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Abstract: Peculiar non-circularly shaped vector type beams can be obtained naturally by the
conical diffraction phenomenon if specific manipulations in wavevector space are performed
between optically biaxial crystals arranged in a cascade. We analyze in detail this situation by
focusing on the general shapes and the polarization distribution. Both are shown to be correlated
to the values of structure parameters introduced in this work. These control parameters depend
on the conical diffraction cone aperture angle, on the crystal lengths, and on the magnification
values due to x- and y-oriented cylindrical lenses placed between the crystals and coupling
common conjugate planes. The local polarization is found to be always linear with the exception
of regions where structures composing the pattern intersect or overlap, where elliptical or circular
polarization can occur. The way in which the obtained patterns depend on the orientation of
individual crystal samples around the common optical axis and on an eventual polarization
filtering at various stages of the cascade is discussed as well. Theoretical and experimental
findings agree well, as verified for the case of a cascade of two crystals.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

The tailoring and structuring of light beams in various degrees of freedom is gaining much
attention for its fundamental aspects and the potential for several applications, including, among
others, optical tweezers, super-resolution imaging, free-space optical communications, or quantum
information processing [1–8]. Among the various types of unconventional tailored light waves,
vector beams possessing a spatially varying polarization represent a particularly interesting class
[9–16]. A specific type of vector beams can be generated by the natural conical diffraction
phenomenon (CD, also called conical refraction) in an optically biaxial crystal (BC). This effect
was originally predicted by Hamilton nearly 200 years ago [17] and is observed when a sufficiently
focused beam propagates with wavevector k⃗ along one of the optical axes, resulting in degenerate
Poynting vectors lying on the surface of a cone with circular base [18–21]. The beam finally
propagates as a diffracting double ring cylinder after exiting the BC. The present renewed interest
in CD is enabled by a deeper theoretical understanding owing to a paraxial diffraction theory
[18,22]. It is motivated, besides for the interesting vectorial properties, by the fractional orbital
angular momentum (OAM) characteristics [23–27], and by the new features following the rise of
new configurations, most importantly those including two or more BCs in cascade [20,28–32].
While CD through a single BC leads to a circular ring in the so called focal image plane [18]
(actually a double ring separated by a dark Poggendorf ring), a cascade through N crystals gives
2N−1 concentric rings [20]. Recently we have shown that, unlike in conventional CD cascades,
complex non-circularly shaped vector waves can be generated in properly modified cascades [32].
This is obtained by performing a manipulation in wavevector space between the crystals in the
cascade by means of crossed cylindrical lenses (CL). This transformation is such that the focal
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image planes associated to the various BCs in the cascade are always conjugate planes for both
transverse dimensions. As for the case of a conventional cascade [20], for N BCs this approach
gives 2N−1 structures, but these patterns are non-circular and non-elliptical. Surprisingly, some
of these structures can have a reversed curvature and can therefore be convex, rather than concave,
if observed from the center of the pattern [32].

In this work we give a detailed analysis of these peculiar non-circular vectorial structures
by concentrating on the influence of the cascade parameters on the structure’s general shapes
and on their polarization distribution. While the structure forms can be predicted by numerical
integration of a properly adapted paraxial diffraction model, simple analytical expressions
describing the structure shapes in the last focal image plane cannot be given. However, it is shown
that the general shape can be qualitatively predicted with the help of structure parameters (X and
Y), which are associated to each individual structure for the horizontal and vertical transverse
dimension, respectively. These structure parameters depend on the birefringence and length of
the BCs and on the magnification factors Mx and My associated to the imaging between pairs
of focal image planes. Also, it is shown that the hierarchy of the structure parameters allows a
reliable prediction as whether intersections between structures will occur or not. The structure
parameters also influence the polarization distribution on the patterns and its change under
variation of experimental parameters, such as the input polarization, an intermediate polarization
filtering, or a relative rotation of the BCs around the common optical axis. In single crystal
CD and in conventional CD cascades the local polarization on the rings is linear [20,21,31].
This is still true in large extent for the non-circular structures studied in this work. However,
we show that some exceptions exist for which elliptical or even circular polarization can locally
occur. It is the case at intersections between structures or when different branches of a single
structure occupy the same spatial position due to degeneracies. The paper is constructed as
follows. Section 2 recalls some properties and useful parameters for the description of CD and
illustrates the design concept underlying the theoretical and experimental treatment. Section
3 gives the theoretical model allowing to calculate the expected patterns numerically, while
Sect. 4 introduces the structure parameters as well as their product parameter and discusses the
correlation with the general structure shape with the help of few examples for up to N = 4. Finally
Sect. 5 discusses the output polarization distribution and its change under varying experimental
arrangements. This is illustrated theoretically for a three-crystals cascade, as well as theoretically
and experimentally for a two-crystals cascade, which shows a very good agreement. The latter
case is simpler because only two structures without intersections can exist. We show that here
the possible types of patterns as well as their polarization distributions can be classified in three
major categories on the basis of the structure parameters.

