
HAL Id: hal-04304018
https://hal.science/hal-04304018v1

Submitted on 24 Nov 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Scaling Laws for the Energy Transfer in Space Plasma
Turbulence

Raffaele Marino, Luca Sorriso-Valvo

To cite this version:
Raffaele Marino, Luca Sorriso-Valvo. Scaling Laws for the Energy Transfer in Space Plasma Turbu-
lence. Physics Reports, 2023, 1006, pp.1-144. �10.1016/j.physrep.2022.12.001�. �hal-04304018�

https://hal.science/hal-04304018v1
https://hal.archives-ouvertes.fr


Scaling Laws for the Energy Transfer in Space Plasma

Turbulence

Raffaele Marinoa,∗, Luca Sorriso-Valvob,c,∗
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Abstract

One major trait of space plasmas is the multi-scale dynamics resulting from
non-linear transfers and conversions of various forms of energy. Routinely
evidenced in a range from the large-scale solar structures down to the char-
acteristic scales of ions and electrons, turbulence is a major cross-scale energy
transfer mechanism in space plasmas. At intermediate scales, the fate of the
energy in the outer space is mainly determined by the interplay of turbulent
motions and propagating waves. More mechanisms are advocated to account
for the transfer and conversion of energy, including magnetic reconnection,
emission of radiation and particle energization, all contributing to make the
dynamical state of solar and heliospheric plasmas difficult to predict. The
characterization of the energy transfer in space plasmas benefited from nu-
merous robotic missions. However, together with breakthrough technologies,
novel theoretical developments and methodologies for the analysis of data
played a crucial role in advancing our understanding of how energy is trans-
ferred across the scales in the space. In recent decades, several scaling laws
were obtained providing effective ways to model the energy flux in turbu-
lent plasmas. Under certain assumptions, these relations enabled to utilize
reduced knowledge (in terms of degrees of freedom) of the fields from space-
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craft observations to obtain direct estimates of the energy transfer rates (and
not only) in the interplanetary space, also in the proximity of the Sun and
planets. Starting from the first third-order exact law for the magnetohydro-
dynamics by Politano and Pouquet (1998), we present a detailed review of
the main scaling laws for the energy transfer in plasma turbulence and their
application, presenting theoretical and observational milestones of what has
become one of the main approaches for the characterization of turbulent
dynamics and energetics in space plasmas.

Keywords: Space Plasmas, Turbulence, Energy transfer,
Magnetohydrodynamics, Scaling Laws, Solar Wind, Heliosphere, Sun,
Waves
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1. Introduction

Nature is pervaded by a multitude of flows whose dynamics is determined
by the sources of the physical fields and by the interplay between mechanisms
competing for the conversion and redistribution of energy over a wide range
of modes and scales. The complexity of these frameworks stems from the
large number of degrees of freedom and the existence of characteristic scales
identifying ranges where different physical phenomena dominate, yet with
structures from all the regimes interacting in a non-linear fashion. This
is the typical phenomenological scenario for geophysical and astrophysical
flows and in particular for the solar wind, a supersonic, weakly collisional
plasma stream produced by the Sun that represents de facto the widest multi-
scale natural flow accessible through in situ observations. The solar wind
blows from the Sun’s corona, filling the interplanetary space unhindered for
hundreds of millions of kilometers, except at very few locations where it is
shaped by the planetary magnetospheres.

Solar wind velocity and magnetic field are forced when they originate at
the scales of the large dynamical structures developing over the solar surface
and in the solar corona, where energy is injected into this unique plasma
framework. The transfer of energy towards smaller scales, and sometimes
back to the larger, entangles with small-scale field-particle interaction pro-
cesses, resulting in continued conversion between kinetic and magnetic en-
ergy and, eventually, in particle energization and enhancement of collisions.
Turbulence and plasma physics processes drive the complex, cross-scale and
trans-regime dynamics of the interplanetary plasma, connecting solar-system
macroscopic to wave-particle microscopic spatial and temporal scales. How
these processes influence each other remains one major, fascinating puzzle in
space and astrophysical plasma physics.

Because of today’s computational limitations, numerical simulations are
unable to resolve plasma dynamics from the magnetohydrodynamic (MHD)
to the kinetic scales in three dimensions. Likewise, technology constraints
do not presently permit to produce weakly collisional plasmas in laboratory
with an extended dynamical range. On the other hand, the heliospheric
missions that measured in situ the interplanetary plasma in the last decades,
together with the great dynamism and creativity of the growing space plasma
community, favoured huge steps forward in understanding the underlying dy-
namics of MHD and kinetic plasmas. Thanks to the unprecedented resolution
reached by the most recent observers, the solar wind has therefore become
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an indispensable framework to develop turbulence theories and verify funda-
mental plasma physics laws. This has been the case for the extension to the
plasma case of classical fluid turbulence scaling laws, whose broad scientific
relevance resides in their capability to capture universal features of many
self-similar processes in multi-physics frameworks in nature, from superfluids
to the interstellar space. A boost to research on space plasma turbulence
and to the cross-scale plasma dynamics was given by the derivation of an
exact law analogous of the Von-Kármán Howarth equation for homogeneous
isotropic turbulent fluids, by H. Politano & A. Pouquet, known as P&P law
(Politano and Pouquet, 1998; Politano and Pouquet, 1998). This scaling re-
lation for the mixed third-order structure function of velocity and magnetic
field represents a cornerstone for the investigation of the turbulent energy
transfer in space plasmas. Its merit has been to provide the community
with a tool immediately applicable to space observations, which is able to
connect without ambiguity macro and micro scales in the weakly collisional
solar wind plasma. The first observations of the P&P law in the solar wind
(MacBride et al., 2005; Sorriso-Valvo et al., 2007) have made it possible to
ascertain the turbulent nature of velocity and magnetic field fluctuations in
space plasmas and to estimate for the first time the turbulent energy transfer
rate in the solar wind, as well as the extent of its contribution to the local
heating of the interplanetary medium (Marino et al., 2008). These findings
contributed to advance the understanding of non-relativistic space plasmas
at a very fundamental level, providing insights on both statistical properties
and phenomenology. Indeed, the direct evidence of the turbulent heating
as is inferred through the P&P law qualifies the solar wind as an out-of-
equilibrium framework, where a time-irreversible energy conversion channel
must be accomplished (together with its extraction from the system through
other routes). Since it does, the small-scale transfer is likely to happen by
wave-particle interaction mechanisms, among others, which might be as well
the case for cosmic plasmas outside the heliosphere, thus making the solar
wind a laboratory for the investigation of astrophysical plasmas and of low
density, unconfined plasmas in general. These early works opened a whole
research sub-field in the space community and the utilization of the P&P
law and its later extensions to the compressible and/or anisotropic MHD,
Hall-MHD, etc. cases has in the meantime evolved to that of a major tool
for the investigation of dynamics and energetics in interplanetary plasmas.
More than twenty years after the derivation of the original P&P law, with
two of the most technologically advanced space plasma missions just being

8



Figure 1: Left: artist’s impression of the ESA Solar Orbiter spacecraft (from www.esa.

int). Right: rendering of the ITER tokamak (from www.iter.org).

launched (Parker Solar Probe - Fox et al. (2016) and Solar Orbiter - Müller
et al. (2020), see Figure 1) and the project of the most powerful plasma
fusion machine (ITER, see Figure 1, Rebut, 1995) on the way, we propose
a comprehensive review of hypotheses, range of validity and main observa-
tional evidences of the scaling laws for plasmas and the breakthrough they
allowed in the space studies field, focusing on their application for the char-
acterization of the global and local energy transfer and the resulting particle
energization processes in the interplanetary plasma.

The availability of large data-set from cutting-edge missions is going to
enable extensive implementations of the exact laws approach that will make it
possible to connect scales in space plasmas, shedding new light on the mech-
anisms by which energy is converted into heat within the solar wind (such
as the Landau damping), and to build a reference framework for interpre-
tation of analogous mechanisms in different nonlinear physical frameworks.
A focus of this review will be to highlight the aspects of plasma theory and
phenomenology that can be inferred from exact scaling laws for plasmas,
in particular the insights on diverse field alignments between the velocity,
vorticity, magnetic field, magnetic potential and current. These geometri-
cal features can be measured through various helicity functionals (kinetic-,
magnetic- and cross- helicity) and are related to the strength of nonlinearities
and of the energy fluxes in space plasma turbulence. The latter are of major
importance not only from a fundamental point of view but also to advance
the development of operational space weather models and to better under-
stand the coupling of the heliospheric plasmas with the upper atmosphere
and the Earth’s climate system.
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In this review we thus describe theoretical and observational results lead-
ing to an increasingly accurate description of features of the turbulent en-
ergy transfer in space plasmas. Starting from the seminal work by Politano
and Pouquet (1998) and its firsts applications to the to ecliptic (MacBride
et al., 2005; MacBride et al., 2008) and polar solar wind (Sorriso-Valvo et al.,
2007; Marino et al., 2008), we shall present underlying hypothesis, theoret-
ical derivations and observational evidences of a variety of scaling laws for
the characterization of the energy flux in the interplanetary space. This will
be done following logical steps, not necessarily analytical, starting from the
original framework introduced in Politano and Pouquet (1998) to derive an
exact law for the mixed third-order moment of the Elsasser fields in the in-
compressible, homogeneous and isotropic magnetohydrodynamic case, and
then relaxing its hypotheses. In particular, extensions to the anisotropic
and/or compressible plasmas, including the Hall effects, will be presented.
Numerical results used to explore the validity and accuracy of the introduced
scaling laws will be also covered, while the validation by means of spacecraft
observations will be proposed to discuss the wide spectrum of conditions and
physical processes determining the properties of turbulence and the energy
transfer in space plasmas. In particular, we reviewed the validation of scaling
laws for the energy transfer in the near-Earth solar wind, in the expanding
solar wind from the coronal boundaries to the outer heliosphere, in the in-
terstellar medium, in terrestrial and planetary magnetospheres, and in other
specific solar system structures where spacecraft observations allowed to asses
the turbulent dynamics. The role of turbulence in the outstanding problem
of solar wind non-adiabatic heating is also discussed. Finally, a description
of emerging local approaches to the energy transfer is presented, along with
a discussion on their usefulness for the identification and the understanding
of the kinetic dissipative processes occurring in weakly collisional plasmas.
We then conclude with a description of open issues and potential perspec-
tives to extend the reach of the scaling law approach and to provide further
support to answer fundamental questions about how the solar system works.
Major results that appeared in the literature are reviewed here, anticipated
by a first chapter introducing interplanetary space plasmas, where a formal
though succinct description of the main theoretical models for the descrip-
tion of plasmas is also presented. Equations and symbols throughout the
text were made mostly consistent. Analogies as well as discrepancies among
models and scaling laws presented have been thoroughly commented, though
some familiarity with the vector formalism is assumed. To give the reader the
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chance to identify the contents reported from referenced articles, we made the
choice to keep original notations, providing sufficient clarifications in order
to reconcile analogous mathematical developments and variables appearing
in the different sections.

2. Interplanetary Space Plasmas

The solar system dynamics is largely driven by its most prominent actor:
the Sun (Stix, 2002). This is not only true for the gravitational interactions
resulting in the planetary dynamics, or for the solar radiation releasing en-
ergy to planetary atmospheres and surfaces and to the minor solar system’s
bodies, but also for the less popular, yet equally important, dynamics of the
near-vacuum interplanetary space. Concerning this specific framework, the
main solar drivers are the particles continuously flowing from the Sun’s at-
mosphere (the solar corona) together with the solar magnetic field, stretching
into the whole solar system as a high-speed plasma stream called the solar
wind (Hundhausen, 1972). Within the solar wind, kinetic and magnetic en-
ergy are stored and constantly converted and transferred across a gigantic
range of scales, spanning from solar to atomic scales, under the joint action
of a variety of universal physical mechanisms, including turbulence, waves,
magnetic reconnection and particles energization.

2.1. The Heliosphere and the Solar Wind

The existence of a flow of particles in the heliosphere was first suggested to
account for the observed correlations between solar activity and geomagnetic
activity. It was initially proposed, already in the mid 1800, that signatures
of solar events could travel in the interplanetary space and interact with
the Earth’s magnetic field, generating perturbations measured by magne-
tometers and eventually producing polar auroras (Carrington, 1859; Loomis,
1860; Stewart, 1861; Loomis, 1862). Later observation of continuous, rather
than sporadic, presence of auroral emission led scientists to think that a
continuous flow of positive and negative charged particle of solar origin was
reaching the Earth at all times (Birkeland, 1913, 1916). Decades later, this
idea received support from the observation and modeling of the stretching
of the gaseous comets tails as due to a constant particle flow from the Sun
(Biermann, 1951). In contrast, a fundamental theoretical study used the first
observation of the extremely high temperature in the solar corona to predict
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Figure 2: Schematic view of the heliosphere structure, also showing the Voyager and
Pioneer missions. Credits: NASA/Ames, figure available at: https://www.nasa.gov/

centers/ames/images/content/72408main_ACD97-0036-1.jpg.
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a static solar atmosphere, that would extend beyond the Earth’s orbit (Chap-
man and Zirin, 1957). Such contradiction was finally overcome by E. Parker,
who realized that the hydrodynamic modeling also admitted the alterna-
tive solution of a solar corona rapidly accelerated to a supersonic flow, then
named the solar wind (Parker, 1958). Although Parker’s idea was heavily
contrasted, the birth of space exploration soon resulted in a series of experi-
mental evidences confirming the existence of solar wind particles, which were
first provided by the spacecraft Lunik 2, Lunik 3 (Gringauz et al., 1960) and
Mariner 2 (Neugebauer and Snyder, 1962).

Starting from the first satellite observations of the solar wind, huge ef-
forts were put in the scientific investigation of the interplanetary medium,
which entered the agenda of the space exploration programs of national and
international agencies, worldwide. Spacecraft have been launched in vari-
ous regions of the solar system, carrying instrumentation able to measure
plasma distribution functions, energetic particles and electromagnetic fields
in the interplanetary space. To this date, measurements have been obtained
in the inner heliosphere by numerous satellites, among which Helios 1 and 2,
Venus Express, Messenger, and more recently by Parker Solar Probe, Bepi-
Colombo and Solar Orbiter, revealing the early-stage evolution of the solar
wind dynamics. The outer heliosphere was largely explored by the Pioneer
and Voyager probes, as well as by other robotic probes such as Ulysses,
STEREO, MAVEN, and observatories launched in the frame of several other
planetary missions, that confirmed and helped constraining parameters and
models of the solar wind expansion. The near-Earth solar-wind and magne-
tospheric regions have been explored by a large number of space missions,
including single-spacecraft (e.g. ISEE, ACE, Wind) and multi-spacecraft
(e.g. Cluster, MMS, THEMIS, Swarm) configurations. All these missions al-
together provided uninterrupted, detailed observations of the interplanetary
medium for more than 50 years, generating an impressive database that is
still under-exploited. Thanks to those missions, the knowledge of dynamics
and processes of the solar and of other regions characterized by the presence
of solar plasmas, has greatly advanced, although several major questions still
remain open (see, for example, McComas et al., 2007; Viall and Borovsky,
2020).

It is now well established that the solar wind is a flow of quasi-neutral
plasma of solar origin, mostly composed of protons (about 96% of the particle
number density), α-particles (about 4%), minor populations of heavy ions,
traces of neutral atoms, and electrons. Typical plasma parameters are listed

13



n (cm−3) T (keV) B (nT) νei (Hz)
Local interstellar medium 1 10−5 1 108

Solar wind (1 au) 10 10−2 10 10−4

Solar corona 106 10−1 105 1
Earth’s ionosphere 106 10−4 103 104

Table 1: Typical plasma parameters for the solar wind and other heliospheric systems:
plasma density n, ion temperature T , magnetic field magnitude B and ion-electron colli-
sional frequency νei.

in Table 1 for the solar wind and for some other heliospheric plasma systems.

The proton (np) and electron (ne) densities are typically a few parti-
cles per cubic centimeter at the Earth orbit (1 au ≡ 1.5×108 km), and de-
crease from the solar corona according to the spherical expansion of the solar
wind. At the same distance, the typical proton and electron temperature is
Tp ' Te ' 10 eV (' 105 K). The radial temperature profile shows a multiple
power-law decrease which, however, is slower than for an adiabatic expan-
sion. This will be discussed more in detail in Section 4.3. The solar wind
departs from the solar corona with nearly radial speed Vsw, which reaches
approximately values in the range 100—800 km/s, and is relatively steady
after an initial acceleration occurring close to the Sun. The Parker’s ana-
lytical solution predicting the accelerated, supersonic solar wind expansion
is shown in the left panel of Figure 3 (Parker, 1958). During its expansion,
the solar wind plasma carries out the frozen-in dipolar solar magnetic field.
The combined effects of wind expansion, solar rotation and solar magnetic
variability result in a complex large-scale structure of the interplanetary mag-
netic field. This includes the typical spiral-shaped field lines, known as the
Parker spiral (see a schematic illustration in the right panel of Figure 3,
Parker, 1958), as well as an undulated ecliptic neutral current sheath, due to
the change of polarity of the Sun’s magnetic field across the solar equator.
The latter is reminiscent of a rotating ballerina skirt, marking the transi-
tion between north and south heliospheric magnetic polarities. While the
solar wind expands predominantly with radial velocity, and the macroscopic
interplanetary magnetic field is typically directed along the Parker spiral,
three-dimensional fluctuations of both fields are present everywhere, thus in
all directions, disregarding the reference frame. At large scales, the complex
interactions between the plasma flow and the interplanetary magnetic field
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Figure 3: Parker’s analytical solutions showing the solar wind velocity profile, u/uc, versus
the radial distance from the Sun, r/rC (left panel, the subscript C indicating the coronal
Alfvénic critical point, see Hundhausen, 1972), and a schematics of the interplanetary
magnetic field spiral. Figure adapted from Hundhausen (1972).

result in a rich variety of magnetohydrodynamic phenomena. Given the typ-
ical plasma parameters, the large expansion velocity exceeds both the sound
and the Alfvén speeds. In these conditions, the solar wind is mostly found
in a state of highly developed turbulence (Tu and Marsch, 1995; Bruno and
Carbone, 2013; Matthaeus, 2021), and at the same time it supports the prop-
agation of various waves and instabilities (Alexandrova et al., 2013) that su-
perpose and interact with the turbulence (Khotyaintsev et al., 2021; Carbone
et al., 2021). Solar wind turbulence studies have been developed in depth for
nearly 50 years, showing the ubiquitous presence of power-law trends in the
power spectral density of velocity, density and magnetic field (Coleman, 1968;
Alexandrova et al., 2008), with spectral exponents broadly compatible with
the standard Kolmogorov phenomenology (Kolmogorov, 1941) or with the
Iroshnikov-Kraichnan phenomenology (Iroshnikov, 1964; Kraichnan, 1965).
Intermittency is also largely observed (Tu and Marsch, 1995; Sorriso-Valvo
et al., 1999), and typically much stronger than in neutral fluids. Solar wind
turbulence is also characterized by anisotropy (Bieber et al., 1996), and is
further complicated by the unsteady energy input of solar and coronal origin,
which are in turn turbulent processes themselves. Spherical expansion adds
even more complexity, as do the weakly collisional nature of the plasma and
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the interaction with pick-up ions from the interstellar medium. It is worth
to mention that a large numbers of studies, based on observations and theo-
retical modeling of the heliospheric plasma, emphasized an evolution of the
solar wind dynamics with both heliospheric distance and heliolatitude, as it
will be addressed in this review. As we will discuss, the importance of turbu-
lence in the global dynamics of the heliosphere is paramount, and this review
addresses the current most advanced theoretical and experimental approach
to its proper description (Matthaeus and Velli, 2011).

2.2. Description of space plasmas: from kinetic to magnetohydrodynamic
equations

Weakly collisional space and astrophysical plasmas are often character-
ized by an extended dynamical range of spatial and temporal scales. These
span from the typically solar corona scales (∼ 108 m, ∼ 106 s), determining
the large-scale input and synoptic behaviour of the heliospheric solar wind,
to electron kinetic scales (∼ 10−2 m, ∼ 10−4 s), where wave-particle inter-
actions dominate the dynamics, ultimately leading to the dissipation of the
energy. The most detailed and most general description of the space plasma
dynamics is provided by the kinetic model, whose mathematical formulation
is given in terms of a set of Boltzmann equations, one for each of the main
plasma components (for example, at the most basic level, protons and elec-
trons). These equations provide a description of the plasma particles at a
microscopic level, controlling the phase-space dynamical evolution of their ve-
locity distribution functions (VDF), fs(r,v). The subscript s refers to either
protons p or electrons e, but the kinetic model can also include fully ionized
Helium (α particles) and heavier ions. The VDF evolution is determined by
the advective action of the plasma flow, combined with the effects of elec-
tromagnetic Lorentz forces acting on the particles, and of particle collisions.
The Boltzmann equations thus read as:

∂fs
∂t

+ vs ·∇fs +
qs
ms

(E + vs ×B) · ∂fs
∂vs

=

(
∂fs
∂t

)
collisions

(1)

where vs is the s-particle species average flow speed, namely the first-order
moment of the s-particle distribution, vs = n−1

s

∫
vsf(r,vs)dvs (the total

number of particles of the s-particle being given by the zeroth-order moment,
ns =

∫
f(r,vs)dvs). E and B are the electric and magnetic fields, and qs

and ms are the charge and mass of the particle s, respectively. Equation (1)
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includes terms accounting for modifications of the VDF due to inter- and
intra-species collisions, generically indicated as (∂fs/∂t)collisions. Collisional
terms have been modeled under various approximations, but are typically
complex to handle (see, e.g., Pezzi et al., 2019, and references therein). It is
important to point out that the different species interact both through the
Lorentz force, and through the inter-species collisional terms. However, as
stated previously, space plasmas are often described in the nearly-collisionless
limit. The validity of such approach poses fundamental and still open issues
(Landau, 1936; Rosenbluth et al., 1957; Pezzi et al., 2016), but is neverthe-
less an extremely useful approximation to describe the main kinetic plasma
processes occurring when collisions are not dominating. In such a case, col-
lisional terms can thus be neglected, resulting in the model described by the
Vlasov equations:

∂fs
∂t

+ vs ·∇fs +
qs
ms

(E + vs ×B) · ∂fs
∂vs

= 0 . (2)

Both sets of Boltzmann and Vlasov equations require closure through the
Maxwell equations for the evolution of the electromagnetic fields. The com-
putational requirements for the numerical integration of the equations of the
Boltzmann or Vlasov models, in a broad range of time and space scales, are
currently out of reach when it comes to the simulation of the plasma in a
parameter space compatible with that of the heliospheric environment, in
three dimensions. Therefore, the kinetic description of space plasmas is usu-
ally limited to the exploration of the small-scale dynamics, or to the use of
approximated equations for the modelling of specific processes or geometries
(see, e.g., Howes et al., 2011; Karimabadi et al., 2013; Palmroth et al., 2018).
One important approximation that allows the study of an intermediate range
of scales —accessible through modern observations and with state-of-the-art
supercomputers— over which dynamics of turbulence develop in space plas-
mas is magnetohydrodynamics (MHD), which consists in considering the
plasma as a multi-fluid flow, disregarding the details of the field-particle in-
teractions (Alfvén, 1942). This can be done if the scales of interest are large
enough for the plasma to be assumed in a local thermal equilibrium state, for
which the limit distribution for the particle species is the Maxwellian (Kivel-
son and Russel, 1995). If this is the case, it is then possible to integrate the
Boltzmann (or Vlasov) equations in the velocity space, for each species, in
order to obtain corresponding equations of the so called fluid model. Upon
plain velocity-space integration, equations (2) result in the evolution equa-
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tions of the zeroth-order moment, the number density of each particle species
(continuity equation for the species s). However, this includes the first-order
moment (velocity). Similarly, integrating equations (2) after multiplication
of each term by the velocity gives the evolution equations for the first-order
moment, the fluid velocity (Navier-Stokes moment equation for the species
s), which, again, include the second-order moment (the pressure tensor). In
fact, the integration of the Vlasov equations to a given order systematically
introduces the moment of the next higher order, namely a new variable,
which makes the system not closed and, therefore, not immediately solvable.
In order to close the system at some desired integration order, it is necessary
to introduce a supplementary equation based on some model of the plasma.
In most cases, and for the purpose of this review, the space plasmas consid-
ered are non-relativistic and quasi-neutrality of charge holds, provided their
evolution is investigated over spatio-temporal scales larger than the largest
characteristic separation time and length scale between positive and negative
charges. The former is assumed to be the inverse of the plasma frequency

ΩP =
√

4πnee2

me
(ne and me being electron density and mass, respectively, and

e the elementary charge), whereas the latter is in general the Debye length
λD. The order of magnitude of these characteristic scales in two reference
frameworks such as the solar wind at 1 au and the solar corona are:

• Solar corona: ΩP ∼ 109 Hz → τsep = 1
ΩP
∼ 1 nsec ; λD ∼ 1 mm

• Solar wind (1 au): ΩP ∼ 105 Hz → τsep = 1
ΩP
∼ 10 µsec ; λD ∼ 10 m

These estimates can be used to identify the boundaries within which the
magnetohydrodynamics can be considered as a valid model to describe the
dynamics of turbulence and waves in space plasmas, and therefore to correctly
interpret spacecraft observations. Under the assumption of quasi-neutrality,
the mass density and bulk velocity of the plasma reduce to the mass density
and the velocity of the protons. Indeed, if np ≈ ne, since mp � me, then
ρ = ρp + ρe = mpnp +mene ' mpnp and v = (mpvp +meve)/(mp +me) ' vp

(subscripts e, p stand as usual for electrons and protons, respectively), allow-
ing together to treat the plasma as a single-species proton fluid that carry
an electron current. On the other hand, assuming a non-relativistic regime
for the plasma enables to slightly modify the set of the Maxwell equations,
so that the electromagnetic force appearing in the two-fluid model equa-
tions (not shown) reduces to the sole Laplace force (fEM = ��ρce + 1

c
J × B),
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the net charge density ρc being very small if the plasma velocity is much
smaller than the speed of light, c. Again from the Maxwell equations, in
the non-relativistic approximation it is possible to derive an induction equa-
tion describing the evolution of the magnetic field B. Eventually, all the
assumptions above being made and additionally assuming incompressibility,
∂ρ/∂t + (v ·∇)ρ = 0, from the two-fluid model it is possible to extract the
core set of equations representing the formal framework of the so called mag-
netohydrodynamic description of plasmas, or MHD (for detailed descriptions
of the MHD framework, the reader can refer to Biskamp, 1993; Kivelson and
Russel, 1995; Galtier, 2016):

∇ · v = 0 (3)

ρ

(
∂v

∂t
+ (v ·∇)v

)
= −∇Ptot +

1

4π
(B ·∇) B + η∇2v (4)

∂B

∂t
= ∇× (v ×B) +

c2

4πσ
∇2B (5)

∇2Ptot = −ρ∇
[
(v ·∇) v − 1

4πρ
(B ·∇) B

]
, (6)

σ being the conductivity and η the absolute viscosity. The Poisson equation
for the total pressure, Ptot = (P + B2

8π
), equation (6), is obtained taking the

divergence of equation (4). Indeed, in many cases the initial density of the
system can be assumed uniform (ρ0 = ρ(t)), which for an incompressible
plasma means that the density is uniform also at later times as the dynam-
ics develop. This condition allows to eliminate the variable ρ together with
one of the system equations, which is why one of the three equations for
the velocity, equation (4), can be used to retrieve an equation for the pres-
sure, equation (6). Finally, exploiting the incompressibility to modify the
induction equation, the MHD analytical framework becomes:

∇ · v = 0 (7)

∂v

∂t
+ (v ·∇) v = (b ·∇) b + ν∇2v − 1

ρ
∇Ptot (8)

∂b

∂t
+ (v ·∇) b = (b ·∇) v + λ∇2b (9)

∇2Ptot = −ρ∇ [(v ·∇) v − (b ·∇) b] , (10)

where ν = η/ρ is now the kinematic viscosity, λ the magnetic diffusivity, the
magnetic field being written in velocity units through a change of variables:
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b = B(4πρ0)−1/2. The Maxwell equations, needed to close the system, under
the assumptions of the incompressible MHD model read as:

∇ · E = 4πρc (11)

∇ ·B = 0 (12)

∂B

dt
= −c (∇× E) (13)

∇×B =
4π

c
J . (14)

It is worth to mention that, in the incompressible case, the MHD equations
can be re-arranged in a form that is more convenient for the investigation
of the dynamics developing in space plasmas. This is done using the so
called Elsasser variables (Elsasser, 1950), defined as z±(x, t) = v ± b, that
allow to better characterize the evolution of correlations between velocity and
magnetic field, the latter playing a very important role in the heliosphere.
The MHD equations written in terms of these new variables obtain essentially
by summing and subtracting equations 8 and 9, leading to:

∇ · z± = 0 (15)

∂

∂t
z± +

(
z∓ ·∇

)
z± =

(
ν ± λ

2

)
∇2z± +

(
ν ∓ λ

2

)
∇2z∓ − 1

ρ
∇Ptot . (16)

It is very important to point out how the nonlinear terms in equations 16 do
couple Elsasser fields with opposite signs. In this formulation of the incom-
pressible MHD model, it appears therefore clear that nonlinear dynamics are
suppressed when the plasma is in a purely Alfvénic state, meaning in a state
where v and b are perfectly correlated or anti-correlated (thus z− = 0 or
z+ = 0). This is actually a condition that occurs quite often in space plas-
mas, at least approximately, as it will be discussed in the following sections.
Finally, it is convenient to define some important physical quantities and
their relation to the Elsasser fields. With the brackets indicating averages
over time or space, after defining the pseudo energies e± = 〈(z±)2〉/2, the
total energy e = (〈v2〉 + 〈b2〉)/2, the residual energy er = (〈v2〉 − 〈b2〉)/2
and the cross-helicity ec = 〈v · b〉/2, one can also introduce the normalized
cross-helicity, σc = (e+ − e−)/(e+ + e−) = 2ec/e, and normalized residual
energy, σr = 2er/(e

+ + e−).
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2.3. The injection of energy in space plasmas
The ubiquitous observations of power-law spectra of magnetic and ve-

locity fluctuations, obtained through measurements from spacecraft, suggest
that the solar wind is in a turbulent state (Marsch and Tu, 1997; Bruno and
Carbone, 2013; Matthaeus and Velli, 2011; Alexandrova et al., 2013; Smith
and Vasquez, 2021). Yet the mechanisms driving turbulence dynamics in the
interplanetary space are still largely undetermined. It is however understood
that the abundant presence of interacting Alfvén waves —propagating in op-
posite direction along a mean large-scale magnetic field— in the vicinity of
the solar corona, the geometry of the solar wind expansion, its high speed,
and the inhomogeneous and variable dynamics of the originating solar coro-
nal regions, may all play a role in injecting energy into the large scales of the
accelerating solar wind. At the solar wind source, these can span from the
typical period and wavelength of the Alfvén waves (of the order of minutes
and Mm), to the temporal and spatial scale of coronal structures, that can
last up to days and reach the Gm scale (Sorriso-Valvo et al., 2010). A stan-
dard view of the origin of solar wind turbulence, still only partially supported
by observational evidence, can be described as follows. Solar photospheric
motions due to convection (Stix, 2002; Stein, 2012), coronal waves (Warmuth,
2015) and proper Sun’s oscillating modes (Vecchio et al., 2005; Basu, 2016),
continuously stir and shake the foot-point of the coronal magnetic field. This
results in the excitation of Alfvénic fluctuations (McIntosh et al., 2011; Mor-
ton et al., 2015), which propagate in the expanding corona, where various
instabilities may destabilize them, thus triggering the initial nonlinear inter-
actions of kinetic and magnetic energy modes that seed coronal turbulence.
The process is then continuously supported by several mechanisms during
the coronal and solar wind expansion (see Section 6 for a brief account of the
radial evolution of solar wind turbulence). For example, the radial expan-
sion of the solar wind contributes by generating gradients in the transverse
components of velocity and magnetic field, whose scale increases the larger
the distance from the Sun. Additionally, and more specific to the solar wind
magnetohydrodynamic scales, as the plasma expands, the parametric decay
of outward Alfvén waves generates in turn the inward Alfvén modes needed
to activate the nonlinear interactions leading to the turbulent cascade (Velli
et al., 1990; Grappin et al., 1993; Malara et al., 2000; Malara et al., 2001;
Matteini, 2012; Tenerani and Velli, 2017; Primavera et al., 2019). The con-
tinuous alternation and superposition of wind streams with different speed,
depending on the originating coronal regions and on the acceleration mecha-
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Figure 4: Snapshot of a two-dimensional compressible magnetohydrodynamic numerical
simulation of the Kelvin Helmholtz instability, extracted after 13 large-eddy turnover
times (Kieokaew, R. et al., 2021). The simulation is performed in a rectangular box of
size Lx×Ly = 8π×4π with nx×ny = 1024×512 resolution. It uses empirical plasma and
fields values measured in a Kelvin-Helmholtz boundary region crossed by the Solar Orbiter
spacecraft (Müller et al., 2020, see Section 1) on 23 July 2020, between 20:10 UT and 21:50
UT. The color scale represents the out-of-plane vorticity, ω = ∇× v, where v(x, y) is the
flow velocity. Rolled-up and coalescing vortices are clearly visible in the central region.
Figure from Kieokaew, R. et al. (2021).

nisms, act as well as an energy injection source for the large-scale structures
(Bruno and Carbone, 2013; Shi et al., 2020). A broad variety of medium-
to large-scale plasma structures, known as microstreams (Neugebauer et al.,
1995) and switchbacks (Bale et al., 2019; Kasper et al., 2019), also recently
observed in the corona (Telloni et al., 2022a), are present in fast or Alfvénic
solar wind, representing a viable additional source of energy (Goldstein et al.,
2003; Hernández et al., 2021). The heliospheric current sheet, marking the
undulated and irregular separation between opposite magnetic polarities from
the two solar hemispheres, introduces shear and boundary layers in the whole
interplanetary space at ecliptic latitudes, which are most often explored by
spacecraft (Smith, 2001). Other fluid or plasma instabilities are also known
to develop occasionally injecting further energy at large scales at specific
locations. For example, Kelvin-Helmholtz vortices are commonly observed
in the heliosphere (e.g. Mishin and Tomozov, 2016, and references therein),
and more specifically in the solar corona (Foullon et al., 2011; Ofman and
Thompson, 2011), in the solar wind (Neugebauer et al., 1986; Sasunov et al.,
2012; Telloni et al., 2020; Kieokaew, R. et al., 2021; Telloni et al., 2022a) and
in the terrestrial magnetosheath (Hasegawa et al., 2004; Hwang et al., 2012;
Eriksson et al., 2016; Di Mare et al., 2019). Interaction of the plasma with
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magnetic reconnection exhausts (Manchester et al., 2005; Bandyopadhyay
et al., 2021a) or with shocks propagating in the interplanetary medium, in-
cluding coronal mass ejections (CMEs) (Shaikh et al., 2017; Fan et al., 2018;
Kilpua et al., 2021; Sorriso-Valvo et al., 2021) and corotating interaction re-
gions (CIRs) (Smith et al., 2011; Richardson, 2018), can also contribute to
inject additional energy in the solar wind turbulence processes during the
wind expansion.

All of the above phenomena, with the addition of a variety of impulsive
solar events, can effectively provide energy inputs on a broad range of tempo-
ral and spatial scales, in a continuous, periodic or sporadic manner, in some
cases also interacting with each other. This eventually results in a complex,
mostly irregular, sometimes time-correlated, but certainly uninterrupted in-
jection of energy in the system, supporting one of the most impressive cases
of turbulence observed in nature. Indeed, given the solar wind high expan-
sion speed and the interaction of counter-propagating waves, the energy from
different sources will unavoidably undergo a nonlinear turbulent cascade and
generate smaller scale structures, eventually resulting in a fully turbulent
state with the superposition of the field fluctuations over a wide range of
scales.

A simple modeling of the von Kármán decay rate (de Karman and Howarth,
1938) provides an approximate way to estimate from observations the amount
of energy that is injected into a MHD turbulent cascade, irrespective of the
specific injection mechanism. In the case of MHD flows, this provides a
phenomenological relation between the mean energy injection rate, ε, and
the root mean square fluctuation values of the standard Elsasser fields z±

(Hossain et al., 1995; Bandyopadhyay et al., 2019),

ε =
1

2

d

dt

[
(z+)2 + (z−)2

]
=
α+(z+)2z−

2L+
+
α−(z−)2z+

2L−
, (17)

where L± are characteristic scales of the energy containing structures. The
numerical coefficients α± ' 0.03 are related to the dimensionless dissipa-
tion rate of MHD turbulence, and are weakly depending on plasma param-
eters, such as, for example, the mean-magnetic-field strength, or the corre-
lations between velocity and magnetic fluctuations (Matthaeus et al., 2004;
Linkmann et al., 2015; Bandyopadhyay et al., 2018b). The energy injection
rate has been estimated using solar wind data at different distances from the
Sun, providing values ranging from 104 to 105 J kg−1 s−1 (Bandyopadhyay
et al., 2020; Wu et al., 2022a). An example is given in Figure 5, where the
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outer-scale energy is estimated using data collected by the Parker Solar Probe
in the inner heliosphere, during its first three perihelia (Wu et al., 2022a).
In the same figure, the measurement is compared with modeled estimates of
the ion heating rate, indicated by H (left), and of the energy source repre-
sented by the large-scale part of the spectrum. In the Alfvénic solar wind,
such energy reservoir for the turbulent cascade is typically identified with a
1/f spectral range of magnetic fluctuations (Kiyani et al., 2015), commonly
associated to the superposition of large-scale, Alfvénic fluctuations, which
include the spatial structure and temporal variability of the coronal sources
(see, e.g. Verdini et al., 2012; Bruno and Carbone, 2013; Chandran, 2018).
Indeed, in space plasmas as well as in natural fluid frameworks, the energy is
redistributed among frequencies and scales as a result of the competition of
waves and turbulent motions (Dobrowolny et al., 1980; Marino et al., 2015b;
Herbert et al., 2016). Such complex dynamics determines the correlation
time of the fields involved, whose spectra are expected to be flat at frequen-
cies lower than the reciprocal characteristic time scales of the system. The
presence of a low-frequency 1/f range must thus be related to the existence
of correlation times longer than the typical large scale turnover time and of
energy injection and dissipation time scales. A range over which the low-
frequency spectrum of physical quantities follows a power law trend close to
-1 is observed in geophysical fluids (Fraedrich and Blender, 2003; Costa et al.,
2014), quasi-2D turbulent flows in laboratory (Herault et al., 2015), numeri-
cal simulations of hydrodynamic and magnetohydrodynamic flows (Dmitruk
and Matthaeus, 2007), and of course in the interplanetary space. Some stud-
ies suggest the possibility that the emergence of coherent structures and/or
condensation of energy at large scales would be at the origin of the 1/f spec-
trum in turbulent flows. In particular, it was shown that in liquid metal
experiments, at high Reynolds number, both three-dimensional shear flows
and quasi-two dimensional flows exhibit a low-frequency 1/f range due to
the increase of the power spectral density in the gravest modes, in turn
caused by unstable shear layers (Pereira et al., 2019) and large-scale flow
circulation (Herault et al., 2015) respectively. Evidences of the presence of
long time fluctuations and the 1/f low-frequency spectrum were provided
also in hydrodynamic and MHD frameworks characterized by condensation
of invariants (or quasi-invariants). That happens in three-dimensional MHD
plasmas, with or without a background magnetic field, as well as in rotating
fluids (Dmitruk et al., 2011), where inverse cascades of helicity or energy
are observed (Pouquet et al., 2019b). Ultimately, one can speculate that the
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Figure 5: Radial profile of energy injection rate, ε, as measured by Parker Solar Probe
during its first perihelion, compared with the estimated plasma heating rate, H (left
panel), and with the estimated energy reservoir from the low-frequency fluctuations, S
(right panel). Full and empty symbols refer to the inbound and outbound portion of the
spacecraft orbit, respectively. Figure adapted from Wu et al. (2022a).

latter might be the underlying mechanism of the 1/f spectrum also in space
plasmas, in which the existence of a low-frequency 1/f spectral scaling in the
Alfvénic solar wind was recently related to the saturation of the magnetic
field fluctuations at large scale (Matteini et al., 2018; Bruno et al., 2019).

The above estimate of the large-scale energy injection rate, equation (17),
is based on the assumption of homogeneous turbulence, so that impulsive,
sporadic energy injection mechanisms cannot be adequately included. Yet,
it gives the order of magnitude of the solar wind large-scale turbulent energy
that is feeding the turbulent cascade. In the following sections we will see
how this estimate compares with the inertial range turbulent energy transfer
rate evaluated through the exact third-order laws formulated to characterize
space plasmas.

3. Third-order incompressible scaling laws in space plasmas

3.1. Magnetohydrodynamic turbulent cascade phenomenology

As it emerged in the previous sections, modeling turbulence in the outer
space is a challenging endeavour still being pursued by the community. The
most basic model, yet used as a reference to describe the MHD turbulent
cascade in space plasmas, is the standard Kolmogorov phenomenology for
neutral flows. Such model predicts the classical power-law scaling for the
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kinetic energy spectrum, Ev(k) ∼ k−α (where k = `−1 is a wavevector and
` the corresponding spatial scale), with α = 5/3 (Kolmogorov, 1941), or
with a slightly different spectral exponent when intermittency corrections
are considered (Kolmogorov, 1962; Anselmet et al., 1984; Frisch, 1995). How-
ever, MHD specific features must be included to account for the presence of
Alfvénic correlations between velocity and magnetic field. The phenomenol-
ogy of turbulence in the case of magnetohydrodynamic plasmas dominated by
a background magnetic field has indeed been addressed by Iroshnikov (1964);
Kraichnan (1965) (IK). The IK framework takes into account the fact that
the sweeping effect of counter-propagating Alfvén waves interferes with scale-
to-scale interactions between structures, slowing down the turbulent cascade
process. The IK phenomenology was later on extended by Dobrowolny et al.
(1980) to explain the apparent paradox of Alfvénic turbulence in the solar
wind, namely the simultaneous observation in the interplanetary plasma of
well developed power laws in kinetic and magnetic energy spectra and the
presence of strong correlations between the velocity and magnetic fields. The
latter corresponds to the vanishing of one of the two Elsasser modes, z±(x, t)
—solutions of the linearized incompressible MHD dynamics— resulting in
the absence of either inward or outward propagating Alfvén waves. The fact
that the nonlinear terms in equation (16) couple Alfvén modes with oppo-
site polarities and those propagate in opposite direction along an underlying
background magnetic field (the so called Alfvén effect), marks a major dif-
ference between hydrodynamic and MHD turbulence. Like in the classical
Kolmogorov phenomenology, the statistical properties of MHD turbulence
—in the incompressible ideal case— at scale ` depend essentially on the en-
ergy transfer rate, Π±, in the inertial range, which is governed by two main
phenomena: the propagation of Alfvén waves, characterized by a timescale
τ `A ∼ `/vA (Alfvén time), and the nonlinear coupling between structures,
acting on the nonlinear time scale τ±NL ∼ `/z±. The Alfvén effect can be
incorporated in the MHD phenomenology by introducing a small parameter
accounting for the competition between the two time scales, τ `A/τ

`
NL, then

used to define a new characteristic interaction time in the case of turbulent
plasmas dominated by Alfvén waves, τI = τ±NL/τI = (τ±NL)2/vA. Assuming
the same pseudo-energy transfer for the two Alfvén modes, ε ∼ Π+ ∼ Π−,
the hydrodynamic phenomenology translates into the IK phenomenology
as follows: ε ∼ z±/τI = (z±)4/vA`, leading to the so-called IK spectrum,
Ev(k) ∼ (εvA)1/2k−3/2. Also called the Kraichnan spectrum, this is the ref-
erence spectral energy distribution for the Alfvénic solar wind, and has been
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long used, together with the Kolmogorov spectrum (Kolmogorov, 1941), to
characterize the turbulent state of space plasmas. When considering the
symmetry breaking introduced by the presence of a strong large-scale inter-
planetary mean magnetic field B0, anisotropic models of turbulence need to
be used (Biskamp, 1993). Indeed, Alfvénic fluctuations tend to travel along
the mean field, so that the cascade inhibition should occur predominantly in
such direction. In a standard view, solar wind turbulence is thus described
by two different sets of scaling laws, one (Kraichnan-like) in the direction of
the magnetic field, and a different one (Kolmogorov-like) in the plane per-
pendicular to this. In reality, there are various other sources of anisotropy, as
for example the radial expansion of the plasma and the presence of a bound-
ary layer in correspondence of the heliospheric current sheet, separating the
north and south magnetic sectors. The anisotropic nature of solar wind tur-
bulence is therefore a complex matter that is still being studied, and which is
not completely captured by models yet (see, for example, Matthaeus et al.,
1990; Bieber et al., 1996; Boldyrev, 2006; Zank et al., 2011; Horbury et al.,
2012; Adhikari et al., 2015b,a; Oughton and Matthaeus, 2020, and references
therein).

3.2. Intermittency in fully developed turbulence

Like in the case of ordinary fluids, plasma turbulence is also characterized
by intermittency. Universally observed in turbulent flows, intermittency de-
scribes the inhomogeneous nature of the cascade, which favours the transfer
of energy where gradients are larger. As a result, as the energy is trans-
ferred towards smaller scales it is also concentrated on increasingly sparse re-
gions of space, generating highly energetic intermittent structures that stick
out from the fluctuations’ background (e.g., see Frisch, 1995, and refer-
ences therein). Consequently, the statistics of the fields fluctuations is scale-
dependent. This is usually described through the scale-dependent probability
distribution functions of the two-point increments ∆v(x, `) = v(x+`)−v(x),
where v is a generic turbulent field (either a scalar or a vector components),
x the position, and ` a scale. At large scales, fluctuations ∆v are often un-
correlated, and their statistics is observed to be predominantly Gaussian. As
the nonlinear interactions transfer the energy to smaller scales, the formation
of small-scale structures produces raising tails of the fluctuations’ probabil-
ity distributions. The associated high-order moments Sq(`) = 〈∆vq〉 ∼ `ζq ,
called structure functions, increase as power laws of the scale. For scale-
dependent statistics, their scaling exponents, ζq, deviate from a linear func-
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tion of the order q, as captured by several theoretical models (see, e.g., She
and Leveque, 1994; Frisch, 1995, and references therein). Among these, the
p-model (Meneveau and Sreenivasan, 1987) is occasionally used in this review
to quantify intermittency. Based on a multifractal description of the turbu-
lent cascade (Frisch et al., 1978), such simple model assumes that, at each
step of the nonlinear energy cascade, a fraction of energy P or 1− P is ran-
domly transferred to each of two “daughter” structures, where 0.5 ≤ P ≤ 1
is a free parameter indicating the concentration of the energy on small-scale
structures. For P = 0.5, the energy is equally redistributed in the volume,
so that the cascade is homogeneous, volume-filling and non intermittent.
Larger values of P therefore indicate stronger intermittency. According to
the p-model, the scaling exponents of the structure functions are

ζq = 1− log2 [P qh + (1− P )qh], (18)

where h is the similarity (Hurst) exponent of the field that can be approxi-
mately obtained from the spectrum as 2h = α−1. An additional useful tool to
quickly quantify intermittency is the flatness, namely the fourth-order struc-
ture function normalized to the second-order one, F (`) = S4(`)/S2

2(`) ∼ `−κ.
For Gaussian fields F = 3, while larger values indicate leptokurtic statis-
tics, with raising tails representing the emergence of energetic structures. Its
values, scaling behaviour and scaling exponent κ can therefore be used to
quantitatively account for intermittency. A relation can be easily established
between the scaling exponent of the flatness and, for example, the intermit-
tency parameter P of the p-model, κ = 2 ζ2−ζ4 = 1−2log2[P 2h + (1− P )2h]+
log2[P 4h + (1− P )4h], which for 0 < h < 1 is a monotonically increasing func-
tion of P . For instance, for h = 1/3 (Kolmogorov scaling) and P = 0.7 (a
standard value for fluid turbulence, see e.g. Anselmet et al., 1984; Meneveau
and Sreenivasan, 1987), one obtains κ = 0.29. Spectral power density and
structure functions analysis represent the standard approach for the fine de-
scription of turbulence. Routinely observed in MHD numerical simulations
(Sorriso-Valvo et al., 2000), solar wind plasmas typically also show intense
intermittency, whose characteristics are strongly modulated by the wind vari-
ability (Tu and Marsch, 1995; Sorriso-Valvo et al., 1999; Pagel and Balogh,
2003). Finally, it is worth pointing out that, in the presence of internal
waves, intermittent phenomena can develop as well at large scales in turbu-
lent flows. In stratified fluids, as for instance in the Earth’s atmosphere and
in the oceans, non-stationary energetic bursts are indeed observed at scales
comparable to that of the mean flow (Klymak et al., 2008; van Haren et al.,
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2015). Recent numerical and theoretical studies provided major insights on
the dynamics underlying the sudden amplification of the temperature and
of the vertical component of the velocity in stratified turbulent flows (Rorai
et al., 2014; Feraco et al., 2018), also in the presence of rotation (Buaria
et al., 2020), explaining how large-scale intermittency stems from the reso-
nant interaction of gravity waves and turbulent motions. It has been also
shown how large-scale intermittent events feed back on the dynamics of the
small scales, modulating the classical (small-scale or internal) intermittency
(Pouquet et al., 2019a; Feraco et al., 2021), enhancing turbulence and local
dissipation (Marino et al., 2022).

3.3. The Politano & Pouquet law for Magnetohydrodynamics

Highly Alfvénic states correspond to dynamical regimes of the plasma
characterized by weak non-linear couplings, resulting in the impossibility for
a MHD turbulent cascade to fully develop in the limit of vanishing non-linear
terms in equation (16). While the systematic observation of the IK spectrum
in the solar wind (Bruno and Carbone, 2013) suggests that interplanetary
space plasmas are indeed in a turbulent state, phenomenological predictions
of the energy spectra and intermittency do not enable to draw definitive
conclusions on the possibility that a condition corresponding to Alvénic tur-
bulence may actually exists. Most importantly, assuming Alfvénic turbulence
as existing, neither the K41 nor IK phenomenology do really permit to esti-
mate the rate of the scale-to-scale of energy transfer in the turbulent inertial
range. A known approach in fluid mechanics is to build structure functions
of increasing order based on the velocity field increments, which provides
quantitative assessment of properties of turbulence and intermittency. In
particular, since the seminal work of Kolmogorov (Frisch, 1995) a lot of at-
tention has focused on the mathematical manipulation of the third-order lon-
gitudinal structure function in fluid turbulence, known as the Kolmogorov
4/5 law, where longitudinal velocity fluctuations are those parallel to the
lag direction. The 4/5 law is obtained analytically from the Navier-Stokes
equations and is considered “[...] one of the most important result in fully
developed turbulence because it is both exact and non-trivial” (Frisch, 1995).
The end point of the Kolmogorov theorem can be summarized as follows:
under the hypothesis of homogeneity, isotropy and incompressibility, in the
limit of infinite Reynolds number, assuming finite energy dissipation, ε, the
third-order longitudinal velocity structure function scales linearly with the
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spatial increment, `:

S3(`) = 〈∆v(`)3〉 = −4

5
ε` . (19)

An analogous exact law for magnetohydrodynamic plasmas was originally
obtained by H. Politano and A. Pouquet (Politano and Pouquet, 1998; Poli-
tano and Pouquet, 1998), providing the space plasma community with an
invaluable tool to characterize turbulence in the heliosphere and even fur-
ther away from the Sun, beyond the heliopause, using observations from
spacecraft with onboard plasma and magnetic field instruments. This exact
relation, widely known as P&P law, is derived in the following from the MHD
equations with an approach analogous to the one devised in Danaila et al.
(2001a) to obtain the Kolmogorov 4/5 law of hydrodynamic turbulence. The
latter approach will be carried out on the basis of the Elsasser fields in MHD
and invokes several hypothesis such as the assumption of local homogeneity
and isotropy (Carbone et al., 2009b). It must be stressed, however, that as far
as the tensor calculus of these fields is concerned, this mixes the statistics of
an axial vector, the magnetic field, which is unchanged under reflections, and
a polar vector, the velocity, which changes sign (Robertson, 1940). We also
refer the reader to the original work by Chandrasekhar who derives evolution
equation for correlation functions in the original velocity and magnetic field
variables (Chandrasekhar, 1951) as well as a recent derivation of a hierarchy
of structure functions equations in MHD (Friedrich et al., 2016; Friedrich,
2020). Finally, we remark that we will present a thorough, step-by-step
derivation of the incompressible, isotropic MHD version of the third-order
moment scaling law, which should serve as a reference for the mathematical
handling of this type of relations. However, the one presented here is not the
only possible approach: different techniques exist in the literature that lead
to equivalent relations.

We start from the MHD equations (15)-(16) written in terms of Elsasser
variables,

∂tz
±
i + z∓α ∂αz

±
i = −∂iΠ +

ν ± λ
2

∂2
αz

+
i −

ν ∓ λ
2

∂2
αz
−
i , (20)

with P̃ = Ptot/ρ, ν the kinematic viscosity, λ the magnetic diffusivity, ∂t ≡ ∂
∂t

and ∂α ≡ ∂
∂xα

. Summation over identical indices is assumed. Moreover, we
make the additional assumption that ν = λ (which corresponds to a Prandtl
number of one) so that the coupling between z+ and z− occurs only in the
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nonlinear term:
∂tz
±
i + z∓α ∂αz

±
i = −∂iP̃ + ν∂2

αz
±
i . (21)

Let us introduce two independent points x and x′ = x + r. From this point
on, “primed” variables are intended as calculated at the point x′, for example
(z±)′ = z±(x + r). Equation (21) can now be written for the variables z± at
the two points x and x′:

∂tz
±
i + z∓α ∂αz

±
i = −∂iP̃ + ν∂2

αz
±
i (22)

and
∂tz
±′
i + z∓′α ∂

′
αz
±′
i = −∂′iP̃ ′ + ν∂2′

α z
±′
i . (23)

Here, z±(x, t) and P̃ (x, t) depend only on x, so that

∂

∂x′α
z±α = ∂′αz

±
α = 0

∂

∂x′α
P̃ = ∂′αP̃ = 0 .

(24)

On the other hand, z±(x′, t) and P̃ ′(x′, t) depend only on x′, therefore:

∂

∂xα
z±′α = ∂αz

±′
α = 0

∂

∂xα
P̃ ′ = ∂αP̃

′ = 0 .

(25)

Subtracting equation (23) from equation (22) yields the equation for the
increments ∆z± = (z±)′ − z±:

∂t
(
z±i − z±′i

)
+z∓α ∂αz

±
α −z∓′α ∂′αz±′α = −∂iP̃ +∂′iP̃

′+ν
(
∂2
αz
±
i − ∂2′

α z
±′
i

)
. (26)

Exploiting the independence of xi and x′i we can write:

−∂iP̃ = −∂i
(
P̃ − P̃ ′

)
since ∂iP̃

′ = 0

∂′iP̃
′ = −∂′i

(
P̃ − P̃ ′

)
since ∂′iP̃ = 0

∂αz
±
i = ∂α

(
z±i − z±′i

)
since ∂αz

±′
i = 0

−∂′αz±′i = ∂′α
(
z±i − z±′i

)
since ∂′αz

±
i = 0 .

