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Abstract: In this paper we derive the asymptotic properties of the generalized least squares
estimator (GLSE) of autoregressive models endowed with fractional Gaussian noise (the so-
called fractional autoregressive models). We establish the consistency and the asymptotic
normality of the GLSE. Some simulation studies are presented to corroborate our theoretical
work.
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1. Introduction

The error term in the classical autoregressive models is usually assumed to be a strong white noise
(namely an independent and identically distributed (iid for short) sequence of random variables
with mean 0 and common variance), a martingale difference or a stationary process with a bounded
spectral density (see Anderson and Taylor [1976], Anderson and Taylor [1979], Lai and Robbins
[1977], Lai et al. [1978], Lai et al. [1979] and Solo [1981]). In the late 1990s, Francq, C. and
Zakotian, J.-M. have released the assumption of the independence on the noise and have considered
the problem of estimating ARMA models with uncorrelated but non-independent error term, the
so-called weak ARMA models (see Francq and Zakoian [1998]). This extension allowed ARMA
models to be less restrictive and to cover a large class of general nonlinear models. Nevertheless,
the uncorrelatedness of the noise assumed in these classes of models considerably restricts their
application to short-memory stochastic processes.

Yet, in many scientific disciplines and applied fields such as hydrology, climatology, economics,
finance, to name a few, time series exhibit long-range dependence (see for instance Granger and
Joyeux [1980], Fox and Taqqu [1986], Dahlhaus [1989], Hosking [1981], Beran et al. [2013], Palma
[2007], among others), that is dependence between distant observations is so strong that classical
or weak ARMA models are unable to identify and then to take into consideration.

The fractional Gaussian noise (see Mandelbrot and Van Ness [1968]) and the fractional autore-
gressive integrated moving average (FARIMA, for short) models (see Granger and Joyeux [1980]
and Hosking [1981]) are widely used to model the long memory phenomenon. We shall consider in
this work the problem of generalized least squares estimation of autoregressive models endowed with
fractional Gaussian noise. More explicitly, we shall study the asymptotic properties of the general-
ized least squares estimator of the parameters of the centered stationary fractional autoregressive

1


mailto:Youssef.Esstafa@univ-lemans.fr

Y. Esstafa/Estimation of fractional AR models 2
process of order 1 (FrAR(1)) (X¢)tez defined, for all t € Z, by
X; = a0 Xe—1 + €b, (1)

where (e):cz is a fractional Gaussian noise and where the autoregressive parameter ag and the
Hurst index or Hurst parameter H associated with the fractional Gaussian noise (e}');cz are assumed
to satisfy the following standard assumption:

(A0):  ape(—1,1)and H e (0,1).

The condition ap € (—1, 1) ensures the causality and then the second-order stationarity of the
process (X¢)tez. In fact, for AR(p) models a causal weak-sense stationary solution is obtained once
the roots of the corresponding autoregressive polynomial lie outside the closed unit disk.

The process (e);cz is the increment process of the fractional Brownian motion (By(t)):cr of
Hurst index H, namely, for any t € Z, it holds

e = By(t +1) — Bu(t).

Based on the definition and the properties of the fractional Brownian motion (By(t)):cr, the
process (e't")tez is the unique continuous stationary Gaussian centered process with autocovariance
function defined for k € Z by

1
(k) = 5 (1= 1P — 2k + [k + 1127). (2)

A Taylor expansion of the function £ : x — (1 — x)?" — 2 + (1 + x)®" around 0 implies that for
large k,
1
Y (k) = 5/<2H£(1/k) = H(2H — 1)k?H=2 4 o(k™2).

The last result implies that (k) — 0 as k — co. So the process (eH) ez is mixing (see Ito [1944]).
Mixing is a stronger property than ergodicity, this result is known as the Khinchin's theorem (see
Khinchin [1949]). Hence limy_ oo 7.1 (k) = O implies that the process (ef):cz is ergodic.

When 1/2 < H < 1, the series of the autocovariances of (e!).cz is absolutely divergent and the
process (et);cz exhibits long-range dependence.

