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Abstract The existence, uniqueness, strong and exponential stability of a generalized tele-
graph equation set on one dimensional star shaped networks are established. It is assumed
that a dissipative boundary condition is applied at all the external vertices and an improved
Kirchhoff law at the common internal vertex is considered. First, using a general criteria of
Arendt-Batty (see Arendt and Batty in Trans. Am. Math. Soc. 306(2):837-852, 1988), com-
bined with a new uniqueness result, we prove that our system is strongly stable. Next, using
a frequency domain approach, combined with a multiplier technique and the construction of
a new multiplier satisfying some ordinary differential inequalities, we show that the energy
of the system decays exponentially to zero.

Keywords Telegraph equation - Strong stability - Exponential stability - Frequency
domain approach

1 Introduction

Over decades, telegraph equations have gained attention and interest among scientists due to
their different applications in the transmission of electrical signals along transmission lines
of all frequencies, in addition to many other physical, biological and engineering applica-
tions (see [4, 8, 17, 25, 31]). As a consequence, many mathematical models were set up, for
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instance in [15], a general and realistic situation was considered and a mathematical model
of electromagnetic wave propagation in heterogeneous lossy coaxial cables was derived.
Recently, referring to [29], S. Nicaise has considered the stabilization of the generalized
telegraph equation set in a real interval (model on a cable from [15]):

Vi+gV+al,+kW =0, in(0,L) x (0,00),
I, +rI+bV, =0, in (0, L) x (0, 00), (1.1)
Wi+cW=V, in (0, L) x (0, 0c0),

with the following boundary conditions
V(©O,H=V(L,1)=0, teRY,
and the following initial conditions
Vix,0)=Vy(x), I(x,0)=Ilh(x), W(x,0) = Wy(x), x € (0, L),

where, a, b, c,r,k and g are all non-negative functions in L*°(0, L) that verify some as-
sumptions mentioned in [29], see (1.2) below for the exact conditions. The generalized
telegraph equation is a coupling between the usual telegraph equation where the electric un-
knowns are V and I representing the electric potential and the electric current respectively
with a first order differential equation of parabolic type involving an auxiliary variable W
representing the non-local effects. In [29], the author was interested in studying the energy
decay rate of system (1.1). In fact, under the additional condition that » + g > 0 in (0, L), an
exponential energy decay rate was established. Otherwise, he proved a polynomial energy
decay rate of type t~! for smooth initial data. Moreover, the obtained polynomial decay rate
is optimal in the case r = g = 0. On the other hand, first order hyperbolic systems set on
graphs, also called networks, appear in recent applications, like electrical circuits, arterial
networks, networks of open channels, traffic flows on networks (see [2, 7, 10, 18-20, 22, 35,
40]); for heat, wave or beam equations on graphs, see [12, 24, 26-28, 36, 39] and the refer-
ences there. In particular, referring to [30], the usual telegraph equation was considered on a
network with a general class of transmission conditions, including reasonable ones (like the
Kirchhoff law) so that with the dissipative boundary conditions at the exterior vertices, an
exponential stability was established. Note that some exact controllability results or stability
properties have been obtained in [6, 12, 21, 23, 33, 37, 39, 41] for instance. But to the best
of our knowledge, the stability of the generalized telegraph equation on a network is an open
problem. This motivates us to study this equation on star shaped graphs.

In the present work, we consider system (1.1) on a star shaped network S made of N + 1
cables of equal length L > 0, with a positive integer N (see Fig. 1). For that purpose, we fix
different real valued and non-negative functions a = (a,)}_o, b = (b)), ¢ = (co) ). k =
(kz)évzo, r= (I"[)évzo, andg = (gg)évzo in (L0, L))N*! satisfying the following assumption

ag>Ww, bp>w, co>u, ke+ge>pn aein (0,L), V£=0,...,N, (1.2)

where > 0 is a positive real number. These assumptions are in agreement with the physical
setting from [14, 15].

On each edge e, with index ¢ € {0, ..., N}, we consider the generalized telegraph equa-
tion
Voo +gVetacl y +keWe =0, (x,1) €(0,L) x R,
Los+rele +be Vi =0, (x,1) € (0,L) xRY, (1.3)
Wei+ W, =V, (x,1) € (0, L) xRY,
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Fig. 1 A star-shaped network

where V, represents the electric potential, /, represents the electric current and W, represents
the nonlocal effects. Moreover, we denote by V = (Vz)ff:O, 1= (Ig)ivzo, and W = (WZ)QLO.

Let us mention that the case when the edges have different lengths Ly, £=0,..., N,
namely system

Ver+8Veta x+kW, =0, (x,1) € (0, L) x RE,
Iy, +relg + bV, =0, (x,1) € (0, Le) x RY, (1.4
We: +ceW, =V, (x,1) € (0, Ly) x R%,

can be treated similarly since it can be reduced to (1.3) as follows. Indeed by performing on

edge ¢, the change of variable x, = L%x, with a fixed L > 0, and the change of unknowns

~ L, ~ L, 2 L,
Iﬁ(x(fv t) = [(f-va t)v VZ(XEa t) = v(fxfa t)v W@(x@5 t) = W(Ixés t)v

we transform system (1.4) into (1.3) where the coefficients a, and b, are changed into L%ag

and Lng respectively (and that continue to satify (1.2)).
System (1.3) is considered with the following dissipative boundary condition at the exte-
rior vertices

Ve(L,t) —aely(L,t)=0, inR}, >0, VLe{0,..., N}, (1.5)
and the transmission conditions from [3, §8.2] or [16] (called by these authors the improved

Kirchhoff conditions) at the interior common vertex

N
I .
D Zuki 0.0 =5 (60,0 = Ve(0.0), inRY, VL (..., N),
= & (1.6)
Vo (0.1) =5y 2100 inRY,
=0
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where, Y and § are two positive constants and Z = (Z) yxn 1S @ Symmetric, positive defi-
nite matrix. These boundary conditions are derived in [3, §8.2] or [16] by using the method
of matched asymptotics starting from thin coaxial cables of thickness 8. The coefficient
Y and the matrix Z are defined from the material properties of the medium and from 3D
potentials defined in the reference domain.

Remark 1.1 1f r, = 0, then differentiating (1.5) with respect to ¢ and using the second equa-
tion of (1.3), we exactly find the Neumann velocity feedback law

V(L) = —ab Ve (L, 1), inRY,VLE(O, ..., N},
from [5, (4)] or [9, (4)].

N

By setting v(¢) = Vu(0,¢) and n(t) = (77@(1))2’:1 with n,(t) = ZZZka(O, t), System
k=1
(1.3)-(1.6) is completed with the following initial conditions

V(x,00=V°x), I(x,0)=1I%), W(x,0)=W°x), xe(,L)

and
v(0) =%, 1(0) =9°.

As suggested before, our goal is then to find sufficient conditions on the functions
ag, by, co, ke, vy, and g, that guarantee that the above system is strongly stable and then
exponentially stable.

