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The absorption of sound has great significance
in many scientific and engineering applications,
from room acoustics to noise mitigation. In this
context, porous materials have emerged as a viable
solution towards high absorption performance and
lightweight designs. However, their performance
is somewhat limited in the low-frequency regime.
Inspired by the concept of recursive patterns
over multiple length scales, typical of many
natural materials, here, we propose a hierarchical
organization of multilayered porous media and
investigate their performance in terms of sound
absorption. Two types of designs are considered:
a hierarchical periodic (HP) and a hierarchical
gradient (HG). In both cases, it is found that in
some frequency ranges the introduction of multiple
levels of hierarchy simultaneously allows for: (i) an
increase in the level of absorption compared with
the corresponding bulk block of porous material
(or to the previous hierarchical levels (HLs)), and
(ii) a reduction in the quantity of porous material
required. Another advantage of using this approach
is on the fabrication, since only one porous material
is required. The performances are examined for
both normal and oblique incidences, as well as for
different values of the static air-flow resistivity. The
methodological approach is based on the transfer-
matrix method, optimization algorithms such as the
metaheuristic greedy randomized adaptive search
procedure (GRASP), finite-element calculations and
measurements performed in an impedance tube.
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1. Introduction
One of the stumbling blocks in modern acoustics is the absorption of sound at low frequencies,
especially when the thickness of the absorbing structure is smaller than the wavelength of the
incident sound wave. This performance, highly desirable in most noise shielding applications
related to human activities, is even more chased in contexts such as room acoustics, engine
noise control and, in general, where the space hosting the absorber is limited [1].

In this context, porous materials have emerged as a viable solution towards high absorp-
tion performance and lightweight designs [2,3]. The main mechanism responsible for sound
absorption in porous media derives from the conversion of sound energy into heat, further
dissipated through the large number of complex micro-pores of which these materials are
composed [4]. Several theoretical models have been proposed to describe their acoustic
behaviour [5–8]. Among them, the Johnson–Champoux–Allard (JCA) model is probably the
most widely used [9–11]. It describes the porous media through five physical parameters,
namely: (i) static air-flow resistivity σ, (ii) open porosity ϕ, (iii) tortuosity α∞, (iv) viscous
characteristic length Λ and (v) thermal characteristic length Λ′.

Porous materials exhibit good absorption at medium and high frequencies, whereas their
performance is somewhat limited in the low-frequency regime [12]. To overcome this deficiency
without increasing their overall thickness, specific designs of porous materials, also known as
‘meta-porous materials’ or ‘porous metamaterials’, have recently been proposed [13]. The most
common approaches include: (i) introducing resonators into the porous media generating
additional peaks of absorption at the desired (low-) resonance frequencies of the resonator
[14–16]; (ii) inserting a set of rigid partitions into the porous media responsible for the forma-
tion of multiple slow waves propagating over the full layer thickness. Specifically, this approach
proved to be very effective in enhancing the absorption in the low-frequency regime with
respect to the corresponding block of bulk porous material, though performances in the middle
and high frequencies [17,18]; (iii) topological optimization of the porous materials including air
cavities [19,20] and micro-perforated panels [21,22]; (iv) multi-scale design of porous materials
with slits [23,24] and holes [25] allowing for sound waves with longer wavelengths to enter the
material and be dissipated; (iv) multilayered porous media, whose overall dynamic perform-
ance strongly depends on the geometrical arrangement of the constituent elements.

Initiated in the early 1990s [26–28], the meta-porous approach is again attracting increasing
interest in the scientific community owing to recent developments in acoustic metamaterials
[29,30] and fabrication techniques [31], which have allowed for the conception of new designs
more and more optimized [32,33] for an efficient and broadband sound attenuation at low
frequencies using moderate amounts of absorbing materials [13]. In this context, Jimenez et
al. [34] proposed an optimized chirped multilayered porous material exhibiting enhanced
low-frequency absorption (compared with that of the corresponding bulk porous material of
the same length). The sound absorption and transmission of the system were theoretically
analysed, revealing unidirectional performances, given the broken geometrical symmetry
introduced by the chirped design. Optimized layers of porous materials have also shown
promise of reaching perfect and broadband sound absorption [35]. In this case, the perform-
ance enhancement derived from the impedance matching of the meta-porous material to the
incoming wave. Another example of gradient variation of the material properties is structure
with dual porosity, where gradually increasing the number of additional perforations signifi-
cantly increases the absorption [36]. Furthermore, adjusting the shape of the perforations is of
crucial importance for achieving high absorption values [37]. Almeida et al. [38] investigated
a multilayered porous material with slit-type perforations organized according to the Cantor
set, i.e. exhibiting a fractal porosity. A broadband and efficient absorption performance in the
low-frequency regime was reported.

Despite the large number of meta-porous designs proposed so far, enhancing the absorption
performance of these materials at low frequencies remains an open research issue. In this
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context, the concept of hierarchy, borrowed from Nature, has recently emerged as a promising
source of inspiration for the engineering of metamaterials with complex structural architec-
tures leading to advanced functional properties in several research fields, from electromagnet-
ism to elasticity and acoustics [39–45]. Hierarchical architectures, which can be defined as
recursive structural patterns repeated at different length scales, are widespread in nature,
being a developmental outcome of coping with evolutionary challenges, often bringing to
enhanced and functional-oriented properties compared with simpler structural organizations
[46]. Initially, mainly investigated in the quasi-static domain, hierarchical architectures have
also recently gained increasing interest in dynamics and in acoustic metamaterials. For instance,
Li et al. [47] showed that adding surface porosity and unit-cell heterogeneity in a multi-scale
structure inspired by the cuttlefish bone allows for broadband sound absorption and a
higher deformation tolerance. A spider-web-like organization [48] or hierarchical honeycomb
arrangements [49,50] revealed improvements in bandgap properties, while acoustic metamate-
rials made of hierarchical membranes can achieve unusual transmission loss characteristics [51].
A sandwich structure with a hierarchical honeycomb interior has been shown to enhance the
absorption in a much wider frequency range as compared with the regular sandwich [52].
Finally, labyrinthine fractal acoustic structures have recently shown increased low-frequency
sound attenuation [53] and reflection [54]. Moreover, hierarchy in the reciprocal space, i.e.
hierarchical band gaps, has recently been reported in complex periodic structures [55].

