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Abstract. Crépey, Frikha, and Louzi (2025) introduced a nested stochastic approx-
imation algorithm and its multilevel acceleration to compute the value-at-risk and
expected shortfall of a random financial loss. We hereby establish central limit theo-
rems for the renormalized estimation errors associated with both algorithms as well
as their averaged versions. Our findings are substantiated through a numerical ex-
ample.
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Introduction

Stochastic approximation (SA) methods aim to find a root of a given function of which only
noisy observations are available [31]. When the noisy observations are biased, with a bias that is
reducible at an additional computational cost, nested SA (NSA) algorithms naively inject them
into the considered SA scheme but score a complexity that increases significantly with lower
biases [18|. Multilevel stochastic approximation (MLSA) schemes accelerate such approaches by
first producing a highly biased estimator at low cost, then correcting it incrementally with paired
estimators of lower and lower biases [18]. They often score a significantly lower complexity than
their nested counterparts when employed to attain some prescribed accuracy [18, 22, 12].

The value-at-risk (VaR) and expected shortfall (ES) currently stand as the most widely used
risk metrics in finance [6] and in insurance [34, 15]. An MLSA scheme was introduced in [11] to
estimate the VaR and ES of a random loss that is written as a conditional expectation, but not
necessarily in a closed form. The multilevel feature therein deals with the loss’s needed amounts
of inner Monte Carlo samplings, whereby biased noises emanate. Theoretical L?(PP)-error and
complexity analyses, along with numerical case studies, have demonstrated the overperformance
of the MLSA algorithm in comparison with its nested counterpart.

However, [11] does not delve into analyzing the asymptotic estimation errors, which are
paramount to derive trust regions and confidence intervals for the VaR and ES. Although a
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generic central limit theorem (CLT) for MLSA is already available in {18, Theorem 2.11|, our
case is more delicate as it involves an objective function that is not strongly convex. Besides,
unlike [5, Theorem 3.2 & 3.3| (that rely on [17, Theorems 2.1 & 3.2|), our MLSA method employs
a two-time-scale scheme for the VaR and ES. Indeed, in line with |28, 29], it uses a slower learning
rate {y,,n > 1} for the VaR, more accurate and independent of the ES, and a faster learning
rate for the latter. But due to the nested nature of our framework, the results of the two afore-
mentioned papers do not directly apply to our setting, rendering a thorough analysis necessary to
derive CLTs for our NSA and MLSA estimators. Furthermore, the optimal convergence rates of
our algorithms are attained by selecting {v, = vin~!,n > 1}, 71 > 0, as the VaR learning rate,
with a non trivial constraint on 7 [11]. This classical constraint is classicallly circumvented by
the Polyak-Ruppert averaging principle [33, 30|, hence motivating further asymptotic analyses of
averaged versions of our algorithms.

Throughout, we consider a probability space (€2, F,P) that is rich enough to support all the
random variables defined hereafter. The VaR £ and ES x! of a random loss represented by an
L'(PP) real-valued random variable Xg, at some confidence level a € (0,1), are defined by (|16, 1])

€0 = VaR,(Xp) == inf {€ € R: P(Xo < &) > a},

1 ! 1

X3 = ESa(Xo) = 1_/ VaR(Xo)da = E[Xo | Xo > €] = T o B XoLxg>eol. (0.1)
(0%

In some literature, these two quantities are referred to as the quantile and super-quantile |8, 9.

They can famously be retrieved as solutions to the problem (|32, Theorem 1], |7, Section 4.3]

and [4, Proposition 2.1])

1
in h Vo(é) =&+ ——E[(Xo —&)7]. 0.2
min¥o(¢), where  Va(€) = € + T——E[(Xo ~ §)*] 02)
More precisely, if the cdf Fx, of X is continuous, then Vj is convex and continuously differentiable
on R, with V(&) = (1 — o) 1(Fx, () — a), £ € R. If Fy, is additionally increasing, then

€ =argminVy  and x? = minVj,.

If X admits a continuous pdf fx,, then Vj is twice continuously differentiable on R with V{'(¢) =
(1)L (6), €€ R
Henceforth, we assume
Xo = Elp(Y, Z)|Y], (0.3)

where Y € R? and Z € R? are independent random variables and ¢: R? x RY — R is a measurable
function such that (Y, Z) € L*(P). In financial applications, ¢(Y, Z) models the future cash flows
of a portfolio, Y the underlying risk factors up to a certain time horizon, Z the underlying risk
factors beyond that time horizon, and Xg the loss of the portfolio at that time horizon.

Under the approach initiated by [2] (see also [4, 3|, as well as [19] for shortfall risk measures),
assuming that exact i.i.d. samples of X are available, one may compute the pair (£2,xY) using
a two-time-scale SA algorithm. However, we do not assume neither the distribution of ¢(Y, Z)
conditionally on Y to be known, rendering Xy incomputable in closed form, nor the availability of
i.i.d. simulations of Xy. We rather consider an ordinary setting where the portfolio’s risk factors
Y and Z emanate from a model, hence are simulatable, and ¢ describing the corresponding future
cash flows is computable. See Section 5 for a concrete example.

The paper is structured as follows. Sections 1-4 introduce the NSA, averaged NSA (ANSA),
MLSA and averaged MLSA (AMLSA) algorithms, establish CLTs for their renormalized VaR and
ES estimation errors (in Corollaries 1.5 and 2.3 and Theorems 3.5 and 4.1) and discuss their
complexities and related parametrizations (in Thoerems 1.8, 2.6, 3.7 and 4.3). Section 5 presents
a numerical case study supporting the paper’s theoretical findings.



1 Nested Stochastic Approximation Algorithm

The brute force, naively nested SA algorithm introduced in [11] for solving (0.2)—(0.3) is based on
defining the approximate problem

min Vi (€), where Vi(€) = € + ——E[(X), — £)*] (1.1)
£eR l1—«

and X}, is the empirical mean approximation of Xy given by

K
X, = ;{;@(Y, Z® Yy, h= % eH = {%K’ € Ng},

and {Z(k),l <k < K} "X Z are independent of Y. X, h € H, represents a biased (Monte
Carlo) estimator of X that, in principle, converges P-as to X under suitable assumptions via
the conditional law of large numbers. Note that the notion of bias here is linked to the ensuing
solution (£, x) to (1.1). Indeed, for h € H, if the cdf Fy, of X} is continuous and increasing,
then

" —argminV), and Xf = min V}, (1.2)

*

provide biased estimators of €0 and x?. The bias of (7, x) with respect to (¢2,x?) is controlled
by the bias parameter h: ideally, the smaller the h, the smaller the approximation bias, and vice
versa.

Let h € H. If the cdf Fx, of X} is continuous, then V}, is continuously differentiable on R,
with

1 1

Vile) = ——(Fx,(6) — ) = BIL(6 X)), Hi(€2) =1 - ———lyse, &z R (LD

If X}, admits a continuous pdf fx,, then V}, is twice continuously differentiable on R with V}(§) =
(1—a)" fx, (€), € € R.

In view of (1.3), if Fy, is continuous and increasing, then V}, is strictly convex so that &
is unique and {ﬁf} = {V/ =0}. This hints at a stochastic gradient descent type algorithm
based on (1.3) to approximate £?. Assuming that such an algorithm is driven by innovations
{X,(Ln),n > 1} "% X, and produces iterates {€" n > 0} converging to £ P-as, then (1.1), (1.2),
the law of large numbers together with Cesaro’s lemma yield under some suitable assumptions:

n

h _ h 1 7h+_-l h 1 (k) +h N+
X*_E§*+1_Q(Xh 5*) :|_nh—>n;onz(€k_1+l—a(Xh gk—l) )

Thus x” can be approximated by the sample mean on the right hand side above. Define

Hy(x2)=x— (€+——(@-8"), &xeeR

l—«

Following the previous discussion, we derive the two-time-scale NSA dynamics

€l oy = €8 — v Hi(€h, X)), (1.4)
1 n
XZJrl = X?L - mHQ(gg)XZ7X}(l +1))7 (15)

n € N, driven by the innovations {X }(Ln) ,n>1} s X, starting from real-valued random variables

56‘ and x'& =0, 56‘ being independent from {X }(Zn), n > 1}, and advancing at the positive learning
rate {yn,n > 1} such that Y22 | v, = 0o and > oo ; 72 < oo.



1.1 Convergence Rate Analysis
We postulate below some essential assumptions on { X, h € H U {0}}.
Assumption 1.1 (|11, Assumptions 2.2 & 2.5]).

(i) For any h € H, Fx, admits the first order Taylor expansion

FXh(g) _FXo(g) zv(é’)h—i—w(g,h)h, 5 € R,

for some functions v, w(-,h): R — R satisfying, for any ¢? € Argmin Vj,

d li O Rn) = li h)dE = 0.
[, e <oetim wieh )= tim [ Cue mae =0

(i) For any h € HU{0}, the law of X}, admits a continuous pdf fx, with respect to the Lebesgue
measure. Moreover, the pdf {fx,,h € H} converge locally uniformly to fx,.

(iii) For any R > 0,

inf 0.
he;lttnu{o} (&) >

¢eB(EY,R)

(iv) The pdf {fx,,h € HU{0}} are uniformly bounded and uniformly Lipschitz, namely,

sup  (|Ifx, lloo + [fx,]JLip) < 00,
heHU{0}

where [fx, |Lip denotes the Lipschitz constant of fx,, h € H U {0}.

Remark 1.2. (i) (|11, Remarks 2.3 & 2.6]). Assumptions 1.1(i) and 1.1(ii) are guaranteed under
the conditions of [24, Propositions 5.1(a) & 5.1(b)]. The last part of Assumption 1.1(i) reads
w(&d, h) = fg%o w(&, h)dé =o(1) as H > h |0, 2 € Argmin 1%,

Assumption 1.1(iii) is natural in view of Assumption 1.1(ii) and an increasing Fly,. It may be
weakened to fx,(£) > 0, but the current formulation eases the obtention of the Lyapunov
properties [11, Lemma D.1] that play a central role in controlling the statistical error |11,
Theorem 2.7| (Lemma A.3(ii), especially the constant defined in (1.6) whose value must be
positive).
Assumption 1.1(iv) is natural in view of Assumption 1.1(ii).

(i4) Assumptions 1.1(ii) and 1.1(iii) imply that, for any h € H U {0} and any &" € Argmin V},,
fx, (€1) > 0, hence V/(¢l) > 0 and Argmin V}, is reduced to a singleton {£]'}.

The global error of the NSA scheme (1.4)-(1.5) writes as a sum of statistical and bias errors:
&&= (G —&)+ (& -8,
Xn = x5 = (=) + 0 = D).

Assumption 1.3. Denoting ¢, =1V 25, it holds that

4
sup E |¢6 2 exp (1= ca sup |1/, 1 l861) | < oo.
1 heH

heH -
Set //( h)4
. 3 V(&
A= inf  SV/(EM) AV |lso—L2 > 0. 1.6
hE'}'?U{O} ] h (g*) || h H 4[‘/%/]%1}) ( )

We refer to Lemma A.3 for bias and statistical error controls for the NSA scheme. Our main CLT
for the NSA scheme follows.



Theorem 1.4. Suppose that Assumptions 1.1 and 1.3 hold, and that E[|o(Y, Z)|**°] < oo for
some§>0. Ify,=yn P, n>1 8¢ (%,1}, with Ayy > 1 if 6 =1, then
(e — &)

) LS N(0,8) as HSRLO,
h™ (X(h—Q]_X*)

where
[e%%1 XE*&?
S = 2fx (€)= (1—a) 1=y afxo(fg)nﬁ:1 (1.7)
Q=8 q Var((Xo—£9)")
Fxo @) " A=1 (1-a)?
Proof. See Appendix B. O
Corollary 1.5. Within the framework of Theorem 1.4,
BB (gh 0 7J(EO)
X (f}[h “1 &;) LN (5*)( .23 as H>3hlO0,
Wt 2y = X3) — Jeo
where Xg is given by (1.7).
Proof. For h € H,
Wy €\ _ (e~ ) ()
R (X2 = XY) h= (21 — X RO = x9)
By Lemma A.3(i),
hB(eh — €0 (60)
(& =& — — ( as H>3h]O.
RO = x0) f
Combining this limit with Theorem 1.4 yields the desired result. O

Some comments are in order.

Remark 1.6. (i) Unlike the non-asymptotic controls derived in [11, Theorem 2.7|, which are
valid for all g € (0, 1], the CLTs above are only valid for 5 € (%, 1].

As in [11], the bias parameter h € H is used to control the bias error, the iterations amount
and the convergence speed of NSA altogether.

Note that in Corollary 1.5, the bias parameter h € H tends to 0 while simultaneously the
SA iterations amount n = [h~2] tends to oo.

While the ES converges in O(h) for any g € (%, 1} , the VaR converges in O(h?), only reaching
optimality at 5 = 1. This comes at the cost of an additional non trivial constraint on 1
stipulating that A\y; > 1, the value of A\ being inaccessible in view of (1.6). Such restriction
is classical in the stochastic approximation literature [13].

(ii) The VaR error’s variance factor in (1.7) is affected by the choice of ;.

When g € (%, 1), this factor is linear in 71, suggesting to take v; small. But, by (1.4),
lim., 0 gh = 56‘, i.e. the algorithm does not learn for too small a value of ;. A fine-tuning

of 41 must therefore be carried out.

The optimal setting 5 = 1 affects this factor differently While it evolves in O(;) for ;1 1 oo,

it evolves in O ((fy l—a )_ ) when 71 | 5 f 50)7 reflecting a high numerical instability.

2JCX (E*)

l1—a a(l-a)

Txo (€0 to set this factor to its minimum Tx, €07 is infeasible as neither fx, nor
€9 are a priori accessible. Hence an upstream ﬁne—tunlng of ~1 is required.

Taking v; =



(iii)

(iv)

The ES error’s variance factor is independent of v, reflecting a stronger numerical stability
for the ES estimation. This is to be nuanced, as ES dependency on =7 is dissimulated in
secondary error terms in (B.8) that vanish faster than the main martingale component giving

the CLT 1.5.

The choice g = 1 affects the quality of the ES estimation, as the off-diagonal terms correlate
positively the numerical instability of the VaR with the ES.

Although analytic, the covariance matrix (1.7) is not computable, as it depends on fx,,
€% and X! that are a priori unknown. It must therefore be statistically estimated using
several samplings of the renormalized estimation errors, in order to get confidence regions.
Alternatively, as in [8, Remark 3.4|, the ES variance factor can be estimated using the Monte
Carlo approximation

(2] (2]

gy 0 (5 )~ (G X )
k=1 k=1

Var ((Xo — €)1) ~

Besides, fx, could be kernel-fitted by a th so that e.g. fx, () ~ th (fiﬁrﬂ)‘

Remark 1.7. (i) |29, Theorem 1] provides a two-time-scale CLT for the unbiased case where

(iii)

(iv)

exact simulations of X are assumed to exist. Note that plugging a biased estimator X
therein does not achieve the sought concurrent control on the bias and iterations amount,
as elaborated in Remark 1.6(i).