(27)
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Equation (26) can thus be written as

∂t
(
z±i − z±′i

)
+ z∓α ∂α

(
z±i − z±′i

)
+ z∓′α ∂

′
α

(
z±i − z±′i

)
= ∂i

(
P̃ − P̃ ′

)
−∂′i

(
P̃ − P̃ ′

)
+ ν

[
∂2
α

(
z±i − z±′i

)
− ∂2′

α

(
z±i − z±′i

)] (28)

At this point, it is convenient to introduce the variables for the fluctuations
of z±i and P̃ :

∆z±i = z±i − z±′i and ∆P = P̃ ′ − P̃ (29)

Equation (28) can now be written as

∂t∆z
±
i + z∓α ∂α∆z±i + z∓′α ∂

′
α∆z±i = −∂i∆P − ∂′i∆P + ν

[
∂2
α∆z±i − ∂2′

α ∆z±i
]
.

(30)
By adding and subtracting z∓′α ∂α∆z±i one obtains:

∂t∆z
±
i + z∓α ∂α∆z±i + z∓′α ∂

′
α∆z±i + z∓′α ∂α∆z±i − z∓′α ∂α∆z±i =

−∂i∆P − ∂′i∆P + ν
[
∂2
α∆z±i − ∂2′

α ∆z±i
]
,

(31)

and thus:

∂t∆z
±
i + ∆z∓α ∂α∆z±i + z∓′α (∂α + ∂′α) ∆z±i =

− (∂i + ∂′i) ∆P + ν
(
∂2
α + ∂2′

α

)
∆z±i . (32)

We are trying to derive an equation for the second-order correlation tensor
〈∆z±i ∆z±j 〉, which is linked to pseudo-energies. In a more general approach
one should look at a mixed tensor 〈∆z±i ∆z∓j 〉, thus considering not only
pseudo-energies but also cross-helicity terms, 〈z+

i z
−
j 〉 and 〈z−i z+

j 〉. However,
using the DIA closure (Kraichnan and Nagarajan, 1967), it is possible to
demonstrate that these elements are in general poorly correlated. Being
interested in the energy cascade, the most interesting is indeed an equation
describing correlations of Alfvénic fluctuations of the same sign. To obtain
the equations for pseudo-energies we multiply equation (32) by ∆z±j :

∆z±j ∂t∆z
±
i + ∆z±j ∆z∓α ∂α∆z±i + ∆z±j z

∓′
α (∂α + ∂′α) ∆z±i =

−∆z±j (∂i + ∂′i) ∆P + ∆z±j ν
(
∂2
α + ∂2′

α

)
∆z±i .

(33)

After a permutation of the indices, equation (33) becomes:

∆z±i ∂t∆z
±
j + ∆z±i ∆z∓α ∂α∆z±j + ∆z±i z

∓′
α (∂α + ∂′α) ∆z±j =

−∆z±i
(
∂j + ∂′j

)
∆P + ∆z±i ν

(
∂2
j + ∂2′

j

)
∆z±j .

(34)
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Adding together equations (33) and (34), one obtains the following terms

• ∆z±j ∂t∆z
±
i + ∆z±i ∂t∆z

±
j = ∂t

(
∆z±i ∆z±j

)
• ∆z±j ∆z∓α ∂α∆z±i + ∆z±i ∆z∓α ∂α∆z±j = ∂α∆z∓α

(
∆z±i ∆z±j

)
• ∆z±j z

∓′
α (∂α + ∂′α) ∆z±i + ∆z±i z

∓′
α (∂α + ∂′α) ∆z±j = (∂α + ∂′α) z∓′α

(
∆z±i ∆z±j

)
•
[
−∆z±i

(
∂j + ∂′j

)
∆P −∆z±j (∂i + ∂′i) ∆P

]
• ν

[
∆z±j

(
∂2
α + ∂2′

α

)
∆z±i + ∆z±i

(
∂2
α + ∂2′

α

)
∆z±j

]
.

(35)
Here, we made use of the incompressibility of the Elsasser fields, ∂αz

±
α = 0,

in order to pull the divergence in front of the expressions.
Finally summing up the above terms and taking the ensemble average:

∂t
〈
∆z±i ∆z±j

〉
+ ∂α

〈
∆z∓α

(
∆z±i ∆z±j

)〉
+ (∂α + ∂′α)

〈
z∓′α
(
∆z±i ∆z±j

)〉
=

−
〈
∆z±i

(
∂j + ∂′j

)
∆P
〉
−
〈
∆z±j (∂i + ∂′i) ∆P

〉
+ν
〈
∆z±i

(
∂2
α + ∂2′

α

)
∆z±j + ∆z±j

(
∂2
α + ∂2′

α

)
∆z±i

〉
.

(36)

Making at this point a local homogeneity hypothesis, let us introduce the
variables ` = r = x − x′ and X = (x + x′)/2. If the plasma is locally
homogeneous, its statistics must be varying more rapidly over a certain scale
` in comparison to a lager scale X. In other words, local homogeneity can
be explained by saying that plasma fields are assumed to have almost no
variations over X (implying small ∂/∂X derivatives) while the variations over
smaller distances ` are instead not negligible. At the level of the equations,
this implies in turn that when derivatives in equation (36) (∂/∂x and ∂/∂x′)
are replaced by ∂/∂X and ∂/∂`, and the former acts on an averaged quantity
∂/∂X〈. . .〉 ' 0, then the following holds:

∂′α =
∂

∂x′α
= − ∂

∂`α
+

1

2

∂

∂Xα

' − ∂

∂`α

∂α =
∂

∂xα
=

∂

∂`α
+

1

2

∂

∂Xα

' ∂

∂`α
.

Let us now examine the individual terms in equation (36).

• Nonlinear terms:

∂α〈∆z∓α
(
∆z±i ∆z±j

)
〉+ (∂α + ∂′α)

〈
z∓′α
(
∆z±i ∆z±j

)〉︸ ︷︷ ︸
=0

=
∂

∂`α
〈∆z∓α

(
∆z±i ∆z±j

)
〉

(37)
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• Pressure term:

Tij =
〈
∆z±i

(
∂j + ∂′j

)
∆P
〉

+
〈
∆z±j (∂i + ∂′i) ∆P

〉
. (38)

We first write the term Tij according to

Tij =
〈
(z±i − z±′i )∂j∆P

〉
+
〈
(z±i − z±′i )∂′j∆P

〉
+ (i↔ j) , (39)

where (i↔ j) stands for the first expression on the r.h.s. with interchanged
indices. The first term now reads〈

(z±i − z±′i )∂j∆P
〉

= ∂j
〈
(z±i − z±′i )∆P

〉
−
〈
∂jz
±
i ∆P

〉
= [∂j + ∂′j︸ ︷︷ ︸

=0

−∂′j]
〈
(z±i − z±′i )∆P

〉
−
〈
∂jz
±
i ∆P

〉
= −∂′j

〈
(z±i − z±′i )∆P

〉
−
〈
∂jz
±
i ∆P

〉
= −

〈
(z±i − z±′i )∂′j∆P

〉
+
〈
∂′jz
±′
i ∆P

〉
−
〈
∂jz
±
i ∆P

〉
,

(40)

where we used the assumption of local homogeneity. Substituting this result
for the first term in equation (38) yields

Tij =
〈
(∂′jz

±′
i − ∂jz±i )∆P

〉
+ (i↔ j) . (41)

Hence, the diagonal terms of the tensor P̃ij vanishes, (∂′iz
±′
i − ∂iz±i ) = 0, due

to the incompressibility of the Elsasser fields, ∂αz
±
α = 0. We thus obtain

P̃ii = 0, which will be sufficient for the derivation of a budget equation for
i = j. Nevertheless, it can be shown on the basis of local homogeneity and
isotropy that the pressure term Tij vanishes for i 6= j as well (Hill, 1997).

• Viscous term

ν
〈
∆z±i

(
∂2
α + ∂2′

α

)
∆z±j + ∆z±j

(
∂2
α + ∂2′

α

)
∆z±i

〉
(42)

We consider the first term and obtain

ν
〈
∆z±i ∂

2
α∆z±j

〉
= ν∂α

〈
∆z±i ∂α∆z±j

〉
− ν

〈
(∂α∆z±i )(∂α∆z±j )

〉
= ν∂2

α

〈
∆z±i ∆z±j

〉
− ν∂α

〈
(∂α∆z±i )∆z±j

〉
− ν

〈
(∂α∆z±i )(∂α∆z±j )

〉
= ν∂2

α

〈
∆z±i ∆z±j

〉
− ν

〈
(∂2
α∆z±i )∆z±j

〉
− 2ν

〈
(∂α∆z±i )(∂α∆z±j )

〉
.

(43)

Here, we can bring the second term on the r.h.s. in equation (43) to the l.h.s.
and obtain

ν
〈
∆z±i ∂

2
α∆z±j

〉
+ ν

〈
∆z±j ∂

2
α∆z±i

〉
= ν∂2

α

〈
∆z±i ∆z±j

〉
− 2ν

〈
(∂αz

±
i )(∂αz

±
j )
〉
,

(44)
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where we have written the last term in the original Elsasser fields in the last
step. Similarly, we can treat the “primed” derivatives in equation (42) and
obtain

ν
〈
∆z±i

(
∂2
α + ∂2′

α

)
∆z±j + ∆z±j

(
∂2
α + ∂2′

α

)
∆z±i

〉
= ν(∂2

α + ∂2′
α )
〈
∆z±i ∆z±j

〉
− ε±ij = 2ν

∂2

∂`2
α

〈
∆z±i ∆z±j

〉
− ε±ij ,

(45)

where we made use of the assumption of local homogeneity in the last step.
Furthermore, we defined the local energy dissipation rate tensor as

ε±ij = 2ν
〈
(∂αz

±
i )(∂αz

±
j ) + (∂′αz

±′
i )(∂′αz

±′
j )
〉
. (46)

Assuming local isotropy, one can show (Hill, 1997) that this term is con-
nected to the averaged local energy dissipation rates of the Elsasser fields,
ε±, according to

ε±ij =
4

3
ε±δij , (47)

where δij denotes the Kronecker delta. Equation (36) thus simplifies to

∂t
〈
∆z±i ∆z±j

〉
+

∂

∂`α

〈
∆z∓α

(
∆z±i ∆z±j

)〉
= 2ν

∂2

∂`2
α

〈
∆z±i ∆z±j

〉
− 4

3
ε±δij . (48)

Summation over i = j yields

∂t

〈(
∆z±i

)2
〉

+
∂

∂`α

〈
∆z∓α

(
∆z±i

)2
〉

= 2ν
∂2

∂`2
α

〈(
∆z±i

)2
〉
− 4ε± . (49)

In the stationary case, the first term vanishes, ∂t〈
(
∆z±i

)2〉 = 0, and we obtain

∂

∂`α

〈
∆z∓α

(
∆z±i

)2
〉

= 2ν
∂2

∂`2
α

〈(
∆z±i

)2
〉
− 4ε± . (50)

If we assume that the flow is locally homogeneous and isotropic, the
second- and third-order tensors can be obtained using the invariant theory of
homogeneous and isotropic turbulence (Robertson, 1940; Monin and Yaglom,
1971), as explicitly derived in Appendix A) and B) at the end of this Section.
We thus obtain:(

∂

∂`
+

2

`

)〈
∆z∓L (∆z±i )2

〉
= 2ν

(
∂

∂`
+

2

`

)
∂

∂`

〈
(∆z±i )2

〉
− 4ε± , (51)
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where ∆z∓L denotes the projection on the longitudinal direction ∆z∓L =
`α
`

∆z∓α . The latter equation can be cast as(
∂

∂`
+

2

`

)[〈
∆z∓L (∆z±i )2

〉
− 2ν

∂

∂`

〈
(∆z±i )2

〉
+

4

3
ε±`

]
= 0 . (52)

Similarly to the original Von Kármán-Howarth equation of hydrodynamic
turbulence (see Monin and Yaglom, 1971, Vol. 2, p. 122), the only solution
of this equation that is non-singular at ` = 0 is obtained if the square brackets
vanish, i.e., 〈

∆z∓L (∆z±i )2
〉

= 2ν
∂

∂`

〈
(∆z±i )2

〉
− 4

3
ε±` . (53)

Furthermore, in the inertial range, the viscous term can be neglected for high
Reynolds numbers, so that we finally obtain

Y ±(`) =
〈
∆z∓L (∆z±i )2

〉
= −4

3
ε±` , (54)

which is the original P&P law obtained in Politano and Pouquet (1998).
The P&P law can be alternatively written using velocity and magnetic

field instead of the Elsasser fields, as can be obtained by simply averaging
the two relations (for ∆z+ and ∆z−) in equation (54). In vector notation,
this yields:

Y (`) =
〈
∆vL(|∆v|2 + |∆b|2)− 2∆bL(∆v ·∆b)

〉
= −4

3
ε` , (55)

where the subscript L indicates again the longitudinal components of ve-
locity and magnetic field, and the latter is expressed in velocity units (see
sec. 2.2). The coefficient ε = (ε+ + ε−)/2 is now the mean turbulent energy
transfer rate. In the left-hand term, two contributions can be separated:
one associated to the kinetic and magnetic energies coupled to the velocity
shears (the “energy” term), and one associated to the correlated velocity and
magnetic field fluctuations, coupled with the longitudinal magnetic gradients
(the “cross-helicity” term). It is evident that, if velocity and magnetic field
fluctuations are perfectly correlated or anticorrelated, as for example in the
case of Alfvén waves, the cross-helicity term and the energy term cancel out,
resulting in the absence of a measurable energy cascade. This is consistent
with the vanishing of the nonlinear terms in equation (16), occurring when
magnetohydrodynamic plasmas are in purely Alfvénic states. Therefore, if
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Alfvénic fluctuations are present, the cross-helicity term, associated with a
negative sign, can reduce the cross-scale transport of energy, thus inhibiting,
or reducing, the turbulent cascade. As we shall demonstrate in the following
of this review, equations (54) and (55), as well as their subsequent extensions,
represent invaluable tools for the study of turbulence in space plasmas. In-
deed, their validation in observational samples provides a rigorous proof of
the existence of turbulent cascade fully developing in the heliosphere. Being
obtained analytically from the plasma governing equations, thus exact —
within the bounds of the assumption made for their derivation—, the range
of scales over which third-order laws linear scaling extends can be used as
a more formal definition of the inertial range of turbulence. This is not the
case for the power-law regimes observed in spectra of velocity and magnetic
field in space plasmas, whose theoretical reference (the Kolmogorov or the
Iroshnikov-Kraichnan spectra) only stems from phenomenology. Fitting the
third-order moment laws within their linear scaling ranges provides in general
an estimate of the mean energy transfer rate, a quantity otherwise difficult
to estimate with a reduced knowledge (in terms of degrees of freedom) of the
fields, as is the case for spacecraft observations, though fundamental for the
description of the heliospheric dynamics. These and other reasons that will
become clear in the following chapters make the P&P law one of the most
important recent theoretical results for the study of space plasmas.

Appendix A): Second-order tensor

The second-order tensor, D±±i j (`) =
〈
∆z±i ∆z±j

〉
, is symmetric in the com-

ponents i and j. Under the assumption of isotropy, this tensor obeys the
following relation (Monin and Yaglom, 1971):

D±±i j (`) = (D±±LL (`)−D±±TT (`))
`i`j
`2

+D±±TT (`)δij , (56)

where D±LL(`) and D±TT (`) denote the longitudinal and transverse structure
function, respectively, and ` = |`|. Summing over i = j yields:

D±±i i (`) = D±±LL (`) + 2D±±TT (`) . (57)
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Operating with the Laplacian on this quantity thus yields:
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(58)

where we made use of `α`α = `2

Appendix B): third-order tensor

The third-order tensor that enters equation (48) isD∓±±α, i j (`) =
〈
∆z∓α (∆z±i ∆z±j )

〉
.

This tensor is symmetric in i and j. In principle, to determine its tensor form,
one would have to rewrite the tensor in the original fields, namely, velocity
and magnetic fields and apply the tensor calculus devised by Chandrasekhar
(1951) (for a recent application see also Friedrich et al., 2016). Here, we
simply chose the isotropic form of the tensor which is symmetric in all three
indices, namely:

D∓±±α,i j (`) =
(
D∓±±L,LL(`)−D∓±±L,TT (`)− 2D∓±±T,LT (`)

) `α`i`j
`3

+D∓±±T,LT (`)

(
`j
`
δiα +

`i
`
δjα

)
+DL,TT

`α
`
δij .

(59)

Summing over i = j yields:

D∓±±α,i i (`) = (D∓±±L,LL(`) + 2D∓±±L,TT (`))
`α
`
. (60)

Furthermore, projection on the longitudinal direction yields:〈
∆z∓L (∆z±i ∆z±i )

〉
=
`α
`
D∓±±α,i i (`) = (D∓±±L,LL(`) + 2D∓±±L,TT (`)) . (61)
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For equation (49), we have to calculate the divergence with respect to ∂
∂`α

which yields:

∂

∂`α
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`α
`

=
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(
3
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)
(D∓±±L,LL(`) + 2D∓±±L,TT (`)) =

(
∂

∂`
+

2

`

)〈
∆z∓L (∆z±i ∆z±i )

〉
,

(62)

where we inserted equation (61).

3.4. Validation of the P&P law in numerical simulations of incompressible
magnetohydrodynamic turbulence

The P&P law is an elegant, rigorous theoretical result that enables the
characterization of turbulence in MHD plasmas. As it will emerge in the
next chapters, space plasmas measurements are not always easy to handle,
and the interplanetary space is an extremely complex framework where the
P&P law observation is not obvious, unless some conditions are met. For
this reason, it was very important to check the validity of the law, as well
as its usability in MHD frameworks, by means of numerical experiments. To
the best of our knowledge, the first numerical observation of the P&P law
in MHD simulations was obtained a few years after the first derivation. The
difficult statistical convergence of the signed third-order moment indeed re-
quires a sufficiently resolved inertial range, thus a large integration domain.
Massive cancellations between positive and negative fluctuations of the terms
involved in the averaging of the third-order tensor, representative of the gen-
erally two-way cross-scale energy flux, indeed result in only a small fraction
of the total energy exchanges. Using a relatively long two-dimensional direct
numerical simulation of incompressible MHD turbulence, on a grid of 10242

points, Sorriso-Valvo et al. (2002) computed the third-order moments, equa-
tion (54). A snapshot of the out-of-plane current density, Jz, taken at the
maximum of the turbulent activity, is shown in the left panel of Figure 6. In
order to achieve statistical convergence, ten outputs were extracted during
the statistically stationary state of the simulation, namely when the turbu-
lence spectra and the mean current, 〈J2

z 〉, are steady. Those snapshots were
finally used to build an ensemble and estimate the P&P law. The right panel
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Figure 6: Validation of the P&P law in two-dimensional numerical simulations of the
MHD equations. Left panel: a snapshot of the current Jz in the statistically steady state
of the simulation, when the turbulence is fully developed. Right panel: time-averaged
third-order correlators in equation (54), Y + (full line) and Y − (dotted line), versus the
scale (normalized to the simulation box size, L). A linear relation is also shown (dashed
line). The two vertical lines identify the inertial range. For the z+ field, the dissipation
scale, l+d , the Taylor microscale, λ+, and the integral scale, l0, are labeled on the x-axis.
Figure adapted from Sorriso-Valvo et al. (2002).

of Figure 6 shows the time-averaged (over the ten outputs) linear dependence
of the third-order moments Y ± as a function of the scale. A range with clear
linear scaling is present between 10−2 and 10−1 (in units of the simulation
box size L) as marked by vertical lines in the figure, indicating the turbu-
lence inertial range. The P&P law was then used to determine the energy
transfer rates, ε+ = 550 and ε− = 440 (given in simulation units, see de-
tails in Sorriso-Valvo et al., 2002). The slightly different quality of the linear
scaling law, clearer for the Y + case, and the difference in the energy transfer
rate, were probably due to non-vanishing cross-helicity. These values were
then used to estimate the typical scales of the turbulence in the framework of
the IK phenomenology, namely the dissipative scale l±d = (ν2B0/ε

±)1/3 and
the Taylor microscale, λ± = (2νE±/ε±)1/2, where ν is the viscosity coeffi-
cient, E± the energy associated with the Elsasser fields, and B0 the ambient
magnetic field.

The first follow-up study in three-dimension was performed later on a
much larger grid, thanks to booming evolution of high performance com-
puting and the development of codes able to exploit parallel architectures
(Mininni et al., 2011a; Rosenberg et al., 2020; Foldes et al., 2022). A 15363

grid points direct numerical simulation of incompressible, decaying MHD
turbulence was used by Mininni and Pouquet (2009) to study, among other

40



turbulence properties, the linear P&P scaling law. The high-resolution simu-
lation has been performed using the Geophysical High Order Suite for Turbu-
lence (GHOST) code (Mininni et al., 2011a; Rosenberg et al., 2020), a pseudo-
spectral framework designed to solve with high accuracy and efficiency a va-
riety of partial differential equations, including the governing equations of
MHD and Hall-MHD plasmas. Using one snapshot of the simulation at the
peak of the turbulence (i.e, at the maximum of the mean current density,
〈J2〉), shown in the top panels of Figure 7, the two correlators, Y ±, were
estimated. Results of the analysis are shown in the bottom panels of the
same figure, where a linear scaling is also plotted for reference. Although
the associated energy transfer rate was not determined through a linear fit,
differences between the Y + and Y − scaling appear evident from the figure.
Like in the two-dimensional case, one of the two correlators (in this case Y −)
shows both a better linear scaling, including a more extended inertial range,
and a larger energy transfer rate. Curiously, both of the articles described
above did not focus on the validation of the third-order moment scaling law
for the MHD but, rather, used it as a tool to determine other turbulence
quantities: in Sorriso-Valvo et al. (2002) the typical scales of the turbulence
have been identified in order to evaluate the sign-singularity and cancellation
properties of the current density, while Mininni and Pouquet (2009) used the
mixed third-order moments to perform intermittency analysis, and in partic-
ular to determine the anomalous scaling exponents of the structure functions
via extended self similarity analysis (Benzi et al., 1993). Nevertheless, they
both represent crucial first validations of the MHD third-order moment scal-
ing law in direct numerical simulations of two and three dimensional plasma
turbulence.

4. Evidence of the Politano & Pouquet law in the solar wind

The firsts attempt to verify the P&P law, equation (54), in space plasmas
dates back to 2005. Although several approaches have been developed based
on the original P&P law and its generalization (i.e., using different hypothe-
ses and/or including extra terms, as we shall see in the following sections),
the observational assessment of the mixed third-order structure functions in
the heliosphere, as separate kinetic/magnetic energy and cross-helicity terms,
or in terms of pseudo energies employing the Elsasser variables, relied so far
on the analysis of time-series from single spacecraft observations. Data anal-
ysis techniques proposed in numerous scientific articles have therefore all
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Figure 7: Validation of the P&P law in three-dimensional MHD numerical simulations.
Top panels: a three-dimensional visualization of a snapshot of the current density (top-left)
and a magnification showing the roll-up of the turbulent structures (top-right). Bottom
panels: third-order correlators Y + (bottom-left) and Y − (bottom-right) versus the scale.
A linear relation is also shown as full line. Figure adapted from Mininni and Pouquet
(2009).

resorted to the Taylor frozen-in hypotheses (Taylor, 1938) to set the equiv-
alence between time and spatial lags. Disregarding the reference frame in
which the space plasma is collected, once a longitudinal direction is identi-
fied (normally the sampling direction, i.e., the one aligned with the solar wind
stream), assuming the average solar wind speed in the spacecraft frame over
the investigated sample, −〈vR〉, to be much larger than the typical velocity
fluctuations, time fluctuations can be replaced by spatial variations of the
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fields. These are related through the Taylor hypothesis, so that r = −〈vR〉τ ,
τ and r being time and space respectively. Note the opposite sign linking
temporal and spatial directional increments, due to the vector nature of the
transformation. Indeed, if the coordinate system has an axis oriented in the
same direction of the flow, then a probe samples the plasma with larger co-
ordinate first. If the axis of the probe is oriented opposite to the plasma
flow, then both the sign of the mean velocity and of the spatial increment
vector are inverted, resulting again in opposite sign for the two increments.
In-depth discussions on the validity of the Taylor hypothesis in solar wind
turbulence can be found in Perri et al. (2017); Perez et al. (2021a); Verma
(2022). For the purposes of this review, the validity conditions are generally
met to a large extent, so we will implicitly use it unless stated otherwise.

4.1. First observation of an interplanetary turbulent cascade in the ecliptic
solar wind

Figure 8: Left panel: compensated third-order moment of the Elsasser field fluctuations,
computed on the ACE database spanning from 1998 through 2004. The solid line refers
to the P&P law as in equation (54), though here the dimension of the problem d is
considered unknown. Figure adapted from MacBride et al. (2005). Right panel: the
NASA’s Advanced Composition Explorer (ACE) orbits around the point between Earth
and the Sun called a Lagrange point, labeled here as L1, indicated in the figure. Sitting
well outside of Earth’s magnetosphere, ACE observed the plasma streaming off the Sun
before it enters near-Earth space. Credit: NASA/H. Zell, available at: https://www.

nasa.gov/mission_pages/sunearth/news/ace-15th.html

.

In a seminal work proposing the implementation of the third-order exact
law approach, MacBride et al. (2005) computed the mixed third-order tensor
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in equation (54) using extensive samples of plasma and magnetic field ob-
served by the ACE spacecraft from 1998 through 2004, each sample’s length
spanning from one month to several Carrington rotations. A linear scaling
of the third-order structure function of the Elsasser variables computed on
the solar wind fields was obtained by these authors, allowing the estimate of
the pseudo-energy transfer rate. Assuming two-dimensional turbulence, thus
a dimensionality parameter d = 2 in the left y-axis label of the left-hand
panel of Figure 8, the pseudo-energy transfer rate was found of the order
of ε ' 104 J kg−1. The data utilized in this study were collected by the
ACE spacecraft in the ecliptic plane, specifically, at the Lagrangian point L1
(McComas et al., 1998a), shown in Figure 8 (right), across a maximum of
the solar activity. Given the very large temporal extension of the samples
analyzed, these included both fast and slow solar wind streams, though no
details concerning the solar wind speed were provided in MacBride et al.
(2005). The sample also included large-scale structures and residual dynam-
ics of solar energetic events occurring during solar maxima. Averages over
many months required the use of low-order de-trending routines to guarantee
some degree of the homogeneity required for the P&P law, assuming some
degree of stationarity and no feedback of the large-scale structures filtered
on the turbulent dynamics of the inertial range. A later work by the same
authors proposed a refined analysis of the same ACE dataset, this time per-
formed over shorter intervals (2-days), without de-trending the signals and
separating fast and slow wind (MacBride et al., 2008, see Section 4.5).

4.2. First observation of an interplanetary turbulent cascade in the high lat-
itude solar wind

The work by (MacBride et al., 2005) pioneered the use of the third order
structure function analysis in the ecliptic heliospheric plasma, mixing fast
and slow solar wind measurements collected over extended periods, with
varying solar activity. First evidences of the existence of an inertial range
turbulent cascade in the out-of-ecliptic solar wind and the possibility that
MHD turbulence could act as a heating mechanism for the solar wind, were
instead provided by Sorriso-Valvo et al. (2007); Marino et al. (2008). The
analyses implemented by these authors, using the observations of the Ulysses
spacecraft (Balogh et al., 1995), demonstrated the local character of the MHD
turbulent cascade in the solar wind and how its features depend drastically
on local —in time and space— parameters and conditions of the heliosphere,
such as the location (heliolatitude and heliocentric distance) of the analyzed
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plasma, solar activity and the type of solar wind (fast or slow). All that
supported the need for a methodological approach in the implementation of
the P&P in space plasmas different than in MacBride et al. (2005), based
indeed on the selection of shorter time-series, corresponding to periods of
consistent solar activity, stationarity (at least in a weak sense), and of one
single type of solar wind, either fast or slow. This approach, later on also
implemented in MacBride et al. (2008), was validated by several evidences,
as is shown in the following and in Marino et al. (2011); Marino et al. (2012),
and is now widely adopted.

A simple strategy for avoiding the inhomogeneity caused by the shearing
between fast and slow solar wind streams, as well as by the alternation of
magnetic sectors with different polarities, both commonly developing in the
ecliptic plane (and likely producing sign switches of the P&P law tensor), is
to use solar wind sampled at high heliolatitude. Since the Sun’s poles are
mostly covered by coronal holes and free of active regions, the wind originat-
ing at high latitude is essentially steady, and the magnetic polarity of high
latitude sectors of the heliosphere is stable. Launched in 1995, the Ulysses
spacecraft, depicted in the left panel of Figure 9, was designed to explore
the high-latitude heliosphere (Smith et al., 1995b; Balogh et al., 1995). To
this aim, it used planetary gravitational assists to reach its orbit out of the
ecliptic plane. Measures from Ulysses confirmed that the polar solar wind is
extremely steady during solar minima, while at maxima, when solar equato-
rial activity expands towards the poles, variability reaches higher latitudes.
This is clearly visible in the famous latitudinal profile of velocity and mag-
netic field measurements collected by Ulysses during its first polar orbit, from
1995 to 1997, shown in the right panel of Figure 9. At high latitude (both
north and south), the polar solar wind speed (blue and red lines) is con-
vincingly stationary, while near the ecliptic stronger variability is observed.
Similarly, the magnetic polarity, color-coded in red (outward field) and blue
(inward field), is nearly always fixed in the polar wind, while at low latitude
several polarity changes highlight the spacecraft crossings of the heliospheric
current sheet.

In a series of works, (Sorriso-Valvo et al., 2007; Marino et al., 2008; Car-
bone et al., 2009a; Marino et al., 2011; Marino et al., 2012) used the steady
polar solar wind observed by Ulysses at high heliolatitude to obtain large sta-
tionary intervals, suitable for the implementation of the third-order structure
function analysis using the P&P law (equation 54). In particular, in Sorriso-
Valvo et al. (2007), solar wind velocity, density and magnetic field were col-
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Figure 9: Left panel: rendering of the Ulysses spacecraft. Figure from https://www.

esa.int/Enabling_Support/Operations/Joint_ESA_NASA_Ulysses_mission_to_end.
Right panel: latitudinal plot of the solar wind speed (line) and magnetic field polarity
(red and blue color of the velocity profile) measured by Ulysses during its first polar
orbit (1995—1997). The combined solar corona images were taken by the Extreme
ultraviolet Imaging Telescope (EIT) onboard the SOHO spacecraft, the Mauna Loa High
Altitude Observatory (HAO) coronagraph, and by the C2 camera of the Large Angle and
Spectrometric Coronagraph Experiment (LASCO) coronagraph. Figure adapted from
McComas et al. (1998b)

.
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lected during the first seven months of 1996, when the heliocentric distance
of Ulysses slowly increased from 3 au to 4 au, and its heliolatitude decreased
from about 55◦ to 30◦. During that time frame, the solar activity was explor-
ing a minimum of the solar cycle, allowing to collect long time series of nearly-
stationary solar wind (see Figure 10). 8-minute averaged time series of the El-

Figure 10: Top panel: varying solar cycle and various spacecraft launches, during
Ulysses’s lifetime. Credit: S. Suess (available at https://sci.esa.int/web/ulysses/

-/40378-solar-activity-and-mission-launches). Bottom panel: solar wind velocity
measured by Ulysses during the years 1995 and 1996. The highlighted period has been
analysed in Sorriso-Valvo et al. (2007); Marino et al. (2008).

47

https://sci.esa.int/web/ulysses/-/40378-solar-activity-and-mission-launches
https://sci.esa.int/web/ulysses/-/40378-solar-activity-and-mission-launches


sasser fields (∆z±) were used to compute the mixed third-order tensor of the
P&P law over windows of ' 11 days, Y ±(τ) =

〈
∆z∓L (∆z±i )2

〉
= 4

3
ε±〈vR〉t τ .

Here τ ≡ ∆t is the time scale obtained, as usual, through the Taylor hypoth-
esis, ` = −〈vR〉t τ , with 〈vR〉t being the solar wind speed averaged over each
11-day window. The window size was selected in order to be large enough as
to include several correlation lengths (typically of the order of several hours
up to a day in the steady polar wind), in order to ensure ergodicity, but
short enough as to provide reasonable stationarity of the solar wind samples
within each window, and to avoid remarkable distance or latitudinal variation
(Sorriso-Valvo et al., 2007; Sorriso-Valvo et al., 2010). Figure 11 shows, for

Figure 11: Y ±(τ) as a function of the time scale τ for four of the periods analyzed
in Sorriso-Valvo et al. (2007). Different colours refer to positive and negative values
of the mixed third-order structure function Y ±(τ), corresponding to either positive or
negative ε±. The solid black is a linear function, and is added as a reference. Figure
adapted from Sorriso-Valvo et al. (2007).

four examples of periods where the P&P was observed, the tensor Y ±(τ) plot-
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DOY 1996 (ε− ± δε−) J
kg s

(〈V 〉 ± δ〈V 〉) km
s

Inertial range Y −

24 ÷ 35 176± 13 709± 114 3 h÷ 2 d
74 ÷ 85 154± 32 699± 102 1 h÷ 4 d

178 ÷ 189 66± 24 678± 95 5 h÷ 4 d

DOY 1996 (ε+ ± δε+) J
kg s

(〈V 〉 ± δ〈V 〉) km
s

Inertial range Y +

11 ÷ 22 −167± 13 701± 105 1 h÷ 3 d
21 ÷ 32 A436± 32 694± 112 30 m÷ 2 d
56 ÷ 67 A174± 24 707± 131 1 h÷ 3 d
68 ÷ 79 A115± 19 675± 96 2 h÷ 4 d
69 ÷ 80 A113± 12 674± 102 2 h÷ 4 d
81 ÷ 92 A185± 25 690± 90 3 h÷ 4 d

103 ÷ 114 A194± 22 690± 85 5 h÷ 4 d
117 ÷ 128 −121± 13 696± 94 2 h÷ 4 d
135 ÷ 146 A218± 28 707± 110 3 h÷ 2 d
172 ÷ 183 −126± 15 678± 103 10 h÷ 4 d
184 ÷ 195 A216± 25 696± 88 30 m÷ 4 d
192 ÷ 203 A−91± 11 690± 94 4 h÷ 4 d

Table 2: 11-day interval given in terms of day of the year (DOY) 1996; pseudo-energy
transfer rates ε± estimated through fits of the P&P law; average solar wind speed within
the interval; extension of the detected inertial range.

ted against the time scale, τ . A clear linear scaling, visible in the examples
in the figure, emerged in this study in a significant fraction of the intervals
analyzed, with a detected inertial range spanning up to two decades of scales.
Table 2 collects a selection of the 11-day periods among those analyzed in
Sorriso-Valvo et al. (2007); Marino et al. (2008, 2012), for which a partic-
ularly extended inertial range in the fast solar wind was identified. These
observations represented the first robust evidence of an interplanetary turbu-
lent cascade in the polar solar wind plasma. Together with the identification
of the inertial range of the solar wind turbulent cascade, Sorriso-Valvo et al.
(2007) also provided the first estimate of the pseudo-energy transfer rate in
the high-latitude solar wind, listed in Table 2 for the selected examples.

The analysis also revealed the possible presence of inverse energy transfer
in the interplanetary space plasma, inferred through the sign of the estimated
pseudo-energy transfer rate. In several of the 11-day windows analyzed, the
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sign of Y ±(τ) within the linear range was observed to be consistently positive
or negative. Since the pseudo-energy dissipation rates are positive definite,
and considering the sign switch due to the Taylor hypothesis, positive Y ±(τ)
indicates a forward transfer of the pseudo-energy, from the large to the small
scales. Conversely, negative Y ±(τ) could be indicative of an inverse constant-
flux pseudo-energy transfer, thus toward larger scales. On the other hand,
for a significant number of samples analyzed in Sorriso-Valvo et al. (2007);
Marino et al. (2008, 2012) Y ±(τ) exhibit sign switches from positive to neg-
ative linear scaling (see the bottom panels of Figure 11), suggesting a dual
pseudo-energy transfer to both large and small scales in the space plasma
analyzed. The existence of a dual-cascade paradigm in solar wind turbu-
lence is still subject of numerical and observational investigations. However,
dual constant-flux cascades are an established feature of hydrodynamic tur-
bulence in the presence of anisotropy and internal waves, and have also been
explored in the context of magnetohydrodynamic simulations with variable
vector potential and aspect ratio (Alexakis and Biferale, 2018). In particu-
lar, rotating and stratified flows are known to develop a dual cascade of both
kinetic and potential energy, resulting from the interplay of internal waves
and turbulent motions, as observed in direct numerical simulations (Marino
et al., 2013; Marino et al., 2014; Pouquet and Marino, 2013; Marino et al.,
2015a). The detection of an inverse cascade of pseudo-energy in the solar
wind might be linked to the bidimensionalization of the heliospheric plasma,
due to the enhancement of the background magnetic field. Indeed, the di-
mensionality of the system is known to play a major role in the scale-by-scale
transfer of quadratic invariants in both fluid and plasma turbulence (Alex-
akis and Biferale, 2018). However, there is still no consensus on the possible
reason for observing negative scaling in space plasma turbulence. Numerical
and experimental studies reported possible causes for observation of reversed
sign, such as the dominance of outward or inward Elsasser modes in Alfvénic
turbulence (Coburn et al., 2015), the presence of large-scale shears (Stawarz
et al., 2011), or anisotropy (Verdini et al., 2015). We will describe some of
these in the following sections, but we believe that more studies are still nec-
essary to fully understand the actual meaning, or meanings, of the observed
negative scaling.

4.2.1. Occurrence of the P&P law in the Solar Wind

In order to characterize the occurrence of the P&P scaling in the high-
latitude solar wind, Marino et al. (2012) extracted three extended peri-
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ods from the Ulysses spacecraft database, each nearly one year long (from
day of year/DoY 209/1993 to DoY 253/1994; from DoY 212/1995 to DoY
224/1996; and from DoY 20/2006 to DoY 23/2007, as reported in figure 12),
so that during each period —corresponding to roughly a semi-orbit of Ulysses—
the spacecraft collected solar wind measurements with comparable variations
of its orbital parameters: radial distance (∼ 2—4.5 au) and heliolatitude
(∼ 30◦—80◦, north or south). Semi-orbit I was taken during the solar activ-
ity decreasing phase, near a minimum; semi-orbit II at the solar minimum;
semi-orbit III during the next decreasing phase, close to an anomalous min-
imum (Wang et al., 2009).
The P&P law, equation (54), has been evaluated throughout the three solar
wind periods defined above using 11-day running windows. Figure 13 shows
one of the 11-day windows where a clear P&P linear scaling was observed
(Marino et al., 2012). The P&P scaling was observed in a relevant fraction
of such relatively short sampling windows, likely whenever local conditions
enabled a homogeneous, isotropic, incompressible MHD cascade contribution
to turbulence. Lack of isotropy could be one of the main reason for the
discontinuous identification of the turbulent cascade by means of the P&P
law in the solar wind. Based on this consideration, modified versions of
the Kármán-Howarth scaling law, taking into account anisotropy, have been
derived for plasmas (Galtier, 2011), and simplified models assuming solar
wind turbulence anisotropy have been broadly used (Smith et al., 2009; Wan
et al., 2009; Stawarz et al., 2011), as will be presented further on in this
review.

For the P&P scaling case illustrated in Figure 13, the inertial range ex-
tends from one hour to about 48 hours (Goldstein et al., 1995). The smaller
scale is clearly limited by the data resolution (8 minutes), which for Ulysses
is about one order of magnitude larger than the typical lower limit of the
MHD inertial range (Leamon et al., 1998; Alexandrova et al., 2007; Alexan-
drova et al., 2008). On the other hand, the upper limit of the inertial range
in the fast polar wind was found varying from a few hours to a few (2 − 3)
days for different intervals (see Table 2). These values reach significantly
larger scales than the commonly adopted correlation lengths in the ecliptic
wind, typically of a few hours (see e.g. Bruno and Carbone, 2013). On this
note, it should be pointed out that polar wind might have different, much
extended inertial range, not being affected by ecliptic modulations. Indeed,
for the events showing extended inertial range, magnetic spectra also showed
power-law scaling down to exceptionally low frequencies (Marino et al., 2012),
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Figure 12: Radial solar wind velocity observed by the Ulysses, roughly corresponding
to three semi-orbits of the spacecraft. For each panel, the top sub-panel shows the ra-
dial velocity vr, the central sub-panel the heliolatitude θ, and the bottom sub-panel the
heliocentric distance R. Figure adapted from Marino et al. (2012).
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suggesting that the steady and homogeneous high-latitude wind from po-
lar coronal holes might be associated to large-scale drivers of coronal origin
(Sorriso-Valvo et al., 2010). Additionally, it should be noticed that the P&P
law generally provides a more rigorous localization of the turbulence iner-
tial range, with respect to the identification achieved through second order
quantities such as the energy spectrum (Frisch, 1995).
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Figure 13: An example of clear P&P linear scaling Y + observed in an 11-day sample
collected by the Ulysses spacecraft from ∼ day 60 to 70 of 1994. Figure adapted from
Marino et al. (2012).

It is interesting to provide a quantitative estimate of how often the P&P
scaling law is observed in polar solar wind, and to explore possible depen-
dencies on various parameters. The bottom panels of Figure 14 show the
fraction of 11-day intervals in which the liner scaling of equation (54) was
observed (indicated as “scaling ratio”). In order to evaluate the variation
with orbital parameters, the intervals were split in four groups of different
heliolatitude and radial distance. The scaling ratio appears to be smaller
at higher latitude and closer to the Sun (with values of ∼ 10%), whereas
it increases remarkably in the solar wind measured towards the heliographic
poles and far from the Sun (up to 30%). This indicates that, if we assume
stationarity of the polar coronal source, the conditions for the observation
of the P&P law —and therefore the local turbulence properties— do evolve
along with the solar wind expansion in the outer heliosphere and with the
heliolatitude.
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As discussed more in detail in the following sections, the pseudo-energy
transfer rate estimates were also found to anti-correlate with Alfvénicity in
the ecliptic solar wind (Smith et al., 2009), as evaluated through the normal-
ized cross-helicity (Goldstein et al., 1996):

σc ≡
(∆z+)2 − (∆z−)2

(∆z+)2 + (∆z−)2
= 2〈∆v ·∆b〉/(〈∆v2〉+ 〈∆b2〉) . (63)

The possible role of cross-helicity was briefly introduced at the end of Sec-
tion 3.3, where cross-helicity related terms were highlighted in the version of
the P&P law in terms of velocity and magnetic field. It might be thus ex-
pected in general that large cross-helicity states should result in an observed
reduced cascade rate, or even the absence of turbulent cascades.

Following the usual local approach, Marino et al. (2012) performed a sys-
tematic investigation of the correlations between the pseudo-energy transfer
rates estimated through the P&P law, ε±, and the cross-helicity magnitude,
|σc|, in the high latitude wind. The top panels of Figure 14 show the ab-
solute value of the normalized cross-helicity, computed inside each 11-day
window, then averaged over heliolatitude and radial distance bins, using the
data relative to the three semi-orbits of Ulysses (Figure 12).
〈|σc|〉 (brackets indicating here the average computed over the local 11-days
samples) increases at higher latitudes, confirming the enhancement of out-
going Alfvénic fluctuations in the fast wind coming from polar coronal holes
(Smith et al., 1995a), and decreases with the radial distance, in agreement
with observations of radial decay of Alfvénic fluctuations (Bavassano et al.,
2000; Sorriso-Valvo et al., 2022). Figure 14 shows a clear anti-correlation
between the scaling ratio and 〈|σc|〉, suggesting that the smaller the imbal-
ance between Elsasser modes, the higher the probability of observing linear
scaling of the mixed third-order moment, consistently with what is expected
in the MHD framework.

Values of the scaling ratio computed separately for each of the three
Ulysses’ semi-orbits analyzed (thus not binned in terms of the helicentric
distance or the heliolatitude of the 11-day sub-samples) show as well good
correlation with 〈|σc|〉 (see the discussion in Section 4.2.2 and the related
Figure 16). Indeed, the first and third semi-orbits are characterized by a
scaling ratio of about 50%, and rather small cross-helicity (〈|σc|〉 ' 0.2).
However, the second semi-orbit shows a smaller occurrence of P&P scaling
regions (about 10% of the whole signal), with a larger value of the mean cross-
helicity (〈|σc|〉 ' 0.5). This emphasizes the substantial differences between
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Figure 14: Variation of the mean cross-helicity (top panels) and of the fraction of 11 day
intervals where the P&P linear scaling is observed (scaling ratio, bottom panels), versus
the heliolatitude (left panels) and the heliocentric distance (right panels). Values of the
normalized cross-helicity |σc| and the scaling ratio have been computed in 11-day running
windows, then averaged over four statistical bins. Figure adapted from Marino et al.
(2012).

the output of P&P analysis conducted in periods with different solar activ-
ity, evidencing the need for separating solar wind measurements —relative
to periods of high and low solar activities— in computing the third-order
structure functions of the Elsasser fluctuations in heliospheric plasmas.

In order to investigate more quantitatively the irregular occurrence of the
P&P scaling law in Alfvénic solar wind turbulence, a conditional statistical
analysis was performed. The data was split into two classes, namely 11-day
windows with (dataset 1) and without (dataset 2) P&P linear scaling, and
the properties of turbulence were analysed separately for the two sets (Marino
et al., 2012). The main features found for the samples satisfying the P&P
law are: (i) kinetic and magnetic spectral indexes closer to the typical values
of the classical turbulent phenomenology (α ' −1.5); (ii) power-law spectral
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ranges extending toward larger scales (larger than what is typically found
in the samples not showing the P&P scaling). A very important remark,
already mentioned before, is that in those specific samples of fast polar wind
in which the P&P law is satisfied up to very large timescales, the inertial
range estimated from kinetic and/or magnetic spectra also appears to be
more extended to low frequencies, as shown in Figure 15. On the other
hand, the spectra relative to regions where the P&P law is not observed are
characterized by shallower exponents and/or reduced extension of the power
law scaling range, classically associated with the turbulence inertial range. In
other words, the observation of the P&P law in the polar solar wind seems
to be associated to the presence of a spectrum closer to Kolmogorov-type
and extending over wider ranges of scales, suggesting that the turbulence is
better developed than in the cases without P&P scaling (Figure 15). This
further confirms the validity of the scaling law approach for the identification
of turbulent cascades in the solar wind.

4.2.2. Modulation of the MHD turbulent cascade by the solar activity

Among the possible causes for variability in the observed turbulence prop-
erties, solar activity appear immediately as a likely parameter. Indeed, it
regulates the level of coronal fluctuations and the outflow wind speed, which
may be in turn regulating the turbulent cascade through injection of velocity
or magnetic shears in the early-stage solar wind.

Although the three semi-orbits analyzed in Marino et al. (2012) refer to
periods close to minima of the solar cycle, some modulation of solar activity
is still present, enabling a preliminary study of the dependency of features
of the MHD turbulent cascade on the activity level. The top panel of Fig-
ure 16 shows the mean solar activity (in coronal units, i.e, millionths of
intensity of the solar disk, Rybanský et al., 1994), integrated in the polar
regions, namely between 40◦—80◦ north or south, depending on the Ulysses’
semi-orbit considered. The figure shows as well the scaling ratio (second
panel from the top, see section 4.2.1); the cross-helicity 〈|σc|〉, computed
by averaging the absolute value of the normalized cross-helicity obtained
for all 11-day windows, over each semi-orbit, after separating regions with
and without the P&P scaling (third panel from the top); the mean turbulent
pseudo-energy transfer rates, ε ' ε±, estimated from the the P&P law (fourth
panel from the top); the mean value of rms(|σ̃c|) for each semi-orbit, where
σ̃c = 2(∆v·∆b)/(∆v2+∆b2) is the “local cross-helicity”, evaluated for every
single point of the dataset, so that the rms of (|σ̃c|) computed over 11-day in-
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Figure 15: Velocity (top panels) and magnetic field (bottom panels) components power
spectra, computed using 11-day high latitude (fast) solar wind samples collected by the
Ulysses spacecraft. The spectra are computed (separately) in regions with (solid line) and
without (dashed line) P&P scaling. For sake of clarity, the spectra are given in arbitrary
units and have been vertically shifted. Spectral indices obtained from fits of the detected
power-law ranges are indicated in the plot. Figure adapted from Marino et al. (2012).

tervals represents the degree of fluctuation of the alignment between velocity
and magnetic field in each eleven-day window (bottom panel). The values
of 〈|σc|〉 and 〈rms(|σ̃c|)〉 are plotted separately for the regions with (squares,
solid line) and without (circles, dashed line) P&P scaling. In figure 16, it
appears very clearly that the scaling ratio and the averaged pseudo-energy
transfer rate correlate with the solar activity: in the semi-orbit II, charac-
terized by very low solar activity, the percentage of intervals in which the
P&P law appears is ∼ 10%, while in semi-orbits I and III, characterized
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by higher solar activity, the percentage goes up to above 50%. Figure 16
emphasizes as well the anti-correlation between the normalized cross-helicity
and the solar activity, but only for averages computed over 11-day periods
where P&P scaling is present, while 〈|σc|〉 is roughly constant when averaged
over the remaining samples. While these observations suggest the impor-
tance of the solar input for solar wind turbulence, the local variability of
|σc| and of the level of fluctuation of the local alignment (between velocity
and magnetic field) are certainly associated with the irregular occurrence of
the MHD turbulent cascade as it is detected through the P&P law. Even
though the causation between lower cross-helicity states and higher proba-
bility for the MHD turbulence cascade to develop in the solar wind is still
not demonstrated, the work by Marino et al. (2012) does show that the two
are correlated. This is also a reasonable correlation, since highly Alfvénic
fluctuations should inhibit nonlinear interactions by sweeping away the in-
teracting structures, and therefore reduce the cascade rate. The bottom
panel of figure 16 indicates a higher degree of fluctuations of the local veloc-
ity and magnetic field alignment when the MHD cascade is observed, which
further confirms that the correlation with solar activity and energy transfer
rate exists for the P&P scaling regions only.

The phenomenological picture emerging from the investigation of solar
wind turbulence properties through the P&P law is not in line with the dy-
namic alignment theory (Boldyrev, 2005). Indeed, the latter sees the solar
wind plasma relaxing toward high cross-helicity states (Dobrowolny et al.,
1980) as it expands from the Sun. The characterization of the occurrence of
the third-order P&P law estimated in data samples of just a few days —thus
locally— suggests however the description of the high-latitude outer helio-
sphere as a framework in which velocity and magnetic field in the expanding
solar wind plasma are lesser correlated the larger the distance from the Sun.
This results in a higher probability for the P&P law to be verified at larger
heliocentric distances, as shown in Figure 14 (Marino et al., 2012). Such
discrepancy, however, is consistent with the existence of a local mechanism
that would act as trigger for MHD turbulence in solar wind, such as for in-
stance, the velocity and density shears associated with the P&P law, as will
be discussed in Section 4.2.3. Consistently, the correlation between solar ac-
tivity variations and the occurrence of the P&P scaling in the fast polar wind,
shown in Figure 14, can be related to the enhanced energy input (e.g. in form
of velocity and density shears) during higher solar activity. Ultimately, the
results presented in Marino et al. (2012) confirm the non-universal nature of
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solar wind turbulence, underlining the importance of selecting homogeneous
samples (in terms of solar wind type, fast/slow, and the solar activity level)
when performing statistical analysis of velocity, density and magnetic field
from heliospheric spacecraft.
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Figure 16: From top to bottom: average values of solar activity, fraction of 11 day intervals
where the P&P linear scaling is observed (scaling ratio), mean cross-helicity, pseudo-
energy transfer rate and rms local cross-helicity the three Ulysses’ semi-orbits. For the
cross-helicity panels, full lines represent values for 11-day samples exhibiting P&P scaling,
while dotted lines refer to regions without scaling. Figure adapted from Marino et al.
(2012).
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4.2.3. Role of shears in triggering the turbulent cascade in the fast polar wind

In order to further characterize the role of the large-scale fields shears in
the MHD turbulent cascade, Marino et al. (2012) examined the evolution and
the features of the probability distribution functions (PDFs) of solar wind
density, velocity and magnetic field components, at different scales τ ≡ ∆t,
yet discriminating between plasma samples with and without the P&P scal-
ing. The PDFs of the scale-dependent fluctuations of velocity (top panels),
magnetic (central panels) and density (bottom panels) are shown in Figure
17. Left panels refer to increments at small-scale (8 minutes), central panels
at medium-large scale (10 hours), and right panels at large scale (1 day).
As already done previously, conditional statistics were computed to separate
intervals with and without P&P scaling. In each panel, solid lines indicate
PDFs computed over all the intervals with P&P linear scaling, while dashed
lines are the PDFs referring to periods where no scaling was observed. In
order to explore the role of large-scale shears the authors focused on the
PDFs of the large-scale field increments. As highlighted by the high, non-
Gaussian tails of the distributions of the radial velocity component (top-right
panel of Figure 17), in the intervals with linear scaling velocity shears are
present (solid line). In other words, the observed non-Gaussian behavior,
thus the presence of large-scale shears, is more likely detected in those region
of the outer heliosphere where also MHD turbulent cascades develop. This is
clearly not the case for the intervals with no scaling (dashed line). Though
unrelated to the plasma case, it is worth to mention that large-scale intermit-
tency is observed also in fluid systems whose phenomenological framework
is similar to that of incompressible MHD. This is the case of stratified geo-
physical flows, in which (as reported in Sec. 3.2) due to the interplay of
gravity waves and turbulent motions, temperature and vertical velocity may
exhibit an intermittent behavior in the large scales, and this is associated to
enhanced turbulence and dissipation (Feraco et al., 2018, 2021; Marino et al.,
2022). PDFs of the density are characterized by more symmetric tails yet
highly leptokurtic for large-scale increments, when statistics are computed
over the solar wind samples with P&P scaling, as shown in the middle panel
of Figure 17. On the contrary, the statistics of the radial magnetic field com-
ponent is unaffected by the presence or not of the P&P law. The conclusions
drawn in Marino et al. (2012) are that the P&P law is observed essentially
when large scale velocity and density shears are present in the flow, and that
these may act as a driver for the MHD turbulent cascade, representing a
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Figure 17: Probability distribution functions of field fluctuations for solar wind radial
velocity (top), radial magnetic field (center), and density (bottom), at different time lags.
PDFs are computed separately for set 1 (P&P scaling: full line) and for set 2 (absence of
P&P scaling, dotted line). Figure adapted from Marino et al. (2012).

local energy source, as originally proposed by Coleman using Mariner 2 data
(Coleman, 1968) and later supported by numerical results (Roberts et al.,
1992).
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4.3. Heating the solar wind by magnetohydrodynamic turbulence
Early observations of solar wind plasma measurements revealed that the

expanding profile of proton temperature (as well as of electrons and α parti-
cles temperature) are not described by the expected decay for an adiabatic
radial expansion, T (r) = T0(r/r0)−4/3 (Hundhausen, 1972; Marsch et al.,
1983; Richardson et al., 1995; Richardson and Smith, 2003), where r is the
distance from the satellite to the Sun, and T0 is the temperature at a refer-
ence distance r0, typically taken near the solar corona. Spacecraft measure-
ments have indeed shown that the radial decay of T was rather characterized
by a decrease T (r) ∼ T0(r0/r)

ξ in the ecliptic plane, with fitted exponents
ξ ∈ [0.7 ÷ 1], thus considerably smaller than for the adiabatic case, 4/3
(Schwenn, 1983; Freeman et al., 1992; Goldstein et al., 1996). This is clearly
visible for example in the top panel of Figure 18, where the radial proton
temperature profile measured by the Voyager 2 spacecraft in the outer helio-
sphere is shown together with the adiabatic prediction (Smith et al., 2006).
Moreover, the weakly collisional solar wind is filled with non-thermal, en-
ergized particles. For example, proton and electron beams, high tails, or
temperature anisotropy are frequently observed in the particle velocity dis-
tribution functions, as shown for example in the bottom panels of Figure 18
(Marsch et al., 1982; Tang et al., 2019; Louarn et al., 2021). Particles are thus
accelerated to non-thermal speeds and the plasma is pushed far from ther-
modynamic equilibrium by mechanisms that are not completely understood
yet. In particular, such robust experimental evidences imply the existence
of processes that provide energy necessary to heat the plasma and to accel-
erate particles while the solar wind expands. Several processes have been
invoked to explain such heating, which include the interaction with pick-up
ions from the interstellar medium (Isenberg, 1986; Fahr, 2002; Smith et al.,
2006; Zank et al., 2018), wave damping and resonance mechanisms (Hollweg,
1973; Ofman, 2010; Perez et al., 2021b; Chen et al., 2019; Squire et al., 2020)
and various forms of turbulent dissipation (Verma et al., 1995; Matthaeus
et al., 1999; Vasquez et al., 2007; Hansteen and Velli, 2012; Sorriso-Valvo
et al., 2019a; Carbone et al., 2022). The above mechanisms might all be
contributing to solar wind heating and energization, though, in more recent
years, it emerged that the energy release occurring at the end of a turbulent
MHD cascade in the heliospheric plasma (Frisch, 1995; Dobrowolny et al.,
1980) is one of the possible sources that support the heating of the expanding
solar wind (Marino et al., 2008; Stawarz et al., 2009; Matthaeus and Velli,
2011). This possibility was explored for example in Verma et al. (1995);
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Figure 18: Top panel: radial proton temperature profile measured by Voyager 2 (black
symbols) and predicted by a turbulent energy transport model (Matthaeus et al., 1999,
red line), compared to predicted adiabatic profile (black dashed line). Figure from Smith
and Vasquez (2021) (adapted from Smith et al., 2006). Bottom panel: two-dimensional
equatorial plane cuts of solar wind proton velocity distribution functions as measured by
the Helios spacecraft. Isocontours are normalized to the maximum of the distribution.
Thee dashed line indicates the magnetic field projection. Non-Maxwellian features are
evident in most cases. Figure adapted from Marsch et al. (1982).
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Vasquez et al. (2007), where models aimed at explaining the observed proton
temperature decay have been developed, assuming turbulence as the main
mechanism involved in the heating of the plasma. The validation of the P&P
law made it thus possible to compare direct estimates of the MHD turbu-
lent energy transfer rate in solar wind with the heating obtained from solar
wind heating rate models, necessary to reproduce the radial decrease of the
proton temperature. To this aim, Marino et al. (2008) used estimates of
the pseudo-energy flux rates, ε±, in the fast polar wind measured by Ulysses
during first six months of 1996. Results show that, at those distances from
the Sun, the transfer rate is typically of the order of 102 J (kg s)−1. Values
for the intervals used in this study are listed in Table 3, and are shown in
Figure 19 (bottom-left panel) as a function of the heliocentric distance, r.

r VSW T1 T2 ε1 ε2 |ε±| |ε±|/ε1 |ε±|/ε2

3.22 765± 20 163± 18 90± 15 2696± 301 414± 68 436± 32 0.16 1.05
3.23 770± 19 164± 19 90± 15 2715± 314 412± 69 176± 13 0.07 0.43
3.42 764± 16 148± 20 81± 14 2308± 308 349± 62 174± 24 0.08 0.50
3.49 736± 18 136± 17 73± 12 2005± 256 298± 51 115± 19 0.06 0.39
3.49 734± 17 135± 17 73± 13 1983± 262 294± 53 113± 12 0.06 0.38
3.52 746± 24 145± 21 80± 16 2149± 320 326± 66 154± 32 0.07 0.47
3.56 769± 21 153± 19 82± 14 2304± 292 340± 60 185± 25 0.08 0.54
3.67 749± 20 147± 19 79± 15 2091± 271 309± 61 194± 22 0.09 0.63
3.83 760± 22 148± 27 81± 19 2044± 381 308± 75 218± 28 0.11 0.71
4.04 732± 25 146± 20 70± 18 1841± 259 245± 44 66± 24 0.04 0.27
4.06 743± 20 159± 18 82± 16 2031± 234 290± 58 216± 25 0.11 0.75

Table 3: Measured turbulent energy transfer rates ε± (in J kg−1 s−1) at different distances
from the sun r (au), along with the expected heating rates ε1,2 (same units) as computed
using the parameters VSW (km s−1), ξ1,2, and the two temperature estimates T1 and T2

measured by the Ulysses spacecraft (in 103 K). All wind parameters were computed as
mean over 11 days windows, along with their standard deviations. In the case of the
distance r, the variation within each 11 days window is roughly 0.05 au. The heating rates
ε1,2 are estimated from the parameters in equation (64), using the two different values of
the temperature. The first column indicates the initial time t0 of the 11 days window in
the time series (in day of the year 1996).