Here, we introduce the concept of hierarchical meta-porous materials, i.e. multilayered
stacks of porous material and air, the geometrical organization of which describe a family of
self-replicating structures (with or without exact self-similarity [56]) at different length scales
(see figure 1). Through analytical calculations based on the transfer-matrix method, optimi-
zation algorithms such as the metaheuristic greedy randomized adaptive search procedure
(GRASP), finite-element simulations and measurements at normal incidence in an impedance
tube, we demonstrate the enhancement of the absorption coefficient as additional hierarchical
levels (HLs) are added to the porous layers(s). Two types of organization are investigated, and
their performance is compared to that of the corresponding block of bulk material (or to the
previous HLs): a hierarchical periodic (HP) and a hierarchical gradient (HG). In both cases, it is
found that in some frequency ranges the introduction of multiple levels of hierarchy simultane-
ously allows for: (i) an increase in the level of absorption and (ii) a reduction the quantity
of porous material required to achieve better performance. Both cases of normal and oblique
incidences are examined, as well the influence of static air-flow resistivity, which, among all
the JCA model parameters, appeared to be the most influential on absorption in the considered
frequency range. An optimization procedure has been applied to maximize the absorption of
the highest HL in the desired frequency range (20–2000 Hz), since for each proposed structure
adding further HLs is always possible.

We note that our HP and HG designs are inspired by comprehensive works [34,35,57].
In Zhang et al. [57], the proposed structure is made of alternating soft and hard elastic materi-
als (hydroxyapatite and protein) immersed in water, where no optimization is performed. In
Jiménez et al. [34], porous and air layers are considered and the optimization is driven by the
search for perfect absorption, while Jiménez et al. [35] used quarter-wavelength resonance with
the goal of deriving the optimal (reference) length of the structure based on this condition,
thus leading to a stack of only porous layers with different lengths and air-flow resistivity. In
contrast, the goal of our study is to investigate how applying the (same) rationale of ‘introduc-
ing additional hierarchical arrangement of unit cells’ can achieve a performance enhancement
of perfectly periodic or gradient multi-layered structures in some frequency or static air-flow
resistivity ranges.

The paper is organized as follows: §2 is devoted to the description of the models and
methods. First, the HP and the HG designs are introduced, then the type of model adopted to
describe the porous layers and the formalism used to calculate their absorption properties are
provided. Finally, the details of the optimization algorithm exploited to define the designs are
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given. In §3 we report the results for the cases of normal and oblique plane wave incidence,
as well as the effect of the static air-flow resistivity on the absorption coefficients. Section 4 is
devoted to the experimental validation of the results. Conclusions and further perspectives are
given in §5.

2. Models and methods
(a) HP and HG design
A great variety of biological systems exhibit hierarchical organization, i.e. recursive geometri-
cal patterns repeating at the micro- and/or macro-scales [58]. Hierarchy often derives from
heterogeneity introduced in the form of: (i) reinforcing elements (fibres, platelets or crystals
embedded in a softer matrix), (ii) voids, cavities or canals in a matrix and/or (iii) alternat-
ing layers of stiffer and softer materials [41]. These diverse organizations can contribute to

Hierarchical periodic (HP)

multilayered porous material

(a) (b) Hierarchical gradient (HG)

multilayered porous material

p0 = LHP

0th HL

1st HL

2nd HL
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f2
p2 f2

f2 f2p3
f3

unit cell 1 unit cell 2 unit cell 3 unit cell 1 unit cell 2 unit cell 3
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Figure 1. HP and HG multilayered porous structures. (a) A HP multilayered porous structure. The porous layers are coloured
blue, and the air gaps in white. (b) A HG multilayered porous structure. The porous layers are coloured green, and the
air gaps in white. In both cases, m = 3 HLs are investigated, and the simplest organization, the 0th HL, reduces to a
bulk block of porous material. The recursive rule to build each next HLs ith , with i ∈ [1,m], is to divide the porous
domain(s) of the previous level (i − 1)th of length pi − 1 in n = 3 porous and air layers. In (a), the resulting layers have
constant lengths pi and fi throughout the sample, while in (b), the structure self-replicates following the scaling rulepi(j) = piβj − 1 − (n − 1) q = 1

i − 1 j − 1nq , where β is a constant parameter, i ∈ [0,m] the considered HL, j ∈ [1,n × m] the
porous-layer sequence number, pi the length of the first porous layer of the ith HL and [ ⋅ ] indicates the integer part of the
number included within the square brackets.
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increased energy dissipation and crack deflection capabilities, toughness and resilience [59],
but can also potentially affect the propagation of elastic waves or damping along with an
overall mass density reduction [60]. Indeed, the evidence for a strong correlation between the
propagation of waves and the micro-structure of the biocomposites hosting the propagation has
been shown, connecting it to the hierarchical organization, often consisting of hard material
building blocks embedded in a soft organic matrix, assembled in a hierarchical manner across
multiple length scales [57]. Hierarchy can occur at different length scales, as in bones, nacre or,
at similar length scales, as in leaves, wood, corals or sponges (porous materials) [61,62]. Electron
microscope images of such hierarchical structures have often shown that their micro-structure
appears not only to be self-similar but also periodic at each level of their structural hierarchy,
such as in the case of enamel and dentine, protecting our teeth from failure after millions of
times of mastication, or lobster cuticles, shrimp clubs and crab claws exhibiting exceptional
resistance to repeated dynamic attack either for preying or shielding purposes [63].