2. Basic concepts and conjugate cascade design

Before describing the specific approach for the conjugate cascade leading to the non-circular
patterns we first recall some basic concepts and some formalism useful to understand CD and the
model approach in the theoretical section. A biaxial crystal is characterized by three principal
refractive indices, their values determine the cone semi-angle αn in CD [21,31], here the index n
identifies an individual BC in a cascade. Importantly, for one specific linear polarization the
wavevector k⃗ (always aligned to one of the optical axes) and the corresponding Poynting vector S⃗
remain parallel, meaning that the direction of k⃗ lies on the surface of the CD cone formed by
all possible S⃗-vectors. In contrast, for the polarization perpendicular to the previous one, the
walk-off angle between k⃗ and S⃗ ≡ S⃗max is maximum. The angle αn equals half this maximum
walk-off angle. Propagation along an optic axis leaves a free experimental parameter as the whole
crystalline sample can be rotated around this axis without preventing the occurrence of the CD
effect, but causing a different direction of the slanting of the cone. In the simplest approach
the orientation of the BCs can be associated to a vector γ⃗n, which gives this cone displacement
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Fig. 1. Arrangement and wavevector manipulation in conjugate cascades for generating
non-circular CD beams. (a) Schematic set-up for two-crystals cascade. QWP: quarter wave
plate, SL: spherical lens, C1/C2: biaxial crystals, CLx/CLy: crossed cylindrical lenses,
FIP1/FIP2: focal image planes, IL: imaging lens. (b) Wavevector space manipulation and
magnifications by the two crossed cylindrical lenses, both imaging the plane FIP1 into FIP2.
(c) Wavevector manipulation in transverse Fourier space. (d) Extended conjugate cascade of
N crystals with N − 1 pairs of cylindrical lenses.

direction and is defined as γ⃗ ∝ +k⃗ × (S⃗max × k⃗) (see Fig. 1 in [31]). In this work we take k⃗| |z so
that γ⃗n is in the xy-plane and we define the angle γn as the one between γ⃗n and the laboratory
x-axis. Without loss of generality we assume γ1 = 0 for the first BC. For standard single crystal
CD the radius of the observable cone ring depends not only on the semi-angle αn but also on
the BC sample length Ln and its sharpness depends on the focusing conditions. It is useful to
define a normalized CD strength parameter ρn for each crystal given as ρn ≡ αnLn/w, which is
the radius of the emerging ring in units of the beam width w. As in [20,31], w is defined here as
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the 1/e intensity radius of the incident beam focused by a spherical lens and measured in its focal
plane. In the present work w corresponds to the incident beam radius in the first focal image
plane (FIP1) near the first BC in the cascade. All spatial transverse distances are normalized to w.
Similarly, the small transverse components of the k⃗ vector (associated to the paraxial beam in
Fourier space) are normalized to 1/w, that is κ⃗ = (κx, κy) ≡ (kxw, kyw).

The principle and simplified set-up for generating non-circular CD patterns by conjugated
cascades via crossed cylindrical lenses is illustrated in Fig. 1. Figure 1(a) shows schematically
the simplest case of a two-crystals cascade. A well collimated laser beam is made circularly
polarized and focused by a spherical lens (SL) onto the first focal image plane FIP1 near the
first BC (C1). The two BCs have their optic axes aligned to the propagation direction of the
incident beam, however the crystal C2 may be rotated to an angle γ2 ≠ 0, most often γ2 = π/2
in this work. The two crossed cylindrical lenses CLx and CLy are arranged in such a way as to
make a common image plane FIP2 of the plane FIP1, what is most easily achieved if the focal
lengths of the two lenses are different. The principal concept lies in splitting the 2D k⃗-space into
two orthogonal 1D k⃗-spaces. This allows to independently manipulate the two 1D k⃗-spaces, as
the imaging between FIP1 and FIP2 is associated to independent magnifications, as shown in
Fig. 1(b). If this imaging would be accomplished by a spherical lens the module κ ≡ |κ | of the
normalized transverse wavevector would generally change and the sign of each component would
be reversed (rotation of the azimuthal polar coordinate angle ϕ by π, ϕ′ = ϕ + π). In our case
(Fig. 1(c)), due to the asymmetry in which the x and y components are treated, not only there is a
change of κ, but also ϕ is transformed in a more complex way, as discussed in the next section.
As illustrated in Fig. 1(d), the basic element (dashed box in Fig. 1(a)) can be repeated many times
to get an extended cascade of N BCs, generally with different magnification pairs Mx,i and My,i
between each couple of them. In all cases the pattern observation occurs on the last focal image
plane, experimentally (in the case N = 2 here) by imaging this plane by a spherical lens (IL) onto
a CCD camera.

3. Theoretical model

The model presented here builds on Berry’s paraxial diffraction theory for a conical diffraction
cascade [20]. We note that, due to the generally moderate focusing conditions and the small
angles associated to the CD cones, the paraxial condition applies well to the large majority of
recent CD studies, including ours. However, ab initio computationally intensive approaches
outside the paraxial limit are possible, as demonstrated recently in [33] for CD in a single crystal.
Our model is based on a Fourier optics approach and takes into account the asymmetric k⃗-space
manipulations by the CLs as well as the effect of each BC on the phase of the vectorial wave
by means of the appropriate transfer function. The latter is a complex matrix in Fourier space,
it incorporates the effect of propagation through the corresponding BC with the arguments
respecting the k⃗-space transformation between the crystals. We consider an incident paraxial
wave field whose electric displacement vector D⃗ in Fourier space is given by D⃗0(κ, ϕ), with ϕ
and κ designating a normalized transverse wavevector in polar coordinates corresponding to a
specific plane-wave component (see Fig. 1(c)). The emerging D⃗-field as a result of the cascade is
given by the integral [20]

D⃗(ρ, φ) =
1

2π

∫ 2π

0

∫ ∞

0
eiκρ cos(φ−ϕ)Utot · D⃗0(κ, ϕ)κ dκ dϕ . (1)