Each measured value of ε± was used in Marino et al. (2008) as a surrogate
for the energy flux, ε. As mentioned, Verma et al. (1995) retrieved a relation
for the evolution of the proton temperature with the heliocentric distance,
including the corrections necessary to account for the turbulent heating that
occur at the bottom of the MHD cascade. Assuming the observed power-law
proton temperature decrease, T ∼ T0(r0/r)

ξ, a model for the radial evolution
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Figure 19: Top-left panel: radial decrease of the solar wind temperature provided by
Ulysess (2 days averages), T1 and T2 are known to overestimate and underestimate the
actual temperature of the plasma, respectively. Superimposed are the power law fits
T (r) ∝ r−ξ, with ξ1 = 0.49± 0.06 and ξ2 = 1.10± 0.08. Bottom-left panel: values of the
turbulent pseudo-energy transfer rates, ε±, as obtained from the fit of the P&P scaling
law (54), in J kg−1 s−1. ε1,2 ≡ εheat are instead the heating rates obtained through the
model equation (64) using the two temperature estimates T1,2. Top-right panel: the values
of ε± and ε1,2. Bottom-right panel: comparison of the behaviour of the measured ε± with
the estimated ε1,2, after removing the r−1−ξ trend and adding an arbitrary offset. The
same is done for the temperature T1,2, where the r−ξ trend has been removed and arbitrary
rescaling and offset have been applied. Units are arbitrary and offsets have been added
to separate the two plots, to better show the high correlation between the signals. Figure
adapted from Marino et al. (2008).

of the heating rate εheat(r) necessary to obtain the observed radial proton
temperature profile can be obtained (Verma et al., 1995; Vasquez et al., 2007):

εheat(r) =
3

2

(
4

3
− ξ
)
VSW (r) kB T (r)

rmp

, (64)

where VSW (r) is the radial profile of the bulk solar wind speed, kB is the
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Boltzmann constant and mp the proton mass. The above model is obtained
considering a polytropic index γ = 5/3 for the solar wind adiabatic expansion,
and assumes protons as the only particles heated in the process. It should
be kept in mind that the latter is a severe approximation, since electrons are
also expected to play a major role in the heat exchange.

The Ulysses database provides two different estimates for the tempera-
ture, T1 and T2, known to overestimate and underestimate the true tempera-
ture, respectively. From these data, Marino et al. (2008) used Equation (64)
and averaged speed, temperature and distance to estimate the heating rate
in the same 11-day intervals where the energy cascade was identified through
the P&P law (see Table 3). The scaling exponents of the temperature pro-
files, ξ, were then evaluated through power-law fits of the data, from 1995
April 10 to 1996 August 10. Figure 19 (top left panel) shows the proton
radial temperature profile for both T1 and T2 and the relative fits, the mea-
sured exponents being ξ1 = 0.49 ± 0.06 and ξ2 = 1.10 ± 0.08 respectively.
The values of ε1 and ε2 are estimates of εheat obtained from the model (64)
using T1,2, and are plotted in Figure 19, and again reported in Table 3, to-
gether with the associated turbulent transfer rates estimated from fits of the
P&P law, equation (54). Comparing the heating rate with the energy trans-
fer rate shows that the MHD turbulent cascade contributes to the in situ
solar wind heating from 8 % (T1) to 50 % (T2) on average, and up to 100 %
in some of the intervals. This evidence indicates that turbulent energy flux
might indeed be responsible for a significant amount of the expected heat-
ing. The bottom panel of the same figure shows again normalized profiles
of the observed turbulent energy transfer rate, along with temperature and
estimated heating obtained for the same locations. The variations in these
signals show clear correlations. It is precisely the correlation between solar
wind temperature and estimated energy transfer that permits to speculate
on the leading role of the MHD turbulent cascade in the heating of the solar
wind (Marino et al., 2008). Though the causation between these phenomena
still needs to be proven, the indication that turbulent heating is present in
the solar wind, and well correlated with the wind temperature, is a result of
major importance.

4.4. Incompressible exact law in the ecliptic solar wind

The pioneering contribution by MacBride et al. (2005) was based on the
assessment of the P&P law in the ecliptic solar wind performing averages over
several years of data, thus mixing both fast and slow wind, as well as periods

66



with variable (high and low) solar activity. The work by Sorriso-Valvo et al.
(2007) and Marino et al. (2008) emphasized instead the local character of the
MHD turbulent cascade in the out-of-ecliptic heliospheric plasma, showing
that the occurrence of the P&P linear scaling and the strength of the pseudo-
energy transfer rate are modulated by the solar activity. In order to shed
light on the possibility that the MHD turbulent cascade may indeed have
significantly different features in fast and slow solar wind streams at low
latitudes, Marino et al. (2011) implemented a local analysis of the P&P
law using 11-day intervals of ecliptic solar wind measured by the Ulysses
spacecraft from day 220 of 1996 for about 6 months. Figure 20 shows the P&P

10
2

10
3

10
4

10
5

10
3

10
4

10
5

Y
+
(τ

) 
(k

m
3
/s

3
)

τ (sec)

1997, days 1-9 (fast)

10
2

10
3

10
4

10
5

10
6

10
3

10
4

10
5

10
6

Y
±
(τ

) 
(k

m
3
/s

3
)

τ (sec)

1996, days 354-363 (slow)

Y
+

Y
-

Figure 20: Mixed third order pseudo-energy flux Y +(τ) in fast (left) and Y ±(τ) slow
(right) streams of the ecliptic wind, as computed from the Ulysses data. The values of
the pseudo-energies are ε+

f = 403 J kg−1 s−1, ε+
s = 1702 ± 45 J kg−1 s−1, ε−s = 2591 ±

120 J kg−1 s−1. In the slow wind case, it is also possible to estimate the total energy

ε
(s)
tot = 2147± 83 J kg−1 s−1. Figure adapted from Marino et al. (2011).

scaling emerging in fast and slow ecliptic solar wind streams. The left panel
shows the mixed third order moment computed from a fast solar wind stream
measured at heliolatitude ∼ 18◦ and heliocentric distance ∼ 4.7 au. The right
panel shows the simultaneous Y + and Y − P&P scaling in a slow solar wind
ecliptic stream, at heliolatitude ∼ 19◦ and heliocentric distance ∼ 4.7 au.
The top panel of Figure 21 indicates instead the times of the intervals in
the alternating fast and slow ecliptic solar wind streams where a clear P&P
scaling was found. The corresponding values of the pseudo-energy transfer
rates are plotted in the bottom panel of the same figure. It is possible to
appreciate a clear difference between fast and slow wind. The pseudo-energy
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transfers relative to the fast wind streams (cyan and magenta markers) are
of the order of ε±f ' 100 J (kg s)−1, comparable with the estimates in the fast
polar wind obtained in Sorriso-Valvo et al. (2007); Marino et al. (2008). The
slow solar wind streams (blue and red markers) show larger values, ε±s ' 1000
J (kg s)−1, with a clear separation between the populations corresponding to
fast and slow solar wind streams, appearing in Figure 21 as distinct groups of
points, separated by the dashed line. It is worth pointing out that, in general,
in the fast streams only one type of tensor (either Y + or Y −) is observed to
satisfy the P&P law, at any given location. On the other hand, in the slow
streams the two tensors show simultaneous scaling, allowing for estimates
of the total energy, εtot ∼ (ε+ + ε−)/2 (black asterisks). This difference
suggests that enhanced Alfvénic correlations (characteristic of the fast solar
wind) may inhibit the onset of the turbulent cascade of one of the Elsasser
(z±) modes in the fast ecliptic wind. In slow streams, the scaling samples
are found in correspondence with the fast-slow stream interfaces (figure 21),
suggesting that the MHD turbulent cascade detected through the P&P law
could be triggered by local energy injection due to the shears of velocity and
magnetic field, characterizing the interface regions, analogously to what was
found in the out-of-ecliptic fast solar wind (Marino et al., 2012), as reported
in section 4.2.1. The results presented in Marino et al. (2011) suggest that
while the fast streams in the ecliptic have properties similar to those of the
fast polar wind, slow streams are instead characterized by a much higher
energy transfer, further supporting the need to separate the analysis of the
two types of wind.

4.5. Observation of anisotropic scaling in the ecliptic solar wind

Zhou and Matthaeus (1990) first, then Zank et al. (1996) and Matthaeus
et al. (1999) developed a turbulent transport model able to provide the right
amount of energy to account for the observed solar wind heating, assuming
dissipation would occur at a rate such to equal the turbulent energy cas-
cade rate. The model is based on the assumption that fluctuation vectors
and wavevectors are confined in 2D planes perpendicular to the background
magnetic field, with the heliospheric plasma developing a forward cascade
towards the scales where dissipation is accomplished. The outcome of the
observations of Matthaeus et al. (1990) and subsequent analyses by Bieber
et al. (1996) emphasized as well that large-scale 2D energy containing fluctu-
ations are indeed embedded in the solar wind. That motivated investigations
based on a modified implementation of the third-order exact law approach,
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Figure 21: Top panel: starting points of the 11 days windows where the P&P scaling was
observed (crosses), indicated on top of the solar wind bulk speed, VSW (solid line). Bottom
panel: estimated pseudo-energy transfer rates ε± in the ecliptic wind measured by Ulysses
starting from day 220 of 1996 (in J (kg s)−1), for fast (circles) and slow (triangles) wind.
The values of the total energy, εtot ∼ (ε+ + ε−)/2, are as well shown (stars) whenever
both pseudo-energy fluxes (ε±) are available. Figure adapted from Marino et al. (2011).

taking into account the possibility that the turbulent energy transfer in the
solar wind could be strongly anisotropic. This scenario has been explored by
several authors, through the analysis of a variety of spacecraft observations.
MacBride et al. (2008) tested a slightly modified version of the P&P law, ob-
tained after rotating magnetic field and velocity fluctuations into the mean
field coordinates, where the z-direction is taken along the mean magnetic
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field:

2DD±3 = 〈∆z∓y
∣∣∆z±i ∣∣2〉 = 2ε±〈vR〉tτ sin θBR (65)

1DD±3 = 〈∆z∓z
∣∣∆z±i ∣∣2〉 = 2ε±〈vR〉tτ cos θBR . (66)

Equation (65) is used when the third-order moment vector field, here in-
dicated by D±3 (`), is perpendicular to the mean magnetic field (or varies
only with the component of ` that is perpendicular to the mean field, and
has cylindrical symmetry), 〈vR〉t being the mean solar wind speed, ∆z∓y
the Elsasser fluctuation measured along the direction êy, and θBR the an-
gle between the mean field direction and the flow velocity (approximately
radial). This formalism is considered by the authors analogous to the 2.5-
dimensional MHD geometry, in which magnetic and velocity fluctuations
have all the three components, and the wavevectors are confined to the 2D
plane perpendicular to the mean magnetic field (Montgomery and Turner,
1982). Equation (66) is instead obtained if the D±3 (`) is parallel to the mean
magnetic field (or varies only with the component of ` that is parallel to
the mean field). MacBride et al. (2008) used ACE data (McComas et al.,
1998a; Smith et al., 1998) collected from 1998 to 2004 at the Lagrangian point
L1 in the ecliptic solar wind to test the P&P law, equation (54), here called
ISOD±3 = 〈∆z∓`

∣∣∆z±i ∣∣2〉 = 4
3
ε±〈vR〉tτ , and its analogues above, equations (66)

and (65). Each 28-day solar rotation was divided into 14 sub-intervals of 2
days from which third-order moments of the Elsasser variables were com-
puted and ensemble-averaged. In Figure 22, the plot of ISOD±3 shows esti-
mates of the classical P&P third-order tensor. The same figure shows the
energy transfer rate per unit mass for outward-propagating (blue lines) and
inward-propagating (red lines) fluctuations, as well as their mean, giving the
total energy transfer rate (solid black lines). The outward-traveling fluctu-
ations display higher cascade rate to small scales than the inward-traveling
fluctuations. The structure function analysis for an isotropic geometry yields
a heating rate of 6.5 kJ (kg s)−1, with the sample including both fast and slow
solar wind streams. Figure 22 shows also the plot of 2DD±3 , where 2DD±3 /τ
is the energy transfer rate associated with the cascade perpendicular to the
mean field direction. Even in this case, the outward-propagating fluctuations
(blue lines) produce higher energy transfer rate than the inward-propagating
fluctuations (red lines). The solid black lines indicates again the total energy
transfer rate, 5.6 kJ (kg s)−1. The third pair of panels from the top in Figure
22 show the plot of 1DD±3 , together with the rate of the energy cascade along
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Figure 22: Left panels, from top to bottom: third-order mixed structure function as a
function of the scale, for the isotropic (ISOD3, corresponding to the P&P law, equa-
tion 54), 2D (2DD3, equation 65), 1D (1DD3, equation 66), and 2D+1D composite ge-
ometry (2D+1DD3) models. Blue, red and black curves refer to the outward, inward and
total third-order moment, respectively. The spatial lag scale, in units of km, visible on
the top x-axis, is L = 〈vR〉tτ , τ being the time lag, reported on the bottom x-axis. The
right panels show the same quantity normalized to the time scale, and the corresponding
energy transfer rate, ε (right vertical axes). Figure adapted from MacBride et al. (2008).

the mean field direction 1DD±3 /τ (dashed lines). Finally, an additional third-
order structure function for the composite 2D + 1D geometry is computed
and displayed in the bottom row of Figure 22, 2D+1DD±3 , together with the
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corresponding energy transfer rate per unit of mass, 2DD±3 /τ (dashed lines).
The heating rate for this composite geometry is 7.9 kJ (kg s)−1, interest-
ingly very close (within one standard deviation) to the isotropic calculation
performed using the original P&P law (ISOD±3 ).

Figure 23: Left panel: Yearly average of the dissipation rates estimated from ACE data
using the isotropic and anisotropic relations as in MacBride et al. (2008) (same color code
as in Figure 22). Figure adapted from MacBride et al. (2008). Right panel: ratio of
energy transfer rate, measured through different structure functions formulations method
for MHD (see legend), to the heating rate εheat, estimated using the Vasquez et al. (2007)
analysis of thermal protons, versus the product VSWT . Figure adapted from Stawarz et al.
(2009).

Using a similar analysis of the ACE database, extended to 2008 in order
to encompass both solar maximum and minimum, Stawarz et al. (2009) com-
puted the energy transfer rate, estimated in 12-hour subsets, through both
the isotropic (ISOD±3 ) and hybrid (2D+1DD±3 ) third-order structure functions.
Yearly averages, shown in the left panel of Figure 23, reveal again the dom-
inance of the outward propagating mode, and a marked variability with the
solar cycle. The energy transfer rate was then compared with the Vasquez
et al. (2007) model for solar wind heating rate (see equation 64), extending
to the ecliptic wind the analysis previously performed in polar wind (Marino
et al., 2008). Yearly averages, shown by crosses and dahsed line in the left
panel of Figure 23, are systematically smaller than the total energy transfer
rate, confirming previous results (MacBride et al., 2008). The ratio between
the total energy transfer and the heating rates is then shown in the right
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panel of Figure 23. In this representation, both values were averaged in bins
of similar values of the product VSWT , which was shown to be a good or-
dering parameter for the energy transfer rate. The estimated MHD energy
cascade rate is again clearly systematically greater than εheat, except for the
samples with smaller values of VSWT , disregarding of the formulation of the
third-order structure function used (the isotropic and anisotropic versions
give comparable values). This behaviour is opposite to what observed in
polar wind using the isotropic formulation (Marino et al., 2008). However,
the order of magnitude of the energy transfer rate is comparable in the two
studies. A purely hydrodynamic version (green markers), computed for com-
parison, gives insufficient energy for heating the solar wind, probably since it
completely neglects the magnetic contribution to the energy transfer. These
results clearly indicate that turbulence transfers more energy to small scales
than required to account for the observed proton heating. This would leave
energy available for heating electrons and for other forms of particle energiza-
tion that are not accounted for in the model. For example, it was claimed by
several authors that the observed non-adiabatic radial decay of the electron
temperature requires between 20% and 40% of the total plasma heating (Lea-
mon et al., 1999; Breech et al., 2009; Cranmer et al., 2009). Quantitatively
evaluating other forms of energization is more complicated and not yet deter-
mined (see for instance the attempts to determine the processes responsible
for particle energization described in Howes et al., 2022).

4.6. Role of cross-helicity in the ecliptic solar wind

Analyzing the same ACE database used in Stawarz et al. (2009), again
partitioned in 12 hours intervals, Smith et al. (2009) and Stawarz et al.
(2010) performed further statistics of the pseudo-energy transfer rate ob-
tained through the P&P law and combinations of equations 66 and 65, fol-
lowing the approach described in the previous section. In particular, time-
averaged values of ε± have been conditioned to the normalized cross-helicity,
σc, and to the solar activity level. In this analysis, ∆z− (∆z+) corresponds
to fluctuations propagating parallel (anti-parallel) to the mean solar-wind
magnetic field, which can be directed sunward (in) or anti-sunward (out),
and ISOD±3 (as well as 1DD±3 and 2DD±3 ) were collected so as to average Dout

3

and Din
3 according to the direction propagation of the fluctuations relative

to the Sun. The left panel of Figure 24 shows that as |σc| increases all the
cascade rates estimates reported in the plot decrease as well (Smith et al.,
2009). The pseudo-energy cascade rate for the outward-propagating compo-
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nent, Dout
3 , becomes negative for large |σc|. This would correspond to a back

transfer of energy from small to large scales. The pseudo-energy transfer
rate in the MHD cascade estimated for the inward-propagating component,
Din

3 , does not seem to turn negative, though this analysis shows it becomes
smaller for increasing values of |σc|. The total pseudo-energy cascade rate,
Din

3 +Din
3 /2, becomes instead negative for |σc| > 0.75 (Coburn et al., 2012).

The evidence of negative values of the fluxes in the ecliptic solar wind, as
well ass the negative values of ε± previously estimated in the fast polar wind
(Sorriso-Valvo et al., 2007; Marino et al., 2008), suggests that an inverse
cascade might be developing in some cases within the solar wind plasma.
Following on Smith et al. (2009), negative fluxes are associated to high cross-
helicity states in the ecliptic solar wind. On the other hand, no studies other
than those based on the P&P law have so far confirmed unambiguously this
possibility. In general, high values of the cross-helicity would lead to a deple-
tion of the non-linear interactions in MHD turbulent plasmas (see Sec. 2.2),
which makes the correlation of this quantity with the energy flux physically
meaningful.

The right panel of Figure 24 shows the number of sunspots (top) together
with values of the energy transfer rate averaged for each each year of the ACE
database from 1998 to 2009 (bottom) (Coburn et al., 2012). This analysis
seems to indicate that the turbulent energy transfer rate at 1 au during the
solar minimum is comparable with (or exceeds) the average cascade during
the solar maximum. The authors speculate that this trend might be due to
the admixture of solar wind streams, thus high-latitude winds together with
the wind originating at low heliolatitude. In other words, it is argued that
the greater turbulence level associated with solar minimum might be simply a
selection effect resulting from sampling ecliptic wind as well as the wind com-
ing from high-latitude sources (Coburn et al., 2012). However, as is shown
in Section 4.2.1, in purely high-latitude, fast, polar wind a clear modulation
of both the intensity and occurrence of the MHD turbulent cascade with the
solar activity was actually detected Marino et al. (2012). In that case, lower
solar activity was associated with weaker energy cascade rates. The discrep-
ancy between those observations is likely due to the different nature of polar
and ecliptic wind.

Given the variety of solar wind conditions and dataset considered in the
analyses presented in this section, as well the hypotheses and caveats of
the various implemented approaches, one aspect clearly emerges from the
pioneering investigations based on the original P&P law: the systematic as-
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Figure 24: Left panel: average cascade rates, ε, estimated from third-moment analysis
versus the absolute value of the normalized cross-helicity, σC : for outward propagation
(blue triangles), inward propagation (red squares), and total energy T (black circles).
Figure adapted from Smith et al. (2009). Right panel: the top sub-panel shows the monthly
sunspot number as a function of time. The bottom sub-panel displays the yearly average
energy cascade rate estimated through the third-order moment analysis as a function
of time, throughout the ACE database. Diamonds refer to the MHD formalism for the
isotropic law, triangles to the hybrid geometry (both defined in the text), squares to the
Navier-Stokes formalism (the exact law for classical hydrodynamics). “+” symbols refer
to estimates obtained through the heating model by Vasquez et al. (2007). Figure adapted
from Coburn et al. (2012).

sessment of the third-order moment offers a great number of opportunities
to gain insights on fundamental aspects of the energy transfer in space plas-
mas. On the other hand, these studies suggested caution when high-order
statistics are built over extended samples of solar wind, since coronal origin
and turbulent state of the plasma may significantly vary over time.

5. Generalized scaling laws in space plasmas

The multiple hypotheses behind the P&P law were thoroughly described
in previous sections, including the assessment of their validity in the solar
wind. As a matter of fact, in real physical systems some of these hypotheses
may not be verified to a sufficient degree for all the simplification performed
in obtaining the P&P law to be applicable, preventing also its validation in
data from observations. In this section, various cases are reviewed for which
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it was possible to relax one or more of the hypotheses proposed in the origi-
nal P&P law derivation (Politano and Pouquet, 1998; Politano and Pouquet,
1998), together with the related modifications to the mathematical devel-
opments and inclusions of extra terms in the third-order exact law. As we
shall see, in some instances, as in the presence of strong magnetic fields, it is
necessary to model the effects of the resulting anisotropy, in order to include
them in the third-order scaling law. In other cases, such as in compres-
sive and/or Hall MHD plasmas, the derivation has been performed retaining
mathematical rigour, without resorting to models. As is often the case, some
of the generalizations obtained for plasmas followed approaches previously
developed for neutral fluids. However, the richer variety of modifications re-
quired for turbulent plasmas with respect to the case of neutral fluids reflects
the greater complexity of the former, showing how the plasma community is
strongly engaged in obtaining maximum results from the analyses performed
through the third-order scaling laws. This is due to the fundamental impor-
tance of such laws in nearly-collisionless plasmas, for which they represent
the only accessible mean to estimate turbulent energy dissipation, which is
crucial to properly describe the dynamics of the space plasmas.

5.1. Modified cascade for anisotropic turbulence

As we have seen in the previous section, simple models based on the
rotation of the structure functions in a field-aligned reference frame have
allowed preliminary analysis of the anisotropic properties of the turbulence
cascade. This is fundamental for solar wind turbulence, which is known to
be anisotropic (Bieber et al., 1996). Successive studies have introduced more
or less sophisticated models to account for anisotropy, at least under specific
conditions of relevance for space plasmas. Here we will review some of those
models, and their application to space plasmas.

5.1.1. Characterization of MHD anisotropy through the third-order structure
functions

Estimating the turbulent cascade rate in the solar wind through the P&P
law requires to make assumptions on the unknown anisotropy of the third or-
der structure function. The initial approach in this direction for the analysis
of in-situ spacecraft data was to assume isotropic turbulence, therefore using
equation (54), which was mainly employed for fast polar wind on Ulysses mea-
surements (Sorriso-Valvo et al., 2007; Marino et al., 2008; Marino et al., 2011;
Marino et al., 2012). Alternatively, some form of axisymmetric anisotropy
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was considered. As discussed in previous section, given the impossibility to
compute derivatives along parallel and perpendicular directions with respect
the solar wind flow, MacBride et al. (2008); Stawarz et al. (2009); Stawarz
et al. (2010) resorted to simplified geometrical models of an hybrid 2D+ 1D
turbulence, as described by equations (66) and (65), implemented using Wind
and ACE data collected in the ecliptic solar wind. This method assumes that
the third-order structure function has parallel and perpendicular components
depending only on parallel and perpendicular increments, respectively, and
that the cascades in the two directions are independent from each other. The
total energy transfer can then be investigated by combining the two indepen-
dent equations for 1D-parallel and for 2D-perpendicular cascades, given by
equations (66) and (65) respectively for 1DD±3 and 2DD3, so that the cas-
cade rate for the composite geometry, εhybrid =1D ε +2D ε, is given by the
composite structure function 2D+1DD±3 .

Obviously, a correct description of anisotropy effects can be obtained us-
ing numerical simulations, where all gradients can be computed. Verdini et al.
(2015) investigated the process of bi-dimensionalization and the anisotropy
of the turbulent energy transfer in plasmas through direct numerical sim-
ulations, by integrating the incompressible MHD equations on grids up to
10243 points. These authors computed for the first time the third-order
structure functions in a fully 3D MHD plasmas, in the presence of large-
scale forcing and mean magnetic field B0. Among other things, they tested
the anisotropic mixed third-order moments introduced in MacBride et al.
(2008); Stawarz et al. (2009), exploring their range of validity for the investi-
gation for the slow solar wind. In particular, estimates of the energy cascade
rate obtained through equations (66) and (65) were compared with values
of the cascade rate retrieved from the direct computation of the divergence
of Y = 〈∆z∓(∆z±)2〉, which is possible in simulations given the availability
of the point-wise velocity and magnetic fields. Starting from equation (26),
without assuming isotropy, it is indeed possible to retrieve a relation between
the divergence of the mixed tensor and what can be considered the true cas-
cade rate of the energy transfer at intermediate scales: ∇ · Y = −4εtrue.
In Figure 25, εtrue is compared with εhybrid obtained from third-order struc-
ture function for the composite 2D + 1D geometry, normalized by a cas-
cade rate ε obtained from the spectra. The comparison was performed for
a weakly compressible MHD run (B), with an imposed mean magnetic field
and anisotropic forcing (applied to components perpendicular to the mean
field and to wavevectors mainly perpendicular to the mean field), and for an
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incompressible MHD run (C), again with an imposed mean magnetic field
and a forcing that is isotropic in both components and wavevectors. In both
cases, the forcing injects energy in the largest scales of the system (see de-
tails in Verdini et al., 2015). Each panel in Figure 25 is a cut in the (`||, `⊥)
plane taken along a fixed direction, the latter forming an angle, θ, with the
direction of the mean field, B0. εhybrid turns out to be consistent with εtrue at
all the angles considered, yielding the correct cascade rate at oblique angles
θ ≥ 20. However, in the nearly parallel direction, the hybrid method has the
tendency to underestimate the true cascade rate by a factor & 10. Though
based on numerical simulations reproducing the plasma in regimes different
than in the heliosphere, this analysis suggests that together with avoiding
mixtures of fast and slow solar wind streams, as well as of samples observed
in different periods of the solar cycle, third-order scaling analysis accounting
for anisotropy might be better verified also in space plasmas, providing more
accurate estimates of the energy transfer rate.

5.2. Shear-induced anisotropy

One of the possible ways to break isotropy is when large-scale velocity
shears are present in the flow, which is a common scenario in space plas-
mas. For example, in the solar wind stream-interaction regions, the wind
speed changes with a transition of the wind from slow to fast, or vice-versa,
generating respectively rarefaction or compression regions. The validity of

Figure 25: Comparison of εtrue = (∇ · Y)/4 (solid thick line) with the hybrid cascade
rate, εhybrid = 1Dε + 2Dε (dashed black line). The red dashed line is the 1D (parallel)
cascade rate obtained within the hybrid method. All cascade rates are normalized by the
dissipation rate, ε Top panels refer to run B, bottom panels to run C. From left to right,
different panels refer to increasing angle θ between the sampling direction and the mean
field B0. Figure adapted from Verdini et al. (2015).
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the third-order moment scaling law in shear-dominated flows has been ex-
tensively explored in neutral fluids turbulence (Lindborg, 1996). The basic
idea is that shears act as energy sources for the turbulence, and being su-
perposed to the velocity fluctuations they must be explicitly included in the
standard Richardson decomposition of the flow. The energy flux scaling rela-
tion is modified accordingly by introducing additional terms to the standard
third-order moment of the velocity fluctuations. In particular, the modified
third-order law for the velocity includes two contributions of different nature:
one accounting for the energy transfer associated with the mean (sheared)
flow, and an additional term accounting for the energy associated to the ve-
locity fluctuations produced by the shear (Casciola et al., 2003). These terms
are indicated as transfer and production terms, respectively. Numerical sim-
ulations have been used to validate the law. These also demonstrated that,
typically, the modified third-order transfer term will dominate at smaller
scales, while the production term will be relevant at larger scales, where the
shear gradient has characteristic scale comparable with that of the turbulent
fluctuations.

A similar procedure has been implemented for the MHD case, as will
be described in the following. In a series of papers, a theoretical deriva-
tion was provided for three-dimensional plasma flows (Wan et al., 2009),
then validated using 2D MHD turbulence numerical simulations (Wan et al.,
2010), and finally adapted to the specific case of solar wind single- and multi-
spacecraft time series (Stawarz et al., 2011; Osman et al., 2011).

5.2.1. Theoretical modeling of shear-driven anisotropy of the turbulent energy
transfer rate

Following the derivation for neutral fluids (Casciola et al., 2003), Wan
et al. (2009) considered a homogeneous velocity shear that is constant in
time. The first step of the procedure is to separate the velocity field v in
its mean and fluctuating components, v = u + U, where U(r) is the time-
averaged velocity profile and u(r, t) the fluctuations. Assuming that U(r)
is non-randomly and slowly varying, the turbulence can be seen as locally
homogeneous, which allows to perform the standard third-order moment law
derivation. Once this is done, and under the other usual assumptions, addi-
tional terms arise in the energy conservation equation that cannot be elim-
inated invoking isotropy. Assuming a homogeneous, linear velocity shear,
the reference system can be set to obtain the simple background velocity
expression U = αyx̂, so that the bulk flow is in the x axis direction and
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the velocity gradient of magnitude α is along the y direction. The general
equation for the energy transfer law is expressed using MHD variables here
defined as Z± = z±+αyx̂±B0/(4πρ)1/2, where z± indicate the Richardson-
decomposed fluctuation part of the standard Elsasser variables.

The equations obtained by Wan et al. (2009) integrating the energy flux
and source terms over a spherical volume can be written as:

S± + S±U + S±P = −(4/3)ε±r. (67)

Here S± is the standard isotropic mixed third-order moment. S±U and S±P
are the aforementioned anisotropic terms, respectively accounting for the
energy transfer due to the convection by the shear (a flux term) and for the
energy production by the shear (a source term). Note that, in order to keep
the notation used in the original papers and in the figures reproduced here,
r ≡ ` now indicates the spatial scale, and not the vector position. With the
notation introduced here, the three left-hand-side terms are

S± =
1

4π

∫
〈(∆z±)2∆z∓〉 · r̂ dΩ (68)

S±U =
αr

4π

∫
sin2 θ sinφ cosφ〈(∆z±)2〉dΩ (69)

S±P =
2α

4πr2

∫ ∫
〈(∆z±x ∆z∓y )〉r2drdΩ (70)

where θ, φ and r are spherical coordinates, and Ω is the solid angle. Inte-
gration is intended over all angles and over all spherical volume. The two
anisotropic terms, S±U and S±P , have both explicit (linear) and implicit (unde-
termined) proportionality to the scale, r. This implies that the isotropic term
is not necessarily a linear function of the scale. In neutral fluids, numerical
studies showed that the two first terms, associated with energy cascading
across scales and proportional to the shear amplitude, are typically dominat-
ing in the inertial range, while the third term, associated with the large-scale
energy injection by the shear, is mostly relevant at the shear scale (see, e.g.,
Casciola et al., 2003, and references therein).

5.2.2. Validation of the shear-driven anisotropic third-order moment scaling
in two-dimensional MHD numerical simulations

In order to test the modified law for sheared plasmas, a numerical study
was performed using a standard two-dimensional simulations of the MHD
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equations with low cross-helicity and a superimposed homogeneous velocity
shear (Wan et al., 2010). The top panel of Figure 26 displays a snapshot

Figure 26: Top panel: a snapshot of the out-of-plane electric current, j, for the simulation
with he velocity shear, whose effect is visible as elongated structures in the y direction.
Bottom panel: the scaling of the third-order law estimated using a 2D MHD numerical
simulation with large-scale, homogeneous velocity shear. The three terms S+ (full red
line, equation 68), S+

U (dashed green line, equation 69), and S+
α = S+

P (dashed-dot blue
line, equation 70) are shown along with their sum, S+ + S+

U + S+
α (long-dashed red line,

equation 67). Σ+ (dashed-dot-dot black line) represents the total flux with an additional
viscous correction, and 2ε+r (dotted black line, equation 67) is the standard right-hand
side of the third-order law for two-dimensional MHD turbulence. Figure from Wan et al.
(2010).

of the out-of-plane current, j, taken in the steady state of the turbulence
for the 2D-MHD simulation with superimposed velocity shear. The same
figure shows, in the bottom panel, the scaling of the individual terms in the
modified law, S±, S±U and S±α = S±P , their total sum (also including the
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case with additional viscous correction, Σ+), and the right-hand side, 2ε+r.
The isotropic contribution shows a good linear scaling in the inertial range
(0.1 < r < 1 in adimensional simulation units), but its amplitude is con-
siderably smaller than the actual transfer rate. The additional shear terms,
and in particular the production term, account for such difference. Note
that the figure presented here refers to a sub-region of the simulation domain
that shows homogeneous turbulence. When considering the whole domain,
the linear scaling of S± is no longer present. This suggests that the shear
affects the linear scaling of the third-order moment to a large extent. The
above analysis is based on a theoretical derivation that uses the Reynolds-
decomposed field, so that the fluctuations have been detrended to eliminate
the background shear, as customary. However, a similar derivation can be
performed using instead the whole field v, explicitly separating the mean
and fluctuating components, u+U, but without subtracting the background
shear. In this case, the additional terms S+

U and S+
P are not estimated in-

dependently, but rather are embedded in the standard third-order moment.
Using the relation obtained without separating the background to analyze
the same numerical simulation, the linear scaling and the correct amplitude
are restored, suggesting that the effects of the shear are well captured by
the complete third-order law, at least when the shear is periodic Wan et al.
(2010). This is an important indication for the analysis of solar wind time
series. Indeed, it suggests that mean fields should not be removed when
performing the analysis, particularly in the presence of zero-mean large-scale
velocity shears, unless the geometry of the shear is known with accuracy.

5.2.3. Single-spacecraft validation of the anisotropic third-order moment in
solar wind turbulence

The study of the effects of large-scale velocity shears was extended to
the case of solar wind flow. In the solar wind, the large-scale dynamics is
dominated by the plasma flow, and quasi-linear velocity shears are often ob-
served (Marino et al., 2012). In order to account for their effects on the
turbulent cascade, the derivation briefly described above (Wan et al., 2009,
2010) should be extended to one-dimensional measurements, such as those
obtained by spacecraft in the solar wind. This carries the known limitation
that it is impossible to estimate gradients in directions other than the sam-
pling line, via the Taylor hypothesis. Stawarz et al. (2011) performed such
extension by modeling the anisotropy generated by the shear in the three
terms of equation (67). It was additionally assumed that the anisotropy due
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to the large-scale magnetic field is negligible with respect to the shear-driven
anisotropy, a reasonable approximation in the solar wind (MacBride et al.,
2008; Stawarz et al., 2010). Based on geometrical considerations, Stawarz
et al. (2011) described the effects of the shear-induced vortex stretching as
acting along preferential axes, which are in turn determined by the geometry
of the shear. In particular, a scale-independent ellipsoidal anisotropy was
assumed, so that the fluctuation energy is [∆z±(r, θ, φ)]2 = [∆z±(r)]2f(θ, φ).
The angular dependence can be described by the ellipsoid of anisotropy with
principal axes radii a, b on the shear plane x–y, and c perpendicular to it,
given by

f(θ, φ) =
3

1/a2 + 1/b2 + 1/c2

[
sin2 θ(1/2 + cosφ sinφ)

a2

+
sin2 θ(1/2− cosφ sinφ)

b2
+

cos2 θ

c2

]
.

Since in solar wind only the streamwise fluctuations, [∆z±(r)]s, are acces-
sible, the anisotropy model can be used to retrieve the general fluctuations
as 〈[∆z±(r)]〉 = As〈[∆z±(r)]s〉, where the coefficient As = [2c2(a2 + b2) +
a2b2)]/[3c2(a2 + b2)] accounts for the geometry of the modeled anisotropic
fluctuations. With this assumption, solid angle integration of the three en-
ergy flux and source terms in equations (68)-(70) provides expressions that
use the streamwise increments, available from time series data, and which de-
pend explicitly on the principal anisotropy axis radii a, b and c. In particular,
the following expressions hold:

S± = A3/2
s 〈[(∆z±)2∆z∓x ]s〉 (71)

S±U = −2|α|r
15

|b2 − a2|
a2 + b2

〈[∆z±(r)]2s〉 (72)

S±P =
2αAs
r2

∫ r

0

〈[∆z±x ∆z∓y ]s〉r2dr . (73)

After estimating the effects on each term for various geometries, it is possi-
ble to conclude that: (i) the S+

U term is sensitive to small departures from
isotropy but insensitive to large departures; (ii) large anisotropy in the di-
rection perpendicular to the shear plane can affect the values of S± and S+

P .
Using equations (71)-(73) adapted to specific geometry of solar wind flow,
spacecraft data were used to explore the validity of the model and to assess
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the effects of shear anisotropy in the evaluation of the energy transfer rate.
To this aim, ten years of ACE measurements were accurately selected and
divided in 12-hour sub-intervals. For each interval, the presence of velocity
shears was evaluated. The shear gradient magnitude was crudely estimated
using large-scale features of the interval velocity, upon simplifying assump-
tions on the shear geometry and orientation. After discussing the dependence
of the energy flux and source terms upon the anisotropy geometry (Stawarz
et al., 2011), for the solar wind study this was assumed by assigning specific
values of the three radii, a = c = 1 and b = 2. Two versions of scaling laws
are used, namely the original isotropic P&P law, equation (54), providing
the total energy transfer rate εNOSH and the modified shear-anisotropy ver-
sion, giving εSH. Note that these are total values, obtained averaging the two
inward and outward mode rates. An estimate of the turbulence heating rate,
εheat, based on the solar wind temperature and velocity is used as reference
(Vasquez et al., 2007). While using the heating rate as reference may be
questionable due to the model limitations (e.g., electron heating and other
forms of energy conversion are not included), this parameter can provide
a qualitative estimate of the effects of the shear on turbulence. Figure 27
shows the two energy transfer rates and the heating rate as a function of
the estimated shear amplitude. Values from 12-hours sub-intervals from the
ACE database were averaged in each of eight shear magnitude bins, as indi-
cated. The heating rate (black) is always positive and shows no dependency
of the shear magnitude. Similarly, the shear-modified total energy transfer
rate (red) shows values compatible with the modeled heating rate, and rela-
tively weak variability with the shear properties. On the contrary, the P&P
isotropic version (blue) reveals a strong dependency on the shear, suggesting
that the shear is contaminating the third-order moment, which might there-
fore be unreliable. In particular, the sign of the third-order moment follows
that of the shear, suggesting that the presence of strong shears could be one
possible reason to observe change of sign in the energy transfer rate. While
the analysis presented by Stawarz et al. (2011) is based on a realistic but
strongly approximated modeling of the shear effects, and the ACE database
includes a broad variety of solar wind conditions, the results suggest that
caution should be used in the analysis of third-order moment analysis, in
particular when large-scale velocity shears are present in the sample. The
approximated inclusion of these effects, described above, may help to provide
better estimates of the energy transfer rate, and could be considered reliable
if the shear geometry is specifically assessed for each case. This might be

84



Figure 27: Mean energy transfer rate, ε, for the isotropic P&P law (εNOSH , blue circles),
the anisotropic law (εSH , red triangles) and heating rate (εheat, black squares) versus the
shear intensity, ∆VSW , obtained using a partition in 12-hour intervals of 10 years of ACE
measurements. Intervals were divided in eight bins according to the shear magnitude, and
the energy transfer or heating values were averaged over each bin. Figure from Stawarz
et al. (2011).

unpractical for systematic large statistical analyses, but possibly relevant for
more accurate case studies, or when a precise energy budget is desired. It
is obvious to imagine that the use of multi-spacecraft missions, such as ESA
Cluster, NASA MMS or the upcoming NASA Helioswarm and the proposed
ESA Plasma Observatory, could considerably improve the description of the
velocity shears geometry, and for the cases in which this can be modeled,
allow a more precise integration of the three terms and, therefore, a more
accurate estimate of the turbulent energy transfer rate.

5.2.4. Multi-spacecraft validation of anisotropic third-order moment in solar
wind turbulence

In order to explore the actual anisotropy of the cascade, a multi-spacecraft
technique has been adopted to estimate the third order P&P law. This
enables to account for arbitrary axisymmetric rotations about the mean
magnetic field direction. In particular, using the Cluster 1 and Cluster 3
spacecraft (see Section 7), separated by a distance d13, Osman et al. (2011)
computed the Elsasser field time series z±1 (t) and z±3 (t) along the flow direc-
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tion, the subscript indicating the respective spacecraft. Assuming validity of
the Taylor’s hypothesis, the spacecraft time series correspond to the spatial
time series in the plasma frame, z±1 (−vswt) and z±3 (d13−vswt). Varying the
time lag ∆t is thus equivalent to changing the separation between pairs of
sampling points in the plasma frame, which permits to sample a range of
scales and angular dependencies of the mixed third-order using a single data
interval, namely r(∆t) = d13 − vsw∆t. In a magnetic field-aligned, right-
handed, orthogonal coordinate system, it is thus possible to define the flux
density, F± = (r̂ ·∆z∓)|∆z±|2, and the acute angle between the time-lagged
spacecraft separation vector and the magnetic field direction, θSB. During
the period from January to March of 2006, the two Cluster spacecraft were
orbiting with a separation d13 ' 10000 km. Their relative position with
respect to the mean magnetic field changed along the orbit, resulting in a
good coverage in θSB provided by an ensemble of & 1 hour intervals, suitable
for studying anisotropy. The choice of the specific separation was motivated
by two facts. First of all, given the typical solar-wind speed, it correspond
to scales well within the inertial range, of interest for studying the cascade.
Secondly, it had the greatest θSB coverage in the whole Cluster database,
and is therefore more suitable for the anisotropy analysis.

As shown in the left panel of Figure 28, the database was used to integrate
the flux over a sphere (Wan et al., 2009):∫ π/2

0

〈F±sinθSBdθSB〉 = −4

3
ε±r (74)

This multi-spacecraft technique was used to compute estimates of F± at
two scales, namely the spacecraft separation and a shorter scale (4000 km),
obtained using two spacecraft and the Taylor hypothesis. At separation of
10000 km, the two integrated flux functions, divided by the separation dis-
tance and the constant factor, provided single-scale estimates of the pseudo-
energy transfer rates, ε+ = 5.2 kJ (kg s)−1 and ε− = 5.7 kJ (kg s)−1, re-
spectively for the sunward and the anti-sunward components of the mixed
third-order moment. For spacecraft separations '4000 km, a second set of
single-scale pseudo-energy transfer rates was obtained, ε+ = 4.9 kJ (kg s)−1

and ε− = 5.8 kJ (kg s)−1. For each component, the pair of single-scale third-
order moments was finally fitted by a linear law, equation (74), obtaining the
pseudo-energy transfer rates within the solar wind turbulent inertial range.
This is shown in the right panel of Figure 28, where the values obtained
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Figure 28: Left panel: estimates of the anti-sunward normalized flux density F− = (r̂ ·
∆z+)|∆z−|2 versus the angle between the magnetic field and the bulk flow direction,
θSB , together with the corresponding probability distribution function. Similar results
were obtained for F+. Right panel: linear scaling of the sunward (circles) and anti-
sunward (diamonds) components of the third-order law, equation (74). The solid lines are
least squares fits to the data, the gradients of these lines correspond to the mean volume
averaged cascade rates. The total energy transfer rate is the average of the sunward and
anti-sunward components. Figure adapted from Osman et al. (2011).

though this procedure are also indicated. Since only two points are used for
the fit, it obviously cannot inform about the goodness of the linear model,
but it can still provide relatively uncertain, yet indicative values of the pa-
rameters upon imposing linear scaling. Note that the energy transfer rate
values are broadly consistent with estimates of the studies conducted in the
ecliptic (MacBride et al., 2008).

5.3. Additional terms for radial solar-wind expansion

An important factor that can impact the validity of the original version
of the P&P law in heliospheric plasmas is the intrinsic radial expansion of
the solar wind. For example, the isotropy assumption needs to be revised,
since expansion affects in a different manner the radial and tangential com-
ponents of mean fields and their fluctuations. An extensive literature exists
that describes studies devoted to the correct analysis of the properties of
the radially expanding solar wind, including turbulence. Theory, models,
numerical simulations and data analysis provide frameworks and constraints
for this complex dynamical problem, which to date is still open. Understand-
ing the effects of expansion on solar wind dynamics is critical for the correct
modeling of the global heliosphere, for characterizing physical processes such
as waves, instabilities and dissipation occurring in the plasma, as well as to
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achieve an accurate prediction of the CME transit time. In this review, we
limit the focus on the effects of the solar wind expansion on the validity of
the P&P law and on the quantities estimated from it, presenting the modifi-
cations proposed to the original P&P law approach, equation (54), in order
to account for it in the energy evolution equation. The general concept is
that, like for velocity shears, the expansion can be viewed as a source of en-
ergy, and should therefore be included in the dynamical equation. Hellinger
et al. (2013) derived the modified equations considering the expanding box
approximation (Grappin et al., 1993), where the expansion is assumed su-
personic, radial and uniform, for example |vSW | = |(vSW , 0, 0)| � vA in the
RTN coordinate system, and the plasma volume under study is smaller than
the expansion scale, so that the local mean field can be assumed constant.
With these approximations, it is possible to write the MHD equations for
a plasma volume comoving with the expanding solar wind, which results in
two additional forcing terms. Accordingly, additional terms appear in the
modified P&P law, which, in divergence form, can be written as

∂〈|∆z±|2〉
∂t

+ ∇ · 〈∆z∓|∆z±|2〉 = −4ε± + 2ν∇2|∆z±|2

− vSW
R
〈|∆z±|2 + ∆z+ ·∆z− − 2∆z+

L∆z−L〉 , (75)

where the subscript L indicates the radial component and R is the dis-
tance from the center of expansion. The three terms on the second line
of equation (75) represent the forcing contribution to the energy budget
due to expansion. In particular, the first of the three terms accounts for
the standard Wentzel–Kramers–Brillouin (WKB) evolution of the Elsasser
fluctuations (see, e.g., Matthaeus et al., 1994, and references therein). The
second and third terms describe the effects of the coupling between the in-
ward and outward modes, which arise due to mode reflection caused by the
inhomogeneity associated with the solar wind expansion. It effectively cou-
ples the large-scale expanding fields with the small-scale cross-correlation of
the Elsasser fields, therefore modifying the nonlinear interactions. Ideally,
equation (75) should be validated by numerical simulations that use the ex-
panding box approximation (see, e.g., Verdini and Grappin, 2015). At the
time of writing, no such validation exists in the literature, although prelim-
inary comforting results were presented at a conference (A. Verdini, private
communication, see Verdini et al., 2014).

In order to test the ability of the modified P&P law to capture the ad-
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ditional energy injection provided by the expansion, a similar relation was
derived by Gogoberidze et al. (2013) in an integral form, more suitable for
application to solar wind data. In such form, the law was written as

〈∆z∓|∆z±|2〉+
vSW
R`2

∫ `

0

y2

[
∂

∂R
(R|∆z±|2)− 〈∆z+ ·∆z−〉

]
dy = −4

3
ε±` ,

(76)
where, as usual, the Taylor hypothesis is used to convert spatial to temporal
scales, ` = −vSW∆t. Gogoberidze et al. (2013) erroneously identify only two
extra terms (instead of three, as in Hellinger et al., 2013), which appear in
the definite integral in equation (76). Nevertheless, validation against solar
wind data was performed, and even in this possibly slightly incorrect form,
useful indications can be obtained. In order to evaluate the corrective term
accounting for possible large-scale fields effects on the cross-correlation of the
Elsasser fluctuations (namely the second term under the integral, labeled as
M by the authors), an interval of data measured by the Wind spacecraft was
used. As shown in Figure 29, top panel, this provided evidence that the M
term (dashed line) is relatively smaller, but not fully negligible, in most of
the inertial range with respect to the standard P&P term (full line), with
some larger effect at larger scales. In fact, an average factor ' 3 between
the two terms was found using several data intervals. On the other hand, in
order to determine the radial gradients in the WKB expansion term (the first
of the two terms in the integral, labeled as D), Helios 2 data were used. In
particular, two intervals measured at two different distances from the Sun,
R = 0.65 and R = 0.87, at nearly one month distance were used. The two
streams were observed to proceed from the same solar coronal hole, so that
the turbulence can be reasonably considered as stationary (see more on this
topic and on the specific Helios data in Section 6.2). The radial derivative
was then obtained as two-point increment, and this allowed to obtain an
estimate for the D term, as shown in the bottom panel of Figure 29. In this
case, the M term gives smaller contribution, but the D term is comparable
with the standard third-order moment term at all scales.

The above estimate might be approximate to many effects, including the
partly incorrect equation used, the crude approximation on estimating the
derivative, the use of solar wind intervals separated by a month, and the use
of the absolute value in plotting the energy transfer rate and the other flux or
source terms. Nevertheless, the conclusion of these works is that expansion
terms should be considered when studying solar wind data, since they can

89



Figure 29: Scale (labeled as τ) dependence of the total mixed third-order moment term
(full black line, see equation 76), the cross-correlation term (M , dashed line, see text),
and the expansion term (D, dot-dashed black line, bottom panel only, see text), together
with the turbulent heating rate estimated using the model by Vasquez et al. (2007) (red
line, equation 64). Top panel: Wind data; bottom panel: Helios 2 data. Figure adapted
from Gogoberidze et al. (2013).

provide additional energy that is not sufficiently captured in the isotropic
version of the P&P law. Like in the case of velocity shears, the anisotropic
contribution appears as terms that depend on the geometry of the system,
providing a nontrivial contribution to the scaling. The increasing availability
of radially aligned spacecraft in the inner heliosphere should allow a prompt
improvement of the above study, allowing to evaluate with better precision
the effects of radial expansion in solar wind turbulence.
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5.4. Reaching down to sub-ion scales: incompressible Hall MHD

As recalled previously, for many purposes the macroscopic description of
solar wind fields at the scales where the heliospheric plasma can be considered
quasi-neutral and at the local thermal equilibrium, can be done in the frame
of the classical magnetohydrodynamics (MHD). Using the one-fluid MHD
equations is indeed equivalent to treat the plasma as a single neutral fluid
with conductive properties (Galtier, 2016). In the ideal MHD description, it
is assumed that ions and electrons move essentially along the magnetic field,
with the same velocity. However, this assumption is no longer valid if one is
interested in exploring the plasma evolution at scales close to or below the
characteristic ion scales, for which other effects must be taken into account.
In collisionless space plasmas, the physics of sub-MHD scales is extremely
rich and interesting, since at those scales the turbulence entangle with sub-
ion kinetic physics, and all contribute to the energy conversion. It is therefore
crucial to be able to describe as accurately as possible the cross-scale energy
flux in the presence of non-MHD effects. Such extension is the topic of this
Section.