Besides, our method avoids the requirement of [29, Assumption A4(iii)| that the martingale
in Step 7 of Theorem 1.4’s proof, Appendix B, which controls Corollary 2.3, be %—integrable.

We also refer to [28, Theorem 4.1] on a two-time-scale unbiased CLT, with a linear depen-
dency on the iterates for the update rules.

[9, Theorem 1.3] relies on [29, Theorem 1] to analyze a two-time-scale VaR-ES unbiased
scheme. Unlike (1.5), their ES recursion writes

+1
W1 = (1= b )X + b K¢ i, (1.9)

echoing the ES definition (0.1). The {¢),k > 1} are supposingly iterates produced by (1.4)
by swapping X} with an exact simulation of X and the {b,,n > 1} are damping weights.

The techniques employed in the aforementioned literature linearize the statistical error into
a martingale and a drift terms. An L?(IP)-control guarantees that the drift vanishes faster
than the martingale, which in turn yields the CLT via Lyapunov’s theorem.

Due to our nested strategy, the linearization derived in Appendix B entails two martingale
and two drift terms. The first pair of drift and martingale terms deal with the effect of the
bias parameter h and the second one concerns the iterations amount n = [h~2].

Besides, we invoke the celebrated martingale arrays CLT [27, Corollary 3.1], a doubly indexed
generalization of Lyapunov’s theorem that nicely suits our multilevel analyses in subsequent
sections.

In a different direction, [10, Theorem 2| proves the convergence of a stochastic mirror descent
algorithm for portfolio optimization under an ES constraint with the presence of a time
discretization bias. The biases are assumed to be adaptively controlled by bias parameters
{hn,n > 1} such that Y ° | h, < co.

This is not the case with our scheme. Although the CLT varies both the bias and iterations
amounts, running the algorithm fixes a single h throughout all iterations. We refer to
Remark 1.9(ii) for further comments in this regard.



(v) [18, Theorem 2.7] presents a biased CLT similar to ours, however, it relies on the mean-
reverting property [18, Assumption (HMR)], stipulating that the objective function being
minimized is strongly convex. This is not the case with (1.1). Moreover, the aforementioned
result concerns only the VaR component of our NSA scheme.

1.2 Complexity Analysis
Next, we discuss the complexity of NSA stemming from our CLTs.

Theorem 1.8. Let ¢ € (0,1) be a prescribed accuracy. Within the framework of Theorem 1.4,

setting
1 1 9
h= —~¢ehf and n=I[h"7]

7]

I
-1
ml
wl
J—
[N}
2
(O]

achieves a convergence rate in distribution for the NSA scheme (1.4)-(1.5) of order € as € | 0.
The corresponding complexity satisfies

8 _3
Costyga < Ce B

for some positive constant C < co. The optimal complexity, reached for 5 = 1 under the constraint
Ay1 > 1, satisfies
Costl,, < Ce™3.

Proof. The complexity of NSA satisfies

COStgs,A < C%a

for some positive constant C < oo. By Corollary 1.5, the convergence rate of NSA, with bias
parameter h and iterations amount n = [h~2], is of order A as H > h | 0. The result follows by
setting h such that h? < e. O

Remark 1.9. (i) As in Corollary 1.5, NSA’s optimal complexity is achieved when 8 = 1, under
the constraint Ay; > 1.

(ii) As noted in [11, Remark 2.9], unlike our NSA scheme, [5, Algorithm 1] uses a single time
scale for both the VaR and ES and, at the n-th iteration, uses a bias parameter h,, such that
H>h,l0asnToo.

Although their approach results in an unbiased CLT [5, Theorem 3.2| (relying on [17, The-

orem 2.1]), it scores a complexity of order e~4.

As supported by Corollary 1.5 and Theorem 1.8, our NSA scheme of single bias parameter
h, not only achieves optimal convergence rate for the ES due to the two-time-scale strategy,

but also runs in e~3 computational time.

2 Averaged Nested Stochastic Approximation Algorithm

According to Theorem 1.4 and Corollary 1.5, the best CLT convergence rate is achieved for g =1,
i.e. by setting v, = yn~! for the VaR NSA scheme. This choice is only possible under the
additional constraint Ay; > 1, where A is an explicit yet inaccessible constant (1.6). In practice,
1 must be fine-tuned, adding a computational burden to the algorithm’s usage.

To bypass this tuning issue, we explore the effect of the Polyak-Ruppert averaging principle [30,
18, 33] on the VaR NSA scheme. We follow in the footsteps of [18, 5| and define, for a bias
parameter h € H, the averaged VaR estimator

A 1\-h 1,
Gt = (e e nz 2



where Eg = 0 and {¢",n > 0} are obtained via the NSA scheme (1.4) with step sizes {7, =

’Yln_ﬁan > 1}7 M > 07 /8 € (%7 1)

Remark 2.1. Unlike [5, Theorem 3.3|, we do not average out the ES NSA estimators {x?, 0 <n <
[h=2]}, inasmuch as in view of Theorem 1.4, their convergence rate of order h is already optimal

and their variance factor is independent of ;.

2.1 Convergence Rate Analysis

Theorem 2.2. Within the framework of Theorem 1.4, if yp =yn 2, n>1,v >0, B € (%, 1),

then
A
R S N0,S) as Ho RO,
h _h
X[h—21 ~ X«
where
a(l—a) a E[(Xo—£9)7*]
3 _ Fxq(€9)? I—a  fx,(£9)
M =
o E[(Xo—€D)T]  Var((Xo—£(D)T)
I—a  fx,(€9) (1—a)?

Proof. See Appendix C.

Corollary 2.3. Within the framework of Theorem 2.2,

Ehh_g o 60 r _Lg) .
hl [h=2] ol =N N Fxo (&%) DY as HIh]O,
X2 = X3 — Jo e

where X is given by (2.2).

Proof. For h € H, we decompose

—h ~h
Ep-n =&\ (& — & N g - ¢
X1 = XY X2 = X& X = xd
By Lemma A.3(i),
é-h o gO v(£9)
R ] o = Pl as H3hLO.
X = J& 1&g

Using Theorem 2.2 and the above result concludes the proof.

Let us comment the obtained CLT.

(2.2)

Remark 2.4. (i) Unlike NSA, ANSA scores a convergence speed in O(h) for both the VaR and
ES, for any g € (%, 1). The choice of 8 in the range (1 1) is free of any constraint on the

2
choice of ;.

(ii) The covariance matrix (2.2) is independent of 71, reflecting a strong numerical stability for

ANSA. The VaR and ES estimates remain nonetheless asymptotically correlated.

The optimal variance factor for the NSA VaR estimate, derived in Remark 1.6(ii) for g = 1,

coincides with ANSA’s variance factor for the VaR.

The ES variance factor is identical for both NSA and ANSA, since ANSA reuses the ES NSA

scheme.



(iii) Although the covariance matrix (2.2) is not computable, it is approximatable. See Re-
mark 1.6(iv) for additional comments as well as an estimation formula of the ES variance
factor.

Remark 2.5. (i) |9, Theorem 1.3] analyzes a two-time-scale unbiased algorithm where the ES
update injects the averaged VaR estimator into (1.9). We refer to Remarks 1.7(i)-(ii) on the
suitability of such result to our biased case. The technique used to prove the aforementioned
theorem relies on a spectral analysis of the algorithm’s linearization, coupled with a tightness
study of its diagonalized interpolation.

We also refer to [20] for non-asymptotic analyses of Polyak-Ruppert stochastic algorithms
for strongly convex as well as globally Y.ojasiewicz functions with a f.ojasiewicz exponent in

1
[0,3].
(ii) [18, Theorem 2.8| establishes a CLT for biased Polyak-Ruppert schemes under a mean-

reverting property [18, Assumption (HMR)] that only deals with the VaR component of our
ANSA scheme.

(iii) See Remark 1.9(ii) for a comment on the absence of a bias in [5, Theorem 3.3| and its reliance
on the unbiased averaged CLT [17, Theorem 3.2].

2.2 Complexity Analysis

Theorem 2.6. Let ¢ € (0,1) be a prescribed accuracy. Within the framework of Theorem 2.2,

setting
1

BGH
achieves a convergence rate in distribution for the ANSA scheme (2.1)-(1.5) of order € as e | 0.
The corresponding complexity satisfies

h ~e and n=T[h"?]=[e? ~e?

Costansa < Ce™? )

for some positive constant C' < co.

Proof. The complexity of ANSA satisfies
Costansa < C%a

for some positive constant C' < oco. By Corollary 2.3, the convergence rate of NSA with bias
parameter h and iterations amount n = [h=2] is of order h as H > h | 0, hence the result by
setting h such that h <e. O

Remark 2.7. Theorems 1.8 and 2.6 reveal that, unlike NSA, ANSA achieves a complexity of order
£73 regardless of the value of B € (%, 1). This allows to circumvent the constraint on ; that
appears for the NSA scheme in the optimal case § = 1.

3 Multilevel Stochastic Approximation Algorithm

Viewing the complexity of order e =3, that is attained by NSA and ANSA, as a baseline for biased
VaR and ES estimation, [11] suggests to adopt a multilevel strategy to further reduce it to an
order of e~ 219 for an adequate & € (0,1). In this section, we present an MLSA scheme for
estimating the VaR and ES, then state an associated CLT before studying its complexity.

Let hg = % € H. For some fixed integer M > 1 and a number of levels L € N* we define the
bias parameters

ho 1 L+1
= — = — <y < .
{he=1h == 0<t<L}en

9



Rather than simulating the biased solutions ff L and XEL as NSA and ANSA do, MLSA simulates
their telescopic summations

L
hy_
he = gho +Zsi” — & (3.1)

hL:X* +ZX _ (3.2)

Indeed, following [11, 18|, assuming the F' X, continuous and increasing for all £ > 0, for a sequence
of positive integer iterations amounts N = {N;,0 < ¢ < L}, the MLSA estimators of the VaR and
ES are given by

ML ho, _l_Zghz, hz 1.€ , (33)
h h he_1,
=0+ ZX AV (3.4)
Each level 0 < ¢ < L is simulated independently. First, we simulate the level 0 pair (55{%’ ,X%’O’O)

using Ny iterations of the NSA scheme (1.4)-(1.5) with bias hg. Then, at each level 1 < ¢ < L,

ii.d.

given innovations {(X )1 E,X,S )é) 1<n <N} = (Xp, 0 Xny ), for j € {£—1,0}, we perform
Ny iterations of the dynamlcs

by hj b hil < (n
&y =&’ —7n+1H1(§ ! X(.H)% (3.5)
hi ot B n
Xnil =xn - 7_|_ 1H2( afn , X .+1)), (3.6)

he 17 4

starting from real-valued random variables &, , §h" and th,l, = th, = 0, the pair (fhé v g"e)

being independent from {(X n)l Z,X,(Ln)g) 1 <n < Ng}. Note importantly that X, |, and Xp,
must be perfectly correlated in the followmg sense: after computing Xp, , , via

KM271

1 k
Xne = g 2 $V20),
k=1

ii.d.

where {Zék),l < k < KM} "X Z are independent from Y, ~ Y Xh,0 is computed by
sampling additional random variables {ng),K Ml < k< K Me} =z independently from

{ZzV 1 <k < KM*'} and Yy, and taking

1 1 Ly (k)
Xyt = MXhe Wiay KM k_K%_lJrl (Y, Z, )-

3.1 Convergence Rate Analysis

Lemma 3.1. Suppose that (Y, Z) € L*(P).
(i) Then,

w\»-‘
w\»—‘

hy 2 (Xn, — Xn, ) = Gy -5 G = (M = 1) Var(o(Y, Z)[Y))2N  as {1 oo,

where M ~ N(0,1) is independent of Y.

10



(i) Assume that, for all £ > 1, FXh[fl‘Ge is IP-as continuously differentiable with derivative
thé71|Gé, and that {(z,g) — the71|Gf:9($)’£ > 1} are bounded uniformly in £ > 1 and
converge locally uniformly to some bounded and continuous function (x,g) — fq(x). Then,
for any € € R,

by E[|x, »¢ — 1x,, s¢] = E[GIfa(&)] as (1.

(iii) Assume that Fx, is continuous. Then, for any £ € R,

[ I

h; ((th - €)+ - <Xhé71 - §)+) i> ]1X0>§ G as E T 0.

Proof. See Appendix D. O

Remark 3.2. The framework of Lemma 3.1(ii) strengthens that of [11, Proposition 3.2(ii)| (recalled
in Lemma G.1(ii)) by supposing the existence and convergence of pdf for the conditional laws
Xh,_, | Ge, £ > 1. As shown in Step 9 of Theorem 3.5’s proof, Appendix E, such framework allows
to retrieve an asymptotic distribution for the martingale part of the VaR error decomposition
(E.1). While remaining weaker than [25, Assumption 2.5], it reaches optimal complexity according
to [11, Remark 3.3 & Theorem 3.9(i)].

Assumption 3.3 (|11, Assumption 3.4|). There exist positive constants C,dy < oo such that, for
any h € H and any compact set I C R,

sup | fx, (€) = fxo(€)] < Chi+o,
Eex

Remark 3.4 (|11, Remark 3.5]). Assumption 3.3 relaxes the postulate of |24, Proposition 5.1(a)].

We state below a CLT for the MLSA scheme. According to context, we use the notation N
to designate both N, and [Nﬂ interchangeably.

Theorem 3.5. Suppose that the frameworks of Theorem 1.4 and Lemma 3.1(ii) hold and that
Assumption 8.3 is satisfied. If v, = yn P, n>1, v >0, B € (%,1], with Ay1 > 1 if B =1,
then, setting

2L N g s
Ny=h,"° ( > hﬁ“*‘”) R 0<e<L, (3.7)
=0
1t holds that
i et
_1_ 281 i>J\/(0,21234L) as L1 oo,
hy B~ AB(1+A) (X%L _ Xf*zL)
where Yt =
NE[Glfc (D)) 0
(1—a)(2fx (€0)—(1=a)y; "1p=1)
2B8—1_ 28—1 1
g (M 2OFE) 1) P (ot Var(Xp, —€0)+) | Var(ly 0 G)\ |
0 (I—a)? ( 38—1 + 25—1 )
M 2B8(+8) M2(1+8) 1
(3.8)
with G being defined in Lemma 3.1(i).
Proof. See Appendix E. O

Remark 3.6. (i) As noted in Remark 1.2(i), while the L?(P)-controls of [11, Theorem 3.6] are
available for all 5 € (0, 1], the CLT 3.5 is rather available for g € (%, 1].
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(i)

(iii)

(vii)

We used in (3.7) the optimal iterations amounts for the VaR MLSA scheme according to [11,
Theorem 3.9(i)]. They were obtained by optimizing the MLSA complexity while constraining
the VaR estimation error to a prescribed accuracy e.