Here ρ is the normalized radial distance and φ is the azimuthal angle in real space. The above
real space D⃗-field is calculated at the plane FIP1 at which the input field D⃗0 and the width w are
defined. The key element in the above integral is the transfer matrix Utot that contains the effect
of the cascade on each plane wave component composing the input beam. This transfer function
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for an asymmetric cascade of N crystals is expressed as

Utot(κ, ϕ) = UN(κN , ϕN , ρN , γN) · · ·U2(κ2, ϕ2, ρ2, γ2) · U1(κ1, ϕ1, ρ1, γ1) , (2)

where the individual unitary matrices Ui(κi, ϕi, ρi, γi) for i = 1, 2 · · ·N are

Ui =

⎡⎢⎢⎢⎢⎣
cos(κiρi) − i sin(κiρi) cos(ϕi − γi) −i sin(κiρi) sin(ϕi − γi)

−i sin(κiρi) sin(ϕi − γi) cos(κiρi) + i sin(κiρi) cos(ϕi − γi)

⎤⎥⎥⎥⎥⎦ (3)

and describe the direction-dependent dephasing of the D⃗-field x− and y-components for wavevec-
tors slightly departing from the exact optical axis. Equation (2) includes the transformations in
wavevector space of the arguments from (κi, ϕi) to (κi+1, ϕi+1) between two adjacent matrices,
what reflects the action of the crossed CLs. These transformations correspond to the diagram of
Fig. 1(c) and are a function of the magnifications Mx,i and My,i for the i-th CL pair, i.e.

κi+1 = κi

⌜⎷
cos2 ϕi

M2
x,i
+

sin2 ϕi

M2
y,i

(4)

and
ϕi+1 = arctan

[︃
Mx,i

My,i

(︃
− sin ϕi

− cos ϕi

)︃]︃
. (5)

In Eq. (5), special care should be taken to determine the correct quadrant for the arctangent
function in accordance with the signs of numerator and denominator. As mentioned above,
Eq. (1) gives the calculated complex D⃗-field at FIP1 and would correspond to the observation
at FIPN back-imaged to FIP1 through the series of conjugate planes. Thus, in order to
compare with experiments one needs to forward-image the calculated results from FIP1 to
FIPN. This is better done in cartesian coordinates by taking the calculated field at a position
(x1, y1) = (ρ cos ϕ, ρ sin ϕ) at FIP1 and assigning it to the corresponding imaged position (xN , yN)

at FIPN, with xN = x1
∏︁N−1

i=1 (−Mx,i) and yN = y1
∏︁N−1

i=1 (−My,i). To simplify the notation, these
values of xN and yN will be simply called x and y in the following theoretically calculated
pictures. We remind that imaging by a single lens gives rise to a quadratic phase that depends on
the out-of-axis position, on the lens focal length and imaging magnification, and on the light
wavelength [34,35]. For our case with crossed CLs one has independent quadratic phase terms in
x- and y-directions for each passage to the next conjugate plane. However, this spatially-varying
phase is common to both cartesian components of the D⃗-field. Therefore it does not influence
neither the local polarization, nor the intensity distribution, and it can be safely neglected for the
sake of the present work.

The theoretical patterns in the following sections are obtained by numerical integration
of the two-dimensional complex integral of Eq. (1) by considering an incident circularly
polarized Gaussian beam with an input electric displacement field D⃗0 = 1/

√
2 exp(−κ2/2)(1, i)T .

Integration was performed on a computational cluster with points on a cartesian raster and
complex interpolation between the points. The local intensity for any point on FIPN is determined
as I ∝ |D⃗|2 after the above described forward imaging.

4. Structure parameters and general pattern shape

This sections aims at understanding qualitatively the various general pattern shapes being
observable with our type of CD cascade. This will be done with the help of structure parameters
and their hierarchy, which permit to derive some "rules of thumb" for the type of pattern that can
be expected. Before entering this discussion we present in Fig. 2 three examples of calculated
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patterns for a conjugate cascade of two, three and four crystals, respectively. Fig. 2(a) is for a
two-BC cascade. If we place ourselves in the center of the pattern, the external non-elliptical
structure is concave, what is also the case for all conventional ring structures obtained by CD in
absence of the wavevector manipulation by the CLs. The internal rectangle-like structure, in
contrast, is surprisingly convex and has therefore a reversed curvature. Note that each of the two
structures is actually doubled, similarly to the double rings separated by a dark Poggendorf ring
observed in conventional CD. Interestingly, the concave external double structure has most of
its intensity outside (as in conventional CD [18]), while the internal curvature-reversed convex
double structure has most of its intensity on the inside. In Fig. 2(b) for N = 3 we have four
concentric structures, all are concave but two of them intersect each other. Finally, in Fig. 2(c)
for N = 4 we have a total of eight structures with several crossings. In the center region one
of the structures is actually convex, even though this is hardly seen due to the local multiple
interferences. The complexity obviously increases if one would increase the number N of BCs
further. It is worth noting that, in terms of intensity, all patterns of Fig. 2 loose a mirror symmetry
with respect to the horizontal or vertical axis, but still possess a point symmetry with respect to
the central point at x = y = 0.

Fig. 2. Examples of patterns obtained by conjugate cascades of two (a) three (b) and
four (c) biaxial crystals. The CD strength parameters are assumed identical for all BCs,
ρ1 = ρ2 = ρ3 = ρ4 = 12. The BC orientation angles are γ1 = 0, γ2 = π/2, γ3 = π and
γ4 = 3π/2. The magnification values Mx,i and My,i for each case are given in Table 1. The
yellow stars and plus signs give the X and Y structure parameters corresponding to the
intersection points of the individual structures with the x and y axis, respectively. Their
values are also given in Table 1. The color scale gives the calculated normalized intensity.

