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On the Intelligent Proportional Controller Applied to Linear Systems

M. C. Belhadjoudja, M. Maghenem, and E. Witrant

Abstract— We analyze in this paper the effect of the well-
known intelligent proportional controller on the stability of linear
control systems. Inspired by the literature on neutral time-
delay systems and advanced-type systems, we derive sufficient
conditions on the order of the control system, under which, the
used controller fails to achieve exponential stability. Further-
more, we obtain conditions, relating the system’s and the control
parameters, such that the closed-loop system is either unstable
or not exponentially stable. After that, we provide cases where
the used controller achieves exponential stability. The obtained
results are illustrated on an experimental benchmark that
consists of an electronic throttle valve.

I. INTRODUCTION

Model-free control (MFC) aims to regulate control sys-
tems with unknown dynamical equations. The MFC that we
consider here has been introduced in [1], [2]; see also [3],
[4] for more recent formulations. Generally speaking, this
approach consists of relating the input and the output by
an equation, known as the ultra-local form, involving the
output (and its time derivatives), the input, and an unknown
function lumping whatever is unknown in the system [1]. As
a result, the control input is composed of two parts: a first
part designed to compensate for the unknown function, and
a second part that consists of a classical linear controller,
usually, a PID controller. The resulting controller is known
as the intelligent PID controller. This class of controllers has
been tested both numerically and experimentally on different
classes of systems, such as automotive engines [5], auto-
mated vehicles [6] and fault accommodation in greenhouses
[7]. This being said other types of MFC techniques are
available in the literature; see [8].

Due to its easy implementation, as opposed to more
advanced control strategies, MFC using intelligent PIDs is
increasingly applied. However, despite this growing pop-
ularity, the rigorous analysis of these controllers is still
at its early stage, to the best of our knowledge. Indeed,
the stability guarantees for the resulting closed-loop sys-
tem remain, mostly, unexplored. Some results along this
direction have been obtained, for example, in [9], where
links between the sampled intelligent PID controller and
the sampled classical PID controller in velocity form are
established. In [10], the robustness of intelligent PIDs is
studied via sensitivity analysis. In [11], the discretized closed
loop using MFC is shown to coincide with the Euler forward
approximation of a certain class of systems. The stability
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of the latter class of systems is then analyzed. However,
these conclusions do not necessarily extend to the original
closed-loop system under MFC. On the other hand, in some
works, MFC and its intelligent linear controllers have been
reinforced via different control techniques. For example, in
[12], MFC is combined with model predictive control. In
[13], a controller combining MFC and sliding mode control
is proposed. Despite their proven efficiency, these techniques
are more complex to implement, as opposed to the intelligent
PID controller.

In this paper, we prove the efficiency and show the
limitations of the intelligent proportional controller (iP) when
applied to linear control systems. That is, we prove that ap-
plying an intelligent proportional controller to a linear control
system reduces to applying a PD controller to a neutral delay
system. Hence, the intelligent proportional controller inherits
some of the limitations of the classical PD controller. More
precisely, we derive sufficient conditions on the order of the
system, under which, the origin fails to be exponentially
stable. Furthermore, we derive sufficient conditions, on the
system’s parameters and the control gains, under which, the
origin is either unstable or fails to be exponentially stable.
Then, based on existing results on neutral delay systems, we
derive sufficient conditions for exponential stability, which
illustrates situations where the iP controller guarantees better
results than just asymptotic stability. We illustrate our theo-
retical results via an experimental benchmark, that consists
of the angle-tracking problem for an electronic throttle valve.

The paper is organized as follows. The problem statement
is in Section II. Then, some preliminary results are presented
in Section III. Our main results are in Section IV. Finally,
the experimental results are in Section V.

Due to space limitations, the proof of Theorem 2 and
numerical examples are omitted and can be found in [14].

Notation. We denote by R™ the set of n-uples of real
numbers, by Ry the set of positive real numbers and by
R>o the set of nonnegative real numbers. We let N :=
{0,1,2,...}, 2 := {0,£1,£2,...}, and C be the set of
complex numbers. Given 7 € Ry and a time-varying
function y, we write y,(t) := y(t — 7). Given a € N, we
denote the ' derivative of y by y(®), the first derivative by
1, and the second derivative by ¢. Given a matrix A € R™*",
we denote by || A|| its 2-norm, by s(A) its spectral abscissa,
by p(A) its spectral radius and by u(A) its logarithmic norm
with respect to ||.||. We denote by I,, the identity matrix of
dimension n, and by 0,, the zero matrix of dimension n.
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Fig. 1: The iP control algorithm applied to system (1).