28—1

1
The VaR and ES evolve at different speeds: in O(hp) for the VaR and in O (h£+4ﬁ(1+ﬁ)) for

9
the ES as L 1 0co. The optimal ES convergence speed in O (h i) is attained for 8 = 1 under
the condition Ay, > 1.

The VaR variance factor depends on v; in the same way the NSA covariance matrix (1.7)
does (Remark 1.2(ii)).

To ensure the additional condition Ay; > 1 in the optimal case 5 = 1, a rule of thumb would
be to choose 7; large enough with regard to the variables of the problem. But this is not
satisfactory, inasmuch as the VaR component of the covariance matrix ¥ in (1.7) evolves in
O(v1) for 41 large, damaging the algorithm’s convergence.

Setting it too small blows up the VaR convergence factor, as it evolves in O ((71 — 2]‘%(020)) _1)
0 \Sx%

: l—«
Such a behavior translates a high numerical instability for the VaR estimation, as has been

observed empirically in [11]. The optimal 7, although explicit, is not calculable since the
value of fx,(£2) is inaccessible. Thus v; must be carefully fine-tuned via a grid search.

The ES variance factor depends on § and is minimal for § = 1. It is independent of ~;, which
should entail a strong numerical stability of the ES MLSA scheme, as observed empirically
in [11].

The ES variance factor is composed of two terms: the first one stems from the initial level

¢ = 0, dependent on Xj,, and €M and the second one stems from the asymptotic behavior
of the algorithm, dependent on G, Xy and &Y.

Setting ho sufficiently small should help reduce Var((Xp, — £/)%), hence the impact of
the initial level simulation on the ES variance. However, as clarified in Theorem 3.7, for a
prescribed accuracy € € (0,1), hg must be floored by ¢, and L set as in (3.11). Reducing hg
would consequently reduce L, hence exiting the asymptotic regime. hgy should therefore be
fine-tuned. See [18, Remark 2.6| for further comments on setting hy.

The VaR-ES asymptotic MLSA correlation is null, which is linked to the speed differential
between the VaR and ES. It expresses an independent behavior of the VaR and ES as L 1 co.
The strong stability of the ES is thus hardly affected by the instability of the VaR. This
may seem surprising since the scheme (3.6) clearly incorporates the VaR estimates in the
ES approximation. However, it can be explained by the robustifying effect of the averaging
property of the ES estimates (3.6).

The covariance matrix (3.8) is not calculable, as so many unknowable variables intervene in
its definition. It should consequently be estimated using multiple runs of the MLSA scheme.

The ES variance factor could notwithstanding be estimated by approximating Var((Xp, —
€Mo)+) as in (1.8) with

LS (x2S o 4
Var((Xng —&)") ~ 3 3 (6, —€§207)" - (NODXho - kzm) ,

G with



and Var(1 x,~¢0 G) with

(viii) [18, Theorem 2.11| establishes a CLT for biased multilevel schemes under a mean-reverting
property [18, Assumption (HMR)| that only concerns the VaR component of our MLSA
scheme. Additionally, the martingale array studied in the proof of the aforementioned theo-
rem is different from the one in Step 9 of the proof of Theorem 3.5, Appendix E. Indeed, due
to the discontinuity of the gradient Hy (1.3), the summation order of the martingale array
had to be swapped to allow invoking the CLT for martingale arrays |27, Corollary 3.1].

3.2 Complexity Analysis
The global error of the MLSA scheme (3.3)-(3.4) decomposes into statistical and bias errors:

N €)= (N - &)+ (g - €)), (3.9)
XN = (R =) + (0d = xD). (3.10)
Theorem 3.7. Let € € (0,1) be a prescribed accuracy. Within the framework of Theorem 3.5, if
ho > €, then, setting
_ [In(ho/e) [Ine|
L= { mM | InM (3:.11)

achieves a global convergence rate in distribution for the MLSA scheme (3.3)-(3.4) of order € as
€ 1 0. The corresponding complexity satisfies

_1-3
Costf,[LSA <Ce 7 28,

for some positive constant C' < co. The optimal complexity, reached for 8 = 1 under the constraint
Ay1 > 1, satisfies

5

Costl oy < Ce o,

Proof. The complexity of MLSA satisfies
L
Ny
COStl\/B/ILSA < C; EJ

for some positive constant C' < oco. In view of (3.9)-(3.10), Lemma A.3(i) and Theorem 3.5
guarantee that the convergence rate of the MLSA scheme is of order h; as L T oo. Thus,
to achieve an error of order e, we must choose hy < e, hence (3.11) follows. The remaining
complexity computations are standard and are thereby omitted. O

Remark 3.8. MLS5A is computationally optimal for 8 = 1 under the condition Ay; > 1. It runs
optimally in O(e™2) time, an order of magnitude faster than NSA and ANSA that run optimally
in O(e73) time.

4 Averaged Multilevel Stochastic Approximation Algorithm

As shown in Theorem 3.7, the MLSA scheme (3.3)-(3.4) is optimal for § = 1 under the non trivial
constraint Ay; > 1. The hyperparameter vy; must be carefully fine-tuned, adding a significant
tuning phase to MLSA’s execution time. To address this limitation, we look into applying the
Polyak-Ruppert averaging principle to the multilevel paradigm.

13



For each level 0 < ¢ < L and j € {(£ — 1), ¢}, setting g‘gj’ﬁ = 0, we consider the estimate

E’]\;f calculated by averaging out the simulations {fﬁj’e, 1 < n < Ny} from (3.5). The AMLSA
estimator of the VaR is defined by

e =En +Z£h@’ e, (4.1)

4.1 Convergence Rate Analysis

Theorem 4.1. Suppose that the framework of Theorem 3.5 holds and that dy > %. If v = yin =P,
n>1,v>0,0¢ (%,1), then, setting

L1\ s
Ngzhf(Zhe,“)h;, 0<(<L, (4.2)
0'=0
it holds that
ht —
_Lg (fN *h ) £, N(0, EML) as L7 oo,
hy,® (N = X+
where
( E[g?(lfc(ff)}m) 0
<ML l1—a)?(1-M~—
b = —3/8(1 M- 1/4)1/2Var((Xh _ h0)+) 1/4Var( X0>50G) y (43)
0 (1-a)? (1—a)2M1/4
with G being defined in Lemma 3.1(7).
Proof. See Appendix F. O

Remark 4.2. (i) The iterations amounts in (4.2) are determined in Appendix G.2.

(ii) In contrast with classical Polyak-Ruppert type algorithms, Theorem 4.1 does not support
all g € ( ) but instead restricts 3 to ( , ) The lower threshold on the admissible values
of 5 manifests when studying the statistical error of the VaR.

(iii) The convergence rate for the VaR is in O(hy,), as with MLSA. The convergence rate for the

0
ES is in O(h}) for any 5 € (%, 1), without any extra condition on -;. This rate matches
the optimal convergence rate of the ES MLSA scheme, albeit with the additional constraint
Ay > 1.

(iv) As with MLSA, the ES variance factor is composed of two terms, the first one affected by
the level 0 simulations and the second one affected by the asymptotics of the ES. A careful
fine-tuning of hg is hence necessary to reduce the impact of the initial level simulation on
the ES. See Remark 3.6(v) for complementary comments in this regard.

(v) The asymptotic covariance matrix is independent of v; (and ), suggesting numerical sta-
bility for the VaR and ES estimations for any 5 € (%, 1). It also suggests asymptotic
decorrelation of the VaR and ES schemes, reinforcing their robustness.

(vi) The covariance matrix (4.3) is not determinable numerically, but it is estimatable using
multiple runs of the AMLSA scheme.

The ES variance factor could be estimated with the help of the formulas detailed in Re-
mark 3.6(vii).
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4.2 Complexity Analysis

Recalling the ES global error decomposition (3.10), we decompose similarly the VaR’s global error
into a statistical and a bias error:

—ML —ML

En — & = (&n — &) + (g = &), (4.4)

Theorem 4.3. Let e € (0,1) be some prescribed accuracy. Within the framework of Theorem 4.1,
if ho > €, then, setting L as in (3.11) achieves a global convergence rate in distribution for the
AMLSA scheme (4.1)-(3.4) of order € as € | 0. The corresponding complexity satisfies

_5
Costamrsa < Ce™ 2,

for some positive constant C' < oo.

Proof. The complexity of AMLSA satisfies
L
Ny
Cost <C —
OSTamLsa = ZZ: he

for some positive constant C' < oco. Lemma A.3(i) and Theorem 3.5 guarantee that, with regard
o (4.4)-(3.10), the convergence rate of the AMLSA scheme is of order hz as L 1 co. Therefore,
to attain an error of order e, we must ensure that hy < e, hence (3.11) follows. The remaining
cost computations are standard and are therefore skipped. O

Remark 4.4. The complexity of AMLSA is independent of § € (g, 1) and bears no additional
condition on y; > 0.

To ease comparison, the previous convergence rate and complexity results are gathered in
Tables 1 and 2.

) Convergence Rate )
Algorithm CLT Conditions

VaR ES

H>hl0, B€e(3,1],
with Ayp >1if =1
ANSA (2.1)-(1.5) | Corollary 2.3 | h h H>hl0, B€(31)

P = A L m7 e l7 1 )
MLSA (3.5)-(3.6) Theorem 3.5 | hr h%+4/?(61+1ﬁ) froo, f € (3.1]

NSA (1.4)-(1.5) Corollary 1.5 | h? h

with Ay > 1if B =1
AMLSA (4.1)-(3.6) | Theorem 4.1 | hy, h$ Ltoo, Be(5,1)

Table 1. Summary table of the convergence rate results. h € H is a bias parameter and L is a
number of levels.

Algorithm Complexity Theorem Complexity
NSA (1.4)-(1.5) Theorem 1.8 e 7, Be (1], with Ay > 1if f=1
ANSA (2.1)-(1.5) Theorem 2.6 e 3, Be (3,1
MLSA (3.5)-(3.6) Theorem 3.7 e17%5, Be (L,1], with Ay > 1if =1
AMLSA (4.1)-(3.6) Theorem 4.3 5_%, B e (%, 1)

Table 2. Summary table of the complexity results. ¢ € (0,1) designates a prescribed accuracy.
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5 Financial Case Study

The goal of this numerical study is to check and compare empirically the validity of the Corollar-
ies 1.5 and 2.3 and Theorems 3.5 and 4.1. For benchmarking purposes, we consider a numerical
setting that allows to retrieve the VaR and ES of a financial loss either analytically, using an
unbiased scheme or using a biased one like the ones studied in the previous sections. The code
for this numerical case study is available at github.com/azarlouzi/avg_mlsa.

The risk-free rate is  and derivative pricing is done under the probability measure P. We
consider a swap of strike K and maturity 7" on some underlying (FX or interest) rate. The swap
is issued at par. The rate’s risk neutral model {S;,0 <t < T'} is a Bachelier process of inital value
So, drift k and volatility . The swap pays at coupon dates 0 < T; < --- < Ty = T the cash flows
AT;(St._, — K), where AT; = T; — T;_1 with Ty = 0. The swap’s nominal N is set such that each
leg is worth 100 at inception. For ¢ € [0,T], we denote i; the integer such that ¢t € [T;,_1,T;,), if
t €[0,T), and +oo otherwise.

Hence

t
dS; = kSdt + odWs, ie. Sy = Spe™ +o / e = qw,, (5.1)
0

where {W;,0 < t < T} is a standard Brownian motion.s The fair value of the swap at time
te]0,7T]is

NIE[Ze "= AT(ST,_, — K)

1=1t

}"t} |
The loss at some short time horizon § € (0,77) on a short position on the swap is
Xo=e "p;.
We are interested in retrieving the VaR ¢{ and ES x? of such a position, at some confidence
level a € (0,1).
5.1 Analytical and Simulation Formulas
The swap being issued at par, i.e. Py = 0, it follows that

_ Z;jzl e—rTi A]‘; eHTi—l
K = Sy&i=L
2lim1 e AT,

(5.2)

Note that i5 = 1, so that, by (5.1)-(5.2) and the fact that + f06 e ™AW, ~ N (0, f06 e~ 2rsds),

L — 1-— 672’%6 d T T
Xo=nY, where n=No —o e AT e it (5.3)
i=2

and Y ~ N(0,1) is independent of {W;,0 < ¢ < T}. This allows to simulate X, exactly.
The values of £ and x? can be obtained analytically. Indeed,

=P(Xo < &) =Py <¢), ie &=nF"(a), (5.4)
where F' denotes the standard Gaussian cdf. Likewise,

X = ElXolXo 2 €] = T BV Lysgl,  ie 0= =f(), (5.5)

where f designates the standard Gaussian pdf.
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We also have

_ d Ti 1
X = NUE[ZeTTiATi e Tim1 / e rsdW, f(;} £ Elp(Y, 2)|Y],
i=2 0
where
1— 6_2“5 1
Y=/ Ug~ £ [ AW,
2
K 0
1 — o—2x(T1—0) T
1=\ ——— Ui ~ :I:/ e AWy,
2K FY
1 _ e—?/iATi T;
Z; = ini/ AW, 2<i<d-—1,
2K T, 4
- d i—1
oy, z) = NaZe_rTiATl- i1 (y + Z zj>, yeR,z=(z1,...,2q-1) € R&L
i=2 j=1

ii.d.

with {U;,0 < i <d—1} "< N(0,1). On this basis, X}, can be simulated as

K
1
- = (k)
X = g et 2)

where h = & € H# and {Z®),1 < k < K} '~ Z are independent from Y.

5.2 Numerical Results

We aim to compare numerically the asymptotic error distributions of the schemes introduced in
Sections 1-4. We fix a small prescribed accuracy € € (0,1), set h as in Theorems 1.8 and 2.6 for
the NSA and ANSA schemes and set L and N = {Ny,0 < ¢ < L} as in Theorems 3.7 and 4.3
for the MLSA and AMLSA schemes. We run each scheme 5000 times and plot the corresponding
joint distributions of the renormalized (VaR,ES) estimation errors as in Corollaries 1.5 and 2.3
and Theorems 3.5 and 4.1. The unbiased SA and averaged SA (ASA) schemes of |8, Theorem 3.4]
and [2, Theorem 2.4, that are based on simulating the loss Xy exactly via (5.3), are also run for
benchmarking purposes. But, unlike |2, Theorem 2.4], we do not average out the ES component.
Qualitatively however, the resulting outputs should be comparable.

