading order term in the first equation in the work of
Franosch, Lang and Schilling15, i.e.,

� ∂eF2D

A∂L

 !
T;A;N

¼ � ∂eF2D
ex

A∂L

 !
T;A;N

¼ πn2kBTLg
2D
þ nσ2
� �

¼ 2nkBTL
σ2

βp2D

n
� 1

� �
;

ð68Þ

was used. Substituting Eq. (67) into Eq. (65) and using Eq. (62)
lead to the following result for the surface tension,

γ ¼� 1
2
ep2D � kBTn
� �

þ nkBTL
2

6σ2
βp2D

n
� 1

� �
þ 5nkBTL

2

12σ2
βp2D

n
� β

∂p2D

∂n

� �
T

� �
:

ð69Þ

Finally, we calculate the integrated transverse pressure. With
Eq. (60), we obtain in leading order in nLz

2,

�Σ ¼ � ∂F
∂A

� �
T;N;L

¼ ep2D � 5kBTnL
2

6σ2
βp2D

n
� β

∂p2D

∂n

� �
T

� �
: ð70Þ

We emphasized above that ��∂eF2D
=∂A�T;V;N≠ep2D=2, but

��∂eF2D
=∂A

�
T;L;N ¼ ep2D, which was used in deriving Eq. (70). This

shows the importance of accounting properly for the condition
under which the partial derivative is taken. The reader should note
that the expression for �Σ given in the work of Franosch, Lang, and
Schilling15 is not complete. The last term in Eq. (70) involving the
derivative of p2D with respect to n, is missing since the dependence
of g2Dþ nσ2

� �
on A through n was overlooked. This error has been

corrected now29. The results for p?, γ and �Σ, given in Eqs. (64), (69)
and (70), illustrate that Eq. (18) given in Section “Thermodynamics”
holds perfectly up to the order of nL2.

With the above results for the chemical potential, normal
pressure, surface tension and integrated transverse pressure, one
can readily check that the Euler relations given in Eqs. (22) and
(25) indeed hold up to order nL2. The same holds for the Gibbs-
Duhem Eqs. (23) and (26). Concerning the 2D limit, Eqs. (63)
and (70) show straightforwardly,

lim
L!0

μþ kBTln
L
Λ

� �� �
¼ μ2D; ð71Þ

lim
L!0

�Σ ¼ p2D; ð72Þ
where μ2D ¼ limL!0�μ

2D and p2D ¼ limL!0�p
2D were used. They

confirm the validity of the thermodynamic relations given by Eqs.
(31) and (35) of Section “Thermodynamics”. With the help of the
results given in Eqs. (64) and (69), we find,

lim
L!0

p?L� 2γ
� � ¼ nkBT þ πn2kBTσ

2gþðnσ2Þ
2

¼ p2D: ð73Þ

which corroborates Eq. (30) derived in Section “Thermodynamics”.

Conclusions
In the present contribution, we have explored the consequences
of the different choices of the independent thermodynamic
variables of the Helmholtz free energy for a confined fluid. For
instance, for a one-component fluid in a slit pore composed of
two parallel flat impenetrable walls with accessible width L and
wall area A, two alternative thermodynamic formulations exist,
both are based on the Helmholtz free energy. They are denoted
respectively as F T;V;A;Nð Þ and �F T; L;A;Nð Þ. They differ in the
choice of one independent variable, i.e. either the volume V= AL
or the pore-width L, besides temperature, T, surface area, A (or
A ¼ 2A), and particle number, N. Consequently, the Euler rela-
tion (a consequence of the homogeneity of the free energy in its
extensive variables), the Gibbs-Duhem equation and the equation
of states, i.e., the derivatives of the free energy with respect to its
independent variables, are different for F and �F. Nevertheless, we
showed that both formulations are completely equivalent, as well
as how the equations of state of the two formulations are related
to each other. This also leads to a more precise physical inter-
pretation of the derivatives, ∂F=∂A� �

T;V;N and ∂�F=∂A
� �

T;L;N ,
which both have the dimension of a surface tension. While the
former is the surface tension of the confined fluid, the latter gives
the integrated transverse pressure.

Some general statistical-mechanics results valid for any pore
width are also presented and they establish the connection of a
microscopic description to thermodynamics. Our statistical-
mechanics results provide a thermodynamic route for obtaining
the respective microscopic expressions of the normal pressure, the
integrated transverse pressure and the surface tension without
resorting to the pressure tensor. Thus, the non-uniqueness pro-
blem of the pressure tensor is totally avoided. Moreove, a contact-
value theorem is established for a fluid confined in a pore com-
posed of two parallel hard walls with an arbitrary pore width.

Thermodynamics provides relations between different ther-
modynamic functions but does not give explicit expressions of
thermodynamic potentials, F and �F. In order to calculate the free
energy, one has to resort to statistical mechanics. For a colloidal
liquid of monodisperse hard spheres with diameter, σ, in a slit
pore of accessible width L, it was proven that for L ≤ σ, the
Helmholtz free energy can be calculated analytically, taking nL2

as a smallness parameter with n=NA−1 being the 2D density15.
With the result for the free energy given in the work of Franosch,
Lang, and Schilling15, we have calculated the equations of state
and illustrated explicitly the consistency of the results obtained
from the two alternative thermodynamic formulations. We point
out that the relationship between the thermodynamic quantities
derived from F and �F is not restricted to the strong confinement,
i.e., 0 ≤ L ≤ σ, but hold for all L and for any one-component fluid
in a slit geometry.

We also showed how the various thermodynamic quantities for
strong confinement allow recovering those quantities of the
corresponding 2D fluid in the vanishing pore-width limit, i.e.,
L→ 0. Since the particle density of the 3D fluid,
ρ ¼ NV�1 ¼ N ALð Þ�1, and the chemical potentials, μ and �μ,
diverge for L→ 0, it is not obvious that the 3D results converge
properly to their 2D counterparts. Despite these divergences, we
have shown in Sec. II.B how the corresponding thermodynamic
quantities in 2D can be obtained by taking the limit L→ 0. In this
limit, the 3D system shrinks to a vanishing size in one direction.
It is remarkable to see that thermodynamics holds even for such a
non-macroscopic system if the divergences in the vanishing pore-
width limit are treated properly. Recently, one of us has proposed
an approach13,14 alternative to Hill’s nanothermodynamics by
emphasizing the importance to account adequately for the surface
contribution to thermodynamic potentials without resorting to
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Hill’s replica trick. The results of the present work provide sup-
port to this new approach for elaborating thermodynamics of
small systems.
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