II. PROBLEM STATEMENT

We consider linear control systems of the form
a1y + .+ agry = Biu® + 4 Bpu, (D)

where y € R is the measured output, © € R is the control
input, a,b € N with a > b, a;,5;, € R for (i,j) €
{1,2,...a+1} x {1,2,...,b+ 1}, and a1 81 # 0.

We recall in this section the structure of the intelligent
proportional controller applied to system (1). For a detailed
presentation of MFC approaches with various examples, we
refer the reader to [1] and [2].

Consider the control system in (1) and let us define, along
the trajectories of the system, the time-varying function:

F(t) :=y(t) — au(t). 2

where o # 0 is a design parameter. The trajectories of (1)
can, therefore, be described by the ultra-local form [1]:

J(t) = ault) + F(1). 3)
The intelligent proportional control law is given by
1 .
u(t) =~ (~Ky(H) - F(1)) @

where F is an estimate of F, and K € R is a control gain.

The key idea behind the intelligent proportional control
law (4) is that if F = F, then the closed-loop system
is governed by the equation y = —Ky, which leads to
exponential stability if and only if K > 0. Various estimates
of F' are proposed in the literature; see for e.g. [1], [2], [3],
[4]. The one we consider here is given by

B = §(t) — aur (), wrlt) = ult—7),  (5)

where 7 € Ry is a time delay.

Remark 1: When g is not available for measurements,
various methods to approximate it can be found in [15],
[16], [17], [2]. Although we assume here that g is perfectly
known, the analysis using its approximations is an interesting
perspective to this work.

The structure of such a controller is illustrated in the block
diagram of Figure 1.

Clearly, when applying (4)-(5) to (1), the resulting closed-
loop system is not governed by y = — K. It will most likely
involve a time delay (except for specific cases; see Remark
3). The effect of this delay cannot be ignored in general,
even if it is sufficiently small; see [18], [19]. Furthermore,
when the closed-loop system has a delay term, we will show
that it may be a neutral delay system or an advanced-type
system. As a consequence, we will be able to derive stability
and instability guarantees based on some well-known results
concerning the latter two classes of systems.

Before presenting our main results, we will recall some
preliminaries in the next section.

ITI. PRELIMINARIES
A. Neutral Delay Systems
Consider the neutral delay system of the form

a4+ a1y =Byt + o+ Bapryr, (6)

for some a € N and «;, 8; € R for all ¢ € {1,2,...a+ 1}
with a1 81 # 0. Results on well-posedness of system (6), i.e.
existence and uniqueness of solutions, can be found in [20,
Chapter 1], [21, Chapter 9].

System (6) admits the characteristic equation:
0:a1za+a2za_1+“'+aa+1 7
—e 77 (ﬁlz“ + 522“_1 +...+ 5a+1) .

Lemma 1 (Neutral root chains [22, Item 2 Theorem 1]):
If B1a1 # 0, then equation (7) has an infinite number of
roots given by the sequence:

= (log(fi ) ”(arg (51) Hk?r)) T )

Vk € Z,

where g, = o (1); namely, for any ¢ > 0, there exists k. > 0
such that |gx| < ¢ for all k € Z such that |k| > k..

Moreover, besides the sequence {z}, equation (7) has a
finite number of other roots. |

B. Advanced-Type Systems
Systems of advanced type are of the form

a1y + .+ a1y =61y + o+ Borays, 9
for some a,b € N, with b > a, a; € R for all ¢ €
{1,2,...a+ 1}, and B; € R for all i € {1,2,...b+ 1},
with a8y 75 0.

System (9) admits a characteristic equation of the form
0=z + a2 4+ ... +agn

—e T (B2 + BT 4 L+ Buta) -

Lemma 2 (Unstable root chains [22, Item 3 Theorem 1]):

If b > a and o181 # 0, then the number of roots of (10)

with negative real part is finite. Additionally, (10) has an

infinite number of roots with arbitrarily large non-negative
real parts. |

(10)



C. Neutral Delay Control Systems Subject to PD Control

We introduce the particular class of neutral delay control
systems of the form

aq (y(a) _y7(_a)) +-~-+aa+1 (y_y'r) =, (11)

where v € R is the control input, a € N, o; € R for ¢ €
{1,2,...a+1}, and oy # 0.