The paper is organized as follows: First, in Sect. 2, we show that System (1.3)-(1.6)
admits a unique solution in an appropriate Hilbert space using semi-group theory. Next,
using a general criteria of Arendt-Batty (see [1]), we proved the strong stability of the system
in the absence of the compactness of the resolvent. Finally, in Sect. 3, based on a frequency
domain approach combined with an ad-hoc multiplier technique, we establish an exponential
energy decay rate.

Let us finish this introduction with some notations used in the remainder of the paper:
for all p € [1,00], L?(S) = L?(0, L)N*!, 1 < p < 0o and H'(S) = H' (0, L)V*!. The set
D(0, L) is the set of smooth functions in (0, L) with a compact support included into (0, L)
and let D'(0, L) be the associated space of distributions. Moreover, we denote by (-, -)cn
the inner product in CV.

2 Well Posedness and Strong Stability

In this section, we will study the existence, uniqueness, regularity and asymptotic behavior
of the solution of System (1.3)-(1.6).

2.1 Well Posedness of the Problem
First, we define the energy space

H = (L*(S))® x CN*,
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that is a Hilbert space equipped with the following inner product:
N o oL
(V. LWoop)T, (V5T WEvs "))y = Z/ OVeVE+ B I + e W WY) dx
=070

+8Y Vv 48 (17, Z7 ') ew
where 0 = (60))_, B= (B}, ¥ = (v0)), € L>(S) will be fixed later but are such that
O > o, Be= o, Ye=po aein®, £=0,...,N, (2.1)

for some o > 0.
Next, we define the unbounded linear operator A : D(A) — H by

D(A) = {(V, I,W,v,p) eH:V eHY(S), I cH(S), Vi(L)=0,1,(L), Ve €{0,..., N},

N

v=Vo(0), and = ()}, with 5, = Zzuclkw)},
k=1

and

N
1
=—(g®V+a®Ix+k®W,r®I+b®Vx,c®W—V,WZIZ(O),
=0

o~
S < S~

1 T
5 (Ve — v)Ll) ,

where for two vector functions P = (p,))_, € L™(S), and Q = (g,))_, € L*(S), we set

P® Q=(peqo)iy
while for Q = (q))_, € H'(S),
0. = ()i
Then, setting U(t) = (V(-,1), I(-,1), W(-,1),v(t), 5(t))T, System (1.3)-(1.6) can be for-

mally written as a linear evolution equation in the space H

U =AU, teR,

U(0) = Us, (2.2)

where Uy = (Vo, Iy, Wo, vo, ) -
For this system, we have the following existence result.

Theorem 2.1 Assume that condition (1.2) holds. Then, there exist 0, B, y € L.°°(S) satis-

fying (2.1) such that the operator A generates a Cy-semigroup of contractions (¢'*);»q on
H.
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Proof Using Lumer-Phillips Theorem (see [32, 38]), it is sufficient to prove that A is a
maximal dissipative operator so that A generates a Cy-semigroup of contractions on H.

Step 1. Let us start by the dissipativity. Let U = (V, I, W,v,5)" € D(A) then, we have

N L
R(AU, U)y :m[ - Zf O0(ge Ve +aely . + kW) V, dx
=070
N L
—Z/ Be(redy + b,V )1 dx
=070
N L N N
+y / ve(Ve = W)Wy dx = Vo(0) Y " T0(0) = Y (Ve(0) — vo<0)>u<0)}
=070 £=0 =1
N L N L .
=— Z/ OcgelVel® + Berel Ie|* + yecd Wel?) dx — mZ[ Opaly Vi dx
=070 =070
N L N L N
—mZ[ Bebe Ve I, dx + mZ/ (Ve — Ocke) VeWy dx — 0Vo(0) Y " T,(0)
=070 =070 =0

N
—R Y (Ve(0) = Vo(O)Te(0).

=1

Now, as in [29], we chose 6; = a; ', B, = b, for all £, and apply Green’s formula on the
third term of the right-hand side, we obtain

N L N L
m<AU,U>=—Z/ (a[lg/:|V/:|2+bg_1re|ll|2+)/ece|we|2)dx—mZ/ 1oV, dx
=070 =070

N L N N
Y /0 TouVedx =0y " Vi(L)T(L) +9RY_ Ve(0)T(0)
£=0 =0

£=0

N L N
Y /0 (ve = Ocke) VeWe dx — 9tVo(0) ) S T¢(0)
=0 £=0

N N
+RVo(0) ) Te(0) =R Y Ve(0)1(0)

=1 =1

N L
== 3 [ @ e Vil b P+ yeed WP
£=070

N L N
+ mZ/ (ve — Ocke) VeiWe dx — Y " ate| I (L)|.
£=070

=0

Finally, by estimating the second term of this right-hand side by Young’s inequality we
get,
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N

RAU,U) < — / (a; ' gelVel* + b, el L > + yece Wl )dX—ZO{ﬂI[(LN
=0

k | 1
+Z/ lye = kO (el Vel + 1 WeP) dx,

for all €(x) = (&, (x))?’=0 positive vector (i.e. €,(x) > 0,V£ € {0, .., N}, x € (0, L)).
Now, we need to find €(x) = (el(x))évzo and y = ()/()2\;0 to satisfy for all £ € {0, .., N}:

— k.0
[Ve — keO¢leg 0,9, <0
2
and
— ko6
[Ve — ke e <0,
26@

But according to the proof of Theorem 2.1 of [29] (see p. 3224-3225 in [29]) such a choice
is always possible (we do not give the details and refer to that paper for the details). With
such a choice, we find

1< L
RAU,U) < —3 Z/ (0egel Vel* + 2Bere| 1> + vece | We|*)dx
e=0 0
2.3)

N
— Y all(L)* <0,

=0

and consequently, A is dissipative.

Step 2. Now, let us go on with the maximality. Let A > 0 be fixed. Given F = (f, f>, f3,
fa [T €H,welook for U= (V,I,W,v, )T € D(A) solution of

A -AU=F,

or equivalently,

AVetapl, +8Ve+keWe = fo1, ¥2€{0,.., N},
My + bV +r(1( = fi2, YL e{0,.., N},
ng-i-CgWg = fi3, YLe{0,.., N},
24
xv+—21g(0> = fa,
Am%—é(VK(O)—v) = fis, YLe{l,., N}

Assume for the moment that a solution U € D(A) of (2.4) exists. Then, the third equation
is equivalent to

v,
W= Yt S e e o, Ny (2.5)
)\+Cg
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Similarly, the last two equations of (2.4) allow to eliminate v and 7,, namely

N
fo— 57> _1:(0)
=0

v=—— (2.6)

and

_Jes— F(Ve(0) —v)
B )
Replacing (2.5) in the first equation of (2.4), we get

ne , forall¢ e {1,.., N}. Q@.7)