Inspired by these patterns, we propose and investigate a multilayered porous media with a:
(i) HP and (ii) HG organization, as shown in figure 1. In our case, the stiffer layers (coloured
blue for HP and green for HG) are made of porous material (polyurethane), whereas the
softer ones (shown white) of air. In both cases, m = 3 HLs are investigated, and the simplest
organization, the 0th HL, reduces to a bulk block of porous material of length p0 (top panels of
figure 1), where p0 = LHP = 260 mm in the case of HP, and p0 = LHG = 413 mm in the case of HG.

In the HP study case, the recursive rule adopted to build each next HL ith, with i ∈ [1,m],
is to divide the porous domain(s) of the previous level (i − 1)th of length pi − 1 in n = 3 unit
cells (supercells) made of porous and air layers of length pi and fi, respectively. For instance,
the first HL is made of three unit cells of alternating porous and air layers of length p1 andf1 (p1f1), such that n ⋅ (p1 + f1) = p0. In the same manner, the second HL divides each porous
domain of length p1 of the first HL into three unit cells of alternating porous and air layers of
length p2 and f2, respectively, so that they form three supercells p2f2p2f2p2f2f1 of total lengthn ⋅ (p2 + f2) + f1 = p1 + f1. Finally, the supercell of the last HL (third HL) consists of the following
combination of alternating porous and air layers p3f3p3f3p3f3f2p3f3p3f3p3f3f2p3f3p3f3p3f3f2f1.
The parameters m and n have been here arbitrarily chosen to be equal to 3 to maintain a good
compromise between a sufficient high number of HLs explored and a limited total length of
the structure. Nevertheless, similar reasoning can be applied for higher or lower values of n.
The thinnest porous-layer thickness has been limited to at least 4 mm so that the JCA model
properly describe its behaviour [9]. The lengths of the porous and fluid layers are determined as
a result of an optimization procedure applied to the last HL—see §2d.

In the HG study case, the finite structures of each HL (other than the 0th HL, which is a bulk
block of porous material) are made of n = 3 unit cells (supercells) constituted of porous and air
layers (as in the HP case). The difference, here, is that the three unit cells (supercells) belonging
to the same HL exhibit different lengths according to the rule

(2.1)pi(j) = piβj − 1 − (n − 1) ∑q = 1

i − 1 j − 1nq ,

where β is a constant parameter (determined to be equal to 1.1085 by the optimization
algorithm—see §2d), i ∈ [0,m] indicates the HL, j ∈ [1,n × m] the porous-layer sequence
number, pi the length of the first porous layer of the ith HL and [ ⋅ ] indicates the integer part
of the number included within the square brackets. The recursive rule to build each next HLith, with i ∈ [1,m], is to divide the porous domain(s) of the previous (i − 1)th HL into n porous
and air layers keeping the proportions of the previous HL constants, i.e. maintaining the ratiopifi . More qualitatively, the process can be described as taking all the porous and fluid layers

of the whole structure of the (i − 1)th HL and squeezing them successively into the length(s)
corresponding to that (those) of the jth(s) porous layer(s) of the first HL, minus the length(s) of
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the last fluid layer(s) of the second to the (i − 1)th HL(s), to form the (j − 1)ni − 1 + 1 up to the jni − 1

porous layers of the successive ith HL (in this recursive formula, the indices j always refer to
the first HL). For instance, the first HL is made of n = 3 unit cells of alternating porous and air

layers of lengths p1,f1, βp1,f1, β2p1,f1, such that p1 ⋅ i = 1
n βi − 1 + n ⋅ f1 = p0. In the same manner,

the second HL divides each porous domain jth of the first HL into n = 3 alternating porous

and air layers of lengths p2
(t) and f2

(t), respectively, so that t = 1
n (p2

(t) + f2
(t)) = p1

(j). Finally, the

last HL (the third one) appears to be constructed from the supercells C = p3,f3, βp3,f3, β2p3,f3

illustrated in figure 1b in the following sequence

(2.2)

C,f2, βC,f2, β2C,f2,f1,βC, βf2, β2C, βf2, β3C, βf2,f1,β2C, β2f2, β3C, β2f2, β4C, β2f2,f1 .

(b) Modelling of the porous material
The porous layers are made of polyurethane, for which the propagation of sound is descri-
bed through the JCA model [11]. The following parameters are adopted: porosity ϕ = 0.98,
tortuosity α∞ = 1.34, viscous characteristic length Λ = 150 µm, thermal characteristic length
Λ′ = 560 µm and static air-flow resistivity σ = 49 000 and σ = 10 000 Pa.s m−2. These two values
of static air-flow resistivity have been investigated because they are representative of most
common porous media. The effective density and bulk modulus of the porous material are
expressed as [11,64]

(2.3)

ρp =
ρ0α∞

ϕ 1 − iωcω F(ω) ,

Kp = γP0
ϕ γ − (γ − 1) 1 − iωc′

PrωG(Prω)
−1 −1

,

where ωc = σϕρ0α∞  is the Biot frequency, ωc′ = σ′ϕρ0α∞ , σ′ = 8α∞η
ϕΛ′2  [65] is the thermal resistivity [66] and the

correction functions are given by [8,67]

