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Asymptotic Error Analysis of Multilevel Stochastic
Approximations for the Value-at-Risk and Expected Shortfall
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Abstract

This article is a follow up to Crépey, Frikha, and Louzi (2023), where we introduced a
nested stochastic approximation algorithm and its multilevel acceleration for computing the
value-at-risk and expected shortfall of a random financial loss. We establish central limit
theorems for the renormalized errors associated with both algorithms and their averaged
variations. Our findings are substantiated through numerical examples.
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MSC: 65C05, 62120, 62G32, 91Gxx.

1 Introduction

Stochastic approximation (SA) methods aim at finding a root of a given function for which
only noisy observations are available. When only approximate samples of the innovation can be
generated, multilevel stochastic approximation (MLSA) accelerates the latter by first producing
a rough estimate of the root and then adding a series of refinements referred to as levels (Frikha,
2016). They often score a significantly lower complexity than their naive counterparts when
used to achieve a given prescribed error (Dereich & Miiller-Gronbach, 2019; Frikha, 2016; Giles
& Haji-Ali, 2019).

An MLSA scheme was introduced in Crépey, Frikha, and Louzi (2023) for the estimation
of the value-at-risk (VaR) and expected shortfall (ES) of a random loss that writes as a con-
ditional expectation, where the multilevel feature deals with the number of inner Monte Carlo
samplings for the loss (assumed not available in closed form). VaR and ES currently stand as
the most widely used risk metrics in the fields of finance (Basel Committee on Banking Supervi-
sion, 2013) and insurance (European Parliament and the Council, 2009; Swiss Federal Office of
Private Insurance, 2004). A theoretical analysis of the L? error and computational complexity,
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along with numerical case studies, have demonstrated the superior effectiveness of the MLSA
algorithm when compared to the naively nested approach. However, Crépey, Frikha, and Louzi
(2023) does not delve into the joint asymptotic distribution of the renormalized VaR and ES
estimation errors. Such asymptotics allow deriving trust regions and confidence intervals for
the proposed algorithms. A generic central limit theorem (CLT) for MLSA is already available
in Frikha (2016, Theorem 2.11). However, unlike Frikha (2016), our objective function is not
strongly convex, rendering the analysis of the convergence rate more delicate. Furthermore,
unlike Barrera, Crépey, Diallo, Fort, Gobet, and Stazhynski (2019, Theorems 3.2 and 3.3) (re-
lying on Fort (2015, Theorems 2.1 and 3.2)) and Crépey, Frikha, and Louzi (2023), our MLSA
method employs a two-time-scale scheme for the VaR and ES computation. In line with Konda
and Tsitsiklis (2004) and Mokkadem and Pelletier (2006), our two-time-scale SA scheme uses a
slower learning rate sequence (7y)n>1 for the VaR estimation, which requires more accuracy and
is independent of the ES estimation, and a faster learning rate for the ES estimation to speed it
up. But due to the nested nature of our framework, the results of the two aforementioned papers
are not directly applicable to our scheme. A thorough analysis is thus necessary to derive the
asymptotic joint distribution of our renormalized nested SA (NSA) and MLSA estimators for the
(VaR, ES) pair. The optimal rate of convergence is attained by selecting the VaR learning rate as
Yn = y1n~ ' with a constraint on 7 that involves the density of the financial loss evaluated at the
VaR itself which is generally unknown in practice. The Ruppert & Polyak averaging principle as
introduced in Polyak and Juditsky (1992) and Ruppert (1991) addresses this classical limitation.
In the quest of optimal complexity, we also provide central limit theorems (CLT) associated with
the averaged variants of our algorithms.

The paper is structured as follows. After a concise overview of the VaR and ES estimation
problem as per Crépey, Frikha, and Louzi (2023), Section 2 establishes a CLT for the renormalized
error associated with the nested SA algorithm. The CLT for the averaged version is introduced
in Section 3. Section 4 addresses the asymptotic distribution of the renormalized error linked to
the MLSA algorithm, which averaged counterpart is dealt with in Section 5. Section 6 discusses
the optimal complexities of the various SA schemes. Section 7 presents a numerical case study
supporting the theoretical properties established in the paper.

2 A Nested Stochastic Approximation for the Value-at-Risk and
Expected Shortfall

2.1 Approximating the Value-at-Risk and Expected Shortfall

We consider a probability space (€2, F,P) rich enough to support all the random variables defined
below. The VaR and ES of a random loss represented by an L!(P) real-valued random variable
Xy, at a given confidence level « € (0, 1), can be retrieved as solutions to the problem

minVo(e), where  Vo(§) = ¢ + T B[(Xo - ©)). (21)

More precisely, if the cdf Fx, of Xy is continuous, then, according to Rockafellar and Uryasev
(2000), V(&) = (1 — @) (Fx, (€) — ), £ € R, and

& = VaR,(Xp) = min Argmin Vy, x4 = ES,(Xp) = min V. (2.2)

if X admits a continuous pdf fx,, then Vj is twice continuously differentiable on R with V{j/(¢) =

(1— )7 fxy (), € €R.

Hereafter, we assume that

Xo = E[‘P(Yv Z)|Y]7 (2'3)

where Y and Z are independent R? valued random variables and ¢: R¢ x R¢ — R is a measurable
function such that ¢(Y, Z) € L*(P). In financial applications, (Y, Z) would model the future



cash flows of a portfolio, Y the underlying risk factors at a certain point in time, and Xy the
value of the portfolio at that time.

Under the approach initiated by Bardou, Frikha, and Pages (2009a) (see also Bardou, Frikha,
and Pages (2009b, 2016), as well as Frikha (2014) for similar analysis on shortfall risk measures),
assuming that exact iid samples of X are available, one may compute the couple (&, x«) using
a two-time-scale stochastic approximation algorithm. However, we do not assume a known
distribution of ¢(Y, Z) conditionally on Y, hence the conditional expectation is not computable
in closed form, and no iid exact simulation of X is available. The brute force, naively nested
SA algorithm introduced in Crépey, Frikha, and Louzi (2023) for solving (2.1)-(2.3) is based on
the following natural approximation to the problem:

minVi(),  where  Vh(€) =&+ ﬁE[(Xh — oM. (2.4)

Here X}, is the empirical mean approximation of X, for some bias parameter h = % e H =

{%,K' € N*}, defined by

K

where {Z®) 1 < k < K} X Z are independent from Y. If the cdf of X}, is continuous and
increasing, solutions
' =argminV, and x!=minV; (2.6)
provide biased estimates of (&, xx). For h € H, if the cdf Fx, of X} is continuous, then
Vi=(1-a) Y(Fx, —a) (and V}/ = (1 — a) "' fx, if X}, admits a continuous pdf fx, ).
Defining

(o) =1 1 done and  Hy(€x2)=x— (€4

—@-9") @7

for £, x,2 € R, the couple (&7, x”) can be approximated by the following nested SA scheme
driven by an innovation sequence {X ]Sn), n>1} X

¢ = — e Hy (6, XY, (2.8)
1 n
XZ—‘,—I = X?L - mHQ(&Q,Xﬁ,X}S +1))7 (29)

n € N, starting from real valued random variables f(’} and Xg =0, f(’)‘ being independent from
{X}(Ln),n > 1} and such that E[|¢}[?] < oo, for a positive deterministic sequence of step sizes
{Yn,n > 1} satisfying >°° 4, = 00 and Yo% | 42 < oc.

2.2 Convergence Rate Analysis
Lemma 2.1 (Giorgi, Lemaire, and Pagés (2020, Lemma 3.2 and Proposition 5.2)).
(1) IfE[|e(Y,Z) —E[p(Y, 2)|Y]|P] < oo holds for some p > 1, then

E[’Xh—Xh/‘p]SC’h—h/‘g, h,h/GH.

(ii) If the X}, admit densities fx, , bounded uniformly in h € H, and E[|¢(Y, Z)—E[p(Y, Z)|Y]|P] <
oo for some p > 1, then, for any £ € R,

E[[1x,5¢ — Lx,5¢|] < C(VR)TT, b1 €M,

We now put forward some important assumptions concerning the sequence { X, h € H}.



Assumption 1. (i) For any h € H U {0}, the cdf Fx, of X, admits the first order Taylor
expansion

FXh(é) 7FX0(§) :’U(f)thé(f,h)h, 5 € R,

for some functions v,e(.,h): R — R satisfying fg:o v(§)d¢ < oo and limyspyo€(ée, ) =
limy5p10 fgo*o le(§, h)|dE =0 for any & € Argmin V.

(ii) For any h € H U {0}, the law of X}, admits a continuous density fx, with respect to the
Lebesgue measure. Moreover, the sequence of functions {fx,,h € H} converges locally
uniformly towards fx,.

(iii) For any R > 0, the sequence of functions {fx,,h € H} satisfies

inf - fx,(6) > 0.

§€B(&,R)
(iv) The density functions {fx, ,h € H} are uniformly bounded and uniformly Lipschitz:

sup {1/ fx, [loo + [fx,]Lip} < 00,
heH

where [fx,|Lip denotes the Lipschitz constant of fx, .

Remark 2.1. Assumptions 1(ii) and (iii) imply that, for any & € ArgminVy, fx,(&) > 0,
hence V(&) > 0 and Argmin Vy is reduced to a singleton {&,}.

We recall the following results concerning the weak error and statistical error of the nested
SA scheme (2.8)-(2.9).

Lemma 2.2 (Crépey, Frikha, and Louzi (2023, Proposition 3.1 and Theorem 3.1)).

(i) Suppose that Assumption 1 is satisfied and that the density function fx, is positive. Then,
as H 3 h |0, for any &" € Argmin V,,

e R0
g = throm), = [T dE o)

(ii) Suppose that Assumption 1 is satisfied, that the random variable ¢(Y, Z) is in L*(P), that

4
SupE[\&’HQeXP (1
heH -

Casup || fx, o l861) | < o0
Q@ heH

holds for co =1V 125, and that v, = yn B, v >0 and B € (%, 1]. Setting

Vi e

A[VTE

. . 3
A= inf N with Ahzgé’(éfMHV;{’Hoo 7

(2.10)

and assuming that \y; > 1 if 8 = 1, there exists a constant C' < oo such that, for any
positive integer n,
h h
sup E[(&); — €)%] < Oy
heH

We can now state the main result of this part.



Theorem 2.1. Suppose that Assumption 1 is satisfied, that

4
SupE{\fg\QeXp (1
heH

that E[|Xo|>T] < oo and E[|p(Y, Z) — E[p(Y, Z)|Y]|**%] < oo hold for some 6 > 0, and that
m=mnb, Be (%,1], with Ay1 > 1 if 8 =1. Then

casup || x;, o€l ) | < o0, (2.11)
heH

h_B (gll}h72‘| - giz)

L
h_l(x?hfz] o — N(0,X3) as H>h|O,

where
a1 Xx—Ex
s [ 2xoE) = =a)is O Fxolen) 1A=1 (2.12)
’ QX | Var((Xo—£)*) '
Fxo(€x) ~B=1 (1—a)?