We will now attempt to understand under which conditions one has the appearance of concave or
convex structures and in which case one or multiple crossings do occur. To this aim we introduce
the so called structure parameters X±±···± and Y±±···± associated to the x- and y-dimensions.
These parameters correspond to the intersection points of the structures with the x- and y-axis and
are indicated in Fig. 2 with yellow stars and plus signs, respectively. The structure parameters
depend on the CD strength parameters ρi and on the x and y magnifications Mx,i and My,i. For a
two-crystals cascade they are expressed as

X±=Mx,1 ρ1 ± ρ2 ; Y±=My,1 ρ1 ± ρ2 . (6)

The pattern in Fig. 2(a) has actually four intersections with each of the axis occurring at ±X−,
±X+, ±Y− and ±Y+. Even though the parameters X− and Y− in Eq. (6) can become negative, this
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Table 1. Magnification values Mx ,i and My ,i , structure parameters X±···± and Y±···± and signs of
product parameters P±···± for the structures contained in the patterns of Fig. 2. The ranks rx and ry

for the structure parameters are given in the parenthesis.

could suggest that only their module would be actually important. This is not true and, as will
become clear below, the sign of the structure parameters is a key element for identifying the kind
of structure. The corresponding expressions to Eq. (6) for the case N = 3 are

X±± = Mx,2(Mx,1 ρ1 ± ρ2) ± ρ3 ; Y±± = My,2(My,1 ρ1 ± ρ2) ± ρ3 , (7)

and for the general case of conjugate cascades of N crystals one has

X±±···±⏞⏟⏟⏞
N−1

= Mx,N−1(Mx,N−2(· · · ± ρN−1)) ± ρN = Mx,N−1(X ±···±⏞⏟⏟⏞
N−2

) ± ρN (8)

and an equivalent relation for Y±±···±. Note that in the absence of any lenses (equivalent to
the condition where all magnifications Mx and My are unity), the absolute values of the above
structure parameters give the CD ring radii of the 2N−1 concentric rings in a N-crystal cascade
[20,29]. Also, by replacing the crossed CLs by a spherical lens (equivalent to putting Mx,i = My,i
for all values of i), the absolute values of the above expressions give the radii of the concentric
rings obtained by a so called variable cascade introduced by Peet [30].

A specific structure of a given CD pattern like those shown in Fig. 2 is associated to a specific
and same combination of "+" and "-" in the X and Y structure parameters among the 2N−1

possibilities. For instance, the most external structure in Fig. 2(b) is associated to X++ and Y++,
while the vertically oriented ellipse-like structure among the two crossing each other is associated
to X+− and Y+−. For each structure it is useful to define also a product parameter P±±···± as

P±±···± ≡ X±±···± · Y±±···± , (9)

where again the same combination should be taken in X and Y . Only the sign of the product
parameter P will be of importance for our purposes. It is found that a given structure is concave
whenever the corresponding value of P is positive, while it is convex if P is negative, meaning
that either X±±···± or Y±±···± is negative, but not both. The above conditions can be applied as
rules of thumb to determine the general shape of a structure. The case where P is positive can be
obtained in two different ways, either both X and Y positive, or both negative. While both cases
give a concave structure, the corresponding distribution and behavior of the light polarization is
different in the two cases, as will be illustrated in the next section in the case of a two-crystals
conjugate cascade. The values of all structure parameters and the sign of the P-parameter are
listed in Table 1 for all the structures contained in Fig. 2 and confirm the above rules.
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It remains to find a rule predicting whether two structures will intersect or not. To this
purpose it is useful to assign to each structure parameter also a rank rx, resp. ry. The structure
parameter X±±···± possessing the largest module will get the rank rx = 1 and the others will get
increasing rank with descending value of their module until rx = N. The same procedure is made
independently for the ordering of the Y parameters and the assignment of the ry rank. A given
structure is therefore identified not only by the combination of the "+" and "-" indices, but also
by the two ranks. For instance, one of the structures in Fig. 2(c) corresponds to X+−+(5) and
Y+−+(3), meaning that this structure is 5th in rank along x and 3rd in rank along y. Crossing of
structures can be avoided only when all the ranks correspond, i.e. rx = ry for all pairs of structure
parameters. This is obviously always satisfied for N = 2 and crossing are not possible in this case.
In contrast, intersections are possible for any N ≥ 3. Evidently, a given structure can intersect
several other ones if the corresponding ranks are very different. The ranks of all structures of
Fig. 2 are also given in Table 1 and confirm the above argumentation. For instance, the crossing
observed in Fig. 2(b) is explained by the fact that the ranks 2 and 3 are switched for X and Y .
Note that the most internal structure parameters X−−+ and X−−− have the same rank rx. This
means that the two corresponding structures of Fig. 2(c) are degenerate. They occupy the same
region of space near the x-axis intersection and interfere in this region.

Let us finally remark that changing the orientation angles γi of the BCs does not change the
general structure shapes and the above rules of thumb remain valid. However, this would change
the intensity and polarization distribution, as discussed later.

5. Polarization distribution

In this section we discuss the polarization distribution of the non-circular patterns generated by
the conjugate cascades of Fig. 1. This will be done by providing examples for the cases of three
BCs and two BCs in the cascade, in the latter case including some experimental comparisons.
The polarization is locally linear in most parts of the pattern and the discussion will include
the local orientation of this linear polarization (or the main axis orientation of the polarization
ellipse), the local phase shift between the y− and x−components of the D⃗ vector, and an eventual
elliptical S3 component of the Stokes vector, where it exists. The impact of a variation of the
sample orientation angles γ on the intensity and polarization distribution, as well as the effect of
a polarization filtering at various stages in the set-up are also discussed.