For the case study, we set So = 1, r = 2%, k = 12%, 0 = 20%, T = 1year, AT; = 3months,
d = 7 days and o = 85%. We use a 30/360 day count fraction convention. (5.4) and (5.5)
yield €9 ~ 2.19 and x? ~ 3.29. The biased risk measures ﬁfL and XilL needed for the CLTs of
Theorems 3.5 and 4.1 are computed by averaging out 200 outcomes of the NSA scheme with bias
h = hy, and n = 10° iterations, yielding ffL ~ 2.17 and XLLL ~ 3.41. We set ¢ = ﬁ and  =0.9
for all six SA schemes. The choice of 3 is such that it is in the interval (%, 1) for which Theorem 4.1
is proven. It is equal for all schemes to allow comparison. We adopt {7, = 1 x n7%9 n > 1} for
the unbiased SA and ASA algorithms, {7, = 0.1 x (250 +n)~%% n > 1} for the NSA and ANSA
algorithms, and hg = 55, M = 2, L = 3 and {v, = 0.1 x (1500 + n)~%% n > 1} for the MLSA
and AMLSA algorithms. We also compute the theoretical ES variance factors given in the CLTs
via the Monte Carlo formulas in Remarks 1.6(iv) and 3.6(vii).

For each algorithm, we fit a bivariate Gaussian pdf on the renormalized estimation errors. The
parameters of the fitted Gaussian laws are reported in Table 3. We use the obtained Gaussian
covariance matrices to derive confidence ellipses at 95%, using the formulas given in [14]. Figure 1
plots, for each algorithm, a 95%-confidence ellipse and Gaussian marginals of the joint distributions
of the renormalized (VaR, ES) estimation errors. We also plot in black crosses the ES Gaussian
laws estimated by Monte Carlo, and report the corresponding variances in Table 4.

17



B 02s

a
-150
-175
-200

-225

2] -x%

-250

-275

h1(xS,

-300

-325

-350

20

°

P
hy I (b iy

L

]
N
8

1

Unbiased SA Averaged Unbiased SA

— it
X MC

-25 0.0 25 5.0 75 10.0 125 15.0 0.25 05 o 5 _10 15 20 0.25 0.5
h=P(Efh-2 — £9) pof h=2 (&2~ €9) pof
Nested SA Averaged Nested SA

10 025 05 -15 -10 10 025 05

0 5
hP(Ef, 2~ €9) pf

— fit Enzs — fit
X MC X MC

Multilevel SA

40
20
l ;
> 0
|
Sz
=
oF
L
<
l =
-40
-20 0 20 40 025 05 -40 -20 0 20 40 025 05
hiMEn —€0) pdf hrHE - €M) pdf

Figure 1. Joint distributions of the renormalized VaR and ES estimation errors.
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Unbiased SA Averaged Unbiased SA
5.84 4.94 4.70 10.55 14.54 8.65
— R 2 = M = 5 E =
—25.69 4.70 12.55 —25.69 8.65 12.55
Nested SA Averaged Nested SA
2.06 4.38 2.62 —2.80 18.00 3.46
n = y Y= M= 5 Y=
5.78 2.62 14.33 5.78 3.46 14.34
Multilevel SA Averaged Multilevel SA
8.47 12.30 10.82 —7.44 16.13  12.65
n = ) Y= n= ) Y=
—12.01 10.82 264.10 —6.22 12.65 274.30

Table 3. Empirical means (u) and covariances (X) fitted on the renormalized VaR-ES estimation
errors in Figure 1.

Scheme [ SA | ASA | NSA | ANSA | MLSA | AMLSA

Fitted | 12.55 | 12.55 | 14.34 | 14.34 | 264.10 | 274.30

MC 12.61 | 12.61 | 15.28 | 15.28 | 292.50 | 269.39

Table 4. Comparison of empirical and Monte Carlo estimations of the ES variance.

Qualitatively, the fitted joint distributions appear centrosymmetric and unimodal for all algo-
rithms, suggesting a Gaussian behavior in line with the CLTs proven in the previous sections and
with [8, Theorem 3.4 and |2, Theorem 2.4]|. This Gaussianity is further endorsed by the marginals’
histograms that match the overlayed bell curves. Unlike Theorem 1.4, the axes tilt of the fitted
ellipse on NSA suggests some asymptotic correlation between the VaR and ES. This may be due
to the choice 8 = 0.9 that is too close 1, where correlation theoretically exists. By contrast, con-
sistent with the Theorems 2.2, 3.5 and 4.1, the ANSA algorithm shows an asymptotic correlation
between the VaR and ES, while the MLSA and AMLSA algorithms display barely any. Finally,
as noted for the NSA algorithm, the unbiased SA and ASA algorithms present some asymptotic
correlation, that may stem from the closeness of the pick § = 0.9 to 1, for which correlation occurs.
Numerically, the averaged algorithms turned out significantly more stable than the non-averaged
ones. In particular, they required much less time to parametrize the step size initialization ~;.

Quantitatively, the off-diagonal correlation term may not be null as Theorems 1.4, 3.5 and 4.1
show, but it remains of low magnitude with respect to the diagonal values. The biases in MLSA
and AMLSA may reflect unattained asymptotic regime, but they remain also an order of magni-
tude lower than the covariance diagonal terms. The VaR MLSA variance is small due to the choice
of a learning rate with small initialization -, as predicted by Theorem 3.5. Table 4 demonstrates
that the ES variances predicated by our CLTs match quite accurately the empirically observed
ones.

Conclusion

In [11], a nested stochastic approximation algorithm for VaR and ES estimation, as well as a
multilevel acceleration thereof, were presented and compared in terms of non-asymptotic L?(PP)-
errors. The present article complements the aforementioned one by analyzing the corresponding
asymptotic error distributions, as required for delimiting VaR and ES trust regions and confidence
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intervals. Further averaged extensions of these algorithms are also presented and shown to achieve
better convergence rates than their original counterparts. A financial case study where exact VaR
and ES values as well as unbiased SA schemes are available for benchmarking purposes, supports
our theoretical findings.

All things considered, the analyses in this paper hint at resorting to a multilevel scheme rather
than a simply nested one in order to reduce complexity, and at applying an averaged scheme rather
than a non-averaged one in order to increase numerical stability. For some prescribed accuracy
€ > 0, the optimal complexity attained by the presented multilevel algorithms is in O(e‘g). Given
a learning rate {y, =yn?,n>1}, v >0, g € (%, 1], this complexity is achieved by MLSA for
B = 1 under the constraint A\y; > 1, where the constant A > 0 in (1.6) is explicit but tedious to
compute. This complexity is also achieved by AMLSA for g8 € (%, 1), without any constraint on
M-

However, 0(67%) remains higher than the theoretical optimum of O(e72) that multilevel al-
gorithms are known for [18, 21]. This gap in performance stems from the discontinuity of the
gradient used in the updating formula (1.4), registering an O(1) error whenever the generated loss
X}, is too close to the estimate gj; but falls on the opposite side of the discontinuity with respect
to the simulation target X [26, 23|. This limitation should be addressed in future research.

A Auxiliary Results

Lemma A.1. Let {y, =yn?,n>1}, v >0, 3 € (0,1].

(i) Let {en,n > 1} be a non-negative sequence. For b > 0 and X\ > 0, if Ay1 > b when 8 =1,
then

n n
1
lim sup ’y;b Z ’y,i"'bek exp < -A Z ’yj> < ol lim sup e,

where

A if B€(0,1).
(i) For b >0 and X\ > 0, if Ay1 > b when =1, then

limsup’y;bexp < — )\ny]) =0.
j=1

o {)\—b/’h if =1 and Ay > b,

n—oo

Lemma A.1(i) is a special case of [17, Lemma 5.9] and Lemma A.1(ii) is a special case of
Lemma A.1(i).

Lemma A.2 (|24, Lemma 3.2 & Proposition 5.2|).

(i) If Ellp(Y, Z) — E[p(Y, 2)|Y]|P] < oo for some p > 1, then

E[| X, — Xp[P] < Clh—h'|2, h,h € HU{0}.
(11) If, additionally, the X}, admit pdf fx, that are bounded uniformly in h € H U {0}, then, for
any € € R,
P
]EH]th>5 — ]th,>5H < C|h — h/‘Q(l‘Hﬂ), h, heHu {O}

Lemma A.3 ([11, Proposition 2.4 & Theorem 2.7(i)]).

(i) Suppose that o(Y,Z) € L*(P), that Assumptions 1.1(i) and 1.1(ii) hold and that the pdf fx,
1s positive. Then, as H > h ] 0,

h 0__11(52) h_ 0 _ > ()
g = o), b= h [ e o)
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(i) Suppose that p(Y, Z) € L*(P) and that Assumptions 1.1 and 1.3 hold. If vy, =yin =2, n>1,
v >0, B €(0,1], with Ay1 > 1 if B =1, then there exists a positive constant C < 0o such

that, for any positive integer n,

sup E[(&); — ¢1)%] < Cy.
heH

B Proof of Theorem 1.4

We denote by C' < oo a positive constant that may change from line to line but does not depend

upon h or n. We follow a similar strategy to [18, Theorem 2.7].

Let h € H and define {F",n > 0} as the filtration given by F! = o(&8,x8) and F! =

1
o(eh b Xy, X)), >
The sequence {&",n > 0} of dynamics (1.4) decomposes into

e — el = (1 — 7 V(D) (Eh_) — €8 + yngl + vl + ypl + vnel

where

g = (V' (&) = Vil () (&h- — &b,

=V (E(Eh - — & = Vigh ),

o=Vt n—v,;(s*) (Hi(&h_y, Xy — (¢, x ™)),
h

eh )

:Vf{(g*) Hl(&fa 1(6*?X](Ln )

Hence, unrolling (B.1),

n
eh—eh = (g — M+ g1k

k=1

n n n
+ Z Wl 17}y + Z Ikt 1P + Z Ikt 1m€l,
k=1 k=1 k=1

where
n

M = ] (1= % V5'(€D)),

J=k

with the convention [], = 1.
Likewise, the sequence {x",n > 0} of dynamics (1.5) rewrites

n

1 1
Xn— Xt = - > (52—1 + E(X;(lk) - 51?—1)+) — V(&)

k.f

—Zew Zék LS

k 1

where

O =€y — € (XD — ) = () — €)) - (V) - Valeh),

(0]
G =Va(&iy) — Va(&d),

L((x® —ehy —E[(xP - ghyh)).

h _
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(B.10)



We first provide a useful upper bound on Il.,. Since limy_,, 7% = 0, there exists ky > 0 such
that (1 —v;VJ'(€2)) > 0, j > ko. Thus, using the inequality 1+ x < exp(z), € R, we obtain
that for n large enough,

n

‘Hkn‘ = ’Hk:kofl‘ H (1 - 7]Vl)//(€2))

T=kovk (B.11)

n

< [Mkskg—1 exp ( -V5E) > ’Yj) < K exp < - V5'(€) Zw)
=k

j=koVEk

where K =1V maxi<g<i, Mkro—1] exp (V7' (£2) Z] koAk 7;), with the convention Y-, = 0.
Set n = [h~2]. We study below the contribution of each term on the right hand sides of (B.6)
and (B.8) to the asymptotic estimation error.

Step 1. Study of {h_ﬁ(fg — ff)l'[lz(hfz],h € 7—[}.
By assumption and via (1.6),

16
27 VI(£9) > 2 inf V(&) > = inf A, >yA>1 if =1. B.12
Vo (&) = M inf h(60) > 3 e A = it g (B.12)

11
We deduce via the inequality ~; V[hQ_QW > hh8, (B.12), (B.ll) and Lemma A.1(ii) that

lim sup h |11, rh-21] < C’fyf hmsupfy oV ED X .
H>h|0 ntoo

suppey ElI65 1] + suppey [€1] < oo
All in all,

WAl — e 200 as H3 RO,
Step 2. Study of {h_ﬁ ZIE:l ’ykﬂkﬂsza]gk,h € H}
By Lemma A.3(ii) and (B.11),
£

11
Recalling that =% < v, 2

n
Z Vka+1:ngl}€l

| < cmge) - e oo O T,
k=1

k=1

and that 2y V'(€%) > 1 if 8 =1 by (B.12), Lemma A.1(i) yields

[h=2]
|—h 2-| 3 —2 1 1 n 3
8 20V E) 2 ~3 N 2oV E) Y
limsup h™ Z vie O g=k+1 9 < Cyf limsup vy, kae 0 (&) 2jmk1 7 < (),
H>h|0 —1 ntoo =1

Besides, by Assumption 1.1(ii), {V}' = (1 — a)~! fx,,h € H} converges locally uniformly to V{’
as H 3 h | 0. Moreover, by Lemma A.3(i), limgspy0 &P = €0, Thus limgspyo V) (E7) = V§'(€9).
Finally,
[h=2]
B ST gl S50 as H3hLo.
k=1

Step 3. Study of {h*B Z,Lh;f] 7;61'[,@“:”172]7“2, h e 7-[}
Using that V/(¢) = 0, by a first order Taylor expansion,

1
VL) = VIEM) (€ — €M) + (6 — &) /0 (VI (€8 + (€ — €M) — V(€M) at. (B.13)

22
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The uniform Lipschitz regularity of {V}” = (1 — «a)~!fx,,h € H}, by Assumption 1.1(iv), and
(B.13) yield
SuPh’eH[th/]Lip

EHTZH < 2(1 _ O[) E[(élffl—l - 65)2]7

so that, by Lemma A.3(ii),

E[|r}]] < Cg. (B.14)
Recalling that 2y, V{(€%) > 1 if B =1 by (B.12), using (B.11) and Lemma A.1(i),

] < C'limsup vy, 2 Zry o Vo €)Xk — — 0,

[h=?]
limsupEHh'B Z YViellgy1.n-217k
nfoo k=1

Hohl0 P
ie.
(2]
hBZ’Vka+1[h 2‘|Tk —(>)0 as H>h]O0.
k=1

-2
Step 4. Study of {h_ﬁ Z,[f;l 1 VkaJrl:[h—Q]PZv heH}.