System (11) is said to be (asymptotically, exponentially)
stabilizable by PD control of order (b 4 1) if there exist
gains Kg1, Kgo, ..., K4py2) € R, with K41 # 0, such that
the control law

vi= Koy + Kaoy® + ...+ Kapsyy  (12)

renders the origin of the resulting closed-loop system
(asymptotically, exponentially) stable. We recall here that
the closed-loop system is exponentially stable if there exist
constants x, o > 0 such that for any initialization y([—7, 0]),
we have

ly(t)| < ( s ly(s) ) ke™7' t>0.  (13)
se|—T,

The following two facts are in order.

e When a > b+ 1 or a; # Ky1, system (11) in closed
loop with the PD controller (12) is of neutral type (6).
e When system (11) in closed loop with (12) is such that

a=b+1, oar=Kqa,

e {23, ..,a+1}:q; # Ka, (14)

the closed-loop system is of advanced type (9).

IV. MAIN RESULTS

We start showing that the closed loop of (1) using (4)-(5)
has the form of (11) subject to a PD control law in the form
of (12). As a result, depending on the degree of the control
system (1), its parameters, and the parameters (o, K) of the
intelligent proportional controller, the closed-loop system is
either a neutral delay system of the form (6) or an advanced-
type system of the form (9). In particular, we use Lemmas
1 and 2 to derive conditions, under which, the closed-loop
system either fails to be exponentially stable or is unstable.

Remark 2: 1t is well known that if |81/c1| < 1 in (6),
then asymptotic stability is equivalent to exponential stability
[23]. However, this is not true in general. For example, the
origin of y—1, = —y is not exponentially stable but it is still
asymptotically stable. Therefore, the fact that the intelligent
proportional controller fails to guarantee exponential stability
in some scenarios does not mean that it cannot achieve
asymptotic stability.

A. Egquivalence between the iP Control of (1) and the PD
Control of (11)

We start introducing the following lemma.

Lemma 3: System (1) in closed-loop with the intelligent
proportional controller in (4)-(5) can be expressed as a
neutral delay system (11), of the same order a, subject to
a PD controller in (12) of order (b + 1), whose gains K,
1€{1,2,...,b+ 2}, satisfy

Kdl = 7lﬂ1, Kd(b+2) = 735},4_1}(, and

« «

1

de = _E (ﬁjflK +ﬂ]) V] c {2, .. ,b+ ].} (15)

|
Proof: Using (4), we obtain

Bru® 4.+ Bypiu = Biu® + .+ Brpaus
_ éﬁl (Ky(b) n y<b+1>) _ é@ (Ky(b—1> n y<b))
_~-~_$Bb+1 (Ky+179), (16)
which can be rewritten as
Bru® + ..+ Bppiu =
gl + .+t — éﬂly(bﬂ) - éﬂlﬁle
S (BK )y = (BK + B g ()

The closed-loop system is therefore given by

ai (y(“) - yﬁ“)) ot Qe (Y —yr) =

1 1
— =Byt - =B Ky
« «
1 ®) 1 .
- (BLK + B2)y"” — ... — > (BoK + Bos1) g, (18)
which is the structure of (11) subject to a PD controller (12)
of order (b+1). [ |

Remark 3: From Lemma 3, we conclude that the strictly
causal control system in (1) subject to the iP control in (4)-
(5) is under one of the following three forms:

o Advanced-type  form  (9): if  there  exist
{Kai}iequ,... p+2}- such that (14)-(15) hold.
o Undelayed form: if there exist {Ka;}icq1,... p+2}, With

a = b+ 1, (15) holds, and «; = Ky; for all i €
{1,2,...,a+ 1}.

« Neutral delayed form (6): when none of the conditions
in the previous two items hold.

B. Instability and Lack of Exponential Stability

According to Lemma 3, the iP controller applied to (1)
inherits the following limitations of the PD controller in (12)
applied to (11).

o The PD controller in (12) cannot guarantee exponential
stability if a > b+ 1.

e When a = b + 1, the resulting closed-loop system can
be of advanced type, and thus unstable.

« Even when the closed-loop system is not of advanced
type, when the coefficient of yﬁa) is, in norm, larger
than one, then the closed-loop system is unstable.



« When the latter coefficient is equal to 1, the closed-loop
system fails to be exponentially stable.

The aforementioned facts are applied to assess the insta-
bility of (1) in closed loop with (4)-(5).