5.1. Local polarization

As discussed earlier, the pattern complexity increases many folds as the number of crystals in the
cascade is increased. Due to this reason we limit here our discussion to the cases N ≤ 3. We
start by a three BCs cascade for which two examples are given in Fig. 3. The first row gives
the relative intensity distribution of the patterns with the position of the stars and plus symbols
corresponding to the structure parameters. The argumentations in the last section about the
shapes can be applied again. For the pattern in the left column one has two convex internal
structures forming together a "Malta cross"-like ensemble. These structures are associated to
negative values of P+− and P−+, while the concave structure second in rank is actually associated
to negative values of both X−− and Y−−. The pattern in the right column of Fig. 3 is specific with
respect to two aspects. First, the central structure is associated to a zero value of Y−+, which
results locally on a horizontal straight line in the center (x = y = 0). Second, the absolute values
of two of the Y structure parameters are degenerate (Y+− = −Y−− = 24). This means that the
corresponding structures have the same rank ry = 2 and interfere near the values y = ±24, leading
to the horizontal nearly straight lines at these levels.

The second row in Fig. 3 gives the color-coded values of the local polarization direction
θ on the light pattern observable on FIP3. The angle θ is related to the ratio of the y- and
x-components of the D⃗-field. These components are in general complex, i.e. Dx = Rx exp(iϕx),
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Fig. 3. Examples of polarization distributions for two patterns obtained by conjugate
cascade of three BCs. Both patterns are for ρ1 = ρ2 = ρ3 = 12 and crystal orientation angles
γ1 = 0, γ2 = π/2, γ3 = π. For the left column pattern in (a)-(d) the pair of magnification
values are (Mx,1; My,1) = (0.4; 0.7) and (Mx,2; My,2) = (2; 0.5). For the right column pattern
in (e)-(h): (Mx,1; My,1) = (2; 0.5) and (Mx,2; My,2) = (4; 2). (a) and (e): Distribution of
normalized intensity I and calculated positions for the X and Y structure parameters (stars
and plus signs). (b) and (f): Angle θ for the orientation of the local polarization ellipse. (c)
and (g): Relative phase shift ∆ϕ for the two components of the D⃗-vector. ∆ϕ = 0◦ (gray)
and ∆ϕ = 180◦ (black) indicate exact linear polarization. (d) and (h): Local S3 Stokes vector
component for the patterns in (a) and (e). The color scale for each row is given on the right
side.

Dy = Ry exp(iϕy) and θ is defined as θ ≡ arctan [(Ry/Rx)sign(cos∆ϕ)], with ∆ϕ ≡ (ϕy − ϕx). At
most positions the polarization is linear and θ gives simply the polarization direction with respect
to the laboratory x-axis. At positions where an elliptical component exists, the angle θ gives the
orientation of the polarization ellipse, i.e. the direction of a linear polarizer giving maximum
local transmission of the light at the corresponding position on the pattern. Note that, in order to
maintain the visibility of the underlying structures, in Fig. 3(b) and Fig. 3(f) the polarization
angle θ is plotted only for positions where the local intensity exceeds a threshold of 0.3% of the
maximum one. First, it can be seen that the polarization evolves in the same way in both parts
of a single double-structure, this is the case also for the double circular rings in conventional
CD. Another common feature with conventional CD is the fact that two opposite points on a
given individual structure (connected through a central point reflection) always have orthogonal
polarizations. Looking more closely, it can be recognized that here increasing values of θ (from
blue to black to brown) are found by moving clockwise on the concave structures and by moving
counter clockwise on the convex ones (see Fig. 3(b)). This is true also for the more complex
pattern in Fig. 3(f) that contains only one convex structure, whose intensity for the vertically
oriented sections is very faint in Fig. 3(e). Interestingly, in the regions of strong degeneracy (on
the y-axis near y = 0 and y = ±24), zones with strongly different θ exist in near proximity. It is



Research Article Vol. 31, No. 18 / 28 Aug 2023 / Optics Express 29868

also important to note that for both patterns the change in the angle θ is not a linear function
of the azimuthal polar angle φ, the relationship between these two angles can vary strongly for
different structures. In contrast, in the case of circular patterns in conventional CD one has always
the linear relationship ∆θ = ∆φ/2 [21].

The predominantly linear polarization on the patterns can be easily visualized with the help of
the above defined phase shift ∆ϕ between the phases of the local cartesian y- and x-components Dy
and Dx of the electric displacement field. The light is exactly linearly polarized whenever ∆ϕ = 0◦
or ∆ϕ = 180◦. These two values are represented in the third row of Fig. 3 as gray and black colors
and span most of the pattern’s areas. However, relative phase shifts ∆ϕ departing from these
two values (bluish or brownish colors), and thus local elliptical polarization, can be observed in
regions of interference where different structures overlap, for instance at intersections. The same
conclusions can be drawn by evaluating the elliptical component S3 of the polarization Stokes
vector defined as S3 ≡ IR − IL, where IR (IL) are the right (left) circularly polarized components
of the local intensity (light intensity transmitted through a right (left) circular polarizer). The
S3 components are depicted in the last row (Fig. 3(d) and Fig. 3(h)). Since the S3 components
are proportional to the local intensity, intense regions gain in importance with respect to the
representation based on the phase shift ∆ϕ. This is clearly apparent in Fig. 3(h) by considering
the three intense horizontal zones of Fig. 3(e) arising from structure merging due to the above
discussed degeneracies along the y-axis.