Proof. We denote by C' a finite positive constant that may change from line to line and does
not depend upon h or n. We follow a strategy similar to the one used for proving Frikha (2016,
Theorem 2.7). For any h € H, let {F",n > 0} be the filtration defined by F = (&, x) and,

forn > 1, F' = G(fé’,xg,X,(Ll), . ,X,(Ln)). Let

gn = (V'(&) = Vi (€0) (€n 1 — &), (2.13)
= Vi€ &y — &) = Vil&ny), (2.14)
e = Vi(ghoa) = Vi(ED) = (Ha(ghy, X1 — Ha (gl X)), (2.15)
el = ViED) — (el X)) = —Hi (€} X;"). (2.16)
The sequence {&",n > 0} with dynamics (2.8) can be decomposed as
En =€ = (1= W' (&) (Eh_1 — &) +Tngh + Yars +Ynbr + Tneh, (2.17)
hence .
g — & = (& — M+ Wllks1ingh
. e . (2.18)
Y ey + Y Vellkiimoh + > ekt 1mer,
k=1 k=1 k=1
where .
Wi = [ (1 =V (6) (2.19)
j=k

(with the convention [], = 1). Also, the sequence {x",n > 0} with dynamics (2.9) satisfies

h h_ L ~ (.n 1 (k) _ ¢h \+ h
Xn = Xx = n; (fk—l + E(Xh — &) ) — Va(&))

- o o (2.20)
_ h - h - h
N SR T )

where

Oh=¢ry — ¢+ (X —gp ) — (X =) — (Ve = Va(el),  (2.21)

11—«
G = Va(&iy) = Va(€D), (2.22)
= T (0 - eyt — Bl - ). (223)



Before studying each term appearing in (2.18)-(2.20), we provide a useful upper bound on
.. Since limy_,oo v = 0, there exists kg > 0 such that for j > ko, (1 —~;Vy'(&)) > 0. Thus,
using the inequality 1+ z < exp(z), for = € R, we obtain

n

M| = Meeo—r| ] (1= %V (&)

J=hoVk (2.24)

n

< [Mksko—1] exp < —VE) Y w) < Kexp < —V5'(&) Z%)
=k

j=koVEk
for n large enough, where K = 1V maxj<p<g, |[Hg:ko—1] €xp ( (&) E] Kok fy]) (with the con-

vention ) = 0).
We now let n = [h~2] and deal with each term appearing in (2.18)-(2.20).

Step 1. Study of {h™P(& — ¢y p,-21,h € H}.

Since, by Assumption 1(ii), the sequence of functions {V” =(1-a)lfx, he 7—[} converges
locally uniformly to VJ’ as # > h | 0, and/, by Lemma 2.2(i), limgsp 0 &P = &, we obtain
limgysp 0 Vi (1) = V{'(&,). In particular, via Lemma 2.2(ii),

16
2 Vi (&) > 2 lnf Vi (el > 3N éan{ Ap>mA>1 if p=1. (2.25)
(S

1

11
We then deduce, using (2.24), the inequality ~; 7(h2*21 > h~” and Lemma A.1(ii), that

limsuph™ 6‘1_[1 [h- 21’ < nyl thup7 Vo ()07 — =0.

HSh]0 nloo

Owing to Lemma 2.2(i), limysp 0 £ = &, so that {¢%, h € H} is bounded which, combined with
(2.11), gives supycy ElI€h — 1] < suppo E[I€L] + Subpey [€1] < oc. We thus conclude

WPl — ey “ 00 as M3 h L0,

—2
Step 2. Study of {h_ﬁ Zg;l 1 VkaH:(h—?]glkl’ h € H}

It follows from Lemma 2.2(ii) and (2.24) that

?

Since 271 V(&) > 1 if 5 = 1, recalling (2.25), one can thus apply Lemma A.1(i), so that

| < i) - e Yo oo e T,
k=1

n
Z Wk 19k
k=1

[h—2]

3 " 3 v n
lim sup b~ B Z 'Y]g -V (5*)23 k+1 Vi< C,}/Z lim sup Vs, 2,72 Vo' (66) 225 k1 i < C.
H>R|0 k—1 nToo —1

Now, using the fact that limysp o [Vy' (&) — Vi (€8)] = 0, we conclude

[h2]

hP Z ’ka/H_l [h— 21gk —(>)0 as H>h|O0.
k=1



Step 3. Study of {h_ﬁ Z]U;—ﬁ %Hkﬂjh—?]rz, h € 7—[}

Using the fact that Vé(ﬁf) = 0, a first order Taylor expansion gives

1
Vi) = Ve~ + (€ - ) [ (e +ue—e) - Wehan @20)
so that the uniform Lipschitz regularity of {V}” = (1 — o) ' fx,,h € H} yields

supy en [ fx,]

Bllrl < — 50— 5 Bl — €)°) (2.27)

Hence, by Lemma 2.2(ii), for k& > 2, E[|r}|] < Cvx. Recalling (2.25) if 3 = 1, using the
inequality (2.24) and Lemma A.1(i) gives

[h=2]
hmsupEHh A i1l 2T
i 1; k+1:[h=2]Tk

} < C'limsup vy, 2 ny e VO (&) Xk — .
nfoo k=2

Notice that (2.11) gives supp,cy E[(&8 — €8)2] < 2(suppey E[|€8]] + suppey [€1[?) < oo. Hence,
the inequalities (2.27) and (2.24) and Lemma A.1(ii) guarantee that

lim sup E [l Ly ] < € sup E[(¢5 - €m2)tim supyy e 6 T = g,
H>h|0 nloo

Putting together the two previous limits

(2]
h? Z Vkﬂkﬂz(h—?ﬂ’k ® 0 as H>AK]O.
k=1

Step 4. Study of {h 52 'Yka+1 = 21pk,h € H}

As V(&) = E[H1(&, X3,)], we note that (2.15) implies that E[p}|F/* ] = 0. Hence, {p}, k > 1} is
a sequence of {.7-",?, k > 1}-martingale increments. We thus obtain

n 2 n
E[(Z’}/kﬂk—kl:nl)ll}:) ] = ikl Ellpj1%]
k=1 k=1

<5 M PE[(Hi(€h 1, X)) — Hi(eh, X))
k=1

Recalling the definition (2.7), by the uniform boundedness of {fx,,h € H},

E[(H: (e, X)) - H1<527X(’“)>)2]

)

gh<xPMaeh |

1—a H xWsen T Ix®og

p 1

l—a E[E{ e <X <el F’LH (2.28)
— E[|Fx, (&-1) — Fx, (€))]]

SuPh’eH IIth, oo
- (-ap

E[(&}_, — M5,



Thus, recalling that sup,cy E[(§) — €7)?] < 0o and using Lemma 2.2(ii), we obtain E [ (H; (£, X,(Lk))—

1 11
Hl(ﬁf,Xf(Lk)))z] < Cvg2, for k > 1. Since ’7127[h2*21 > h8 and 2y V' (&) > 1if B = 1, recalling
(2.25), by combining (2.24) with Lemma A.1(i), we obtain

[h=?] 2 5
hmsupIE[(h A Z Vil L 1.1 21Pk> ] < Chmsup’yn Zvie 2V (6) i1 = 0,
HR|0 he1 nloo =1

which eventually yields

A2

_ L P

B ST el 200 as H3h Lo,
k=1

Step 5 Study of { (2:21 Z{h i o h € 7—[}

Observe that from the very definition (2.4) of Vj,, (2.21) gives E[0}|FP ] =0, ie. {00,k > 1} is
a sequence of {.7-",?, k > 1}-martingale increments. Hence, using Lemma 2.2(ii), we obtain

1 n 2 1 n
(e En)]- s S
[(ﬁkg £) | = 2Bl
< o Y[l e g (0 e - (-]
e
< 3 ElEh -y
k=0
1 ey, L
<o(SEE -1+ Y ).
k=1

A comparison between series and integrals together with the fact that sup,cq E[(€F — €1)?] < o0
yield

(2.29)

h1 [h7] L2(P)
7] Z 50 as H3h|O.
k=1

Step 6. Study of { Gl Z,Lh 1 i (hhe H}

Using a second order Taylor expansion, the uniform boundedness of {V}/ = (1—a)™! fx,,h € H}
and Lemma 2.2(ii), we obtain

1 n
]E _ h
Hm;@“

] suppr ey | £, o0

21~ a) <f
<c<f l(eh Zwk)

A comparison between series and integrals gives hmmOO Tn Zk 1% = 0. Since, in addition,

et - ZE (€, — e ])
(2.30)

suppey El(El — €1)?] < oo, we conclude that

h—l

h=2] L
=S ¢ 0 as Hsho0.
1=




—2
Step 7. Study of {(h_ﬁ Z,EZI 1 YVielly 121 21%7 [h 2} Z[h i h) h € H}

The purpose here is to apply the central limit theorem (Hall & Heyde 1980, Corollary 3.1,
page 58) to the martingale array {(h ﬂzk 1 ’Yka+1 Th- 2]€k7 [h Th=2T Z[h i h) h € H} We
first check the conditional Lindeberg condition. By the assumption on the random variables
{X},h € H}, there exists § > 0 such that

sup E[| X, — £87F°] < 2" ('sup E[| X, [**°] + sup [¢]*+°) < oo.
heM heM heM

From the definition (2.7) of Hj, applying (2.24) and then Lemma A.1(i) (note in particular that
2+ 9V (&)1 > 1+ /2 if B =1, recalling (2.25)) gives

[h=2]
N k)y|2+06
lim sup Z [|n ﬁ’Yka—o—l:]'h*?'\Hl(gf?Xf(L ))| ]
HORI0 T
ot e S O 2
n|oo

where ¢ = 1V a/(1 — a). Moreover, it holds

[h—2] [h—2]
‘ } <O 3 E[|X, - 7] < Csup E[|X), - Y,
k=1
. [h=2] hl  p12+67 . . e
so that lim supysp0 2 -y E[‘ﬁnk‘ ] = 0. Hence, the conditional Lindeberg condition is
satisfied.

We now prove the convergence, as H 3 h | 0, of the conditional covariance matrices sequence
{Sh e )1<z,j<2, h € ’H} defined by

[h=]
_ «a B
Z h k—i—l [h— 21E[H1(§*,Xh) ] = mh 2’8")/[;17212[}1,21,
(h 2] . 2 Fh B B2 Var((Xh . ££)+)
Z ( h=2] ”’“> O (-ap
p—-4) M7
5}1172 = Sivl = W Z ’)/ka+1:"h_2-| E[eznﬁ‘fg—l]’
k=1

Zw%ﬂkﬂ e (2.31)

We first study the convergence of {Sh’ ,h e H} We first remark that limys4 )0 h_zﬁv[h_z] =
71, limyspjo Sfll’l = {2 limy o0 Xy, provided that the latter limit exists. Now observe that

(1 - '7n+1VO”(§*))2 Yin

Tn — Tn+1
Tn+1

Z:n—l-l = Yn+1 T fy’}’n

n+1

=Y, + Xn + ’7n’7n+1‘/8/<§*)2 Yn + (’Y?H—l - ’YH) + ’Yn(l - 2‘/6”(5*)271)'

Asymptotically,

_ 1 Ts—1
On — Int — 8 Yn + 0('711)) Yn+1 — Yn = O(’Vn) and TnTn+1 = 0(7”)'
Yn+1 4!




Hence
1g—y

7

Bt =B+ (1= (2W/(6) = =) 2 + (B + Dol).