5.4.1. Hall-MHD description of plasmas

Perhaps the simplest extension of the ideal MHD, which allows to inves-
tigate scales smaller the the characteristic separation scale between ions and
electrons, is the Hall-MHD model. In the Hall-MHD framework, the gener-
alized Ohm’s law is modified with the introduction of the Hall electric field,
a term proportional to J × B, J and B being the electric current density
and the magnetic field, respectively. The adimensional formulation of the
Hall-MHD equations in the incompressible framework, in Alfvén units, reads
as follows:

∇ ·U = 0 (77)

∂tU + (U ·∇)U = J×B−∇p+ ν∇2U (78)

∂tB = ∇× [(U− ξHJ)×B] + η∇2B (79)

∇ ·B = 0 (80)

where U and B are fluid velocity and magnetic field, J = ∇ × B is the
electric current density, p the pressure, ν and η the kinematic viscosity and
magnetic diffusivity, respectively. The strength of the so called Hall term
ξHJ × B depends on the Hall parameter ξH = LH/L0 (often indicated by
εH in the literature), given by the ratio between the integral scale of the
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system L0 and the Hall characteristic length scale LH . The latter is defined
in turn as LH = cVA/(ωpiU0), where VA is the Alfvén speed, ωpi is the ion
frequency and U0 the characteristic bulk velocity. It is worth noticing that
when U0 = VA, then the Hall length scale is equal to the ion inertial length,
LH = di = c/ωpi. The Hall term is a measure of the difference in velocity
between ions and electrons, assuming that the former are decoupled from the
magnetic field while the latter are guided by it. The mechanism responsi-
ble for the decoupling of the ions is not always the same, depending on the
level of ionization of plasma. In highly ionized plasmas the Hall effect arises
from the unbalance between ions and electrons inertia, while in partially ion-
ized plasmas neutral collisions can be more efficient in decoupling the ions
(Pandey and Wardle, 2008). Differences between the two mechanisms are
significant in terms of the scales at which the Hall effect becomes impor-
tant, affecting the plasma dynamics. Indeed, in the case of a fully ionized
plasma, the reference characteristic length scales is the ion inertial length,
di = c/ωπ (Huba, 2003), whereas in partially ionized plasmas the Hall ef-
fect can act also at scales of the order of the energy containing structures
of the system (i.e., the integral scale) (Pandey and Wardle, 2008). Another
feedback on the MHD plasma dynamics, due the introduction of the Hall
term in the equations, is the propagation of two wave modes in addition to
the Alfvén waves, namely the whistler and Hall drift waves. Their phase
speed is inversely proportional to the ion cyclotron frequency, Ωi = eB/mic,
and is instead proportional to the square of the Alfvén speed, thus resulting
significantly faster than the classical MHD Alfvén waves (Huba, 2003). The
Hall-MHD model has been successfully utilized to describe the dynamics of
many astrophysical settings, including heliospheric plasmas. Star formation
(Norman and Heyvaerts, 1985; Marchand et al., 2019; Wurster et al., 2021),
solar atmosphere and the solar wind at Earth distance (Galtier and Buchlin,
2007; González-Morales et al., 2019), dynamo action (Mininni et al., 2002,
2005; Gómez et al., 2010) and the Earth and planetary magnetospheres (Liu
et al., 2013; Dorelli et al., 2015; Xie et al., 2015; Tóth et al., 2016), are only
some of the frameworks and science cases tackled in the literature employing
the Hall-MHD model. Several studies have also shown that the Hall term
enhances the rate of magnetic reconnection (Wang et al., 2001; Morales et al.,
2005; Ma et al., 2014; Ma et al., 2018), though there is an ongoing discus-
sion on the role of the Hall current in the emergence of magnetic structures
(Mininni et al., 2007). In particular, claims are made that the Hall effect may
help amplifying the large-scale magnetic field (Mininni et al., 2005) and the
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emergence of self-organized structures (Numata et al., 2004; Ohsaki, 2006),
while some authors argue it helps instead with the generation of small-scale
structures and filaments (Rheinhardt and Geppert, 2002; Miura and Araki,
2014; Martin et al., 2013).

The effect of the Hall current is sizable also in the power spectrum of
the magnetic field. In case of fully developed turbulence, the latter is char-
acterized by the usual power-law slope close to -5/3 at large (MHD) scales,
followed by a steeper power law regime at scales below the ion scale, though
the prediction of the spectral slope for this ion inertial range is still matter
of debate. Some theoretical and numerical work anticipate a value of the
spectral index close to -7/3 (Galtier and Buchlin, 2007; Howes et al., 2008;
Alexandrova et al., 2008), which would result from the feedback of the faster
wave modes on the non-linear interactions, entering the MHD phenomenol-
ogy through the Hall term. However, most of spacecraft observations (mainly
in the near-Earth solar wind) show a steeper value, between -2.6 and -3 (Lea-
mon et al., 1998; Alexandrova et al., 2008; Kiyani et al., 2015), which is also
reported in numerical studies (Franci et al., 2015; Cerri et al., 2017; Foldes
et al., 2022).

Exploring the Hall-MHD regime by means of numerical simulations is
rather a challenging task, as it requires large scale separation in case of
highly turbulent space plasmas, in order to resolve both the MHD and the
ion inertial range, and all the characteristic scales involved in the problem.
Moreover, in order to resolve the fastest wave modes (whistler and Hall-drift
waves) the time step of the simulations needs to be very small, and since its
value decreases quadratically with the grid resolution (Gómez et al., 2010)
that increases by much the computational cost of Hall MHD simulations.
Though, driven by the need to understand the small-scale plasma dynam-
ics, especially in the context of the space investigations, several attempts
have been made to numerically solve the Hall-MHD equations. As a result,
many codes have been developed adopting different numerical methods, from
pseudo-spectral (Mininni et al., 2003) to finite-volume (Tóth et al., 2008) and
particle-in-cell (PIC). The latter reproduce the dynamics of the kinetic scale,
assuming electrons as a mass-less charged fluid while ions are described as
particles (Ma et al., 2018; Cerri et al., 2017; Papini et al., 2019). Large-eddy
simulation schemes parametrizing the Hall effect have also been developed
for the aim of reducing the computational cost (Miura and Hamba, 2022).
More recently, Lattice Boltzmann codes have been developed and employed
to perform high-resolution 3D Hall-MHD simulations, exploiting their very
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good scalability on large parallel machines as well as on Graphical Processing
Units (GPUs), with very good performances in terms of accuracy of the nu-
merical solutions and excellent speed-ups (Foldes et al., 2022). When dealing
with the simulation of turbulent flows, pseudo-spectral methods are recog-
nized as the best option allowing for an equally-accurate representation of
all scales of the dynamics (Patterson and Orszag, 1971), and of all the fields
integrated.

The remarkable efforts the space community as a whole is putting in devel-
oping codes able to exploit modern supercomputer architectures to simulate
the plasma dynamics beyond the ion scales, is also motivated by the latest
and upcoming space missions, carrying high-resolution plasma and magnetic
field instruments able to investigate solar wind and magnetospheric plasma
at unprecedented resolutions, such as Solar Orbiter, Parker Solar Probe and
the Magnetospheric Multi-Scale Mission, to name a few. The availability of
space plasma observations in the Hall regime and the output of state-of-the-
art simulations reproducing the Hall scales in a parameter space compatible
with a variety of phenomena observed in the heliosphere, will allow major
breakthroughs in a not too distant future, including an exhaustive charac-
terisation of the turbulent cascade by means of the scaling laws approach,
and the mechanisms leading to dissipation in non-collisional plasmas.

5.4.2. Additional terms for Hall-MHD

In space plasmas like the solar wind and the terrestrial magnetosheath,
fluctuations exist on an extremely broad range of scales, which reach well
beyond the typical ion scales. Near and below the ion inertial length, solar
wind and magnetospheric magnetic spectra consistently show a transition
region, marking a steepening in the power-law scaling, which in turn sug-
gests a change in the dynamics. At sub-ion scales, spectra typically show
scaling exponents between -2 and -4, with average close to -7/3 (Leamon
et al., 1998; Alexandrova et al., 2008; Kiyani et al., 2015). Intermittency
was observed to extend to sub-ion scales (Alexandrova et al., 2008; Perrone
et al., 2016; Sorriso-Valvo et al., 2017), although not consistently. Several
observations showed that intermittency measures, such as the flatness, stop
increasing as the scale decreases, which is typically associated to return to
self-similarity (Kiyani et al., 2009b; Kiyani et al., 2013; Wu et al., 2013;
Chen et al., 2014). However, different diagnostic tools have given different
results (see, e.g., Sorriso-Valvo et al., 2017; Roberts et al., 2022, and refer-
ences therein), suggesting that the accuracy of measurements and validity of
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the Taylor hypothesis might be important factors determining the statisti-
cal properties of small-scale fluctuations. The observations described above
broadly suggest that a more complex cascade, resulting from nonlinear in-
teractions, is active in that range of scales, at least in the proximity of the
ion break. On the other hand, alternative models of ion-scale waves have
been invoked to explain the observed spectra. These include, for example,
a cascade of kinetic Alfvén waves, the sub-ion scale version of MHD Alfvén
waves (Howes, 2010). For this reason, going beyond phenomenology can help
understanding the role of the nonlinear interactions in shaping the sub-ion
range.

The first attempts to write an exact relation for the energy transfer for
Hall MHD that could be used for space measurements dates back to the the-
oretical work by Galtier (2008). In a crucial paper, this author initiated the
quest for a compact form for the Hall-MHD version of the P&P law, deriving
a version of it that uses two-points correlators, similarly to the P&P deriva-
tion proposed in (Politano and Pouquet, 1998). At present, consensus was
reached on an elegant yet complete form of the equation, which is currently
being used with solar wind and magnetospheric data. Without loss of gen-
erality, we briefly describe here only the latest version, which was initially
suggested by Hellinger et al. (2018) in a slightly incorrect form, and promptly
corrected by Ferrand et al. (2019). For the reader interested in the rigorous
details of the derivation, a thorough description can be found in the PhD
thesis of Ferrand (2021).

The procedure for the derivation is analogous to that for the P&P law
based on the second-order structure function (Danaila et al., 2001b; Sorriso-
Valvo et al., 2007), which we rewrite here as 〈S〉 = 〈|∆v|2 + |∆b|2〉, with
the usual meaning of the spatial increment, ∆. Here the magnetic field is
given in velocity units. After writing the evolution equation for 〈S〉 using
the Hall MHD equations, exploiting incompressibility to remove the pressure
terms, performing some non-trivial vector calculation, and finally assuming
that forcing and dissipation can be neglected (thus assuming large Reynolds
numbers), the following simple exact relation can be obtained:

∇` · 〈(|∆u|2 + |∆b|2)∆u − 2(∆u ·∆b)∆b +

di(∆b ·∆j)∆b − 1

2
di|∆b|2∆j〉 = −4ε (81)

where the first term divergence is intended in the direction of the spatial
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increment vector, `.
The above equation, given in divergence form, includes the three well-

known terms of the MHD contribution to the energy flux, Y, and two new
terms that, together, account for Hall effects, H. These are defined as

Y = 〈(|∆u|2 + |∆b|2)∆u− 2(∆u ·∆b)∆b〉 (82)

H = −di〈|∆b|2∆j− 2(∆b ·∆j)∆b〉 , (83)

The two new terms in H describe the decoupling of ion and electron
flows. The similarity between the purely MHD and Hall-MHD contributions
is evident by replacing the current, j, with the electron velocity in the ion flow
frame, ue. The Hall term is in fact the analogous of the Y term that explicitly
accounts for the magnetic field coupling to the electron flow, represented
by the current. Defining the two contributions as above allows to write
the Hall-P&P law in a conveniently compact form, ∇` · (Y + H/2) = −4ε.
Finally, assuming isotropy and a constant energy flux in the inertial range, the
usual integration gives an equation for the projection along the displacement
direction, `:

Y` +
1

2
H` = −4

3
ε` . (84)

This formulation, based on two-point increments, allows to estimate the
third-order moment scaling law for Hall MHD using single-spacecraft time se-
ries, provided a measure of the current j is available. For this reason, high res-
olution, high-cadence measurements of ion and electron distribution functions
are necessary for the correct estimate of the current as j = e(niui − neue),
where e is the positive fundamental electric charge. An alternative way
to compute the current is to use multi-spacecraft missions with tetrahe-
dral configuration, such as Cluster and MMS, which allow estimating three-
dimensional gradients of the magnetic field (using the so-called “curlometer”
technique; see, e.g., Dunlop et al., 2021). For single-spacecraft measurements
where accurate electron and ion distributions are not available, the magnetic
gradient could provide a reasonable proxy for the current, at least for rough
order-of-magnitude estimates of the Hall contributions to the energy transfer.

As mentioned above, two alternative formulations of the Hall-MHD P&P
law were previously proposed, that make use of the plasma vorticity, w =
∇×u. These can be useful for implementations based on high-resolution nu-
merical simulations, where the point-wise vorticity is known with sufficient
accuracy (Galtier, 2008; Banerjee and Galtier, 2017). For the sake of com-
pleteness, we give here the version of the Hall-P&P law found in Banerjee
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and Galtier (2017), which in its integral form reads:

〈∆[u× ω + j× b]〉+ 〈∆[(u− dij)× b] ·∆j]〉 = 2ε . (85)

The above relation contains, again, only two-points increments, and is there-
fore suitable for spacecraft time series analysis, provided the current and vor-
ticity can be measured with sufficient accuracy. While the current can be es-
timated using sufficiently good plasma measurements, only multi-spacecraft
missions give access to the vorticity, which needs three-dimensional gradi-
ents to be estimated. As noted above, and with the same caveats, in some
cases a crude approximation for the vorticity could be obtained by using
small-scale velocity gradients. Conversely, the original version formulated in
Galtier (2008) includes explicit divergence in the increment direction, simi-
lar to equation (81), and therefore cannot easily be used for single-spacecraft
time series. However, the three formulations are mathematically equivalent,
so that all of them can be used to estimate energy transfer rates according to
the specific details of the database. Moreover, the Hall contributions to the
energy transfer rate from the three different versions were compared using
high resolution numerical simulations of electron MHD turbulence (equiva-
lent to the Hall MHD equations with the velocity set to zero). Results are
illustrated in the left panel of Figure 30, where the three different colors indi-
cate the different formulations for the Hall terms, H, and show that they are
convincingly equivalent (Ferrand et al., 2019). Some discrepancies were no-
ticed when using different techniques to implement the calculation on the 3D
numerical simulation domains, which also suggests that the version proposed
in Banerjee and Galtier (2017) provides the best possible result (Ferrand,
2021). It was also pointed out that an additional uniform background mag-
netic field would not appear explicitly in the scaling law, although it would
be expected to affect the plasma dynamics (Banerjee and Galtier, 2017).
This is exemplified in the right panel of Figure 30, where the ratio between
the Hall contribution to the energy transfer rate for a run without and the
one for a similar run with external field is shown (Ferrand, 2021). In their
paper introducing the formalism used for the derivation of equation (81),
Hellinger et al. (2018) use two-dimensional particle-in-cell numerical simula-
tions of the hybrid Vlasov-Maxwell system of equations, which fully includes
the Hall physics. Three runs with different values of the plasma β (1/16,
1/2, 4) were used to explore the role of the Hall contribution as the tran-
sition scale, di, moves in the spectrum. Indeed, while for β ∼ 1 the ion
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gyroradius, ρi = vT,i/Ωci (vT,i being ion thermal speed and Ωci the ion cy-
clotron frequency), and the ion inertial length, di, are comparable, larger
β ∼ 1 values result in larger di. In such cases, the Hall terms become rele-
vant at larger scale, within the inertial range (Alexandrova et al., 2008, 2009;
Sahraoui et al., 2009). To this aim, the two terms, Y and H, were computed
separately and then summed up. A term describing the dissipation, called
η∇2Sb/2, and a large-scale forcing terms, called −(∂S/∂t)/4, were also com-
puted, in order to account for possible deviations from the strictly stationary
state and for finite Reynolds number effects. Figure 31 shows one example
for β = 1/16 of the four terms, together with their sum. As evident, the total
flux (black solid line) is reasonably constant over a broad range. This results
from the combined action of different dominating contributions in different
ranges, namely: the forcing term at large scales, the MHD term in the inertial
range, the Hall term at sub-ion scales, and finally the dissipation term at the
smallest scale. Despite the equation given in Hellinger et al. (2018) contains
a small error in one of the terms (the Hall term), this figure illustrates very
clearly the role of the various nonlinear couplings across the whole range of
scales, and represents a benchmark of the technique for the Hall MHD case.

Figure 30: Left panel: Hall contribution to the energy transfer rate obtained from a
numerical simulation of electron MHD turbulence, for the three alternative formulations
(G08 being the formulation by Galtier (2008), BG17 that by Banerjee and Galtier (2017),
equation 85, and F19 that by Ferrand et al. (2019)). Right panel: for the same three
formulations, the ratio between the Hall contribution with or without an external magnetic
field. Figure from Ferrand et al. (2019).
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Finally, Vásconez et al. (2021) examined the different prominence of the
Hall effect in different numerical models. To this aim, these authors used
a set of two-dimensional numerical simulations with out-of-plane ambient
magnetic field, including: (i) a Hall-MHD DNS (Perrone et al., 2018); (ii) a
Landau Fluid model, which retains part of the low-frequency kinetic physics,
such as the Landau damping, but uses a weakly nonlinear approximation (for
a detailed description of the model, see Passot et al., 2014); and (iii) a hybrid
Vlasov-Maxwell DNS, which describes the ion kinetic physics (including the
Hall physics) at the expenses of scale separation in the MHD range (Valentini
et al., 2007). Initial conditions, forcing and other parameters were identical,
as to ensure the best possible comparison among the runs. The three top

Figure 31: Energy transfer rate that includes the large scale, inertial range and dissipation
contributions, ε∗ = − 1

4
∂S
∂t −

1
4∇ · (Y + H)+ 1

2η∆Sb (for details see equation 7 in Hellinger
et al., 2018), normalized to the actual viscous-resistive dissipation rate, ε = ν〈∇u :
∇u〉 + η〈∇b : ∇b〉 (where “ : ” indicates double contraction of the two second-order
tensors, see Section 2 in Hellinger et al., 2018). Both rates are obtained using the scaling
law of the Hall MHD third-order moment from a two-dimensional PIC simulation of the
hybrid Vlasov-Maxwell system. The different contributions are marked with colors as
indicated, while their sum is in black. Solid and dotted lines indicate positive and negative
values, respectively. The dashed gray line shows the energy transfer for the inertial range
only, − 1

4∇ · (Y + H). The vertical dash-dotted black line indicates the ion gyroradius, ρi,
and the dotted horizontal line indicates ε∗ = ε. Figure from Hellinger et al. (2018).
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Figure 32: Top panels: contour plots (color bar on the right) of the out-of-plane current
density, jz(x, y), for the HMHD (top panel a), LF (top panel b) and HVM (top panel c)
numerical simulations, at the time of maximal turbulence activity estimated as the peak
of the mean squared current, 〈j2

z 〉). Bottom panels: mixed third-order moment (stars),
indicated as −2εl, as a function of the scale l, for the HMHD (bottom panel a), LF (bottom
panel b) and HVM (bottom panel c) simulations. The separated contributions from MHD
terms, Y (black solid line, equation 82), and Hall terms, H (red solid line, equation 83),
are shown. The dashed line indicates a reference linear scaling. In all panels the spatial
coordinates, (x, y), and the scale are normalized to the proton skin depth, dp. Figure
adapted from Vásconez et al. (2021).

panels of Figure 32 show a snapshot of each of the simulations in the fully
turbulent steady state: from left to right, Hall MHD (HMHD), Landau Fluid
(LF), and Hybrid Vlasov-Maxwell (HVM). Visual inspection of the current
plots shows little or no evident differences among the three models, so that
any difference in the diagnostics shall be included in the small-scale fine de-
tails of the fluctuations and in the coupling among the different fields. The
three snapshots were analyzed using the Hall-MHD P&P law, thus using
equation (81), and the resulting scaling laws are shown in the corresponding
bottom panels of the same figure. The MHD and Hall terms are represented
with black and red lines, respectively, while the total scaling, labeled as −2εl,
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is given by the black asterisks. An approximately linear scaling of the to-
tal third-order moment is only present at scales larger than di, and is very
similar for the three runs. The cross-scale energy transfer does not seem
to depend critically on the model used for the description. However, look-
ing at the different contributions reveals that for the two fluid models the
MHD term dominates at all scales, although the two terms become closer
at scales smaller than di. This is more evident in the LF case, where the
two terms are comparable. On the other hand, in the kinetic run the Hall
term becomes slightly dominant below di. A possible reason for this differ-
ence is that Hall effects introduce compressible activity, which is not properly
captured by the incompressible form of the P&P law used here. In the LF
model, and even more so in the HVM case, compressible fluctuations are
suppressed by in-plane Landau damping and/or cyclotron resonances, which
excite Alfvénic fluctuations, therefore transferring energy from compressible
to incompressible fluctuations and enhancing the strength of the Hall contri-
bution. After examining the local properties of the nonlinear coupling (see
Section 8) and the role of the five different terms of the Hall-MHD P&P
law, the authors of the study concluded that the turbulent energy transfer
is similar for the three models, yet not precisely identical. This suggests the
presence of a cross-scale seeding between the fluid and kinetic scales. In this
sense, the turbulent cascade drives the small-scale kinetic processes, but at
the same time the kinetic processes provide feedback to the inertial range
cascade to some extent, acting as dynamical dissipation. Direct evidence of
the non-locality of the transfer and of an increase of both the local transfer
of magnetic energy to smaller scales and of a non-local back-scatter of mag-
netic energy to large scales due to the Hall effect, were provided in Mininni
et al. (2007). These authors have shown how Hall currents have an impact
on the coupling between magnetic and velocity fields, emphasizing that the
way energy is exchanged between them is different than in the MHD case.
This behavior is explained by the fact that the Hall term modifies the nature
of the non-dispersive MHD Alfvén waves into dispersive and circularly polar-
ized waves. Consequently, the nonlinear coupling between magnetic field and
velocity field is also changed. The non-local back-scatter of magnetic energy
was observed at scales larger than the Hall scale, thus connecting two regimes,
one involving the fluid scales and the other closer to the kinetic scales. Fur-
ther studies using larger numerical simulations and more detailed descriptors
of the cascade (e.g. including compressive effects, see next subsection) will
be required to understand in depth the observed differences. However, this
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preliminary result illustrates the powerful diagnostic capacities of the exact
third-order scaling laws in the complex realm of weakly collisional plasma
turbulence.

5.5. Towards a major challenge: relaxing the incompressibility hypothesis

The extension of the P&P law to Hall-MHD physics represents a first
important step towards a generalized description of turbulence in collisionless
plasmas. The subsequent and so far most challenging step is to relax the
incompressibility hypothesis. This endeavour was initially performed in the
frame of neutral flows, revealing the complexity of the energy budget when
density fluctuations are significantly large and shocks may form. As always,
and even more so in this case, extending fluid paradigms to plasmas is not
at all straightforward. The intricate interplay between plasma flows and
magnetic field fluctuations becomes extremely complex in the compressible
case, so that the quest for a valid formulation of the compressible Hall MHD
third-order moment exact law, suitable for the validation in space plasmas, is
still ongoing. Here we propose a brief overview of the initial steps undertaken
in this direction, presenting the two most interesting versions of the third-
order scaling law for MHD plasmas available to date. Examples from both
numerical simulations and spacecraft data will be used to illustrate the effects
of compressibility on the global energy budget of the turbulent cascade in
plasmas as seen with this approach, issues of the model equations presented
will be pointed out.

5.5.1. Compressible MHD: a phenomenological approach

The initial approach to compressible fluctuations in plasma turbulence
was attempted using a simple phenomenological argument. This was stimu-
lated by an early model for three-dimensional compressible turbulence, where
the intermittent, scale-invariant hierarchy of density fluctuations was de-
scribed using a geometrical compression coefficient (von Weizsäcker, 1951).
In this scenario, since the density fluctuations would admit scaling laws,
Lighthill (1955) proposed to use the fact that, if the flow is compressible, the
energy transfer rate per volume rather than per mass unit will be constant.
This concept was introduced by coupling the density fluctuations to the ve-
locity fluctuations when phenomenologically estimating the time derivative
of the kinetic energy, (ρv2)v/`, so that the scaling law describing such fluctu-
ations becomes vρ1/3 ∼ `. Using the arguments above, Fleck (1996) derived a
complete Kolmogorov-like phenomenology for spectra and structure functions
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of compressible hydrodynamic turbulence, including the description of inter-
mittency. These relations were eventually adapted to MHD, and validated
using high-resolution numerical simulations of three-dimensional, compress-
ible MHD (Kowal and Lazarian, 2007; Kritsuk et al., 2007). Carbone et al.
(2009a) used the same heuristic argument proposed by Lighthill (1955) to
obtain an adaptation of the P&P law to compressible plasmas. In particular,
by introducing density-weighted Elsasser variables, defined as w± = ρ1/3z±,
an equivalent phenomenological compressible version of the P&P law, yet
intended for the MHD, was obtained

W±(`) = 〈|∆w±|2∆w∓‖ 〉〈ρ〉
−1 = −4

3
ε±` . (86)

Despite its purely phenomenological nature, thus its intrinsically approx-
imated character, equation (86), hereafter C09, was used to estimate the
compressible energy transfer rate in solar wind data. The same Ulysses mea-
surements of fast, polar solar wind as in Sorriso-Valvo et al. (2007) were
used, again split in 11-day sub-intervals. The top panel of Figure 33 shows
a comparison of the scaling in the standard incompressible (P&P law) ver-
sion, and in the phenomenological compressible version, C09, in one of the
samples. The compressible version reveals a good linear scaling over a broad
inertial range, and a remarkable increase in the mean energy transfer rate
estimated from the Ulysses data-set. It was reported that the fraction of
samples presenting a linear scaling of the third order increased considerably
(from roughly 25% to 33%), showing that the compressible correction, al-
though only approximate, increases the probability to observe a scaling of
the third-order moment. The bottom panel of Figure 33 shows the radial
evolution of the measured energy transfer rate for the compressible (red full
squares for ε+, blue open squares for ε−) and for the incompressible (green
full circles for ε+

I , violet open circles for ε−I ) cases. The enhancement observed
when including the compressible contribution is evident.

5.5.2. Compressible MHD and Hall MHD: isothermal closure

The phenomenological attempt to include compressive effects described
above stimulated efforts for a derivation of exact laws for the description
of compressible MHD, and later of compressible Hall MHD. Some of these
efforts were based, in different measure, upon analogous works in neutral
fluid turbulence (see, e.g., Aluie, 2011, 2013; Eyink and Drivas, 2018; Lai
et al., 2018). Here we will not give a strictly chronological description of the
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Figure 33: Top panel: scaling of the third-order law for a 11-day interval of Ulysses
measurements in the polar solar wind, for the incompressible (PP, Y +, green line) and
compressible (C09, W+, red line) versions. The dashed black line indicates the linear
fit for the compressible case. Bottom panel: the radial evolution of the energy transfer
rate obtained using 6 months of Ulysses data. Red, full squares indicate the compressible
ε+, blue open squares the compressible ε−, green, full circles indicate the incompressible
(PP) version ε+

I , and violet, open circles ε−I . The two full and dashed lines indicate the
two estimates of the modeled heating rate (equation 64, Vasquez et al., 2008), obtained
using the two different dataset of plasma temperature provided by Ulysses, see Section 4.3.
Figure from Carbone et al. (2009a).

various works, all useful and functional to reach the most recent and updated
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forms. Instead, we will briefly describe the logic of the derivation of some
of the forms, including approximated forms that have been largely used to
study space plasmas turbulence, and we will finish with the most complete
equation, which, as a matter of fact, is not fully suitable for single-probe time
series analysis.

As in the case of Hall MHD, the endeavour was initiated by Galtier and
Banerjee (2011), who approached compressible hydrodynamics and set the
basis of the general derivation the third-order moment scaling law. This
was promptly followed by the extension to compressible MHD (Banerjee
and Galtier, 2013). These authors addressed the specific case of isothermal
turbulence (see also Banerjee and Galtier, 2014), a common assumption in
numerical studies of interstellar plasma turbulence (see, e.g, Kritsuk et al.,
2007). The same approach was later revisited (Galtier, 2016; Andrés and
Sahraoui, 2017) and extended to Hall MHD (Andrés et al., 2018; Andrés
et al., 2018; Ferrand et al., 2021a). Here we go through the compressible
Hall MHD version presented by Andrés et al. (2018), since the purely MHD
versions (e.g., Banerjee and Galtier, 2013) can then be easily obtained by
suppressing the Hall terms. For the sake of completeness, we report the set
of the compressible MHD equations

∂ρ

∂t
+ ∇ · (ρv) = 0 (87)

ρ

(
∂v

∂t
+ (v ·∇)v

)
= −∇Ptot +

(B ·∇) B

4π
+ η∇2v (88)

+
(η

3
+ ξ
)
∇(∇ · v)

∂B

∂t
= ∇× (v ×B) +

c2

4πσ
∇2B , (89)

σ being the conductivity, η the absolute viscosity and Ptot = (P+B2

8π
) the total

(kinetic and magnetic) pressure. Assuming the isothermal closure, the pres-
sure term in equation (88) can be written as P = c2

sρ, where c2
s = kBTi/mi

is the (constant) ion sound speed at constant mass density ρ0 = n0mi. The
work is then dW = PdV = −mc2

sdρ/ρ, which can be integrated to give the
variation in internal energy associated with the work done by pressure forces,
e = c2

s ln (ρ/ρ0). This corresponds to neglecting the heat associated with en-
tropy variations, a fair assumption when dissipation is negligible. With this
assumption, the total energy reads Etot = ρ/2[v2 + B2/(4πρ) + 2e], the last
term representing the internal compressible energy for an isothermal plasma.
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Note that Ferrand et al. (2021a) derivation also uses the isothermal descrip-
tion of the pressure term. However, explicit internal energy terms disappear
in the fully developed turbulence regime and do not appear in the final exact
relation.

Without dwelling in the details of the complex derivation of the isothermal
version, we simply remind that it starts from the above definition of total
energy and follows similar steps as for the cases already described (for a
detailed description of the derivation see Andrés et al., 2018). The derivation
uses the two-point correlator associated to the total energy, which in the
notation of Ferrand et al. (2022) is RE = (ρ/2)(v · v′ + vA · v′A + ρe′),
and after lengthy and nontrivial calculation leads to the third-order moment
equation for compressible, isothermal Hall MHD:

−2ε =
1

2
∇` ·

〈
[∆(ρv) ·∆v + ∆(ρvA) ·∆vA + 2∆e∆ρ]∆v

− [∆(ρv) ·∆vA + ∆v ·∆(ρvA)]∆vA
〉

+

〈[
R′E −

1

2
(R′B +RB) +

1

2
(P ′M − P ′)− E ′tot

]
(∇ · v)

〉

+

〈[
RE −

1

2
(R′B +RB) +

1

2
(PM − P )− Etot

]
(∇′ · v′)

〉

+

〈[
(RH −R′H)− ρ(v′ · vA) +H ′ +

λ

2
∆ρ(Jc · v′A)

]
(∇ · vA)

〉

+

〈[
(R′H −RH)− ρ(v · v′A) +H − λ

2
∆ρ(J′c · vA)

]
(∇′ · v′A)

〉

+
1

2

〈(
e′ +

v′2A
2

)
[∇ · (ρv)] +

(
e+

v2
A

2

)
[∇′ · (ρ′v′)]

〉
− 1

2

〈
β−1′∇′ · (e′ρv) + β−1∇ · (eρ′v′)

〉
+

1

2
∇` ·

〈
2λ[(ρJc × vA)×∆vA −∆(Jc × vA)× ρvA]

〉
+

λ

2

〈
(RB −R′B)(∇ · Jc) + (R′B −RB)(∇′ · J′c)

〉
. (90)

Over-lined quantities indicates the two-points average of a variable ψ at scale
`, ψ = [ψ(x+`)+ψ(x)]/2, Jc = J/ρ is the normalized current, H = ρ(v ·vA)

106



is the local cross-helicity, RH = (ρ/2)(v · v′A + v′ · vA) the associated two-
point correlator, RB = (ρ/2)(vA · v′A) the magnetic two-point correlator,
β = 2c2

s/v
2
A the usual kinetic-to-magnetic pressure ratio, and λ = mi/qe is

the ratio between the ion mass, mi, and the electron charge, qe. If various
terms representing different physical contributions are grouped together, the
above equation can be recast in a compact form as follows:

−2ε =
1

2
∇` ·(FMHD+λFHMHD)+(SMHD+λSHMHD)+HMHD+MMHD

β . (91)

The six terms in the right-hand side of equation (91) include:

• a purely MHD flux term, FMHD, which represents the compressible
extension of the standard MHD scaling law and that appears as local
divergence of two-points increments:

FMHD =
〈
[∆(ρv) ·∆v + ∆(ρvA) ·∆vA + 2∆e∆ρ]∆v

− [∆(ρv) ·∆vA + ∆v ·∆(ρvA)]∆vA
〉

; (92)

• a flux term representing the Hall contributions, FHMHD, which, as the
MHD one, can be expressed as divergence of fields increments and
vector products (Banerjee and Galtier, 2013):

FHMHD = 2
〈
ρ[(Jc × vA)×∆v′A − (J′c × v′A)×∆vA]

+ 2[(ρJc × vA)×∆vA −∆(Jc × vA)× ρvA]
〉

; (93)

• a MHD source term, SMHD, accounting for dilatation and compression
of the plasma, which is proportional to the divergence of the MHD
fields and cannot be expressed as divergence of increments (therefore
requiring multi-spacecraft measurements for its evaluation),

SMHD =

〈[
R′E −

1

2
(R′B +RB)

]
(∇ · v)

〉

+

〈[
RE −

1

2
(R′B +RB)

]
(∇′ · v′)

〉
+

〈
[(RH −R′H)− ρ(v′ · vA)] (∇ · vA)

〉
+

〈
[(R′H −RH)− ρ(v · v′A)] (∇′ · v′A)

〉
; (94)
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• a similar purely Hall-MHD source term, SHMHD, again not simply ex-
pressed as divergence of increments,

SHMHD =
1

2

〈
∆ρ(Jc · vA)(∇ · v′A)−∆ρ(J′c · vA)(∇′ · v′A)

〉
+

〈
(RB −R′B)(∇ · Jc) + (R′B −RB)(∇′ · J′c)

〉
; (95)

• a hybrid term, HMHD, which provides pressure gradients, cross-helicity,
and internal energy contributions, and include both source and flux
terms,

HMHD =
1

2

〈
[(P ′M − P ′)− 2E ′tot] (∇ · v) + [(PM − P )− 2Etot] (∇′ · v′)

〉
+

1

2

〈(
e′ +

v′2A
2

)
[∇ · (ρv)] +

(
e+

v2
A

2

)
[∇′ · (ρ′v′)]

〉
+

〈
H ′(∇ · vA) +H(∇′ · v′A)

〉
; (96)

• and finally a plasma-β-dependent term, MMHD
β , which accounts for

effects of the magnetic pressure gradients, and cannot be easily trans-
formed into simple flux or source terms,

MMHD
β = −1

2

〈
β−1′∇′ · (e′ρv) + β−1∇ · (eρ′v′)

〉
. (97)

In addition to the above terms, Ferrand et al. (2022) pointed out that,
when relaxing the assumptions of stationarity and large Reynolds number
(corresponding to sufficient scale separation as to ignore the forcing and
dissipative terms), equation (90) can be extended to include a dissipative
term, D, and a forcing term, F , whose expressions read:

D = − 1

2

〈
[1 + (ρ/ρ′)] v′ · dν + [1 + (ρ′/ρ)] v · d′ν

〉
− 1

2

〈[
(ρ/ρ′)1/2 + (ρ′/ρ)1/2

]
(b · d′η + b′ · dη)

〉
(98)

F = − 1

2

〈
[1 + (ρ/ρ′)] v′ · f + [1 + (ρ′/ρ)] v · f ′

〉
, (99)

where dν , dη, f represent respectively kinetic dissipation, resistive dissipa-
tion, and forcing terms in the Hall-MHD equations.
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It was shown in several works that the compressible MHD equations
(Banerjee and Galtier, 2013, 2017) can be simply obtained suppressing the
Hall terms in equation (91). We will not give the explicit equations here.

The reader should keep in mind that the major underlying isothermal
assumption is in evident disagreement with the highly fluctuating tempera-
ture of the out-of-equilibrium space plasmas. The isothermal closure used to
simplify the effect of pressure-dilation contributions may not generally ap-
ply to space plasmas. As pointed out by Hellinger et al. (2021a), at MHD
and Hall-MHD scales there are no net exchanges between internal energy
and total energy (intended as kinetic plus magnetic), so that inclusion of
an internal-energy related term may be questionable and unnecessary. More-
over, how the scale redistribution of the internal energy and its exchange with
mechanic energy can be described by structure functions, and if and how it
affects the plasma heating rate, are not straightforward problems (Hellinger
et al., 2021b).

In light of these considerations, we should bear in mind that the isother-
mal version must be considered as an approximation that uses some degree of
modeling. Nevertheless, such version can provide a useful characterization of
the turbulent cascade in space plasmas, where more complete and model-free
descriptions are not successfully estimated yet. Furthermore, the equation
derived by Andrés et al. (2018) is complex and include a large number of
terms, whose role in not always easy to interpret in terms of the underlying
physical mechanisms. It is formally equivalent to the simpler descriptions
given by Hellinger et al. (2021a) and Ferrand et al. (2021a) (see below),
and in case of fully dimensional numerical simulations all the terms can in
principle be evaluated. However, the limitations of using the complete equa-
tion (91) for space data are obvious. Even in the presence of multi-spacecraft
missions that enable estimates of vector gradients and cross-products, it is ex-
pected that instrumental noise and gradient computation uncertainties could
affect the total energy budget in ways that might not be easy to estimate.
Nevertheless, as we shall see in the following, not all terms are expected to
carry significant contributions, in which case approximations can be done to
mitigate the noise issues.

5.5.3. Isothermal compressible MHD and Hall MHD: numerical simulations

The validity and equivalence of various isothermal versions of the ex-
act law for compressible MHD and Hall MHD were tested thoroughly with
numerical simulations. Andrés et al. (2018) used various three-dimensional
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Figure 34: Isotropic (left panels) and anisotropic (right panels) scaling of the compress-
ible MHD energy transfer rate, equation (91), for run I (top panels) and run III (bottom
panels). Different colors (see legend) indicate contributions from different terms: the
MHD flux term FC ≡ FMHD, equation (92), the MHD source term, QSC ≡ SMHD, equa-
tion (94), the MHD hybrid term, QSH ≡ HMHD, equation (96), and the MHD plasma β
related term, QMβ

≡ MMHD
β , equation (97). Full (dashed) lines indicate positive (nega-

tive) scaling. The inset shows the total transfer rate, εC , equation (91). The dimensionless
scale, `, spans from the grid size, 2π/512, up to the simulation box size, 2π, is shown in a
slightly reduced range. Figure from Andrés et al. (2018).
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(5123) compressible MHD numerical simulations (Mininni et al., 2011b) to
validate the compressible MHD exact law (Andrés and Sahraoui, 2017), ob-
tained suppressing the Hall terms in equation (91). The simulations are
driven with random, uncorrelated force, and an external magnetic field, B0,
can be imposed in the z direction. Two different projections were used to
estimate the two-point increments of the fields. An isotropic estimate was
obtained using the SO(3) decomposition of the simulation field (Taylor et al.,
2003), and then averaging over all possible angles (in the specific case, 73 di-
rections were identified). This procedure gives an isotropic law that depends
only on the scale, `. Since the introduction of an external magnetic field
likely produces anisotropy in the turbulence (Biskamp, 1993), an anisotropic
decomposition was also used. This was based on a SO(2) polar decomposition
in the plane perpendicular to the ambient magnetic field, and a translation
(R) decomposition in the field direction. The resulting third-order moments
can therefore be estimated separately in the field direction, `‖, and in the
perpendicular plane, where they are averaged over all possible (planar) an-
gles, `⊥. Consequently, for each simulation the three energy transfer rates ε,
ε‖ and ε⊥ were computed, in order to study the anisotropic properties of the
energy flux.

The insets in the four panels of Figure 34 show the total anisotropic (per-
pendicular) and isotropic energy transfer rate for two runs of the simulation.
In run I (top panels), where there is no external field (B0 = 0), a broad iner-
tial range (constant εC) is present, and the two estimates are equivalent, as
expected in the absence of a preferential direction. In run III, where a strong
guide field is present(B0 = 8), the anisotropic estimate (right panel) pro-
vides a reduced but sign-defined scaling, with similar energy transfer rate as
in the isotropic case. However, the isotropic estimate gives a non converging
scaling, with several sign changes at different scales, likely artificially arising
because of the isotropic assumption. The breakdown of the contributions
from the flux term, FC , from the source term, QSC , from the hybrid term,
QSH , and from the β-dependent term, QMβ

, reveals that the source term
largely dominates when no external field is present. In run III, according
to the isotropic description the source and hybrid terms, which are oppo-
site in sign, are of the same order and dominating, so that their difference
determines the alternating sign of the energy transfer. In the anisotropic
description, the flux term dominates at large scales, where the linear scaling
is actually observed. This observation shows that the compressible law is
able to capture the energy transfer in compressible MHD turbulence, but
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also that using isotropy in a strongly anisotropic medium can result in erro-
neous estimates. The analysis then turns to the sub-terms of each of the four
terms described in Figure 34. Here we briefly mention the result about the
flux sub-terms, which are relevant to spacecraft data (the source terms being
hard to estimate using one-dimensional time series). In particular, the flux
term can be separated in three contributions, FC ≡ FMHD = F1a +F1b +F2,
where

F1a ≡ Fv = 〈[∆(ρv) ·∆v + ∆(ρvA) ·∆vA]∆v〉 (100)

F1b ≡ Fb = −〈[∆(ρv) ·∆vA + ∆v ·∆(ρvA)]∆vA〉 (101)

F2 ≡ Fe = 2〈∆e∆ρ∆v〉 (102)

are the velocity-gradient related contribution, the magnetic-gradient related
contribution, and internal energy contribution, respectively. Figure 35 shows

Figure 35: For two isotropic runs (run I, black, and run IV, grey), the total MHD flux
term, FC ≡ FMHD, equation (92), and its breakdown in the flux sub-terms F1a, F1b, F2,
equations (100-102). Figure from Andrés et al. (2018). The dimensionless scale, `, spans
from the grid size, 2π/512, up to the simulation box size, 2π, is shown in a slightly reduced
range.

the breakdown of the flux term in the above contributions, for two isotropic
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runs (run I in black and run IV, having no external field and higher level of
compressibility, in grey). The internal energy sub-term is clearly subdom-
inant with respect to the kinetic and magnetic sub-terms, suggesting that
the role of the energy exchange does not affect the energy transfer associated
with the turbulent cascade. More comments on this point will be given in
the next subsection.

A thorough description of the compressible Hall MHD scaling law in nu-
merical simulations was given by Ferrand et al. (2022), who also discussed the
comparison between the two isothermal forms given by Andrés et al. (2018)
and Ferrand et al. (2021a) (the latter, not presented in this review, is formally
similar to the case that will be discussed in Section 5.5.4, but with the addi-
tional assumption of isothermal plasma). The two versions provided the same
results, confirming that, despite some differences in their derivation, the two
expressions correctly describe the same physical processes. One additional
conclusion of this study concerned the role of non-stationarity, approached
by including time derivatives of the total energy, namely relaxing the time
stationarity hypothesis (see a similar approach in Hellinger et al., 2021a).
Figure 36 shows an example of comparison among the energy transfer rate
of the isothermal compressible Hall MHD model obtained using the deriva-
tion by Andrés et al. (2018) (red line), the complete time derivative of the
two-point correlator, defined as described in Ferrand et al. (2021a) (brown
line), the purely dissipative term (pink line, see Ferrand et al., 2021a) and
the sum of these (black line). The latter is hence a measure of the error
introduced by neglecting the non-stationary effects. The analysis of numer-
ical simulations allowed to conclude that even in the absence of an external
forcing (in decaying turbulence case) non-stationarity can be seen as a scale-
dependent reservoir of energy. Such energy is either injected in the turbulent
cascade (at larger scales) or also directly dissipated (at smaller scales). The
error in neglecting the non-stationary terms was evaluated to be negligible in
the simulations. These results confirm that, in the inertial range, the exact
scaling laws, which are usually valid under the assumption of time stationar-
ity, remain valid for decaying turbulence. This is an important confirmation
for the study of completely or partially decaying systems, such as the the
expanding solar wind (Sorriso-Valvo et al., 2022).

5.5.4. Compressible Hall MHD: a complete description

In two companion papers, Hellinger et al. (2021b,a) provided a thorough
description of the procedure used to obtain the full von Kármán-Howarth-
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Figure 36: Comparison between the energy transfer rate of the isothermal compressible
Hall MHD model, 2εA18 (red line, equation 91, see Andrés et al., 2018), the complete
time derivative of the two-point correlator, ∂t〈RE + R′E〉 (brown line, see described in
Section 5.5.2, Ferrand et al., 2021a), the dissipation term, DA18 (pink line, equation 98,
see Ferrand et al., 2021a) and the sum of these (black line). Solid and dashed lines refer
to positive and negative values, respectively. The scale, `, is normalized to the ion inertial
scale, di. Figure from Ferrand et al. (2022).

Monin (KHM) equation for hydrodynamic and Hall magnetohydrodynamic
turbulence. The same approach was used independently in the isothermal
approximation by Ferrand et al. (2021a), who obtained a similar relation.
Using the same notation as in Hellinger et al. (2021a), the compressible Hall
MHD equations can be written as follows:

∂ρ

∂t
+ (u ·∇)ρ = −ρ∇ · u (103)

ρ
∂u

∂t
+ ρ(u ·∇)u = (∇×B)×B−∇p+ ∇ · τ (104)

∂B

∂t
= ∇× [(u− j)×B] + η∇2B , (105)

where τ is the viscous stress tensor of components τij = µ(∂ui/∂xj+∂uj/∂xi−
2/3δij∂uk/∂xk), η is the dynamic viscosity, j = J/ρc = u− ue is the electric
current density in velocity units, ρc the charge density and ue the electron ve-
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locity, and the magnetic permeability µ0 is set to 1. Introducing the density-
weighed velocity w = ρ1/2u (see, e.g., Kida and Orszag, 1990; Aluie, 2013),
it is possible to write the evolution equations for the sum of the second-order
magnetic and kinetic structure functions, Sw = 〈|∆w|2〉 and SB = 〈|∆B|2〉,
namely for the total structure function S = Sw + SB. The latter allows to
obtain a dynamic KHM equation, as is briefly described below. Note that
in this formulation the weight factor is ρ1/2, which is consistent with the
definition of the kinetic energy using the second-order structure function of
w, as opposed to the ρ1/3 used in the phenomenological approach described
in Section 5.5.1 (Carbone et al., 2009a; Marino et al., 2011).

Following the usual procedure of subtracting the dynamical equations for
velocity and magnetic field (equations 104 and 105) written at two points in
space (say x and x′, whose vector difference defines the increment scale `),
then summing the two equations, using statistical homogeneity, and finally
performing substantial manipulation, allows one to obtain the KHM equation
for compressible Hall MHD (for the details of the derivation, see Hellinger
et al., 2021a):

∂S
∂t

+∇·(Y +H)+R = C+2〈∆θ∆p〉−2〈∆Σ : ∆τ 〉−4Qη+2η∇2
`SB . (106)

In the above equation, θ = ∇ ·u is the plasma dilatation, Σ = ∇u indicates
the usual stress tensor, and the Laplacian∇2

` is intended along the separation
vector `. The two flux terms,

Y = 〈∆u(|∆w|2 + |∆B|2)− 2∆B(u ·B)〉 (107)

and
H = 〈∆B(∆j ·∆B)− (1/2)∆j|B|2〉 , (108)

are the analogous of the usual MHD and Hall contributions to the energy
transfer rate, with the only difference of introducing the density-weighted
kinetic energy accounting for density fluctuations. The fluid source term

R = 〈∆w · (θ′w − θw′)〉 , (109)

where the primed variables are estimated at x′, explicitly contains the two-
point variation of the dilatation or compression, θ, and represents therefore
a purely compressible contribution to the energy transfer rate. This term
obviously vanishes in the incompressible limit, where θ = 0. The remaining
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source and flux terms that depend explicitly of the density, and are therefore
compressible in nature, can be collected in one single term, which the authors
call correction term. A relatively compact form can be written by introducing
the density correction operator Cρ[a,b] = 〈(ρ′/ρ − 1)a′ · b + (ρ/ρ′ − 1)a ·
b′〉, where a and b are generic vectors. Note that for constant density the
operator Cρ is identically zero, so that the correction term vanishes in the
incompressible limit. With this notation, the correction term,

C = 2C√ρ[u,∇p]− 2C√ρ[u,∇ · τ ] + 2C√ρ[u,B× J + 2Cρ[B× j,J] ,

includes effects of the coupling between the density fluctuations and various
terms in the compressible Hall MHD equations, such as the pressure gradient,
the stress tensor and the J×B term, which are in turn coupled to velocity,
magnetic field and electric current. Finally, the remaining terms account for
energy dissipation due to viscosity in the compressible case, 〈∆Σ : ∆τ 〉, and
resistivity, 4Qη − 2η∇2

`SB, where 4Qη = η〈|J|2〉.
Equation (106) is the most general version of the KHM relation for com-

pressible Hall MHD turbulence, and is written in terms of divergences of
third-order structure functions, which in principle does not require isotropy,
stationary steady state or negligible dissipation. However, while the above
form is complete and can be correctly computed using multi-dimensional nu-
merical simulations, its use for single-spacecraft time series is limited by the
impossibility to estimate three-dimensional derivatives, necessary to compute
divergences. This can be partially approximated by replacing the full diver-
gence with its projection along the direction of sampling, which although will
require some assumptions of isotropy. We will see in the following that such
approximation is only partially acceptable.

As we have briefly mentioned before, an alternative derivation for the
incompressible Hall MHD exact law was obtained using the second-order
structure functions instead of third-order ones. This was achieved using in-
crements of vector products between velocity, magnetic field, vorticity and
current (Banerjee and Galtier, 2017; Banerjee and Kritsuk, 2018). The same
approach was then used by Hellinger et al. (2021a) to obtain a similar form
for the compressible Hall MHD equations, which is formally close to equa-
tion (106):

∂S
∂t

+ Ỹ + H̃+ R̃ = +C̃ + 2〈∆θ∆p〉 − 2〈∆Σ : ∆τ 〉 − 4Qη + 2η∇2
`SB . (110)

In this formulation, the various terms retain the physical meaning of those
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described above, but some of them, marked by a tilde, are given by the
following expressions:

Ỹ = −2〈∆w ·∆(u× ω?)〉 − 2〈∆w ·∆(J×B/
√
ρ)〉 − 2〈∆J×∆(u×B)〉
H̃ = 2〈∆J×∆(j×B)〉

R̃ = 〈∆w ·∆(wθ)〉+ 2〈∆w ·∆[(∇w) · u]〉
C̃ = 2C√ρ[u,∇p]− 2C√ρ[u,∇ · τ ] ,

where ω? = ∇ × w is the density-weighted vorticity. The divergence does
not appear in the above terms. Note, however, that still single-spacecraft
time series might not provide sufficient information to estimate correctly the
curl, which is necessary for the vorticity, while the current can be computed
using high-resolution plasma moments for both ions and electrons, if these
are available.

In order to verify the validity of the KHM relation, equation (106), a
standard two-dimensional Hall-MHD high-resolution numerical simulation
of decaying turbulence was used. A moderate external constant magnetic
field, such that δB/B0 = 0.17, is applied in the out-of-plane direction, and
the initial conditions include low-wavenumber Alfvénic fluctuations and zero
cross-helicity (for details of the numerical simulation, see Hellinger et al.,
2021a). After the initial growth of nonlinear interactions, a clear transition
to turbulence is observed when current sheets start forming. The volume-
averaged squared current reaches a saturation level, probably due to the onset
of small-scale magnetic reconnection, so that the system reaches a steady
state. The analysis was performed during the whole time evolution, in order
to describe the interplay of the various terms of equation (106). Note that,
for a more logical separation of the different contributions at different scales
or from different general physical mechanisms, a reordering of the terms was
performed. The energy variations can indeed be rewritten as the sum of a
purely MHD term,

KMHD = −1/4∇ · Y − 1/4R+ 1/2C√ρ[u,B× J] , (111)

a fully Hall term,

KH = −1/4∇ · H + 1/4Cρ[B× j,J] , (112)

a pressure dilation term,

Ψ = 1/2〈∆p∆θ〉+ 1/2C√ρ[u,∇p] , (113)
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Figure 37: Scaling law of the Hall MHD third-order moment law, equation (106), from
a two-dimensional simulation of the equations, generally indicated as [Q]. The different
contributions KMHD, KH , Ψ and D, defined by equations (111)-(114), are marked with
colors as indicated, while their sum, O, equation (115) is in black. The scale l is normalized
to the ion inertial length di. All the quantities are given in units of the total heating rate,
Q, defined by equation (116). Figure from Hellinger et al. (2021a).

and a dissipation term,

−D = Qη − η/2∇2SB + 1/2〈∆τ : ∆Σ〉+ 1/2C√ρ[u,∇ · τ ] . (114)

The scale-dependent behaviour of the four terms was estimated using the
numerical data, and the results are shown in different colors in Figure 37.
In the same figure, the black line indicates the sum of all terms (whose sum
should ideally be zero),

O = −(1/4)∂S/∂t+KMHD +KH + Ψ−D , (115)

which represents a validity test for the exact law. O is observed to be a tiny
fraction (< 0.3%) of the total heating rate, defined as the sum of the viscous
and resistive dissipation rate,

Q = 〈τ : Σ〉+ η〈|J|2〉 , (116)

demonstrating the validity of the law. The time fluctuations of the total
energy provide a dominating contribution at energy containing scales, as ex-
pected, and gradually reduce and vanish going towards smaller scales. The
MHD term dominates the inertial range, being negligible at both large and
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small scales. Note that the simulation configuration did not allow sufficient
scale separation as to obtain a broad linear scaling of the MHD term in
the inertial range. This was not, however, the goal of the paper. The Hall
term gives negligible contribution at large and intermediate scales, and at
sufficiently small scales it become comparable to or slightly larger than the
MHD term. The small Hall contribution was attributed by the authors to
the limited Hall range and to the resulting dissipation. The pressure dilation
term is negligible everywhere, suggesting that it is acceptable to omit it in
the calculation when using one-dimensional time series. Finally, the (nega-
tive) contribution of the total dissipation term balances the sum of the other
terms at all scales. However, more detailed analysis showed that the viscous-
resistive dissipation only acts at small scales, as one should expect in the
fully nonlinear regime. It is interesting to notice that the different dynamical
regimes are well separated in scales, suggesting that the interactions might
be local in scale.