(2.4)

F(ω) = 1 + iηρ0ω 2α∞σΛϕ

2
,

G(Prω) = 1 + iηρ0Prω 2α∞σ′Λ′ϕ

2
,

where P0 = 101.325 kPa is the atmospheric pressure, and the parameters of air (which is
assumed to be the fluid present in the pores) are given by ρ0 = 1.204 kg m−3 (density of the

air), Pr = 0.71 (Prandtl number), γ = 1.4 (heat capacity ratio) and η = 1.839 ⋅ 10−5 kg m−1 s−1) (air

viscosity). Once these parameters are determined, the wavenumber kp = ω ρpKp  and the effective

acoustic impedance Zp = ρpKp can be obtained.
For the sake of clarity, we note that the JCA is typically considered valid down to approxi-

mately 45 Hz. To accurately model the behaviour below this range, low-frequency corrections to
the JCA should be considered, such as, for instance, the JCAPL [68].

Although the JCA model is often referred to in the literature as a ‘5-parameter model’,
when the micro-structure is changed all the parameters should be adapted to be consistent
with the micro-geometry considering these parameters as interconnected, particularly when
high frequencies and σ < 10 kPa⋅s m-2 are concerned. For instance, both Λ and Λ′ depend onσ being, in general, correlated by a factor of approximately 2 for cylindrical pores. To take
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this interdependence into account, the following relation is adopted among some of the JCA
parameters: 8α∞η/σϕΛ2 ≈ 1 [11].

(c) Calculation of the absorption coefficient

A harmonic plane wave with time dependence e−iωt incident on the rigidly backed multilayered
hierarchical structures is considered. The pressure field in each layer obeys the Helmholtz
equation Δp + kj2p = 0, with kj = ω/cj = kp(k0) being the wave vector either in the porous or
air layer, and cj being the corresponding speed of sound. The pressure and the velocity are
continuous along the structure and the rigid backing imposes the boundary condition ∂p/∂x = 0
at x = LHP or x = LHG (see figure 1). The transfer-matrix formalism is adopted. Let us first
consider a single layer of material with density ρ and speed of sound c under the incidence of a

plane wave with a wave vector k→ = (kx, ky). Separating the variables of the Helmholtz equation

as p(x, y) = p1(x)p2(y), we can write d2p1/dx2 + kx2p1 = 0, with kx = k2 − ky2. The particle velocity is

defined through the Euler equation ρ∂v→/∂t = −∇p, leading to vx = 1kρc∂p1/∂x. Inside each layer
the pressure and velocity are given by

(2.5)p1 = Ae−ikxx + Beikxx,
(2.6)v1 = (Ae−ikxx − Beikxx)kx/kcρ .

Expressing these quantities at both ends of the layer (x = 0 and x = L) and discarding the
coefficients A, B, one can relate the pressure and velocity at both ends:

(2.7)p1(L) = cos(kxL)p1(0) − iZkkx sin(kxL)vx(0),

(2.8)vx(L) = cos(kxL)vx(0) − ikxZksin(kxL)p1(0),

where we have introduced the impedance Z = ρc. Reorganizing the relations, one obtains the
transfer matrix for a single layer:

(2.9)

T =
cos kxL iZ kkxsin kxLiZ kxk sin kxL cos kxL .

In the multilayered structure, this transfer matrix describes each jtℎ layer:

(2.10)

Tj =
cos kjxlj iZj kjkjxsin kjxljiZj kjxkj sin kjxlj cos kjxlj ,

where lj is the length of the corresponding layer, kjx = kpx(k0x) is the projection of the wavenum-
ber perpendicular to the layers, Zj = Zp(Z0) is the impedance and θ is the angle of the incident
plane wave considered. The subscripts p and 0 indicate whether the property refers to the
porous or fluid (air) layer, respectively. The total transfer matrix T(n) of the nth HL is the
consecutive product of the transfer matrices of each layer:

(2.11)T(n) =∏j Tj .

The reflection coefficient is obtained from
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(2.12)Rn =
T11

(n)cos θ − Z0T21
(n)

T11
(n)cos θ + Z0T21

(n) ,

and the absorption determined as αn = 1 − |Rn|2.

(d) Optimization of the geometry
For the sake of comparison of the absorption performances of the multilayered structures
additional HLs are introduced. The absorption coefficient of the highest HL (third one in our
case) is optimized by minimizing the area above the absorption curve α3(f) in the desired
frequency range (20–2000 Hz), without necessarily aiming at perfect absorption in specific
frequencies, but rather searching for a global higher absorption performance over the whole
frequency range (although the optimization procedure can easily be extended for perfect
absorption purposes, as well). The strategy of optimizing the highest HL has been chosen
because for a given multilayered structure additional HLs can always be added.

The optimization algorithm adopted is based on the resolution scheme of the metaheuristic
GRASP [69]. A solution is constructed, without backtracking, in a very short time (between
1.8 and 2.0 s). According to the type of structure to optimize (HP or HG), a large variety of
solutions is obtained through a randomized exploration of the greedy algorithm which assigns
values to the variables describing the lengths of the porous (p3 in the HP and p3

j in the HG)
and fluid (fi) layers, the number of HLs m, the number of unit cells (supercells) n and/or the
evolution coefficient β (this last one concerning the HG study case, only). Restricted by practical
requirements, the aforementioned parameters were bounded by pi ≥ 4 mm, fi ≥ 1.8 mm, m ≤ 3,n ≤ 3 in the optimization procedure. The resulting solutions were then sorted based on a ‘best
absorption’ criterion, which forms the objective function.