Ve +ae (Mo x = fie,

2.8)
Vex +aea(M) Iy = gie,
where
a1 (M) = —3 — a,,(0) = )ﬂ’
e1(X) ——— e2(d) =
f _kefes A (2.9)
fro= g = T2
’ /\+g@+kf‘+q’ ' by’

for all £ € {0, .., N}. .
Let ¥ = (¥¢))_, € H'(S). Multiplying the second equation of (2.8) by v/, integrating
over (0, L) and summing on £ € {0, .., N}, yields

N L . N L . N L .
Z/ Vi dx-l—Z/ a1V, dx:Z/ S, dx. (2.10)
=00 =070 =00

Similarly, multiplying the first equation of (2.8) by EM, integrating over (0, L) and sum-
ming on £ € {0, .., N}, gives

N L . N L . N L .
Z/ Ve, dx + Z/ ag (M ey, dx = Z/ SreWe, dx. 2.11)
¢=0 70 =070 =070

By integrating by parts the first term of the left hand side of (2.11), we obtain

N N B N B
3 AR BT AR RACTA
=070 =0 =0

(2.12)
N L . N L .
+Z/ ag (M lexVy, dx = Z/ oW dx.
=070 =070
Then, adding (2.10) and (2.12) leads to
N L . . N .
> [ (@ T + aca017,) dx+ VLT L)
=00 =0
2.13)

N N L
— Z Ve(0)r,(0) = Z/o (fuwe,x + gu%e) dx.
=0 =0
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By taking into account the boundary conditions in D(.A), in addition to (2.6) and (2.7), we

find
N . . N .
D Ve 0P (0) = Vo(O)ip(0) + Y Ve(0)37,(0)
=0 =1
— N J—
= Vo(0)¥4(0) +8 ) fus¥,(0)
=1
N . N N .
+Vo(0) ) Y (0)—sn Yy (Z Zaly (0)) Ve (0)
(=1 (=1 \k=1
N N
=Vo(0) Y V(O +8) fust,(0)
£=0 =1
N N
—8A Z (Z Zlklk(0)> ¥,(0)
=1 k=1
f N N
=2 V0 - m (ZIZ(O)) (ZW@)
=0 =0
+3 Zfe s, (0) — mZ (Z zu(lk(O)) V,(0)
= (=1 k=1
and

N N
D Vi) (L) =Y ady (L), (L).

=0 =0

By replacing these two identities in (2.13), we arrive at

Z/ (a0 O eV s+ a0V L) dx-f-zaﬂz(L)l//g(L)

=0

N N /N
SYA (Z Iz(0)> (ZE@(@) + MZ (Z Zlklk(o)) ¥, (0)

=0 =1 \k=1

- Z/ Frilon + 80T dx + L2 ZMO) £33 FusTO,

=1

(2.14)

for all € H'(S). Now, we notice that this problem has a unique solution I € H'(S), by
the Lax-Milgram Lemma. First, this left hand side is a continuous and coercive sesquilin-
ear form on H'(S), since by our assumptions (in particular on Z), there exists a positive

constant C(A) (that depends on 1) such that

f (et O exl? + aga (LD dx +;aem<L>|2 -

Z I, <0>
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+8MZI.(0), 1.(0)ey = CO 13 s

with 1,.(0) = (I, (0))2\’:1. Secondly, the right-hand side of (2.14) is a continuous form on

H'(S).
Now, according to the first equation of (2.8) we set

V= fie—aea(M) ey, (2.15)

that clearly belongs to L2(0, L), for all £. Then, taking in (2.14) a test function ¥ such that
Y € D(0, L) for some £ =0, .., N and y; =0, for all j # £, we find

L L
/ ag (M) ey, dx + / ag2(M) ey dx
0 0

(2.16)
L . L
Z/ S, dx +/ e dx.
0 0
Eliminating [, , from (2.15) and replacing it in (2.16), we get
L L . L

—/ Vgl//g’x dx +/ am()\)lgw[ dx =/ gl,ll”[ dx. (217)

0 0 0

Applying Green’s formula on the first integral of the left-hand side of (2.17), we ob-
tain

Vex +ag2(M1e=gue, inD'(0, L). (2.18)

As —ag (M), + gie € L*(0, L), we deduce that V, € H'(0, L) and that (2.8) holds.
Then, after defining W by (2.5), v by (2.6) and n by (2.7), it remains to check the
boundary conditions appearing in D(A). For this purpose, we introduce two Hilbert
spaces

Hy={ue H'0,L); u(0)=0},
and
H} ={ue H'0,L); u(L)=0}.

Now, we first take different test functions ¥ in (2.14). By Green’s formula and taking into
account (2.8), we have

N N N
D Vi@ (L) = Y V0P (0) = Yo (L)¥r, (L)

=0 =0 =0
1 N N N /N B
-~ (Z I (0)> (Z 1//5(0)> -y (Z Zlklk(O)) v, (0) (2.19)
=0 =0 =1 \k=1

N . 1 N .
+8)_ fesVe O+ = ) [l 0)=0, V¥ H'(S).
=0

=1
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N
First, we fix £ and take ¢ € l_[H1le such that v, (L) = z arbitrary in C and v; (L) =0,V #
£=0
£, we get
(Ve(L) — ey (L))z7=0,Vz € C.

N

Consequently, V,(L) = a,I;(L). Second, we fix ¢ and take ¢ € l_[HL1 such that ¥, (0) =z
=0

arbitrary in C and v¥;(0) =0, Vj # £, we obtain

1 (& ol 1
(-Vz(o) — m (Z 15(0)) — SA (Z Z@klk(O)) +8f£$5 + Xf4> ZZO, VZ € (C
£=0

k=1

N N
Using (2.6) and (2.7) we deduce that 1 = ) ZyIi(0). Third, we fix £ and take y € [ [ H

k=1 £=0
such that ¥, =0, V£ # 0, and v(0) = z, arbitrary in C we obtain

fi_ LXN:MO) =V (0)
A 8YA pr

Using (2.6), we deduce that v = V{(0). The proof of Theorem 2.1 is thus complete.
O

As A generates a Cy semigroup on #, problem (2.2) admits a unique solution given by
U(t) =e AU, t>0.

Hence, the semi-group theory allows us to deduce the following existence and uniqueness
results.

Theorem 2.2 Assume that condition (1.2) holds. Then, for any initial data U € H, problem
(2.2) admits a unique weak solution U € C°([0, 00); H). Moreover if Uy € D(A), problem
(2.2) admits a unique strong solution U € C' ([0, 00); H) N C°([0, 00); D(A)).

As usual the energy associated with (2.2) is defined by
1 2
E(@r) = EII(V, LW, v, nll5

and for U = (V, I, W,v,5) € C'([0, 00); H) N C°([0, 00); D(A)), we have

N

N L
, 1 2 2 2 2
E(I)S—EZE_OL BcgelVel™ +2BerelIe|” + yece Wel)dx — E aell(L)|" <0.

=0

For such a solution, we then have

E(t) <E(t),Y0<t; <1,
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in other words, our system is dissipative in the sense that its energy is non-increasing with
respect to ¢. By the density of D(.A) into H, this last property remains valid for weak solution
U € C°([0, 00); H).