The best candidate limit for {¥,,,n > 1} is

_ 1

oy Lg=1"
2VO (f*) B

71

5, (2.32)

Let AY, = X, — X,. One computes

— 15— 15
AEn—‘,—l - Azn + ('Yn ntl - B 1771) Azn + 7n7n+1AEn — Tn (2‘/6//(§*) - B I)Azn
Yn41 Y1 71

Yo — T+l Lp=1
+ ( = mtl 2B ’Yn) Y + Y Ynt12k + ('Yn—l—l - 7n>
Yn+1 "

— (1 — Uyn + O(Wn))AEn + O(’Vﬂ)?

where p = 2Vy'(&) — ﬂf;?l > 0. Let ¢ > 0. There exists ng > 0 such that, for n > ng,
1—(u+¢e)y >0 and
|AY, 1] < (1 — (p+ 5)'Yn)‘AEn| + €vn- (2.33)

Thus, for n > ng,
n n n
|AY,| < |AX,,|exp < —(u+e) Z ’m) +e Z Yk €Xp ( - (N+€)Z’7j>-
k=ng k=no =k
By Lemma 2.1(i), limsup,,j, |AY,| < C¢, so that

lim £, = ¥,. (2.34)
nloo

Hence
a 71

1—a2yp(e,) - 2=

At

Sl’l P-as

3 as H>3h]O.

We then study the convergence of {52’2, h e 7—[} Given that
E[| (X — €7 = (X0 — &)7|°] < 2(El(Xn — X0)] + (& — &)°),
with limysp)0 £h =¢, and
E[(X), — X0)?] = hE[Var(o(Y, Z)|Y)] — 0 as H3h]O0,
it follows that (X5 — &")* converges to (Xo — &) in L2(P) as H > h | 0, so that
Var((X, — €M) — Var((Xo— &)%) as H3h|o0.

Finally

§22 P-as Var((XO - 5*)+)
h (1 _ a)2

We conclude by studying the convergence of {5}11’2, h e 7—[} Recalling that {(X, — &M, h e
H} converges to (Xg — & )T in L?(P), we deduce that

as H>h|O0.

O

= ap © _E[(Xo—&)T] as H3h|0. (2.35)

E[efmp| Fioi] = =a)y

10



Besides, a direct computation gives limy/sp0 m(l;]ﬁ ] s=1. Hence, by Lemma A.1(i),

p-(tp) 7]

ngfﬁom 2 ’Yka:-s-l:(h*?] E[@Znﬁlf;?fl] - ﬁEKXO —f*)+] =0,
so that
e [ w1 OB[(Xo— &) eny |
HI;%OW ot Wl n-2 Bl P ] = (1—a)? 7111& .
where

n
Y = Z 'Vka—‘rl:n'
k=1

Observe now that

Yl = Ynt1 + ( 'YnJrl% (5*)) n = E + Yn+1 (1 - VE) (5*) )

We let fl* = m and Ain = f]n — f]*. Hence,
" n+1
A1 = (1= Y Vi (6))AS, = =5, [] (1 = %W (&),
k=1
so that

n

A5, < Eulew (- €)X 0 ).
k=1

Since > ¥n = 00,

n
7111%?0 ; Vellgr1:n = B,

which eventually yields
2,1 P-as aE[(XO - 5*)+]]16 1

12 _ g2,1 Pas
sh? = g2 A A

The proof is now complete.

Corollary 2.1. Assume that the hypotheses of Theorem 2.1 are satisfied. Then

WA e e

(f{h 2] 5 ) L N (é*) 72 as H>h l 07
—1(h ’

h (X[h—Q] - X*) f* - adg

where we recall that X3 is given by (2.12).

Remark 2.2. (Barrera et al., 2019, Algorithm 1) differs from our NSA scheme in two ways.
First, they use a single-time-scale scheme for both (VaR, ES) components, while we use a two-
time-scale scheme with a slower, more precise VaR component independent of the ES scheme
and then a faster ES component with optimal convergence rate. Second, the nth iteration of
their NSA algorithm uses h, instead of the positive constant h in (2.8)-(2.9), for some sequence
{hn,n > 1} that tends to 0 as n T oo. Their approach builds iterates such that (£ ) —

(&xy Xx) as m T o0, allowing them to use (Fort, 2015, Theorem 2.1) for obtaining their unbiased

11



CLT (Barrera et al., 2019, Theorem 3.2). However, their approach results in an algorithm with
a substantially increased complexity. Indeed, in view of Barrera et al. (2019, Theorem 3.2),
the error of their algorithm after n iterations is of order \/yn, = ’yll/Zn_B/Z, B8 e (%, 1]. For
a prescribed error order € > 0, one has to choose n = (05*2/6] The discussion of (Barrera
et al., 2019, Section 3.2) advises to take hy, = (Cn_'BIL B > . This results in a complezity of
order Cy 1, h,;l = Ce=2048/8  which is optimal for B — B = 1, yielding Ce™*. As will be
discussed in Section 6, the NSA algorithm proposed in Crépey, Frikha, and Louzi (2023), instead,
has an optimal complexity of Ce™3.

Proof. For h € ‘H, we write
B = &) | _ [ (e € (h—%f - @)) |
R (X2 — Xx) R (X tyay = x2) R Ok = xa)
From Lemma 2.2(i),
— v(és)
(h /B(éil_é*)) — fxo(g*)]lﬁ:1 as H>>h|O.
WO = xa) o e

Combining the previous result and Theorem 2.1 yields the desired result. Ul

3 Averaged Nested Stochastic Approximation Algorithm

According to Theorem 2.1 and Corollary 2.1, the best rate of convergence in the CLT is achieved
by setting 3 = 1, that is, by taking ~, = y1n~! for the nested VaR stochastic algorithm. Note
carefully nonetheless that the choice = 1 and the ensuing rate are only available under the
constraint Ay; > 1. However, one does not have access to the value of A. So typically, 71 must be
fine-tuned empirically, adding a computational burden to the implementation of the algorithm.

To avoid this fine tuning issue of the VaR SA scheme, we propose to explore the Ruppert-
Polyak averaging principle (Frikha, 2016; Polyak & Juditsky, 1992; Ruppert, 1991). We follow
the footsteps of (Barrera et al., 2019; Frikha, 2016) and define, for a given bias parameter h € H,
the new sequence of averaged VaR estimators

S 1\=h 1,
= — = - - >
gn n ];_1 gk: (1 n)gn—l + n£n7 n=z 17 (31)

where Eg = 0, ¢} is a real valued random variable satisfying E[|¢#]?] < oo, and the estimates
{¢" 'n > 0} are obtained similarly to the scheme (2.8) with a step sequence v, = y1n™?, § €
(3:1):

Remark 3.1. Unlike (Barrera et al., 2019, Theorem 3.3), we do not average out the ES nested

SA estimators {x",0 < n < [h=2]} inasmuch as, in view of Theorem 2.1, their convergence rate
of order h is already optimal.

Theorem 3.1. Assume that the hypotheses of Theorem 2.1 are satisfied and that ~, = y1n~?,
1 >0 and B € (%,1). Then

&) — &8
U SIS EoN0,S) as Mo RO,
h _h
X[h*ﬂ X%
where
fa(léoz))2 %E[(fxoifé*))ﬂ
3 X * —Q X *
= LE[?XO*ﬁ*)+] Var((xofg*)ﬂ : (3.2)
- fxq(és) (1—a)?

12



Proof. We employ the same notation as in the proof of Theorem 2.1. From the decomposi-
tion (2.17), we have

1 1 1 1

h_ ¢h h h h h
n— & = a,, + [ n t =577~ €n>

b Vi (€l) Vi (€l VIEm T Ve

where the definitions for {r,n > 1}, {pl,n > 1} and {e!,n > 1} are provided by (2.14)—(2.16)
and {a”,n > 1} is given by

(3.3)

ol = —,Yl(sfiz e (gh, —eh). (3.4)

From (3.1) and (3.3), we readily get that, for n > 1,

n n

—h h n L
S0 T8 = Py @ o 2 e V"(@) 27 e V"(g Z”’“ Ve V”(é* R (39

k=1

We now let n = [h2] and study each term of the above decomposition.

Step 1. Study Of {WW' Ek 1 ak,h S H}

By summing by parts we obtain

Z ~ (g~ ) = 2 (e - e - (e - )

- Z(———) (6 —€h):

VE—1

(3.6)

We deal with each term on the right hand side separately. On the one hand, recalling that
suppey E[|El — €] < oo, it follows from Lemma 2.2(ii) that

|2 (et - ) - 2eh - )| | < S(mied - €% + Nt - €l1)
§9( L +1).
n \\n

On the other hand, using again Lemma 2.2(ii) and a comparison between series and integrals,
we obtain

n

1 1 I~/ 1 1 ,
Ell= _7) h]g ——)E B ehy23
X G e e < 03 (5 - 5 etk e

¢ (- - )i,
noa N Tk=1 Tk
C
< .
Ny/n
Gathering the previous upper bounds,
1 1 C
[Z h] < — (3.7)
n = Yn

Now, recalling that limysp 0 V;/(€7) = V(&) and that 8 € (3,1), we obtain
[h=?]

h~! LY(P)
VIR 212@2—>0 as H>h|O.

13



— -2
Step 2. Study of {W)Fh‘ﬂ z,[fl:l 1 rﬁ,h € H}
It follows from the inequality (2.27) and Lemma 2.2(ii) that for £ > 1

E(lryl] < CE[(&_, — €] < Cx, (3.8)

so that

A comparison between series and integrals eventually yields

h! b L(P)
VI h2 Zrk%() as H>h|O0.

Step 3. Study of {V,{’(gﬁh;)Fh—Q] Z,Lh:fw pr.h € 7-[}
Using (2.28) and Lemma 2.2(ii) yields
Ellof?) < CEl(€h, — €h7)% < O (3.9
Recalling that {P]1$7 k > 1} is a sequence of martingale increments, this implies that
E H — En: Pk
VS

Using comparison between series and integrals, we conclude that

n

2 1
}SSZ%-

k=1

[h2]

hl
Zp as H>h|O0.

VI(ENTh=2]

In view of the study of the different terms of the decomposition (2.20) in the proof of Theorem
2.1, it suffices to establish a CLT for the corresponding martingale arrays. This is the goal of
the next step.

-2

We apply again the CLT for martingale arrays (Hall & Heyde, 1980, Corollary 3.1) to the

sequence
1 [h=2]

[h=2]
(gt X i X ),

recalling that the sequence {n?,n > 1} is defined by (2.23). We start by checking the conditional
Lindeberg condition. Note that Step 7 of the proof of Theorem 2.1 already guarantees that the

sequence {% M i Lnhhe ’H} satisfies this condition. From the definition (2.7) of H; and

(2.16), for any ¢ > 0, we have

¢ <
= e V(e PrTh I
Ci—i—d
< —0 as H>Dh]O0,

RAGAIRIE
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recalling that ¢, = 1V /(1 — ). We now prove the convergence of the conditional covariance
matrices sequence {Sj, = (S;)1<i j<2,h € H}, defined by

. [h=2] B2 a [h=2] B2
. h|12| —h _
Sh ‘_ Z V//(gf)Q"h_Q‘IQEHek’ |~7:k—1] - 1—a Z V//(ff)Q(h_ﬂz?
k=1 h k=1 h
h
[Z]E ( )2 | b Var((X - €D))
21 ) | TR T T (1-a)
[h=2]
1,2 2,1 .
ST =5y = V// §h Z 6knl]cl‘fk 1
Recalling again that limysp o V) (€7) = V{'(&) = 5 )
2 1—a)
gt as all—a) g oy,
h on(é*)Q

Note that the asymptotic behavior of the sequence {52’2, h € 7—[} has been studied in Step 7
of the proof of Theorem 2.1.

From (2.35) and the fact that limysp o Vi (€8) = Vi (&) = f)io_(f:), Cesaro’s lemma yields
- E[(Xo — &)7]
gh? g2t Bag @ as H3h|0.
h h 1-a on (5*)
The proof is now complete. O

Corollary 3.1. Assume that the hypotheses of Theorem 3.1 are satisfied. Then

gh 21— & c e ) =
Rt }[h [ —>J\/( on )) ,2) as H>3h|0,
X[n-2] = X —Jor e

where 3 is given by (3.2).