Note that
E[|p}?] = E[ Var (Hi (& 1, Xy - H1<5*, N FR D]

2
< E[(Hi(8-1 X3") — Ha(l, x17))7].
By the uniform boundedness of {fx,,h € H}, guaranteed under Assumption 1.1(iv),

E[(Hy(¢!,, X}P) - Hl(ﬁf, x))?)

|

1-a)y2 E[ [ e <x®en +1 nextMaeh |
‘FXh gk 1 FXh(f*)H

SuPh’eH ”th/ lloo
- (1—a)?

l—a H xF>en T Exsen

4

=

E[(&:- — €72,

Observe that, by Assumption 1.3 and the fact that limysp0 gh=¢,

sup E[(&) — €)?) < 2(sup E[|&5°] + sup [€}[*) < oc.
heH heH heH

Thus, using Lemma A.3(ii),

El|obP?] < E[(H (€, X®) — Hi(eh, X))?] < O, (B.15)

By (1.3) and (B.4), E[p}|FI ] = 0, so that {p}, k > 1} are {F*, k > 1}-martingale increments.
Hence, via (B.15),

n 2 n n 5
| (o wtlsnnst) | = 3 R PEIAR) < 3 o M
k=1 k=1 k=1
PR
Since h=8 < ViV ey and 2y V' (€9) > 1 if B =1 by (B.12), via (B.11) and Lemma A.1(i),

[h=2] 2 noo
hmsupE[(h p Z Viellp 1. rn- 21Pk> } §Climsupfynlz»yk§e VGED X — .
H>h|0 k=1 ntoo 1
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Eventually,
[h=2] 2(p)
h™ ﬁz7knk+1[h 21pk—>0 as H>h|O0.
k=1

Step 5. Study of { [Z ;] (h 10’1 h € H}

Via (1.1) and (B.9), E[@}FP ] = 0, i.e. {0}, k > 1} are {F}',k > 1}-martingale increments.
Hence, by Lemma A.3(ii),

1 n 2 1 n
(R En)]-sEens
[Qm;k I
< 1S E[ e+ () - - (00 - )]
k=1
n—1
<O Bl - e
k=0
1 TIPS =
§C<nE[(€o - &) ]+n2%>-
k=1

Using that sup,cqy E[(£8 — €)?] < 0o and a comparison between series and integrals,

(2]

1
h Za as H>hlO.

Step 6. Study of { [Z 7 Ck,h € ’H}

Using a second order Taylor expansion, the uniform boundedness of {V}/ = (1 — ) ! fx, ,h € H}
and Lemma A.3(ii),

1 & o suppren [|.fx, lloo
| o < (

2(1 - «)

TE[(SO ZE [(&h_y —€0) ])
(B.17)

< C(\FE[(&) Zw)

By a comparison between series and integrals, hmmOo 7n py 1 v, = 0. Recalling that supj,c4 E[(£5—
£M?] < oo, we get

p-1 1 ’1 It ®
Z Ty as H>3hlO.
Step 7. Study of {(h 5Zk 1 fkakH = 21ek, M 21 Z{h i h) h e ’H}

We seek here to apply the CLT [27, Corollary 3.1] to the martingale array

[h=2] s} [h=2]
{(h_ﬁ Z Vka+1:[h*2]ek7 7] Z 77k> h e H}
k=1

Step 7.1. Verification of the conditional Lindeberg condition.
We first check the conditional Lindeberg condition. By assumption, recalling that {¢" h € H} is
bounded, we have

sup E[1X, — &[] < 27 (sup E[1X, ] + sup [¢**7) < oc.
heH heH he
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On the one hand, via (1.3), (B.11) and Lemma A.1(i), using that (2 + 0)V§'(£0)y1 > 1 + % if
8 =1by (B.12),

_ k)y |2+
lim sup Z ‘h /prka+1:|—h72-‘H1(§il7Xf(L ))‘ }
HORI0 T

n
1 é _ U n .
< 'Yl+2 246 4 sup ’Yn 1+5) 2 :,y]erée CHOVE(EN YTk i — 0,

ntoo b1
where ¢, =1V a/(1 — a).
On the other hand,
[h=2] - 245 [h=?] /
Z E[ ‘ | <con Z E[|X, - &[*] < ¢ sup E[| Xy — ! 20U,
so that
= nl 2+6
li E =0.
ey 3 El| ot ]

The two previous limits thus guarantee the conditional Lindeberg condition.

Step 7.2. Convergence of the conditional covariance matrices. N
We now prove the convergence of the conditional covariance matrices { Sy = (S}ZI’] J1<ij<2,
h e 7-[} defined by

[h=2]
_ a B
' - Z h 267£Hi+11[h_2—|E[H1(£faXh)2] == 1—a h 2’6")/[}172-'2'—}1,2]7
k=1
(hi}E ( )2 Fh |2 h7 Var (G- 697
21 M k—1 (h2] (1—a)y )
p—+8) M7
S}1L72 — Sivl = W Z ’Yka+1:"h_2-| E[@Znﬁ‘f]?_l}’
k=1

with
Z’V k+1:n- (B18)

Step 7.2.1. Convergence of {Si’l,h € ’H}
Using that limysp 0 h_%w,rg] =,

lim S,' = " lim ¥ B.1
SIS S (549

provided that the latter limit exists. We decompose

(1= Vg(€9)% 2,

Tn — Yn+1
Yn+1

EnJrl = Yn+1 T+ F);Yn

n+1

=Xn+ X+ ’)’n’Yn—i—lVO”<§2)2 Yn + ('Yn—i—l —Yn) + Vn(l - 2‘/(),/(52)271)

Asymptotically,

— fy 1 ]1 =1
In ntl _ 28 Yo +0(Yn)y  Vnt1 — T =0(n) and Y Yn+1 = o(vn).
Tn+1 n
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Hence

15—
Zui = T+ (1= (2(€) = =27 ) )n + (S + 1 o)
1
The best candidate limit for {¥,,,n > 1} is
1
Bpim . (B.20)
2‘/Y0 (5*) - Y1
Letting
AY, =%, -X%,, (B.21)
we have
Is

~ _ 15
AEn-‘rl =AY, + (’Yn Tntl 1771) A, + ’Yn’}/n-‘rlAZn — Tn (2‘/0//(52) - L)Azn
Tn+1 4! 71

T — 1 g
+ ( n_Onil 28 "Yn) Y + M ¥nt18x + (Yat1 — Tn)
Tn+1 71

= (1 — Wyn + O(’}/n))AEn +0(7n),

where p = 2V]/(£9) — % > 0. Let € > 0. There exists ng > 0 such that, for n > ny,

1 — (u+¢€)yn > 0, hence
|AY, 4] < (1 —(p+ E)Vn)‘AEM + €Vn- (B.22)

Thus, for n > ny,

n

A%, < 18 e (= (u+6) 3 ) +e 3 e - (u+5)§:vj>,

k=ngo k=ng j=k
so that by Lemma A.1, limsup, ;o |[A%,| < Ce, which yields

lim %, = 3,. (B.23)

ntoo

Combining (B.19) and (B.23),

1,1 P-as « Y1
S, — T4 (D) o 8 H>h]O.
* 71

Step 7.2.2. Convergence of {S;° h € H}.
Given that x — 27T is 1-Lipschitz on R,

E[|(Xn — &M — (X0 — €97 [*] < 2(Bl(Xn — X0)?] + (€ — €9)2).
Note that
E[Var(p(Y, 2)[Y)] < E[Var(p(Y, 2)|Y)] + Var(E[p(Y, 2)|Y]) = Var(o(Y, Z)) < co.

Hence
E[(X), — X0)?] = hE[Var(p(Y, Z)|[Y)] -0 as H>3h]O. (B.24)

Recalling that limyspyo &P = €2, it follows that (Xj, — £2)* converges to (Xo — €9)F in L2(P) as
H > h |0, so that

Var (X, —€M%) = Var (Xo — D)%) as H>hloO.
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Eventually,

_ 0+
5272 IP;&S) Var (((1)(_0 a)g*) )

Step 7.2.3. Convergence of {51’2, h e ’H}
Recalling that {(X} — &))", h € H} converges to (Xo — &0)F in L2(P) as H > h | 0, we deduce
that

Elepni| Fii] =

as H>h]O.

« (6

WE[(Xh—&’Z)*]%WE[(XO—Q)*] as H>5hl0. (B.25)

Besides, limysp)0 Eh(lz? = 1g—;. Thus, by Lemma A.1(i),

p-(48) 7]

«
limsup ——5— W1 rn-2) [Elefng | Froi] — —3El(Xo — &) 7| =0,
e e 2 Wil [BleinilFin] — oy
so that
e I CB[(Xo — ) per
ng}ﬁo[hf E W1 -2 B [efmp | Froy] = (1= a)? ilglozn, (B.26)

provided that the latter limit exists, where

n
Zn = Z ’Yka—‘rl:n-
k=1

Observe that

Ynt1 = Tnt1 + (1 - ’Vn—l-lvbﬂ(gg))in = fjn + Ynt1 (1 - ‘/E)//(fg)in)

Let i* = and Ain = f]n — f]*. Then

1
Vo' (€2)

n+1
A = (1 — Yns1Vy (f*) = -5, H 1 — Ve )

so that

n

AS,] < 2] exp ( _ vo"<52>2fyk).
k=1

Since ), < Yo = 00, it ensues that

ntoo

n
lim ZVICHI%H:n = 2. (B27>
1

Finally, by (B.26) and (B.27),

E[(Xo — ) t|1p-1
gl2 _ g21 Prag & x as H3hlo.
4 4 ‘/E)/,(g*)(l - a)2

The proof is now complete.
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C Proof of Theorem 2.2

We employ similar notation to Theorem 1.4’s proof, Appendix B.

By the decomposition (B.1),

ho oh_ L h Lo, 1y
S e Vet e D

recalling the definitions (B.3)-(B.5), with {a”,n > 1} given by

ah = —,:n(ffi e (g ). (C2)

From (2.1) and (C.1),

n n

n n 1
h h
o +v" (@ 2= +V” (&n 2 Pk ek 2

1 k=1 k=1

e L
gn 6* Vé/(é-f)n =

Hereafter, we set n = [h™2]. We study next the participation of each term of the above
decomposition in the asymptotic estimation error.

Step 1. Study Of{WW'Eh 1&2,h€%}.

By summing by parts,
1,1 1
Z ~ (g —el) = (- - el - (e - eb)

72(—7—) (& —€b).

VE—1

(C.3)

We deal with each term on the right hand side above separately. On the one hand, recalling that
suppey E[IEF — €] < oo, it follows from Lemma A.3(ii) that

e[
n

(ch-e- e -en)|

<uf(ter-o- L))

< = (-Bl: - €} + Ble) - ¢l1)
Cr 1

< n(ﬁﬂ).
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On the other hand, via Lemma A.3(ii) again and a comparison between series and integrals,

I (L Iy e
E[n;ﬁ(%_l et €|
1¢a, 1 1y, ., RE
SE[(nkZQ (E_%)(gk—l_ *)> }
I~ (L I\preh by (C.4)
<2 (5 ol - e

I~ 1 C
E{[=) —al ] < : C.5
|: n ; Yk Ml N\/Tn ( )
Now, recalling that limssp 0 V) (€8) = V§'(€0) and that B € (% 1), we obtain
_ [h=2]
ht n L' (P)
VI T kzlak—m as H>3h]O.

Step 2. Study of {V” e ZUL Mn,};,h € ’H}

Via (B.14),

1 < C &
At
A comparison between series and integrals then yields

Bt L L'(P)

h
—_ . —¥0 as H>3h]O.
VI 2

(h 1 n
Recalling that {p!, k > 1} is a sequence of martingale increments, following (B.15),
1 4,1 O 1
B[ =S| | < €300
vn k=1 gyt
Thus, using a comparison between series and integrals,
h72
h! L b L2(P)

2
Step 4. Study of {(V“(gh T Z;Lh ; 1 en, [Z ;W (h 2 h) he 7-[}

We apply again the CLT [27, Corollary 3.1] to the martingale arrays

2

{(Vh(;);h_q ij b Mim) heH}
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recalling the definition (B.10).

Step 4.1. Verification of the conditional Lindeberg condition.

We start by checking the conditional Lindeberg condition Note that Step 7.1 of the proof of The-
orem 1.4, Appendix B, already guarantees that { ™=z th i 77,};, h e ”H} satisfies this condition.
Moreover, by assumption, via (B.5) and (1.3),

[h=2] 1 [h=2] h12+6
h p|?Ho Eflex*"]
ZEH (RN f—2 6k‘ }SZ 5
k=1 Vi (&) [h=2] = V(Ao
2+
< & ~=—0 as H>ShI]O,
[V (€0)[*HoTh=2]>

recalling that ¢, =1V a/(1 — ).

Step 4.2. Convergence of the conditional covariance matrices. N
We now prove the convergence of the conditional covariance matrices { Sy = (S;L’j J1<ij<2,
h e 7-[} defined by
[h=2] 2 _9
h « h
shl.— —E[\ehﬂ}'h, | = )
" Z Vi (€n2[p=212 7R R — a V(€2 TR

( B 1 - _
it = 3 B (gmyt) 7]~ ey e

1,2 2,1 . h 2 [h 2W
b b h
Sy =5 = T Ve 22 Z lerni | Fri]

First, recalling that limyspjo Vi/(€8) = V7'(€2) = (1 — a) 1 fx, (£2), we get

. 1—a)
ght Pag Al — ) H35hlo.
P @ '

Next, for the asymptotics of {52’2, h e ’H}, we refer to Step 7.2 of the proof of Theorem 1.4,
Appendix B.
Finally, using that limysnjo Vi (€8) = V§'(€2) = (1 — a) 1 fx, (£2) and (B.25), we obtain by
Cesaro’s lemma that
-as E[(XO - £0)+]
gh? = git Pag 4 * as H3h|O0.
h h -« on (fg)

The proof is now complete.