Now, we are able to study the strong stability of our system.

2.2 Strong Stability

To show the strong stability of the Cy-semigroup of contractions (e’);~o we will rely on
the following result due to Arendt-Batty [1].

Theorem 2.3 (Arendt-Batty [1]). Let A: D(A) C H — H generates a Cy-semigroup of
contractions on the Hilbert space H. If

1) A has no pure imaginary eigenvalues,

2) o (A) NiR is countable,

where o (A) denotes the spectrum of A. Then, the Cy-semigroup (e'),-¢ is strongly stable,
namely

lim ||’ Up| |3 =0,VU, € H.
1—00
Let us now state the main result of this subsection.

Theorem 2.4 Assume that assumption (1.2) holds. Then, the Cy-semigroup (e'*),sq is
strongly stable on the energy space H.

Its proof is based on the use of Theorem 2.3. Since in our situation the resolvent of A
is not compact, we have to analyze its full spectrum on the imaginary axis. More precisely
with the help of the following Lemmas, we will deduce that o (A) NiR is empty, hence the
result.

Lemma 2.5 Under the same condition of Theorem 2.4, we have i, — A is injective for all
LeR,ie.

ker((AZ — A) ={0}, VAeR.

Proof Let xeRand U =(V,I,W,v,5)" € D(A) be such that

G Z - AU =0,
equivalently,
AV —l—aﬂ“—}—ggw —l—k(Wg =0, Yle {0,..,N},
l'}»Il-i-b/gVei,x +rody =0, Vle {0,..,N},
iAW +c W=V, =0, Y€e{0,..,N},
‘ ZN ‘ ‘ { } (2.20)
2+ 3 1(0) —0,
=0
iAn+ 3(Ve(0) —v) =0, Yee{l,.., N}

Hence, as (AU, U)y = 0, using inequality (2.3) and the fact that ¢, > 0 and ¢y > 0, we
get

ggV[ =rglg=Wg=[e(L)=O,VZ€{O,..,N}. (221)
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Using the third identity of (2.20) we deduce that V, =0, for all £ € {0, .., N}. On the other
hand, the first equation yields that I, , =0, so I, is constanton (0, L) forall £ € {0, .., N}. As

I,(L) =0, we deduce that I, =0, for all £ € {0, .., N}. This implies that v = V;,(0) =0 and
N

Ne = ZngIk(O) =0, forall £ € {1, .., N}. Hence U = 0 and the desired goal holds. O
k=1

Lemma 2.6 Under the same condition of Theorem 2.4, we have i\ — A is surjective for all
reR* ie.

R(ir—A)=H, VAeR"

Proof For any A € R* and F = (f, f1, f3, f4. f5)| € H, we look for a unique solution
U=V,I,W,v,p)" € D(A) of

(iAL— AU =F,

or equivalently,

iNVe+aelex +geVe+keWe = fo1, VE€{0,.., N},
iMy+ bV +redy = fe2, V£ €{0,.., N},
iAW, +c, W, =V, = , V£ e{0,.., N},
eV fe3 { 1 (2.22)
i+ 55 > 1) = fa
=0
iy 4+ F(Ve(0) —v) = fos, Vee{l,..,N}.
Suppose sucha U = (V, I, W,v,3)" € D(A) exists, then
V,
= Lf“ Ve e {0,.., N}, (2.23)
(l)\. + Cg)
N
fo— 35 Y 1(0)
=0
=, 2.24
Y i (2.24)
— L0 —v
ne = UE 6(.;() ), Ve e(l,.., N}. (2.25)
l
Replace W, in the first and second identities of (2.22) to get
kefe.3
a fe1—m758)
V, L x = =t s
et (iA+g[+uk%Y) b (i)»+ge+Mlecl)
zA};:rﬂ]z + Vix = %5 2ef{0,..,N}.
Then, to find a solution of (2.22) it is enough to find a solution of
Vetag (M) 1ex = fire, (2.26)

Vix +ae2(iM) 1 = gines

where a1 (L), a2 (L), fie and g, , are defined in (2.9).
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Now following the arguments of the proof of Theorem 2.1, we deduce that I € H'(S) is
a solution of

Z/ (@01 (I LoV + eI 1) dx+Zam<L)m(L)

=0

N N N
+o (Z 15(0)> (Z WO)) +iony (Z zeklk(O)) ¥,(0) (2.27)

=0 =1 k=1
f N N
—Z/ (FireWe + gineWy) dx + 72 VO +8) fus¥,(0),
£=0 =1

for all ¥ € H'(S). Here we note that Lax-Milgram Lemma cannot be applied because co-
ercivity is not available. Therefore, we use a perturbation argument. For that purpose, let us
introduce the sesquilinear form

N L . N L 1 . N .
bily)=> / ap (M oV, dx + Y / o Vedx+ Y (L)Y (L)
=070 =070 =0

1 N N . N N .
o (Z 1{(0)> (Z t/re<0>> +ion Y (Z zgkzk(m) V(0).V1, ¥ e H'(S).

£=0 =0 =1 \k=1
This sesquilinear form b, is continuous and coercive on H!(S), since for all £

ag (A2ge + co(cege + ko))
(cege+ke —AD2+ A2 (ce + g0)* ~

R(ap.1(i1) = > C(),

where C(A) is a positive constant that depends only on A. Then, by Lax-Milgram Lemma,
the operator
B, :H'(S) —» (H'(S)*: I — B,

with B, I (¢) = b, (I, ¥), is an isomorphism.
Now, let us set

R, :H'(S) > H'(8)*: I > R, 1,

with
N L /:
(ir+ri—1) —
RAI('/,):Z/ biﬁ]lwz dx.
=0 0 14

As R; is a compact operator, we deduce that B; + R; is a Fredholm operator of index zero
from H!(S) to (H'(S))*.
Now by setting

N L - . N - 1 N -
L,(y) = ; fo (8ir oW+ fouly)dx+38 ; Fes¥ O + — ; fa,(0),

we notice that (2.27) is equivalent to

(B, +R)I =L, in(H(S)". (2.28)
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Hence problem (2.27) admits a unique solution I if and only if B; + R, is invertible. B, + R,
being a Fredholm operator it is enough to prove that B, + R, is injective, i.e.,

ker(BA + R)L) = {0}

Let us now fix I € ker(B; + R;), then it satisfies

N L N
) TR A A CA T AREES SERAGIA
=070

£=0

1
+ isY X

(o) (3550)

N N
+iony (Z nglk(0)> ¥,(0)=0, V¢ e H'(S).