In the literature, many approaches have been proposed to estimate the parameters of strongly
dependent Gaussian processes. We cite for example the R/S method, periodogram estimation and
maximum likelihood estimation. Mandelbrot [1975] and Mandelbrot and Taqqu [1979] have es-
tablished the theoretical properties of the R/S estimates. Mohr [1981], Graf [1980], Geweke and
Porter-Hudak [1983], Fox and Taqqu [1986] and Dahlhaus [1989] have considered the problem
of periodogram estimation. McLeod and Hipel [1978] have discussed computational considera-
tions involved in the application of maximum likelihood estimation. Sweeting [1980] has proposed
assumptions to obtain the consistency and the asymptotic normality of maximum likelihood esti-
mator. Dahlhaus [1989] has established the asymptotic properties of the exact maximum likelihood
estimation of the parameters of strongly dependent Gaussian processes.

In the particular case of autoregressive models endowed with a strongly dependent noise, Brouste
et al. [2014] have proposed a new approach based on a transformation of the initial model to es-
tablish the asymptotic properties of the maximum likelihood estimator. See also Yajima [1988] for
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the case of a regression problem with nonstochastic regressors.

We study in this paper the asymptotic properties of the generalized least squares estimator of
autoregressive models endowed with fractional Gaussian noise. We propose a simple and natural
transformation of the initial model and we establish the convergence and asymptotic normality of
the generalized least squares estimator based on this transformation. These properties are obtained
using only the standard hypothesis (A0). We propose simple proofs of the asymptotic properties of
the generalized least squares estimator of the autoregressive parameters. We use the closed form of
the estimator to provide very intuitive proofs. We also extend the support of the memory parameter
by considering that 0 < H < 1. Contrary therefore to Dahlhaus [1989] and Brouste et al. [2014],
we take into consideration not only long memory dynamics but also short memory fluctuations. We
also show numerically that our estimator is preferable (in terms of quadratic risk) to the Whittle
estimator proposed by Dahlhaus [1989] when the sample size is relatively moderate.

The paper is organized as follows. In Section 2, we introduce our model and we study the asymp-
totic properties of our estimator. In Section 3, we show that our results obtained in the framework
of fractional autoregressive models of order 1 can easily be extended to the case of autoregres-
sive models of order p > 1 induced by fractional Gaussian noise. We present in Section 4 some
simulation studies to illustrate our theoretical results. We also offer comparisons in terms of the
quadratic risk of our estimator with that of Whittle (see for example Dahlhaus [1989]). Proofs of
our two main results are set out to Section 5. All figures are collected in the last section of the paper.

In all this work, xT designates the transpose of the vector x. We shall also use the matrix norm

defined by [|All = supy ., <1 | Ax]lgi = p'/?(ATA), when A'is a R¥*k2 matrix, ||x|2,, = x"x is

the Euclidean norm of the vector x € R*2, and p(-) denotes the spectral radius.

2. Generalized least squares estimation of FrAR models of order 1

In this section we present the parametrization that is used in the sequel and we state the asymptotic
properties of the GLSE of FrAR(1) when the Hurst exponent H is known. An application of these
asymptotic properties can be found in Ben Hariz et al. [2021] where a two steps procedure is
performed when H is unknown.

2.1. Statement of the problem and notations

First, note that the ordinary least squares estimator of the parameter ag in (1) is biased. To see

that, let éf,OLS) be the standard least squares estimator of ag. It is well known that
40LS) _ dorog XeXe—1
n = ~—n w3 -
> oi—1 Xia
Thanks to (1), one has
AOLS) iy e X

dn =l)

D1 XPg
The ergodicity of (e1);cz and the stationarity of (X;):cz imply that

sots) - as B (b Xy ]
8 0 oo Var (X1)
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From (2) and (16), one can easily obtain that

a—2 (ag—1)? e
E[EQHXI]: 02 +(02 ) S a2

j=2

Since the function H € (0,1) — j2236 2j2H is bijective, we deduce that E[eb'X1] = 0 if and
only if H=1/2. This leads to the standard case of an autoregressive model where the noise is an
iid sequence with standard normal distribution.