Theorem 1: Consider system (1), with a > b, in closed
loop with the intelligent proportional controller in (4)-(5).
Then, for any delay 7 > 0, the following properties hold:

e If a > (b+ 1), then, for any o € R* and K € R, the
origin of the closed-loop system is not exponentially
stable.

e Ifa=(b+1) and @ = —f1/a, then for any K € R
such that agi1a # —Bpi1 K or aa # — (81K + ;)
for some i € {2,3,...,b+ 1}, the origin of the closed-
loop system is unstable.

e Ifa=(b+1) and o # —f1/ay, then, for any K € R,
the origin of the closed-loop system is unstable if

o
— | >1, 19)
a1+ P/ (
and not exponentially stable if
o
— =1 20)
a1+ P/ (
O

Proof: From Lemma 3, we know that the closed-loop
of (1) using (4)-(5) is governed by the equation

a1y + gy Y+ ag gy
1 K+
+ <Oéa—b + 0/31) y Oty 4 (Oéa—b+1 + W) y

+...+(aa+(ﬂszﬁbJrl))er<aa+1+5sz)y

(a) _

— a1y, e — Q1Y = 0. 21

The characteristic equation of this system is

o Qb

2%+ OTQZ“_I + ...+ 7aab 1 b2
1 1

(a—b + ﬂl/a)zbJrl

(03]
+ 71 +
Ng—
1 a—b+1

+ 1 (aa n (ﬁbK+5b+1)> - (ot + K (Byi1/))
a1 o o

+

(51K+ﬁ2))zb+m
a

_ Qo Qg1
B B I Mt )
e5] (€3]

(22)

If a > (b+ 1), using Lemma 1, we conclude that the
system admits infinitely many characteristic roots of the form

2km
zp=1i—4o(l) k=0,£1,%2,... (23)
T
In other words, there exists a sequence of characteristic roots
that tends towards the imaginary axis. The origin is therefore

not exponentially stable.

We consider now the case where a = (b+ 1). Hence, the
characteristic equation of the system is given by

(a1 +fi/e) . L <a2 n (ﬁ1K+ﬂ2)> a1
(6751 (65) «

(aa N (ﬁbK;rﬁbH)) - (at1 + K (Bys1/))

aq

+ ...

1
_1’_7
(€3]

_ Qg Qg41
—e A0 2t 22t ) =,
oy (€3]

(24)

If we have o« = — 31 /1, then the previous equation becomes

b (o KB

(05} «

S <aa + (5bK+ﬁb+1)> . <aa+1 JrKﬂbﬂ)
(651 «

a1 «

e <Za+o‘22a1+“_+a“+1> —0. (25)
o

aq
If, in addition, agi1v # —Bp+1K or there exists i €
{2,3,...,b + 1} such that oo # —(B;—1K + f3;), then
equation (25) is the characteristic equation of an advanced-
type system. As a result, using Lemma 2, we conclude that
it possesses infinitely many roots with arbitrarily large real
parts, which leads to instability of the closed-loop system.

If o # —f1/aq, the characteristic equation of the closed-
loop system is given by (24). Hence, if we let

0:=arg [ — 1
= arg (al —i—ﬁl/a)

and apply Lemma 1, we conclude that the system admits
infinitely many characteristic roots of the form

= % <1og ( > +i(0+2k7r)> +o(1),

for k = 0,+1,+£2,.... In other words, there exists an infinite
number of characteristic roots, for which, the real parts
aq

converge to
L) ( ) 28)
—lo _ 1.
T & ar + Bi/a

The origin of the closed-loop system is therefore unstable
if (19) holds, and fails to be exponentially stable if (20) is
verified. [ ]

Remark 4: Note that the non-exponential and instability
properties in Theorem 1 hold for any delay 7 > 0, although
the closed-loop system is exponentially stable when 7 =
0. This property is known as the small time-delay effect
[18], [19]. This property is due to the transcendental term
e~ 7% in the characteristic equation of the system, which
generates infinitely many characteristic roots as 7 varies by
an infinitesimal amount from zero.

(26)

1
a + fi/a

C. A Stability Result

Inspired by [24], we propose sufficient conditions to
guarantee exponential stability of the closed-loop system
using the iP controller.



Theorem 2: Consider system (1), with a = b+1, in closed
loop with the intelligent proportional controller in (4)-(5)
such that o # — ;1 /a4, and

aq

—F | <L (29)
a1+ Bi/a
Then, the origin is exponentially stable if
A 1 Oafl Iafl
A) <0, A:= , 30
S( ) |:Aa+1 [Aa A2]:| ( )
T ‘(Oéa_;,_l 012)| —+ |O£1| < |O_él|, (31)
where s(A) is the spectral abcissa of A, and
0> ’(Aa+l A, ... AQ)‘ (|a1| +T|<aa+1 Qg ... 042)|)
+ |an|p(A), (32)

where u(A) is the logarithmic norm of A, and for all i €
{1,2,....,b+ 2}, we have A; := (—a,; + «;) /a1, @; := a; —
Kg;, and Kg; is given in (15). O