=1 \k=1

Thus, if we set

s W
T g N T it
and
N
— 1,0 -V, (0
V= Z(i:ol() and 7, = t.()'f‘V’
MY i\8

we conclude that (V, I, W, v, n) € D(A) is a solution of
(ir— AV, I,Wvm" =0.
Using Lemma 2.5, we deduce that V, = I, =W, =v=n,=0forall £ € {0, .., N}.
This shows that B; + R, is invertible and therefore a unique solution (), € H'(S) of
(2.28) exists. At this stage, by setting V, = fi1.¢ — a¢.1(ir) 1, , we conclude as in the proof

of Theorem 2.1 that (V, I, W,v,5) € D(A) is a solution of (2.22) and the proof is thus
complete. ]

It remains to show the surjectivity of A, but first let us introduce the following Hilbert
space

Y, = {(V, I) e H'(S) x H'(S) such that V, (L) = ael,(L), YL € {0, .., N},

N
> 1(0) =0, Vi(0) — Vo(0) =0, YL e {1, .., N}}.

=0
N N
Lemma 2.7 Let (8, A) € HD(O, L) x HD(O, L), then there exists (¥, x) € V, such that
=0 =0
=6
Yex =04, (229)
Xex = A[, Vil e {0, . N}
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Proof As (2.29) means that v, (resp. ) is a primitive of 9, (resp. A;), we have
= [ o dy+ e
0

Xe(x) 2/0 Ae(y) dy + pe,

(2.30)

where d;, p, are two constants to be determined later on. Notice that (¢, x) € V. if and only

if

N
> xe©) =0,
=0

V0 =(0). Vee(l, ... N,
Yo (L) =ayxe(L), VL €{0,..,N}.

Then, knowing that
L
Ye(0) =de, Ye(L) = / Oe(y) dy + de,
0

L
xe(0) = pe, xe(L) :/ Ae(y) dy + pe,
0
we see that (2.31) is equivalent to the following system with 2N + 2 equations

ngv:opl =0,
dy =dy, Ve e{l, .., N},

L L
/ 0(y)dy+dy =oay </ Azdy-i-pe),VZG{O,..,N}.
0 0

By the second and third equations of (2.33) we find

1 L L
p(=a—</o 95(y)dy+d0>—/o A¢(y)dy, VLe{0, .., N}.

Then, replacing (2.34) in the first equation of (2.33) leads to

N L L N
1 1
Y= oemdy—| Ady)+ (DY —|do=0.
—o \% Jo 0 o e
N
As Z — is positive, the existence of dj is guaranteed, which proves the Lemma.
(673
=0

Lemma 2.8 Under the same condition of Theorem 2.4, A is surjective.

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

Proof Let F = (f, f2, f3. f4. f5)| € H, we look for a unique solution U = (V, I, W,

v,7) " € D(A) of
—AU =F,
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or equivalently,

aglyy +geVe+keWe = fou,
bV +redy = fu2,
C[WZ—VZ :fZ,37
| X (2.36)
— I, (0 = fa,
5 210 fa
) (=0
E(VZ(O)_\)) = fes-
Suppose sucha U = (V,I,W,v, )" € D(A) exists, then
V
W, = Yt fes ve e {0, .., N}.
Ce
Replace W, in the first and second identities of (2.36), we get
Ve + 0O, = ,
v+ ag1(0)o = foe (2.37)

Vex +ag2(0)1; = go,

where a;1(0), a;2(0), fo.¢ and go ¢ are defined in (2.9).
We will proceed by dividing the proof into three steps.

Step 1. First, fix (¢, ¢) € H'(S) x H'(S), such that

¢e(0)=6frs VELe{l,..,N}, ¢, =0 onle;, L] forsomee; € (0,L), po=0
and

0o(0) =68Y f4, 9o =0o0n[e,, L] forsomee, € (0,L), ¢, =0 VL e{l,..,N}.
Then, setting ‘74 =V, —¢¢ and E = Iy — ¢¢, by (2.37) we deduce that they satisfy

‘7@ + az,l(o)ﬁ,x = fAO,z,

v S (2.38)
Vix +ae(0)1, =goe,
where,
foe = for— (e +ae1(0)ge,) and  Zoe = 8o — (Pex + ae2(0)pr),
for all £ € {0, .., N}. We further notice that
N

> 1.(0) =0,
=0 ~ (2.39)
Ve(0) — Vo (0) =0, Veell,. N},
V(L) = o ly(L), VL€ {0, .., N}.
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Step 2. Let (¥, x) € V.. Multiplying the first and the second equation of (2.38) by ¥, , and
W{,x respectively, then integrating in (0, L) gives

N L N L
Z/ VeXex +aeiO e X)) dx + Z/ VexVo, +aca(O) e, ) dx
—Jo = Jo
= = (2.40)

N L
= Z/ (fO,ZYZ,x =+ EO,Z 1/12,)5) dx.
=00

Again the sesquilinear form from this left-hand side is not necessarily coercive, so again we
introduce the sesquilinear form

N L N L
gV, D), ¥, x) = Z/ ap1(0) e Xy dx + Z/ Ve,xwe,x dx
=00 =00

N L
+Z/ X + Vi) dx, Y(V., T), (¥, X) € V..
=070

This sesquilinear form ¢ is continuous and coercive on V, since

a1 (0)= —2 S 0,veelo,.., N}
S (cege +ke) ' U

Then, by Lax-Milgram Lemma, the operator
Q: V.= (V) (V,D— 0V, D),
with

oV, DWW, x)=q((V, D), W, 1)),

is an isomorphism. Now, the remainder
S:Ve— W) (V. D) - SV. D, 0.

with
N L N L
ST 0= [ O+ a0 dx =Y [0+ Vit dx
=070 =070

is a compact operator. Hence, we deduce that Q + S is a Fredholm operator of index zero
from V, to (V,)*.
By setting

N oL
L 0= [ Rie+ B dx.
=070
we again see that (2.40) is equivalent to

OQ+)V, D)=L in(V,)" (2.41)
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Step 3. Now, let us prove that the system (2.38)-(2.39) is equivalent to (2.41). First, let
(@, A) be an arbitrary test function, such that 6, =0V¢' € {0, .., N}, and A, € D(0, L), for
afixed £ and A; =0, Vj # £. Then, by Lemma 2.7, we deduce that there exists (¥, x) € Vs
such that

w&,x =0,
Xex = Al, Vi e {O, . N}

Replacing this (¢, x) in (2.41) we get,

L L
/ (VeAg +ap1(0) 1 c Ag) dx Z/ SoeAgdx.
0 0

Then,
Ve+ a1 (01 = fo, in D0, L),

which means that the first equation of (2.38) holds. Second, let (f, A) be an arbitrary test
function, such that A, =0V¢ € {0, .., N}, 6, e D(0, L), for a fixed £ and §; =0, Vj # £.
Using Lemma 2.7 and following the same arguments as above we deduce that the second
equation of (2.38) holds. In conclusion, the system (2.38)-(2.39) admits a unique solution
(‘7,7) if and only if Q + S is invertible. As Q + S is a Fredholm operator, it is enough to
prove that it is injective, i.e.,

ker(Q + S) = {0}.
Let (V,T) e ker(Q + S) then

N L N L
> f (VX + i O aXe ) dx + ) / VeV ex + a2 O, ) dx
—0 Y0 =070

(2.42)
= 0» V('l’s X) € V*
Thus, if we set
v N
. T o o~ R ~
We=—, =" and 7=} Zii1i(0).
¢ =0

We conclude that (V, T, W, 7, M) € D(A) is a solution of
—AV, T, W, 5, " =0.