The choice of a specific algorithm is based on the type of variables being processed, that
is, integer or continuous. Methods such as genetic algorithms are particularly effective for
integer and/or binary variables [70]. Metaheuristics like particle-swarm optimization are well
suited to problems in which continuous variables are considered [71]. In our case, we opted
for a two-phase method, allowing for flexible management of different types of variables.
Specifically, the first phase consists of a randomized greedy heuristic generating a large number
of solutions, among which are those exhibiting the most efficient absorption. Similar to GRASP,
we have developed a ‘Master–Slave’ method where the Master phase involves generating a
large number of solutions in a greedy and random manner. Among the best solutions, the
integer variables (such as the number of layers, levels of hierarchy, etc.) are fixed. The Slave
phase corresponds to a second step that focuses solely on optimizing the continuous variables,
which represent the porous/fluid ratio of each cell.

3. Results
In this section, the absorption performances for the cases of normal and oblique plane wave
incidence, as well as the effect of the static air-flow resistivity are reported for the HP and
HG arrangements. The geometrical parameters issued from the optimization procedure are as
follows: LHP = 260 mm, p3 = 4 mm, f3 = 2 mm, f2 = 6 mm, f1 = 14.7 mm for the HP case andLHG = 413 mm, p3 = 4 mm, f3 = 1.8 mm, f2 = 8.4 mm, f1 = 39.4 mm and β = 1.1085 for the HG
case. The sizes were rounded to the nearest 0.1 mm. This led to the following porous volume
reductions (with respect to the 100% porous material of the 0th HL) for the two cases: 17% for
the first HL, 37.7% for the second HL, 58.5% for the third HL in the HP organization and 28.6%
for the first HL, 47% for the second HL, 58.7% for the third HL in the HG study case. We note
that the solution distribution of the optimized geometries are smoothly distributed with respect
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to the variation of the porous and air lengths. This confirms the robustness of the hierarchical
design with respect to potential geometrical imperfections owing to the manufacturing process.
The different lengths p0 for the HP and HG configurations were caused by the fact that the
design is mainly driven by the idea of keeping the samples as compact as possible, once the
highest HL is defined (three in our case). Therefore, considering a minimum thickness layer of
approximately 4 or 5 mm to correctly use the JCA model [9], in the periodic case, all the layers
can be of the same minimal size, whereas in the HG, within the same supercell more room is
needed. This leads to a larger p0 in the HG case as compared with the HP.

(a) HP organization

(i) Normal incidence

Figure 2a shows the absorption coefficient α as a function of the frequency f for the HP study
case. The comparison includes three HLs in addition to the case of the bulk block of porous
material (0th HL) for two different values of σ, 49 000 Pa.s m−2 (left-hand panel) and 10 000 Pa.s
m−2 (right-hand panel), respectively. A plane wave normally incident from the left-hand side of
the structures is considered. The results, issued from the transfer-matrix method described in
the previous §2b and c, are shown as continuous coloured lines (black for the 0th HL, red for
the first HL, blue for the second HL and green for the third HL). The absorption coefficients
are also calculated numerically through finite-element methods using the ‘Acoustics’ module of
Comsol Multi-physics, and shown as coloured circular markers (black for the 0th HL, red for
the first HL, blue for the second HL and green for the third HL). Perfect agreement is found
over the whole frequency range (20–2000 Hz). the left- and right-hand panels of figure 2a clearly
show that the introduction of hierarchy brings considerable enhancement of the absorption
properties of the structure, regardless of the chosen value of σ (49 000 or 10 000 Pa.s m−2). For
the first iteration (0th HL ⟹ first HL) the observed variation of α is rather limited, whereas
the introduction of additional HLs in porous media with a larger value of σ brings a clearly
visible and progressive increase of the absorption coefficient over the whole frequency range
considered. The largest enhancement (39%) is reached at f = 75 Hz and an increase between
20% and 25% is observed when f ≥ 200 Hz, when the third HL is compared with the bulk block
of porous material, the 0th HL.

In this case, the enhancement of the absorption coefficient exhibits an oscillating behaviour
reaching a maximum enhancement of 20% at f = 330 Hz (where an absorption peak deriving
from the λ/4 resonance is expected). The percentage of the absorption enhancement reduces at
higher frequencies.

To obtain further insight into the possible origin of the observed increase in the absorption
coefficient as additional HLs are added, the real (left-hand axis, solid lines) and imaginary
(right-hand axis, dashed lines) parts of the material impedance (normalized to the impedance
of air Z0) are shown in figure 2b. When the larger value of σ is considered (left-hand panel),ℑ(Z/Z0) asymptotically tends to zero as additional HLs are added, whereas ℜ(Z/Z0) tends to
one. A similar trend is globally maintained in the case of smaller values of σ (right-hand panel),
although with an oscillating behaviour over the frequencies. This means that adding HLs to the
design allows for better impedance matching between the absorbing structure and the external
medium from which the plane wave is coming (air); perfect absorption occurs when ℑ(Z/Z0) = 0
and ℜ(Z/Z0) = 1 simultaneously. This justifies the higher absorption observed. We note that, in
general, the sample with σ = 10 000 Pa.s m−2 provides better impedance matching (ℑ(Z/Z0) closer
to zero and ℜ(Z/Z0) closer to one) in the full frequency range under consideration.