See Remark 2.2 for a comment on the absence of bias in (Barrera et al., 2019, Theorem 3.3) and
their reliance on the unbiased averaged CLT (Fort, 2015, Theorem 3.2).

Proof. For h € H, we decompose
—h —h
s~ &\ _ (- <§f - @)
X?hfz] - Xx X?hfﬂ - Xil Xil - X+

By Lemma 2.2(i),

ho V()
_1<£; €*>H_ fx0<> as H3h|0.
Xx — Xx fg* 1 a

Using Theorem 3.1 and the result above allows concluding the proof. Ul
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4 Multilevel Stochastic Approximation Algorithm

Let hg = % € H. Define the sequence of bias parameters {hy,0 < ¢ < L} by

ho 1
he Mt KM*t €H, 0st ’ (41)

for some fixed integer M > 1. The MLSA algorithm is based on the telescopic summations

§hL_€hO+Z§ . he 1 (4.2)

Following Crépey, Frikha, and Louzi (2023) and Frikha (2016), for a sequence of positive integers
N = {N;,0 < ¢ < L}, we define the MLSA estimators

L
h ho_
%LzéjhviﬂrZé]\f;—f]\él, (4.4)
h
X=X+ ZXNZ — X (4.5)

Each level 0 < ¢ < L is simulated independently: for j € {(¢ —1)", ¢}, given {(X}(:;)l X,(IZ)), 1<
n Ng} N (Xhy_y» Xh,), we iterate for 0 <n < Ny —1

&l =&’ = Hi (&, XY, (4.6)
X = X = a6, X)), (4.7)
starting from real valued random variables §0j and ng = 0, 5(’)” being independent from

{X(n , 1 <n< NZ} and such that IEH&O | ] < 00. To obtain perfectly correlated X}, and
Xp, ., we first sample X3, | and then use the decomposition

KM
1 1
Xy =—Xp, , + oY, Zz®) (4.8)

to obtain X}, by sampling iid random variables {Z(k), KM <k < KME}.

4.1 Convergence Rate Analysis

Lemma 4.1. (i) Assume that Var(p(Y,Z)) < oco. Then
1 1
hy (X, — Xn,_,) = Gy =5 G = (M = 1)Var(p(Y, Z)|Y))*R  as 100, (4.9)

where N is a standard normal random variable independent of Y defined on a copy (ﬁ, ]T", Iﬁ)
of the original probability space (2, F,P).

(ii) Assume that, for all £ > 1, the function Fx G, 18 continuously differentiable P-as with
ho_q|Ge
derivative the71|G1-” such that the sequence of functions {(z, g) — the71|GZ:g(:n),€ > 1} is

bounded uniformly in £ > 1 and converges locally uniformly to some bounded and continuous
function (z,g) — fq(x). Then, for any £ € R,
_1
h’e 2E[|]thZ>§_]th£—l>§‘] _)EHGDCG(g)] as ET 0.

16



(iii) For any & € R, we have

N»—n

hy 2 (X, — )" = (Xn,, —6)") S lxoe G as L7 oo,

_1
Proof. (i) We let Gy = h, *(Xp, — Xp,_,), and introduce

2" (y) = oy, Z™) —Elp(y, Z)], yeRY,

where {Z(®) k > 1} is an iid sequence of random variables independent of ¥ with the same law
as Z. We can then write

1 KM* 1 KM*!
_ k k
Xh[ _XhZ—l T KM¢ kzl (I)( )(Y) - W ; (I)( )(Y)
KM* KM
_ (1 _ i) 1 S ey - 1 S oty
M)\ KM —1) K M1 ’
k=K M!=141 k=1
so that
1\3 1 e (M -1y FM
Gr=(1-—=)° < R (y) - ~——— @(k)(Y)>.
( M) (KMé—l(M_ 1))% k:K%;—l—i-l (KMK—l)% kz_:—l

Now, conditionally on Y, the following central limit theorem holds:

{4
T Stk 8P)

—1
Up = [ KM (M1 Y KM g (k) (y eT—oo>N(0 Bl (V)" IV]E2),
TTET R NS

where I3 stands for the 2 x 2 identity matrix. Observing that Gy = (1 — 1/M)%<uM7 Uyp), with
Uy = (1, —(M — 1)%)T, we conclude that, conditionally on Y,

by * (X, = Xiy) 50 N(0,(M — DVar(o(Y, 2)Y))  as €1 .
The proof of (4.9) is thus complete.
(ii) We have
E[\nxwg — 11th_1>5|] =P(Xp, , <&E< Xp,) +P(Xp, <E< X, ).
Introducing the random variable Gy, we compute

1
P(Xp, , €< Xp,) =P(Xp, , E< Xy, hZGf)

=P(Xp,_ 1<§<th L TRy G@,G@>O)
P(§— hFGr < X, < €,Gr > 0[Gr)]

1
Ig,>o(F Xn,_, 168 = Fx,, 16,(§— hZGy))]

1 1
— hPEIG] fxy, 1, ()] + hi 1,

— o N

P

P
=K

E
where

1 1
rg = /O E[G] (fx,,_ 6. (€ —thi Ge) — fx,, 16, (€))]dt.
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Similarly,
P(Xp, < €< Xp,,) = h?E[G;thl_ch (&)] + hz%w_v
where ) )
T, = /O E[G, (fx,, ,16,(§ = th; Ge) = [x,, 1, (6)]dt.
Hence )
hy *E[|1x,, 56 — Ix,, >l = EllGelfx,, 1]+ +r7.

We now prove that the first term in the right hand side of the above decomposition converges
towards E[|G|]fc(€) and that the two other terms vanish as ¢ 1 co. For a fixed K > 0, we
decompose the first term as

EllGelfx,, 16 (O] = EllGel(fx,,  16.(6) = fa () ig,<k]

(4.10)
+E(Gd(fx,, 16.(8) = fa, () e > k] + EllGel fo, ()]

For the first term, we use the fact that the sequence of functions {g — thl_l‘Gé:g(f),f > 1}

converges locally uniformly towards g — f,(§). We thus deduce
Hm BlGel(fx,,, ,16.(8) = o) c<x] = 0.

For the second term, since g — f,(§) is bounded and the functions {g — th[_1|GFg(§),€ > 1}
are bounded uniformly in £ > 1, and given that '

E[G7] < 2y ' (E[(Xn, — X0)°] + E[(Xh,_, — X0)?]) < 2(1 + M HE[Var(p(Y, 2)|Y)] < oo,
so that supys; E[G7] < oo, we have the upper bound

E[Gil(fx,,_,160(6) = Fa()Lia»x] < CEIGHER(GH > K) < CK™' sup BIGY,

For the last term, since sup;s; E[G?] < oo, the function g — f4(£) is continuous and bounded

and Gy £, G, we have
JANSS)

}iTgIOEUGdsz(é)] = E[|G|fa(§)]-

Coming back to the decomposition (4.10), letting £ T co and then M T co eventually yields
tim Bl|Gelfx,, ,16.(6)] = E[IGlfa())-

Similar lines of reasonings using the tightness of {Gy, ¢ > 1}, the uniform boundedness and the
local uniform convergence of the functions {(z, g) — thE,l\Gzzg(x)’g > 1}, and the continuity

of (z,9) — fg(x) give
lim 7“2' =limr, =0.
L1100 100

(iii) Since P(Xy = &) = 0, a first order Taylor’s expansion gives

(Xn =T = (Xo— " + Lxyoe(Xpn — Xo) + a(Xo, Xp — X0) (X — Xo),

where

1
a(—X07 Xh - XO) = /0 (]]'X0+t(Xh7XO)>£ - ]1X0>£)dt

18



SincethXoasHBthandIP’(onf):O,

P
Xo, X5, — Xo) — 0.
a( 0 h 0) H>R|0

The above expansion gives, for £ > 1,

(th - §)+_(th_1 - §)+ = ]1X0>§(Xhe - Xh£—1)
+ a(XOa Xh[ - XO)(th - XO) - a(XOv Xhz—1 - XO)(Xh£—1 - XO)‘

The standard central limit theorem guarantees that both sequences {h (Xn, —Xo), £ > 1} and
{h (Xn,_, — X0), 0> 1} are tight. Hence,

1
~1 P
h, 2 (a(Xo, Xn, — X0)(Xn, — Xo) — a(Xo, Xn, , — Xo)(Xn, , — X0)) P 0.

_1
It follows from the proof of Lemma 4.1(i) that h, * (X, — X3, ,) LG conditionally on Y as
¢ 1 oo. Since Xy is o(Y)-measurable, then, conditionally on Y,

1
-1 c
hy 2 Uxg>e(Xn, — Xy ) P Ix,>¢G.

Gathering the previous asymptotic results yields, by Slutsky’s theorem,

l\:)\»—‘

h ((th §)+ - (th,1 - §)+) i’ ]1X0>£ G as V4 T Q.

O

Finally, we obtain the CLT for the MLSA estimators of the VaR and ES. Depending on the
context, we use the notation N, to designate both N, and [Nﬂ interchangeably.

Assumption 2. There exist C < 0o and &y > 0 such that, for any h € H and any compact set
K CR,

sup | fx, (€) = fxo(€)] < Chi+o,
Eek

Theorem 4.1. Suppose that the assumptions of Theorem 2.1 are satisfied and that Assumption 2
holds. Assume also that v, = vin~ P, g € (%, 1], with Ay1 > 1 if 6 =1. Let

1
28—1 E
< Z hel 2(1+5)> 2(1+5) , 0 < / < L. (411)
Then
(5 B ) £, N(O,25%) as LT oo,
h 5 45(1+,3) (XML X* )
ML __
where Eﬁ =
NE[G|fe (€] 0
(1—a)(2fx, (€)= (1—a)y; Hp=1) -
— 28—1 1
0 W (e )b (h51Var<<Xho— o )
(1=a)? M2l?€1:rlﬂ) M%—l

(4.12)
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Remark 4.1. We use the optimal iteration parameters (4.11) obtained for the VaR MLSA
in Crépey, Frikha, and Louzi (2023, Section 4.2). These were obtained by optimizing the MLSA
complexity while constraining the global L? error of the MLSA VaR estimator to a prescribed

error of order €2 > 0.

Proof. In the following developments, we denote by C a positive constant whose value may

change from line to line and does not depend upon L.

According to (4.4), (4.2) and (2.18),

e fL— 0_ +Z§ ghtz 1 he 1))
ho _ Z _ ggé—l _ fzjl))Hl:Ng
L Ny L L Ny
+ Z Z Vel (g, — g, ") + Z Z Vg 1oy, (7
(=1 k=1 (=1 k=1
L Nz L Nl

YO g1, (04 — )+ SN i, ()

=1 k=1 =1 k=1

recalling the definitions (2.13)—(2.19). Similarly, from (2.20), (4.3) and (4.

= Xp, — X +Z Ze’”feh“
(=1
IR S RS S8
(=1 (=1

recalling the definitions (2.21)-(2.23).

5),

7))

h h h
XN — X2 = xR0 = xde + Z (XN, =X = (e = x !

(4.13)
. Tl}cw_l)
. 62571)’

(4.14)

hel

)

We will study each part of the decompositions (4.13)-(4.14) independently.

Step 1. Study of {h ( hO — fo),L > 1}.

