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ABSTRACT. This paper presents the development of a Statistical Narrow Band model (SNB) in a
nonequilibrium vibrational state for HCl and CO molecules. The population densities of the energy
levels are obtained by a multi-temperature approach to compute nonequilibrium Line By Line (LBL)
spectra. The SNB parameters are obtained by fitting the curves of growth from the LBL approach by
a least squares error minimization using a Newton method for pure Lorentz and Doppler broadening
regimes. The model is tested in Voigt broadening regime using a mixing rule and agrees well with
the LBL approach. Finally, spectral correlation problems between ησ/κσ and κσ, where ησ and κσ
are the emission and absorption coefficients respectively, have been exhibited for CO2.

1. INTRODUCTION

The Local Thermodynamic Equilibrium (LTE) assumption is no longer valid when internal relax-
ation time scales are higher or comparable to hydrodynamic ones in gas flows. It can occur, for
example, in high-altitude plumes when the flow undergoes a strong expansion at the nozzle exit.
The gas is then under a Non-Local Thermodynamic Equilibrium (NLTE) state, which affects the
molecule’s radiative properties and thus needs to be considered for plume radiation [1]. However,
using a high-resolution spectral approach to calculate the radiative properties makes solving the ra-
diative transfer equation (RTE) too costly in the 3D coupled radiative-fluid computational framework.

Figure 1. Radiation intensity emitted by a 10 m long column of exhaust gases at equilibrium with T =
1000 K, p = 100 Pa, and typical molar fractions xH2O = 0.0539, xCO2 = 0.0136, xCO = 0.4397,
xHCl = 0.0191. The high resolution intensities are averaged over 5 cm−1 for legibility reasons.
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This study investigates the radiative properties of gaseous species of high-altitude rocket engine
plumes. In this case, the gaseous molecules that mainly contribute to radiation are CO2 and H2O.
However, the spectral contributions of CO and HCl are not negligible, as shown in Fig. 1. In such
expanding flows, CO2, CO and HCl are in a nonequilibrium vibrational state [1]. For H2O, the vi-
brational energy levels thermalize quickly with the translational levels and can therefore be modeled
in the LTE assumption [2]. In this paper, nonequilibrium modeling of the radiative properties of CO,
HCl and CO2 molecules is considered, but only the SNB model for diatomic molecules is presented
here.

2. SPECTROSCOPIC DATA AND MULTI-TEMPERATURE MODEL

The emission and absorption coefficients for wavenumber σ can be expressed under the assumption
of independent lines as :

ησ =
∑
u→l

Aul

4π
hcσulnuful (σ− σul) , (1)

κσ =
∑
u→l

(nlBlu − nuBul)hσulful (σ− σul) , (2)

where nu and nl are the populations of energy levels u and l of the radiating isotopologue, Aul, Bul

and Blu are the Einstein coefficients for spontaneous emission, induced emission, and absorption,
σul is the central transition wavenumber, and ful(σ− σul) is the spectral line profile (assumed to be
the same for the three radiative mechanisms) of the transition u → l. Spectroscopic data were taken
from HITEMP-2010 for CO2 [3], HITEMP-2019 for CO [3] and HITRAN-2020 [4] for HCl. The
population densities of the energy levels k are expressed using the multi-temperature approach and
are defined as follows for the diatomic molecules [5] :

nk,HCl/CO = nHCl/COAbI
gk

ZI (T, Tv)
exp

(
−Erot{k}

kBT
− Evib{k}

kBTv

)
, (3)

where nHCl/CO is the total population of HCl or CO respectively, AbI is the abundance of the iso-
topologue I considered, gk is the degeneracy of level k. The partitioning scheme of the energy is
composed of a rotational part Erot{k} and a vibrational part Evib{k} such as :

Evib{k} = Evib{vk, Jk} = min
Jk

E{vk, Jk}, (4)

Erot{k} = E{vk, Jk} − Evib{vk, Jk}, (5)

where vk and Jk are the vibrational and rotational quantum numbers used for identifying the en-
ergy level k of energy E{vk, Jk} in HITRAN/HITEMP spectroscopic databases. ZI(T, Tv) is the
two-temperature partition function of the isotopologue I and its expression is