Next we concentrate on the somewhat simpler case where the cascade is composed of only two
BCs, for which structure intersections are absent. Here the CD strength parameters ρ1 = 17.9
for crystal C1 and ρ2 = 13.9 for C2 are chosen to be consistent with our input beam focusing
conditions and with the lengths L1 = 22.6 mm and L2 = 17.6 mm of two KGd(WO4)2 BC samples
used for experiments. We choose γ1 = 0 and γ2 = π/2, which implies that the two crystals
are oriented in a crossed configuration. The interesting role of the relative orientation angles
γ will be discussed in the next subsection. Figure 4 illustrates the polarization behavior for
three representative patterns corresponding to three distinct cases called respectively case A (left
column), case B (central column) and case C (right column). The corresponding calculated
and experimentally observed patterns (upon illumination of the cascade at the wavelength of
633 nm) are given in the first ((a1)-(c1)) and second line ((a2)-(c2)) of Fig. 4. In case A both
structures are concave and all structure parameters are positive. For case B the internal structure
is convex with Y− being negative. Finally, for case C both structures are again concave. However,
this case is distinct from case A because here both internal structure parameters X− and Y− are
negative. For this specific case one observes strong intensity spots on top and bottom of the
internal structure. The local polarization angle θ is shown in the third line (Fig. 4(a3)-(c3)). As
in the case N = 3 discussed above, here increasing values of θ are again observed by turning
clockwise for all concave structures and by turning in counter clockwise direction in the internal
convex structure of case B. The cases A and C differ by the fact that the positions with a common
polarization on the two structures are in phase for case C, while they are in anti-phase for case A.
For instance, the vertical polarization (θ = 90◦) is on top for both structures in Fig. 4(c3), while
this polarization is once on top and once on bottom of the two structures in Fig. 4(a3). Finally,
it is important to note that for these non overlapping structures the local polarization remains
linear all over, as in the case of conventional CD. This is easily recognized in the fourth line of
Fig. 4, where the relative phase shift between the two components of the D⃗ vector assumes only
the values ∆ϕ = 0◦ or ∆ϕ = 180◦.

The structures in Fig. 4 do not cross each other, what prevents the observation of local elliptical
components of the polarization. Nevertheless, it is possible to obtain local interferences even
for N = 2 if different branches of a same structure overlap in the same region of space. This is
possible if one of the internal structure parameters (X− or Y−) is zero or close to zero, such a case
is shown in Fig. 5 where X− ≈ 0.03. Here one obtains an elongated vertically oriented central
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Fig. 4. Intensity and polarization distribution for three distinct cases of a two-crystal
conjugate cascade. All pattern are for ρ1 = 17.9, ρ2 = 13.9, γ1 = 0 and γ2 = π/2.
Case A [left column, (a1)-(a4)] is for magnifications (Mx; My) = (2.5; 4.3), case B [central
column, (b1)-(b4)] for (Mx; My) = (1.25; 0.325) and case C [right column, (c1)-(c4)] for
(Mx; My) = (0.4; 0.232). First line [(a1)-(c1)]: Calculated normalized intensity Ith and
positions for the X and Y structure parameters (stars and plus signs). Second line [(a2)-(c2)]:
Corresponding experimentally observed intensity patterns (Iexp). Third line [(a3)-(c3)]:
Orientation angle θ for the local polarization. Fourth line [(a4)-(c4)]: Relative phase shift
∆ϕ for the two components of the D⃗-vector. The color scale for each row is given on the
right side.

structure resembling a letter I, with strong branch overlap in the region identified by the rectangles
in Fig. 5(a1) (calculated pattern) and Fig. 5(b1) (experimental pattern). The four panels on the
right side of Fig. 5 show the zoomed region of these rectangles after the output light goes through
a right or left circular polarizer. Experimentally this is composed of a linear polarizer sandwiched
between two quarter-wave plates. It is observed both theoretically (Fig. 5(a2)) and experimentally
(Fig. 5(b2)) that the right circularly polarized component splits into two vertical sections with
a zero intensity node in between. This central region is thus occupied by purely left circularly
polarized light, as seen by the central vertical line in Fig. 5(a3) and (b3). This spatial separation
between the right and left circularly polarized components proves that the output pattern cannot
be locally linearly polarized in the corresponding spatial region.
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Fig. 5. Circular polarization analysis for a two-BC cascade pattern with branches overlap.
The pattern is obtained for (Mx; My) = (0.778; 0.323) with all remaining parameters as in
Fig. 4. First line (a1)-(a3): theory. Second line (b1)-(b3): experiments. The four panels on
the right show the region of the small rectangles in (a1) and (b1) after filtering with a right
((a2) and (b2)) or a left ((a3) and (b3)) circular polarizer. The center is purely left circularly
polarized and the neighboring pair of vertical lines are right circularly polarized.