To quantify the absorption in the different porous layers composing the hierarchical media,
the spatial derivative of the acoustic intensity inside each structure at f = 900 Hz (where
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the most pronounced peak of the green curve in the right-hand panel of figure 2a occurs)
is calculated and shown in figure 2c. Such a quantity has been chosen because it helps in
understanding how the intensity decays in space inside the material (it is zero in the air
domains). The reported intensity is normalized to its value at the left-hand edge of the structure

1

0.8

(a)

(b)

(c)

(d)

0.6

0.4

0.2

5 3

2

1

0
0 500 1000 1500 2000

0

–1

–2

–3

–4

–5

4

3

2

1

0

70

60

50

40

30

20

10

0

R
e
 (
Z

/Z
0
)

|I
' x

/I
0
| 
(m

–
1
)

0

–0.4

–0.8

–1.2

–1.6

–2

Im
 (Z

/Z
0 )

0 500 1000

σ = 49 000 Pa·s m−2

α

σ = 10 000 Pa·s m−2

1500 2000

0 500 1000 1500 2000
f (Hz)

0

HL 0

HL 1

HL 2

HL 3

HL 0

HL 1

HL 2

HL 3

5

1

0.8

0.6

0.4

0.2

0

1

0.8

0.6

0.4

0.2

0

10 15 20 25
x (cm)

5

10

15

20

25

0
0 5 10 15 20 25

x (cm)

0

1

1

1

3

3

3

2

1

0.9

0.8

0.7

0.6
0 500 1000 1500 2000

f (Hz)

0

02

2
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(I0). As additional HLs are added, the intensity decays faster, as its spatial derivative modulus is
larger. This happens for both the considered study cases, although smaller values of σ (right-
hand panel) appear to bring a slower decay when compared to larger values of σ (left-hand
panel), a condition that implies a more efficient interaction of the acoustic wave with the
structure.

Finally, figure 2d shows the dissipated acoustic intensity normalized to its value at the
left-hand edge of the structure. Since the hierarchical design introduces additional alternating
porous and air layers at different length scales, allowing the pressure field to propagate further
inside the hierarchical meta-porous, the propagating wave undergoes multiple reflections while
traversing the porous layers, resulting in increased dissipation. In the case of smaller value
of σ, the introduction of additional HLs allows an increase in the absorption values related
to the first quarter-wavelength resonance (approx. 330 Hz) and to the higher-order resonan-
ces (compare the right-hand panels of figure 2a,d). In contrast, when larger values of σ are
considered, the field decreases more rapidly inside the structure without allowing for any
noticeable geometrical resonances (left-hand panels of figure 2a,d).

To gain further insight on the hierarchical approach efficiency and an initial approxi-
mate estimation on the geometrical parameters for the optimization process, we can define

an effective air-flow resistivity σeff as σeff ∼ σ ⋅ Σpip0
, under the hypothesis of low-frequency

approximation and based on the air-flow resistivity definition. This is possible because the
pressure drops are only caused by the porous media and because no bypass channels are
present in the proposed designs [72,73]. In this way, we can fit the global transfer matrix
method (TMM) calculations with a single layer with such an effective parameter. For instance,
in the case of the third HL with HP arrangement it is possible to identify the effective sigma asσeff ∼ 10k ⋅ p3 ⋅ 27/0.26 ∼ 4.1kNsm−4.

Figure 3 shows the comparison of the absorption coefficient for the HP configuration
following: (i) the ‘single layer with effective resistivity value’ approach (dashed lines) and
(ii) the ‘TMM-based’ approach (solid lines). Results are shown for the three lowest HLs (i.e.
first, second and third HLs). From these comparisons, it emerges that the hierarchical approach
becomes nuanced at low frequency when the material is in the homogenization regime (long
wavelength), especially when low air-flow resistivity values (σ = 10 000 Pa.s m−2) are considered,
where the comparison is more accurate over a larger frequency range. Nevertheless, the curves
of the effective single-layer approach identifies well the trend of the HP configuration (increas-
ing absorption as additional HLs are added), indicating a good initial guess of the geometrical
parameters for the optimization process.

(ii) Oblique incidence

The absorption performance depends on the angle of incidence θ of the plane wave imping-
ing the hierarchical meta-porous under consideration, as clearly evident from equation (2.10).
Figure 4a,b shows the absorption coefficient α at 500 Hz as a function of θ ∈ [0, 90]∘ for the three
HLs and the bulk block of porous material. Also in this case, two values of σ are considered (49
000 and 10 000 Pa.s m−2, respectively).

The results, obtained from the transfer-matrix method (continuous coloured lines) and
finite-element-based numerical simulations (circular coloured markers), clearly show that the
hierarchical design is advantageous, in terms of absorption, for most of the angles of incidence,
that is, θ ∈ [0∘, 75∘] when σ = 49 000 Pa.s m−2 and θ ∈ [0∘, 65∘] when σ = 10 000 Pa.s m−2. For larger
angles of incidence, the absorption curves almost merge and drop to zero when θ = 90∘. The
largest enhancement between the bulk block of porous material (0th HL) and the highest HL
considered (third HL) is observed at normal incidence (θ = 0), for both the values of σ, although
it reaches 20% and 10% for the larger and smaller values of σ, respectively. We note that the
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geometry was only optimized for normal incidence, i.e. θ = 0∘, which, in our opinion, makes the
potential of the hierarchical design remarkable since it remains advantageous also for most of
the remaining angles. The normalized total acoustic pressure fields ℜ(p)

maxℜ(p)  for the third HL at

different angles of incidence (θ = 20∘ and θ = 70∘) are also shown as insets in figure 4a,b. The
pressure levels reach much higher values inside the structures composed of porous media with
lower values of σ, allowing for the more efficient absorption.