Similar results were obtained using the alternative version of the exact
law, equation (110), showing that the two are indeed equivalent. The authors
also used Fourier filtering (see, e.g., Mininni et al., 2007, and the general
discussion in Section 1) to obtain an independent, alternative and precise
estimate of the spectral energy transfer in the wavevector space (see the re-
view by Alexakis and Biferale, 2018). When using the full two-dimensional
simulations, these give the same result as the two KHM equations, further
supporting the robustness of the latter (Hellinger et al., 2021a). In order to
determine the approximation resulting from reducing dimensionality to time
series, such as single spacecraft data, one-dimensional cuts of the simulation
domain were considered and the comparison was repeated. Since the diver-
gence cannot be fully estimated with one dimensional cut only, all divergence
terms in equations (106) were approximated using one single gradient direc-
tion, corresponding to the sampling direction in space data time series. On
the other hand, the spectral filtering evaluation was performed by computing
the Fourier transform in one direction only, but computing two-dimensional
derivatives, therefore retaining part of the original dimensionality. Similarly,
fully two-dimensional curls were used to estimate current and vorticity in the
alternative version of the KHM equation. The comparison among the three
techniques is illustrated in the two panels of Figure 38. In the top panel,
the comparison between the spectral transfer (S terms, full lines) and the
estimate from equations (106) (K, dashed lines) is shown, separately for the
MHD (green) and Hall MHD (orange) terms. It is evident that, in the inertial
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Figure 38: Comparison among different estimates of the scale-dependent energy transfer
rate, indicated as [Q], in one-dimensional cuts of two-dimensional Hall-MHD numerical
simulations. Top panel: comparison between the von Kármán-Howarth-Monin scaling
relation in its divergence form, KMHD and KH (equations 111 and 112, dashed lines), and
the Fourier spectral transfer, S (full lines, see equation 19 in Hellinger et al., 2021a), for
the MHD (green) and Hall MHD (orange) contribution. Bottom panel: same as top panel,
but using the alternative KHM formulation, equation (110). In both panels, the black-
dotted line indicates the MHD cascade rate, SMHD, obtained from the spectral transfer
analysis (see details in Section 4 of Hellinger et al., 2021a), shown here for for comparison.
All the quantities are given in units of the total heating rate, Q, defined by equation (116).
Figure from Hellinger et al. (2021a).
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range, the KHM equation in divergence form fails to correctly capture the full
cascade rate, as the MHD term underestimates by a considerable factor the
actual energy transfer. The issue is not so evident for the Hall contribution,
for which stronger fluctuations are observed in the KHM form. In the bot-
tom panel of the same figure, the same representation allows to compare the
spectral transfer with the alternative version of the KHM equations (dashed
lines). In this case, very good agreement is found between the two representa-
tions. Note, however, that both these versions use one-dimensional cuts but
full two-dimensional derivatives. The two panels of Figure 38 together seem
to indicate that, at least for the compressible case, reducing dimensionality
may give incorrect estimates of the transfer rate, and illustrates the need for
multi-spacecraft measurements, which should enable the correct estimation
of the divergence terms.

The extensive work presented by Hellinger et al. (2021a); Ferrand et al.
(2021a) demonstrates that exact laws provide excellent estimates of the en-
ergy transfer rate in turbulent compressible flows. It is able to separate the
contribution from different terms of the dynamical interactions details, which
of course can be performed to a finer detail than done in the work described
here. The approach was also successfully used to describe the time evolution
of the system, capturing the various transitions to a high degree of precision
(Hellinger et al., 2021a). In addition, it highlights the importance of the pos-
sible error when the estimate is preformed using time series. As we pointed
out above, the conclusion given in the article that spectral transfer or the
alternative KHM version might provide better results in space data is how-
ever misleading, since using multi-spacecraft missions is equally necessary for
computing divergence, curl and the space derivative included in the spectral
transfer description. This should be tested using three-dimensional simula-
tions and virtual multi-spacecraft cuts simulating realistic spacecraft missions
(Servidio et al., 2011), and/or performing similar fully one-dimensional ap-
proximations for the three different versions, which should enable a fairer
comparison.

5.6. Solar wind observations of the compressible MHD and Hall MHD tur-
bulent cascade

Despite of their inherent difficult evaluation from one-dimensional time
series, the compressible models of turbulent cascade rate were abundantly
used to analyse spacecraft measurements.
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The first studies (Banerjee and Galtier, 2016) tested a modified version
of the scaling law presented in Banerjee and Galtier (2013) (not reported
explicitly in this review but fundamentally similar to the MHD limit of the
alternative version by Hellinger et al. (2021a)), which uses the Elsasser fields.
After isotropic integration, incorporating part of the β-dependent term in
the flux term (under the assumption of constant β), and neglecting all the
source terms (under the assumption that they are likely negligible in subsonic
turbulence, such as in the solar wind), the exact law can be re-written as
follows:

− 4

3
εC` = F1 + F2 + F3 , (117)

where the three flux terms are

F1 =
1

2

〈
[∆(ρz−) ·∆z−]∆z+

L + [∆(ρz+) ·∆z+]∆z−L
〉

(118)

F2 =
〈
2∆ρ∆e∆vL

〉
(119)

F3 =
1

2

〈
[4[(1 + β−1)e+ v2

A]δ(δρvL)
〉
. (120)

We remind the reader that ψ indicates two-point average of the quantity ψ
at scale separation `. Moreover, the subscript L indicates the component
along the bulk flow, and δρ = ρ − 〈ρ〉 are the density fluctuations. All the
terms in equation (117) can be easily computed from solar wind time series.

The NASA THEMIS mission (see Figure 39) is a five-spacecraft con-
stellation launched in 2007 and still operational, which originally aimed at
studying the terrestrial magnetotail (Angelopoulos, 2008). In the nominal
phase of the mission, the spacecraft had a geocentric orbit that sampled the
terrestrial magnetosphere and magnetotail, and occasionally the upstream
free streaming solar wind. Starting in 2008, NASA started an extended
mission where two of the spacecraft, THEMIS-B and THEMIS-C, would be
placed in lunar orbit. In that occasion, the two spacecraft were renamed
respectively ARTEMIS-P1 and ARTEMIS-P2, and reached lunar orbit in
2011 (Angelopoulos, 2011). During the transition, THEMIS-B/ARTEMIS-
P1 collected a large fraction of data in the near-Earth solar wind, at 1 au
from the Sun. Banerjee and Galtier (2016) used THEMIS-B/ARTEMIS-P1
magnetic field and plasma measurements with 3 s cadence measured between
2008 and 2011 in the fast solar wind. After careful selection, intervals with
solar disturbances, changes of mean magnetic field direction, evident non-
stationarity, highly variable plasma β and slow mean speed were rejected.
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Figure 39: Left panel: artist’s illustration of one ARTEMIS spacecraft orbiting the Moon.
Right panel: the complex transition from geocentric to selenocentric orbit. Credits:
NASA/Goddard/Conceptual Image Lab (left) and NASA/Goddard (right), both avail-
able at https://www.nasa.gov/mission_pages/THEMIS/news/artemis-orbit.html.

Out of four years of data, 170 intervals of 35-minute length were finally
selected and used for the analysis. Although those intervals are relatively
short, they cover at least one correlation scale of the MHD fields, which the
authors deem sufficient to perform the analysis. Indeed, the linear scaling
is observed on a sufficient range of scales, enabling estimates of the energy
transfer rate. The left panel of Figure 40 shows the compressible energy flux
Y1 + Y2 + Y3, equation (117), computed from one interval from the extensive
database of the study (red line). Note that the authors used the absolute
value. This procedure is in general incorrect, since sign changes that could
disrupt the linear scaling are hidden in this representation. However, the
linear scaling appears evident, as also shown when dividing the flux by the
scale to obtain the energy transfer rate εC (right panel). Converting the en-
ergy transfer rate to the units used here, the values found by Banerjee and
Galtier (2016) are εC ∼ 50 kJ kg−1 s−1, namely of the same order of mag-
nitude as in previous observations at the same distance from the Sun. The
black line in both panels shows the incompressible version of the energy flux
and energy transfer rate (P&P law, equation 54), again using the absolute
value. The inset in the right panel shows four additional intervals. In the
majority of the cases, the compressible and incompressible estimates of the
energy transfer rate were found to be similar. Only in a limited number of
cases one of the two was larger than the other, with a slight predominance
of larger compressible energy transfer. This is not surprising, since the fast,
Alfvénic solar wind intervals studied here do not show strong density fluc-
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Figure 40: Left panel: one example of the scaling of the total compressible energy flux
F1 +F2 +F3 (equation 117, red line) and its three terms separately (see legend for colors)
for one 35 m solar wind interval measured by THEMIS B. The incompressible scaling,
FI ≡ Y is also shown (equation 54, black line). Right panel: for the same interval, the
energy transfer rate for the compressible (εC , equation 117, red line) and incompressible (ε,
equation 54, black line) models. The inset shows the same quantities for four additional
intervals. Figure adapted from Banerjee et al. (2016).

tuations, and are therefore mostly incompressible. In the left panel of the
same figure, the blue, cyan and green lines indicate the contributions of the
three sub-terms, equations (118)-(120), showing that the F2 and F3 terms
dominate this particular case. This explains the difference between the com-
pressible and incompressible scaling, and highlights that the difference is not
related to the compressive correction to the standard third-order P&P term
(F1), but rather to the two purely compressible terms. Based on this remark,
the authors argue that, even including density fluctuations corrections, the
incompressible scaling would provide a poor approximation of the compress-
ible turbulent energy transfer rate. However, since this observation is based
on one single case, these conclusions were perhaps premature.

In a follow-up paper, Hadid et al. (2017) extended the analysis to include
slow solar wind intervals, where the compressible contributions can be ex-
pected to be more relevant. Based on similar criteria as Banerjee and Galtier
(2016), and using data from the same spacecraft, these authors selected 148
fast and 182 slow solar wind intervals and repeated the analysis of the same
energy flux equations. An example of their results for one interval of slow
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Figure 41: Left panel: one example of the scaling of the total compressible energy flux
F1 +F2 +F3 (equation 117, red line) and its three terms separately (see legend for colors)
for one 35 m solar wind interval measured by THEMIS B. The incompressible scaling,
FI ≡ Y is also shown (equation 54, black line). Right panel: for the same interval, the
energy transfer rate for the compressible (εC , equation 117, red line) and incompressible (ε,
equation 54, black line) models. The inset shows the same quantities for four additional
intervals. Figure from Hadid et al. (2017).

solar wind is given in Figure 41, which has the same structure as Figure 40.
The results confirmed the overall conclusions of the previous work for fast
solar wind, and extended the same to slow solar wind intervals. Even for slow
wind, compressible effects are limited, and estimates of the energy transfer
rate done with the compressible exact law is in most cases comparable to
the estimates based on the incompressible P&P law. This confirms that the
contribution of the internal energy to the cascade is often negligible. The
order of magnitude of the measured values of the energy transfer rate are in
agreement with previous observations at 1 au, with an average value ε ' 55
kJ kg−1 s−1 for the fast solar wind and ε ' 27 kJ kg−1 s−1 for the slow one.
Similarly to the fast solar wind, but slightly more often, in some of the slow
intervals the compressible energy cascade is stronger, like in the case depicted
in Figure 41. However, the increase is again mostly due to a strong flux F3

that includes the internal energy contribution, so that it is not easy to directly
compare the compressible and incompressible transfer rates. By comparing
the heating rates, εC and ε, in fast and slow solar wind, it emerged that fast
wind has stronger energy transfer than slow wind for both compressible and
incompressible models, in agreement with previous observations (MacBride
et al., 2008; Stawarz et al., 2009; Coburn et al., 2012). In the slow solar wind,

125



the compressible cascade is slightly more likely to be stronger than the incom-
pressible one. A scaling relation was identified between the energy transfer
rate, εC , estimated with the compressible P&P law, equation (118), and the
kinetic (Ek = ρ0δv

2/2, where δv is the root-mean-square of the velocity fluc-
tuations), magnetic (Eb = δB2/(2µ0), where δB is the root-mean-square of
the magnetic field fluctuations) and internal (Ee = ρ0c

2
s ln (1 + δρ/ρ0)) fluc-

tuation energies, as well as with their sum, ET = Ek + Eb + Ee, namely
εC ∼ E

1/α
i with i = k, b, e, T . This is visible in the four panels of Figure 42,

which show such dependency (but with reversed axes) for fast (left panels)
and slow (right panels) solar wind intervals separately. Power-law fits show
the following dependencies: εC ∼ E1.72

k ∼ E1.69
b ∼ E2.38

e ∼ E1.79
T for the fast

intervals; εC ∼ E1.75
k ∼ E1.59

b ∼ E3.13
e ∼ E1.64

T for the slow intervals. These
scaling exponents are generally in agreement with previous solar wind obser-
vations (MacBride et al., 2008). Note that the Kolmogorov phenomenology

(see, e.g., Frisch, 1995) predicts ε ∼ E
3/2
T , which is much closer to the ex-

ponents for the kinetic and magnetic energy than to those for the internal
energy. On the other hand, the prediction of the 3/2 exponent assumes that
the density is constant, thus it is not surprising that the internal energy
scaling slightly departs from the incompressible case. The relatively good
agreement between phenomenological predictions and observations suggests
that the estimates obtained using the compressible or incompressible exact
laws are correct, or at least can capture the variability of the cascade in re-
sponse to the fields fluctuations. However, the less consistent scaling with the
internal energy seems to indicate a minor relevance of the associated terms
for the energy budget of the turbulent cascade.

The analysis also revealed a scaling relation between the sonic Mach num-
ber, MS =

√
δv2/c2

s, and the energy transfer rate, εC ∼Mγ
S , where the fitted

exponents are γ ' 2.7 for slow solar wind and γ ' 1.5 for fast solar wind.
Since no theoretical prediction for such scaling exist, these observations might
be used to constrain theories and models of the role of compressive fluctua-
tions in solar wind turbulence and heating. Hadid et al. (2017) further stud-
ied the sign of the cascade rate, whose histograms are shown in Figure 43,
in the two groups of solar wind intervals. While in both types of wind posi-
tive and negative scaling was observed with similar occurrence, in fast solar
wind there is a slight predominance of negative scaling, suggesting that an
inverse cascade might be active more often than in the slow wind samples.
This is in agreement with previous observations (Smith et al., 2009), whose
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Figure 42: Top panels: scaling relation between the kinetic, magnetic and internal energy
(indicated with E1i, where i stands for internal, kinetic and magnetic) and the absolute
value of the energy transfer rate |εC | (equation 117), for fast (left) and slow (right) in-
tervals. The power-law fitting exponents, αi, are indicated. Note that in the text we
have given 1/αi. Bottom panels: the scaling of the total energy Ecomp1 , sum of the three
contributions above. The fitting exponents αTotal are indicated. In all panels, black lines
indicate power-law fits. Figure from Hadid et al. (2017).
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Figure 43: For slow (left panels) and fast (right panels) solar wind intervals, the top
panels show histograms of the compressible energy transfer rate, εC . The vertical red
lines indicate the mean, which is also given in each panel. Note the different sign for the
mean in fast (negative) and slow (positive) wind, possibly related to the different cross-
helicity normally observed in fast and slow streams. The bottom panels show the angle-bin
averaged compressible (circles) and incompressible (diamonds) energy transfer rate as a
function of the angle between the bulk solar wind speed and the interplanetary magnetic
field, θV B , color-coded according to the total fluctuation energy (increasing from blue to
red, color bar not shown). The blue lines indicate the ratio between compressible and
incompressible energy transfer rates. Figure from Hadid et al. (2017).
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interpretation suggested that the inverse cascade may be responsible for the
long-term survival of cross-helicity in fast solar wind. However, we remark
that the actual physical meaning of the sign of the cascade might be more
complex than in the ideal version of the law, since, as we saw in Section 5.1,
other factors, related for example to expansion or anisotropy, might concur
in changing the sign of the energy flux terms.

Finally, the dependence on the angle between the solar wind bulk speed
and the large-scale magnetic field, θV B, was discussed. For both types of
wind, the energy transfer is clearly larger when the field is perpendicular to
the flow, namely when the spacecraft is sampling fluctuations in the plane
perpendicular to the field. For the fast intervals, this is in agreement with
previous analysis by MacBride et al. (2008), while for the slow wind the
strong angular dependence was not observed before. It should be pointed
out that MacBride et al. (2008) used a modified version of the P&P law that
included anisotropy effects, while in the present case the separation in the two
directions was not performed. This might explain the discrepancy between
the two observations. In the same panels, the ratio between compressible and
incompressible energy transfer rates is also indicated. In the fast streams, the
ratio is close to unity for most angles, with the exception of the cases closer
to parallel sampling, where the cascade is not easily measured (see also the
smaller transfer rate). This indicates that compressive effects are negligible
in most cases. In slow streams, the two rates are again comparable for large
angles, but there is a remarkable dominance of the compressible estimate
for parallel angles θV B < 45◦, probably arising from the more compressive
nature of the slow wind, and associated again with smaller energy transfer
rate.

6. Origin and evolution of turbulence in the inner heliosphere:
from Helios to Parker Solar Probe

One outstanding question in the space plasma community concerns the
origin and evolution of turbulence as the solar wind expands in the helio-
sphere. For example, whether turbulence is generated at coronal level, then
decays during the solar wind expansion, or rather is sustained by local energy
injection mechanisms, is yet not fully established. Consequently, the way tur-
bulence and kinetic processes interact may also evolve with the heliocentric
distance, resulting in a complex dynamical scale-coupling of fundamental pro-
cesses. The appropriate description of turbulence is crucial for the detailed
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modeling of the global heliospheric dynamics (Usmanov et al., 2018; Gom-
bosi et al., 2018), of the propagation of transients or impulsive events, such
as CMEs or CIRs (see, e.g., Poedts, Stefaan et al., 2020), and to understand
the mechanisms producing solar wind heating and particle energization.

The properties of the turbulence developing in the expanding solar wind
have been studied since the early stage of space exploration. This was made
possible by the in-situ measurements of spacecraft such as the Helios 1 and
Helios 2 missions in the inner heliosphere, and Voyager, Pioneer and, later
on, Ulysses in the outer heliosphere. More recently, various spacecraft, in-
cluding, the dedicated ESA Solar Orbiter (Müller et al., 2020; Zouganelis
et al., 2020) and NASA Parker Solar Probe (Fox et al., 2016), provided ac-
cess to high-resolution, continuous sampling of plasma fields and statistical
moments, allowing for more accurate studies of solar wind turbulence in the
inner heliosphere.

6.1. Early results on solar wind turbulence evolution: the Helios missions

Until recently, studies on solar wind turbulence in the inner heliosphere
relied heavily on spectral and structure function analysis of the plasma and
fields measured by the two Helios spacecraft, which in 1975 and 1976 ap-
proached as close as 0.3 au from the Sun. An archive picture of the spacecraft
Helios 2 and a schematics of the two Helios orbits are illustrated in Figure 44.
During three different solar rotations, in 1976, Helios 2 measured plasma and
fields of three fast solar wind streams at three different distances from the
sun (0.9, 0.7 and 0.3 au, see Figure 45), holding the record at the time for
the closest flyby of the Sun. It was soon established that those streams were
originating from the same stable coronal hole. Therefore, assuming that the
coronal source was steady enough, the three streams are of particular rel-
evance to the study of the radial evolution of turbulence, since the initial
conditions can be considered as stationary. Similarly, the preceding slow
wind streams were extensively used as a sample of evolving slow solar wind,
although in that case the originating region might have evolved during the
time span of the observation. Using these streams, as well as several other
Helios 1 and 2 data, it was highlighted that striking differences exist between
the radial evolution of fast and slow solar wind turbulence (Bruno et al.,
2003; Bruno et al., 2004, 2014).

Fast wind plasma, normally characterized by strongly Alfvénic fluctua-
tions (as evidenced by the associated large cross-helicity state) and by the
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Figure 44: Left panel: a picture of the Helios 2 spacecraft during testing. Right
panel: the orbit of Helios 1 and Helios 2. Credits: NASA/Max Plank Institute. Avail-
able at: left: https://en.wikipedia.org/wiki/Helios_(spacecraft); right: https:

//heasarc.gsfc.nasa.gov/docs/heasarc/missions/images/helios2_images.html
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Figure 45: The six streams measured by Helios 2 in 1976 used for the study of radial
evolution of solar wind turbulence: three fast streams, indicated with darker-colored and
full-line bordered shaded areas, and three preceding slow streams, indicated using lighter
colors and dashed-line borders. From top to bottom, the figure shows the solar wind speed,
Vsw, the heliocentric radial distance, R, the solar wind density, np, and the magnitude of
the magnetic field, B. Figure from Sorriso-Valvo et al. (2022).

presence of 1/f large-scale magnetic spectra, evolves radially in the helio-
sphere, showing clear decrease of the v-b alignment, broader inertial range
(and/or reduced 1/f range), smaller spectral amplitude, and stronger inter-
mittency as the radial distance from the Sun increases. The top panels of
Figure 46, based on Helios 2 and Ulysses data, show the trace of the mag-
netic power spectral density measured at different distances from the Sun,
separately for fast (left panel) and slow (right panel) stream. In both fast
and slow streams, a broad inertial range, with Kolmogorov scaling ∼ f−5/3,
is present on the whole frequency range (slow streams) or on the higher-
frequency part (fast streams) of the spectrum. In the fast solar wind, the
low-frequency 1/f range is also clearly visible. In the left panel, the blue
dot indicates the frequency of the break separating the two ranges. Its drift
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towards lower frequencies, indicating the expansion of the inertial range with
the radial distance, is evident. The bottom panels of Figure 46 show the scale-
dependent flatness of the magnetic field magnitude, F (∆t) = 〈∆B4〉/〈∆B2〉2,
for the same three fast (right panel) and three slow (left panel) solar wind
streams measured by Helios 2. As normally observed in turbulent flows, the
flatness increases as a negative power-law of the scale, from its large-scale
Gaussian value, F = 3, until other non-turbulent processes modify the scal-
ing. Steeper power-law increase indicates that the turbulent cascade is more
rapidly generating small-scale structures, and hence dissipating the energy
more efficiently. In the fast wind, the flatness clearly increases with the radial
distance, indicating stronger intermittency. In the slow wind, however, there
is no similar evidence of radial evolution. The observation of the differences
in the spectral properties of the inward and outward Elsasser modes (not
shown) also corroborated the picture of a strongly evolving fast solar wind
(for a thorough description of radial evolution of solar wind turbulence, see:
Tu and Marsch, 1995; Bruno and Carbone, 2013).

The above characteristics are generally interpreted as the signature of the
fast wind turbulence being still evolving towards a fully developed state dur-
ing the expansion. In one possible instance of a scenario, Bruno et al. (2003)
proposed that the observations could be explained by the competing action
between a correlated, coherent component (the intermittent structures gen-
erated by the turbulent cascade in the early stage of the turbulence onset,
and populating the Kolmogorov 5/3 or 3/2 spectral region, see Bruno et al.,
2019), and an uncorrelated, stochastic component (the propagating Alfvénic
fluctuations, populating the large-scale 1/f portion of the spectrum). In the
early stage of the radial expansion, the two components, possibly originating
in the corona (Bruno et al., 2001; Chang et al., 2004; Borovsky, 2008), are
overlapping, so that the large-amplitude Alfvénic fluctuations partially hide
the coherent component. This would explain the initially reduced inertial
range and intermittency of the fluctuations. As the solar wind expands, the
inward and outward Alfvénic fluctuations interact nonlinearly, consequently
losing their Alfvénic alignment, reducing their amplitude, and feeding the
turbulent cascade with supplementary energy. On the other hand, the co-
herent component would be advected by the wind without losing ampli-
tude. Hence, it would progressively emerge from the decreasing uncorrelated
Alfvénic background, resulting in the observed extended Kolmogorov spec-
trum and increasing intermittency. Moreover, the presence of the large-scale
Alfvénic fluctuations could justify the spectral indices observed in fast wind,
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Figure 46: Top panels: Trace of the power spectral density of the interplanetary magnetic
field, estimated at different distances from the Sun using Helios 2 and Ulysses data. Top-
left and top-right panel show results for fast and slow streams, respectively. Power-law fits
and spectral indices are indicated in the relevant ranges. Bottom panels: the flatness of
the magnetic field magnitude, for three fast (bottom-left panel) and three slow (bottom-
right panel) Helios 2 streams. Figure from Bruno and Carbone (2013) (top) and Bruno
et al. (2003) (bottom).

often closer to the Kraichnan value, 3/2, rather than the Kolmogorov’s, 5/3
(Bruno and Carbone, 2013). The slow solar wind milder evolution was as-
cribed to the relative absence of Alfvénic fluctuations (at least further out

134



than 0.3 au, where Helios measurements were taken), with no decorrelat-
ing effect inhibiting the nonlinear turbulent interactions (see, again, Tu and
Marsch, 1995; Bruno and Carbone, 2013, and references therein).

A visualization of the fluctuations of the tip of the magnetic field vector
(small red dots), connected by a black line to highlight the vector displace-
ments, is presented in Figure 47. Left panels refer to fast wind, and right
panels to slow wind. Top panels are measured at 0.3 au, while bottom panels
at 0.9 au. It is evident that in the 0.3 au fast stream the vector randomly
covers the whole space, suggesting the stochastic nature of the Alfvénic fluc-
tuations. On the contrary, at larger distance patches of small fluctuations
are alternated with large fluctuations, resulting in more clustered intermit-

Figure 47: Visualization of the displacement of the tip of the magnetic field vector nor-
malized to the mean field magnitude (red dots, connected by a black line) obtained using
6-second cadence measurements of 3.3 hour intervals extracted from the fast (left panels)
and slow (right panels) streams measured by Helios 2 at 0.3 au (top panels) and 0.9 au
(bottom panels). Figure from Bruno et al. (2004)
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tent fluctuations. The slow wind streams do not present the same stochastic
fluctuations, so that the clustering of intermittent fluctuations is already
emerging at 0.3 au.

The above observations, corroborated by more observations of Helios
data, were initially used to support the evolving nature of the solar wind
turbulence in the inner heliosphere, and to constrain global solar wind mod-
els and their energy budget.

6.2. Observation of decaying turbulence in the inner heliosphere: revisiting
half-century old Helios 2 measurements using the Politano & Pouquet
law.

For a more detailed evaluation of the solar wind turbulence evolution, it
is interesting to examine the scaling of the third-order moment in the sam-
ples described above. To this aim, the six Helios 2 recurring fast and slow
streams (Bavassano et al., 1982; Bruno et al., 2003) were used to estimate
the P&P law for incompressible, isotropic MHD turbulence (Sorriso-Valvo
et al., 2022). The intervals, each including nearly two days of data, were
long enough as to ensure statistical convergence, which was additionally ver-
ified using the standard tests (Dudok de Wit, 2004; Kiyani et al., 2009a).
The mixed third-order moments are displayed in the top panels of Figure 48
for the six intervals, separated according to the wind speed (left panel: fast
streams; right panel: slow streams). The distance from the sun is marked by
the different colors and symbols, with the 0.9 au intervals in blue triangles,
the 0.7 ones in green circles, and the 0.3 ones in red diamonds. An inertial
range is identified for each case for timescales between 81 s (the plasma data
resolution) and ∼ 20 minutes, although the linear scaling is more extended
in the samples at 0.3 au. Note that for the fast streams such range unex-
pectedly extends within the 1/f spectral range (see Figure 46). The fit of
the linear P&P law provides, as usual, the values of the mean energy transfer
rate for each sample. Values are given in colors next to each fitted line in
Figure 48. It is immediately evident from the amplitude of the third-order
moments, Y , that the energy transfer rate decreases with the distance from
the Sun. This is observed consistently for both fast and slow wind streams.
The slow solar wind has always smaller energy transfer than the fast solar
wind. Plotting the energy transfer rate versus the radial distance reveals a
possible power-law dependence, as shown in the bottom-left panel of Fig-
ure 48. Despite having only three points, power-law fits, ε ∼ R−α, can be
reasonably performed. These provide slightly different exponents for fast and
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Figure 48: P&P scaling for fast (top-left) and slow (top-right) streams, at three different
distances from the sun (colors, see legend). Linear fits in the inertial range are indicated
(grey lines), and the corresponding energy transfer rate, ε, is given (color coded). ε is then
displayed as a function of the radial distance R (center-left panel, also showing power-law
fits and the fitted exponents), of the unsigned normalized cross-helicity |σc| (bottom-left)
and of the plasma β (bottom-right). The decay of ε in a 5123 lattice Boltzmann numerical
simulation of the weakly compressible MHD turbulence is shown in the center-right panel.
The time is normalized to the peak of the turbulence. Top and central panels are adapted
from Sorriso-Valvo et al. (2022).
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slow wind, respectively αF = 1.84± 0.2 and αS = 2.34± 0.2. From the bot-
tom panels of the same figure, note that the dependency on the normalized
cross helicity is opposite with respect to the standard expectation from the
decorrelation effect (Dobrowolny et al., 1980) and to observations at 1 au
(Smith et al., 2009). A clear decrease with the plasma β is also observed,
against the intuitive expectation of stronger turbulence for less magnetized
plasmas. This indicates that the decay is controlling the radial evolution
of turbulence, while the decorrelation due to Alfvénic fluctuations is a sub-
dominant effect, which can only order turbulence for intervals at a similar
decay stage. According to the above observation of decreasing turbulent
energy transfer, and assuming that the three streams are freely expanding
without further interactions with the surrounding plasma, it could be sug-
gested that the turbulence is decaying as the wind travels away from the Sun.
Therefore, turbulent energy, mostly injected at coronal level (or at least in
the region with R < 0.3 au, see Kasper et al., 2021; Bandyopadhyay et al.,
2022; Sorriso-Valvo and Yordanova, 2022), is depleted during the expansion.
This is also consistent with recent Ulysses observations in the outer helio-
sphere, where the observation of the energy transfer rate radial decrease was
statistically robust (Watson et al., 2022). The faster decay observed in the
slow streams could be due to the absence of the 1/f reservoir, which in the
fast streams provides an energy injection during the expansion. The above
interpretation was supported by comparison with numerical simulations of
decaying MHD turbulence, which show strikingly similar power-law decay of
the energy dissipation (center-right panel of Figure 48). Additionally, the in-
termittency was observed to increase with radial distance (for the solar wind)
and with time (for the simulation) in a similar fashion (Sorriso-Valvo et al.,
2022), which further supports the possible decaying turbulence scenario for
the solar wind radial evolution.

Although the analysis of Sorriso-Valvo et al. (2022) needs to be confirmed
by more events, it shows that using the third-order scaling law may reveal
important details that can point to substantial revision of the currently ac-
cepted paradigms of the processes regulating the evolving nature of solar wind
turbulence. The observed behaviour and parameters values can be relevant
to constrain models of turbulence in the expanding solar wind.
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6.3. New frontiers of inner heliosphere exploration: Parker Solar Probe and
Solar Orbiter

Forty years after Helios measurements, novel space missions have been
launched in the inner heliosphere to allow continuing the observation of the
evolution of turbulence as it leaves the Sun. The Parker Solar Probe (PSP)
was launched by NASA in August 2018, and is currently operating in the in-
ner heliosphere (Fox et al., 2016; Verscharen, 2019). Thanks to gravitational
assists at Venus, it has rapidly reached a highly elliptic orbit that grazes the
Sun at a short distance. The first solar encounter occurred in late 2018, when
the PSP closest approach reached the record distance of 0.17 au (36 R�, with
R� =696340 km being the solar radius) from the solar surface. At the time
of writing, thirteen orbits were covered, with the latest perihelion sitting at
about 0.062 au (13.3 R�). In the next phases, which will extend at least till
late 2025, it will reach as close as 0.046 au (9.9 R�). Among other instru-
ments, PSP is equipped with payload for in-situ particle (SWEAP, Kasper
et al., 2016) and fields (FIELDS, Bale et al., 2016) detectors, protected by
the heat shield, and technologically developed to operate in the challenging
near-Sun environment. These instrument suits provide measurements of den-
sity, velocity and temperature of protons, as well as of electric and magnetic
field. The wealth of data collected by PSP in these previously unexplored
regions of the near-Sun space have already provided a large amount of scien-
tific discoveries (Bale et al., 2019; Kasper et al., 2019; McComas et al., 2019;
Howard et al., 2019).

On the other side of the Atlantic ocean, in February 2020 the European
Space Agency has launched Solar Orbiter (Müller et al., 2020; Zouganelis
et al., 2020), a spacecraft equipped with both in situ and remote payload,
able to produce simultaneous observations of the solar environment (includ-
ing the photosphere and the corona) and in-situ measurements of plasma
and fields. Solar Orbiter has an elliptical orbit that, exploiting several fly-
bys at Venus and at the Earth, will reach its closest perihelion at 0.28 au
(60 R�), and at this time has reached as close as 0.32 au (69 R�). The
Solar Wind Analyser (SWA, Owen et al., 2020), the Magnetometers (MAG,
Horbury et al., 2020) and the Radio Plasma Waves suite (RPW Maksimovic
et al., 2020) provide, respectively, high-resolution, high-cadence ion and elec-
tron distribution functions and moments, magnetic field, and high frequency
magnetic and electric fields.

The two state-of-the-art probes represents successful challenges, mostly
due to the proximity with the Sun and the consequent extreme environ-
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Figure 49: Left: rendering of the Parker Solar Probe, with the indication
of the paylod location (source: JPL, available at http://parkersolarprobe.

jhuapl.edu/index.php). Right: a graphical view of the typical PSP orbits
(source: NASA, available at https://blogs.nasa.gov/parkersolarprobe/2019/12/23/
parker-solar-probe-heads-toward-second-venus-flyby).

Figure 50: Left: rendering of the Solar Orbiter spacecraft, with labels indicating
the payload (source: IRF, available at https://www.irf.se/sv/irf-i-rymden/

solar-orbiter). Right: a picture of the Solar Orbiter launch from the Cape Canaveral
site (source: ESA, available at https://www.esa.int/Science_Exploration/Space_

Science/Solar_Orbiter/Liftoff_for_Solar_Orbiter_ESA_s_mission_to_face_the_

Sun_up_close).
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mental conditions that the spacecraft and their payload must survive. Heat
shields were specifically designed using innovative materials, and the pay-
load electronics was protected from the severe temperature gradients that
the missions are bound to experience. As a result, both missions are cur-
rently exploring the inner heliosphere, offering an unprecedented opportunity
to study the turbulence in the young solar wind and the way it evolves in
its radial expansion. Additional science will benefit from alignments of the
two probes, which could provide a series of two-point measurements of the
evolving turbulence in the same plasma (Velli et al., 2020; Telloni et al.,
2021).

Figure 51: Left panel: radial evolution of the power spectral density of the interplanetary
magnetic field as measured by Parker Solar Probe in the inner heliosphere during the first
solar encounter. The radial distance is color-coded. The typical power-law scaling with
exponents -1, -3/2 and -5/3 are indicated for reference. Right panel: radial evolution of
the normalized cross-helicity σc (red dots: 6 hr average, red line: 30-point running average;
for the definition see the last paragraph of Section 2.2) and residual energy σr (blue dots:
6 hr average, blue line: 30-point running average; for the definition see the last paragraph
of Section 2.2). Figures from Chen et al. (2020).

We shall limit here to the topics of relevance to this review. Among
these, several studies focused on the properties of turbulence and their radial
evolution in the expanding solar wind. For example, Chen et al. (2020)
studied PSP data and observed that the spectral power density of magnetic
fluctuations gradually changes from a -3/2 power-law scaling (most of the
time associated with the typical additional 1/f low-frequency range) at 0.16
au, typical of strongly Alfvénic turbulence, to a -5/3 scaling (with shorter or
no 1/f range) at 1 au. This evolution is shown in the left panel of Figure 51.
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Similarly, magnetic fluctuation power and Alfvénicity (see the right panel of
the same figure) decrease with distance, while the magnetic compressibility
increases (not shown). All these observations confirms the results from Helios
measurements of an evolution towards more fully developed turbulence as the
solar wind expands, corresponding to reducing the sweeping effect typically
associated with Alfvénic fluctuations or to the depletion of the uncorrelated
large-scale Alfvénic fluctuations, as described in Sections 6 and 6.2.

Using a more complete database which included eleven PSP orbits as
well as one year of data from Solar Orbiter, Sioulas et al. (2022a) described
the radial evolution of intermittency by means of the high-order moments
of the scale-dependent fluctuations. In agreement with Helios observations,
it was shown that intermittency generally increases with the radial distance
(see for example the radial evolution of the flatness shown in Figure 52).
Other parameters, such as the time of travel from the Sun, the angle between
the magnetic field and the wind speed, and the solar wind bulk speed, also
contribute to different degrees to determining the intermittency.

6.4. Mixed third-order moment scaling laws in the inner heliosphere

The spectral and structure function analysis was complemented by the
study of the energy injection and transfer rates of the turbulent cascade. In
Bandyopadhyay et al. (2020), the von Kármán decay law, equation (17), and
the Politano-Pouquet linear scaling of the mixed third-order moment, equa-
tion (54), were used to estimate the turbulent energy injection and transfer
rates, respectively. In order to capture signatures of radial evolution, the
PSP first encounter measurements were divided in about 34 eight-hour dis-
joint intervals, each sufficiently larger than the typical observed correlation
time (τc ' 300—600 s, see Parashar et al., 2020; Bandyopadhyay et al.,
2020). For each interval, the two relations above were computed. While the
large-scale energy input is easily estimated for all intervals, for only 27 cases
it was possible to find a linear scaling of the P&P law, and therefore estimate
the energy transfer rate. Note that the authors use a convergence criterion
that imposes negative scaling of the Taylor-transformed third-order moment,
implying positive energy transfer rate and hence a direct turbulent cascade.
Two examples of mixed third-order moment scaling are shown in the two
top panels of Figure 53, for two different intervals at 36 R� (top) and 54 R�
(center). A roughly linear scaling range is observed. This important observa-
tion supports the existence of a well developed turbulent cascade already as
close to the Sun as 36 R� (top). This suggests that, even in the presence of
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Figure 52: Main panel: scale-dependent kurtosis (namely the reduced flatness, K = F −
3) of the magnetic field fluctuations, estimated at different heliocentric distance, here
represented through the advection time τadv, namely the transit time from the Sun to the
observation point (color coded). The two insets (points) show the scale of the maximum
kurtosis (left) and the maximum value (right), while the red lines and shaded areas indicate
the mean and standard deviation over a binned partition. Figure adapted from Sioulas
et al. (2022a).

highly Alfvénic fluctuations with the typical -3/2 power spectral index, the
turbulence should be considered as fully developed at those distances from
the Sun. In the examples shown in the aforementioned paper, a linear fit to
equation (54) is indicated (red line). The fit allows to rigorously identify the
inertial range of turbulence, which in the two cases illustrated in Figure 53
lies between 102 and 104 di. Additionally, and more importantly, it provides
the values of the energy transfer rate, ε, within each interval.

The energy injection and transfer rates can then be used to observe the
variation of the turbulent cascade energization during the early stages of the
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Figure 53: Top panels: P&P law estimated in two 8 hr intervals extracted from the first
solar encounter of Parker Solar Probe. Linear fits in the inertial range are indicated by a red
line. Bottom panel: turbulent energy transfer (red) and injection (yellow) rates obtained
using 8 hr intervals from the first solar encounter of Parker Solar Probe. A comparison
with two different global heliospheric models is also superposed (blue and green lines,
respectively based on an untilted solar dipole and on measured solar magnetograms; for
details see Bandyopadhyay et al., 2020). Figures from Bandyopadhyay et al. (2020).

solar wind expansion. The bottom panel of Figure 53 shows the values ob-
tained from the data time series, which range between 104 and 105 J kg−1

s−1. The closest approach of the probe. tothe Sun (perihelion) is indicated
by a vertical black dashed line, while the right and left portions of the plot
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refer to larger distances from the Sun. It is immediately evident that the
two parameters are closely correlated within reasonable approximations, so
that the energy transfer rate follows the energy injection rate quite closely.
For both parameters, a common trend is visible indicating that the turbulent
cascade is transferring more energy closer to the Sun, while some decay is vis-
ible at larger distance, particularly in the approaching phase (left part of the
plot). Note that the values typically observed at 1 au are one or more order
of magnitude smaller (see Section 4.4), in agreement with the interpretation
that the turbulence may be in a decaying phase, and its energetic content is
depleted during the expansion (Sorriso-Valvo et al., 2022). To confirm the
goodness of the observation, a comparison was performed with two different
realizations of a global solar corona and solar wind model. The simulations
use a MHD-based model that include self-consistent turbulence transport
and heating (Usmanov et al., 2018; Chhiber et al., 2019). Results, providing
large-scale solar wind parameters, were then used to estimate the large-scale
energy content, using the von Kármán approach as for the PSP data. Two
different magnetic field boundary condition at the coronal base were used,
namely a standard untilted Sun-centered dipole (blue line in the bottom
panel of Figure 53), and the extrapolation of a photospheric magnetogram
observed at the time of PSP measurements (green line in the bottom panel
of Figure 53). Both simulations reproduce satisfactorily the overall profile of
the energy injection rate, with the one based on the observed magnetograms
slightly better capturing the values of the experimental data and its radial
evolution. Whether the observed radial profile is due to the actual decay of
the turbulence, or rather to expansion effects and/or other instabilities, is
still an open question that needs to be addressed with the appropriate tools.
To this aim, we recall that additional expansion terms can be evaluated in
the P&P law (Hellinger et al., 2013; Gogoberidze et al., 2013), and numerical
simulations can be used to test their relevance (Velli et al., 1990; Grappin
et al., 1993; Tenerani and Velli, 2017). Moreover, the availability of data
from successive PSP encounters will provide a much larger database, and
reaching in closer to the Sun, allowing a deeper analysis. Synergistic studies
using multiple spacecraft can also improve the detail of the interpretation,
as attempted, for example, in Andres et al. (2021), where data from PSP,
THEMIS (see Section 5.6) and MAVEN (see Section 7.4) were used. The
third-order moment approach can and will still be crucial to effectively de-
termining the nature and evolution of the turbulent cascade in the expanding
solar wind.
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6.5. Magnetic switchbacks and turbulence

One distinctive phenomenon observed by PSP is the frequent presence of
sudden momentary reversals of the interplanetary magnetic field direction,
commonly referred to as magnetic switchbacks (Bale et al., 2019). Figure 54
shows a popular pictorial view of a magnetic switchback.

Figure 54: A pictorial representation of magnetic switchbacks. Figure from Verscharen
(2019).

Early observations of fast solar wind streams in the outer heliosphere by
the Ulysses spacecraft first revealed the existence of such structures (Balogh
et al., 1999; Yamauchi et al., 2004; Neugebauer and Goldstein, 2013). How-
ever, these are increasingly visible closer to the Sun. The characteristics of
the switchbacks have been studied in depth using PSP data as well as numer-
ical simulations (e.g., Horbury et al., 2020; Bandyopadhyay et al., 2021b), yet
their origin is still being debated and several models, not mutually exclusive,
have been proposed. For example, it was proposed that switchbacks could
be the signature of flux ropes produced by interchange reconnection in the
solar corona (Fisk and Kasper, 2020; Zank et al., 2020; Sterling and Moore,
2020; Drake et al., 2021; Liang et al., 2021) or that they might be associated
with the motion of magnetic field footpoints from the slow to the fast wind
sectors (Schwadron and McComas, 2021). Magnetohydrodynamic numeri-
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cal simulations suggest they may be Alfvénic structures originated in the
lower corona and propagating out in the heliosphere (Matteini et al., 2015;
Tenerani et al., 2020), or be related with a velocity shear-driven dynamics
(Landi et al., 2006; Ruffolo et al., 2020). Bale et al. (2021) observed that
switchbacks are not homogeneously distributed in the solar wind, but rather
clustered in patches, whose size and distance is compatible with the coronal
magnetic structure determined by the solar suprergranulation. This seems
to suggest that switchbacks are nonlinear Alfvénic structures somehow asso-
ciated with the global circulation of open magnetic flux at the solar surface
(Fisk and Kasper, 2020; Zank et al., 2021). A different approach considers
switchbacks as self-consistently generated during the solar wind expansion of
turbulent fluctuations (Ruffolo et al., 2020; Squire et al., 2020; Shoda et al.,
2021). However, the overall switchbacks occurrence characteristics observed
by PSP better support their origin in the transition region rather than in situ
(Mozer et al., 2021; Bale et al., 2021; Fargette et al., 2021). The latter view is
also supported by a recent remote observation of one switchback propagating
in the solar corona (Telloni et al., 2022a). The switchback, shown in Fig-
ure 55 was observed in the visible light channel of the METIS coronagrapher
onboard Solar Orbiter (Antonucci et al., 2020),

The relationship between the presence of switchbacks and turbulence rep-
resent a novel, interesting problem that has been explored in recent studies.
According to their originating mechanisms, these structures can either be
considered as simply superposed to the underlying turbulence, not exclud-
ing their possible role as additional energy injection source for the nonlin-
ear turbulent cascade, or, on the contrary, as being dynamically generated
self-consistently by the turbulence. Dudok de Wit et al. (2020) studied the
spectral properties of magnetic fluctuations separately for periods of high
and low incidence of switchbacks, showing that the magnetic spectra have
Kolmogorov-like scaling f−3/2 only in intervals populated by switchbacks.
Intervals poor in switchback showed a limited Kolmogorov inertial range,
whereas the low-frequency end is characterized by a 1/f uncorrelated noise,
routinely seen in fast solar wind (Bavassano et al., 1982; Verdini et al., 2012;
Chandran, 2018; Matteini et al., 2018). According to this observation, it
was concluded that in the quiet samples the turbulence is not yet devel-
oped, while the intervals with presence of switchbacks have fully developed
turbulence. This suggests that switchbacks are a driver of the turbulence,
and are responsible for accelerating its evolution as the solar wind expands
(Bourouaine et al., 2020). Other authors suggested that the switchbacks
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Figure 55: First Solar Orbiter observation of a switchback in the solar corona (yellow-
dashed line box), shown in a composite image of the solar corona (METIS) and disk (EUI,
Extreme-Ultraviolet Imager). Figure from Telloni et al. (2022b).

dynamics is more complex and includes both their depletion through tur-
bulent fluctuations, and their generation through nonlinear processes (Ten-
erani et al., 2021). Further observations have added more indications, for
example highlighting that switchbacks are sites of enhanced intermittency
(Perrone et al., 2020; Martinović et al., 2021). Independent of the origin of
the switchbacks, the above observations are well consistent with the typical
low-frequency broadening of the spectral inertial range as the distance from
the sun increases (Bavassano et al., 1982; Bruno and Carbone, 2013; Chen
et al., 2020).

It is well known, however, that spectral properties are not sufficient to
describe the nature of turbulence. Instead, the P&P law can help assessing
more robustly the presence of a fully developed cascade, the extension of its
inertial range, and the associated energy transfer rate. To this aim, the PSP
first encounter was recently used to study possible relations between presence

148



of switchbacks and the characteristics of turbulent cascade (Hernández et al.,
2021). An overview of the plasma and magnetic field data used for the study
are shown in the three top panels of Figure 56, and the radial distance from
the sun is shown in the bottom panel of the same figure. Switchbacks are
visible as sharp jumps of the Bx component (black line). Hernández et al.
(2021) used the parameter introduced by Dudok de Wit et al. (2020) to detect
their presence

z = 0.5(1− cosα) , (121)

where α = cos−1(B · 〈B〉/(B〈B〉)) is the angle of deflection of the local mag-
netic field B with respect to the mean field 〈B〉, the mean being estimated
over 6 h intervals. The parameter z is plotted in the fourth panel from the
top of Figure 56 as a gray line. The richness of switchbacks in the dataset
is evident, as well as their clustering (Dudok de Wit et al., 2020; Bale et al.,
2021). Relying on an arbitrary threshold for the parameter z, specific inter-
vals where manually selected with maximal (S, for switchbacks) or minimal
(Q, for quiet) occurrence of switchbacks. Further imposing the requirement
of intervals larger than about three times the correlation timescale, τc ' 1 h
(Parashar et al., 2020; Bandyopadhyay et al., 2020), six S and six Q intervals
were eventually used. These are indicated by the purple open circles and
the olive-green full circles in the same panel as z. Additionally, a statisti-
cal and quantitative approach complemented the study. The mean value of
the switchback parameter, 〈z〉, was indeed used to estimate the quantity of
switchbacks in non-overlapping running windows of 6 hours, therefore pro-
viding a discrete measure of the presence of switchback during the whole
encounter. The mean switchback parameter is shown as blue diamonds, la-
beled with R, for running, in Figure 56, along with the values for S and
Q samples. The spectral properties, intermittency and mixed third-order
scaling law were then determined in the S, Q and R intervals. The analysis
revealed interesting and unexpected features. The first important observa-
tion was that the P&P law is validated in several intervals (as already shown
by Bandyopadhyay et al., 2020), but its presence does not depend on the
incidence of switchbacks. Both Q and S samples presented well-developed
scaling ranges, on some occasions with changes of sign in the third-order mo-
ment, Y . Two examples are given in Figure 57, one for a quiet interval (left
panel), and one for an intervals with high occurrence of switchbacks (right
panel). In the case with switchbacks, a clear change of sign is observed at
a scale that corresponds to the break in the power-law scaling of the struc-
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Figure 56: Overview plot of the first encounter measurements by PSP. From top to bottom:
proton velocity vp (500 s average); magnetic field, B (500 s average); proton density np
(500 s average); switchback parameter, z, (equation (121), gray line) and its average values
in 6 hr running windows, 〈z〉 (color-coded points, see the legend, where R, S and Q stand
for running, switchback and quiet intervals, respectively); local energy transfer rate proxy,
LET (see Section 8), estimated for ∆t = 16 s; absolute value of the mean energy transfer
rate, |ε| (color-coded points indicating values εR, εS and εQ corresponding to R, S and Q
intervals, see the legend), along with the radial distance from the Sun in solar radii units,
R/R� (black line). Figure from Hernández et al. (2021).

ture functions (not shown here, see Figure 3 of Hernández et al., 2021). The
nature of such change of sign is still unclear, although it may suggest the
possibility of an inverse cascade occurring as the result of the energy injec-
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Figure 57: Two examples of the P&P law in PSP data. The third-order moment is
normalized to 3/(4Vsw) for a more direct comparison. Left panel: a quiet interval (green
symbols). Right panel: an interval with switchbacks (purple symbols). Open and full
symbols indicate positive and negative values, respectively. Linear fits are shown as dashed
lines, and the vertical lines indicate the timescale τY of the sign reversal. Figure from
Hernández et al. (2021).

tion from switchbacks, whose size roughly corresponds to the break scale.
Numerical simulations and a more extensive statistical study of solar wind
data could help clarifying the nature of change of sign, and the possible role
of the switchbacks and of other large-scale structures. After evaluating the
energy transfer rate by fitting the P&P law as usual, three more important
observations emerged, corroborating the scenario of evolution of turbulence
described in the previous sections. These are illustrated in Figure 58. First
of all (top panel), there is a weak but non negligible decrease of the energy
transfer rate with the increasing radial distance from the Sun. This confirms
previous PSP observations (Bandyopadhyay et al., 2020) and the recent He-
lios 2 results (Sorriso-Valvo et al., 2022). Secondly (central panel), positive
energy transfer rates are moderately correlated with the number of switch-
backs, suggesting that these may be associated to more energetic cascades,
and also in agreement with the observations of Dudok de Wit et al. (2020).
Finally (bottom panel), as also observed for the Helios 2 recurring streams
(Sorriso-Valvo et al., 2022), the energy transfer rate increases with the cross-
helicity. This confirms that the inverse proportionality inferred from the
statistical analysis at 1 au (Smith et al., 2009), which captures the expected
inhibiting effect of the large-scale Alfvénic decorrelation on the nonlinear in-
teractions (Dobrowolny et al., 1980), is probably a subdominant effect with
respect to the radial decay of the turbulence. It is interesting to remember
that an inverse relation was found between the cross-helicity and the number
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Figure 58: Variation of the energy transfer rate with various parameters. Top-left panel:
radial distance from the Sun. Top-right panel: mean number of switchbacks (in this case,
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purple and blue symbols refer to quiet, switchbacks and running intervals, respectively.
Open (full) symbols indicate positive (negative) values. Figure from Hernández et al.
(2021).

of intervals where the P&P law was validated using polar Ulysses data in
the outer heliosphere (Marino et al., 2012). This is not in contrast with the
above analysis, since it does not examine the energy transfer of the cascade,
but only the validity of the P&P law, which is a more direct expression of
the decorrelation effect. The results of this preliminary study support the
idea that switchbacks are an important source of energy for the turbulent
cascade, and therefore may represent one of he crucial mechanisms leading
to the onset of turbulence in the solar corona.
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6.6. First observations of turbulence in the proximity of the Alfvén surface.
Observations in the inner heliosphere provide a detailed description of the

way the turbulence evolves as the solar wind expands away from the Sun. It
reveals that spectra and intermittency are ubiquitous. Furthermore, we have
seen using the P&P law that the radial profile of the energy transfer rate
suggests that the turbulence may be decaying in the solar wind expansion.
Still, the question about the birthplace of turbulence remains unanswered.
PSP observations close to the sun showed an active and highly energetic
cascade as close as ∼ 30R� (Bandyopadhyay et al., 2020; Andres et al.,
2021). In order to determine if the turbulence is first generated inside the
corona or rather at its boundary, and with which energy, it is necessary to
analyze data from the frontier separating the corona from the solar wind.
Such frontier, called the Alfvén critical surface, is predicted to be irregular
and highly variable, being directly modulated by the solar activity and by the
coronal magnetic structure. The critical surface marks the transition from
the magnetically-dominated solar coronal plasma to the freely streaming solar
wind. Conditions on two parameters can be used to determine the position of
the frontier, the Alfvén radius, rA, so that the coronal plasma is where β < 1
and the Alfvénic Mach number is MA = vsw/vA > 1. On April 28, 2021, PSP
crossed the coronal boundaries for nearly 5 hours, while skimming the Alfvén
surface in its sixth perihelion approach around 19 R� (Kasper et al., 2021).
An overview of the PSP measurements is shown in Figure 59, along with the
angle between the magnetic field and the wind velocity, θBV , the mean plasma
β and the radial Alfvén Mach number, and the wavelet power spectrogram of
the magnetic field fluctuations parallel and perpendicular to the mean field
(Sorriso-Valvo and Yordanova, 2022). In order to study the properties of the
turbulence in the frontier region, three sub-intervals were selected for the
analysis, as indicated by the color-shaded areas in 59: (i) one sub-Alfvénic
interval (SC, from solar corona, blue area) Kasper et al. (2021) with MA < 1,
assumed to be inside the solar corona; (ii) a superalfvénic interval preceding
SC (SW1, red area), with MA > 1 and therefore assumed to be in the
streaming solar wind, although occasionally crossing the Alfvén surface; (iii)
a super-Alfvénic interval following the sub-Alfvénic interval (SW2, yellow
area), again with MA > 1 and in the streaming solar wind.