Using Lemma 2.2(ii) and (4.11), we obtain

28-1

EHth( ho é‘ho)’ :| < ChL YNo < Ch2(1+ﬁ ,

so that ,
fo) Lﬂi)() as L T oo.

hp'(Epe —

Step 2. Study of {h ZZ (& he _ghe _ (532_1 - gfe_l))HlZNg7L > 1}.

Using the facts that supy,cy E[|§} — €[] < oo, recalling (2.11), and that imsup, 1o, ¥, i | =
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0, which stems from (2.24) and Lemma A.1(ii), we obtain

?

L
ho IZ he 1 fz—l))leNl
=1

|

L
<2 :uglansg — &AL M|
(S _

L

< Chp' )
(=1

1
< Chy,

where we used (4.11) for the last inequality. Hence

L

— Ll

hy! Z (5(})” — g — (58471 - 52#1))1-[1 N B0 as L 1 0.
=1

_ h
Step 3. Study of {hLl S foil Vellg+1:N, (QZZ ), L> 1}

There exists a compact set I C R such that §i” € K, for all £ > 0. Thus, Assumptions 1(iv)
and 2 and Lemma 2.2(i) imply

Vi ()~ Vi€ < 1= (IFxoluapléle — & +sup|£x0(6) = £, ©)])

< C(h +h4+60) < Ch( +50)

From the definition (2.13), by using Lemma 2.2(ii), we deduce that, for £ > 1,

1 Liso)nl L
E[|gi]] < IV3'(&) — Vi (LI EIER, — )] < Chyt ™Mz (4.15)

Via (2. 24) (4 11) and Lemma A.1(i), by distinguishing the two cases dy < 2 A 42({5;%) — 4%?;%)

and &g > (1+,8) we obtain

L N
_ h
E[ RO el (91 — 90 ") }
=1 k=1
L N .
<h" Y O wl e | (E[gp]] + B[] ])
=1 k=1
& (2430)A1 Ne s
<SChp' Y kY R ey
— k=1
L (l+50)/\1 1
< onp O,
—1
S Chif)/\f(l;é)’
so that
L N b DB
R DD g, (g1 — g, ™') =50 as L7 oo.
(=1 k=1
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_ hy_
Step 4. Study of {hy Yy SN Wl (rf = rp"), L = 1}

It follows from (3.8), (2.24), Lemma A.1(i) and (4.11) that

? ot =)

<h SO s, (B[] + E[|r )
/=1 k=1
L Ny

<Ch Y Y A,

(=1 k=1

L
< Chp' Z YN,
=1

L Ng

_ h
h' >0 g, (7t — ™)

(=1 k=1

o=

< Ch

)

so that
L Ny

_ h LY(P
hLl ZZ’Yka—H:NZ( —r. ) - ® 0 as L 7Too.
(=1 k=1

_ h
Step 5. Study of {hLl Zle foil 'kakH:Ne(pi —p. ), L > 1}

Given that the innovations of the MLSA scheme are independent levelwise, the random vari-

ables {foi 1 Vet (pk — pze Y, 0> 1} are independent and with zero mean. Besides, at

each level £ > 1, the sequence {pke — p’,zé_l,k > 1} is an {]—",?Z,k > 1}-martingale increment
sequence. Thus, from (3.9), (2.24), Lemma A.1(i) (recalling that Ay; > 1) and (4.11), we have

L Ny 2
_ he_
EKhLl > > et 1w, (o) — oy 1)) ]

/=1 k=1
L Ny N
=h? > D W B — )
(=1 k=1
L Ny N
< 2h; QZZ’YkaHNe I3 ‘ ] +E[|p 1‘ )
(=1 k=1
L Ny

<Chp, ZZZVkaH N,

{=1 k=1

so that
L Ny

he—1y L*(P)
1ZZ’Yka:+1N(Z —p ) — 0 as Lo
(=1 k=1

1 28—-1

Step 6. Study of {h*‘* R S I B ol 1}.
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Define

n

1
~ == — > ]_.
Tn n gl Ve, N =2

The random variables { N, Z]kv" 9}” 02“1,6 > 1} are independent and centered. Moreover, for

any fixed level £ > 1, the sequence {92‘* — QZ[’l,k > 1} is an {]:,]C1 ¢ k > 1}-martingale increment
sequence. Hence, using (2.29), a comparison between series and integrals and then (4.11), we
obtain

28—1 2
B 4/3(1+ﬁ) h hz 1
|| ZMZ@ o]
2 28-1 L 1 1 Ny . 2 1 N, , 2
R CCRIE COD])
=1t Ne = Ne =
2 28-1 L _
B TN,
SC'hLB 26(1+6)27£
= 't
38
2(1+8) 1
< C hg, ) B € (27 l)a

hillnhg|, B=1.

Hence
1 28—1

hy wwz Ze’“’— o 00 as Lo,
(=1

1 28—1

Step 7. Study of {hLB HEER Ze INZZ h"— Z 1,L21}.

Using (2.30), a comparison between series and integrals and then (4.11), we obtain

28—1

EHh B 45(1+B)Z ZC :|
{= 1 =

1 28-1 L

e

1 25-1 L
SCh T BT 4B(1+A) Z

)

|+ Hrzchu

9
1B(1+A) 1
SC hé, o ) Be(§71)a
h§|1nhL], g=1.
Hence
pt iy L Zc ¢ E®0 as Lioo
/=1
1 28—1

Step 8. Study of {h;giw(lﬂﬂ (X}JZ\?O — XQO),L > 1}.
It follows from the definition of Ny in (4.11) that

h
h ;1 4,82{81+16)( X ) _ h 4(1+B) (1 _ M_%)ﬁ v No (X]\?O - Xibo) |
’ (1 - Mo Dy 28
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According to the decomposition (2.20),

No
/ - E 9h0 E 1 E ho
0 (XNO X* VAN 0 k=1 ! C NO k:1nk

From (2.29) and (2.30), we obtain

1 %02 ho L2 (P) 1 %O: ho LY(P)
— 0, — 0, —— " — 0 as Nyl oo.
VN0 i VN0 i

Since {17,];0, k > 1} is an iid sequence satisfying E[|7°|?] < oo, the classical CLT yields

1 ho ( Var((XhO — f0)+))
=) 1N 0, as Ny T oo.
VMo kzzl ’ (1-a)?
Hence
_1__2B8-1_ __3 28-1 1 Var((X )+)
B AB(I+H) h L 2(1+5) ho —
h, (XNO X*O) Ke N(O, hy (1 - M 2(1+/3)) - a)2 >
Step 9. Study of
L NZ h h 1 2B-1_
(3 St e ey 35 L zn ) Lz )
=1 k=1 (=1
Since N1 > --- > Np, we have
L Ny N N1 L N
SO wdligin (et — ™) =D ) wllksrn (ef — e, ) li<ken,,
=1 k=1 k=1 ¢=1
and
L Ny h[ _ nhﬁ 1
>N Z ZZ e
=1 =1 k=1 (=1

We now apply again the CLT for martingale arrays (Hall & Heyde, 1980, Corollary 3.1) to the
martingale array

L N 28-1 L Ny nh/z_n
(755 3) S A RS NI 3) SRS RN
/=1 k=1 =1 k=1

We first check the conditional Lindeberg condition. Let § > 0. By the levelwise independence
of the innovations of the MLSA scheme and given that, for all £ > 1, the random variables
{(eZ‘ - eZ[_l)lllngNZ,l <?¢< L} are independent and centered, applying successively the
Marcinkiewicz-Zygmund and the Jensen inequalities, we obtain

] g

L
-1 h he—1
hp' Y g, (ep — e licken,

=1
1+
< Chz(2+5 Z 2+5E[ ek /sz 1) T1<k<n, ]
k=1
<c 2+5 Z 2+5L2 Z Mes1n, |2 E | he _ GZ“I’H&]]llgngg
k=1 =
L L N
= Ch s SN 2, PO E[ e — P, (4.16)
=1 k=1
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It follows from Lemma 4.1(ii) and the uniform boundedness of {thzq > 1} that

Bl — e[

k) k) 246

= B[ X)) — me X )]
1

= (1— )2+ (EH]thpsff R R } HEWX

< C(E[|tx, e ~1x, >

/)

he — 1 he_1
hl—1>£* Xhé 1>£*

R |

J 4By, o=ty o] (1.17)
<C<h2+EHFxh 1) = Fx,, (&[] +E[|Fx,, (€7 = Fx,,_,(&)]]
+E[|Fx,, , (&) - Fx,, (&)

< O] + 1€l — &) + €17 — &, + |ehe — gl

<cng,

where we used Lemma 2.2(i) for the last inequality. Plugging the previous estimate into (4.16)
and then using Lemma A.1(i) and then (4.11), we obtain
2+5:|

EE[

ole-
D1, (e) “li<k<n,

~

2+6 g Z 1+5h2

L
<Chj;L>2.
Hence
N1 L hy h 2448
thUPZE[ ZhL ’Yk]._.[k+1 NZ( A 1)]11§kSNg :| =0.
Lo 307 U4
Similarly,
N L 1 2p-1 nhg nhz 1 2448
E h.? 4/3(1+B>u1
> e[ SRS
k=1 =1
—(2+8)(3+ 127 L (phe _ phe-1y2 143
<o 0S| 5 Ot ]
k=1 =1
— hg 112406
~@+0) (5 + 1505 m) s~ Efjmp - |
<Ch; B8(11 8 ZLZZ N2+5 Ti<ren,
k=1 =1
(2+5)( +4B(1+ﬁ)) 1 h 246
=Ch, L2 Z NE E[|npt — ) (4.18)
Now note that
h 2+40
A
21+5 N - 0is
= WEH(X’W =& = (Xn,, — & 1)+‘ ]
92420 S . . S (4.19)
2 —112
< W(EHXW _Xhz_1’ * ]+ ‘f*z _f*z 1’ + )
s
< C’hH
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where we used the facts that z — x" is 1-Lipschitz, as well as Lemmas 2.1(i) and 2.2(i). There-
fore, plugging the previous estimate into (4.18) and using (4.11), we obtain

2 b |

=1
3
_2B—-1 L 1+§

L 1 28-1 he—1

ﬁ 4B(I+ﬂ) 771<; M

Ti<i<
N, 1<k<N,

6(4+ 25 L —(-ps+28-1
<Ch 4B(1+B) |1 hr |2 Zh 2(1+58)

By taking § € ( ﬁ 1) we obtain

Ny L 1 251 7] _nh51 246 ( po 281y s
ZE[ ZhLﬁ 4B(1+8) [k N k Ti<p<n, ] < Ch BT5) lInhg|2,
k=1 e ¢
so that
Ny L 1 281 77 _nhe 1 246
hmsupZE[ Zh s 4ﬂ(1+’3)%11<k<z\/g } =0.
Lieo o LD ¢

The conditional Lindeberg condition is thus satisfied.
We now prove the convergence of the conditional covariance matrices sequence {S L =

(S%j)lgi’jSQ,L Z 1} defined by

Ny r, L 2
1 -1 h he— h
=Y E (ZhL Vellet1:n, (€ — € 1)]11SkSNg> ‘Fk£1:|7
k=1 *~ (=1
) Ni r, L 1 251 nhe — nhe 1 2 .
B 4p(1+p) 'k k
= Z]E <ZhL ( )N]llgng[> ]:kL1:|>
L\ = ¢
_1-1_ _28-1
1,2 2,1 : = h ' goanaEs) h h h h h
e P L L -1 L -1 L
SL = SL = ZE Z T'YkaJrl:Ne(ek — € )(’7k — Mg )]llékSNz Fk—l}
—1 L=

The sequence of random variables {ZZ 1 VeIl 41 Né(ez — eh )]11<k<N£) k > 1} is an