D Proof of Lemma 3.1

(i) Let
W (V) = (v, 2®)) — E[p(Y, 2)|Y],

where {Z(®) k> 1} "X Z are independent of Y. We then write

1 KM* 1 KM
Xhe = Xner = T30 Z o®)(y) — = Z oM (y)
fl 1 f{;\; 1 KM
= (1~ M) (KM“(M —1) P S T =D ‘I’(k)(y)>v
k=K M{=141 k=1
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so that

14 1 KM271
1 é( 1 A k (M —1)2 k
Gr=(1-— Foy Py - ——5 Y oWy,
( M) (KMeil(M* 1))5 k=KM!14+1 (KME*l)i k=1
Conditionally on Y, we have the CLT
14
— Ziﬂfme—m eW(Y)
U, = | M 1 it L N(0,E@D(YV)?YL), as €1 oo,
m =1 OW(Y)

where I stands for the 2 x 2 identity matrix. Observing that Gy = (1 — 1/M)%(uM, Ur), with
Uy = (1, —(M — 1)%)T, it ensues that, conditionally on Y
1
-1 c
hé 2 (Xhz - Xhz-1) — N(Oa (M - 1)Var(@(}/v Z)|Y))

where we used that, by the law of total variance

as {1 o0, (D.1)

[Var(o(Y, 2)[Y)] < E[Var(p(Y, 2)[Y)] + Var(E[p(Y, Z2)[Y])

= Var(p(Y, Z)) < 00

(D.2)
so that Var(p(Y, Z)|Y) < oo P-as. This concludes the proof

(ii) We have

EH]the>§ o ]thz_1>f|] =P(Xp, , SE<Xp,) +P(Xp, €< Xp, )
Introducing the random variable Gy, we compute

Xy y SE< Xp,_ 1+h2GZ)
Xh, 1<§<th 1+h GZ,G5>O)

P(¢— h2Gg < Xp, , &G >0|Gy)]

— o/ N N

(D.3)
lg>0(Fx,, 16,8 = Fx,, 1c,(€— hz%Gf))]

1 1
ZQ]E[Gz_the_l |G (5)] + h; ’142—7

I
>

where

1
e (&= th; Go) = fx,, e, (6)]dt.
Similarly,

1 1
P(Xp, <& < Xp,,) =hEBIG, fx,, 16O+ hir,,
where

(D.4)

1 1
7= | BIGE (fxi, 166 = th{GO) — Fxi, i (©)]at
Hence, combining (D.3) and (D.4),

1 _
he 2E[|1x,,5¢ — 1x,, >¢|] = El|Gelfx,, [ 16,(E)] + rg g

We will prove that the first term on the right hand side above converges to E[|G|fq(£)] and
that the remaining two vanish as ¢ 1 oo

31



For a fixed C > 0, we decompose the first term into

El|Gelfx,, 16,(O] =ElGd(fx,, |6,(&)— fa,(6)Lc,<c]

(D.5)
+E[Gel(fx.,_,16.(8) = fa, (DN, 1>c] + El|Gel fa, ()]

Using that {g — th[_1|GZ:g(§),€ > 1} are bounded uniformly in ¢ > 1 and converge locally

uniformly towards g — f4(£), by the dominated convergence theorem,

im [E[Gel(fxi,.,160(6) = fo €D Ncuscl] < Jim OB[ swp |£x,,_j,=0(6) = Fo(&)]] =0.
oo e lg|<C

Besides, via (D.2),
E[G7] < 2, " (E[(Xh, — X0)?] + E[(Xh,_, — X0)?]) < 2(1 + M~ HE[Var(p(Y, 2)|Y)] < oo,

so that sup,s; E[G7] < co. Recalling that g — f¢(£) is bounded and that {g — th[_l‘Gé:9(§)7

¢ > 1} are bounded uniformly in ¢ > 1 by assumption, by the Cauchy-Schwarz and Markov
inequalities,

E(Gel(Fx,, ,16,(6) = fau(©)Viay>c) < C'EIGHTR(Ge > C)F < C'C™' sup E[GH)

for some positive constant ¢’ < co. Furthermore, since Supy>; E[G%] < 00, g — f¢(§) is continuous

and bounded and Gy # G, it holds that

lin EIGelf, (€)] = EIIGfo(€)
Finally, coming back to the decomposition (D.5), letting ¢ 1 oo then C' 1 oo yields

I E[Grlfx,,_,j6.()] = EIGIfa(©).

Similar lines of reasonings using the tightness of {Gy,¢ > 1}, the uniform boundedness and
local uniform convergence of {(z, g) — thZ71|Ge:g(a:),€ > 1} and the continuity of (z, g) — f4(x)
yield

lim 7“; =limr, =0.

£Too £Too

(iii) Since P(Xo = &) = 0 by the continuity of Fx,, a first order Taylor expansion gives

(Xn = &) = (Xo — )T + Lxy>e(Xp — Xo) + a(Xo, Xn — Xo)(Xp — Xo), (D.6)
where .

a(Xo, Xp — Xo) = /0 (L xoe(x—x0)>¢ — Lxo>e)dt.
Since Xp, 5 Xoas H>h|0by (B.24) and P(Xy =¢&) =0,
a(Xo, Xp — Xo) —>0 as H3hLO. (D.7)
Using (D.6),

(Xn, = &) —(Xn,, =& =Lxooe(Xn, — Xn, )

(D.8)
+ a(Xo, Xn, — X0)(Xn, — Xo) — a(Xo, Xpn,_, — Xo)(Xn,_, — Xo).
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The standard CLT guarantees that both {h (Xn, — Xo0),¢> 1} and {h (Xn,_, — Xo), £ > 1}
are tight. Hence, by (D.7),

1
-1 P
h‘Z 2 (a(Xo,Xhe — XO)(th — Xg) — a(Xo,Xh£71 — XO)(th,1 — X())) — 0 as ﬂ T Q. (D9>
Recalling that X is Y-measurable by definition, using (D.1), we get that conditionally on Y,
1
-1 c
h[ 2 ]1X0>E(Xhe — Xhz71) — ]1X0>§ G as / 1 o0. (D.lO)
Eventually, combining (D.8), (D.9) and (D.10) and invoking Slutsky’s theorem,

h;% (Xp, =" = (Xn,, =) £, Ixy>eG as (1 o0

E Proof of Theorem 3.5

In the following developments, we denote by C a positive constant whose value may change from
line to line but does not depend upon L. For simplicity, we drop the level indicating subscrlpts and
superscripts ¢ from our notation and denote £, Z" ', Xh,, Xn,_,, etc. instead off , h" b K,

Xhy0o Xn, 0, etc. the different variables intervening at level £ of the MLSA scheme, bearlng in
mind that they are levelwise independent.

According to (3.3), (3.1) and (B.6),

e _ (ghe 1 hz 1))

?

ho— ho—
0 - - é - OZ t— *e 1))I_IlzN/g
L Ny h L Ny N (E1>
+ZZ’7ka+1:NZ ‘—g.) +ZZ%H1€+1;N[( -
=1 k=1 =1 k=1
L Ny N L Ny h
A Wl en, (0p = o)+ 2D ks (e ko)
=1 k=1 =1 k=1

recalling the definitions (B.2)—(B.5) and (B.7).
Similarly, from (3.4), (3.2) and (B.8),

L
X=X =00 =+ (e — e - (xh’Z (EVA))

. Py
ZXJ\?O—XiLOﬂLZEZGkZ_HkH
o
Sy LS
=1 =1

recalling the definitions (B.9)—(B.10).
Step 1. Study of {hy ( ho _ mo) L >1}.
Using Lemma A.3(ii) and (3.7),
28-1

E[|nz! (68, - &€°)|°] < Chi®w, < Oy
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so that ,
(5 *)Lj;)O as L1 oo.

Step 2. Study of {h Sk (ghe = ghe — (b — ey, L > 1}.

Note that S
V() = gmAa>1 if g=1. (E.2)

Using that sup,cq E[|€8 — €7] < oo, that lim SUD 100 Yn - iin| = 0 by (B.11), (E.2) and Lemma A.1(ii),
and (3.7),

L
_ ho_ ho_
]E[ hp! Z (66“ — &P — (& = &) Ly, ]
(=1
<28upE!€o 1Zrnmg
S Ch;lz’}/]\[{
/=1
1
< Ch},

Thus

- _ _ Li(P
hLIZ (é(l)w — &l — (I)w Lo )1y, "0 as L 1 oo.

L
(=1

_ h
Step 3. Study of {hLl ZéL:1 Z]kvil 'kakH:Nl(g —g. "), L > 1}.

Recalling that limyspy0 €l = ¢V there exists a compact set X C R such that fi” € K, for all
¢ > 0. Thus, by Assumptions 1.1(iv) and 3.3 and Lemma A.3(i),

V5 (&) = Vi (&)l < ﬁ (L xaluiplel — €01+ sp | fxo (6) = fxa, (©))

L1680 ) ( +d0)A1

< C(he+h} < Ch,*

Besides, via (B.2) and Lemma A.3(ii),

1 (460)A1 L
gk |] < Vi(€0) — Vi (he) | B[(gle | — ghe)2)s < CnliT™M a2, (E.3)

E[
Finally, by (B.11), (E.2), Lemma A.1(i) and (3.7), distinguishing between the two cases dy <
28-1

3 26—1 26—1
1\ 1arm = anee 2nd % 2 gy
L Ny N
B[} X sl ol
(=1 k=1
L Ny N
< BSOS el (B[ g1 ] + Ellge )
/=1 k=1
L (3+80)A1 Ne
— = 0 3
<Chp' > hyt > v Mt
/=1 k=1
L (14+d0)n1 L
<oty
/=1

Son28=1
S ChL 4(1+/8)
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Therefore,

L Ny

_ h L'(P)

WY D kg (gh =gy ") = 0 as Lt oo
(=1 k=1

_ h
Step 4. Study of {hLIZeLﬂ >opty kg1, (et =g ™), L > 1}-

It follows from (B.14), (B.11), (E.2), Lemma A.1(i) and (3.7) that

? |

Sl he—1
ZE YT, | (E[|r[] +E[[re]])
/=1 k=1

< Ch;! Z ZV}%|H1¢+1:NZ|

L Ng

_ he  he-
R Y O T, (gt = )

(=1 k=1

=1 k=1
L
<Ch' Y
/=1
1
< Chj.
Hence
L he 1\ LA(®)
hzlzZ%H/ﬁH:M( f—r ) — 0 as L1Too.
=1 k=1

_ h
Step 5. Study of {hLIZeLﬂ ety Yellesr, (o = o), L > 1}-

Given that the innovations of the MLSA scheme are levelwise independent, the random vari-

ables {Effi 1 g1, (pk — pZ’“’ 0> 1} are independent with zero-mean. Moreover, at each

level ¢ > 1, {pze — pzl_l,k > 1} are {]:,?‘,k > 1}-martingale increments. Thus, from (B.15),
(B.11), (E.2), Lemma A.1(i) and (3.7),

L Ny 2
E KhLl SO W, (o) — PZ“)) ]
=1 k=1
L N .
=h” > Y G Bl — o)
/=1 k=1
L Ny

< 2hy, QZZ’VkaHNe ‘Pk | ]JFEHP,W 1‘ 1)
=1 k=1

L N

<Chp, ZZZVkaH N,

(=1 k=1

Therefore,
L N

_ he—1y L*(P)
hp' DY e, (o — o) = 0 s L oo,
(=1 k=1
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1 28—-1

Step 6. Study of {h_ﬁ OSSN g0yt L > 1}

Define
1 n
1 >
Tn n gl Ye, T =

{ N, ij‘ Hh‘ — Zz Y>> 1} are independent and centered. Moreover, for any level ¢ > 1,

{Hh‘ - th 'k >1} are {f,i”, k > 1}-martingale increments. Hence, using (B.16), a comparison
between series and integrals and (3.7),

_ 2
E[ 7% 45(1+16)Z Z@he_ hz 1 ]
/=1
_2_251521 1 QL N2 11§Vz:h 2
<o TS (e (G ) | el (G ) )
=1 Neimd At
2 28-1 i,—yN
< Ch B 2B8(1+8) 4
=1 ¢
h%fﬁﬁ) B c (l 1)
SC é 9 29 Y
hilnhp|, B=1
Thus
1 28-1
—B 4ﬁ<1+5>z Zehe_ ghe- 1L(P)0 as L1 oo.
/=1

1 28—1

Step 7. Study of {hLB HEER ZZ lNZZ h‘ — h‘ YL > 1}.

28—-1

Using (B.17), a comparison between series and integrals and (3.7),
1
BB 45(1+B) Z ZC _ he 1
= 1 =

e jes |
- N
=l Z: < Hrkz

_1_ 21 L
< Cn, P PO ZWNE

]”@Hrﬂ“

)

=1
9
IBATA) 1
<C h’é ! ) ge (5 )

hi|nhr|, B=1.

Hence
—% 4§5+1B>Z ZC _ h“ )0 as L1 oo
=1

1 28—1

Step 8. Study of {hLﬁiw(”B) (X}f\?o — Xfo),L > 1}.

It follows from (3.7) that

/ ho _ . h
h;}i 462(31+16) (X X* ) = hy == (1 _M—%)i No (XQNO21 X*O)

(1—M" 2(1+ﬂ)(L+1))% .
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According to the decomposition (B.8),

No
/ _ ho 1 ho
No (XNO X* /7 § [ N, § C NO k§:1 M,

By (B.16) and (B.17),

\/FOZQZOLQ ZC as Ny 1T oo.

Since {17,];’0, k > 1} are i.i.d. such that E[|n!|?] < oo, the classical CLT yields

N,
I = h L Var ((Xp, — £80)T)
N k§:1 n — N(O, e ) as Ny 1 oo. (E.5)

Combining (E.4)-(E.5),

é 45(Bl+1/3)
hp, ( X* )

_28-1 1V X +

Step 9. Study of

L Ne 1__28-1
{(WZZ%HMM@? R SR W R
/=1

=1 k=1
According to (3.7), V. - > Np. Hence
L Ng L Ny L N
h _
SN wllegin (e — e ™) =D ) ellkprn, (€ — € ) li<ken,
(=1 k=1 k=1 (=1
and
N L ,{ hg,l
Z Z i 3 Z bisksny:

We apply the CLT |27, Corollary 3.1] to the martingale array

N1 L
- ho_
{ (hLl Z Z 'VkaH:Ne(eZZ — e, ) licren,,

k=1 (=1
1 23-1 M ,
~BTaB(1+8 -1
hy e E E Yellpy1:n, (€," — € )]llgngz),L > 1}-
k=1 (=1

Step 9.1. Verification of the conditional Lindeberg condition.

— ho—
Step 9.1.1. Study Of {hLl Zi\gl 2521 Fkak-‘rl:Ng (€Ze — €kl 1)11§k§N4) L> 1}

By the levelwise independence of the innovations of the MLSA scheme and given that, for all
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k > 1, the random variables {( ZZ eZz—l)]llng N, 1 <4< L} are independent and centered,

applying successively the Marcinkiewicz-Zygmund and the Jensen inequalities yields
N1 246
> B\ }
k=1

h ~1\2
Zﬂlm N (et = e ™) lcken,

L
1 h he—1
E Yellkr1:n, (e — e, ) Li<k<n,
=1

< Chz(zﬂi Z 2+5E[

1+g:|
k=1

5 he_1|2+6
2+ Z 2”L2 Z |Hk+1:Ng|2+5EH€ZZ —e ke,
p} =1

Ny

Do Mo [P B[l — e ] (E.6)
(=1 k=1

(SS9
(]~

:Ch 2+5L

It follows from Lemma 3.1(ii), the uniform boundedness of {theq A > 1}, by Assumption 1.1(iv),
and Lemma A.3(i) that

E Hehg _ ehg_1 ‘2+5]

k) (k 246
—EHHI hy X( ) (é*z 1 th)1)| ]
hé,1>§fe B ]1th 1>§f£ !