In the three intervals, most of the solar wind parameters shown in Fig-
ure 59 were comparable. In particular, they were characterized by quasi-
sunward magnetic field, considerable velocity and magnetic field fluctuations,
δv/v0 ' δB/B0 ' 0.2—0.3, and high Alfvénicity, σc ' 0.85. A major differ-
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Figure 59: Overview plot of the event measured by PSP on April 28, 2021. From top
to bottom: (a) magnetic field magnitude |B|; (b) angle between the magnetic field and
the (radial) velocity, θBV ; (c) RTN magnetic field components; (d) ion density ni (grey)
along with its one-hour average ñi (black); (e) RTN velocity components vi and Alfvén
speed, VA; (f) ion plasma β and Alfvénic Mach number, MA; (g) parallel (||) and (h)
perpendicular (⊥) magnetic spectral power (in nT2 Hz−1). Figure from Sorriso-Valvo and
Yordanova (2022).
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Figure 60: Mapping of solar wind plasma from PSP to the solar surface based on a
PFSS magnetic field model. The left panel shows a two-dimensional Carrington projection
of the photospheric magnetic field, based on an observed ADAPT-GONG magnetogram
recorded on 1 May 2021. Red and blue areas represent coronal hole regions with outward
and inward field polarities, respectively. The black line indicates the position of the the
heliospheric current sheet measured in situ by PSP and projected at the height of 2
R� above the photosphere. The red and blue lines show the spacecraft trajectory for
an extended period centered on April 28, projected at 2 R� (the colors indicating the
magnetic polarity measured in situ by PSP). Green and purple lines indicate the magnetic
field lines connecting the projected trajectory at 2 R� to the photosphere, with the Alfvén
Mach number given by colors (described by the color bar on the right hand of the left
panel). The short white portion of trajectory indicate the sub-Alfvénic period of study,
and the white square indicates its position at the beginning of 1 May 2021. In the right
panel, a 3D reconstruction is presented for the day 28. Figure from Kasper et al. (2021).

ence between the samples was revealed tracing back the plasma of the three
intervals to their originating region on the solar surface. This was clearly
highlighted by the three-dimensional reconstruction of the magnetic field
connecting the spacecraft to the solar photosphere (Kasper et al., 2021), per-
formed using the potential field source surface model (PFSS, Badman et al.,
2020). The reconstruction is shown in the left panel of Figure 60 for an ex-
tended interval, and in the right panel for the day 28, under analysis here.
The reconstruction allowed to identify the reasons for the differences in Mach
number. In fact, it emerged that the solar wind intervals SW1 and SW2 were
magnetically connected to two separate low- and mid-latitude coronal holes
in the southern solar hemisphere. These regions are characterized by nearly
radial open magnetic field lines, indicated in green in Figure 60 (green in-
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dicating connectivity with plasma flowing with MA > 1). They are usually
associated to Alfvén waves propagating outward, which interact nonlinearly
with an inward component generated by reflection by the strong radial den-
sity gradient. Such interaction is one of the possible mechanisms generating
the turbulence in the corona. The two SW intervals show indeed large-scale
Alfvénic fluctuations, as evidenced by the strong power in the perpendicu-
lar magnetic fluctuations in the 100—1000 s range (panel h of Figure 59).
Such power is also associated with the presence of switchbacks, which are
Alfvénic in nature, and are also visible as large-scale structures in the paral-
lel magnetic fluctuations (panel g of Figure 59). Note that the above range is
compatible with the 100—500 s period of the outward-propagating Alfvénic
motions observed in the lower corona and in the transition region (McIntosh
et al., 2011), considered as possible agents of coronal plasma heating and so-
lar wind acceleration. On the other hand, the mapping provided by the PFSS
modeling showed that for interval SC the photospheric magnetic footpoint
was initially located in the same southern coronal hole generating SW1 (see
Figure 60, where the purple magnetic field lines indicate connectivity with
the flow with MA > 1), but then rapidly jumped to a mid-latitude extension
of the southern polar coronal hole. Such sudden change was interpreted as
a pseudostreamer region, where closed magnetic loops (visible in the three-
dimensional reconstruction represented in the right panel of Figure 60) are
enveloped by the neighbouring open lines (Kasper et al., 2021). Few or no
switchbacks were present in this sample, and the associated large-scale mag-
netic power is smaller (panel g of Figure 59), consistently with the properties
of a region above a pseudostreamer. Therefore, despite the overall similarity
of the plasma and fields parameters, the two SW and the SC intervals were
connected to two fundamentally different solar source regions, which explains
the difference in the Mach number and in the turbulence, as will be shown
in the following.

The properties of turbulence were initially evaluated using resampled 7-
second plasma and magnetic field measurements to perform the classical
structure functions analysis. In particular the second-order structure func-
tion, S2, was considered as an alternative to the power spectral density. The
Flatness, F (∆t) = S4/S

2
2 ∼ ∆t−κ, and its scaling exponent κ, were used to

evaluate the intermittency, as an alternative to the whole set of scaling ex-
ponents of the structure functions. The above quantities were estimated for
ion velocity, magnetic field and ion density, for the three selected intervals,
and are shown in Figure 61. The possibility to estimate structure functions
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Figure 61: Panels a-c: second-order structure functions of magnetic field, velocity and
proton number density, for the three intervals (color-coded in each panel). For vector
field, the sum over the three components is plotted, corresponding to the spectral trace.
Panels d-f : the flatness of the same fields. For the vector fields, the average over the three
components is shown. For each case, a power-law fit and the fitted scaling exponent is
indicated with color-coded lines and numbers. Figure from Sorriso-Valvo and Yordanova
(2022).

up to the fourth order was confirmed by the convergence test described in
Dudok de Wit (2004). The results were observed to be qualitatively similar
for the three components of the vector fields. Therefore, for a simpler visual-
ization, the three components of velocity and magnetic vectors were summed
(for the spectra, obtaining the equivalent trace) or averaged (for the flatness,
obtaining the mean intermittency scaling). The same colors of the shaded
regions in Figure 59 were used to identify the three intervals. Power-law fits
(lines) in the appropriate ranges of scales provided the scaling exponents, ζ2

and κ, which are indicated in the figure using the same colors. The second-
order structure function S2 scaling (panels a-c) reveals a robust inertial range
for all the fields, which extends approximately between 10 and 100 s. Such
range is compatible with previous spectral estimates (Kasper et al., 2021)
and with the estimated correlation scale (of the order of 200 s, as estimated
as the e-folding scale of the autocorrelation function, and roughtly in agree-
ment with independent values given in Zhao et al., 2022). Additionally, they
correspond to the range of the large-scale Alfvénic structures visible in the
spectrograms described above (panels g and h of Figure 59). For all intervals,

157



the spectral exponents are between 5/3 and 3/2, which is compatible with
the standard Kolmogorov or Kraichnan phenomenology. It might be noted
that the coronal (SC) interval has slightly smaller exponent for all the fields.
This could be interpreted as a less developed status of the turbulence with
respect to the two adjacent SW intervals. The flatness (panels d-f) shows
similar power-law and intermittency exponents for all cases (with the excep-
tion of density in the SW2 interval). At large scales, ∆t > 100 s, both the
second-order structure functions and the flatness are nearly constant. This is
consistent with the 1/f spectrum being associated with the broad presence of
large-scale Alfvénic fluctuations (Bruno and Carbone, 2013; D’Amicis et al.,
2021; Chandran, 2018), a reservoir for the solar wind turbulence (Verdini
et al., 2012)

In order to capture the subtle differences in the turbulent cascade possibly
associated with the different origin of the coronal and solar wind samples, the
scaling of the mixed third-order moment, equation (54), and the associated
energy transfer rate ε were evaluated for the three intervals. The scaling
laws are shown in Panels a-c of Figure 62, where positive and negative Y
are indicated by full and open symbols, respectively. Unlike the structure
functions analysis, the P&P law is able to capture a striking, fundamental
difference between the solar wind and coronal plasma. In the two solar
wind samples (panels a and c), the P&P scaling law is valid in a range
compatible with the structure functions inertial range (cf. Figure 61). On
the contrary, the coronal interval (panels b) does not show any linear scaling,
with Y changing sign erratically and the moments considerably scattered
along the scales. This simple observation carries two important results. First,
it shows that solar wind turbulence can be already fully developed in the
proximity of the solar corona (19R�) when the plasma is connected to coronal
holes. In that configuration, it is likely that the Alfvénic fluctuations and the
associated switchbacks provide the necessary energy to sustains the turbulent
cascade. Second, it suggests that if the flow is not connected with coronal
holes, as in the SC sample, and if the Alfvénic fluctuations and switchbacks
are limited, the cascade may have not yet reach a fully developed state at
the Alfvén surface. We will comment more on this possible consequence in
the following. The structure of the coronal plasma can therefore drive the
inhomogeneous properties of turbulence in the solar wind (Bale et al., 2021;
Hernández et al., 2021). A third important result relies upon the measured
energy transfer rate. The observed values, ε = 520 kJ kg−1 s−1 in SW1
and ε = 100 kJ kg−1 s−1 in SW2, are comparable with those measured at
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Figure 62: Panels a-c: third-order moments, Y (∆t), for the three samples. In SW1 and
SW2 samples, linear fits and the associated energy transfer rate are indicated. In the SC
sample, no linear scaling was observed, probably due to underdeveloped turbulence (see
discussion in the main text). Panels d-f : breakdown of the mixed third-order moment in
its energy (Ye, green diamonds) and cross-helicity (Yc, violet pentagons) components. In
all panels, full (open) symbols show positive (negative) values. Figure from Sorriso-Valvo
and Yordanova (2022).
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larger distance form the sun (36 R�, Bandyopadhyay et al., 2020; Hernández
et al., 2021), indicating that the turbulence is fully energized at the corona
frontier and does not necessarily require further in-situ energization during
the expansion.

Finally, more subtle differences can be highlighted by looking at the
contribution to the moment Y from each term of the P&P law: the en-
ergy contribution, Ye = 〈∆vL(|∆v|2 + |∆b|2)〉, and the cross-helicity one,
Yc = −2〈∆bL(∆v · ∆b)〉. These are shown separately in panels d-f of Fig-
ure 62. In SW1 and SW3, the contribution to the linear scaling is positive
and have roughly linear scaling for the energy term, but it is mostly nega-
tive and with less clear linear scaling for the cross-helicity term. In the SC
interval, the energy term, Ye, carries mostly negative contribution, while the
cross-helicity term, Yc, is positive, suggesting a different dynamics in which
the Alfvénic fluctuations are transferring energy to small scales, but velocity
and magnetic field individually are not able to generate appropriately cor-
related intermittent structures yet, possibly representing an earlier stage of
the turbulence. More data analysis and comparison with numerical simula-
tions will be necessary to interpret such observations in terms of dynamical
properties of the turbulence.

A note on the validity of the Taylor hypothesis is necessary at this point.
(Bandyopadhyay et al., 2022) pointed out that, given the mean flow speed
the Alfvén speed, and the typical fluctuations, the Taylor hypothesis may be
failing in these intervals. Furthermore, the presence of large-scale Alfvénic
fluctuations may result in doppler-shifted frequencies which are different for
inward and outward fluctuations. This may represent a major issue when
estimating scale-dependent increments through time series, since it could re-
sult in some mixing of space structure and time dynamics. In a separate
analysis of the same data, Zhao et al. (2022) used a modified Taylor hy-
pothesis (Zank et al., 2022) that involves using a different speed for inward
and outward modes, each obtained combining the solar wind speed with the
Alfvén speed of the corresponding mode. Such procedure should ensure a
better implementation of the Taylor hypothesis-based transformation from
time to space scales. In their paper, Zhao et al. (2022) estimate the power
spectral density of the Elsasser fields, which have well-developed power-law
range, and largely dominant outward modes. They also estimate the com-
pressible (Andres et al., 2021) and incompressible (Politano and Pouquet,
1998) third-order scaling laws, separately for the inward and outward modes
(after using the modified Taylor hypothesis), and then sum them to obtain
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Figure 63: Top panels: compressible energy flux terms F1c (flux terms, blue, equivalent
to F1a + F1b, equations (100-101)) and F2c (internal-energy term, equivalent to F2, equa-
tion (102)), together with their sum (red), estimated as in Andres et al. (2021). Bottom
panels: the same but using the standard incompressible P&P relation, equation (54). Left
panels: sub-Alfvénic interval SC; central panels: superalfvénic interval SW1; right panels:
superalfvénic interval SW2. Figure adapted from Zhao et al. (2022).

the mean energy transfer rate. As shown in Figure 63, there is evidence
of relatively good compressible scaling (with definite sign) in the second of
the two super-Alfvénic intervals (spanning from 15:00 to 19:00, equivalent to
SW2), while the scaling is less clear in the other one (from 02:00 to 07:00
equivalent to SW1). The scaling is even less clear, with non convergent sign,
in the sub-Alfvénic interval (09:33 to 14:42, equivalent to SC). The incom-
pressible scaling gives slightly less converging results, but have a comparable
energy transfer rate, showing that the overall compressible contribution is
small. The compressible energy transfer rate, estimated for the three cases
by means of a linear fit of the absolute values of the third-order moments,
was ε ' 150 kJ kg−1 s−1 for the two SW intervals, which are in good agree-
ment with those found using the incompressible case and without applying
the modified Taylor hypothesis. On the other hand, a higher energy transfer
rate, of the order of 570 kJ kg−1 s−1, was obtained for the coronal sample.

The conclusions of the study in this specific sample that turbulence is al-
ready developed, although the difficult experimental conditions do not allow
a robust claim based on observations. The dubious validity of the Taylor hy-
pothesis seems to be alleviated by the positive comparison with the results
obtained using a modified Taylor hypothesis. However, even the modified
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version could not be sufficiently accurate as to draw strong conclusions from
the results. The observation of a linear scaling seems to be the stronger
indication that the analysis is, in fact, feasible, since it is hard to build a
sign-definite third-order moment from randomized fluctuations.

The mixed third-order moment results on the nature of the turbulence in
previously unexplored regions of the solar surrounding seem to suggest that
the onset of turbulence happens close to the corona or inside of it, and that
the inhomogeneity of solar wind turbulence has roots in the solar coronal
structure. However, with all the above caveats in mind, it is clear that
the near-Sun results presented in this section should be taken with the due
precaution. A more extended statistical investigation is obviously necessary
to confirm their validity.

7. Third-order scaling laws in near-Earth and planetary space, and
in other exotic environments

Most planets of the solar system have an intrinsic magnetic field, proba-
bly frozen in their metallic cores and sustained by dynamo effects. Typically
dipolar, such magnetic fields have normally slow dynamics, and can be con-
sidered as static compared to the subjects of study in this report (Davies and
Constable, 2020). The magnetosphere refers to the region where the planet’s
magnetic field is dominant and controls the dynamics of the particles, as op-
posed to the interplanetary plasma, controlled by the heliospheric magnetic
field. Being embedded in the solar wind, magnetospheres continuously inter-
act with the interplanetary plasma and magnetic field. The solar wind blows
on the planetary magnetospheres, considerably modifying their undisturbed
dipolar configuration (Akasofu, 1981; Pulkkinen, 2007; Borovsky, 2021). The
complex dynamical coupling between magnetosphere and solar wind is driven
by the solar activity, and in fact determines a large part of the star-planet
interaction. Such interaction is extremely important as it controls space
weather conditions, which modulate the magnetic and radiation balance of
the planet, and hence affect its habitability (Cohen et al., 2014; Airapetian
et al., 2020). A schematic view of the terrestrial magnetosphere is presented
in Figure 64, with the solar wind blowing from left to right indicated with
yellow arrows, the magnetosphere indicated by the blue-black region, and the
Earth (not in scale) in the deformed dipole center. The solar wind pressure
deforms the planetary dipole, pushing the day-side lobe towards the planet,
and stretching the night-side in the flow direction, generating an extended

162



Figure 64: A schematic diagram of the terrestrial magnetosphere and the embedding solar
wind. Figure from Belisheva (2019).

tail. The frontier between the planetary magnetosphere and the solar wind,
called magnetopause, is located where the magnetic pressure from the plane-
tary magnetosphere is balanced with the solar wind kinetic pressure. Called
the Chapman–Ferraro distance, this can be roughly estimated imposing the
balance between the two pressures, RCF = RP (B2

P/µ0ρV
2
SW )1/6, where BP is

the planet magnetic field at the surface at the equator (Chapman and Ferraro,
1931). If the planet’s magnetic field is strong enough, resulting in RCF � RP ,
the magnetosphere is said intrinsic, while for weakly magnetized bodies it can
be induced by the interaction with the solar wind. Under normal solar wind
conditions, the sunward extremity of the terrestrial magnetosphere, called
the nose, can extend as far as ' 10RE (where RE = 6371 km is the mean
Earth radius), but it may considerably reduce its distance under high solar
wind pressure conditions. On the other side, the dipole magnetotail can be
stretched as far as ' 1000RE. Since the solar wind is supersonic, the impact
on the planetary magnetosphere will generate a shock wave, called bow shock
(indicated by a thin yellow line in Figure 64). The transition region between
the bow shock and the magnetopause is called magnetosheath (region in red
in Figure 64), characterized by shocked plasma and extremely large magnetic
field fluctuations. For this reason, the magnetosheath is a region of interest
for turbulence studies. The complex coupling occurring at the bow shock
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and the highly dynamical solar driver make the conditions in this region par-
ticularly rich and diverse. This results in a strongly inhomogeneous medium,
whose turbulence properties must to be examined with care and can pro-
vide important knowledge about various cross-scale, multi-physics coupling
mechanisms.

Several space missions have been launched to study the various magne-
tospheric dynamical processes. Among these, turbulence is a key process for
the energy transport and for the magnetosphere-solar wind coupling. Mas-
sive advances in the description of turbulence were recently obtained thanks
to the analysis of spacecraft data collected by the multispacecraft missions
ESA/Cluster (launched in 2000, see Escoubet et al., 1997)) and NASA/MMS
(Magnetospheric Multiscale Mission, launched in 2015, see Burch et al.,
2016), both still active today. Figures 65 and 66 present images of the two
missions along with schematics of their highly elliptical orbits. These were
carefully designed to change with time, thoroughly exploring the diverse sub-
regions of near-Earth space under different conditions, therefore offering a
unique laboratory for the study of space plasmas turbulence. For example,
Cluster collected data during two solar cycles, and both spacecraft formations
sampled the pristine solar wind, the magnetosheath, the magnetosphere and
the magnetotail. Spectral and structure function analysis of magnetic field

Figure 65: Left panel: artistic representation of the four Cluster spacecraft
in tetrahedral constellation. Credits: ESA-CC BY-SA 3.0 IGO (available
at https://www.esa.int/About_Us/ESA_history/Cluster_s_20_years_of_studying_
Earth_s_magnetosphere). Right panel: representation of two examples of Cluster orbit
in 2009 and 2011 (red lines). Credits: ESA (available at https://sci.esa.int/web/

cluster/-/36560-orbit-evolution-after-extension).

164

https://www.esa.int/About_Us/ESA_history/Cluster_s_20_years_of_studying_Earth_s_magnetosphere
https://www.esa.int/About_Us/ESA_history/Cluster_s_20_years_of_studying_Earth_s_magnetosphere
https://sci.esa.int/web/cluster/-/36560-orbit-evolution-after-extension
https://sci.esa.int/web/cluster/-/36560-orbit-evolution-after-extension


Figure 66: Left panel: The four MMS spacecraft stacked for launch being
tested at the NASA’s Goddard Space Flight Center in Greenbelt, Md., USA.
Credits: NASA/Chris Gunn (available at https://www.nasa.gov/content/goddard/

mms-stacked-for-environmental-testing). Right panel: schematic view of the orbit
of MMS in two different moments of the mission. The yellow arrows indicate the regions
of interest for the mission science objectives. Adapted from Tooley et al. (2016).

and plasma measurements were used to map the properties of turbulence in
the different regions and under different conditions of the magnetosphere. In
the dayside magnetosheath region, the shocked solar wind plasma tends to
lose its correlation properties, since the strong shock destroys the turbulent
structures and reshuffles their phases. In the region directly downstream of
the bow shock, the fluctuations are extremely large but there is no clear ev-
idence of Kolmogorov spectra. Moving away from the bow shock, sub-ion
scale turbulence starts forming well defined power-law spectra, with typical
steep spectral exponents ∼2.3—3.5 (Yordanova et al., 2008; Huang et al.,
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2014; Hadid et al., 2015). As the turbulence ages, nonlinear interactions
may generate an MHD inertial range on scales larger than the typical ion
scales. This is observed to develop a broader scaling range and intermittency
as the distance from the shock increases (Yordanova et al., 2008), indicating
a clear evolution of the turbulence. An example of magnetic spectrum is
shown in the top panel Figure 67, where the sub-ion range is clearly visible,
but the inertial range is still not well developed (Yordanova et al., 2008). The
bottom panel of the same figure shows the evolution of the intermittency p-
model parameter P (Meneveau and Sreenivasan, 1987) and of the spectral
exponent α with the distance from the bow shock, clearly pointing to an
increase of intermittency and formation of a ion-scale spectrum away from
the shock crossing (Yordanova et al., 2008). At the magnetopause and inside
the magnetosphere, turbulence is occasionally observed, mostly driven by the
magnetospheric boundary layer and by instabilities forming in the frontier
region (Di Mare et al., 2019; Quijia et al., 2021). The properties of turbulence
in the proximity of the bow shock are also strongly dependent of the shock
geometry. If the normal to the shock is perpendicular to the solar wind mag-
netic field (quasi-perpendicular conditions), reflected ions cannot cross the
magnetic field lines and are confined by cyclotron gyration to the proximity
of the shock. On the other hand, when the shock is quasi-parallel, reflected
ions can travel long distances upstream of the solar wind along the filed
lines, interacting with the incoming flow and generating a region of strong
turbulence and intermittency, called foreshock region. Examples of these
different conditions can be seen in Figure 68, where the structure functions
and their scaling exponents are shown for three different shock geometries,
as indicated by the angle between the shock and the solar wind magnetic
field, θ. Additionally, the shock crossing also enhances the plasma compress-
ibility. Therefore, density fluctuations in the magnetosheath can be as large
as 50—100%, generating highly turbulent fluctuations whose nature differs
from the quieter solar wind turbulence, where the fluctuations are typically
of the order of 5—20%. The above examples of variety of magnetosheath
turbulence clearly highlight the richness and complexity of the processes in
near-Earth space. Studies of the third-order moment are therefore impor-
tant to discriminate between different dynamical regimes, and to determine
the actual role of the nonlinear interaction in sustaining the turbulence and
generating the small scale structures, to explore their interplay with waves
and instabilities, and to investigate the cross-scale balance between fluid and
kinetic processes.
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Figure 67: Top: power spectral density of the magnetic field component Bz in the magne-
tosheath, as measured by the four Cluster spacecraft (colored lines), and in the upstream
solar wind (measured by ACE, black line). Fitted power laws are indicated. Bottom:
evolution of the intermittency p-model parameter P (top, see equation 18, Meneveau and
Sreenivasan, 1987) and fitted spectral exponent α (bottom) with the distance from the bow
shock, for the three magnetic field components (colored lines) and four Cluster spacecraft
(colored symbols). Figure from Yordanova et al. (2008).

7.1. Third-order scaling law in the terrestrial magnetosheath: from incom-
pressible MHD to compressible Hall MHD

The complex structure of the magnetosphere and the strongly elliptical
orbits of the dedicated missions do not generally allow collecting long sam-
ples of homogeneous plasma. However, in various occasions magnetosheath
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Figure 68: Structure functions of order m, Sm = 〈∆Bm〉 (top panels), and the correspond-
ing anomalous scaling exponents ζ(m) (bottom panels) for three samples of magnetosheath
plasma at three different angles, θ, between the shock normal and the solar wind magnetic
field (indicated above each column). Red lines indicate power-law fits of the structure
functions (top panels), or linear fits of the scaling exponents (bottom panels). Figure from
Hadid et al. (2015).

crossings were sufficiently long so that statistically robust analysis was pos-
sible. Far enough from the bow shock, the occasional presence of a short
but well defined MHD spectral range suggested that the turbulence could
be developed enough as to observe the linear scaling of the third-order mo-
ment. Several studies have been carried out using various versions of the
P&P law, including compressive and Hall terms. While the results discussed
below are not presented in chronological order of publication, they account
for the increasing complexity of the third-order moment scaling law versions,
which progressively include additional terms for compressive effects and Hall
physics. The various versions allow to highlight different properties and re-
veal important features of turbulence, representing therefore an outstanding
source of information on the near-Earth plasma physics.

The simplest analysis was carried out by Bandyopadhyay et al. (2018a),
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who used the basic incompressible MHD version, equation (54), to validate
the P&P law in one sample of magnetosheath plasma sampled by the MMS
spacecraft on 2017-01-18. Figure 69 shows an example of scaling of Y ±, com-
puted for the Elsasser variables z± (bottom panel), along with the magnetic
spectral trace (top panel). The absolute value used here does not allow to
evaluate correctly the convergence of the sign of the third-order moment over
the whole range of scales. Large excursions in the large-scale end (where the
spectrum becomes shallower, indicating a broad-band injection region) sug-
gest frequent changes of sign, which do not prove the extended-range validity
of the P&P law. However, the sign appears stabilized at least in the typi-
cal range of the f−5/3 MHD scaling, 1—10 s (Bandyopadhyay et al., 2018a;
Quijia et al., 2021), allowing a rough estimate of the energy transfer rate,
ε ' 10 MJ kg−1 s−1. The value observed in this sample is three orders of
magnitude larger than in the solar wind at 1 au, demonstrating the strong
energization of the turbulence at the bow-shock crossing. This observation is
of high relevance for the studies of the coupling and the energy flux between
solar wind and magnetosphere, and therefore for space weather applications.
In order to examine the energy balance in the various spectral ranges, the
large-scale energy injection rate, ε1 ' 10 MJ kg−1 s−1, was evaluated using
the von Kármán decay law, equation (17), obtaining values extremely sim-
ilar to the transfer rate, ε. Furthermore, the energy balance was explored
at kinetic scales, where a f−8/3 spectrum indicates the typical ion-scale tur-
bulence. A modified scaling law based on Gauss integration of the Yaglom
divergence, on multi-spacecraft spatial increments, and neglecting Hall and
pressure anisotropy contributions, leads to the kinetic range energy transfer
rate, ε3 ' 1 MJ kg−1 s−1, which clearly underestimates the actual energy
transfer.

Since the shock crossing introduces a high degree of compressibility of
the magnetosheath fluctuations, Hadid et al. (2018) attempted a study of
the compressible MHD version of the third-order scaling law, which was de-
scribed in Section 5.6. In particular, they use the version from Banerjee and
Galtier (2013), analogous of the updated version given here, equations (117)-
(120), and labeled as BG13. In their study, these authors identified 47 inter-
vals of THEMIS and Cluster measurements, each sufficiently extended (∼ 50
minutes) as to perform accurate statistical analysis. These intervals were
separated in two groups, according to the compressibility level: 29 weakly
compressive intervals, labeled as Alfvénic-like events, and 18 more strongly
compressive ones, associated with magnetosonic-like fluctuations. Two ex-
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Figure 69: Top panel: magnetic power spectrum (trace, blue line) for the MMS1 mea-
surements in the terrestrial magnetosheath. Kolmogorov (red dashed line) and sub-ion
(green dashed line) typical power-laws are indicated, as well as the ion inertial length, di
(vertical line). Bottom panel: for the same sample, absolute value of the mixed third-order
moments, Y ± (equation 54, blue and red lines), versus the time scale, τ ≡ ∆t. A reference
linear scaling (dotted black line) is shown for reference. Figure from Bandyopadhyay et al.
(2018a).

amples are presented in Figure 70, where the top panels show magnetic field
magnitude, B0, magnetic fluctuations, |δB|/B0, ion density ni and the as-
sociate fluctuations, |δn|/n0, as well as the plasma β. The insets in the
bottom panels show the total magnetic power spectral density (PSD) for the
two categories, revealing a broad Kolmogorov-like power-law scaling in the
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Figure 70: Examples of Alfvénic (left) and Magnetosonic (right) events, with respective
compressibility spectra C‖ (bottom panels, main windows, indicating the parallel to total
magnetic power spectral density ratio) and total magnetic power spectral densities (bottom
panels, insets). Figure from Hadid et al. (2018).

range of timescales 10—100 s (power-law fits are indicated along with the
corresponding exponent). The main windows of the same panels show the
compressibility spectra C‖ = δB2

‖/δB
2, namely the ratio between the parallel

and the total power magnetic spectral density (where parallel refers to the
mean field B0).

Figure 71 shows two examples of the third-order moment in the BG13
form (red lines), normalized to the scale and to the constant coefficient, so
that a flat region indicates linear scaling. Although the absolute value was
used in the figure, the authors checked the sign convergence of the moments
before computing the mean energy transfer rate, 〈|ε|〉, which however does
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not distinguish between positive and negative values. Direct comparison with
the incompressible version of the P&P law (black lines, labeled as PP98) sug-
gests that the contributions of the density fluctuations enhance the estimate
of the energy transfer rate by nearly one order of magnitude in the compres-
sive intervals, while the difference is much smaller for the Alfvénic intervals.
Finally, in order to exploit the information on the energy transfer rate ob-

Figure 71: Examples of normalized mixed third-order moments, ε, for compressible (in-
dicated as BG13, red) and incompressible (PP98, black) MHD, for Alfvénic (left) and
Magnetosonic (right) events. Figure from Hadid et al. (2018).

tained through the third-order scaling, a statistical analysis was performed
comparing the values of the energy transfer rate of the two groups of intervals
with several parameters. Figure 72 shows some examples. In the top row,
a comparison with the sonic Mach number, MS, is presented separately for
the two types of intervals. In both cases, an empirical power-law relation,
〈|ε|〉 ∼ M4

S, was identified. Such relation does not fully agree with similar
solar wind observations that were previously modeled by a M3

S dependency
(Hadid et al., 2017), highlighting the specificity of the magnetosheath fluc-
tuations and the enhanced role of the compressive fluctuations therein. The
above observed relation can be relevant to constrain models of the magne-
tosheath or, more generally, of compressive plasma turbulence. In the central
panels, the dependency on the angle between the velocity and the magnetic
field, θV B, is shown for those intervals that had relatively constant values.
Since the angle describes the sampling direction with respect to the mag-
netic field, this allows to explore the role of compressive fluctuations in the
anisotropy of the turbulence. In the Alfvénic events, the energy transfer rate
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Figure 72: Top panels: absolute value of the compressible energy cascade rate, 〈|εC |〉,
versus the sonic Mach number MS . Power-law fits, resulting exponents α and correlation
coefficients Ccorr are indicated. Central panels: compressible (circles, BG13) and incom-
pressible (squares, PP98) cascade rate and their ratio (blue lines) versus the mean θV B
angle, and versus the total energy (colors). Bottom panels: compressible energy transfer
rate averaged in bins of proton temperature anisotropy, T⊥/T‖, and β‖. Dashed liens
represent the indicated instability thresholds. Left (a) and right (b) panels refer to the
Alfvénic and magnetosonic intervals, respectively. Figure from Hadid et al. (2018).
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increases with the angle, so that fluctuations parallel to the mean field are less
energetic, in agreement with predictions and solar wind observations (Osman
et al., 2011). Again, the difference between compressible and incompressible
laws is limited. On the other hand, for magnetosonic-like events, where the
difference between the two versions is larger, a maximum of the transfer rate
appears near ∼ 45◦, which was explained as possible energy injection due to
the mirror instability. Finally, in the bottom panels of 72 the energy trans-
fer rate (color coded) is represented in the standard instability plot, where
the plain shows the proton temperature anisotropy T⊥/T‖ versus the pro-
ton parallel β‖, useful to identify the parameter regions for the thresholds of
the mirror, Alfvénic ion cyclotron and firehose instabilities (Hellinger et al.,
2006). This representation reveals that the Alfvénic events are mostly seen
near the firehose instability threshold, while the magnetosonic ones lie closer
to the mirror instability threshold, confirming the anisotropy observation de-
scribed above. These observations show that estimating the energy transfer
rate is crucial for understanding the nature of turbulence and its possible
sources in complex environments such as the terrestrial magnetosheath.

In a combined study of solar wind, magnetosheath and hybrid-kinetic
numerical simulations, Bandyopadhyay et al. (2020) used MMS data to ex-
plore the role of Hall terms in the turbulent energy cascade. These authors
used the simple version of the Hall-MHD scaling law, equation (84), which
include the Hall term, H, in addition to the MHD Yaglom term, Y (Fer-
rand et al., 2019). Examples of analysis are shown in Figure 73, where solar
wind and magnetosheath data (left column) and hybrid-kinetic simulations
with similar plasma β (right column) are compared. In all panels, the total
third-order moment is shown (black-dashed lines) together with the sepa-
rated MHD (full green) and Hall-MHD (full red) contributions. Observing
the scaling of the third-order moment, it was found that at fluid scales the
inertial range is dominated by the MHD contribution, as expected. On the
other hand, at sub-ion scales the cascade is not completely sustained by the
Hall term, so that a clear linear scaling is not observed. Comparison with
numerical simulations reveal good agreement for the magnetosheath samples,
while in the solar wind some differences emerge. This indicates that the en-
ergy is probably removed from the cascade by other processes, perhaps of
kinetic nature, not fully captured by the Hall-MHD approximation. This
observation represents an important step towards understanding the inter-
play between turbulence and dissipative processes (to be intended in a broad
sense), and suggests that those are already active in the sub-ion range.
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Figure 73: Mixed third-order moments contributions from the MHD (Y , green lines) and
Hall-MHD (H/2, red liens) terms, and their sum (black dashed lines). Linear relation are
shown for reference (blue lines). Vertical dotted and full lines indicate the ion gyroradius
and the correlation scale, respectively. Left panels refer to MMS measurements in the
solar wind (SW, top-lef) and in the terrestrial magnetosheath (MS, left-bottom), with
the plasma ion β parameter indicated. Right panels show analogous results for two runs
of a two-dimensional hybrid-kinetic simulation with similar plasma β. For the simulation
results, the velocity is given in Alfvén speed units (VA). Figure from Bandyopadhyay et al.
(2020).

To close the overview of studies targeting the Earth’s magnetosheath re-
gion, we describe the work of Andrés et al. (2019). These authors used a
complete compressible Hall-MHD version of the third order moment scaling,
equation (106), to attempt an accurate description of the energy transfer rate
accounting for all inertial range and sub-ion scale terms, with no (or limited)
approximations. As we have seen in Section 5.5.2, the long list of terms in
equation (90) can be condensed in four different terms, so that the compres-
sive energy transfer rate is εC = εfluxCMHD+εnonfluxCMHD +εfluxCHMHD+εnonfluxCHMHD, each
term referring to MHD or Hall-MHD, flux and non-flux terms. Comparing
the compressible to the incompressible rate (the standard MHD P&P law,
equation 54), and the contribution from the four terms in εC can provide

175



important information on the processes dominating the cascade in differ-
ent scale ranges and plasma conditions. In order to evaluate the non-flux
and the Hall contributions appearing in equation (106), spatial gradients
and sufficiently precise measures of the current density are needed. There-
fore, high-resolution, accurate measurements of fields and plasma from the
four-spacecraft MMS mission in the magnetosheath were used. Gradients
were estimated using multi-spacecraft techniques, exploiting the tetrahedral
configuration of the four MMS spacecraft, which provides two-point measure-
ments in three dimensions (Paschmann and Schwartz, 2000). The reduced
(electron-scale) inter-spacecraft distance enables estimating vector gradients
with adequate precision. Similarly, the current density associated with the
Hall terms was obtained using the highly accurate MMS measurements of
electron and ion moments, at 150 ms cadence. 72 intervals of about 300 s
were selected in the magnetosheath region towards the flanks of the mag-
netopause, where a Kolmogorov-like inertial range was observed. Figure 74
shows two examples of intervals from the database. In the left panel, an
example of nearly-incompressible fluctuations; in the right panels, one with
largely compressible fluctuations (see the magnetic field magnitude and den-
sity plots in the top panels). After verifying that a Kolmogorov-like spectrum
is present (see the compensated spectra in the central panels), the bottom
panel shows the third-order moment normalized to the scale, so that a con-
stant value indicates linear scaling. The four different versions (compress-
ible and incompressible MHD and Hall MHD, labeled respectively CMHD,
IMHD, CHMHD, IHMHD) are plotted in different colors and compared.
Note that the values are presented using the absolute value, so that changes
of sign are not visible. The authors argue that the sign of the cascade is not
relevant to their analysis, which is acceptable as long as sign convergence is
achieved. Changes of sign are possibly present, mostly in the compressible
Hall-MHD version, but reduced scaling ranges can be identified in the two
cases. In the Kolmogorov range, for the nearly incompressible interval the
CMHD and IMHD versions are nearly superposed, while in the compressible
interval the IMHD version is slightly larger, indicating a limited but effec-
tive role of density fluctuations in enhancing the global cascade rate. On
the other hand, at sub-ion scales the difference between the two estimates
increases for both intervals, suggesting that the Hall terms are affected by
compressible fluctuations more than the MHD terms. By comparing quan-
titatively the ratios between compressible and incompressible transfer rates
(Figure 75), the authors conclude that density fluctuations enhance the cas-
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Figure 74: Two characteristic MMS magnetosheath intervals among the 72 studied by
Andrés et al. (2019). Left panels: poorly compressible interval; right panels: highly
compressible interval. For each interval: top panels show the magnetic field magnitude
and density; central panels the compensated magnetic power spectral density; bottom
panels show the magnitude of the scale-normalized third-order moments for compressible
(εC) and incompressible (εI) MHD and Hall-MHD P&P law. Figure from Andrés et al.
(2019).

Figure 75: Scatter plot of the ratios between the compressible and incompressible cascade
rates for the Hall-MHD and MHD versions of the P&P law. Colors indicate the level of
density fluctuation. Figure from Andrés et al. (2019).
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cade rate at sub-ion scales, particularly when Hall terms are considered, and
this demonstrates the inherently compressible nature of the magnetosheath
turbulence.

Magnetosheath particles and fields measurements from MMS and Cluster
are among the most accurate and highest resolution in space plasmas. More-
over, the multi-spacecraft mission configuration allows uniquely to estimate
ion- and electron-scale spatial gradients to a high precision. Finally, the mag-
netosheath offers a broad variety of plasma conditions, with young and more
developed turbulence as well as various degrees of compressibility. For these
reasons, using different versions of the third-order scaling laws with magne-
tosheath measurements allowed to obtain a number of important details on
the nature of the turbulent cascade in such environment. In particular, it
was determined the the turbulence can reach a fully developed state quite
rapidly after the bow shock crossing, and is largely more energetic than in
the upstream solar wind. The role of the Hall terms and of the compressive
fluctuations in enhancing the cascade in different ranges of scales was high-
lighted by the works presented above, providing insight in the properties of
the fluctuations that will eventually drive small-scale kinetic processes, ulti-
mately dissipating the cascading energy. In order to gain further knowledge
about the particle heating and energization problem, a local approach will
be probably necessary, as will be discussed in Section 8.

7.2. Turbulence driven by a Kelvin-Helmholtz instability event at the terres-
trial magnetopause

As evidenced by spectral analysis, in the terrestrial magnetosheath the
turbulence becomes more developed as the plasma blows away from the
bow shock, where it is processed and strongly reshuffled. Additionally, sev-
eral fluid instabilities or large-scale structures can locally enhance the tur-
bulence by injecting further energy in the cascade. One interesting case
is occasionally observed at the magnetopause. Under specific conditions
(Chandrasekhar, 1961; Faganello and Califano, 2017), the plasma shear form-
ing between the magnetosheath plasma and the magnetopause may trigger
the Kelvin-Helmholtz instability (KHI), which initially generates large-scale
rolled-up vortices (Sundberg et al., 2012). The instability rapidly grows to
a turbulent state, where the rolls mix up and merge, transporting plasma
and energy from the denser magnetosheath to the rarefied magnetosphere
(Mitchell et al., 1987; Bavassano Cattaneo et al., 2010; Nakamura et al.,
2017). The KHI is a powerful driver of turbulence, providing an injection
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of energy since the early stage, when the large-scale shear is broken down
in smaller rolls which nonlinearly interact (Karimabadi et al., 2013). These
were observed in the flanks of the Earth’s magnetosphere (Chen and Kivelson,
1993; Hasegawa et al., 2004; Eriksson et al., 2016), and effects on the fluctu-
ations were studied, revealing the expected increase of turbulence (Stawarz
et al., 2016; Di Mare et al., 2019; Sorriso-Valvo et al., 2019a; Franci et al.,
2020).

Quijia et al. (2021) used MMS measurements to perform an in-depth
study of the statistical properties of turbulence in the KHI event of 8 Septem-
ber 2015, when the four-spacecraft formation was crossing the transition be-
tween the magnetosheath and the magnetospheric boundary layer, which was
identified by Eriksson et al. (2016). The KHI event, lasting nearly 80 min-
utes, showed the alternation of magnetosheath and magnetospheric boundary
layer plasma, evidenced by the differences in speed, magnetic field, density
and temperature. A two-minute sub-interval is shown in Figure 76, where
the alternation between the two regions (where the red and blue shaded areas
indicate the boundary layer and the magnetosheath, respectively) and the
sharp boundary separating them are evident. The authors identified nearly
stationary sub-intervals on each side of the KHI boundary (specifically, 59
in the magnetosheath, MS, and 24 in the magnetospheric boundary layer,
BL), carefully excluding the interaction regions, so that they could be con-
sidered as individual samples of turbulence in two different environments.
Sub-intervals were relatively short, their length averaging 2.35 minutes. The
spectral analysis of magnetic field, velocity, Elsasser fields and pressure, per-
formed using compressed sensing, a novel technique enabling the combined
study of the separated sub-intervals (Fraternale et al., 2016, 2019), revealed
a peak, clearly appearing near 1 minute, which was identified as the KHI
large-scale rolls, and supposed to represent the major driver of the turbu-
lence in this interval. A robust Kolmogorov spectrum was observed in both
samples, in a range extending between 2.5 and 25 s, clearly visible in top
panels of Figure 77. The boundary layer (top-left panel) shows relatively
shallow spectra, with exponents close to 3/2, while a slightly steeper spec-
trum, with exponent closer to 5/3, was observed in the magnetosheath. This
seems to indicate the presence of a moderately more developed turbulence
in the magnetosheath. This conclusion was not confirmed by comparing the
intermittency of the ensembles of MS and BL intervals. Indeed, as shown
in the bottom panels of Figure 77, the BL intervals has larger intermittency
parameter, P , obtained from a p-model fit of the structure functions scal-
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Figure 76: MMS measurements of a Kelvin-Helmholtz instability crossing at the mag-
netopause. From top to bottom: ion energy distribution and temperature (black line);
electron energy distribution and temperature (black line); ion density; ion velocity compo-
nents; magnetic field components and magnitude; the MHD and Hall-MHD local energy
trasnfer (LET) time series (see Section 8). Vectors are in the geocentric solar ecliptic
(GSE) reference system, with the x axis towards the Sun and the z axis perpendicular to
the plane of the Earth’s orbit around the Sun (positive North). Figure from Quijia et al.
(2021).
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Figure 77: Top panels: power spectral density (PSD) of the magnetic field components
fluctuations (color-coded) in the magnetospheric boundary layer (BL, left panel) and in
the magnetosheath (MS, right panel), estimated using the compressed sensing technique
(Fraternale et al., 2016, 2019). The black curves refers to the total magnetic energy, Em
(trace), and are vertically shifted for clarity. Power-law exponents, obtained fitting the
compressed sensing spectra, are indicated in colors. For comparison, thicker lines show
the spectra estimated from each short sub-interval and then ensemble-averaged, and the
magenta lines the total magnetic energy estimated using the whole interval. The vertical
dashed grey line indicates the Kelvin-Helmholtz waves period estimated independently
(Eriksson et al., 2016). Vertical full grey lines indicate the boundaries of the inertial
range and the typical ion scales. Bottom-left panel: anomalous scaling of the q-th order
structure function exponents, indicated here as ξq, shown for the BL (red symbols) and for
the MS (blue symbols). p-model fits (Meneveau and Sreenivasan, 1987, see Section 3.2)
and the resulting parameter P are indicated, along with a reference linear relation for non-
intermittent Kolmogorov turbulence (q/3). Bottom-right panel: for the two ensembles,
scale dependent flatness (here indicated as K, color-coded markers), with inertial-range
power-law fit (lines) and the resulting exponents κ, for the By magnetic field component.
The horizontal line indicates the Gaussian value K = 3. Note the plateau below ∆t ' 2
s, suggesting monofractal scaling in the sub-ion region. Figure from Quijia et al. (2021).
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ing exponents (see Section 3.2). On the contrary, the scaling exponent of
the flatness, κ, is moderately larger for the MS interval. These contradictory
observations suggest that the fluctuations are not simply generated by turbu-
lent nonlinear interactions, but rather structures exist that are pre-existing
or generated by alternative processes. The interaction of solar wind turbu-
lence with the bow-shock, as well as the disrupted KHI large-scale structures,
could be examples of such non-turbulent features.

Figure 78: The P&P law for MHD (left) and Hall-MHD (right). Blue and red symbols refer
to the terrestrial magnetospheric boundary layer region (BL) and to the magnetosheath
(MS), respectively. Full lines and symbols indicate positive Y , while dashed lines and open
symbols indicate negative Y . Figure from Quijia et al. (2021)

.

In order to clarify the above observations, the nature and development
state of the turbulence was finally examined using the P&P law, in both the
MHD and Hall-MHD versions, respectively equations (54) and (84). Despite
the limited overall sample size, it was possible to observe a convincing MHD
third-order moment linear scaling in the BL intervals, while this was not
the case for the MS, as shown in the left panel of Figure 78. According to
this observations, turbulence is well developed in the BL, while in the MS
the P&P law does not converge yet. In light of the results of spectral and
structure function analysis, determining whether the lack of linear scaling in
the MS samples is due to finite-size effects or to underdevelopment of the
turbulence is still an open question that would require the analysis of more
events. As usual, a rough estimate of the energy transfer rate for the BL
samples provided values in line with those observed in the magnetosheath
(see, e.g., Franci et al., 2020), demonstrating a high energization of the tur-
bulent cascade. On the other hand, the measured energy transfer rate in the
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magnetospheric boundary layer was ε ' 60 ± 10 MJ kg−1 s−1, the largest
value measured in space plasmas so far. The right panel of Figure 78 shows
the lack of scaling of the Hall-MHD version of the P&P law, suggesting that
Hall-physics effects are largely present in both regions. In agreement with
the spectral and intermittency analysis, it appears that current structures of
non-turbulent origin may populate the plasma, disrupting the possibility to
observe a linear law.

In a complex environment such as the KHI observed at the magnetopause,
the P&P law allowed to determine the nature of the fluctuations, highlighting
the coexistence of an active turbulent cascade with structures of different
origin, and revealing differences between the two plasma populations that
are not yet mixed by the instability. Moreover, it showed that the instability
can drive extremely strong turbulence in the boundary layer region.

7.3. The onset of turbulence in a magnetic reconnection exhaust in the Earth’s
magnetotail

Among many possible mechanisms that can drive turbulence in space
plasmas, magnetic reconnection is one of the most intriguing and complex.
Magnetic reconnection is a fundamental process occurring in plasmas when
two oppositely directed magnetic field lines are pushed together (see a sim-
plified schematic view in Figure 79). Being unable to cross each other,
they reconfigure their topology, breaking the frozen-in condition (Burch and
Drake, 2009; Yamada et al., 2010). The reconnection process often results in
the explosive conversion of magnetic energy into particle energization (Zen-
itani et al., 2011). It is believed to be a major mechanism producing solar
flares and coronal mass ejections (Sweet, 1958; Parker, 1957), favouring the
plasma exchange and driving auroral substorms at planetary magnetospheres
(Paschmann et al., 1979; Sonnerup et al., 1981; Akasofu, 2019), regulating as-
trophysical plasma processes (Lazarian et al., 2015) and resulting in the loss
of confinement in fusion devices (Lawrence and Gekelman, 2009). Examples
of some of those processes are illustrated in the bottom panels of Figure 79.
Magnetic reconnection may be strictly related with turbulence mostly in two
different ways, according to the relative typical scales (Matthaeus and Velli,
2011). The small-scale current sheets generated by turbulence can provide
conditions for initiating reconnection, as routinely observed in space plasma
measurements (Sundkvist et al., 2007; Retinò et al., 2007; Burch et al., 2016)
and in numerical simulations (Matthaeus and Lamkin, 1986; Servidio et al.,
2009; Karimabadi et al., 2013). On the other hand, large-scale reconnection
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Figure 79: Top: a simplified schematic view of two-dimensional magnetic reconnection.
Black lines indicate reconnecting magnetic field lines, red and blue arrows show respectively
plasma inflows and outflows. In the right panel, the diagonal dashed lines indicate the
location of the x-point, where the actual reconnection (breakup of the frozen-in condition)
occurs. Figure adapted from Cozzani (2020). Bottom-left: an example of model of a
reconnection event in the solar corona, producing a solar flare and a coronal mass ejection.
Figure adapted from Yokoyama and Shibata (2001). Bottom right: schematic view of
the terrestrial magnetosphere and the embedding solar wind. Likely reconnection events
locations, marked by two shaded box, are located at the nose and in the tail. Figure
adapted from Burch et al. (2016).

events are associated with fast plasma exhausts (Gosling et al., 1986; Phan
et al., 2000), which can in turn generate turbulence at the interface with the
surrounding plasma (Pucci et al., 2018).

The latter configuration may be conveniently studied in the terrestrial
magnetotail region, where the ambient plasma is typically drifting at low
speed, and the turbulence level is low (Borovsky et al., 1997; Vörös et al.,
2004; Zimbardo et al., 2010; Ergun et al., 2018). A recent example of the was
provided by Bandyopadhyay et al. (2021a). These authors used MMS mag-
netic field and particle measurements of a reconnection exhaust at the edge
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of the plasma sheet in the terrestrial magnetotail, recorded on 2017 June 16
from 18:10:03 to 18:29:33 UTC. The presence of a stable, fast jet of plasma,
generated by the reconnection event, enables the use of the Taylor hypothesis
and therefore to use the time series of data as a sample of turbulence. Fig-
ure 80 shows an overview of the event, where it is possible to appreciate that
the X component of the velocity was about 170 km s−1. After discussing

Figure 80: The data interval measured by the MMS spacecraft in the terrestrial magne-
totail on June 16th 2017, and identified as the exhaust of a magnetic reconnection event.
From top to bottom: magnetic field components, velocity components, ion and electron
density, ion temperature and electron temperature. Figure from Bandyopadhyay et al.
(2021a).

in detail the validity of the Taylor hypothesis, the authors performed the
spectral analysis of the magnetic field and proton velocity fluctuations, re-
vealing the presence of clear power-law turbulent inertial and kinetic ranges
(top and central panels of Figure 81). In addition, as shown in the bottom
panel of Figure 81, the incompressible P&P law was validated, providing
evidence that the exhaust turbulence is fully developed, and allowing to es-
timate the mean energy transfer rate, ε = 24 MJ kg−1 s−1, a large value not
dissimilar from those observed in the inner heliosphere at small distance from
the solar corona (Bandyopadhyay et al., 2020; Hernández et al., 2021; Zhao
et al., 2022) and in the terrestrial magnetosheath (Bandyopadhyay et al.,
2018a; Quijia et al., 2021). The observation of Bandyopadhyay et al. (2021a)
demonstrates once more the importance of assessing the existence of a tur-
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Figure 81: In blue, the power spectral density of magnetic field (top panel) and proton
velocity (central panel) in the reconnection exhaust. The noise floor is also indicated (red
lines). Vertical lines identify the wavevector associated with the ion inertial scale. Power
laws with typical scaling exponents are indicated for reference. The bottom panel shows
the scaling of the mixed third-order moment Y for incompressible MHD (black line) in the
reconnection exhaust observed by MMS in the terrestrial magnetotail. A linear scaling is
indicated for reference (red line). Figure from Bandyopadhyay et al. (2021a).

bulent cascade, which also enables to estimate the equivalent of the energy
dissipation rate in collisionless space plasmas. The high energy transfer rate
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found in the reconnection exhaust shows that large-scale reconnection events
in the terrestrial magnetotail are able to locally generate strong turbulence,
and may ultimately contribute to shape the temperature profile observed in
the magnetotail region. The P&P law can therefore help constraining models
of the Earth’s magnetosphere. More generally, it can shed light on the com-
plex interplay between turbulence and magnetic reconnection in energizing
collisionless plasmas particles.

7.4. Exploring planetary environments: turbulence upstream of the Martian
bow shock

The properties of turbulence near 1 au have been thoroughly studied for
several decades (Bruno and Carbone, 2013). Similarly, good quality mea-
surements in the inner heliosphere have allowed a robust characterization of
turbulence (Marsch and Tu, 1997; Bruno et al., 2003; Sorriso-Valvo et al.,
2018; Chen et al., 2020; Bandyopadhyay et al., 2020; Hernández et al., 2021;
David et al., 2022). Conversely, in the outer heliosphere most of the stud-
ies only addressed magnetic field turbulence. With the notable exception
of the Ulysses spacecraft (Sorriso-Valvo et al., 2007; Marino et al., 2012),
plasma instruments were so far not tailored for accurate turbulence studies,
so that the time resolution of the measurements from, for example, the Voy-
ager probes (see, e.g., Fraternale et al., 2016) or most planetary missions was
not sufficient to explore the scaling properties in the inertial range.

A recent opportunity to explore the heliospheric medium in the region
around ∼1.5 au is provided by several NASA and ESA missions targeting
Mars, which are often equipped with fields and plasma instruments. The
near-Mars space environment is of great interest, not only for heliospheric
science, but also to understand how the solar wind has impacted the Martian
atmospheric gases escape in the past, and how the planet’s magnetic weak
crustal field couples with the interplanetary magnetic field. The induced
magnetosphere of Mars is generated by the interaction between the solar
wind and the planet’s magnetic fields (see, e.g., Acuña et al., 1998, 1999).
This results in a complex system, fundamentally different from the terres-
trial environment, with stronger coupling between the planet’s atmosphere
and the surrounding solar wind (see a schematic representation of the near-
Mars space in the left panel of Figure 82). A broad variety of instabilities
are generated by such coupling, resulting in waves on a broad range of fre-
quencies. Among these, proton cyclotron waves (PCWs) are observed near
the Doppler-shifted local proton cyclotron frequency (Russell et al., 1990).
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These waves have shown strong seasonal variability, which was associated to
the orbital modulation of the martian atmospheric particle escape (Romanelli
et al., 2013).

The NASA MAVEN spacecraft (Figure 82, right panel) was launched in
2013 to explore the loss of Martian atmospheric gases to space and, among
other things, the interactions of the Sun and the solar wind with the Mars
magnetosphere and upper atmosphere (Jakosky et al., 2015). Equipped with
magnetic field and plasma sensors, MAVEN orbits Mars (at heliocentric dis-
tance of ∼1.38—1.67 au) with a ∼4.5 h period at an altitude varying from
about 150 km to 6220 km from the planet surface. While the magnetic field
is accurately sampled with 0.031 s cadence, the plasma instrument measures
the moments of the proton distribution functions with 4 s cadence. At that
distance from the Sun, such temporal resolution is enough to study the in-
ertial range turbulence. A detailed analysis of magnetic turbulent spectra
showed a wide range of spectral exponents in the solar wind upstream of the
martian bow shock and in the magnetosheath, as displayed in the two panels
of Figure 83. The left panel refers to MHD-scale spectral exponents, ranging
from -0.5 to -2 in different regions of the Martian environment, with steeper
spectra observed in the upstream solar wind and in the magnetosheath, and
shallower, non-turbulent spectra mostly at and downstream of the bow shock.
The kinetic range exponents, shown in the right panel, are larger and close to
typical values for space plasmas sub-ion scales (see, e.g, Leamon et al., 1998;
Chen, 2016). In the region downstream of the magnetosheath, one single

Figure 82: Left: A schematic representation of the near-mars space environment, from
Ruhunusiri et al. (2017). Right: the NASA MAVEN orbiter, from the NASA/MAVEN
official web page (https://mars.nasa.gov/maven).
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scaling law with index close to -2 was found. A marked seasonal variability
was also observed (not shown here), which was associated to the seasonal
variability of proton cyclotron waves (Ruhunusiri et al., 2017).