5.2. Variation of crystal orientation angles

The relative orientation γ of the various BCs around the common optical axis is a free parameter
and influences both, the pattern intensity as well as polarization distribution. This is illustrated in
the following with the help of two examples for N = 2 (Fig. 6(a1)-(b5)) and N = 3 (Fig. 6(c1)-
(d5)), respectively. Each row in Fig. 6 shows the intensity and polarization distribution for values
of γ2 increasing from 0 to 180◦ in steps of 45◦, with fixed γ1 (always) and γ3 (for N = 3). The
pattern for N = 2 is similar to case B in Fig. 4 and the corresponding relative orientation with
crossed crystals (γ2 = 90◦) is found in Fig. 6(a3)+(b3). In contrast, if the two crystals are parallel
(γ1 = γ2 = 0, Fig. 6(a1)+(b1)) the pattern intensity conserves a horizontal and vertical symmetry
axis and the individual polarization orientations θ are at azimuthal position rotated by ±90◦ to the
previous case. Remarkably, here the internal structure is dominant with only very faint and hardly
visible external one (Fig. 6(a1)). This feature is exactly opposite to the case of a conventional
two-BCs CD cascade, where for parallel crystals only the external ring survives and the internal
one completely vanishes [20,29]. The reason lies in the inversion of the sign of each transverse κ
component occurring upon imaging between the FIPs. In the opposite case of anti-parallel BCS
(γ2 = 180◦, Fig. 6(a5)) it is the other way round with the external structure dominating and a
very faint internal one, again in opposition to the conventional cascade case. For the intermediate
angles γ2 one gets a different balance and intensity distribution in the two structures (left column
in Fig. 6) and an overall rotation of the positions of individual polarization angles θ by +γ2 for
the internal structure and by −γ2 for the external one (Fig. 6(b1)-(b5)), as compared to the case
γ2 = 0. Note that the situations for angles γ2 exceeding 180◦ are not given explicitly because
they can be obtained from those depicted here by trivial symmetry operations.

The above argumentation show that individual structures can be enhanced or "switched off"
by proper choice of the relative angle γ2 − γ1. The influence of the γi values remains valid for
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Fig. 6. Pattern intensity (1st and 3rd column) and distribution of polarization angle θ (2nd
and 4th column) upon variation from 0 to 180◦ of the orientation angle γ2 of the second
BC in the cascade (given on the right side of each row). The angles γ1 = 0 and γ3 = 180◦
(two right columns) are fixed. (a1)-(b5): N = 2 with (Mx; My) = (1.25; 0.325). (c1)-(d5):
N = 3 with (Mx,1; My,1) = (2; 4) and (Mx,2; My,2) = (2; 0.5). All CD strength parameters are
assumed equal, ρ1 = ρ2 = ρ3 = 12.

N ≥ 3, as seen in the two right columns of Fig. 6 for a pattern similar to the one in Fig. 2(b).
Here γ1 = 0◦ and γ3 = 180◦ and the four structures are evident for γ2 = 90◦ (Fig. 6(c3)). If
the γ2 value is equal or near to γ1 the most internal structure is enhanced as compared to all
others (Fig. 6(c1)). In contrast, if γ2 ≈ γ3 it is the structure second in rank along x being highly
enhanced, as seen in Fig. 6(c5). Promoting the two remaining structures is not possible with this
combination of the angles γ1 and γ3 but would be possible with other choices. For example, the
combination γ1 = 0◦, γ2 = 180◦ and γ3 = 0◦ would promote the most external structure. Unlike
in the above example for N = 2, here the relative orientation of the first and last crystal in the
cascade is not changed. As can be verified in Fig. 6(d1)-(d5), this has the interesting consequence
that the θ angles for the local polarization are not modified by changing the intermediate angle
γ2, apart for the regions of structure overlap where the polarization is no longer exactly linear, as
we have discussed in Sect. 5.1. This is due to the fact that the polarization distribution is largely
determined by the last crystal in the cascade. Indeed, the polarization orientation pattern would
move drastically if instead of γ2 one would turn the angle γ3.

5.3. Polarization filtering at different stages

The patterns given in the preceding sections were obtained with circular polarized input wave and
without additional polarizing elements in the cascade. However, the insertion of a linear polarizer
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at the input, between the BCs or at the output of the cascade modifies the pattern intensity
distribution. In this section we use again the cases A, B and C for a two-crystal conjugate cascade
to illustrate this effect in Fig. 7, which is associated to the same cascade parameters as Fig. 4.
There are obviously many combinations possible for the polarizer positions and orientation angles
β. For all cases investigated, a good agreement between theoretical expectation and experiments
has been found, as illustrated below for the case where the polarizer is at the input of the cascade.
The effects observed when the polarizer is either in the middle (between the BCs) or at the end
(after FIP2) of the cascade are discussed here only by experiments but agree with our simulations.

Let us address first the case where an input linear polarizer is inserted before the cascade, this
case is shown in Fig. 7(a1)-(c2) for the theory and Fig. 7(a3)-(c4) for the experiments. A careful
observation shows that for all three cases A, B and C a linearly polarized input leads to a zero
intensity node on each of the two structures composing the pattern. These nodes have the same
origin as the intensity node on the ring observed in conventional CD with linear, rather than
circular, input light polarization [21]. For a polarizer angle β = 0◦ (1st and 3rd rows in Fig. 7) the
nodes are on the same side for the two structures for cases A and B, while for case C the internal
node is on the left side and the external one on the right side. If the input polarizer is rotated by
an angle β (β = 45◦ in 2nd and 4th rows of Fig. 7), the node positions rotate by −2β = −90◦
for case A and case C. For case B the nodes rotate by +2β for the internal structure and by −2β
for the external one, leading to nodes on opposite sides in Fig. 7(b2) and (b4). These opposite
directions for the node positions are associated to the opposite evolution of the polarization angle
θ in the two structures of case B, discussed above in connection to Fig. 4(b3).