{.FhL,k > 1}-martingale increment sequence. Also, the random variables { ey — Z Dli<k<n,, 1 <
/< L} are independent and centered. Hence

Ny L 9 I
§ : - he—
‘= ZEK hp ey 1o, () — e 1)]11<k<Ne) } = g Uy,
k=1 i

=1
with
Ny
_ h h
Up = Z hLQ'V;?HiH;NZE[(ef —e 1) ]

k=1
28—1 \ —1 28-1 h
21 Tt

_ <Zh’ ( +B)> K 2(1+8) <7Ng ZFkakJrl Ng)h‘ E[( _ ele 1) ]

k=1

L 25 -1 26-1 N
’Yl<zhe 2(1%) hy D Sy 2E[( — e,
/=0
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where we used (4.11) and the definition (2.31) of 3,,. The uniform boundedness of { fx, ,h € H}
and Lemma 2.2(i) give

|

(1 — 04)2 EHHX’HZ>£* o 1Xhe—17§*

| +E[1

)

- (1 _ a>2 (EH]the>5fl B ]th£>§* Xh271>§f[71 - ]thz—1>5*

-
< ﬁ(lwa (€h) = Fx,, ()] + |Fx,, () = Fx, (&)

< SUPhen ||th||OO (|§ — &+ léhe )

- (1-ap
1
< ChZ.
Hence, by Lemma 4.1(ii),
hevyay L _ E[G|fa(&)]
%{gh E[(e —e ) = W%{gh EH]thp&* —1x,, >el|] = T(-a)2 (4.20)

Now, using the definitions (2.31) and (2.32),
28—1 \ —1 L 25 1 N
il — 71(2 h 2<1+B)> Z h 1+ﬂ>2 h 2E[( 612—1)2]
28-1 \ —1 L 25-1 L
_ 71(2 h 2(1+B)> Z h 2(1+B>2 h QE[( 616—1)2}

28—1 \ —1 L 28-1 N
+ 7 <Zh£ 2(1+[3)> Zhé 2(1+6)AE hg ZE[( i 612 1) ]’

=0 /=1

where AYy, = ¥, — X,.. Reusing the notation from the result (2.33), there exists p > 0 such
that for e > 0, there exists ng > 0 such that, for n > ng, 1 — (g + )y, > 0 and |AY,| < e.
One further has the existence of Ly > 1 such that, for L > Lg, N7 > --- > Ny > ng so that
|AY N, | < e. By the inequality (2.33) and Lemma A.1(i), for n > N,
n n n
|AX,| < |AXN, | exp (— (nte) Y, %) +e Y mexp <— (u+6)2%>
k=Ny, k=Ny, j=k
<|AYXN, |+ Ce < Ce.

In particular, supy <<, [AYy,| < Ce. Thus

limsup sup |AXy,|=0.
Ltoco 1<¢<L

Using the previous limit, (4.20), and the ‘./o0’ case of Cesaro’s lemma, we obtain

28-1 \ —1 L 28-1 L
71<Zh 2(1+5>> Zh 200 AY he QE[( _ 612 1) ]
=0 =1

< Climsup sup |AXy,|=0.
Lico 1<(<L

lim sup
LToo

Finally, again by (4.20) and Cesaro’s lemma (‘. /00’ version),

28-1 \ —1 281
IIJITI(?OS _ hm ’Yl(Zh 2(1+B > <Zzlh 2(1+5 E*h 2 E[( Zg 1) ]>
__ mElGlee)
(1= aP(V(e) — 122)
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In order to deal with {S%Q, L> 1}, we proceed similarly. In particular, one has

22 1 28-1 77 nhe 1 2
S ZE[(Zh B~ 4B(1+B) k Nzk ]IISICSNZ> :|
k=1

2 28-1
R BT aEs N

YL ZE hé 1) ]

I
Mh

~
Il
—

I
M=

Wy,

~
Il

1

where we introduced, for £ > 1

2 28—1
py P .
. —1
Wy = TE[(W —m )]
2__28-1
h,? PO g, A
— L War((X, — €T — (X, — )T,

(1-a)? N *
By Lemma 2.2(i),

hZ%EH(Xhl — &t — (Xp,, — eyt ((Xn, = &) = (Xp,, —€)7)]]

1
—_ = h =
hy 2 (€ — &l + 1677 = &) < Chg,
so that, by Lemma 4.1(iii) and Slutsky’s theorem,
% he\+ he—iy+\ £
h ((Xhe é* ) - (Xh[71 — Sk ) ) ZT—OC: 1X0>§* G.

By Lemmas 2.1(i) and 2.2(i),
ye
-5 ho—
sup (05, €8* — (0, €] < .

for some p > 2. The previous weak convergence together with the above uniform integrability
yield
he
11mh "Var((Xp, — €)T — (X5, , — &)T) = Var(Lx,s¢, G). (4.21)

Eventually, (4.11) and Cesaro’s lemma (‘0/0’ version) give

2 281

- hLB 2B(118) L hy
lim $7° = lim &%———— —
[t o (1—a)? <; g)
L -1 L
x lim Zi Z@h—lvm((xh — eyt — (Xp,_, — &)
Lieo \ 7= Ne =t ‘ T o
25—1 28-1 14
2(1+ (M2(1+£) _ 1) B
lfa
- prgem) e 22[13#3) 1 hey+ he—1\+
li h h, Var((X a7 — (X — &0
X;&(; ¢ ) <; ¢ ar(( he — *) ( he—1 * ) ))
28—1 -~
R (Mf@é) — 1)% !
(1-&)2 Var(]lXO>§ G)
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We now prove that {Sé’Q,L > 1} converges towards zero in L'(P). It follows from (4.20)
and (4.21) that

1

h h 1
El(er — e )% = WEH]IX;@&* —1x,,  >el|] <Ch, (4.22)

he—1

E[(n — ny 1)) = Var((Xp, — &) — (Xp,_, —&)T) < Chy,

_
(1—a)?
which, by the Cauchy-Schwarz inequality, yields

E[|(ef’ — e ) — )] gCh? (4.23)

Hence, using (4.23) then (2.24), Lemma A.1(i), and (4.11), we obtain

1 28—1

_1-1_
1Sp < hy 7 4/3(1“3)2 ZVlekHNeIE[l(@k — & — 0]
/=1

3
1 28-1 h4 Ny

~1
<Ch, 7 WO Z Z”Mﬂkﬂ N
=1

1+ 4o28-1 2B8-1 3(1—8)
< C’ 48(1+8) Zh 4(1+p)

il )
<C hL , PBe (5’1)’
= 1
h Inhg), B=1.
Hence
5}4’2 = Sil P20 as L 1 oo

It follows that

L Ny . 1 28-1 . N
9 S Y S I ) J !
=1 k=1 —1 o
where
NE[G|fe (€] 0
~ (1—) (2fx (6)—(1—a)y; 'p=1) .
— - 28—1 1

RS . 2(1+ﬁ) (M72(f+6) _1) 7 Var(1xy»exG)

(1=e)? MO

Step 10. Conclusion.

Combining Steps 1 to 7, the CLTs of Steps 8 and 9, and noting that the two sequences in-
troduced in the two last steps are independent (by independency of the levels), concludes the
demonstration. O

5 Averaged Multilevel Stochastic Approximation Algorithm

For each level 0 < ¢ < L and for j € {(¢{—1)*, ¢}, we consider the estimate E;L\?Z calculated by aver-

aging out the simulations fgj, . ,5% from (4.6). The averaged MLSA (AMLSA) approximation
for the VaR is

L
(=1

29



5.1 Convergence Rate Analysis

Theorem 5.1. Suppose that the assumptions of Theorem 2.1 are satisfied, that Assumption 2
holds, that ~, = y1n~?, € (%, 1), and that 6y > é. Let

Lo\ 3
;2<Zh€,4>h3, 0<(<L. (5.2)
=0
Then
( (éN_ * )>L>N(O,EML) as L T oo,
h (XN _X* )
where
E[|G|fG(f*)]1 0
ML (1-a)2(1-M~1)

hg%(1—M—i)%var((xh0—gfo)+) n hSlIVar(]lXO>E*G) (5.3)
1

0 (a2

(1—04)2M0Z

Remark 5.1. Contrary to the classical Ruppert-Polyak averaging principle, the above CLT is
not valid for any B € (%, 1), but requires 5 € (%, 1). This lower threshold on the admissible
values of B appears when one studies the convergence of the different related terms in the proof
below.

The values of Ny in (5.2) are determined by minimizing the algorithm complezity while main-
taining the L? error at order €2, as detailed in Section B.2; the ensuing complexity is discussed
in Section 6.

Proof. In the following developments, we denote by C' a positive constant whose value may
change from line to line and does not depend upon L.

Recalling the sequences {a",n > 1}, {gl,n > 1}, {rk.n > 1}, {pf,n > 1} and {",n > 1}
from (3.4) and (2.13)—(2.16), the decomposition (2.17) implies

Lo by 1
Vo' (&) Vo' (&)

Averaging the previous identity yields

¢h_gh h 4 er. (5.4)

—h h h
gn_g*_‘/d/é-* Z k+Vl/€*) z::

" " (5.5)
1
h h
g —— N el
V” kz 5*)” kZ:l g Vo' (&)n ; g
From (5.1), (4.2), and the above equality, we obtain
=ML —hy_ ho_
e - =8y, - +Z Ex, — & — (BN - &)
_ ho
_ + a, 5.6
gNO ‘/0// g* ; Né Z ( )

hg 1 1 1 hy he—1
9" — — Y = (5.7)
) N 2

Z
- 1 he_1 1 - 1 h he—1
V Z ~ Z Pk — Py V”(f*) Z N, eké — 6 - (5.8)
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We now study each term of the above decomposition.

Step 1. Study of {h;'(Ex, — &), L >1}.

Thanks to (3.1), Lemma 2.2(ii) and a comparison between series and integrals,

h ) 1 No C No
E[(En, —&)7] < FZE[@ZO — &) < oA Z’Yk < CYng-
0 k=1 0 k=1
Hence, using (5.2),

_91 98
B[Jhg! (€8, — &) ) < Chi*um, < 00
Recalling that 8 € (g, 1), this implies that

_ 2
hp N, - o) =

—' 0 as L 7Too.
Step 2. Study of {h;l ZeL:1 N%/ ,]cvil aZ‘ - aZZ’I,L > 1}.
From the inequality (3.7) and (5.2), we obtain
L N L
B 1 N B . 1 38+2
E[hleZak‘ e ] <on'y L <on i
= Vi3 = NevIN,
hence
Lo X he_y LA(P)
hZIZﬁZaze —a "t —'0 as L7Too.
¢
=1 """ k=1

Step 3. Study of {h;l ZeL:1 N%/

Ne kg

By
k=19 — 9% 17L > 1}-

Using (4.15) and a comparison between series and integrals, we obtain

? |

L N,
<ong S L S E[gl ) +E[gl
— L Ng ot k

F D
=1

L N,
h*l 1 - hy he—1
PDIE DI

k=1

=1 =

1 1

< Chzl Z hé4+60)/\17ﬁf[
(=1

If 6o > 3, by (5.2),

?

L 1 N, N
— h —
hLlZﬁZglf o

=1t =1

L 1
] < Chi'y heg,
=1

—1+28 L 1-28
<Chy 3" hy ®
=1
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where we used the fact that 8 < 1. Else, if % <y < %, by (5.2) again,

[V

L
- 1460 1
< Chp" > i,
/=1
1426 o, L hdo- 38
<Chy 37 REE
/=1
-14+25 1
h 8 o > =
< L ) 89
=C 1+ 58 1
Taking into account the fact that g € (% ) we thus obtain
L1 & s B
Z Z é '—~'0 as L1oo
(=1 k:

Step 4. Study of {hzl 25:1 N% ,ivél ZZ rZ’“’*l,L > 1}.