Figure 83: Mapping of the spectral indices of the magnetic fluctuations in a planar projec-
tion perpendicular to the ecliptic plane of the near-Mars space. Colors indicate the values
of the spectral index, shown separately for the MHD range (left panel) and at kinetic scales
(right panel). The Mars-centered Solar Orbital (MSO) coordinate system is used, where
the x-axis points from Mars to the Sun, the z-axis is perpendicular to the plan containing
Mars orbit (positive in the direction of the ecliptic north) and the y-axis completes the
right-handed system. Figure from Ruhunusiri et al. (2017).

The properties of the MHD turbulence energy cascade and the possi-
ble effect of PCWs have been the subject of a thorough study performed
by Andrés et al. (2020) using MAVEN data. These authors have selected
about three hundred 30-minute intervals in the region upstream of the mar-
tian bow-shock, characterized by stable large-scale magnetic field direction
and low density fluctuations, at the locations described in the top panels of
Figure 84. After separating intervals with and without presence of PCWs
(respectively indicated by the blue points in the top-left panel and by the
red points in the top-right panel of Figure 84), the energy transfer rate was
estimated using the P&P law for incompressible MHD, equation (54). The
two plots in the bottom-right panels of Figure 84 show the mean energy
transfer rate, 〈|ε|〉, estimated as the mixed third-order moment, Y , divided
by the scale, ∆t, and by the constant factor (including the solar wind speed,
Vsw). Unfortunately, the presentation of the figure does not allow evaluating
the actual presence of a clear linear scaling range (which would correspond
to constant 〈|ε|〉) in each single interval. Moreover, using the magnitude at
this level prevents to detect possible sign changes, which would imply lack
of convergence of the moment and of linear scaling. It is therefore possi-
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ble that, for some of the intervals, the estimate of the mean energy transfer
rate is incorrect, since the linear scaling might not be observed at all. With
these caveats in mind, the authors use a statistical approach to observe dif-
ferences in their estimates. The statistical analysis should indeed reduce the
possible effect of the presence of ill-defined linear scaling in some of the in-
tervals. The measured energy transfer rate is found to be of the order of

Figure 84: Top panels: the location of the intervals selected for the analysis, separated
according to the presence (top-left panel, blue points, set A) or absence (top-right panel,
red points, set B) of proton cyclotron waves. Bottom-left panel: the scale-dependent
magnitude of the energy transfer rate for the two sets of intervals (color coded as in the
top panels). Bottom-right: histograms of the logarithm of the mean energy transfer rate
magnitude, separately for the two sets (same colors). The MSO coordinate system is used
(see Figure 83). Figures from Andrés et al. (2020).

∼ 10−16—10−17 J m−3 s−1, namely at least one order of magnitude smaller
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than at 1 au (see Section 4.4). This seems to suggest that the solar wind
turbulence may be decaying during its expansion, also in agreement with
the much larger rates observed in the near-Sun environment (Bandyopad-
hyay et al., 2020; Hernández et al., 2021). It would be interesting to explore
the values in the ecliptic solar wind further out in the heliosphere, which
could be done, to some extent, using the Voyager data. Future planetary or
interstellar missions, such as Juice (to be launched in 2023, Grasset et al.,
2013) or interstellar probes (proposed but not yet selected for launch by space
agencies, McNutt et al., 2022), will help determining the radial evolution of
solar wind turbulent cascade with better accuracy. Finally, the red and blue
histograms in Figure 84 indicate that the two sets with and without PCWs
have slightly different energy transfer rate. In particular, the intervals with
waves appear to have larger energy transfer rate. The authors suggest that
the ion-scale waves may play a role in modulating the inertial range cascade,
through instabilities or inverse cascade mechanisms, therefore explaining the
seasonality of the spectral indices previously observed. The causality relation
between the two observations is harder to assess. The enhanced turbulence
might indeed be the cause for observation of the PCWs, or, more likely,
both features could be associated with the same driver, possibly related with
the seasonal changes in the Mars exosphere and magnetosphere connection
with the solar wind. Previous observations of ion-scale cyclotron waves was
typically associated with periods of reduced turbulence (Khotyaintsev et al.,
2021; Carbone et al., 2021). This suggest that the MAVEN observations are
in fact demonstrating a different feature, more strictly connected with the
specific Mars environment, and which will deserve more accurate studies.

The P&P law is therefore extremely useful to constrain the modeling of
the interaction between the solar wind and the planetary environments. In
the case of Mars, this is of great importance for a correct understanding of
the history of the planet atmosphere, and for the modeling of electromagnetic
and radiation seasonal variations, with relevance for its habitability.

7.5. Enhanced turbulent cascade in interplanetary coronal mass ejections

One of the most impressive features of the solar activity is the sudden
expulsion of massive blobs of strongly magnetized plasma form the corona,
called coronal mass ejections (CMEs, Howard, 2011). CMEs are generated
during powerful releases of energy in the corona, usually associated with solar
flares and solar active regions. They are typically the result of magnetic
reconnection events that reconfigure and relax regions of highly stressed,
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twisted magnetic field structures, called flux ropes. These usually entrap
colder and denser coronal plasma, which may fall back to the solar surface or
be violently released outward. In the latter case, once the expelled plasma
structures are released from the corona in the heliosphere, they are often
indicated as interplanetary coronal mass ejections (ICMEs, Kilpua et al.,
2017). The expelled bubble of plasma carries the associated magnetic flux
rope out in the interplanetary medium, expanding vigorously while it travels
away from the sun with speed usually between 250 and 3000 km/s. Such
speed is often larger than the speed of the embedding solar wind. If the ICME
speed in the solar wind reference frame exceeds the local magnetosonic speed,
a shock wave may form ahead of the expanding plasma bubble. Needless to

Figure 85: A schematic view of an expanding interplanetary coronal mass ejection. Figure
from Zurbuchen and Richardson (2006).

say, from the point of view of turbulence, ICMEs are the equivalent of a
dynamic obstacle in the solar wind flow, possibly causing modification on
the fields fluctuations inside the ICME and in its trail. When ICMEs impact
the terrestrial magnetosphere, they cause abrupt changes in the solar wind
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dynamic pressure, in the magnetic configuration at the bow shock, in the flux
of particles accelerated by the shock, and in several more parameters of the
solar wind and of its fields fluctuations. These are usually associated with
modifications of the global magnetospheric current system and configuration,
therefore driving hazardous yet spectacular space weather events such as
geomagnetic storms and auroras (Pulkkinen et al., 2007).

Figure 86: The aurora produced by the impact of an interplanetary coronal mass ejection
on the terrestrial magnetosphere on November 4th, 2021, photographed from space by the
ISS astronaut Thomas Pesquet. Credits: ESA/NASA—T. Pesquet.

Predictive modeling of CME expansion are expected to depend on the
nature of the turbulent fluctuations of the solar wind and interplanetary
magnetic field, and possibly of the ICME itself. This is manifestly clear when
considering, for example, the effects of drag that the interplanetary medium
applies on the ICME expansion (Maloney and Gallagher, 2010). Knowing
the properties of solar wind fluctuations associated with ICMEs, and the
way those interact with the surrounding solar wind and IMF, is therefore of
extreme strategic importance for space weather purposes.

Recently, the statistical properties of turbulence in ICMEs have been
studied using standard data analysis tools such as spectra and structure
functions. Observations of larger magnetic field fluctuation power, steeper
power spectra and enhanced intermittency suggest that ICME-driven sheaths
have stronger but less developed turbulence than the surrounding solar wind
(Kilpua et al., 2020; Kilpua et al., 2021; Pitňa et al., 2021). This is produced

193



by the strong compression of the plasmas crossing the ICME shock, which
increases the fluctuations amplitude and inject fresh energy that needs to
be transferred across scales by the turbulent cascade. A similar process is
commonly observed at the terrestrial bow shock (Yordanova et al., 2008).

The P&P law can provide further and more solid information about the
status, strength and development of the turbulence in various sectors of
ICMEs, and in the surrounding solar wind. To exploit the strength of the
diagnostics, preliminary studies were performed using a few largely examined
ICME events. Sorriso-Valvo et al. (2021) analysed Wind measurements of
an ICME crossing occurred in July, 2012, a “textbook” event with clear sep-
aration between the various sectors and presenting all the typical features of
ICMEs (Webb and Nitta, 2017). The data were split in five intervals: two in
the solar wind ahead of the ICME, one in the ICME sheath between the shock
and the ICME flux rope, one in the hearth of the flux rope, and one in the
solar wind behind the ICME (see the color-shaded areas in the panels of Fig-
ure 87). For each interval, the general conditions of turbulence were assessed
using the solar wind parameters (the bulk speed, Vsw, the plasma β parame-
ter, the magnetic fluctuations amplitude, δB/B0, the angle between the solar
wind velocity and the magnetic field, θV B, and the normalized cross-helicity,
σc) and the standard turbulence properties (the spectral index, α, and the
scaling exponent of the flatness, κ, estimated for the velocity and magnetic
field components, as well as for the density and temperature). For this event,
the scaling exponent of the second-order structure function (equivalent to the
power spectral density) and of the flatness do not change substantially in the
different regions, suggesting that the overall turbulence properties were not
affected by the shock compression. The only exception was observed for
the density fluctuations (see panel (c) of Figure 88), which are intermittent
only in the ICME sheath, where the shock compression produces a nonlinear
cascade that generates small-scale density structures.

The P&P law was then evaluated for each interval, using equation (54).
Results, shown in Figure 89, indicate that the P&P law is verified, as ex-
pected, in the solar wind ahead (SW-1) and behind (SW-2) the ICME. This
was not the case for the SW-2 interval, probably a magnetic cloud with low
turbulence level, where statistical convergence of the mixed third-order mo-
ment was not attained, so that Y repeatedly changes sign with the scale. In
the ICME sheath and cloud, a stable, broad linear scaling range was iden-
tified, so that the P&P law was correctly validated. This result shows that
the turbulent cascade is already fully developed in the ICME regions. This
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Figure 87: The Wind measurements during the interplanetary coronal mass ejection
(CME) crossing of 12—20 July, 2012. From top to bottom: velocity components in RTN;
magnetic field components and magnitude; proton density and temperature; the proxy
of the local energy transfer rate, LET (see Section 8). The color-shaded areas indicate
the five intervals selected for the study. Shades of blue represent the two CME portions,
namely the sheath (CME-SH) and the magnetic cloud (CME-CL), while the solar wind
sub-intervals are indicated by SW-1, SW-2 and SW-3. Figure from Sorriso-Valvo et al.
(2021).

is in contrast with the conclusions of Kilpua et al. (2021), where a young tur-
bulence was invoked to explain the different spectra and flatness. The same
conclusion arises when observing the estimated values of the mean energy
transfer rate ε (see the legends in each panel of Figure 89, which is largest
in the ICME sheath, suggesting a fully developed, strong turbulence. Two
possible scenarios can explain this observation. On the one hand, it is pos-
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Figure 88: The flatness F = S4/S
2
2 , estimated for magnetic field (panel a) and velocity

(panel b) fluctuations averaged over the three components and labeled as “trace”, and for
density fluctuations (panel c), for all five regions (same color-code as in Figure 87. The
gray horizontal line indicate the Gaussian reference value F = 3. Figure from Sorriso-Valvo
et al. (2021).

Figure 89: Scaling of the mixed third-order moment for incompressible MHD (PP-law)
in the five intervals studied. Linear fits are indicated. Figure from Sorriso-Valvo et al.
(2021).

sible that the onset of turbulence downstream of the ICME shock is rapid
and efficient, and allows the turbulent cascade to immediately build up. On
the other hand, it is also possible that the preexisting solar wind turbulence
is not fundamentally affected by the shock crossing, which adds compression
but leaves the fields correlations (i.e. the intermittent structures) robustly
well defined. However, this second possibility is in contrast with the obser-
vations of underdeveloped turbulence in the magnetosheath, downstream of
the terrestrial bow shock, where the cascade is not immediately recovered
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after the strong compression. A statistical analysis of several events will be
necessary to further understand the properties of turbulence in ICMEs and
in the surrounding solar wind.

7.6. A phenomenological Yaglom law for proton density and temperature

An interesting phenomenological extension of the P&P law was recently
proposed to describe the energy cascade associated to scalar quantities that
are passively advected by the active solar wind turbulent fluctuations (Ya-
glom, 1949). In the solar wind flow, proton density and temperature are
turbulent quantities whose fluctuations display spectral and intermittency
properties not dissimilar to those of velocity and magnetic field. Their study
is, however, less commonly found in the literature. Some exceptions are
represented by a series of works that revealed the possible passive nature
of both those quantities (Consolini, 2012; Consolini et al., 2020), suggest-
ing similarities with passive scalar turbulence in ordinary flows (see for ex-
ample Shraiman and Siggia, 2000; Warhaft, 2000, and references therein).
Such behaviour was not always confirmed by other studies of density fluctu-
ations, which instead pointed to a broader variety of dynamical properties,
not simply associated to active or passive role, particularly in the more com-
pressive slow solar wind (Hnat et al., 2005; Bruno et al., 2014; Riazantseva
et al., 2016; Sorriso-Valvo et al., 2017; Carbone et al., 2021). Nevertheless,
at least in those cases where density and temperature actually behave like
passive scalars, the analogous of the von Kármán-Howarth relation for pas-
sive scalars, better known as Yaglom law (Yaglom, 1949), can be recovered.
In its hydrodynamic version, such equation predicts the linear scaling of the
mixed third-order moment involving the passive scalar φ, and can be written
as

Yφ(`) = 〈∆vL(∆φ)2〉 = −4

3
εφ` , (122)

where the advecting field is assumed to be the velocity (purely fluid model),
and εφ is the energy transfer rate associated to the density or temperature
variance. This represents the rate at which the temperature or density fluc-
tuations are transferred towards smaller scales and depleted by some specific
mechanisms, clearly yet undetermined in the solar wind. Under the usual
assumptions of homogeneity, stationarity and local isotropy, the Yaglom law
for density and temperature was recently validated in solar wind data (Con-
solini et al., 2020). In particular, the Empirical Mode Decomposition-based
Dominant Amplitude Multifractal Formalism (Welter and Esquef, 2013) was
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Figure 90: Top panels: the third-order scaling law for solar wind proton temperature (left
panel) and density (right panel), see equation (122). In both of the top panels, fast and
slow solar wind data are indicated by red and blue markers, respectively. Bottom panel: for
the fast wind stream, the mixed fourth-order moment scaling law for density (circles) and
temperature (squares), see equation (123). The timescale τ = `/Vsw is obtained, as usual,
transforming the spatial scale r via the Taylor hypothesis. Power-law fits Yφ(`) ∝ `α are
superposed (black dashed lines). The fitted scaling exponents for the slow wind samples
are α = 0.95 ± 0.05 (temperature) and α = 1.02 ± 0.05 (density), compatible with the
predicted linear scaling, while for fast wind samples are not linear, with α = 0.65 ± 0.02
(temperature) and α = 0.85± 0.03 (density). Figures from Consolini et al. (2020).

used for one fast (Alfvénic) and one slow (non-Alfvénic) solar wind streams
measured by the Ulysses spacecraft. Results, illustrated in the top panels of
Figure 90 showed that in the more compressive slow solar wind (blue sym-
bols), for both variables the linear prediction of equation (122) was verified
to a large extent and on a broad range of scales, extending from the data res-
olution (12 m) to several hours. The associated energy transfer rates resulted
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εn ' 10−8cm−6s−1 and εT ' 102 K2s−1 for density and temperature fluctua-
tions, respectively. Conversely, for the fast solar wind sample (red symbols)
the linear law was not observed, although a power-law scaling Yφ(`) ∝ `α

with exponents α = 0.65 (temperature) and α = 0.85 (density) was present
(Consolini et al., 2020). Such observation was used to support the passive
nature of the two quantities in the slow solar wind sample.

As mentioned above, equation (122) is purely fluid and does not in-
clude magnetohydrodynamic effects. Although the analytical derivation of
the MHD equivalent of the Yaglom law for the passive scalar has not been
explored yet, an alternative scaling law based on phenomenological consider-
ations was proposed by the authors of the study in order to explain the fast
stream observation. Fast solar wind turbulence is often highly Alfvénic, with
correlated v-b fluctuations over a broad range of scales (Bruno and Carbone,
2013). Therefore, the decorrelation produced by the sweeping of Alfvénic
fluctuations reduces the nonlinear interactions, resulting in the Kraichnan
scaling and spectrum of the Elsasser fields, ∆z± ∼ `1/4 (Kraichnan, 1965).
In analogy with the Kraichnan scaling for the Elsasser fields fluctuations,
a simple phenomenological analysis can be used to introduce the Alfvénic
decorrelation associated with the Alfvén time-scale also for the passive scalar.
This results in the phenomenological analogous of the passive-scalar Yaglom
law for Alfvénic turbulence,

〈∆v2∆φ2〉 ∼ εφ` cA , (123)

which predicts the linear scaling of the mixed fourth-order moment instead
of the third-order one. The bottom panel of Figure 90 shows that in the fast
solar wind the modified phenomenological MHD Yaglom law, equation (123),
is verified to a good extent, over more than two decades of scales, for both
density and temperature (Consolini et al., 2020). Although the observed
fourth-order scaling is remarkable, it should be stressed once more that the
above relation (123) is not derived from the dynamical equations, and is
therefore not an exact law, but rather a dimensional, phenomenological re-
lation. Further studies should be devoted to the exact law describing the
passive scalar in MHD flows, both by seeking the equivalent formal Yaglom
law for MHD plasmas, and by performing more complete solar wind data
statistical analysis. In particular, the dependence of the temperature and
density behaviour could be examined as a function of the specific plasma
conditions (e.g. radial distance from the Sun, compressibility, Alfvénicity,
magnetic fluctuation level). This could help understanding the passive or
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active nature of the proton parameters in the global energy transfer process
as well as their role in the solar wind heating mechanisms.

7.7. Energy cascade in the interstellar medium

In some space and astrophysical systems, the role of the magnetic field
can be considered marginal, and other force terms can appear in the Newton
equation of the plasma. In other cases, for example when dealing with su-
personic turbulence, the dynamics is modeled neglecting the magnetic field
contribution in order to optimize computationally challenging numerical so-
lutions. One clear example is the turbulent interstellar medium (ISM, see for
example McKee and Ostriker, 2007; Federrath and Klessen, 2012; Hennebelle
and Falgarone, 2012). Studying the interstellar medium is crucial for under-
standing processes such as star formation and cosmic ray transport. For
example, intermittency generated by turbulence is considered an important
ingredient leading to mass clustering and the subsequent star formation (Fal-
garone and Puget, 1995; Elmegreen and Scalo, 2004; Scalo and Elmegreen,
2004; Falgarone et al., 2009). In the absence of in-situ measurements, the
ISM has been studied numerically (see, e.g., McKee and Ostriker, 2007; Fed-
errath and Klessen, 2012; Hennebelle and Falgarone, 2012) and using remote
observations. For instance, Orkisz et al. (2017) found that, while large-scale
motions of the Orion B nebula are solenoidal, at smaller scales and within
specific regions they are compressive, which highlighted the supersonic na-
ture of the turbulence (Elmegreen and Scalo, 2004). While some authors
have approached the MHD description (Federrath, 2016), in many cases the
supersonic turbulence in the ISM is described using numerical simulations of
the compressible, isothermal hydrodynamic equations (e.g., Kritsuk et al.,
2007; Federrath, 2016). This is mostly motivated by numerical constraints
and by the requirement of high Mach numbers.

7.7.1. A third-order relation for supersonic hydrodynamic turbulence

In a recent work, Ferrand et al. (2020) has adapted the compressible MHD
exact law to the purely hydrodynamic case for the description of supersonic
interstellar turbulence. The governing equations are

∂ρ

∂t
+ ∇ · (ρu) = 0 (124)

∂(ρu)

∂t
+ ∇ · (ρuu) = −∇P + d + f , (125)
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where d and f are respectively the dissipation term and the forcing. Follow-
ing the same approach as in Hellinger et al. (2021b), additionally using an
isothermal closure for the pressure, P = c2

sρ (Ferrand et al., 2019), a simple
relation for the energy transfer rate ε was obtained assuming homogeneity,
stationarity, and the existence of a well defined inertial range (i.e., the forcing
only act at large scales and dissipation occurs at small scales). In divergence
form, and within the inertial range of scales, the exact law is then:

∇` · 〈∆ρ|∆u|2∆u〉 − 1

2
〈(ρθ′ + ρ′θ)|∆u|2〉 = −4ε , (126)

where, as already described in Section 5.5.2, primed quantities are esti-
mated at the point r + `, ∆ indicates average between values of a quantity
at the two point r and r + `, and θ = ∇ · u is the plasma dilatation. The
left-hand side of equation (126) includes two simple terms. The first one,
indicated as ∇` · F, is a pure divergence (flux) term, which is similar to
the standard incompressible one with the (smooth) additional contribution
from the density fluctuations. This signed term can remain finite at small
scales, since the divergence operator grows as the scale decreases (Ferrand
et al., 2020). The second term, indicated as S, is a simple source term that
involves (smooth, finite) dilatation variations, which should therefore vanish
as the velocity fluctuation energy as the scale decreases, and is absent in the
incompressible limit (θ = 0). Note that for an expanding plasma (θ > 0) the
source term is negative, and a direct cascade generated by the flux term is
reduced or inhibited. If the plasma is being compressed (θ < 0), the source
term is positive, and contributes to enhance the cascade towards the small
scales. The formulation of equation (126) therefore allows to describe the role
of compression in the global cross-scale energy flux. The scaling law can be
expressed in a practical way as the sum of the two terms, ∇` ·F +S = −4ε.

7.7.2. Energy transfer in a numerical simulation of supersonic interstellar
turbulence

Since there are currently no in-situ plasma measurements in the interstel-
lar medium, and remote observations do not allow accurate estimates of the
velocity (although proxies can be inferred), studies of the turbulent energy
transfer rate can be only performed using numerical simulations. To this aim,
Ferrand et al. (2020) used one high-resolution (10483 grid points in a peri-
odic cubic box) direct numerical simulation of the isothermal, compressible
Navier-Stokes equations in the regime of supersonic turbulence, namely with
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turbulent Mach numberM = urms/cs = 4, where urms is the velocity disper-
sion estimated using the fluctuations at the scale of the forcing (for details of
the simulation, see Federrath et al., 2021). The left panels of Figure 91 show
one two-dimensional slice of a snapshot of the density dilatation θρ (top-left
panel) and magnitude of the vorticity (bottom-left panel) during the steady
state of the turbulence. The highly turbulent nature of the fluctuations of
those quantities is evident. The two terms of equation (126) have been es-
timated over the entire volume, and averaged over four snapshots in order
to improve statistical convergence. The results are shown in Figure 92. The
total energy transfer rate, ε (red line), is reasonably constant over a broad
range of scales, indicating that the law correctly captures the cascade prop-
erties of the flow. The positive flux term (blue line) can be interpreted as an
effective cascade rate, composed of the combined contribution of the actual
dissipation rate, ε, and of the dilatation term, S. The resulting effective rate
is increased by the smaller negative source term (green dashed line) over the
whole range of scales. This indicates that the dilatation of the plasma is not
negligible, and is contributing to generate small scale fluctuations.

The study then focuses on the role of the filamentary vorticity structures,
highlighted in the magnifications in the right panels of Figure 91, in driving
the dilatation contribution. Conditional analysis of regions with and with-
out vorticity/compression filaments confirms the obvious expectation that
most of the energy flux comes from the structures, a known property of in-
termittency (Frisch, 1995). The typical size of the structures is observed to
correspond to the sonic scale, which has been previously estimated by Fed-
errath et al. (2021). These structures appear therefore as the joint result of
the supersonic nonlinear interactions and dilatation/compression. Smaller
scales seems to be characterized by standard subsonic turbulence, so that
dilatation structures are not observed.

Finally, in order to understand the role of nonlinear interactions and
dilatation in the dynamics, the authors explore the different regimes by esti-
mating the root mean square, rather than the average, of the flux and source
terms. To do so, the average of the absolute value of the two terms is com-
puted. This obviously invalidate the exact law, so that no scaling is expected
or predicted, and no direct relationship with the energy transfer rate may
be inferred. Nevertheless, this representation can highlight the intensity of
the two-way cross-scale energy transfer, or in some sense the activity of the
nonlinear interactions and of the compressive energy exchanges. Figure 93
shows, for one snapshot of the simulation, the modified unsigned flux term,
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Figure 91: Left panels: two-dimensional cuts of the normalized density dilatation (top, see
color bar) and vorticity magnitude (bottom, see color bar) obtained from one snapshot of
the three-dimensional isothermal, supersonic hydrodynamic turbulence numerical simula-
tion described in the text. The two axes are given in number of grid points. Right panels:
magnification of a filament of strong compressive and vorticity activity (the location of the
magnified area is indicated by the cyan dashed box in the top-left panel, and the magnified
box is 150×400 grid points). Figure adapted from Ferrand et al. (2020).
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Figure 92: Scaling of the energy transfer rate, ε (red line, equation 126), flux term,
−1/4∇` · F (blue), source term, −1/4S (green), and the simple incompressible hydrody-
namic (IHD) energy transfer rate, εIHD (orange). Full or dashed lines indicate respectively
positive and negative values. The vertical dashed black line identifies the sonic scale as
estimated in (Federrath et al., 2021). The scale ` is normalized to the simulation box size,
L. Figure from Ferrand et al. (2020).

F̃ = 〈∆̄ρ(∆u)2|∆u|〉 (cyan), and source term, S̃ = 1/2〈|ρθ′ + ρ′θ|(∆u)2

(green), both labeled with a tilde. The flux term, like for the signed case, is
approximately constant across the scales. On the other hand, the source term
clearly increases, approximately as the square root of the scale. A crossover
is observed precisely at the sonic scale, which therefore separate two ranges
characterized by different dominant dynamics. At supersonic scales, the dy-
namics is dominated by strong compression (such as shock structures), and
the energy transfer rate is not constant. These produce filaments whose typi-
cal size is of the order of the sonic scale. Below such scale, namely at subsonic
scales, a standard compressible energy cascade takes place, generates small-
scale vortices and waves, and has constant energy transfer rate.

Notwithstanding all the caveats and limitations of the proposed numer-
ical modeling, this result may be useful in the interpretation of remote ob-
servations of star formation regions, where the role of compressive modes
dominates the dynamics (Orkisz et al., 2017).

7.8. From the stars to the lab: electrostatic turbulence in fusion plasmas

While plasma is the most common state of visible matter in the universe,
it is practically absent in the Earth environment below the ionosphere. Spo-
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Figure 93: Scaling of the averaged unsigned flux term, F̃ = 〈∆̄ρ(∆u)2|∆u|〉 (cyan), and
source term, S̃ = 1/2〈|ρθ′ + ρ′θ|(∆u)2〉 (green), see equation (126). The vertical dashed
black line identifies the sonic scale (Federrath et al., 2021). Blue and green dashed lines in-
dicate power-laws, and are shown for reference. The scale ` is normalized to the simulation
box size, L. Figure adapted from Ferrand et al. (2020).

radic natural examples are found in lightnings (see for example Bazelyan
and Raizer, 2000; Becker et al., 2005, and references therein) and in excep-
tionally hot flames. On the other hand, artificial plasmas are commonly
produced and studied in a broad range of laboratory systems, ranging from
fusion devices to industrial treatment of materials. Among those, fusion
plasmas are relevant to this review, allowing to investigate several aspects of
interest also for space and astrophysical plasmas. Besides their paramount
importance for energy production purposes, their accessibility in laboratory
provides otherwise inaccessible direct experimental measurements of the dy-
namical fields, though in conditions often very different than in space. With
the necessary caution in considering the different plasma regimes and param-
eters, these can be used to help understanding fundamental plasma physics
mechanisms (see Stacey, 2005). In particular, turbulence plays a crucial role
in driving cross-field energy losses in magnetized plasmas. In their typical
configurations, toroidal fusion devices such as tokamaks, stellarators, and
reversed field pinches host strong electrostatic fluctuations in their edge re-
gions (Horton, 1999; Zweben et al., 2007; Scott, 2007). In equilibrium with
the E×B drift velocity shear, these drive enhanced particle transport across
the plasma column (Antoni et al., 1998), often in the form of intermittent,
localized high-density structures propagating from the hot plasma core to-
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wards the device external wall. This represents one of the most disruptive
effects driving energy losses and thus limiting the plasma confinement (Terry,
2000; Carbone et al., 2003). Understanding the fundamental properties of
intermittent turbulence in fusion devices is therefore necessary to try to en-
hance the confinement properties of fusion plasma, and ultimately achieve
the goal of using controlled thermonuclear fusion for energetic purposes.

7.8.1. A Yaglom-like equation for electrostatic turbulence in fusion plasmas

A simplified model to simulate two-dimensional electrostatic turbulence
in a cylindrical domain configuration, without magnetic field curvature and
background density gradient, was proposed by Servidio et al. (2008). These
authors described the dynamics of the plasma by modeling a spatially lo-
calized and randomized source of space charge (vorticity) and mass number
density (a passive scalar) at the center of the domain. This setup produces
intermittent plasma “blobs” that are ejected into a low-density region at the
cylinder edge, then radially advected by the drift velocity u = E×B/B2. The
radial motion of these structures is thus driven by the poloidal electric field
fluctuations. The model was built to describe what happens, for instance, in
the two-dimensional cross-section of a plasma column of a tokamak machine,
in cylindrical coordinates (r, θ, z), with constant magnetic field directed per-
pendicular to the plane, B = Bez. Under some standard approximations
(for details, see Servidio et al., 2008), the model describes the dynamics in
the (r, θ) plane by solving the continuity equation for the plasma density n,
the Euler equation for the flow stream function ψ = φ/B (with φ the elec-
trostatic potential, such that the drift velocity is u = ez×∇ψ) and vorticity
ω = ∇2ψ, and the Poisson equation for the stream function:

∂n

∂t
+ (u ·∇)n = fn (127)

∂ω

∂t
+ (u ·∇)ω = fω (128)

∇2ψ = ω (129)

The forcing term fn represents some ionization mechanism, while fω is a
source of vorticity in the central region of the plasma column that can be
related to the plasma perturbations fn. Equations (128) and (129) are suf-
ficient to determine the dynamics of the system. Therefore, the density n
behaves as a passive scalar transported by the drift velocity u, as described by
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equation (127). The dynamics equations are then used to drive the density,
which is a passive scalar quantity advected by the drift velocity.

Starting from this model equations, the authors derive a Yaglom-like re-
lation for the cascade associated to the density fluctuations, through a pro-
cedure similar to that for the classical Yaglom law for the passive scalar in
fluid turbulence (Monin and Yaglom, 1971; Danaila et al., 2001b; Antonia
et al., 1997). In particular, starting from the evolution equation (127) for the
density written at two points x = (r, θ) and x′ = (r′, θ′) radially separated
by the distance r = x′ − x of length |r| ≡ `, under the hypotheses of sta-
tistically steady state, isotropy, local homogeneity (rather than global), and
incompressibility for the drift velocity, a relation for the third-order moment
can be obtained in the following form:

S3(`, r) = 〈(∆n)2∆ur〉 = −1

`

∫ `

0

yF (r, y)dy , (130)

where ` is the separation length, y is an integration variable, and the gener-
alized input rate of density turbulence is defined as

F (r, y) =
1

2

〈
ur

[
∂

∂r
+

∂

∂r′

]
(∆n)2

〉
−〈∆n∆fn〉 . (131)

In this geometry, and in particular because of the presence of structures that
propagate radially, the third-order correlations also depend on the radial
position and not just on the increment length. Therefore, the mixed moment
in equation (130) includes an additional term that does not vanish and is not
linear in the scale. Equation (130) can be considered as an equivalent of the
Yaglom equation, here for case of electrostatic turbulence. The third-order
mixed correlation, S3(`, r), represents the flux of density variance, ε(r).

It is possible to expand F (r, y) around its local maximum in scale `m
(assuming its existence) in terms of the (logarithmic) relative distance from
the maximum (y = `m), which at first order results in

S3(`, r) = −ε(r)ψ(1)` . (132)

A range of scales showing the scaling predicted by relation (132) is indicative
of an electrostatic turbulent cascade in the plasma. Values of ε(r) can be
estimated from numerical and laboratory experiments after comparing equa-
tion (132) with the Yaglom law for the passive scalar in two-dimensional fluid
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turbulence (for instance, 〈(∆T )2∆ur〉 = −(4/d)χκ`, with d=2, χκ being the
generalized transfer rate associated with the temperature) which allows to
infer ψ(1) = 2, so that:

S3(`, r) ' −2`ε(r) . (133)

The second- and fourth-order logarithmic expansion terms can also be
retained, in analogy to the typical procedure for low Reynolds number tur-
bulence where the inertial range is not yet extended, resulting in:

S3(`, r) ' −2`ε(r)
{

1−H2(r)[ln (`/`m)]2 +H4(r)[ln (`/`m)]4 + · · ·
}
,

(134)
This relation can then be used to fit the third-order mixed correlations (at
different radial positions) obtained from both numerical simulations and lab-
oratory runs, as shown here this and the next section.

Without giving details of the numerical scheme implemented, snapshots
obtained from integrating the model equations (127)-(129) are presented in
the top panels of Figure 94, where both the number density (top-left) and
flow vorticity (top-right) show clearly the formation of bursty turbulent struc-
tures that drift radially and outward. The system seems thus to satisfactorily
reproduce the desired process observed in toroidal devices for plasma fusion.
The third-order mixed correlations were estimated from the numerical results,
using three different radial positions and averaging over the angle θ and in
time. Results are given in the bottom panel of Figure 94. Finally, estimates
of S3(`, r) were fitted to the relation (134) (see Figure 94, bottom), provid-
ing experimental values of the parameters H2(r) and H4(r), from which to
infer important physical information, such as the flux of the density density
variance, ε(r).

7.8.2. Scaling of the mixed third-order moment of the density in a fusion
device

The mixed third-order scaling law for the density fluctuations in the
inhomogeneous, cylindrical plasma column derived and validated in two-
dimensional numerical simulations (Servidio et al., 2008) was also verified
in experimental data. Lepreti et al. (2009) used measurements collected in
the edge region of the RFX-mod (Piovesan et al., 2013), a large toroidal fu-
sion plasma device in the reversed field pinch configuration (Spolaore et al.,
2004) located in Padova, Italy (see a picture of the device in the top panel
of Figure 95). The device has 2 m major radius, and minor radius a =0.46
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Figure 94: Top panel: snapshots of the model simulation used to verify the mixed third-
order moment for the density S3(`, r) developed to investigate electrostatic turbulence
in laboratory plasmas. The number density (top-left panel) and flow vorticity (top-right
panel) show clear formation of bursty turbulent structures. Bottom panel: S3(`, r) esti-
mated at three different radial distances from the center. The dashed line are fits done
with the Yaglom-like model given by equation (134). Figure from Servidio et al. (2008).

m. For the study of electrostatic turbulence, a low-current discharge was
considered, with average plasma density around 2·1019 m−3. The diagnos-
tic probes (Spolaore et al., 2009), located at two different radial positions
near the external wall (r/a =0.953 and r/a =0.966), measure high resolution
magnetic and electrostatic fluctuations. From these, the poloidal component
of the drift velocity ur and the plasma density ne are obtained. The sampling
frequency is 5 MHz, and the sample length 170 ms. From the time series,
scale-dependent increments ∆ur and ∆ne were computed, and from the latter
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the mixed third-order moment, S3(`, r), was estimated. The Taylor hypothe-
sis was used to convert temporal (∆t) to spatial scales (`) through the average
poloidal speed, ` = 〈vr〉∆t (Taylor, 1938). The resulting quantity, rescaled
by ` for better visualization, is plotted in the bottom panel of Figure 95 for
two realizations of the measurement, at the two different positions indicated
above. In the intermediate range of scales, a constant ratio S3/`, correspond-
ing to the linear scaling prediction of the Yaglom law, is clearly visible. This
shows that the electrostatic turbulence observed in RFX-mod is character-
ized by the typical features of fully developed turbulence: an inertial range is
formally present, and the plasma density follows the prescription for a pas-
sive scalar advected by the drift velocity. All the other standard diagnostics
for intermittent turbulence were estimated, and showed typical properties:
power-law spectra, anomalous scaling of the structure functions, increasing
flatness of the fluctuations’ distribution. This observation could be useful in
the modeling of the turbulent transport process that affects the confinement
of plasma in devices for plasma fusion.

8. Local and regional description of the energy transfer

8.1. Can exact laws for fluid turbulence help understanding kinetic dissipa-
tion mechanisms?

For many decades, the study of turbulent plasmas has been focusing
mostly on the global statistical properties of the fields and plasma fluctua-
tions (Bruno and Carbone, 2013). Power spectra, anomalous scaling of the
structure functions, variance and wavevector anisotropy were abundantly
studied in space plasmas and in numerical simulations. All these studies rely
on the solid basic assumption that inertial-range fluctuations are indepen-
dent of the small-scale processes replacing viscous dissipation in collisionless
plasmas. Higher-resolution space plasma measurements have recently pushed
the focus towards smaller-scale features, possibly including a secondary tur-
bulent cascade that encompasses field-particle interaction effects (Leamon
et al., 1998; Alexandrova et al., 2008; Kiyani et al., 2009b). The variety of
phenomena that have been observed in the kinetic range of scales (Gary,
1993; Marsch, 2006; Alexandrova et al., 2013; Goldstein et al., 2015; Bruno,
2019; Verscharen et al., 2019; Khotyaintsev et al., 2019; Matteini et al., 2020)
raises questions on the corresponding variety of possible dissipation process.

As we have described in previous sections, the exact law approach per-
mits to obtain one fundamental ingredient for understanding how dissipation
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Figure 95: Top panel: a view of the RFX device in Padova (picture courtesy of the
RFX consortium, available at https://www.igi.cnr.it/en). Bottom: the rescaled mixed
third-order moment, S3, divided by the scale, `, for the electron density measured in the
RFX decvice, for two different radial distances from the edge, r/a = 0.953 (open circles)
and r/a = 0.966 (filled circles), where a = 0.459 m is the minor radius of the toroidal
chamber. Figure from Lepreti et al. (2009).

works in the collisionless solar wind: the turbulent energy transfer rate. Ul-
timately, this represents the energy that the turbulence is transforming from
the large-scale injection to small scales, where it can be transformed in inter-
nal energy, or heating. While the thermodynamics of non-equilibrium plas-
mas is finally being investigated (Liang et al., 2020; Pezzi et al., 2021), the
possible pathways to dissipation are also being explored (Matthaeus et al.,
2020). In this sense, being able to quantify the energy transported through
the fluid (MHD) and sub-ion (Hall MHD) scales is a crucial step forward to
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understand energy dissipation in nearly-collisionless space plasmas. An ex-
ample given in the following section can demonstrate how exact laws can be
successfully used to evaluate the effectiveness of kinetic dissipative processes.

8.2. Landau damping and the turbulent cascade

One possible strategy to tackle the complexity and diversity of sub-ion
kinetic processes in weakly collisional plasmas consists of studying a system
where one single process is active. While this is a promising strategy for the
analysis of space plasma measurements, numerical simulations can help as-
sessing its validity. To this aim, Ferrand et al. (2021b) performed a thorough
study of the scaling of the Hall-MHD energy cascade rate in a series of numer-
ical simulations of a Landau Fluid model (LF, Passot and Sulem, 2007). LF
models are designed to retain the nonlinear dynamics of the parallel and per-
pendicular pressures and heat fluxes, with a closure based on a low-frequency
linear kinetic description. By disregarding finite Larmor radius effects, the
model effectively includes Landau damping as the sole kinetic process. In the
numerical simulation, turbulence is forced with counter-propagating kinetic
Alfvén waves (KAWs), injected at different scales and at different angles,
θ, with the mean magnetic field (Passot et al., 2014). The different angles
were used to control the intensity of the Landau damping, which is essentially
transverse. Hyperviscous and hyperdiffusive dissipation is used to remove the
energy at small scales. Through a detailed description of the energetics of the
simulation, it was possible to show quantitatively that the Landau damping
at small scales is associated with a steady decrease of the energy cascade
rate. Furthermore, the effective energy removed via Landau damping should
be added to the hyperviscous dissipation and to the nonlinear energy transfer
in order to obtain a constant energy cascade rate. In other words, if ε is the
nonlinear energy transfer rate obtained through the Hall-MHD usual relation
(Ferrand et al., 2019), εdiss the visco-resistive dissipation, and εLD the energy
removed through Landau damping (estimated through appropriate modeling
in Ferrand et al., 2021b), then their sum, εcorr = ε+ εdiss + εLF should give
the actual constant energy transfer rate. This is clearly visible in Figure 96,
where the above quantities are plotted for one run with the magnetic field
angle θ = 75◦ (LF3). Therefore, the deviation from constant of the exact
law provided an indirect but correct estimate of the energy dissipated into
particle heating by Landau damping.
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Figure 96: Comparison between the energy transfer rate (red), the dissipation rate (pur-
ple), and the corrected energy transfer rate that includes Landau damping (dark and light
orange), using a Landau fluid model numerical simulation. The angle θ = 75◦ between
the magnetic field and the injected kinetic Alfvén wave propagation direction is indicated.
Figure adapted from Ferrand et al. (2021b).

8.3. From global to local description of the cascade

The numerical experiment described above illustrates the tight connec-
tion between fluid scale cascades and energy conversion in systems that are
not limited to viscous-resistive dissipation and dispersion. However, experi-
mental conditions in real plasmas cannot be controlled as easily, and in most
cases the energy conversion cannot be attributed to one single kinetic process,
nor be quantitatively estimated. In those cases where the plasma conditions
permit an accurate estimate of the turbulent cascade rate, deviations from
constant energy transfer rate can still be used to predict the energy dissi-
pated by non-fluid processes. However, understanding which processes are
active in a specific plasma sample, how they contribute to heating and ener-
gization of particles, and how they are activated by the fluctuations is still
a complicate issue. In this perspective, it is natural to opt for a change of
paradigm, and focus on the local or regional details of the fluctuations, rather
than global. Such approach, for which modeling, predictability and a phe-
nomenological descriptions are challenging, has the advantage of illuminating
the physics of the cross-scale connection between the turbulence-generated
fluctuations and the kinetic plasma processes. Small-scale processes such
as plasma resonances, instabilities, magnetic reconnection, collisions and re-
sistive dissipation, all require specific conditions in order to be effective.The
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local or regional characteristics of small-scale turbulent fluctuations are often
the main discriminating factor for the activation of these processes. Knowing
the specific nature of the fluctuations at a given point in space can therefore
help identifying the corresponding local “dissipative” process, so that the
particle energization mechanism can be understood.

As we shall see in this Section, the local approach to the description of the
turbulent cascade through third-order moment scaling laws is supported by
theoretical considerations, which were first developed for Navier-Stokes tur-
bulence, and later adapted to magnetohydrodynamics. On the other hand,
solar-wind data analysis provided increasing insight on the dissipative mech-
anisms, as also confirmed by numerical simulations. In the remainder of
this Section, data analysis techniques based on the local approach to ex-
act scaling laws are reviewed. The most recent observational and numerical
studies in such framework are described, along with the resulting advances
in understanding the physics of dissipation in space plasmas.

8.4. The filtered approach

As was shown in the previous sections, the P&P law proved to be an
invaluable tool for the investigation of the turbulent cascade in plasmas, in
particular in the outer space, where assessing the inter-scale transfer by com-
puting spatial variations of velocity and magnetic field is currently not attain-
able. Together with the information provided by the third-order exact laws,
concerning the mean energy transfer rate over the inertial range, one would
like to know how the irregular occurrence of shears, reconnection points, mag-
netic switchbacks, and other phenomena that may develop at intermediate
MHD scales, feeds back on the energy transfer. One possibility to achieve
a scale decomposition of second-order quantities —locally in the physical
space— to ultimately be able to characterize the turbulent energy transfer
even when inhomogeneities are present in the plasma due to localized events,
is the well known space-filter approach (Camporeale et al., 2018), routinely
applied to the governing equations of fluids and plasmas. First introduced by
Leonard (1975) to model turbulent flows with large-eddy simulations (LES),
then further developed by Germano (1992), this approach has been success-
fully applied in a variety of turbulent frameworks. Eyink (2005) and Aluie
and Eyink (2009) used space filters to prove the locality of turbulent cascades.
The same authors then extended the space-filter applications to geophysical
flows, whose dynamics is well described by the Boussinesq equations (Aluie
and Kurien, 2011), as well as to compressible flows (Aluie et al., 2012) and to
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astrophysical plasmas in the magnetohydrodynamics (MHD) regime (Aluie
and Eyink, 2010). Hellinger et al. (2020) made a step forward, performing a
quantitative comparison between the fluxes obtained through the application
of filters and those retrieved from a version of the Kármán-Howarth-Monin
(KHM) equation in the hydrodynamic case that takes into account com-
pressibility, at high Mach number. Various studies utilized the space-filter
techniques to investigate how the presence of coherent structures affects the
transfer of the energy between scales both in neutral and electrically conduc-
tive fluids. Foldes et al. (2022) implemented a refined space-filter approach
to characterize the local energy release by extreme vertical drafts in stratified
geophysical flows, whereas Camporeale et al. (2018) combined the space-filter
approach with wavelet analysis to prove that coherent structures in plasmas,
described by 2.5D Hall-MHD simulations, correlate with regions where the
energy transfer is enhanced, in a particular range of scales. Space filters were
also used by Manzini et al. (2022) to emphasize, in fully 3D Hall-MHD sim-
ulations, how magnetic reconnection sites do affect energy dissipation. The
concept of space filtering has been also implemented to obtain a local version
of the third-order law hydrodynamic turbulence and in MHD, which makes
it relevant for the purpose of this review. This approach was first formal-
ized by Duchon and Robert (1999), introducing a local version of the KHM
relation, later on extended in Eyink (2007–2008, 2008) to the derivation of
a local 4/3 law, where statistical averages are replaced with averages over a
sphere of radius ` and no assumption of isotropy or homogeneity is made.
The results from Duchon and Robert (1999) have been generalized to MHD
case in Galtier (2018), while Kuzzay et al. (2019) reformulate the local ver-
sion of the 4/3 law in terms of the Elsasser variables. Here we emphasise
how the approach taken in Camporeale et al. (2018), aiming at obtaining the
energy transfer rate, at a given scale `, from the MHD equations, compares
with that of Kuzzay et al. (2019), in which the energy transfer at the scale `
obtains from a local version of the P&P law.

Starting from the incompressible MHD framework:

∇ · v = 0 (135)

∂tv + (v ·∇)v − (b ·∇)b = −∇P +Dν + f (136)

∂tb = ∇× (v × b) +Dη (137)

(with Dν = ν∇2v and Dη = η∇2b), following Camporeale et al. (2018) the
physical quantities are modulated by a kernel G (here applied to the velocity
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ṽ(x, t)
.
=
∫
V
G(x−ξ)u(ξ, t)d3ξ, where V is the domain volume) which allows

to obtain the filtered equations:

∇ · ṽ = 0 (138)

∂tṽ + (ṽ ·∇)ṽ − (b̃ ·∇)b̃ = −∇P + D̃ν + f̃ −∇ · Tub (139)

∂tb̃ = ∇× (ṽ × b̃) + D̃η + ∇× εMHD (140)

with
Tvb = ṽv − ṽṽ − (b̃b− b̃b̃) (141)

and the sub-grid electric field

EMHD = ṽ × b− ṽ × b̃ (142)

The filtering kernel G can be chosen as any real-valued even function of
a variable x with the following features: being characterized by a sufficiently
rapid and smooth decay for large values of x; being normalized (meaning that
the integral of G over the whole domain is equal to 1) and positive definite
(such that G(x) ≥ 0 for any x). From these, multiplying equation (139) by ṽ

and equation (140) by b̃, one obtains the equations for the variation in time

of the filtered kinetic (Ẽu = |ṽ|2/2) and magnetic (ẼM = |b̃|2/2) energies:

∂tẼu = −∇ ·
[
Ẽuṽ + P̃ ṽ − (ṽ · b̃)b̃ + Tub · ṽ

]
− b̃ · (b̃ ·∇)ṽ+ ṽ · D̃ν +Su+εinj

(143)

∂tẼM = ∇ ·
[
ẼM ṽ − εMHD × b̃

]
+ b̃ · (b̃ ·∇)ṽ + b̃ · D̃η + Sb (144)

with Sb = j̃ ·εMHD, Sv = Tvb : ∇ṽ, and with a term indicating the conversion
between kinetic and potential energy:

Svb = b̃ · (b̃ ·∇)ṽ (145)

The equation of the filtered total energy, defined as Ẽ = (|ṽ|2 + |b̃|2)/2,
obtains from gathering equations (143) and (144)

∂tẼ+∇ ·
[
Ẽ ṽ + P̃ ṽ − (ṽ · b̃)b̃ + Tvb · ṽ − (ṽ · b̃)b̃− εMHD × b̃

]
=

= ṽ · D̃ν + b̃ · D̃η + Sv + Sb + εinj (146)
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If we perform a volume average, considering periodic or vanishing boundary
conditions, the divergence term in the above equation vanishes, thus it reads
as

∂t〈Ẽ〉 = 〈ṽ · D̃ν〉+ 〈b̃ · D̃η〉+ 〈Sv〉+ 〈Sb〉+ 〈εinj〉 (147)

The first two terms on the RHS are the dissipative contributions to the energy
loss, the last term is the energy injection and the sub-grid terms (third and
fourth) represent the energy exchange between different scales across the
filtering one. From equation (147), the total sub-grid energy term is defined
as:

S = Sv + Sb = Tub : ∇ṽ + j̃ · εMHD (148)

A similar approach, based on the space-filtering technique, was proposed
in Kuzzay et al. (2019), where a local (in space) version of the KHM equation
is first developed then assessed in three-dimensional MHD simulations. The
main difference with the approach by Camporeale et al. (2018) consists in the
different definition used for the filtered energy, leading in turn to a different
definition for the nonlinear energy flux. In Kuzzay et al. (2019) the latter is
given in terms of Elsasser variables and it is based on the point-split energy
density of a field φ(x, t), φ(x, t)φ(x + r, t)/2, reading as

Ẽ± =
z±z̃±

2
(149)

Alternatively, the same expression in terms of u and b, is proposed in Galtier
(2018),

Ẽ =
v · ṽ + b · b̃

2
(150)

In the approach adopted in Camporeale et al. (2018), mainly based on the
LES technique, the large-scale energy is again defined as the square of the
filtered fields Ẽ = (|ṽ|2 + |b̃|2)/2 which, in terms of equation (150), leads

to Ẽ± = Ẽ± + δ̃z
±
· z̃±. The definition of energy given in Kuzzay et al.

(2019) does not guarantee that Ẽ ≥ 0, but is preferred as it leads to the
formulation of a local version of the P&P law. The local version of the KHM
equation obtains from an equation for the energy conservation resembling
equation (147),

∂tE` + ∇ · J` = −ΠT
` −D

ν,η
` − F` (151)

The first right-hand-side term is an analogous of the third and forth sub-grid
terms in equation (147)) but it does not depend on the sub-grid Reynolds

stress tensor T , defined in terms of Elsasser variables as T ± = z̃±z±− z̃±z̃±.
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Equation (151) obtains from the filtered MHD system, multiplying the
momentum equation by u and the induction equation by b. The term indi-
cating the cross-scale energy transfer, ΠT

` , can be expressed as the divergence
of the third-order structure function of velocity and magnetic fields:

ΠT
` =

1

4

∫
∇G(r)` ·

[(
(∆v)2 + (∆b)2

)
∆v − 2(∆v ·∆b)∆b

]
dr

= −1

4

∫
G(r)`∇ ·

[(
(∆v)2 + (∆b)2

)
∆v − 2(∆v ·∆b)∆b

]
dr (152)

Equation (151) can be seen as a local version of the KHM equation for MHD
in the physical space. Thus, the energy flux provided by equation (152)
through a filtering operated at the scale ` can be used to obtain a local
version of the P&P law, equation (54), that does not require isotropy and
homogeneity assumptions:

Π±` = −〈∆`z
∓|∆`z

±|2〉Ω
4/3`

(153)

Equation 153 is given in terms of both longitudinal and vector increments
of the Elsasser variables, where ` is both the filtering scale and the scale
of the field increments. The brackets indicate an averaging operation per-
formed over a spherically symmetric support Ω. Expression (153) is suitable
to investigate the cross-scale energy transfer in turbulent systems character-
ized by strong anisotropy, such as the interplanetary space plasma, which is
characterized by a background magnetic field. Π`

T = (Π+
` +Π−` )/2, obtained

from equation (153), is a point-wise quantity, whose statistics depend on the
scale. In Kuzzay et al. (2019), Π`

T is computed within the domain of a DNS
of the incompressible MHD equations, integrated on a cubic grid of 10243

points and size 2π, with periodic boundary conditions, in the presence of
a Taylor-Green forcing. The energy is injected at the scale L = π/2. The
local flux, Π`

T (shown in Figure 97, left, for a scale ` close to the forcing
scale, so that `/L = 0.996), was then averaged over the entire volume, V ,
for each scale `, as is reported in Figure 97, right panel. The same plot
shows εT` = (ε+ +ε−)/2, which is the energy transfer rate computed from the
third-order structure functions (blue dash-dotted curve in Figure 97), which
allows for a comparison between the original P&P law (equation 54) and its
local version (equation 153). The plots show that 〈Π`

T 〉V and εT` are consis-
tent at intermediate scales, where homogeneity and isotropy are expected,
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Figure 97: Left panel: horizontal cut of the total energy flux ΠT
` (color scale on the

right of the panel), computed through (152) for a given scale ` close to the forcing scale
L(`/L = 0.996). Right panel: Volume-averaged scale-to-scale transfer 〈ΠT

` 〉V and εT`
(obtained from the P&P law, equation 54). The dashed horizontal line is total energy
dissipation rate. Figure adapted from Kuzzay et al. (2019).

demonstrating the equivalence between spatial and ensemble averages within
the MHD turbulent inertial range, in the simulation under study. The au-
thors point out that since the original P&P law assumes homogeneity and
isotropy, its application to this DNS would not provide a correct estimate of
the energy cascade rate in the inertial range, emphasizing the usefulness of
the local approach (Kuzzay et al., 2019).

8.5. Local proxies of dissipative processes.

While turbulence is one of the evoked mechanisms, the nature of the so-
lar wind heating processes is not yet fully established. Inspired by standard
studies on intermittency, solar wind data have been used to determine the
role of turbulence in heating the plasma. The general approach is to identify
the location of small-scale, intermittent structures generated by the turbulent
cascade, and to selectively estimate the heating occurring at those locations,
to be compared with other regions of less intense turbulent activity. Vari-
ous techniques have been used to this goal, all aimed at establishing a link
between the turbulence-generated structures and the plasma heating, thus
supporting the role of turbulence in the heating process.
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8.5.1. LIM and PVI: local proxies for the scale-dependent fluctuation energy

In fluid turbulence, the intermittent structures have been identified by
mapping the local energy associated to the scale-dependent field fluctua-
tions. One notable example is given by the Local Intermittency Measure
(LIM) (Farge, 1991), a wavelet-based quantity estimating the squared am-
plitude of velocity fluctuations, and thus indicating the spatial distribution
of kinetic energy at each scale. Given a field v(r), its wavelet transform is
w(r, `) = `−1/2

∫∞
−∞ v(r)ψ?[(t− x)/`] dt, where r is a spatial coordinate, ` a

spatial scale, and ψ a suitably defined base function, called mother wavelet.
The wavelet coefficients are formally equivalent to two-point spatial incre-
ments of the field, and strictly so if a square wavelet function, the Haar
mother wavelet, is chosen. Therefore, all of the statistical tools defined for
the two-point increments can be adapted to wavelets. Furthermore, as usual,
the Taylor hypothesis can be used to transform spatial coordinates and scales
to their time equivalents. The LIM is defined as LIM = |w(r, `)|2. An ar-
bitrary or recursive threshold can be set to separate the stronger structures
from the turbulent, more uncorrelated (e.g. Gaussian, Veltri, 1999) back-
ground. This techniques has been used extensively in fluid turbulence, both
in experiments and in numerical simulations, to identify and study the local
and statistical properties of the structures generated by the turbulent cas-
cade. When focusing on scales near the dissipative range, the LIM indicator
is a good proxy for the dissipation, being related to a power of the velocity
gradients.