The situation where the polarizer (analyzer) is inserted at the output of the cascade is shown in
the 5th and 6th rows (Fig. 7(a5)-(c6)) and is easy to understand. Here the transmitted pattern is
the output polarization pattern at FIP2 projected onto the output analyzer and weighted with the
local light intensity. Each structure exhibits one node at the position where the local polarization
is perpendicular to the orientation of the analyzer. For instance, for case C a horizontal analyzer
(β = 0◦) leads to attenuation of the top parts of both structures, with nodes on the top where
the polarization is vertical (Fig. 7(c5)). If the analyzer is turned to β = 45◦ the left side of both
structures is conserved (Fig. 7(c6)) while the right side, associated to polarizations near 135◦ in
Fig. 4(c3), is strongly attenuated. Similar conclusions can be drawn for cases A and B.

The last two rows of Fig. 7 illustrate the case where a polarization filtering is performed
between the two BCs of the conjugate cascade. This situation is somehow more complex and is
connected to the intermediate polarization scrambling or filtering that was studied earlier in Ref.
[31] for the case of circular CD patterns. For an intermediate polarization transformation being a
simple linear polarization filtering like here and for two crossed crystals, it was shown in [31]
that each of the two CD rings gets two intensity nodes. It was also found that the external ring
nodes are azimuthally shifted with respect to those for the internal ring and that the nodes on a
single ring are azimuthally separated by 90◦. Such a double node for each of the two structures
obtained for N = 2 is theoretically predicted also for our non-circular patterns. Nevertheless,
since the expected and observed intensity in the structure regions between the two nodes are
often very faint, their existence is hardly seen by a mere visual inspection, giving the impression
of whole dark quadrants. For the experimental patterns shown in Fig. 7 the existence of the
double nodes can be best recognized in Fig. 7(a7) (case A, internal nodes on bottom and right
and external nodes on top and right) and Fig. 7(b8) (case B, internal nodes on left and top and
external nodes on right and bottom). In all cases the double nodes have the effect that on each
structure a given quadrant is dark or nearly dark. Since the relative orientation of these external
and internal quadrants is off by 90◦, also the high intensity regions on the two structures forming
the pattern are shifted by the same amount. This is in contrast to the above discussed cases where
the polarization filtering is at the entrance or at the output of the cascade. It is worth noting
that, as demonstrated in [31], other types of intermediate polarization manipulation can also
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Fig. 7. Intensity patterns upon filtering with a linear polarizer at different stages of a
two-BC cascade. The first column, (a1)-(a8) is for case A of Fig. 4, the second, (b1)-(b8) for
case B and the third (c1)-(c8) for case C. First four rows (a1)-(c4): Filtering of the input
polarization under the angle βin = 0◦ or βin = 45◦, as given on the left. (a1)-(c2): Theory,
(a3)-(c4): Corresponding experiments. (a5)-(c6): Experimental patterns for filtering at the
cascade output with a linear analyzer under the angles βout = 0◦ or βout = 45◦. (a7)-(c8):
Experimental patterns for intermediate filtering between the two BCs with polarizer angles
βmid = 0◦ or βmid = 45◦. All CD strength parameters and magnification values are as in
Fig. 4.
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be applied, all resulting in complex and eventually reconfigurable azimuthal distribution of the
intensity and polarization on the patterns. This is even more true if the cascade is extended to
more than two BCs.

6. Conclusion

We have analyzed theoretically and experimentally the unusual non-circular vector beam patterns
obtained in a conjugate conical diffraction cascade with intermediate manipulation in wave-vector
space. It was shown that the intensity and polarization distribution on the concave or convex
structures composing the conical diffraction pattern can be successfully predicted by a paraxial
model taking into account the asymmetric k⃗-space transformations. For a N-crystals cascade a
total of 2N−1 structure parameters X±±···± and Y±±···± in each of the cartesian directions were
introduced. These parameters depend on the conical diffraction strengths of the individual BCs
and on all magnification values between adjacent conjugate planes. They allow to find rules of
thumb for the general shape of the pattern structures and to predict eventual intersections. It was
shown that the local polarization on the non-circular structures is linear with the exception of
regions of structure crossings or local overlaps of different branches of a same structure, where
elliptical or circular polarization can be present. The polarization angle evolution is not a linear
function of the polar angle on the structure and for the case N = 2 three distinct cases for the
polarization distribution were identified on the basis of their structure parameters combination. In
this latter case the modified patterns expected by a linear polarization filtering at the input, output
or at the intermediate position in the cascade were determined and confirmed experimentally.
Such polarization filtering can be used to deplete specific sections of a given structures and thus
emphasize other sections. Finally, it was also shown that the local polarization angles and local
intensities on the individual structures depend on the rotation angles γi of the BCs around the
common optical axis. The orientation of the last crystal determines the polarization distribution,
while the relative orientation of all crystals determines the intensity distribution and the relative
importance of individual structures. Notably, by specific choices of the orientation angles it is
possible to isolate a given structure among the 2N−1-ones.

We would like to remind that the theory and experiments presented in this work apply to the
last focal image plane of the cascade. Experimental observations indicate that the beam outside
this plane evolves in a highly complex way, both in terms of intensity and polarization distribution.
Besides the asymmetry associated to the diffraction in the two transverse dimensions, there is also
an asymmetry in longitudinal direction, which has similar origins as the one discussed recently
in [36] for the case of a single crystal CD upon imaging by a spherical lens. The description of
the free space evolution outside the last focal image plane will be treated in a future work and
will require taking into account explicitly the quadratic phase terms associated to the multiple
conjugate imaging mentioned in Sect. 3. The effects discussed in this work lead to an increased
vector pattern richness and versatility as compared to the circular rings of conventional CD
cascades. The knowledge and prediction power gained in the present work may therefore be very
useful for the development of new CD applications and for the modification of existing ones.
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