Using (3.8), a comparison between series and integrals and (5.2), we obtain
DI zr ol
|: (=1
< 2h; 12 Z N+E[AR])
(=1

< Chy! Zm
=1

1+B

<Ch,

In view of the fact that 8 € (%, 1), we obtain

12 Zr —helLﬂ?O as LT oo.
=1

he_
Step 5. Study of {h Zg 1N/_7 Zk 1pk —p N L> 1}.

Using similar arguments to the ones used in Step 5 of the proof of Theorem 4.1, we obtain
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from (3.9), (5.2), and a Comparison between series and integrals, that
h 2
o St )]
(=1
h
= h;> Z N2 ZIE w7

Ekl

<o 22 Z IZSNER I S))

1

< Chr 227”

38—2
< Ch,*

Hence, given that § € (§ 1),

12 Zp —h“@)o as L T oo.
/=1

Step 6. Study of {h;g Zle N% ivil 02‘ - GZ‘Z‘I,L > 1}.

The random variables {N% chvi 1 QZZ — 92“1,6 > 1} are independent and centered. Hence,
using (2.29), a comparison between series and integrals, and then (5.2), we obtain

el 3 Yo

Therefore

BRI 2
hLSZFZHZ‘{—GZl”LiP?O as L7 oo.

_9
Step 7. Study of {hLS Zle N% Ni (hz VD> 1}

Using (2.30), we obtain
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Hence, since S € (g, 1),

~

hy,

o

1
Zﬁ C,ZL"—Ck —' 0 as L1 oc.

L N
he_y L'(P)
=1t k=

_9 ho _ ho
Step 8. Study of {h;*® (XNO X3 ),L >1.
It follows from (5.2) that

1

_9 _3 1
hy® (XN, = X30) = hy * (1= M)

VNG (X3 = x)
(1 - Mi+D)z

According to the decomposition (2.20),

No
/ _ ho 1 ho
No (XNO X* /— § [ /— § C NO gl M,

From (2.29) and (2.30), we obtain

1 &, P2F)
\/7]\]_7029}{:0 — 0 as NOTOO,
k=1
No
1 he LH(P)
— G" — 0 as Ny T oo.
VN0 i

Since {nZO, k > 1} is an iid sequence satisfying E[]n{"o\Q] < 00, the classical CLT yields

N,
I = h L Var ((Xp, — &80))
%Nognk —>J\/( - a)? ) as Ny T oo,

so that

1)Var((XhO o )+))

_9 _3
e L (R e e

as L 7T oo.

Step 9. Study of

{(n ZNEZek_ekélh Z Zn —m ), D21y,

(=1
Since N1 Z 2 NL,
L Ny he—1
1 he he_1 k: — 6 1
— €, — € 1<k<N,-
=1 k=1 k=1 (=1
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We ﬁrst Check the conditional Lindeberg condition. Let § > 0. Since, for all k£ > 1, the sequence
{Ne ek — ek Dli<k<n,, 1 <0< L} is a sequence of independent centered random variables,

using first the Marcinkiewicz-Zygmund inequality and then Jensen’s inequality,

; . [ 2+5]

he—1
ek — e
1
1<k<N,

_(244) Ny s L EHeh’ . ehz 1}2—&-6
< Ch Liz k N%’f& Ti<r<n,
k=1 (=1 ¢
L 3
<Oh LY
/=1 Nf

where we used (4.17) for the last inequality. From the previous upper bound and (5.2), we obtain

kzo . [ 2+T

hy he_1
et —e
16 — € k
E h ———"—11<k<n,

W= Wi Wl

We thus conclude

h
e he _ ghe—
"k "k k 1
1<k<N,

lim sup Z E [

LToo k=0

2+46
|-

for any § > 0. Proceeding as in (4.18), using in particular (4.19) together with the fact that
suppen E[| X5 |*70] < oo for some 6 > 0 and (5.2),

Ny 7] _nhz1 246
E gl — "
S| Soh A ]
k=1 /=1
<Ch—§(2+é) s L IE he 11246
<OnHOLE S S el
L 148
—S@+d) o Py
SOT e
9
n’LE, s<1,



Thus

lim sup Z E [

LToo k=1

M, — 1
Zh suﬂlgkgm
=1 N

The conditional Lindeberg condition is thus satisfied.

It remains to investigate the asymptotic behavior of the conditional covariance matrices
sequence {SL = (Szj)lgi,jgg,L > 1} defined by

Ny L ehg ehz—l 2
1 16~ € h
~YE (zhL nKM) f,;l],
Ny
k=1 L\g=1
) Ny r L 9 ZZ_HZE71 2 .
:ZE <ZhL8 ]ll<k<Ng> ]:kLl},
Ny
k=1 =1

1 L b
h 8
1 he _ he—ivg he o heo
=D E|> ][\/722 (e — e ) = i<ken,

f,fa} :
In order to deal with {Sl’l, L> 1}, we write

he—1

2 L
11 ZE[(Zh 1€k ek ]llékSNg) ] :ZUZ,
k=1 =1

where, for £ > 1,

_9 N, _
U= M SO Bl - ety = Myt - ey
N€2 — k k Ng 1 1

By the ‘./o0’ case of Cesaro’s lemma, (4.20) and (5.2),

1,1 - he% < hé% - - hfé 3 h h 2
_ : 2 74 -1
B 57 = Hmhy <Z_ NZ>X£¥£O<Z ) (Zhe E[(ey —e; )]>

=1 —1 — 't
1 Lo Nty Xk 1 s h
e (B (et )
- —1 —1
E[|G|fc(&0)]

1

(1-a)2(1—M"7)

As for {Si’%L > 1}, we have

with, for £ > 1,
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In accordance with the convergence result (4.21), the ‘0/0’ case of Cesaro’s lemma and (5.2) give

bt L op,
lim S = lim L( )
Lioco Lo (1 — «)? zz:; Ny

L -1 L
cctim (S (S0 ar (X, — €~ (X, —€))
Lo\ Ve = Ve ’ é o
1
S
(1— )2Mi
L -1 L
<t (o0 ) (0w (O, — €7 = G, - €)7))
Ll N\ =1 Z o
1
o -Var(1 G).
M (g
T (- aeMi i

From (4.23), (5.2), we obtain

SpP < hy® Z ZE — e ) = )]

(=1
|
8
<SCh® )
=1
1
<Ch} L,
yielding
Si’z = Si’l P2 as L 1 0.
The proof is now complete. O

6 Complexity Analysis

We briefly discuss here the optimal complexities of the SA schemes that stem from our results.
Let £ > 0 denote a target total error order.

By Corollary 2.1, the convergence rate of the nested SA scheme is of order h® as H > h | 0.
To achieve a prescribed error of order &, we have to choose a bias parameter h = /#, g € ( 1]
and a number of iterations n = [h~2] = [¢=2/#]. The ensuing complexity is

3
Costls, = C% = Ce 5. (6.1)
The optimal complexity is reached for § = 1 under the constraint Ay; > 1, for which
Costly, = Ce73. (6.2)

The complexity of the averaged nested SA (ANSA) scheme (cf. Corollary 3.1) with a bias
parameter h = ¢ and n = [h=2] = [¢~2] SA iterations is

COStANSA = C% = 05_3, (63)

regardless of the value of g € (%, 1), which allows to circumvent the constraint on v; > 0 that
appears in the case of the nested SA scheme.
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Concerning the MLSA scheme, Lemma 2.2(i) and Theorem 4.1 show that the convergence
rate of this algorithm is of order hy, as L T oo, so that to achieve a prescribed error &, we must
choose hj, of the order of ¢, i.e.

In hoe*
L:{n 0 w (6.4)

In M
Via (4.11), this results in the complexity

Costhysy =C Y ——=Ce 72, (6.5)

This complexity is minimal for f = 1, provided that the condition Ay; > 1 is satisfied, and is

worth
5

Costl oy = Ce™ 2. (6.6)
Finally, regarding the averaged MLSA scheme, Theorem 5.1 and Lemma 2.2(i) show that, we
must choose L as in (6.4) to obtain Az, of the order of e. Using (5.2), the ensuing complexity is

5

ZL N

¢ _5
COStAMLSA - C(ﬁ E = Cg 2. (67)
This complexity is independent of 5 € (%, 1) and bears no additional condition on ~; > 0.

7 Financial Case Study

The code for this numerical case study is available at github.com/azarlouzi/avg_mlsa.

We consider a long position in a swap of strike K, maturity 7' on some underlying (e.g. FX
or interest) rate. The swap is issued at par. The rate’s risk neutral model {S;,0 <t < T} is
a Bachelier process of inital value Sy, drift x and volatility . The swap pays at reset dates
0<Ty <--<Ty;=T the cash flows AT;(Sy._, — K), where AT; = T; — T;_1. The swap’s
nominal Nom is set so that each leg is worth 100 at inception. The risk-free rate is r. For
t € [0,7], we let i; denote the integer such that ¢ € [T;,-1,T;,) if t € [0,T), and iy = +o0
otherwise.

Hence

t
dS; = kSydt + odWy, ie. Sy= Sy +o / e DA, (7.1)
0

where {W;,0 < t < T} is a standard Brownian motion. The fair value of the swap at time
te[0,7)]is

d
P, = Nom x E[Z e*’”(Trt)Aﬂ(STifl - K)

1=1%¢

}"t}
The loss, at some short time horizon ¢ € (0,77), on a short position on the swap, is
Xo=¢eT"p;.

We are interested in retrieving the VaR &, and ES x4, at some confidence level « € (0, 1), of
the position.
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7.1 Analytical and Simulation Formulas
The swap is issued at par, i.e. Py = 0, hence

d T ‘
K = gy ¢ AT

7.2
Zgzl e AT, (72)

Note that i5 = 1 so that, by (7.1)-(7.2) and the fact that + fo(s e " SdW, ~ N (0, f06 e~ 28 ds),

1 — e—2K0 d
Xp = 77Y where 7= Nom x o © Z e "TAT; e i (7.3)

and Y is a standard Gaussian random variable independent of W. This allows one to simulate
X exactly.
On this basis, the values of & and x, can be obtained analytically via

=P(Xo<&) =Py <&), e & =nF"Y(a), (7.4)

where F' denotes the standard Gaussian cdf, and

n . U €*>
= > &)= —1— e Xe = >, .
6 =B X0 2 6] = OBV Iyze, e =S (S (7.5)
where f is the standard Gaussian pdf.
We also have
d Ti—1 c
X, = Nom x UE[Z e "I ATy e i /0 e ] = Rlp(Y, Z)|Y], (7.6)
i=2
where
1 — e—2K6 g
Y=\ Uy~ j:/ e Fs AW,
2K 0
1 — e—2r(T1—9) T
7 = —U1 ~ j:/ e AW,

1_e—2liAT
»Ni/ e AW,, 2<i<d—1,

i—1

oy, z) = Nomvae TT’ATe”Tl1<y—|—sz> yeR,z=(z,...,2q-1) € R
7=1

with {U;,0 <i < d—1} ~ AN(0,1). On this basis, X}, can be simulated as
1 K
=2 e(v.2%), (77)
k=1

where h = % e and {Z®) 1 <k < K} ¥ Z are independent from Y.