Using Lemma 2.5, we deduce that Vi=L,=W,=v= 7 =0forall £ € {0, .., N}.

So, Q + S is invertible and a unique solution (V /I\) €V, of (2. 41) exists. Then, by
the previous arguments we deduce that (2.38) and (2.39) hold. As we set V[ Vi, — ¢, and
I[ = I; — ¢;, we deduce that a unique solution (V, 1) € H! (S) x H'(S) of (2.37) exists,
and satisfies

N

> 10 =8Yfi,

V() — Vo) =8fis. ¥e e {l,... N},
V(L) =ayly (L), VL €{0,..,N}.
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Finally, by defining

Vit f u
We= =2 Vee (0. N} v=Vo(0). ne=)_ Zuli(0) VL€ (1.... N},
¢ =1

we deduce that a solution (V, I, W,v,5) € D(A) of (2.36) exists. The proof is complete.
O

3 Exponential Energy Decay Rate

In this section, we will prove the exponential stability of System (1.3)-(1.6) based on a fre-
quency domain approach. Here contrary to [29], we do not require that r, + g, is uniformly
bounded from below for each £ (see the assumption (25) in [29]) to get exponential decay of
the energy but rather exploit the dissipative boundary conditions (1.5) at the exterior nodes.
Hence our proof fully differs from the proof of Theorem 4.5.4. from [29]. We here need to
combine the frequency domain approach with an ad-hoc multiplier method (see Lemma 3.5
above).
Our main result is the following one.

Theorem 3.1 Assume that condition (1.2) holds. Also, assume that a,, b, € W1‘°°(0, L), for
all £ € {0, .., N}. Then, the semigroup (e’A),zo is exponentially stable, i.e. there exist two
positive constants M and € > 0 such that

le"*Uolls < Me™||Ugll3, ¥1=0, VU €.

Proof Following Huang [13] and Priiss [34], our Cy-semigroup of contractions (e’A),ZO in
‘H is uniformly (exponentially) stable if and only if

iRCp(A), 3.1)

and

sup||(ix — A) | < 0. (3.2)
LeR

Since (3.1) was already proved, the proof of Theorem 3.1 is reduced to show that condition
(3.2) holds. This is checked by using a contradiction argument. Indeed, suppose that (3.2)
is false, then there exist a sequence of real number A, € R and a sequence of vectors U, =
(Vs Iy, Wy, v,,1,) in D(A), such that

[An] = 00, (Vi L, W vy )l =1, (3.3)

and
(ir, — AU, —0inH asn— oo. 34

Our aim is to show that |[(V,,, I,,, W, v,, 3,)|l3x = 0. This condition permits to conclude
a contradiction with (3.3). From now on, for simplicity we drop the index n.
Now, writing (3.4) in a detailed form we get

(l)\ +g[)V[ +a[ILX +k[W( = f@.l — 0 in LZ(O, L), Vi e {0, ey N}, (35)
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(ir+r)l +b,Vey= fr2—0in L*0, L), V€€ {0,...,N}, (3.6)
(ir+c)Wy—Vi= fr3—0in L*0, L), V£€{0,...,N}, 3.7
| X

Vo (0) + = ;h(O) =f,—0 inC, (3.8)
i)ﬂ’][—f-é(V[(O)—Vo(O)):f@j—)O inC, Veell,...,N}. (3.9)
Lemma 3.2 Under the above assumptions, we have the following estimations for all £ €

{0,..,N}:
JeVe=o(l) inL*(0, L), (3.10)
I;(Ly=o0(1) inC, (3.11)
Jrilp=o0(l) inL*(0, L), (3.12)
We=o0(1) inL*(,L). (3.13)

Proof Taking the inner product in H of (ix — A)U with U and using (2.3) and Cauchy-
Schwarz’s inequality, we get

N L
1 .
EZ/ Ocgel Vel? +2Berel 1) + vee Wel?) dx + e[ I(L) ] < R((ir — AU, U)y
=070
<|GA = ADU||x]U]||3.
As ||(ir — AU||y — 0and ||U||y = 1, we obtain
1t 2 2 2 2
E/ OegelVel™ +2Berel 1| + yece\We ™) dx + a1 (L) =0(1), V£Le€{0,..,N},
0
and the desired results hold. O

From (3.3), (3.6) and (3.7) we have

Vix I .
[l l.}LHLZ — o), [ e xllf2 — o). (3.14)
Lemma 3.3 Under the above assumptions, for all £ € {0, ..., N}, we have
[Ve(0)] = 0(1), (3.15)
and
[L(0)|=O0(1). (3.16)

Proof As Z is an invertible matrix, I, (0) = Z~'7 and therefore, there exists ¢ > 0 such that

1.(O)llcy < Zlinlicw- (G.17)

Then, using (3.3), we directly deduce that (3.16) holds for ¢ € {1, .., N}.
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Now, multiply (3.6) by 21, and then integrate over (0, L), to obtain

L L L L
Zif AVlfgdx—i—Z/ ggVJgdx+2/ agILngdx—i-Z/ kWl dx
0 0 0 0 (3 18)

L
=2 / f[q]T[ dx.
0
The second and fourth integral on the left-hand side of (3.18) converge to zero by (3.3),

(3.10) and (3.13), similarly the right-hand side converge to zero, using (3.3) and the fact that
fe.1 converge to zero in L%(0, L). This yields

L L
Zi/ vaederzf agly Iy dx =o(1). (3.19)
0 0

Taking the real part of (3.19) and then applying Green’s formula on the second integral of
the left side leads to,

L L
—2%/ xvﬁedx—/ aer | L dx + ag (DD - ac©)LOF =o(l),  (3.20)
0 0

where, 3z denotes the imaginary part of a complex number z.
Similarly, multiply (3.7) by 2V, and then integrate over (0, L), we get

L L L L
Zi/ AV, dx+2/ red Ve dx+2/ bV, Vy dx:2/ fiaVedx. (321
0 0 0 0

The right hand-side of (3.21) converge to zero by (3.6) and (3.3), similarly the second inte-
gral of the left hand-side converge to zero by (3.3) and (3.12). This yields

L L
Zi/ AV, dx+2/ beVi Vidx =o(1). (3.22)
0 0

Again, taking the real part of (3.22) and then, applying Green’s formula in the second inte-
gral of the left hand side we get,

L L
—23‘3/ MV dx—/ beVel? dx + bo(L)|Ve(L)I* = b (0)|Ve(0)* = o(1).  (3.23)
0 0

Adding equations (3.20) and (3.23) leads to

L L
—/ ae,xuuzdx—f bex|Vel* dx + ag (L)1 (L)* — a,(0)|1,(0)*
0 0 (3.24)
+be (L) Ve (L) > = be(0)| Ve (0) > = o(1), Y Le{0,..,N}.