ZI (T, Tv) =
∑
k

gk exp

(
−Erot{k}

kBT
− Evib{k}

kBTv

)
. (6)

For CO2, the population of level k, using the three-temperature approach of [1], is given by

nk,CO2 = nCO2AbI
gk

ZI (T, T12, T3)
exp

(
−Erot{k}

kBT
− Ev12{k}

kBT12
− Ev3{k}

kBT3

)
, (7)
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where T , T12, T3 are the temperature associated to, respectively, rotation-translation modes, coupled
vibrational modes ν1, ν2 and antisymmetric vibrational mode ν3. Details concerning the energy par-
titioning scheme (Erot{k}, Ev12{k}, Ev3{k}) and the modelling of the three-temperature partition
function ZI may be found in [1].

The models and data presented in this section are used to perform LBL computations for HCl, CO,
and CO2 molecules for the construction of SNB models. For diatomic molecules, a line wing cutoff
of 500 cm−1 and a resolution of 10−2 cm−1 were chosen for Lorentz profiles and 10 cm−1 and
10−3 cm−1 respectively for Doppler profiles. For CO2, a line wing cutoff of 50 cm−1 and a resolution
of 10−2 cm−1 were selected for Lorentz profiles and 10 cm−1 and 10−3 cm−1 respectively for Doppler
profiles.

3. SNB MODEL FORMULATION FOR DIATOMIC MOLECULES

This section aims to develop a RTE formulation under nonequilibrium conditions suitable for apply-
ing statistical narrow-band models. The intensity escaping from a column (z1, z2), neglecting any
incoming intensity in z1, may be expressed as

Iσ(z1 → z2) =

∫ z2

z1

ησ(z)τσ(z → z2)dz, (8)

where τσ(z → z2) = exp(−
∫ z2

z

κσ(z)dz) =
1

κσ(z)

∂τσ
∂z

(z → z2) is the transmissivity of the column

(z, z2).

In order to use SNB models for solving the RTE, we need to express the intensity averaged over
the spectral band ∆σ. However, the emission coefficient ησ and the transmissivity τσ are strongly
correlated. To correctly account for self-correlation, the intensity averaged over the spectral band ∆σ
is expressed as

Iσ
∆σ

(z1 → z2) =

∫ z2

z1

ησ

κσ
(z)

∂τσ
∂z

(z → z2)

∆σ

dz, (9)

where
ησ

κσ
is the analog of Planck’s function in LTE conditions.

To compute Eq.(9) with SNB models, a further simplification is necessary, which is

Iσ
∆σ

(z1 → z2) ≈
∫ z2

z1

(
ησ

κσ
(z)

)∆σ
∂τσ

∆σ

∂z
(z → z2)dz, (10)

assuming that
ησ

κσ
and

∂τσ
∂z

are not correlated. Under LTE conditions, this assumption is always true

since Planck’s function can be considered constant inside a narrow spectral band ∆σ. The most criti-
cal test of this decorrelation assumption is to compare ησ∆σ with ησ/κσ

∆σ × κσ
∆σ. This comparison

is performed for CO (Fig. 2) and for HCl (Fig. 3) and shows that
ησ

κσ
and κσ are perfectly decor-

related for significant nonequilibrium cases. The random SNB model of Mayer and Goody [6] has
been selected in order to build an accurate model of mean transmissivities τ∆σ. This model is based
on statistical assumptions concerning line positions and intensities within a narrow band of width ∆σ
and allows to express the transmissivity of a uniform column of length L, averaged over ∆σ

τ∆σ(L) =
1

∆σ

∫
∆σ

exp(−κσL)dσ = exp(−W

δ
), (11)
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Figure 2. Comparison of ησ∆σ and ησ/κσ
∆σ × κσ

∆σ for x = 0.1, p = 100 Pa, T = 1000 K, Tv =
2000 K (left) and p = 100 Pa, T = 2000 K, Tv = 1000 K (right) for CO

Figure 3. Comparison of ησ∆σ and ησ/κσ
∆σ × κσ

∆σ for x = 0.1, p = 100 Pa, T = 1000 K, Tv =
2000 K (left) and p = 100 Pa, T = 2000 K, Tv = 1000 K (right) for HCl

with δ = ∆σ/N the mean spacing between the N line positions within ∆σ, and W the mean black
equivalent width of these lines. Several line intensity distribution functions have been proposed to
model W/δ for Lorentz and Doppler line broadening. The most used ones are the Goody exponential
distribution [6] and the Malkmus tailed inverse-exponential distribution [7]. They are special cases
(respectively for α = −1 et α = 0) of the generalized Malkmus distribution function of [8].