1
(1— )2+ (EH]IXWff‘ - ]lxhl,ps’if ] + EH]IX
< C(EH]IXW>g9 — 1y, e } + EHnXW& e }

+IEH]1

<

)

1

| +E|

D (E.7)
< C(h? +E[|Fx,, () - Fx, (€[] + E[|Fx, (€)= Fx,, (€2)]]
+EHFXW 1( hz)_FXhe 1( fz*l}”)

< C(hF + €l — &+ |Ehe — |+ Jehe — o))
1
< Ch}.

hp, — 1 0 n, — 1 h
Xpy_ >&1 Xngy>Es Xy >&" Xhy_ 1>§*(Z '

Plugging the previous upper estimate into (E.6) then using (B.7), that (2 + &)y Vg (€)) > 1+46
by (E.2), Lemma A.1(i) and (3.7),
2+5:|

;E{

h
Zh e Ils 1., (e)! li<k<n,

Hence
L

he_
> h g, () — e ) i<ken,

246
| o
=1

Ny
lim sup Z]E[

Ltoo =1

28—1

Step 9.1.2. Study of {h 5w Z Z@L:1 'kakH:NZ(eZZ - ezé‘l)]llngNz,L > 1}.

38



Similarly,

N1 L 1 231 he_1 945
N, 1<k<N,
k=1 /=1 ¢
~(2+0)(3+2525) 77—77‘”2 ;
<Ch, BATH ZE[ Z U = )y
k=1 —1
E h 244
O atn) [
< ChL 45(1+ﬂ Z L2 N2+5 ]llngNg
k=1 =1
—(2+0) (5 +1505m) ; 2 1 hé s
N ChL Lz Z N2+5 ‘77 - 1‘ ] (ES)
Note that h .
Hn _ £— 1| ]
21+6 , . .
< ey Ell G = €097 = (X, =€) )
92+26 - ) . (E9)
= W(EHXM - Xhlf1’ + ] + ‘é'*é _ 5*2—1’ + )
<cn,

where we used that = — z, x € R, is 1-Lipschitz and Lemmas A.2(i) and A.3(i). Therefore,
plugging the previous upper estimate into (E.8) and using (3.7), we obtain

N L 3- _28-1 77 nhe 1 246
4B(1+8) k k
ZE[ > " TN, ke ]
k=1 /=1
1+9
—(2+0)(5+ 5 hy
= ChL L2 Z N1+5
( 4o 26-1 —(2-B)s+28-1
< Ch 4B(1+ﬂ) ’1 hL|2 Z h 2(1+5)

(=1

Without loss of generality, by taking § € (O, 22577_61)’ we get

Ny L 31— 28—1 77 nh/z 1 2+6 5(4+28% _28-1

4B(1+RB) k k 48(1 B
ZE[ > hy” e Tﬂlgcsm ] < Chy,” P Inhy, 2,
k=1 /=1

so that
Ny L l 28-1 77 nhi 1 246
hrnsupZE[ Z h; B+H) %hgkgm } =0.
L ] ¢

The conditional Lindeberg condition is subsequently satisfied.

Step 9.2. Convergence of the conditional covariance matrices.
We now prove the convergence of the conditional covariance matrices { St = (SZJ )i<i <2,
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L> 1} defined by

Nl r L 2
1 1 he he_1 h
= E (ZhL Vellg+1:n, (€ — € )]11<k<Nz) k_l},
k=1 /=1
2 A (& 5 432?1 13 77k _77,];[ ' 2 h
_ + L
=D E <ZhL Mﬂlsksm> fk_l}y
k=1 /=1
1 28—1
L 1o L h_1_5_45(1+ﬂ> . , . . .
= B 0 £—1 ‘ -1 L
= ZE _; NE kaHk:—i—l:Ne (ek €. )(Uk M )ﬂlﬁkSNe fk1:| .

Step 9.2.1. Convergence of {Sl’l,L > 1}.
{25:1 Wk:Hk—s—l:Ng(eZ[ — 62271)11§k§NZ)’ k> 1} are {fIZLL,k > 1}-martingale increments. More-
over, {(eze — eze’l)]llgkg\/[, 1<i< L} are independent and centered. Hence

9 L
he
E EKE T PR (e 1)]11<k<z\/g> } = § Uy,
=

=1
with
Ny
- he _h
= ZhL27I%H%+1:N£E[( e’ —e )]
k=1

26-1 \ —1 _ 28-1 Ny . L
2(1 201
~ 71<Zh ( +/3)> Z (1+8) < kaHkJrl Ng>h€ [(ele - ele 1) ]
26-1 \ —1 28-1 h
~ ’Yl<zh 2(1+ﬁ)) g 2(1+ﬁ)2 h QE[( _ elé 1) ]’
where we used (3.7) and (B.18). Recalling the definitions (B.20) and (B.21),

26-1\ —1 L 26-1 L
, ~ ’Yl<zh 2(1+B)> Zh 2(1+B)E h Q]E[( 7615 1)]

=1

28—1 \ —1 L 281 N
+'71<Zh 2(1+6)> Zh 2(1+B)A2 h QE[( _ele 1) ]

On the one hand, the uniform boundedness of { th[,E > 1}, by Assumption 1.1(iv), and
Lemma A.3(i) yield 4

-2 he h 1
hy ? [E[(er” — ey 71)?) - mEHﬂth&Q —1x, e H

_1
h, *

= (1—a)? (EH]th£>£f€ - 1Xh£>£9 ] +E[‘]1Xh271>§f5_1 - 1Xh£71>£9 ])
h_% he—y 0

< ﬁOFX’UZ( ) FXh (5*)| + |FX}LZ 1( ) Fth_l (6*)’)

supp>1 [ fx;,,, Hoo L -

1

< Ch;.

Thus, by Lemma 3.1(ii),
he _ h E[|G|fc (&)
ggloh El(e) — e ")’ = T o imhe EH]th s~ el == 5 (B10)
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On the other hand, reusing the notation in Step 7.1 of Theorem 1.4’s proof, Appendix B, for
e > 0, there exists ng > 0 such that, for n > ng, 1 — (u+€)y, > 0 and |AY,| < e. There also
exists Ly > 1 such that, for L > Lo, one has Ny > --- > Np, > ng, so that [AXy, | < e. Let

L > Ly. By (B.22) and Lemma A.1(i), for n > Ny,

28,1 < 88w (= (e 2) 3 )+ 3 e ()Y n)
=k

k=N, k=N,
< |AXy, |+ Ce < Ce.
In particular, sup;<,<y, [A¥y,| < Ce, hence

limsup sup |AXy,|=0. (E.11)
Ltoo 1<¢<L

To sum up, using (E.10) and (E.11), Cesaro’s lemma (‘./o0’ version) yields

-1 L 2—1
h21

2/31
vl<2h ””) >y Ay by TRl — el

=0

lim sup
LToo

< Climsup sup |AXy,|=0.
Ltoo 1<t<L

Thus, reusing (E.10), by Cesaro’s lemma (‘./o0’ version),

L 26-1

28—1 —1
lim S1 1 = lim 0G| (Zhe 2<1+ﬂ)> (Zhe 28 3 h 3 E[( _ 622_1)2]>

Ltoo LToo =
_ ME[G|fe())]
(1— a)2(2Vy/(&0) — 122

Step 9.2.2. Convergence of {S>*,L > 1}.
Similarly, one has

2B-1 he_1

Ny 2 L
77 -1
S E |:( E h 5 T 4B(1+B) k: N k ]11§ng4> :| — E sz
k=1 /=1

where, using (B.10),

2 28—-1

h B 280+A N h
Wy = ZE e 1)2]
hLB 23 1+B he A
E _ -1
N, (" — )7
2 2(5 1)

h, T BT 2B(14A hy .

= S e Ver (0 - €0 = (K, 6.

By the 1-Lipschitz property of z + 2T, z € R, and Lemma A.3(i),
1
-5 he_
hy "E[|(Xn, — €8 = (X, — &) = (Xn =€) = (X, —€D)7)]]
_1 h 1
<hg (6 - &1+ 16 —€2l) < Chi.

Thus, by Lemma 3.1(iii) and Slutsky’s theorem,

ho_ c
((Xn, — €T — (Xp,_, — &) . 1y,e0 G- (E.12)

M\»—‘

h,
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Besides, the 1-Lipschitz property of z — 2%, x € R, and Lemmas A.2(i) and A.3(i) guarantee
that, for 2 <p <2446,

_D hy_
2;111) hy P E[|(Xp, — €T = (Xp,, — &) T] < o0. (E.13)

Eventually, the weak convergence (E.12) and the uniform integrability (E.13) yield

gmh Var ((Xp, — €M) — (X5, , — €91 = Var(Lx,e0 G). (E.14)

Ultimately, via (3.7) and Cesaro’s lemma (‘0/0’ version),

_2_ 21
h B 2B(1+8) hZ
lim S7° = lim ~£———— —
fin 53 = o M ()
L -1 L
cim (S0 15) (0 ek Var (X, — €1 - (X, — €))
Lo N Ve = N ‘ T o
28-1_ _
h2<1+5’ (M? 20TE 1)%*1
B (1—a)?
L _ -1 L _
: 22(f é) 22('f+§> -1 hy he—1\+
x lim > h, > h S h Var (X, — €91 = (Xp,, — &)
To N =1
28—1 B
R (Mf(f 5 _ 1)%‘1
= (1 o 3 Var(]lX0>§0 G)

Step 9.2.3. Convergence of {SE’Z,L >1}.
We prove hereby that {S}J’2,L > 1} converges to 0 in L'(P). It follows from (E.10) and (E.14)
that

1
| <cng, (E.15)

h h 1
Bl = 4™ = g Elltoe ~ o, e

E[(n} — )2 = Var (X, — €)= (Xp,_, — €71)) < Chy,

1
(1—a)?
so that, by the Cauchy-Schwarz inequality,

3
E[|(ef — e ) npt —me)|] < Chy. (E.16)
Using (E.16), (B.11), the fact 41 V{'(£2) > 0 by Remark 1.2(ii), Lemma A.1(i) and (3.7), we obtain

1 28—-1

ISP <hy “W)Z Zwkmkﬂwmm — e 0 =]
=1

3
1 281 z Ny

-1
<Ch, 7 Wi Z Z Vi Mk 1:0v |
=1

28—1 3(1-p5)
< Ch, ~l+ 5+ Zh e

—p2—pB+3

<o h;ﬂ(u‘ﬁ)’ 56(%71),
hi|lnhg|, B=1.
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Thus
52’2 = Si’l P20 as L T 0.

All in all, by [27, Corollary 3.1],

L N 26-1
_ he b
<hLIZZ'7ka+1:Ne(€kZ L) by 5 45(“’5)2 Zﬁ - ) TOO/\/'(O ¥p),
=1

(=1 k=1
where
NEIGIfa ()] 0
~ (1—04)(2fx0(59)—(1—6071_11/3:1) 2i1
= _ap—=1 28—1 1
Zﬁ h(f(”B) (M2(1+,8) _1) B Var(Lxyses G)
0 (1-a)? 2B—1_
M2(1+ﬁ) —1

Noting that the two sequences studied in Steps 8 and 9 are independent, by independency of the
MLSA levels, concludes the proof.

F Proof of Theorem 4.1

Throughout the following developments, C' < oo denotes a positive constant whose value may
change from line to line but does not depend upon L. As in Appendix E, to alleviate notation,
the level indicating subscripts and superscripts £ are dropped from the variables intervening at
level ¢, keeping in mind that they are by design levelwise independent.

Recalling the definitions (C.2) and (B.2)—(B.5), the decomposition (B.1) yields

1 1 1 1 1
& — & = Trggyan 9+ o+ P+ en F.1
G A Gy Y L (O (Y
Averaging out the previous identity,
G S o ¥ R z
nT T Ve & TV 5* o
1 n n h
+ VO“(SE)n kZIT + ey, V// 5* Zpk + V// ) g
Via (4.1), (3.1) and (F.1),
L —h h h
e - =y, - 20+Z(5N2—5 - (N, —8)
—ho o
= €N0 * V// Z Z Qa — E 1
0'(&%) =1
h Lo & h
-1 Z 1
DR DY (R S5 D 2
o'( e 1 £=1 k=1
L 1 h L 1 Ny N
et ¢ g1 F.2
+ Vvo// ; NZ Zp VYOH ; g ’;e ek ( )

Step 1. Study of {h;l(g’ﬁo — fo),L > 1}.
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Owing to (2.1

), Lemma A.3(ii), a comparison between series and integrals and the fact that
B <1,
h 1 L hi ho\2 -
[(§No ) ]SFOZE[( ko — & )]SFOZ%SC’YNO-
k=1 k=1
Hence, using (4.2),

E[|hz" (€N, -

9
1)) < Chitn, < Chp*
Recalling that 8 € (%, 1),

2

'@, €)Y 0w L1
Step 2. Study of {hzl Zf 5. oy agt

C1N Dok A, aZ“l,LZ 1}.
From (C.5) and (4.2),

E||»

L 1 N,
Do e
-_— a —a
L
— NE — k k
(=1 k=1

1 1 3,84+2
] < Ch; ZNE <Ch,*,
hence
IZ Za - ,”1 (P)O as L1 oo
=1

Step 3. Study of {hzl > N%; b 5

k=1 9k *gke 1,L21}-

Using (E.3) and a comparison between series and integrals, we obtain
h
< 2h7 1ZN£Z [gre)] +E[|lg:"]])
(=1

1 1
< Chzl Z hé4+60)/\17ﬁ/’[
/=1

1; Zg

If 6y > 2, by (4.2) and the fact that 8 < 1

x|

DS W

L 1
] < Chi'y heg,

(=1

—1+28 L 1-28
Chy %" b, ®
=1

44



Otherwise, if % <y < %, reusing (4.2),

“|

1; Zg h£1:|

L
1 1
-1 21+ 3
<Chy E h} ’yﬁ,{
/=1

Taking into account that 5 € (%, 1), we conclude

IZ Zg helLﬂ;) as L 1 oo.
=1

Step 4. Study of {hzl ZeL:1 N% i\fel ZZ - rkz VL > 1}

Using (B.14), a comparison between series and integrals and (4.2), we obtain
sfhays o zr ol
/=1

<2hlzNez (|72 + B[ ]))
(=1

L
<Chp'y x,
=1

—14+-3
<ch,

In view of the fact that § € (g ) we deduce

L
_ 1 hy h Ll(IP)
hp'y EE el =gt 0 as LT oo.

ho_
Step 5. Study of {h S Ne Zk 1pk —p N L> 1}.