Remark 5: Note that it is not difficult to adapt the state-
ment of Theorem 2 when using the general intelligent PD
controller defined recursively by

1
U= U= (Kly + Ko+ ...+ Ky¥ )+ Z/(V)> ; (33)
which corresponds to the ultra-local form

yI(t) = au(t) + F(t) Vt>0, veN (34

Note that the resulting closed-loop system is of the form

ayWt ¢+ agy = alyga) + ...t agr1ys,  (35)

forv:=b+v+1landa; € Rforalli e {1,2,...v+b+1}.
Here we distinguish between two cases:

o When the smallest index ¢ € {1,2,...,b+ v + 1} such
that &; # 0 guarantees v +b—1i+ 1 < a, then the tools
in Lemmas 1 and 2 used to study the iP controller can
be used. Indeed, the resulting closed-loop system must
have one of the forms listed in Remark 3.

e When v+b—i+1 > a, the resulting closed-loop system
has none of the forms listed in Remark 3. It is rather a
delayed differential equation, which, according to [22],
can only have a finite number of unstable characteristic
roots. The stability analysis for this particular case will
be considered in future work.

V. EXPERIMENTAL RESULTS

In this section, we illustrate some of the obtained theoret-
ical results on an experimental benchmark, which consists
of the electronic throttle valve depicted in Figure 2. This
is a butterfly valve used for flow-control applications. The
valve’s commercial reference is 03L128063. The output of
the valve is the opening angle 6, which is regulated by
imposing an input voltage u on a 12V DC motor. The motor
is controlled using the SHIELD-MD10 board. The input u is
applied by generating a PWM signal from an Arduino Mega
2560 via the Arduino IDE. The output # is measured using

Fig. 2: Electronic Throttle Valve

the magnetic angle sensor KMA221. We refer to [25] for
more details on the experimental test bench.

Given the angular reference 6, in Figure 3, we suppose
that, locally, the behavior of the tracking error y := 6 —0,. is
governed by equation (1). We implement the iP controller in
(4)-(5) with 7 := 0.05s, which is imposed by the sampling
time of the test bench

The output derivative y at ¢; is approximated using the
Euler backward method, ie., yx = (yx — yp—1)/7. As a
result, the discrete-time controller uy, at tj is given by

1
U 1= Up—1 + o (—(K7+ Dyk + yr—1) - (36)

The initialisation of the controller is u([—7,0]) = 0.

In Figure 3, we plot the valve response for a :=
1/(0.017) = 2000 and K := 2« = 4000, which shows
oscillations of # around 6,.. Hence, exponential stability is
not achieved. If the error y := 6 — 0, is governed by (1) with
a = b+ 1, then this lack of exponential stability necessarily
means that the sufficient conditions for exponential stability
that we derived in Theorem 2 are not satisfied. To verify
this fact, we propose to identify such a model, using the
System-Identification Matlab Toolbox [26]. The system is
identified in closed-loop operation, to focus on the closed-
loop frequency range. For ¢ = 2 and b = 1, we obtained the
model

i+ 32.167 + 1875y = 65.820 — 85.89u,  (37)

whose output, using the input signal generating the response
in Figure 3, matches the response in Figure 3 at the precision
of 64.9%; see Figure 4. One can check that the sufficient
conditions for exponential stability in Theorem 2 are not
satisfied by (37) subject to (4)-(5), mainly because the gain
« is too large. The intuition we gain from Theorem 2 is
that it is more likely to achieve exponential stability when
« is small than when it is large, as long as the system can
be described by (1) with a = b+ 1. At the same time, we
need to make sure that X/« is not too large. Following this
intuition, we select a = 2.5 and K = 5. The corresponding
valve response is shown in Figure 5, where exponential
convergence of 6 towards 6, is observed.

VI. CONCLUSION

We analyzed the effect of the iP controller on the stability
of linear control systems. Inspired by the literature on neu-
tral delay and advanced-type systems, we derived sufficient
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Fig. 4: Valve versus model response for o = 2 x 10% and
K =4 x103.

conditions making the closed-loop system either unstable or
not exponentially stable. Some other conditions are derived
to guarantee exponential stability. In particular, we confirm,
via theory and experiment, that the iP controller in (4)-
(5) does not yield to a closed-loop dynamics of the form
y = —Ky. In future work, we would like to study the effect
of approximating y on the stability of the closed-loop system.
Furthermore, we would like to consider the more general
classes of intelligent PD and intelligent PID controllers.
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