Extending the analysis to the other frequencies, figure 4c,d shows the maps of the difference
between the absorption coefficient α3 of the third HL and α0 of the 0th HL in the (f, θ) space
for σ = 49 000 and 10 000 Pa.s m−2, respectively. The colour map has been chosen such that
the regions where no enhancement of the absorption was observed (when the hierarchical
design is introduced) are shown in white, whereas the regions where the hierarchy outperforms
(underperforms) the bulk block porous layer are shown in dark red (blue). In this sense, larger
values of σ seem to be more beneficial in the overall range of parameters, though for certain
regions the smaller value of σ provides larger values of α3 − α0.

(iii) Influence of the static air-flow resistivity

Finally, the behaviour of α3 − α0 is shown in figure 5a,b as a function of the frequency f and
of the static air-flow resistivity σ, when θ = 0∘ and θ = 70∘ (the range 10 000–50 000 Pa.s m−2 forσ has been considered since it corresponds to the most common values of porous media used
in practical applications). The same colour map described above applies. Therefore, we can
infer that, when normal incidence is considered, figure 5a, the enhancement of the absorption
coefficient introduced by the hierarchical design (third HL compared with the bulk block of
porous material) increases as the value of σ increases (except for a narrow low-frequency
region). When θ = 70∘ is considered, figure 5b, the frequency region within which the hierarch-
ical design underperforms the bulk block of porous material slightly increases, especially at
lower frequencies.

(b) Gradient hierarchical organization

(i) Normal incidence

Following the same approach described in §3a(iii), meta-porous media with HG organization,
similar to those shown in figure 1b, are considered. First, the absorption coefficient α as a
function of the frequency f is shown in figure 6a. Figure 6b–d shows the plots of the acoustic
impedance, the spatial derivative of the acoustic intensity through the meta-porous material
and the dissipated intensity maps, respectively. As in the HP case, three HLs and the bulk
block of porous material are compared when σ = 49 000 Pa.s m−2 (left-hand panels), and whenσ = 10 000 Pa.s m−2 (right-hand panels). The results are qualitatively and quantitatively very
similar to those found for the HP organization (compare figure 2 and figure 6). Specifically, in
terms of the absorption coefficient, it benefits from the introduction of hierarchy for both large
and low σ study cases, though its oscillating behaviour when σ = 10 000 Pa.s m−2, right-hand
panel of figure 6a, is smoother. The impedance as a function of frequency of the HG structures
exhibits a better match to the impedance of air when the smaller value of σ is considered. The
intensity decays faster as the hierarchy increases for both the values of σ (figure 6c), leading
to an increase of the absorption. Finally, the dissipated intensity normalized to the intensity
at the left-hand edge of the meta-porous material at f = 600 Hz, where we observe a peak of
the green curve in the right-hand panel of figure 6a, is shown in figure 6d. Also in this case,
when increasing the number of HLs, the wave field propagates over a longer distance inside the
material and, hence, the wave interacts with multiple porous layers getting more absorbed with
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respect to the non-hierarchical case. When σ = 10 000 Pa.s m−2, the quarter-wavelength (approx.
200 Hz) and higher-order resonances take place. Also in this case, the hierarchy accentuates
these peaks.

Note that the right-hand side excitation of the HG sample gives slightly different results
with respect to the left-hand side excitation. This is due to the asymmetry of the system,
as already shown in Jiménez et al. [34]. Nevertheless, the overall absorption efficiency is
comparable. We illustrate this for the third HL (see figure 7). The difference in performance
increases as the resistivity increases. Note too, that the absorption coefficient when the left-hand
side excitation is considered performs better because the optimization takes into account this
orientation for the incident wave. As previously done for the HP case, figure 8 reports the
comparison of the absorption coefficient for the HG configuration following: (i) the ‘single
layer with effective resistivity value’ approach (dashed lines) and (ii) the ‘TMM-based’ one
(solid lines). Results are reported for the three lowest HLs (i.e. first, second and third HLs).
Also in this case, these comparison shows that the hierarchical approach gets nuanced at low
frequency when the material is in the homogenization regime (long wavelength), especially
when low air flow resistivity values are considered, where the comparison is more accurate
over a larger frequency range. Nevertheless, the curves of the effective single layer approach
well identifies the trend of the HG configuration (increasing absorption as additional HLs are
added), representing thus a good initial guess of the geometrical parameters for the optimiza-
tion process.

(ii). Oblique incidence

The dependence of α on the angle of incidence is investigated and shown at f = 500 Hz in figure
9a,b for σ = 49 000 Pa.s m−2 (a) and σ = 10 000 Pa.s m−2 (b), respectively. Again, the introduction
of hierarchy clearly shows a higher absorption coefficient in most of the angles of incidence
(for both large and small values of σ), exhibiting a peak of absorption at approximately 73∘.
The pressure fields ℜ(p)

maxℜ(p)  for θ = 20∘ and θ = 70∘ are shown in the insets of figure 9a,b. Their
behaviour is very similar to those of the HP counterpart.

Figure 9c,d shows the maps of the difference between the absorption coefficient α3 of the
third HL and α0 of the 0th HL in the (f, θ) space for σ = 49 000 and 10 000 Pa.s m−2, respectively.
Contrary to the HP case, when the HG organization is considered, a significant reduction of the
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low-frequency region where the hierarchical design was underperforming with respect to the
bulk block is observed.
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(iii). Influence of the static air-flow resistivity

Finally, the behaviour of α3 − α0 as a function of the frequency f and of the static air-flow
resistivity σ for θ = 0∘ and θ = 70∘ is shown in figure 10a,b, respectively. Most of the (σ,f)
combinations show that the introduction of the hierarchy is beneficial in terms of absorption.
The overall increase of α is more consequent in the case of normal incidence (α being twice as
large than for θ = 70∘ at the peak values).