7.2 Numerical Results

We aim at comparing numerically the four schemes of Sections 2-5 in terms of asymptotic error
distribution. To this end, we fix a small prescribed accuracy € > 0, set h = ¢ as in (6.1)-(6.3) for
the nested and the averaged nested SA schemes and set hy, = ¢ as in (6.5)-(6.7) for the multilevel
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and the averaged multilevel SA schemes. We run each scheme 5000 times and then we plot,
for each algorithm separately, the empirical joint distribution of the normalized errors of the
corresponding (VaR, ES) estimates. The error normalizations are calculated as they appear in
Corollaries 2.1 and 3.1 and Theorems 4.1 and 5.1. The unbiased SA scheme of (Bercu et al., 2021,
Theorem 3.4) and the unbiased averaged SA scheme of (Bardou et al., 2009a, Theorem 2.4), based
on simulating the loss X exactly via (7.3), are also run for benchmarking purposes. A small
difference between our unbiased averaged SA scheme and Bardou, Frikha, and Pagés (2009a,
Theorem 2.4) is that we do not average out the ES component. Qualitatively however, the
resulting outputs should be similar.

For the case study, we set So =1, r = 2%, k = 12%, o0 = 20%, T = 1year, AT; = 3months,
d = 7 days and a = 85%. We use a 30/360 day count fraction convention. (7.4) and (7.5)
yield & = 2.19 and x4 =~ 3.29. The biased risk measures ‘ffL and XZL needed for the CLTs of
Therorems 4.1 and 5.1 are computed by running the nested SA scheme with the bias hy and
10° iterations. We set & = ﬁ and B = 0.9 for all SA schemes. We adopt the hyperparameters
Y = n~ P for the unbiased SA and unbiased averaged SA algorithms, v, = 0.1(250 + n)~? for
the NSA and ANSA algorithms, and hg = 55, M = 2 and ,, = 0.1(1500 4+ n)~# for the MLSA
and AMLSA algorithms.

Figure 1, page 41, plots kernel fittings of the joint distributions of the normalized errors
for each algorithm. For a sufficiently small prescribed accuracy € > 0, the joint probability
distribution of the normalized (VaR, ES) error appears to be centrosymmetric unimodal for all
algorithms. This is in line with the CLTs proven in the previous sections as well as with (Bercu
et al., 2021, Theorem 3.4). Consistent with the expressions (3.2) and (5.3) for the covariance
matrices of the corresponding limiting normalized errors, the directions of the axes of the ellip-
soidal fitted densities suggest some asymptotic correlation between the VaR and ES errors for
the ANSA algorithm and an asymptotic decorrelation for the AMLSA algorithm. The MLSA
panel shows no asymptotic correlation, in accordance with the corresponding CLT. The NSA
panel does show some correlation, but this is due to the choice g = 0.9 that is too close to 1,
for which correlation does exist. Similar comments are applicable to the unbiased SA and the
averaged unbiased SA panels.

8 Conclusion

In Crépey, Frikha, and Louzi (2023), a nested stochastic approximation algorithm for VaR and
ES, as well as a multilevel acceleration of the latter, were presented and compared in terms of non
asymptotic L? errors. The present article complements the latter by analyzing the corresponding
asymptotic error distributions, as required for delimiting VaR and ES trust regions and confidence
intervals. Further averaged extensions of these algorithms are also presented and shown to achieve
better convergence rates than their original counterparts. A financial case study where exact VaR
and ES values, as well as unbiased SA schemes, are available for benchmarking purposes, validates
our theoretical findings.

The optimal complexity attained by the presented algorithms, for some prescribed accuracy
e >0, is O(E_%). Given a step size v, = yin P, B € (%, 1], this complexity is achieved by the
MLSA algorithm for § = 1 under the constraint Ay; > 1, where the constant A > 0 in (2.10) is
explicit but tedious to compute. This complexity is also achieved by the AMLSA algorithm for
B e (%, 1) without any constraint on ;. However, 0(572) remains higher than the theoretical
optimum of O(e72) for such multilevel algorithms (Frikha, 2016; Giles, 2008). The gap in
performance stems from the discontinuity of the gradient used in the updating formula (2.8),
causing an O(1) error when the generated loss X}, is too close to the estimate £ but falls on
the opposite side of the discontinuity with respect to the simulation target Xy (Giles, Haji-Ali,
& Spence, 2023; Haji-Ali, Spence, & Teckentrup, 2022). This limitation should be addressed in
future research.
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A Auxiliary Result
Lemma A.1. Let v, = yin P, with v1 > 0 and § € (%, 1].

(1) Let {en,n > 1} be a nonnegative sequence. Then, for b > 0 and X\ > 0, with v1 > b/X if
p=1,

n
lim sup 7;” Z fyé+bek exp ( A Z fyj> < ol lim sup e,
el k=1 j=k+1 e

where

A=b/m ifB=1andy > b/,
A if B € (3,1).

(ii) Forb >0 and A >0, with v1 > b/X if B =1,

limsup%;bexp < — /\nyj> =0
j=1

n—oo

C =

Lemma A.1(i) is a special case of Fort (2015, Lemma 5.9), and Lemma A.1(ii) is a special
case of Lemma A.1(i).

B Square Convergence of the Averaged MLSA Scheme

We study the L? error of the AMLSA algorithm (5.1) to fully apprehend its convergence and
complexity.
B.1 Convergence Rate Analysis

Lemma B.1 (Crépey, Frikha, and Louzi (2023, Theorem 3.1)). Suppose that Assumptions 1
and 2 are satisfied, that (Y, Z) is in L*(P), that

16
sup B[ 164" exp (1= ca sup x| l8h1) | < ox,
heH — Q@  heH

where co = 1V 12, and that ~, = yin B, with B € (0,1] and Xoyy > 2 if B = 1 where

3 V//(fh)4
— inf 2V h 1 - h \Sx ]
>\2 }327{ 4Vh (g*) A ||Vh || [V}{/]%ip
Then, for any positive integer n,
sup E[(&) — €)1 < O (B.1)

heH

Theorem B.1. Within the framework of Lemma B.1 and assuming that v, = yin ™", with
B e ( ) for any positive integer L and any N = {Ny,,0 <{ < L} € NL'H, it holds

@ 12 ($ )
(B () 5 1)




Proof. In the following developments, we denote by C' a positive constant whose value may vary
from line to line but does not depend upon L. We come back to the decomposition (5.8) and
analyze each term separately.

Step 1. Study of {fNO —¢ho [ > 1}

By Lemma 2.2(ii) and a comparison between series and integrals, we have that

No

C
k=1

Step 2. Study of { S N% ,iwlazl aZ“‘l,L > 1}.

We have that

(S0 St ] e xoa](L 5] e[ (& S )

EKiﬁéﬁ)jééi(;EKZ—fﬂ5+;EK8—ffﬁ)

k=1
IS (1 Dygyen - gy
+ngxwﬂ ElEE - €’
1/ 1 1,1 1
<o)X G- )v)
C
< .
<

Therefore

Step 3. Study Of{Zg 1 N, Zk 19k g;f*l,L > 1}.

We have
(g -a)]

It follows from Assumption 2, the uniform Lipschitz regularity of V}, combined with Lemma 2.2

1
(1) that [VJ/ (&) =V} (€l)] < C(hyt M

give for £ > 1,

+hy), which in turn using also (2.13) and Lemma 2.2(ii)

1 1 (L460)A1 L
E[(gp4)%)2 < V5 (&) — Van (€2 B[(&re  — €80)%2 < Chy 7 2.

By a comparison between series and integrals, we thus deduce

[(; Zg - f—1ﬂ<o<zh4+wow1%>.

(=1
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Step 4. Study of { Sk N% ,ivél ZZ - rZZ_l,L > 1}.

Note that
[<;; 53 Ml)jﬁffﬁ E[(r)?)7 +E[(r}")?).

By (2.14), (2.26), the uniform Lipschitz regularity of V;" (stemming from Assumption 1(iv)) and
eventually Lemma B.1, we get

E(lrpl’] < CE[(&_, — €)Y < Ci;.

Combining the two previous inequalities and using a comparison between series and integrals,

we conclude
. 2 L 2
(A )] ()
=1 =1

Step 5. Study of { Zle N% kail pZ‘Z - pké’l,L > 1}.

We recall that the random variables {N% kNi 1(pk pZﬁ '),£ > 1} are independent and with

zero mean an that at each level £ > 1, the sequence {pk - pZ"’_l,k > 1} is an {F k > 1}-
martingale increment sequence. Using (3.9) and a comparison between series and integrals, we
obtain

[(Z Z’)k"’z“ﬂqi  SCE{ )+ Bl ]

€k1

Mh

Step 6. Study of { Zle N% ]kv"l Ze - ezé’l,L > 1}.

Again, the random variables {N% kN‘*’l(eZ"’ - eZZ '), ¢ > 1} are independent and centered and,

for any fixed £ > 1, {eze — eZ[_l,k > 1} is a sequence of {.F,ilé,k > 1}-martingale increments.
From (4.22), we thus get

(Sard-do)]-Taprad-donzer

2“‘1\3\»—‘

B.2 Complexity Analysis

The global error of estimating &, by EII\GL can be decomposed as the sum of a statistical and a

bias error
—ML

ML
ENn & = (fN —éfL) + (€ = &).
Let €2 be a fixed prescribed L? error, ¢ € (0,1). Lemma 2.2(i) guarantees that the bias of
estimating &, by {" to be of order hy, so that we have to choose the number of levels

In hoe !
L:[noe—‘ so that hp =

< e. B.3
In M =€ (B-3)

ML
The cost of the AMLSA scheme is

LN,
a4
Costamrsa = C E }TZ’
/=0
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for some fixed constant C' independent of L. In order to optimize the number of iterations
N = {N,,0 < ¢ < L}, we try out several candidates as a leading term in the upper bound (B.2).
We retain three particularly compelling cases. As usual, we minimize the above computational
cost under the constraint that the aforementioned candidate is of order 2.

We first consider the optimization problem

e L -1
minimizen, .. N;>0 Yo Nehy,

subject to 2520 h1(21+460/\3)/4 AN, = C e,
yielding
, 1 . L 2p-1-450n3 % 5+460A3
Ny = [Cﬂfyfe_ﬂ ( > hy P ) h, "G 1 0<¢<L.
0'=0

Such a choice adds the constraints

1 2 3

- < = d &> -

p<fsg and o=y

to guarantee that the upper estimate (B.2) is of order £2. The corresponding complexity is

_2 _
CostfMLSA =Ce 7 — 73

B3
We now consider the optimization problem

C L ~1
minimizen,,. N, >0 Yoo Nih,
1

subject to Zé::o N[lvj:,f = (O le.
The minimizers are given by
2-8 2

1 L _28\35 2
N, = [Cfﬁml 2%‘2—%<Zh5,4 ) hfﬁ-‘, 0<(<L
0'=0

™|

If the additional conditions )

< 1 d 9 —
_ﬁ< an 0>127

or the global L? error (B.2) with an optimal cost satisfying

=Wl

are met, one attains the order g2

1

ol

_>€7

2
CosthLsA =(Ceg 2-8" .
Bls

The final case worth exploring consists in solving the optimization problem

C e L ~1
minimizen, . N, >0 Yo Nyh,
1
subject to ZeLzo hg Ne_l =C7let,

This yields, under constraints stated in Theorem 5.1,

L _1 3
N, = {025—2(2@,4>hﬂ, 0<¢<L.
=0

The convergence analysis for this last heuristic is provided by Theorem 5.1, and the ensuing
complexity is discussed in Section 6.
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