Reusing similar arguments to Step 5 of the proof of Theorem 3.5, Appendix E, we obtain via
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(B.15), (4.2) and a comparison between series and integrals,

(G h“ﬂm

- 1 h hlfl 2
Zsz K Pe )]

fk 1
L Ny N
Z S E[lo 1 +Eloy D)

72
N k=1
1
L 2
_ 7N
< Ch;?
/=1
35-—2
< C'hL4

Thus, given that 5 € (g, 1),

2
12 Zp - h£1£>)0 as L1 oo.
(=1

Step 6. Study of {h S N LS e g — HZZ_I,L > 1}.

{ N, fo‘f Hhé — Z‘Z Yl> 1} are independent and centered. Hence, using (B.16), a compari-
son between series and integrals and (4.2),

ol -]

=1 't
3,3
< C’hZZJrEB
Therefore,
oL N )
Y- E 0 as Lt
=1 k=1
<L 1 Ny he—1
Step 7. Study of {hL )y Mzk: - ¢ L > 1}
Using (B.17), we obtain
[ SRV
=1
9 L 1 1 Ny 1 Ny
<> ow ellom ) el am e )
= VAVe Ne o Neim
o L
<Chp® ) 7w,
=1
e and
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Hence, since § € (%, 1)7

ol 1
eSS - "0 s Lo,

_9
Step 8. Study of {hL (X};\/QO — Xfo),L > 1}.
It follows from (4.2) that

1

(8, =) = hy (1= M)

VNG (X3 — x)
(1 _M—Z<L+1>)%'

According to the decomposition (B.8),

No
/ o ho 1 ho

From (B.16) and (B.17), we get

No 5
N ZGZO Lﬂ;) 0 as NyToo,
v k=1

No
1 1
\/7N70 E C/i,‘m lﬂ;) 0 as NO T Q.
k=1

Since {nzo, k > 1} is ii.d. such that E[|n[?] < co by (B.10) and the fact that, by assumption,
E[lo(Y, Z)|>T9] < oo, by the classical CLT,

1 & Var ((Xp, — & >+))

ho £
N 2- s —>N(O, -y as Ny 7T oo.

Combining the previous results,

hyt (e — X0 i>/\/(0,h53(1_1\4Ai)V&“f((Xho ! )*))

Step 9. Study of

Since N1 > > NL by (42),

L Ny Ny L hy he—1

E L E et _ ght-1 _ E E L Ti<k<n
Ny &=k 7k N ¢

(=1 k=1 k=1 ¢=1

We apply the CLT [27, Corollary 3.1] to the martingale arrays

hl—l

{< ZZ k _6 111<k<N27h ZZ k — ]11<k<N[>,L>1}‘

k=1 (=1 k=1 (=1

Step 9.1. Verification of the conditional Lindeberg condition.
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he  hy
Step 9.1.1. Study of {n;" SN SF A e B S 1}.

Since, for all £k > 1, {N h‘ - ezz‘l)]llgkgm,l </ < L} are independent and centered, us-
ing the Marcmklevvlcz Zygmund inequality, Jensen’s inequality and (E.7),

2o

he—1

246
1€k ek
Zh Ti<k<n, ]

> 2
k=1 /=1 N
Ny L h hy_11(24+6
Elle, ¢ —
< ChL(2+6) ng H k 2& } Ti<pen,
k=1  ¢=1 Ny
(215) + ¢ & h2
—(249) 7 & ¢
SO
Thus, by (4.2),
Ny L ehz ehi—l 2446
—16 k
ZE{ ZhL N, Ti<r<n, }
k=0 (=1

N

IN

Q

>

'S

~

—_

+
S, & (=%
Vool
ol ol ol

Hence

lim sup Z E [

Ltoo k=0

Step 9.1.2. Study of{ Zk 1 13 1 %ﬂlngNyL > 1}.

Proceeding as in Step 9.1.2. in Theorem 3.5’s proof, Appendix E, using in particular (E.9),
that supp,cy E[|X5|?1°] < 0o by assumption and (4.2),

Ny 77 _nhz 1 246
S| o S }
k=1 =1 ¢
< Ch—§(2+5) ) L IE h[ 11246
<O LSS el -
L 148
—5(2+9) ;2 hy *
< ChLS 2 Z N1+5
(=1 ""¢
9
n’LE, s<1,
<c{nlpHs, 5=,
1,7
hitL 5>



Therefore,

N
lim sup ZE[

Ltoo p—y

(=1

The conditional Lindeberg condition is thus satisfied.

Step 9.2. Convergence of the conditional covariance matrices. N
It remains to investigate the asymptotics of the conditional covariance matrices {S L= (S}jj)lgi,jgg, L>
1} defined by

L1 Ny r L eh@ _ eh£—1 2 b

Sy ::ZE <ZhL1 k Ngk ]11<k<N[> Fk£1:|7
k=1 - \e=1
N [, L 9 nhg . nh1—1 2

Si’z ::Z]E <ZhL8 k Ngk ]11<k;<N[> }—;?Ll},
k=1 L\¢=1

12 el [ h he  h he h h
Syt =801 =) B (e — e ) — ) Ticken, ‘FkL1:|'

k=1 ‘te=1 "¢

Step 9.2.1. Convergence of {Sy', L >1}.

We write
. N1 L eh@ o ehg_l 2 L
a1 —16 k _ 77
51 _ZE[(ZhL Mﬂlsksm> ] => U,
k=1 =1 (=1
where
2 h h h2 o h
T . L —1\2 L —1\2
Ug = 7]\742 ;E[(eke - ek:[ D= 7Ng E[(ey* — 611Z N7

By (4.2), (E.10) and Cesaro’s lemma (‘./o0’ version),

1,1 2 - he% - h’é% ! - he% : h h 2
li " = lim h; —= li —= £ h, 2E[(e}t — eyt
sy =gt (5) < m (2) (D me sl - )

=1 =1t =1
1 L 1\ 1 L 1 1 b h
=———— x lim h,* h, *h, 2E[(e}* — e, 2)
T m(; ) (; PRl (Y
__ EjClfeE)]
(1—a)(1— M)
Step 9.2.2. Convergence of {5’%2,L > 1}.
We have
- N1 L _gnhg _nhg,1 2 L L
ST :ZEKZhLSka]lKMNg) ] :Z 2
k=1 =1 ¢ =1
with
_9
h,*

Wy =

h hy_
N, E[(me _771/5 1)2]

9
h,* hg _ he—
- (1_L7a)2ﬁehﬁ 1V&r ((Xhe - fé)Jr - (Xhzﬂ - *[ 1)+)‘
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Via (4.2) , (E.14) and Cesaro’s lemma (‘0/0’ version),

h L h,
1 _1‘ _ L e
lim S7 Laf?ou_a)z(zm)
L

/=1
he\ 7V = e N
X lim (Zz> <Zh Var ((Xp, — €)% = (Xn,_, *Zl)+)>
Lteo N\ (27 4V =1t
1
e
(1—a)2M1
L i\ -1 L 1 N
: 1 11—1 h _
clim (o) (X At v (6, - €07 = (i, - €0))
/=1 /=1
1
hg

= m Var(]lX0>£9 G)

Step 9.2.3. Convergence of {S£’2,L > 1}.
Using (E.16) and (4.2),

SpP < hy® Z ZE — e ) = )]

€k1

17 h4
con¥y
= 't

1
< ChiL

Hence
1,2 2,1 P-as
S;pt=587—0 as L1Too.

Invoking the independence of the sequences studied in Steps 8 and 9 completes the proof.

G Square Convergence of the Averaged MLSA Algorithm

To fully apprehend its properties, we hereby study the L?(P)-error and complexity of the VaR
AMLSA algorithm (4.1).

G.1 Convergence Rate Analysis
Lemma G.1 (|11, Theorem 2.7(ii) & Proposition 3.2(ii)]).

(i) Suppose that (Y, Z) € L*(P), that Assumption 1.1 holds and that

16
supE[\gm‘*exp (7= casup 13, lcléh]) | < o,
heH — Q@ heH

where coq =1V 2. Set

Vi (€)*
Vit

o= nf  SVIER) AV et > 0.

heHu{0} 4 Lip

Ifyn=mn"?, n>1,v >0, 8€(0,1], with \ay1 > 2 if 8 = 1, then there exists a positive
constant C' < oo such that, for any positive integer n,

sup E[(¢! — ¢M)1] < 042,
heH
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1
(ii) Let {Gg =h, > (Xp, — Xp, )L > 1}, define {Fth,l |Gy=g® T+ P(Xn,_, <xz|Gr=g9),9€
supp(Pg,), ¢ > 1} and consider the random variables { Ky := K¢(Gy),£ > 1}, where

‘Fth_l |Gz=9(m) - Fth_l |Gtz=9(y)‘

Ky(g) == sup , €>1,g € supp(Pg,).

T#y |J: - y|
Assume that {Ky, ¢ > 1} satisfy
sup E[|G| K] < oo
>1

Then

e>81u§peR he EHth >E 1th71>§H < o0

Theorem G.2. Assume that the frameworks of Lemmas G.1(i) and G.1(ii) hold and that As-
sumption 3.3 is satisfied. If v, = yin ™%, n>1,~v >0, 8 € (%,1), then there exists a pos-
itive constant C < oo such that, for any positive integer L and any positive integer sequence
N ={N,,0<¢< L},

E[(EN — &) <C<7N° <ZL:N12;W)2

1

1+4+489A3
(Zhe * 'YM) +<Z'7Ne>
(=1

Proof. In the developments below, we denote by C' < 0o a positive constant whose value may vary
from line to line but does not depend upon L.

. . (G.1)

1
h;
N 3

/=1 (=1

We come back to the decomposition (F.2) and analyze each term separately.
Step 1. Study of {E?{?O —¢ho [ > 1}.
By Lemma A.3(ii) and a comparison between series and integrals, recalling that 8 < 1,
E[(€x, — €h)? <*ZE £no <7Z'Yk<C'YNO

Step 2. Study of { 25:1 N% ivél Ik” - aZ“‘l,L > 1}.

We have
h 271 L 1 Ny . 271 1 Ny , 271
21 —1
(55 Z“ )| < e(m i) | () |
=1 =1 k=1 k=1

From (C.2), (C.3)7(0.4) and Lemma A.3(ii), we get

E[(i . 1GZ>Q]§ < %(LE[(fZ LR ;E[(EQ _ bgﬁ)

HNgE

Tn
+iki (== - =Bl - eyt
n—1
(3 )+ S (L)
< ncﬁ



Therefore,

/=1
Step 3. Study of{z:f:1 N% gilng -9, L> 1}.

We have
[(Z Zg d) ] =30 Sl + Bl

By Assumption 3.3, the uniform Lipschitz regularity of {V},,¢ > 1} by Assumption 1.1(iv) and
Lemma A.3(i),

1
VE(E9) — Vi (€he)] < (ST ). (G-2)
Using (B.2), (G.2) and Lemma A.3(ii),
1 1 lisnl L
E[(gl)2)7 < [VJ(€2) — Vi (eh)| B[(ehe | — ehy?s < Chli M2 k>

A comparison between series and integrals thus yields

2 Lo 3y 1\2
[(Z ng _gZz 1> } SC(Z’IZ‘H&OM)%@) '
—1 =1

Step 4. Study of { ZZLZI N% kNil r],ze - TZZ’l,L > 1}.

Note that
ng ZT } ﬂééiﬁiE[(rQ@)Q]MEW;y1)2];.

From (B.3), (B.13), the uniform Lipschitz regularity of {V;",£ > 1}, stemming from Assump-
tion 1.1(iv), and Lemma G.1(i), we get
E[lrg[") < CE[(§, - &) < O, k> 1.

Combining the two previous inequalities and using a comparison between series and integrals, we

conclude
K; Zr r;;ﬁ—l)]gc<;m>.

Step 5. Study Of{Zz 1 Ne Zk 1pk pke’l,L > 1}.

Recall that { 1\17 ,ivél(ph‘ - pZ" '),£ > 1} are independent and centered and that, at each level

(>1, {p]k” h" k> 1} are {fke, k > 1}-martingale increments. Using (B.15) and a comparison
between series and integrals,

[(; Zp )TQi%%E[IpZ”HEHpﬁ“ﬁéoi .

Step 6. Study of{ZleN% i\/zl Z" —e, ', L> 1}.




Since {N% Ne (ghe

oh
P e s
{e}

l > 1} are independent and centered and, for any level ¢ > 1,
1k > 1} are {fke, k > 1}-martingale increments, using (E.15) and Lemma G.1(ii)

(S )] Emhueance]

(=1

5‘<\m\~

G.2 Complexity Analysis

The global error of the VaR AMLSA scheme (4.1) decomposes into a statistical and a bias errors

En — & = (En — &) + (el — €9).

Let € € (0,1) be a prescribed accuracy. Lemma A.3(i) guarantees the bias of estimating &, by
&N is of order Ay, hence, if hy > ¢, we have to choose the number of levels

_ ln(h()/€) ho
L—{ i so that hp =

ML SE
The cost of the VaR AMLSA scheme satisfies

Y
4
Costamrsa < C Z -

for some positive constant C' < oo independent of L. To retrieve the optimal iterations amounts

the chosen candidate to an order of

= {Ny,0 < ¢ < L}, we test out several leading term candidates for the upper bound (G.1), of
which we retain three compelling cases. We minimize the computational cost while constraining

We first consider the problem

minimisep, .. N, >0 Zf—o Nehy!
subject to ZL . h(1+460A3)/4
yielding

VN, =C7le,
2 1
Ng = ’70/3’}/15

Such a choice adds the constraints

m\w

L 2-1-45;13 % 5+450A3
< § h 2(2+5) >
E/

hﬂ”m} 0<(¢(<L.
=0

1

2
— < — >
2<ﬂ 3 and §g >

>

to guarantee that the upper estimate (G.1) is of order £2. The corresponding complexity satisfies

B -3 -3
Costliyrsa < Ce 8 — ¢

2
as BT
We next look at the problem

3

minimiseny,,... N, >0 ZEL:Othil
subject to

1
L 1.3 —
ZZ:O Ng 'YN[2 =Cle.
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The minimizers are given by

2

I L _2-B\N 3= _2_
Ny = {025 v, e 26(2@,4 ) hfﬁ—‘, 0<(¢<L
=0

™

If the additional conditions

are

2 1
- < 1 d 4 —
3_B< an 0>12

met, one attains the order 2 for the global L?(IP)-error (G.1), with an optimal cost satisfying
38 _2 9 _5 2
COStAIVILSA é Cg 2-8 — & 2 asS B \L g.
The final case worth exploring is

C L -1
minimisen,, .. N, >0 Do Nehy

1
subject to Zf:o hZN, ' =012

This yields, under constraints stated in Theorem 4.1,

3

L 1
Ny = [0252<Z hﬁ)hﬂ, 0<(<L.
=0

The convergence analysis of this last heuristic is deferred to Theorem 4.1 and the ensuing com-
plexity is discussed in Theorem 4.3.
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