Under the assumption that a,, b, € W*(0, L), using (1.2), (3.3), (3.11), (3.17) and the fact
that V,(L) = oI, (L), we deduce from (3.24) that

[Ve(0)=0Q1), Yee(l,., N}, (3.25)

and as |V(0)| = O(1) using (3.3), we conclude that (3.15) holds. On the other hand, for
£ =0 and under the assumption that agy, by € WH*°(0, L) and using (1.2), (3.3), (3.11) and

@ Springer



1101
1102
1103
1104
1105
1106
1107
1108
1109
1110
1111
1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122
1123
1124
1125
1126
1127
1128
1129
1130
1131
1132
1133
1134
1135
1136
1137
1138
1139
1140
1141
1142
1143
1144
1145
1146
1147
1148
1149
1150

Existence, Uniqueness and Stabilization of Solutions of a Generalized. ..

as Vo(L) = aplp(L), we deduce from (3.24) that |1,(0)]> = O(1). Consequently, with (3.17),
we conclude that (3.16) holds. O

Lemma 3.4 Under the above assumptions, we have

v =Vy(0) =0(1), (3.26)
and
ne=o(l) vee(l,.,N}. (3.27)
Proof Using (3.8), we have
1 ¢ 2
Vo(0) = ——— I,(0) + —,
==y o (O + 5

by (3.16) and the fact that | f4| = O(1), we deduce that V;(0) = o(1). Similarly, using (3.9),
we have

1 1 1
=——V,(0) + —Vu(0) + — fi 5,
e Y 1 )+ik8 0(0) + i)»f“
by (3.15) and the fact that | f; s| = O(1), we deduce that (3.27) holds. O

Lemma 3.5 Let £ € {0, .., N} be fixed and assume that the functions ay, b, € wheo, L).
Then, there exists hy € W>(0, L) and a positive real number p, such that

1,(0) =0, (3.28)
hex(x)>p; >0, foraa.x (0, L), (3.28b)
B (x) (Zig;) + he(x) (Zii;) >0, fora.a.x e 0,L). (3.28¢)

Proof We first notice that (3.28c) is equivalent to

oo (8),
;z(xx)) * (b;)

be(x)

>0, fora.a.x € (0, L), (3.29)

or equivalently

ha)

he(x) — (am))

-, fora.a.x € (0, L). (3.30)

Since w,(x) is bounded on (0, L), then if h,(x) = x near zero, there exists a positive real
number € (sufficiently small) such that

% > we(x), Vx € (0, ¢€]. (3.31)
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So, we define

M, = max wy(x),
xe(0.L)
and we distinguish the following two cases:
i) If M, < %, then (3.31) holds with € = L, and we can choose /&,(x) = x, Vx € (0, L). In
this case, (3.28a), (3.28b) and (3.28¢) hold.
i) If M, > +, then we choose 0 < € < -, and define /,(x) = x, Vx <, so that (3.31)

0
holds. Now, for x > €, we impose that ‘
ho(x) =€ ele MYy > ¢ (3.32)
with
my(x) ;= max{w¢(x), «}, (3.33)

for some « > 0. Notice that lim#h,(x) =€, i.e., h, is continuous on (0, L). Now from the
X—€

expression (3.32), we have
B2 (x) = € me(x)ele MY — b (xymy(x), Vx> e. (3.34)

As my(x) > wy(x), we deduce that (3.30) holds (i.e. (3.28c) holds). Finally, by (3.32), we
have that

he(x) > €, Vx > €, (3.35)
which by (3.34) and (3.33) implies that
hey(x)>ex >0, Vx > €.

In other words, (3.28b) holds for almost all x € (0, L). O

Lemma 3.6 Under the above assumptions, we have for all £ € {0, .., N},
Vi=o0(1) in L*(0, L). (3.36)
Proof Fix £ €{0,.., N} and let h, € vg‘m(o, L) be the function defined in Lemma 3.5.
First, by multiplying (3.5) by (2h,V, ) and then integrating over (0, L), we get

o 17 . L i72x . L 7 le
2 th(V(‘x dx —2i hggngT dx —2i agthngT’ dx
° ° 0 (3.37)

L i7 . L i7 .
—21/ hgkgngdx:—zi/ hgf[]de.
0 A 0 s

The second and fourth integral on the left hand-side of (3.37) converge to zero by (3.10),
(3.13) and (3.14). Similarly, the right hand-side converge to zero by (3.14) and the fact that
fe.1 converge to zero in L2(0, L), for all £. This yields

L L
— — 1
2/ hg VZVLX dx — 21/ agh[V[,X% dx = 0(1) (338)
0 0

@ Springer



1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241
1242
1243
1244
1245
1246
1247
1248
1249
1250

Existence, Uniqueness and Stabilization of Solutions of a Generalized. ..

By eliminating V; , from (3.6) in the second term of (3.38), we obtain

L - L L ay _
2/ heVeV. dx —Zi/ hmz dx+2/ Sl dx
0 0 ‘ (3.39)

+2'/L a(h 1 e dx =o0(1)
—hyr, — = .
l A be eFely 3 X o

The second and fourth integral converge to zero by (3.14), (3.12) and the fact that f;,
converge to zero in L2(0, L), V€. Now, by taking the real part of (3.39) and applying Green’s
formula on the remaining two integrals, we deduce

L L a
—/ hz,leelzdx+hz(L)|Vz(L)|2—hz(O)IVz(O)Iz—/ (bl) helle|* dx
0 L/ x

0

: (3.40)

ag 2 ae(L) 2, a(0) 2

— —he | L|” d he(L)| I (L he(0)|1,(0)]” =o(1
/0 b, |1 x+b[(L) (D (L))" — be(0) (O 1 (0)|]" =o(1).
Then, due to the fact that V(L) = a,I;(L) and using (3.11) and (3.28a), we obtain
L , L(la, a ,
/ ho | Vel|” dx +/ — | he+ —hex )| Le|” dx =o(1). (3.41)
0 0 by ), by

By using (3.28b) and (3.28c), the result holds. O

Lemma 3.7 Under the above assumptions, we have for all £ € {0, .., N},
I,=0(1) inL*0,L). (3.42)

Proof First, multiplying (3.6) by il_( and then integrating over (0, L), we find

Lin o, Eore ) L _ L ofae
/ — |1 dx+/ — |1y dx—i—/ Vexle dx:/ —I,dx. (3.43)
o be o be 0 o b

The second integral of the left hand-side of (3.43) converge to zero by (3.3) and (3.13).
Similarly, the integral of the right hand side converge to zero by (3.3) and the fact that f;»
converge to zero in L?(0, L), for all £. This yields

L lA. L _
f b—|lg|2dx+/ Vixlodx =o(1). (3.44)
0 ¢ 0

Next, by applying Green’s formula on the second integral of the left-hand side of (3.44),
eliminating /, , from (3.5) and then dividing by iA, we obtain

L I 2 L V 2 L L k o
/ Il / el 4y +/ |V|dx+/ — VW, dx
0 b 0o g o ilag ira,

+Vz(L)Te(L) B Ve(0)1,(0) _/ fu
iA i o ira

(3.45)

dx.