Figure 11 shows the comparison of the absorption coefficient of the HP and HG samples for
(a) normal and (b) oblique incidence. When large values of σ are considered the performance is
almost the same for both samples and the curves of the absorption coefficients barely differs. When
small values of σ are considered, the oscillating behaviour of the curves allows to identify some
frequency ranges where one type of hierarchy is performing better than the other. Nevertheless, we
can say that the overall performances of the HP and HG organizations are comparable.

4. Experimental results
To experimentally validate our approach, HP and HG specimens were manufactured by
assembling water-jet cut cylinders of Agglo 80 made of polyurethane foam as shown in the

σ = 10 000 Pa·s m−2

σ = 49 000 Pa·s m−2
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Figure 7. Comparison of the right- and left-hand side incidence. Third HL performance of the HG sample under the left- and
right-hand side normal incidence.
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schematics in figure 1. Their absorption coefficient was measured via a reflection experiment
into an impedance tube using the ‘two microphone technique’ (standard ISO 10534–2). The
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following nominal properties for Agglo 80 have been adopted: σ = 12 550 Pa.s m−2, ϕ = 0.93,
Λ = 57 μm, Λ′ = 125 μm, α∞ = 1.08.

A photograph of the experimental set-up, reliably operating in the 250–750 Hz range, is
shown in figure 12a. It consists of: (i) a laboratory-made impedance tube of length 190 cm and
diameter 19.2 cm, (ii) four loudspeakers Visaton FRS of diameter of 50 mm linked to (iii) an
amplifier Bruel et Kjaer of type 2706 and (iv) two Sennheiser MKE 2P microphones.

Figure 12b,c shows the photographs of the examined samples, i.e. the 0th, first and second
HLs for the HP and HG organization, respectively, while results are presented in figure 12d.
Measurements, reported as the coloured circular markers, are superimposed on the analyti-
cal prediction (solid coloured lines). Excellent agreement is found, confirming the trend of
enhanced absorption properties with the increase of the HL. Note, that we decided not
to measure the third HL owing to the unfavourable ratio of the thickness of the porous
layers required (4 mm) and the diameter of the tube (192 mm), which presented additional
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Figure 11. Comparison of HP and HG performances. Absorption of the third level of HP and GP at (a) normal and (b) oblique
incidence.
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Figure 12. Experimental results. (a) Photograph of the experimental set-up. (b, c) Photographs of the examined samples, i.e.
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difficulties to properly hold the samples in the tube. Nevertheless, as discussed in the follow-
ing, the measurements for the 0th, first and second HLs show a very good agreement with
the calculations, confirming the anticipated trend. We leave the problem of how to properly
assemble the third HL for our future research.

For the sake of completeness, the robustness of the improvement owing to the hierarchi-
cal design when introducing thickness errors in the individual slabs of the porous layers is
also examined. Specifically, the absorption coefficient of the HP and HG periodic patterns is
calculated when a random error (up to 30%) at the level of the thicknesses of the layers keeping
their position (middle cross-section) unaltered and avoiding material overlapping (figure 13).
We can clearly see that the improvements owing to hierarchy are rather robust with respect to
the random relative deviation from the initial thicknesses of the layers.

5. Conclusions
We have investigated numerically and experimentally the absorption coefficient of a hierarchi-
cal meta-porous media made of alternating porous and air layers. The numerical studies were
based both on the analytical formalism and on the finite-element method. The measurements
were performed at normal incidence in an impedance tube.

Two designs have been proposed: the HP and HG. Both structures have been shown to
exhibit advantageous absorbing properties in some frequencies within the 20–2000 Hz range
compared to a block of porous material of the same length. A maximum enhancement of 39%
was observed in the hierarchical periodic organization. The proposed designs also introduced
porous volume reductions (with respect to the 100% porous material of the 0th HL as follows:
17% for the first HL, 37.7% for the second HL, 58.5% for the third HL in the HP organization
and 28.6% for the first HL, 47% for the second HL, 58.7% for the third HL in the HG study case.

The chosen geometrical parameters found from the optimization were revealed to be
distributed smoothly with respect to the variation of the porous and air lengths. This confirms
the robustness of the hierarchical design with respect to potential geometrical imperfections
resulting from the manufacturing process.

In addition, the hierarchical geometries, optimized for a single value of static air-flow
resistivity (σ) and for normal wave incidence (θ = 0) only, remained remarkably advantageous
(exhibiting higher absorption) for a wide range of angles of incidence and static air-flow
resistivity. Specifically, when large values of σ are considered, a gradual increase of the
absorption coefficient as additional HLs are added was observed for both the periodic and
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Figure 13. Influence of the disorder. Absorption coefficient of the third HL for the (a) HP and (b) HG configurations when
no disorder is considered in the arrangement of the porous layers (continuous lines). Circular markers indicate, instead, the
absorption coefficient when random variation of the widths of the layers (up to 30%) is considered. Blue and red colours
indicate the results for low and high values of σ, respectively.
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gradient designs. The largest enhancement of the absorption coefficient is, however, observed at
normal incidence.

The proposed hierarchical meta-porous material was shown to be a promising design for
increasing the low-frequency sound absorption of porous media, exploitable in most of the
noise shielding applications related to human activities, such as room acoustics, engine noise
control and, in general, where the space to host the absorber is limited. Another advantage of
using this approach is on the fabrication, since only one porous material is required.

The experiments provided can be considered as a proof of concept for the normal incidence
case.
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