Likewise, solar wind data and MHD numerical simulations have been
studied using the LIM, providing evidence of the intermittent nature of the
turbulence and allowing a detailed study of the characteristics and evolution
of the intermittent structures with the expansion of the solar wind (Veltri,
1999; Sorriso-Valvo et al., 2005; Salem et al., 2009).

While wavelets provide a rigorous determination of the local power, it is
sometimes faster and more convenient to use directly the field fluctuations
in the physical space. A proxy called Partial Variance of Increments (PVI)
has been introduced to identify solar wind locations of turbulent magnetic
structures (Greco et al., 2008). It is the equivalent of the LIM in the physical
space, the main difference being a normalization to the local variance of the
field, to account for the poor stationarity of space plasmas. For a time series
of solar wind magnetic field component Bi(t), the adimensional PVI at time
scale ∆t is defined as PV I(t,∆t) = |∆Bi(t,∆t)|/|∆Bi(∆t)|rms, where the
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rms is computed on a sub-interval of the order of or larger than the correlation
timescale τc � ∆t centered at t. It is evident that the PVI represents a
proxy for current structures, and other magnetic discontinuities (Greco and
Perri, 2014). Note that PVI2 and LIM are strictly related, and they indeed
coincide if the wavelet transform is performed using the Haar mother wavelet
(Farge, 1991). A similar proxy was also defined for the velocity components,
representing vorticity structures and shocks, but also for other turbulent
quantities such as proton density and temperature (Servidio et al., 2014).

It is well known that viscous-resistive dissipation is concentrated on the
small-scale intermittent structures. In order to verify whether this holds for
weakly collisional plasmas as well, the proxies described above can be used to
identify the intermittent structures. Those can then be selected to perform
conditional analysis of quantities that can be related to dissipation. One
notable example is the solar wind proton temperature, which is expected to
increase where the turbulent kinetic and magnetic energies are being con-
verted into particle energization. Osman et al. (2012) performed such anal-
ysis using solar wind measurements, exploiting several years of data from
the ACE spacecraft. The resulting averaged temperature profile, estimated
using only data from short intervals centered at the local maxima of the mag-
netic PVI, displays a clear peak, whose amplitude depends on the selected
PVI threshold (see Figure 98). This illustrates that proton heating is being
produced preferentially at the magnetic discontinuities. Further works used
PSP data to extend the results to the inner heliosphere (Qudsi et al., 2020)
and to compare the differential heating of ions and electrons (Sioulas et al.,
2022b). Similar results were also found by conditionally looking at highly
energized electrons around small-scale magnetic structures (Tessein et al.,
2013). A general conclusion is that the energy accumulated in the intermit-
tent structures at the bottom of the turbulent cascade is being transformed
into particle energization via the kinetic plasma processes occurring at small
scale. Such transfer effectively represents a dynamical form of dissipation.

8.5.2. LET: a proxy for the local energy transfer rate

Since the energy transfer in MHD plasmas is related to the scaling of
mixed fluctuations, a more detailed proxy of energy has been obtained using
a quantity based on the P&P law, estimating the local contribution of the
fluctuations to the global energy flux. The unaveraged third-order mixed
fluctuations, as they appear in the right-hand side of equation (55), provide
indeed a proxy of the local energy transfer (LET, Marsch and Tu, 1997;
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Figure 98: Panel (a): the conditionally averaged solar wind proton temperature profiles
Tp in the proximity of peaks of the partial variance of increments (PVI, see text for the
definition), considered as a proxy of the turbulent magnetic structures. The different
color-coded curves refer to different thresholds (see legend). While far from the structures
the random temperature fluctuations average out, a clear peak centered at the strongest
structures indicates persistent heating. Panel (b): a magnification of the background
average. Measurements refer to a sample of several years of 64 s resolution magnetic field
data collected from the ACE spacecraft. Figure from Osman et al. (2012).

Sorriso-Valvo et al., 2000; Sorriso-Valvo et al., 2005; Sorriso-Valvo et al.,
2015):

ε(t, τ) =
3

4〈v〉∆t
[
(|∆v|2 + |∆b|2)∆v‖ − 2(∆v ·∆b)∆b‖

]
. (154)

Note that, assuming the validity of the Taylor hypothesis, the mean bulk
speed estimated over the sample, 〈v〉, has been used to convert spatial scales,
`, to time scales, ∆t, via the standard relation ` = −〈v〉∆t. Equation (154)
defines a time-dependent, scale-dependent quantity, ε(t,∆t), as opposed to
the constant (in both time and scale) global energy transfer rate, ε, which
appears in equation (55). Such proxy is composed of three signed elements,
whose sum determines the local contribution to the energy made available
for dissipation. In particular, it enables to separate the contribution to the
energy flux coming from the velocity structures (e.g. plasma eddies), which
are coupled to the velocity gradients, that of the magnetic structures (e.g.
current sheets, discontinuities), also transported by velocity gradients, and
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that of the correlated, Alfvén wave-like velocity and magnetic fluctuations,
transported by the magnetic gradients. In a work based on the same tech-
nique as in Osman et al. (2012), the LET-conditioned temperature analysis
has been used with Helios 2 data to identify locations of enhanced energy
transfer. As shown in Figure 99, strong peaks of proton temperature were
observed (Sorriso-Valvo et al., 2018), demonstrating the effectiveness of the
LET proxy in identifying regions of enhanced dissipative activity. The large
width of the temperature peak, of the order of 200 s, is in agreement with
recent estimates of patches of heated plasmas in turbulent space plasmas
(Yordanova et al., 2021), suggesting that the LET correctly captures the
clustering properties of the heating structures in the solar wind. Moreover,
since the LET effectively acts as a proxy for local dissipation, it was possible
to use models to describe the dissipation time series. For example, as visible
in the left panel of Figure 100, the scale-dependent probability distribution
function of the LET was successfully modeled using a stretched exponen-
tial function, as predicted by Frisch and Sornette (1997) for systems whose
dynamics is controlled by extreme events (Extreme Deviation Theory). Fur-
thermore, the stretched exponential fitting parameter, c(∆t), which measures
deviations from Gaussian, was shown to scale as a double power law (right
panel of Figure 100), which was interpreted as a quantitative measure of the
intermittency based on the dissipation (Sorriso-Valvo et al., 2018).

As a further example of use of the LET, the multifractal spectrum (Parisi
and Frisch, 1985; Paladin and Vulpiani, 1987; Sreenivasan, 1991) of ε(t) near
the ion-scale break was estimated (see the q-th order singularity exponents
τq in Figure 101), and a fit to a standard p-model (Meneveau and Sreeni-
vasan, 1987) showed a remarkably strong intermittency, with intermittency
parameter P = 0.87 (Sorriso-Valvo et al., 2018). For comparison, standard
values for Navier-Stokes fully developed turbulence are typically of the order
of P ' 0.7 (Meneveau and Sreenivasan, 1987), while for samples of space
plasmas values as large as P = 0.89 have been observed in the terrestrial
magnetosphere (corresponding to extremely strong intermittency, see e.g.
Quijia et al., 2021).

As we have underlined, in addition to the PVI and LIM indicators, the
LET provides more complete information on all relevant MHD fluctuations
responsible for the energy transfer, including wave-like fluctuations. While
these observations do not identify directly the specific dissipating mechanism,
they may suggest that particle energization takes places mostly where the
turbulent energy is being concentrated on small-scale structures, therefore es-
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Figure 99: Conditionally averaged solar wind proton temperature profiles T = Tp (note
that the subscript p is missing in the y-axis label). Each curve is built by averaging the
1500 s windows centered (T = 0) on the peaks of the local energy transfer ε (i.e, when
ε exceeds a variable threshold θε). The resulting profiles therefore describe the averaged
temperature in the proximity of positive (top curves) and negative (bottom curves) peaks
of ε. The different color-coded curves refer to different thresholds θε (see legend), used
to identify the peaks of the local energy transfer. A clear, broad peak centered at the
strongest positive structures indicates persistent heating. Figure adapted from Sorriso-
Valvo et al. (2018).
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Figure 100: Left panel: probability distribution function of the absolute value of the LET,
|ε∆t|, at scale ∆t = 324 s, estimated using Helios 2 data at 0.98 au (blue markers). The red
line is a stretched exponential fit P (|ε∆t|) ∼ e−b∆t

c

, where the fitting parameters c(∆t)
and b(∆t) describe the scale-dependent shape of the distribution (Frisch and Sornette,
1997). Right panel: scaling of the shape parameter, showing clear double power-law
scaling c ∼ ∆tγ , with a break near the correlation scale (vertical dashed line, where the
spectrum transitions from Kolmogorov to 1/f). The two corresponding scaling exponents,
γkol and γ1/f , are indicated. Figure adapted from Sorriso-Valvo et al. (2018).

tablishing a link between the scaling properties of the fluctuations generated
by the turbulent cascade, and the processes leading to solar wind heating.

The LET being a signed quantity, it also carries information about the
local direction of the energy flux in the scale space. Exploiting this unique
characteristic, the LET was studied using sign-singularity analysis (Ott et al.,
1992), obtaining a quantitative description of the differences among various
space plasmas, including the free solar wind, the terrestrial magnetosheath,
and a Kelvin-Helmholtz instability region at the magnetopause (Sorriso-
Valvo et al., 2019b).

It is of course easy to imagine the extension of the LET to the more
complete versions of the exact laws described in this review, for example to
include anisotropy, Hall terms, and compressibility, and how this approach
could provide crucial information on the specific locally dominating process
or processes that drive the dissipation. Initial attempts in this direction were
performed using numerical simulations of the Hall-MHD equations or of the
Vlasov-Maxwell system (Yang et al., 2018; Vásconez et al., 2021; Pezzi et al.,
2021). One example of a map of the LET for the Hall-MHD exact law, simply
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Figure 101: Multifractal singularity exponents τq of the LET from Helios data, seen as a
proxy of the dissipation field (blue crosses). A p-model fit for the multifractal description of
intermittency (red line, Meneveau and Sreenivasan, 1987, see Section 3.2) and a reference
monofractal scaling are also shown. Figure adapted from Sorriso-Valvo et al. (2018).

defined as

−2`εH(r, `) = (∆v ·∆v + ∆b ·∆b)∆v` − 2(∆v ·∆b)∆b`

− dp
2

(∆b ·∆b)∆j` + dp(∆b ·∆j)∆b` , (155)

(with the obvious notation) is shown in Figure 102 for a two-dimensional
hybrid kinetic simulation. The regions that mostly contribute to the cross-
scale energy transfer can be so identified and studied in detail, for example
using the local particle distribution functions to investigate the presence of
waves, resonances, instabilities and other kinetic processes. The approach
described above, still not completely developed in the community, represents
one of the possible routes for improving our understanding of dissipative
processes in space plasmas.

8.6. Making the local cross-scale connection: turbulence-driven kinetic pro-
cesses

The LET representation of the turbulent MHD fluctuations provides the
breakdown of the energy content among different forms: gradients of velocity
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Figure 102: A snapshot of a two-dimensional Hybrid Vlasov-Maxwell numerical simulation
of kinetic turbulence. The quantity represented here (see color bar) is the y component of
the Hall-MHD LET, equation (155), estimated at the proton inertial length scale ` ' dp.
Figure adapted from Vásconez et al. (2021).

(e.g. vortices) and magnetic field (e.g. current structures), which transfer
energy towards smaller scales, and wave-like correlated fluctuations, which
generally inhibit such transfer. Yet, a fundamental point is that the presence
of correlated fluctuations may still result in the activation of kinetic processes,
therefore effectively resulting in some form of dissipation. This represents
a considerable difference with respect to the MHD case, where ∇2v-type
dissipation terms require strong gradients, and are not effective for wave-like
fluctuations. The enhanced information contained in the LET can therefore
be exploited to investigate the energization mechanisms occurring in the
kinetic range of scales. While plasma heating and energized particles are the
effect of the energization processes, only more appropriate diagnostic tools
for kinetic processes can help identifying the specific processes that cause
them. The most notable is the particle velocity distribution function, whose
shape may inform on processes such as, for example, Landau damping and
wave-particle resonances, or temperature anisotropy instabilities.

An opportunity to test such technique using experimental data was pro-
vided by the high-resolution ion distribution functions (VDFs) measured
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in the near-Earth space by the NASA Magnetospheric MultiScale mission
(MMS). Using 150 ms cadence MMS magnetic field, ion velocity and ion
density measurements, Sorriso-Valvo et al. (2019a) estimated the LET for
a series of short magnetospheric boundary layer turbulent intervals selected
during the spacecraft crossing of a Kelvin-Helmoltz instability region (Eriks-
son et al., 2016; Stawarz et al., 2016). After validating the global third-order
moment scaling law, thus confirming the turbulent nature of the fluctuations
in those intervals, the LET was used to identify the location of stronger
small-scale energy transfer. This procedure, based on an arbitrary thresh-
old on the LET magnitude, resulted in the selection of about one hundred
peaks. One hundred more events were randomly selected at locations of
nearly-zero LET, to be used as reference. For each selected event, the LET
contributions were evaluated separately and compared. In particular, the
dominant between the sum of the two energy-related terms and the cross-
helicity term was identified. Figure 103 shows various fields extracted from
the data, and in particular the selected peaks of LET (bottom panel), sep-
arated according to the dominant component. The ion VDFs were then
extracted for those two-hundred locations, and classified according to their
specific features. In particular, the classification resulted in the following
categories: (i) quasi-Maxwellian VDFs with no apparent features; (ii) pres-
ence of heating (either isotropic or field-perpendicular); (iii) presence of one
or two evident ion beams (observed near the Alfvén speed and parallel to the
magnetic field); (iv) other features. Examples of VDFs with various features
is shown in Figure 104. A statistical survey revealed that the low-LET posi-
tions were mostly (57%) characterized by quasi-Maxwellian VDFs, indicating
the absence of kinetic processes. On the contrary, high-LET positions had
the totality (100%) of VDFs with heating, beams or other non-Maxwellian
features, which is expected since the available energy could activate dissi-
pative processes. Most of the VDFs with ion beams (73%) were observed
when the cross-helicity component of the LET was dominating or large. In
addition, the beams were always moving at the Alfvén speed with respect to
the bulk, and associated to regions showing ion-cyclotron waves (as deter-
mined through the observation of left- and right-handed polarized magnetic
fluctuations). Finally, at the same locations, strong electrostatic activity
was evidenced by the presence of high-frequency peaks in the electric field
power spectra. Together with the characteristics of the beams, all these ob-
servations suggested the presence of a resonance process between the Alfvén
wave-like fluctuations and the ions. The resulting transfer of energy between
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Figure 103: Overview plot of the event studied in Sorriso-Valvo et al. (2019a). From top
to bottom: GSE components of the plasma velocity; magnetic field components; plasma
density; plasma ion β; LET (black line) and its two energy (red) and cross-helicity (blue)
components, with indication of the threshold used to select bursts of intense transfer of
total energy (horizontal lines) and the location of the peaks (with red and blue bullets
indicating peaks dominated by the energy or cross-helicity term, respectively); scalogram
of the LET (see color bar); scalogram of the energy-related LET; scalogram of the cross-
helicity related LET.

the fluid fluctuations and the particles provided the acceleration of the beam.
In turn, the accelerated beam quickly becomes unstable and therefore excites
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high-frequency, electrostatic waves. High-resolution hybrid Vlasov-Maxwell
numerical simulations of plasma turbulence were also used to validate the re-
sults. The features observed in the simulations were similar to those observed
in the magnetospheric plasma, where the resonance process was finally iden-
tified as Landau damping of small-scale Alfvén waves resonating with ions
moving at the Alfvén speed.

The use of the LET technique allowed the identification of a specific
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Figure 104: Examples of ion two-dimensional cuts (the x-axis being parallel to the mean
magnetic field) of the MMS ion distribution functions corresponding to specific values of
the LET. The LET value (ε) and the type of distribution function are displayed above each
panel. Each distribution function was averaged over 1.2 s. The two distribution functions
in panels b and f were already published in Sorriso-Valvo et al. (2019a).
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process of conversion of energy from the turbulent cascade to the plasma
particles, in this case the Landau damping of Alfvén waves generating a
beam of accelerated ions.

The complex interplay between sub-ion scale wave packets and local prop-
erties of turbulence remains an interesting open question (Khotyaintsev et al.,
2021; Carbone et al., 2021). Such work demonstrated that the investigation
of the details of the turbulent cascade, and in particular the local contribu-
tions to the scaling laws, may help answering one of the most crucial open
questions in space plasma physics, namely, what are the mechanisms that dis-
sipate the turbulent energy and provide the observed particle energization.
It is impossible not to wonder whether the approach described above, as well
as the other local approaches, could be useful in other physical systems. For
instance, it would be interesting to apply the LET analysis to measurements
of laboratory plasmas or in fusion devices, where it could yield supplementary
information on the disruptive processes that prevent the plasma confinement.
In fact, it is also tempting to ask whether similar techniques could be used for
fluid turbulence, where they could reveal important details of the turbulent
cascade and allow us to go beyond the global laws.

9. Perspectives and future developments

The efforts of the space plasma community are currently focused on a
number of fundamental issues, all boldly stated in programmatic documents
and calls for new mission proposals and research projects from space agen-
cies and academic institutions. Major puzzles are encompassed under the
following broad science case: How does the solar system work? Questions
concerning the origin, acceleration and heating of the solar wind, as well as
its coupling with planetary environments, and of course the mechanics of
the Sun, are central to this international quest. Among the topics covered
by this review, the role of turbulence in the dynamics of the interplanetary
medium and the complex interplay of waves and turbulent fluctuations in
space plasmas are questions that remains without an exhaustive answer.

In the present work we have described the development of theoretical,
numerical and observational studies produced in the last quarter of a cen-
tury around the magnetohydrodynamic turbulent energy cascade in space
plasmas. The focus of this review was on the derivation, validation and ap-
plication of a scaling relation between the third-order structure-function of
plasma fields and the turbulent energy transfer rate at intermediate scale,
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which is intimately connected, if not equal, to the small-scale dissipation,
whose first derivation is known as the Politano & Pouquet law. This scaling
law, proposed in 1998 (Politano and Pouquet, 1998; Politano and Pouquet,
1998), and its extensions, describe the turbulent cross-scale flux of energy
in plasmas in the MHD regime, down to the Hall-MHD and kinetic scales,
and by now represents the backbone of one of the most prolific domain of
investigation of the modern space physics.

Starting from the initial scaling relation developed for the incompressible
MHD —assuming homogeneity and isotropy— the inclusion to the origi-
nal P&P law of Hall physics, compressibility, anisotropy, isothermal closure
and of various other effects, enabled to extend the range of validity of this
invaluable tool to the investigation of space plasmas, thus making it suit-
able for exploration of variety of complex phenomena in the outer space. In
many cases, the theoretical developments of variants of the third-order scal-
ing laws presented here was adapted from previous hydrodynamics studies,
which date back to the mid or late XX century. However, the quest for more
complete versions describing increasingly realistic approximations required
autonomous development in the more complex framework of plasma physics.
Sometimes hydrodynamic equivalent for the velocity field only were obtained
as a preliminary and more attainable effort, mostly to open the way and set
the logic of the derivation. Subsequently, the same authors extended the
work to obtain a version of the exact scaling law for plasmas. This illustrates
to which extent the space plasma community has grasped the potential of
the third-order moment approach in order to obtain a detailed description of
the statistical properties of turbulence in a medium, the interplanetary and
near-Earth space, where observations are challenging and the experimental
conditions cannot be fully known, let alone controlled. Most importantly,
theories and models of solar wind require some knowledge of the turbulent
energy dissipation, which controls heating, particle acceleration, as well as
diffusion and transport of various quantities. Since in the nearly-collisionless
space plasmas dissipation is not visco-resistive and cannot be easily or di-
rectly estimated (Matthaeus et al., 2020), measuring the cross-scale energy
transfer produced by the nonlinear interactions, among plasma fluctuations
and waves, at intermediate scales, is the next available option. The added
value of this approach for the space plasma community is therefore enormous,
as demonstrated by the explosive increase in the number of publications and
researchers using it to describe solar wind and near Earth plasmas.

As is often the case, the original theoretical derivation of the third-order
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scaling law for incompressible MHD was not immediately followed-up by nu-
merical or experimental validations, with the sole exception of one numerical
study (Sorriso-Valvo et al., 2002), though not purposed to this aim. The first
applications to data only appeared in 2005 (MacBride et al., 2005) and 2007
(Sorriso-Valvo et al., 2007), nearly one decade after the publication of the
P&P law. We should emphasize that this was likely due to the difficult obser-
vation of the P&P scaling, whose computation requires extensive data-sets to
ensure statistical convergence and at the same time short enough sampling
windows for stationarity and homogeneity to hold, together with a number
of other conditions (most notably isotropy and incompressibility). All that
must be granted in order to enable sufficient scale separation to compellingly
identify the MHD inertial range, when the space plasma conditions fulfill the
assumptions prescribed in equation (54). Nevertheless, after the first solar
wind data validations, a surge of observations in space plasmas and, to some
extent, in numerical simulations, emerged in the community, which moti-
vated this review work. To date, the P&P law and its many extensions have
been increasingly used to describe the status of turbulence in specific plasma
intervals (e.g., MacBride et al., 2005; Sorriso-Valvo et al., 2007; Marino et al.,
2011; Marino et al., 2012; Sorriso-Valvo et al., 2015; Bandyopadhyay et al.,
2019), to compare different plasma conditions and different regions of space
(e.g., Marino et al., 2008; Smith et al., 2009; Stawarz et al., 2010; Coburn
et al., 2012; Banerjee et al., 2016; Hadid et al., 2017; Andrés et al., 2019),
to explore the onset of turbulence (e.g., Bandyopadhyay et al., 2021a; Quijia
et al., 2021; Sorriso-Valvo et al., 2021; Zhao et al., 2022), to study its radial
evolution (e.g., Marino et al., 2012; Bandyopadhyay et al., 2020; Wu et al.,
2022a,b), to validate solar wind models (Marino et al., 2012; Coburn et al.,
2012; Coburn et al., 2014; Wu et al., 2022b; Sorriso-Valvo et al., 2022), and
to explore the pathway to dissipation in collisionless plasmas (Sorriso-Valvo
et al., 2018, 2019a; Pezzi et al., 2021; Ferrand et al., 2021b; David et al.,
2022).

The third-order scaling laws presented here are derived through rigorous
mathematical steps from the equations governing the dynamics of plasmas
and can therefore be considered exact to a large extent. In fact, as for the
case of the Kolmogorov 4/5 law, they may be mathematically presented as
theorems (Frisch, 1995). However, the various derivations rely on a number
of assumptions, necessary to suppress or neglect various terms, for instance
to reduce the dimensionality of the approach, though some of them could
possibly contribute to the actual energy flux. In most cases, it is possible to
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relax some of the working hypotheses and write equations that include the
corresponding contributions, approximations to the more complete model
equations being made in general in order to exploit single-point spacecraft
time series and therefore to cope with lack of the point-wise (or at least multi-
point) knowledge of the dynamical fields in space plasmas. For example,
divergence terms and gradients cannot be estimated using one-dimensional
cuts of a three-dimensional turbulence. Likewise, electric current estimates
may be tricky without sufficiently accurate plasma instrumentation, or multi-
spacecraft formations. In any case, it is worth noting that many of the scaling
relations we examined, stemming from the original P&P, have been tested
in high-resolution numerical simulations and are ready for the implementa-
tion using future multi-spacecraft measurements in the heliosphere, and also
in the interstellar plasmas. The description of space plasma turbulence has
therefore acquired and consolidated a novel tool to expand the details of our
understanding of how the heliosphere works. With most theoreticians, mod-
elers, data analysers and instrumentation designers only recently becoming
aware of its potential contribution, the full extent of the P&P law approach
is still far from being achieved.

9.1. Theoretical and numerical modeling perspectives

The history of the third-order scaling laws for plasma turbulence suggests
that there is broad margin for future developments and implementations of
this approach. From a theoretical standpoint, several are the possible direc-
tions for obtaining more detailed versions of the P&P law by further pushing
the key mathematical developments away from ideal conditions. Another
fascinating perspective is that of extending its range of applicability incorpo-
rating the non-collisional nature of space plasmas, to obtain scaling laws able
to model the energy transfer in space plasmas at increasingly smaller (and
less fluid) scales. A first step in that direction has been recently undertaken
in Banerjee and Andrés (2020); Pan and Banerjee (2020), where a derivation
of the KHM equation for a two-fluid description of plasmas was presented.
This formulation implies a separate description of ions and electrons and may
in future be adapted to model the energetics of other particles, such as the
α or other minor ion species, exploiting the high-resolution observations pro-
vided by the Solar Orbiter spacecraft (Forveille and Shore, 2020). A critical
leap forward in the investigation of space plasmas will be made once a direct
investigation of wave-particle interactions and collisions will be possible. At
the time of writing of this review, we are aware that a scaling law was recently

234



obtained for the Vlasov-Maxwell equations (S. Servidio, private communica-
tion; see also the preliminary phenomenological results in Servidio et al.,
2017; Adkins and Schekochihin, 2018; Pezzi et al., 2018). As is obvious, the
conservation of the Vlasov invariants (e.g., the enstrophy) is used, and the
derivation is made in the six-dimensional (v, r) phase space, which adds to
the complexity of the calculation. The validation of this law with observa-
tional data will be a major development to be expected in the near future. As
a matter of fact, being able to describe the cascade in the Vlasov regime will
provide access to sub-ion scale phenomena that control the actual dissipation
and particle energization in space plasmas. Important preliminary analyses
in this direction were already performed. Klein and Howes (2016) introduced
a phenomenological correlator based on the Vlasov-Maxwell equation, that
approaches yet does not fully describe the enstrophy cascade. However, ap-
plications of the method revealed enormous potential (Chen et al., 2019) in
helping the identification of the active dissipative processes. An automated
implementation is currently being developed in order to be uploaded on
the processing unit onboard the upcoming NASA space mission HelioSwarm
(https://www.lpl.arizona.edu/missions/helioswarm), with the aim of
providing real-time diagnostics of the physical processes occurring at the bot-
tom of the cascade (Verniero et al., 2021; Verniero et al., 2021; Howes et al.,
2022).

The next step forward in the theoretical advance of the exact laws ap-
proach would be to include weak collisions, whose role may be enhanced in
the proximity of specific plasma structures. This requires the extension of
the scaling laws to the full description given by the Boltzmann model. Fi-
nally, it would be desirable to obtain a cross-scale integration of the three
descriptions (MHD, Vlasov and Boltzmann), encompassing all physical scales
of space plasma processes.

Another direction for theoretical developments is represented by the lo-
cal description of the turbulent cascade. We have already discussed how
this was attempted using a purely heuristic approach (Sorriso-Valvo et al.,
2019a). However, novel approaches are being proposed that use local (in
space) versions of the scaling laws, which promise to provide extremely im-
portant information about the local contribution of turbulent fluctuations to
the onset of kinetic plasma processes (see for example the preliminary studies
by Kuzzay et al., 2019; David et al., 2022). At first, the goal will be to de-
scribe how the fluid-scale turbulence manages to transport energy to specific
locations in space, through localized phenomena (e.g. coherent structures or
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wave-like fluctuations), and how this triggers or inhibits kinetic processes. In
the long term, should a Vlasov description of the cascade become available,
it is easy to imagine the potential impact of a local description in the phase-
space, which may enable a complete diagnostics of the processes at play at
any position in space, at all scales, and concerning all particle species. The
local approach to exact scaling laws in turbulent space plasmas can therefore
become a valuable tool to understand as well how plasma particles are heated
and energized, how waves and instabilities are excited, and more in general
how energy is transported and exchanged in space, across scales, and among
different particle species.

From the point of view of numerical simulations, the developments are
easily stated. All the theoretical predictions must be validated using numer-
ical simulations. These should also provide ways to determine the degree of
approximation and error that is unavoidably made when using reduced di-
mensionality data, as happens in space. The increasing computational power,
associated with the use of virtual spacecraft techniques, should be pushed
to the point of enabling a correct evaluation of errors, placing boundaries
and limitations to the use of experimental data. In addition, simulations
permit to study the physical processes under controlled conditions and with
complete knowledge of the system. Therefore, the implications of the scal-
ing laws on dissipation, energy flux, and the role of all possible deviations
from the ideal conditions can be assessed thoroughly. In this sense, the basic
requirement is to increase the simulation performances, as to obtain more
extended scaling ranges, but also more dynamical range for the physics to
develop in full. This is even more the case if sub-ion (e.g. Hall or Vlasov)
physics is included. Given the multi-scale, multi-physics nature of space plas-
mas, achieving large enough scale separation in numerical simulations will be
critical to identify regimes in which different physical phenomena dominate.
For instance, various type of waves within the different regimes that can be
identified in the kinetic and magnetic energy spectra. Scale separation is also
needed to investigate the transition from the MHD to the Hall-MHD regime,
allowing the latter a sufficient range in the spectrum for the Hall term to
become important at smaller scales (see Figure 105). Novel numerical codes
designed to exploit graphics processing units (GPU) will allow to fully resolve
the transition from the fluid to the kinetic scales in space plasmas, and in
three-dimension, dimensionality being critical in order to capture the correct
dynamics (Mininni et al., 2011a; Rosenberg et al., 2020; Foldes et al., 2022).
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Figure 105: Left panel: three-dimensional rendering of the magnetic field magnitude at
the peak of the current density of a Hall-MHD simulation performed with the Lattice-
Boltzmann code FLAME (Foldes et al., 2022, Fast Lattice-Boltzmann Algorithm for Mag-
netohydrodynamic Experiments,), with grid resolution of 5123 points. No background
magnetic field is applied. Right panel: Isotropic magnetic energy spectrum computed at
the same time of the snapshot in the left panel. The wavenumber has been rescaled with
the Hall length scale, with εH = dH/L0, L0 = 2π

∫
EV (k)k−1dk/

∫
E(k)dk the integral

scale computed using the kinetic energy spectral density EV (k). The black dash-dotted
vertical line corresponds thus to the Hall length scale, that in case the bulk speed is equal
to the Alfvèn speed (namely v0 = vA), coincides with the ion skin depth dH = di.
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A long-standing open question in the solar wind community, only par-
tially addressed with the scaling laws approach, concerns the existence of
a dual energy cascade in heliospheric plasmas. This could be due, for in-
stance, to local processes that alter the energy flux and generate an inverse
cascade, like a shock propagating in the plasma and injecting additional
energy. Clear answers may arise from next generation high-resolution sim-
ulations —performed in a parameter space of interest for the heliosphere—
able to handle the injection of energy at intermediate scales and to resolve,
simultaneous and compellingly, upscale and downscale constant flux energy
transfers in the MHD regime, if existent, as well as the downscale energy
transfer towards the kinetic scales.

9.2. Observational perspectives

Finally, the hardest of the paths to take in order to maximize the return
from the scaling laws approach, but probably the most promising, involves
the design and development of novel space missions. These should and will
provide estimates of the quantities and in the geometries that will enable
the implementation of the most detailed structure functions equations. For
example, multi-spacecraft missions should be designed as to provide multi-
scale, three-dimensional geometries. In the past, the Cross-Scale concept was
proposed to collect data on three nested tetrahedra, each covering a different
range of scales (fluid, ion, and electron). Figure 106 shows the spacecraft
configuration (left) and a rendering of the possible launch system of the 12
spacecraft (right). However, the Cross-Scale mission, proposed to ESA more
than 15 years ago, was never funded since it was deemed too expensive.
Fortunately, a similar concept was recently accepted by NASA, which is
going to launch a multi-scale, multi-point observatory, Helioswarm (see the
mission concept in the image in Figure 107). In this case, the budget was
met by adopting limited plasma diagnostics, which may affect the quality of
the observations for specific third-order moment investigation, yet allowing
to advance the implementation of the methodology under study here. The
mission will represent a step forward in the direction of controlling the physics
of space plasma turbulence.

Alternative or additional space mission developments concern the explo-
ration of different regions, such as the outer heliosphere and the interstellar
medium (see, e.g., the Interstellar Probe white paper, available at https://
www.cosmos.esa.int/documents/1866264/3219248/Wimmer-SchweingruberR_

2019-08-04-interstellar-whitepaper.pdf, and Fraternale et al., 2022).
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Figure 106: Left panel: the ESA/Cross-Scale mission proposal logo, representing the
nested-triple tetrahedron spacecraft configuration. Figure from (Schwartz et al., 2009).
Right panel: a rendering of the mission launching configuration, with the 12 spacecraft
stacked on a bus. Figure from the ESA Cross-Scale Assessment Study Report (SRE-2009-
1), Publication date: 01 December 2009, available at https://sci.esa.int/documents/
34697/35949/1567257732515-SRE-2009-1_Cross-Scale21.pdf.

Those regions were poorly explored so far, and the probes that reached out
beyond Jupiter’s orbit could not provide quality plasma data. With modern
and tailored payload, it is envisaged that outer heliospheric and interstellar
missions could help understanding the way the solar plasma interacts with
the interstellar medium, and the turbulence properties of the latter. Such
understanding is of paramount importance for studies of cosmic ray and en-
ergetic particle transport and diffusion in the heliosphere, with the associated
relevance to space weather and, more generally, the sciences of the universe.

Besides novel space mission concepts, data analysis tools need to be de-
veloped to incorporate as many elements as possible from the theoretical
laws. It will be necessary to provide ways to describe the three-dimensional
nature of turbulence, account for anisotropy and for the solar variability, and
improve the quality and cadence of the plasma measurements. Preliminary
tools, such as the wave-particle correlator (Klein and Howes, 2016; Howes
et al., 2017; Chen et al., 2019), the LET (Sorriso-Valvo et al., 2019a), and
the local transfer (David et al., 2022) will need to be further developed to
include all possible physics, and to better understand the transition from
fluid- to ion- and then electron-physics regimes.

Importantly, discussions about the uncertainty and the level of approx-
imation when using exact laws to estimate the energy transfer rate should
complete the toolkit for a correct description of the turbulence (Podesta
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et al., 2009). Finally, the use of the scaling laws approach should be ef-

Figure 107: Top panel: illustration of the NASA/Helioswarm 9 spacecraft configu-
ration. Credits: UNH EOS (available at https://www.unh.edu/unhtoday/2022/02/

solar-windfall). Bottom panel: a rendering of the mission concept, with possi-
ble 36 baselines covering scales Figure from https://www.lpl.arizona.edu/missions/

helioswarm.
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ficiently paired with coordinated multi-spacecraft observations (e.g., a list
of radial alignment events between Solar Orbiter and Parker Solar Probe is
presented in Velli et al., 2020), in order to describe, for example, the radial
evolution of plasma turbulence in the expansion from the corona to the solar
wind, as well as the dynamical evolution in the neighborhoods of transition
regions, such as planetary bow-shocks, interplanetary shocks, comet tails and
other planetary environments.

9.3. Potential for application to space weather and astrophysical observations

The better understanding of local properties of turbulence achieved through
the third order law approach is critical to improve the predictive power
of space weather models. This field received growing attention in recent
years, for its relevant societal applications, with major progresses being made
thanks to the implementation of artificial intelligence and machine learning
techniques. The latter allowed significant steps forward in the forecasting of
solar extreme events (e.g., solar flares and Coronal Mass Ejections, Napole-
tano et al., 2022) that contribute to inject energy into the heliospheric plasma,
reverberating on the dynamics of the near-Earth environment (Camporeale,
2019), of the Earth’s magnetosphere (Zhelavskaya et al., 2017; Foldes et al.,
2021) and of the solar wind itself (Amaya et al., 2020).

On the outer side of the solar system, interstellar plasma density has been
both estimated in different ranges of scales using Earth-based observations
(mainly scintillation of pulsar radio emission generated by interstellar elec-
trons turbulence and observation of interstellar clouds, Lee and Jokipii, 1976;
Armstrong et al., 1995; Chepurnov and Lazarian, 2010), and measured in
situ by the two Voyager spacecraft (Lee and Lee, 2019). Amazingly, the joint
power spectral density of the inferred or measured plasma density shows a
nearly single power-law scaling, spanning over 16 orders of magnitude, from
50 m to 1018 m, with exponent compatible with Kolmogorov turbulence.
This unparalleled broad-range turbulent power-law spectrum, shown in the
left panel of Figure 108, has been appropriately called The Big Power Law
in the Sky1 (Armstrong et al., 1995). As it is well known, spectra are not

1After the recent extension to even larger wavevectors obtained using the Voyager
in-situ measurements, the nickname of the combined power-law was upgraded to The
Grand Power Law in the Milky Way (right panel of Figure 108, Lee and Lee, 2019).
The new name adequately conveys the desired, unavoidable feeling of awe and wonder.
Unfortunately, this comes at the price of the loss of the idealistic interconnection between
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a sufficient descriptor of turbulence, and cannot capture fine details of the
cascade process, in particular the spatial distribution of the fluctuations, the
rate at which energy is transferred across the scales and the direction of the
transfer. In this respect, the Big Power Law in the Sky needs to be exam-
ined using more detailed tools. These should be able to capture, for example,
the actual dynamical regimes, the properties of the structures generated by
nonlinear interactions, and their clustering. Third-order scaling laws rep-
resent a possible route, which will require novel and more precise remote
observations and in situ measurements, a challenge for future generations of
scientists. Ultimately, understanding the interplay of nonlinear interactions
and compression in the turbulent interstellar medium could shed light on
how these control processes such as star formation and cosmic ray diffusion.
Similar reasoning applies to the study of other turbulent astrophysical sys-
tems, such as, for example, galaxy clusters (Zhuravleva et al., 2014), black
holes (Wielgus et al., 2020) and gravitational waves. In the latter example,
initial attempts to derive exact laws from the governing Einstein’s general
relativity equations have been already performed (Galtier and Nazarenko,
2017). The ubiquitous observation of turbulence and the universal nature of
the associated scaling laws explored in this review highlight the fundamental
relevance of these studies.
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Acronyms and Abbreviations

ACE: Advanced Composition Explorer

ARTEMIS: Acceleration, Reconnection, Turbulence and Electrody-
naMIcS

BG13: Banjaree andc Galtier 2013

scientific amazement and artistic creativity that undoubtedly inspired the original name
(Wright and Torry, 1973).
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Figure 108: Left panel: The Big Power Law in the Sky, or the spectral power density of
interstellar electron density, P3N , inferred using radio scintillation and interstellar clouds
observations (Armstrong et al., 1995; Chepurnov and Lazarian, 2010). Right panel: The
Grand Power Law in the Milky Way, obtained adding Voyager density spectra from in-situ
measurements (colored markers). Figure adapted from Chepurnov and Lazarian (2010)
(left) and Lee and Lee (2019).

BG17: Banjaree and Galtier 2017

BL: Boundary Layer

CHMHD: Compressible Hall-MagnetoHydroDynamics

CIR: Corotating Interaction Region

CME: Coronal Mass Ejections

CMHD: Compressible MagnetoHydroDynamics

CNR: Centro Nazionale della Ricerca

CNRS: Centre National de la Recherche Scientifique

DNS: Direct Numerical Simulation

DoY: Day of the Year

EIT: Extreme ultraviolet Imaging Telescope

EM: ElectroMagnetic
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ESA: European Space Agency

EUI: Extreme Ultraviolet Imager

F19: Ferrand et al. 2019

FLAME: Fast Lattice-Boltzmann Algorithm for MHD Experiments

G08: Galtier 2008

GHOST: Geophysical High-Order Suite for Turbulence

GPU: Graphics Processing Unit

GSE: Geocentric Solar Ecliptic

HAO: Mauna Loa High Altitude Observatory

HMHD: Hall-MagnetoHydroDynamics

HVM: Hybrid Vlasov-Maxwell

ICME: Interplanetary Coronal Mass Ejections

IHMHD: Incompressible Hall-MagnetoHydroDynamics

IK: Iroshnikov-Kraichnan

IMF: Interplanetary Magnetic Field

IMHD: Incompressible Magneto-HydroDynamics

INSA: Institut National des Sciences Appliquées

IRF: Institutet för Rymdfysik

ISEE: International Sun-Earth Explorer

ISM: InterStellar Medium

ISS: International Space Station

ISTP: Instituto per la Scienza e Tecnologia dei Plasmi

ITER: International Thermonuclear Experimental Reactor

JPL: Jet Propulsion Laboratory

K41: Kolmogorov theory 1941

KAW: Kinetic Alfén Wave

KH: Kelvin-Helmholtz

KHI: Kelvin-Helmholtz instability
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KHM: Kármán-Howarth-Monin

L1: Lagrangian point 1

LASCO: Large Angle and Spectrometric Coronagraph

LES: Large-Eddy Simulation

LET: Local Energy Transfer

LF: Landau Fluid

LIM: Local Intermittency Measure

MAVEN: Mars Atmosphere and Volatile Evolution

MHD: Magneto-HydroDynamics

MMS: Magnetospheric Multiscale Mission

MS: MagnetoSheath

NASA: National Aeronautics and Space Administration

NRL: Naval Research Laboratory

P&P: Politano-Pouquet

PCW: Proton Cyclotron Wave

PFSS: Potential-Field Source-Surface Models

PIC: Particle-In-Cell

PP: Politano-Pouquet

PP98: Compressible Politano-Pouquet law, 1998

PSD: Power Spectral Density

PSP: Parker Solar Probe

PVI: Partial Variance of Increments

RFX: Reversed-Field eXperiment

RHS: Right-Hand Side

RPW: Radio Plasma Waves

RTN: Radial Tangential Normal

SC: Solar corona

STEREO: Solar Terrestrial Relations Observatory
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SW: Solar Wind

SW1: Solar Wind interval 1

SW2: Solar Wind interval 2

SW3: Solar Wind interval 3

SWA: Solar Wind plasma Analyser

SWEAP: Solar Wind Electrons Alphas and Protons

THEMIS: Time History of Events and Macroscale Interactions during
Substorms

UNH: University of New Hampshire

UT: Universal time

UTC: Universal time coordinated

VDF: Velocity Distribution Function

VKH: von Kármán–Howarth

WKB: Wentzel–Kramers–Brillouin

Main mathematical symbols

α: Spectral exponent | scaling exponent | particle species;

B0, B0: Ambient magnetic field vector (magnitude);

β, βp, βi, βe: Plasma beta parameter (proton, ion, electron);

D3
±: Third-order moment vector field for outward/inward modes;

ISOD±3 , 1DD±3 , 2DD±3 : isotropic (ISO) and anisotropic projection of
D3
± along (1D) or perpendicular to (2D) the mean magnetic field;

D: Dissipation term;

dp, di, de: Proton/ion/electron inertial length;

∆t: Time increment;

E, Ev or Ek, Eb, Ee, Etot or ET : Energy (kinetic, magnetic, internal,
total);

E±: Outward/inward mode pseudo-energy;

ε, εT` , 〈|ε|〉: Total energy injection/transfer/dissipation rate;
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εe, εc, εH : Energy transfer rate (kinetic+magnetic energy terms, cross-
helicity term, Hall terms);

εI : Incompressible energy transfer rate;

ε±, ε±I : Pseudo-energy injection/transfer rate of outward/inward mode
(incompressible);

εC , 〈|εC |〉: Compressible energy transfer rate;

εfluxCMHD, εnonfluxCMHD , εfluxCHMHD, εnonfluxCHMHD: Compressible energy transfer rate
contributions from MHD/Hall-MHD and flux/non-flux terms;

εφ: Energy transfer rate rate for a passive scalar φ;

εheat: Heating rate;

ε1: Energy injection rate, Heating rate;

ε2: Heating rate

ε3: Sub-ion-scale energy transfer rate;

ε(t,∆t), ε∆t: MHD local energy transfer rate (LET);

εH(t,∆t): Hall-MHD local energy transfer rate (LET);

ζq: Scaling exponent of the structure function of order q;

θV B, θBV , θRB, θBR, θSB: acute angle between magnetic field and ve-
locity (VB, BV), radial (RB, BR) or sampling (SB) direction;

θ: plasma dilation (divergence of the velocity);

f , fs, fp, fe: frequency | velocity; distribution function (specie s, pro-
ton, electron);

fEM : Laplace force;

F (`), F (∆t): Scale-dependent flatness;

FMHD, FHMHD: MHD and Hall-MHD flux terms;

F : Forcing term;

h: scaling exponent of MHD fields fluctuations;

H: Vector third-order moment Hall term;

HMHD: Hybrid MHD term;

κ: scaling exponent of the flatness;

L, L0: Outer/integral/large scale | box size/sample length;
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LH : Characteristic Hall scale;

`: Spatial scale;

λD: Debye length;

λ±: Taylor microscale;

MS, M: Sonic Mach number;

MA, M: Alfvénic Mach number;

MMHD
β : β-dependent MHD term;

ξq: Scaling exponent of the structure function of order q using Extended
Self Similarity;

P , Pk, Pm, Ptot: Pressure (kinetic, magnetic, total);

P : P-model parameter;

Π, Π±: Energy flux (total, outward/inward modes);

Π`, ΠT
` : Energy flux at scale `;

RE: Earth radius;

R�: Solar radius;

rA: Alfvén ratio;

Sq: Structure function of order q;

S, Sw, SB: Second-order structure function (total, kinetic and mag-
netic);

SMHD, SHMHD: MHD and Hall-MHD source terms;

σc: Normalized cross-helicity;

σr: Residual energy;

VSW , vA: Solar wind bulk speed, Alfvén speed;

vR, vL: Velocity component along the longitudinal direction (`);

T , T‖, T⊥: Temperature (total, parallel, perpendicular with respect to
the ambient magnetic field);

τ , τA, τNL: Time scale, characteristic time (Alfvén, nonlinear);

τc: Correlation time scale;

τq: Multifractal scaling exponents of the partition functions of order q;
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Y (`), Y ±(`), Y (∆t), Y ±(∆t): Space- or time-scale-dependent mixed
third-order structure function (total, outward/inward modes);

Ye, Yc: kinetic+magnetic energy and cross-helicity components of the
mixed third-order structure function;

Yφ(`): scale dependent mixed third-order structure function for a pas-
sive scalar φ;

Y: Vector third-order moment MHD term;

ΩP : Plasma frequency;

z±: Elsasser field vectors for outward/inward Alfvén modes.
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on Alfvénic fluctuations in the solar wind, in: Solar Wind Ten, pp. 405–
408. doi:10.1063/1.1618622.

Goldstein, M.L., Wicks, R.T., Perri, S., Sahraoui, F., 2015. Kinetic
scale turbulence and dissipation in the solar wind: key observa-
tional results and future outlook. Philosophical Transactions of

274

https://link.aps.org/doi/10.1103/PhysRevLett.107.134501
http://dx.doi.org/10.1103/PhysRevLett.107.134501
https://doi.org/10.1086/510423
http://dx.doi.org/10.1086/510423
https://link.aps.org/doi/10.1103/PhysRevLett.119.221101
https://link.aps.org/doi/10.1103/PhysRevLett.119.221101
http://dx.doi.org/10.1103/PhysRevLett.119.221101
http://dx.doi.org/10.1103/PhysRevLett.119.221101
http://dx.doi.org/10.1017/S0022112092001733
https://doi.org/10.1088/0004-637x/769/2/111
https://doi.org/10.1088/0004-637x/769/2/111
http://dx.doi.org/10.1088/0004-637x/769/2/111
http://dx.doi.org/10.1088/0004-637x/769/2/111
https://agupubs.onlinelibrary.wiley.com/doi/abs/10.1029/95GL03183
https://agupubs.onlinelibrary.wiley.com/doi/abs/10.1029/95GL03183
http://dx.doi.org/https://doi.org/10.1029/95GL03183
http://dx.doi.org/https://doi.org/10.1029/95GL03183
http://dx.doi.org/10.1063/1.1618622


the Royal Society A: Mathematical, Physical and Engineering Sci-
ences 373, 20140147. URL: https://royalsocietypublishing.

org/doi/abs/10.1098/rsta.2014.0147, doi:10.1098/rsta.2014.0147,
arXiv:https://royalsocietypublishing.org/doi/pdf/10.1098/rsta.2014.0147.

Gombosi, T.I., van der Holst, B., Manchester, W.B., Sokolov, I.V., 2018.
Extended MHD modeling of the steady solar corona and the solar wind.
Living Reviews in Solar Physics 15, 4. doi:10.1007/s41116-018-0014-4.
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Fruit, G., Garat, C., Génot, V., Gibson, W., Gilbert, J.A., de Giosa, V.,
Gradone, S., Hailey, M., Horbury, T.S., Hunt, T., Jacquey, C., Johnson,
M., Lavraud, B., Lawrenson, A., Leblanc, F., Lockhart, W., Maksimovic,
M., Malpus, A., Marcucci, F., Mazelle, C., Monti, F., Myers, S., Nguyen,
T., Rodriguez-Pacheco, J., Phillips, I., Popecki, M., Rees, K., Rogacki,
S.A., Ruane, K., Rust, D., Salatti, M., Sauvaud, J.A., Stakhiv, M.O.,
Stange, J., Stubbs, T., Taylor, T., Techer, J.D., Terrier, G., Thibodeaux,
R., Urdiales, C., Varsani, A., Walsh, A.P., Watson, G., Wheeler, P., Willis,
G., Wimmer-Schweingruber, R.F., Winter, B., Yardley, J., Zouganelis, I.,
2020. The solar orbiter solar wind analyser (swa) suite. Astron. Astrophys.
642, A16. doi:10.1051/0004-6361/201937259.

Pagel, C., Balogh, A., 2003. Radial dependence of intermittency in the fast
polar solar wind magnetic field using ulysses. J. Geophys. Res. (Space
Physics) 108, 1012.

297

https://link.aps.org/doi/10.1103/PhysRevLett.69.2654
https://link.aps.org/doi/10.1103/PhysRevLett.69.2654
http://dx.doi.org/10.1103/PhysRevLett.69.2654
https://doi.org/10.3847/1538-4357/ab8f2a
http://dx.doi.org/10.3847/1538-4357/ab8f2a
http://dx.doi.org/10.3847/1538-4357/ab8f2a
http://dx.doi.org/10.1051/0004-6361/201937259


Paladin, G., Vulpiani, A., 1987. Anomalous scaling laws in multifractal
objects. Phys. Reports 156, 147–225.

Palmroth, M., Ganse, U., Pfau-Kempf, Y., Battarbee, M., Turc, L., Brito,
T., Grandin, M., Hoilijoki, S., Sandroos, A., von Alfthan, S., 2018.
Vlasov methods in space physics and astrophysics. Living Reviews
in Computational Astrophysics 4, 1. doi:10.1007/s41115-018-0003-2,
arXiv:1808.05885.

Pan, N., Banerjee, S., 2020. Energy transfer in simple and active binar fluid
turbulence. Phys. Rev. E .

Pandey, B.P., Wardle, M., 2008. Hall magnetohydrodynamics of partially
ionized plasmas. Monthly Notices of the Royal Astronomical Society 385,
2269–2278. doi:10.1111/j.1365-2966.2008.12998.x.

Papini, E., Franci, L., Landi, S., Verdini, A., Matteini, L., Hellinger, P., 2019.
Can Hall magnetohydrodynamics explain plasma turbulence at sub-ion
scales? Astrophysical Journal 870, 52. doi:10.3847/1538-4357/aaf003.

Parashar, T.N., Goldstein, M.L., Maruca, B.A., Matthaeus, W.H., Ruffolo,
D., Bandyopadhyay, R., Chhiber, R., Chasapis, A., Qudsi, R., Vech, D.,
Roberts, D.A., Bale, S.D., Bonnell, J.W., de Wit, T.D., Goetz, K., Harvey,
P.R., MacDowall, R.J., Malaspina, D., Pulupa, M., Kasper, J.C., Korreck,
K.E., Case, A.W., Stevens, M., Whittlesey, P., Larson, D., Livi, R., Velli,
M., Raouafi, N., 2020. Measures of scale-dependent Alfvénicity in the first
PSP solar encounter. The Astrophysical Journal Supplement Series 246,
58. URL: https://doi.org/10.3847/1538-4365/ab64e6, doi:10.3847/
1538-4365/ab64e6.

Parisi, G., Frisch, U., 1985. On the singularity structure of fully developed
turbulence, in: Ghil, N., Benzi, R., Parisi, G. (Eds.), Proc. Intl School of
Physics E. Fermi: Turbulence and Predictability of Geophysical Flows and
Climatic Dynamics, North Holland Amsterdam. p. 84.

Parker, E.N., 1957. Sweet’s mechanism for merging magnetic fields in con-
ducting fluids. J. Geophys. Res. 62, 509–520.

Parker, E.N., 1958. Dynamics of the interplanetary gas and magnetic fields.
Astrophys. J. 128, 664.

298

http://dx.doi.org/10.1007/s41115-018-0003-2
http://arxiv.org/abs/1808.05885
http://dx.doi.org/10.1111/j.1365-2966.2008.12998.x
http://dx.doi.org/10.3847/1538-4357/aaf003
https://doi.org/10.3847/1538-4365/ab64e6
http://dx.doi.org/10.3847/1538-4365/ab64e6
http://dx.doi.org/10.3847/1538-4365/ab64e6


Paschmann, G., Papamastorakis, I., Sckopke, N., Haerendel, G., Sonnerup,
B.U.O., Bame, S.J., Asbridge, J.R., Gosling, J.T., Russel, C.T., Elphic,
R.C., 1979. Plasma acceleration at the earth’s magnetopause - evidence
for reconnection. Nature 282, 243–246. doi:10.1038/282243a0.

Paschmann, G., Schwartz, S.J., 2000. Issi book on analysis methods for multi-
spacecraft data, in: Harris, R.A. (Ed.), Cluster-II Workshop Multiscale /
Multipoint Plasma Measurements, p. 99.

Passot, T., Henri, P., Laveder, D., Sulem, P.L., 2014. Fluid simulations of
ion scale plasmas with weakly distorted magnetic fields. flr-landau fluid
simulations. European Physical Journal D 68, 207. doi:10.1140/epjd/
e2014-50160-1.

Passot, T., Sulem, P.L., 2007. Collisionless magnetohydrodynam-
ics with gyrokinetic effects. Physics of Plasmas 14, 082502.
URL: https://doi.org/10.1063/1.2751601, doi:10.1063/1.2751601,
arXiv:https://doi.org/10.1063/1.2751601.

Patterson, G.S., Orszag, S.A., 1971. Spectral calculations of isotropic turbu-
lence: Efficient removal of aliasing interactions. The Physics of Fluids 14,
2538–2541. doi:10.1063/1.1693365.

Pereira, M., Gissinger, C., Fauve, S., 2019. 1 / f noise and long-term memory
of coherent structures in a turbulent shear flow. Physical Review E 99.
doi:10.1103/PhysRevE.99.023106.

Perez, J.C., Bourouaine, S., Chen, C.H.K., Raouafi, N.E., 2021a. Ap-
plicability of Taylor’s hypothesis during Parker Solar Probe perihe-
lia. Astron. Astrophys. 650, A22. doi:10.1051/0004-6361/202039879,
arXiv:2103.12022.

Perez, J.C., Chandran, B.D.G., Klein, K.G., Martinović, M.M., 2021b.
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