As Vy(L) = o l;(L) and using (1.2), (3.3), (3.11), (3.13) and Lemmas 3.3 and 3.6, the result
holds. O
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Consequently, using (3.13), Lemma 3.4, Lemma 3.6 and Lemma 3.7, we deduce the
desired contradiction. This ends the proof. ]

Remark 3.8 Contrary to [2, §5.6] (see also [11] for second order hyperbolic systems), our
boundary conditions are chosen in such a way that there is no limit of stabilization, namely
under our previous assumptions, exponential decay occurs for all lengths L but the decay
rate € in Theorem 3.1 may depend on L. If r, = g, = 0, we conjecture that this decay rate
deteriorates as L goes to infinity.

4 Some Extensions and Open Problems

4.1 Other Dynamical Boundary Conditions

The standard Kirchhoff conditions at the interior common vertex are

Vo(0,1) = V,(0,£) =0, inR%, Vee{l,...,N},

u , 4.1)
> L(0.)=0 inR},
=0

that corresponds to the limit case of (1.6) as 6 goes to zero. These boundary conditions are
stationary ones but can be also used instead of (1.6). More generally in the spirit of [18],
we can mix up stationary and dynamical boundary conditions at the common vertex v in the
following way. First if u(-,¢) = (V¢(-, 1), I,(-, 1), W,(-, t))?;o)-r represents the unknowns
in (1.3), we denote by

Y@, 1) = ((V (0, 1)y, (Te(0,0);g) "

its trace at v that is a vector in C2¥*+1D_ Obviously we only keep the trace of V, and I, since
W, is not regular enough in space (see the definition of D(.A)). Then we fix a subspace Yy
of C2™+D another subspace Y® of Y, and finally a linear operator By from Yy to Y and
set

xy(t) = Pyyy(u(-, 1)),

where P is a projection from C2¥*1 into ¥ (for an appropriate inner product of C2V+D),
Hence at v, we can consider the boundary condition

{yv(u(~, n)eYy, inR%, 42)

Xy (1) = Byyy(u(-,1)), inRY.

The boundary conditions (1.6) and (4.1) enter in this setting. Namely in the first case, we
need to take ¥y, = C?¥+D and

YO = {(()plg, G0)pg) T io=v,=0,¥¢=1,..., N},
P, is the orthogonal projection into Yv(d) with respect to the Euclidean inner product, and
1 e T ™\’
Bu(@0g: (0}0) = 5 ((—? [Z_(;ig, 0.....0) . (0.2 (woly = v) ) ,
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where 1y is the vector of CV with all entries equal to 1, while v = (Ug)?/:]. On the contrary
in the case (4.1), we simply need to take ¥) = {0} and

N
Yy ={(()ilo: (i)}og) "+ Y ie=0andvy=v,,Ye=1,...,N}.
=0

First, under some assumptions on Yy and By, one can show that (2.3) remains valid and
therefore the associated operator A is dissipative. For the maximality, in some particular
situations, using the arguments of Sect. 2.1 (eliminating the variables W, and one of the
other variables to obtain a variational formulation), we can prove that the associated operator
is maximal dissipative under additional conditions on Yy and By and therefore system (1.3)
with the boundary conditions (1.5) and (4.2) is well-posed and is governed by a semigroup of
contractions. In the general case, using a bounded perturbation argument as in [18, Theorem
3.3] we can prove that a bounded perturbation of .4 is maximal dissipative under additional
conditions on Yy and By and therefore system (1.3) with the boundary conditions (1.5) and
(4.2) is well-posed and is governed by a Cy semigroup. But using the dissipativeness of A,
one can deduce that .4 generates a semigroup of contractions.

Once the well-posedness of our system holds, one can analyze its stability. First, we
notice that Lemma 2.5 remains valid because the proof presented before yields first V, =
I, =W, =0, forall £ and hence x, = P,y (u) will be zero as well. On the contrary, Lemma
2.6 is problematic because a compact perturbation argument cannot be invoked due to the
third identity in (2.22). But if the surjectivity of i» — A holds for all A € R, then the system
will be exponentially stable. Indeed, in this case the proof of Theorem 3.1 remains valid
because the use of the multipliers /2, from Lemma 3.5 allows to skip the use of the boundary
condition (4.2).

In summary the exponential stability results for system (1.3) with the boundary condi-
tions (1.5) and (4.2) are reduced to an existence result and the subjectivity of the resolvent
on the imaginary axis.

4.2 General Networks

Obviously, we can consider system (1.3) on an arbitrary network G with dissipative bound-
ary conditions similar to (1.5) at exterior vertices (it is (1.5) if the edge having the exterior
vertex v as extremity is outgoing, otherwise itis V, (v, t) +a, I, (v, t) = 0) and boundary con-
ditions like (4.2) at the interior vertices. As in the previous subsection, existence results can
then be obtained under appropriate conditions on Yy and By. Obviously the surjectivity of
iA — A for all A € R will remain problematic, but here even its injectivity is not immediate.

The sole case for which injectivity of iX — A holds for all A € R* is the case of trees
with the boundary conditions (1.6) or (4.1) at the interior vertices. Indeed, in this case the
arguments of Lemma 2.5 allow to show that V, =1, = W, =0, for all edges ¢ of the last
generation of the tree. But then using (1.6) or (4.1), we will get that V (V) = I (V) =0
for all edges ¢’ of the penultimate generation and the vertex v’ in common with the last
generation. This means that we can use again the arguments of Lemma 2.5 to these edges ¢’
and by iteration we will find the injectivity result. Finally, the exponential stability results for
system (1.3) with the boundary conditions (1.5) at exterior vertices and boundary conditions
(1.6) or (4.1) at interior vertices is not immediate even for trees.

Note that for general networks, as in [29], once iA — A is bijective for all » € R, expo-
nential stability will be valid if we assume that r, 4+ g, is uniformly bounded from below
for each € (see the assumption (25) in [29]); without this condition, polynomial stability can
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be achieved. Nevertheless the type of the decay rate of such systems on general networks
remains largely an open problem. Does it remain exponential or polynomial? How many
boundary conditions can we remove from the exterior nodes to preserve stability? What will
happen if we add some damping terms localized at the interior nodes?

Our proof of Theorem 3.1 is non constructive (since it uses a contradiction argument),
hence it does not give the dependency of the decay rate with respect to the involved param-
eters, hence its degeneracy as one parameter tends to zero or to infinity (see Remark 3.8)
cannot be detected. Therefore, it would be interesting to characterize such dependencies by
performing some spectral analysis for instance. In power grids, failure of some parts can oc-
cur from time to time, this corresponds to switch off one of the boundary controllers (o, = 0)
from time to time. As in [12] for the wave equation, is it possible to find sufficient conditions
on the controllers to achieve exponential decay? All of these problems are challenging and
merit to be investigated.
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