Pα(S) =
Cα

S

(
SM

S

)α [
exp

(
− S

SM

)
− exp

(
− rS

SM

)]
, (12)

where Cα is a normalization constant.

In this study, we use the Malkmus distribution in the Lorentz broadening regime leading to

WL

δ
=

2γL

δL

√
1 +

kLxpLδL
γL

− 1

 . (13)

In the Doppler broadening regime, Pα distribution leads to the mean equivalent line width expression

WD

δ
= βDHα(

kDxpL

βD

), (14)
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with

Hα(y) =
1

α
√
π

∫ +∞

−∞
[(1 + y exp(−ξ2))α − 1]dξ for α ̸= 0 (15)

H0(y) =
1√
π

∫ +∞

−∞
ln(1 + y exp(−ξ2))dξ for α = 0. (16)

The parameters kL and kD are the reduced mean absorption coefficients and can be considered equal
(kD = kL = k = κ/(xp)) with good accuracy in the significant spectral bands of the spectrum for
radiative transfer, γL represents the mean Lorentz half width at half maximum of the lines, δL is a
modified mean line spacing, βD characterizes the degree of line overlapping and x the molar fraction
of the absorbing species.

For each broadening regime, parameters k have been obtained directly by averaging over each narrow
band (∆σ = 25 cm−1) high-resolution absorption coefficients provided by LBL calculations. The pa-
rameters δL and βD have been generated from adjustments enabling the corresponding analytical ex-
pression of WL/D/δ, as a function of the column length L, fits the logarithm of the mean transmissiv-
ity obtained with LBL calculations (called the curve of growth). This adjustment is made by minimiz-
ing the least squares error on transmissivities thanks to the Newton method. The Lorentz half width at
half maximum γL for CO has been taken from [9] and we used the estimated values from HITRAN-
2020 for the coefficients of γL,HCl = (p/ps)

[
0.075xHCl(Ts/T )

0.92 + 0.011(1− xHCl)(Ts/T )
0.5
]
.

The parameters δL and k are assumed independent of the pressure and are generated at p = 1bar for
air-CO/HCl mixtures with x = 0.1. For the curve of growth adjustments in the Lorentz broadening
regime, 20 transmissivities are prescribed from 0.02 to 0.95, and the associated column lengths are
computed from these transmissivities. For the adjustments in Doppler broadening regime, 21 column
lengths are provided from xpL = 5 Pa.m to xpL = 5000 Pa.m with a regular logarithmic step. To
quantify the errors introduced by the SNB model, a mean quadratic error is defined as follows for
each spectral band

s(σ) =

√√√√√ 1

NT .NTv .NL

 NT∑
i=1

NTv∑
j=1

NL∑
k=1

(
τ∆σ
LBL(σ, Ti, Tv,j , Lk)− τ∆σ

SNB(σ, Ti, Tv,j , Lk)
)2, (17)

where NT , NTv , NL are the number of points of the variable T, Tv, L respectively. This error estimator
in both broadening regimes is presented in Fig. 4. and Fig. 5 for the diatomic molecules.

Figure 4. Quadratic mean error of the transmissivities in Doppler broadening regime along wavenum-
bers for CO (left) and HCl (right)
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Figure 5. Quadratic mean error of the transmissivities in Lorentz broadening regime along wavenum-
bers for CO (left) and HCl (right)

For each molecule in the Doppler broadening regime, the α parameter was optimized by testing dif-
ferent values. It shows that the best α value on average across all temperature conditions is -1 for HCl
and 0 for CO, which correspond to the exponential and the Malkmus distributions, respectively. The
fit errors are maximum when performed in the molecule’s absorption bands, which is expected since
the curve of growth is linear for small optical thicknesses. The errors for Lorentz broadening regime
appear higher than for the Doppler regime. However, transmissivities are prescribed in Lorentz broad-
ening, which means that the adjustment is made for a wide range of optical thicknesses. Therefore,
the errors displayed for Lorentz broadening involve an adjustment on all transmissivity ranges, unlike
for Doppler broadening, where the adjustments are made on the optically thin or medium part of the
curve of growth.

In the context of high-altitude rocket plumes, we have to consider the Voigt broadening regime for
which the mean black equivalent line width is calculated by combining WL/δ and WD/δ expressions,
according to

WV

δ
= kxpL

√
1− Ω−1/2 with

Ω =

[
1−

(
1

kxpL

WD

δ

)2
]−2

+

[
1−

(
1

kxpL

WL

δ

)2
]−2

− 1 (18)

as proposed in [10].

To validate the SNB model in this regime, we compare the radiative intensity at the outlet of a uniform
column of length L = 1000 m from the model and the LBL approach in a wide range of pressure.
This allows us to check the model in all broadening regimes and ensure that the mixing formula does
not downgrade the model’s accuracy. The comparison in Fig. 6 and Fig. 7 shows a good agreement
between the SNB model and the LBL approach. Interestingly, the SNB model produces larger errors
for the emitted radiative intensity in some band wings because the pressure-independent assumption
of k is no longer valid in these spectral regions. Indeed, the reduced absorption coefficient k becomes
proportional to the pressure in the band wings where the absorption coefficient is primarily due to far
line wings. However, the contribution to the radiative transfer of these spectral bands is negligible, so
these errors do not affect the relevance of the model.
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Figure 6. Radiative intensity for a uniform column at L = 1000 m for x = 0.1, T =
1000 K, Tv = 2000 K (left) and T = 2000 K, Tv = 1000 K (right) for CO. The pressures are
1 Pa (black), 10 Pa (red), 100 Pa (green), 1000 Pa (blue), 10000 Pa (yellow).

Figure 7. Radiative intensity for a uniform column at L = 1000 m for x = 0.1, T =
1000 K, Tv = 2000 K (left) and T = 2000 K, Tv = 1000 K (right) for HCl. The pressures are
1 Pa (black), 10 Pa (red), 100 Pa (green), 1000 Pa (blue), 10000 Pa (yellow).

Figure 8. Spectral correlation tests for x = 0.5, p = 100 Pa, T = 300 K, T12 = 1000 K,T3 = 2000 K
(left) and x = 0.5, P = 100 Pa, T = 2000 K, T12 = 1000 K, T3 = 300 K (right) for CO2

4. SPECIFICITIES OF THE CO2 MOLECULE

CO2 molecule is characterized by three vibration modes ν1,ν2 and ν3. The vibration temperature of
the antisymmetric mode ν3 can be in nonequilibrium with the coupled symmetric-transverse modes
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ν12. The multi-temperature model thus takes into account three temperatures instead of two for CO
and HCl, which considerably increases the complexity of the spectral correlations between ησ and
κσ. The same decorrelation test in Voigt broadening regime, as shown in Fig. 2 and 3, was per-
formed in Fig. 8 and showed an important correlation between ησ/κσ and κσ in the 2.7µm and
4.3µm bands for conditions where T12 > T3 and P < 1000 Pa. To solve this issue, a vibrational
splitting of the spectroscopic database is in progress and will be presented in future communica-
tion.

5. CONCLUSION

A nonequilibrium vibrational SNB model for CO and HCl has been developed and presented in
this paper. The calculation of population densities for these diatomic molecules is based on a two-
temperature approach (T, Tv). Since Kirchoff’s law is no longer valid under these conditions, it is
necessary to check the decorrelation between ησ/κσ and κσ beforehand. SNB model parameters
were then obtained by adjusting the curves of growth obtained from the LBL approach for Lorentz
and Doppler broadening regimes. The quality of the adjustments was then discussed quantitatively
using error statistics. Finally, the SNB model was validated for the Voigt broadening regime by com-
paring the radiative intensity escaping from uniform columns for a wide range of pressures. For CO2,
the calculation of population densities is based on a three-temperature approach (T, T12, T3). Nev-
ertheless, unlike the diatomic molecules, decorrelation between ησ/κσ and κσ is no longer valid for
crucial spectral bands. To overcome this issue, a vibrational splitting of the spectroscopic database is
under development and will be presented in an incoming publication.
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