Due to the bias problem of the ordinary least squares estimator (problem caused by the cor-
relation of the noise), we consider here the generalized least squares estimation procedure. This
technique consists in transforming Model (1) to another autoregressive model, with the same un-
known autoregressive parameter ap, endowed with a standard white noise and consider then the
ordinary least squares estimation on the new model.

From (1), one can write

H
X2 X1 €
: =a | : |+ : . (3)
H
Xn+1 Xn 6n+1
The vector (e, ..., e, )T is a centered normal random vector with covariance matrix 2,y :=
2 n+1 ,

e = N<ij<n = [Cov(e], €)li<ij<n-
Remark 1. The covariance matrix 2, 4 depends only on the Hurst parameter H. As a symmetric

real matrix, 2,4 can be diagonalized by an orthogonal matrix. More explicitly, there exists a
real orthogonal matrix P,y such that D,y = P,TH_Q,,HP H Is a diagonal matrix. Since 2,y

is positive definite (see PropOSIt/on 1 hereafter), we have _Qn/l_? = P, HDI/ZPTH where Dl/2 =
dlag(()\( ))1/2 ( )1/2) and the )\( ) are the eigenvalues of 2, . The matrix (2. / is the
square root of 2,y since it satisfies _Qi/,fﬂi/ﬁ =0 H
In view of this last remark, 2 1/2(62 ,....€" )T is a standard normal random vector. Thus, a
rather natural and simple transformatlon that can be proposed is the following:
Yon = a0Zpn + Upn, (4)
where
X2 Xl 6|2—|
-1/2 : 12| . 12| .
You=271 | Zww=2}": | and Usn=2,*| : |. (5)
Xnt1 Xn 6?4—1

The random variable 4, is called generalized least squares estimator if it satisfies, almost surely,

1
4, = argmin = ||U,n(a )Hén (6)
ac(—-1,1) N

where
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&5 (a)
Unn(a) = 2,1 | (7)
ens1(a)
and
el(a) = X — aX;_1 (8)

with ef'(a) = X; = 0 if t < 0. Note that U, n(ag) = Up .

The resolution of the optimization problem presented in (6) leads to an explicit expression of
4,. One can easily prove that
ZI;]:H Yn’H
— .
1 Zn.h I

Moreover, in view of this last equality and Equation (4), one can deduce that

ZT U, n(a
5, — ap = L"'z(o) (10)
12,1l

(9)

an =

2.2. Asymptotic properties
The asymptotic properties of the generalized least squares estimator of the fractional autoregressive
model of order 1 are stated in the following two theorems.
Theorem 1. (Consistency). We assume that (X;)tcz satisfies (1). Under (A0), we have

~ P

a, —— ao,

n—oo
where (8,)n>1 Is a sequence of generalized least squares estimators as defined in (9).
The proof of this theorem is given in Subsection 5.2.

Theorem 2. (Asymptotic normality). We assume that (X¢):cz satisfies (1). Under (A0), the
sequence (v/n(4, — a0))n>1 has a limiting centered normal distribution with variance 1 — 3.

The proof of this theorem is set out to Subsection 5.3.

3. Generalized least squares estimation of FrAR models of order p

The results obtained in the previous section can be extended to fractional autoregressive mod-
els of order p. To be more precise, suppose that the process (X:)tcz admits an autoregressive
representation of the form

Xi = a1 Xe—1 + -+ aopXe—p + €f, (11)

where (e!!):c7 is a fractional Gaussian noise with 0 < H < 1. To ensure the stability of the process
(Xt)tez in this case, we suppose that its reverse characteristic polynomial has no root in and on
the complex unit circle, i.e. we assume that

1—apz— - —appzP #0 for |z] < 1. (12)
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In view of (11), it can readily be shown that

X2 X1 s X2_p aol 62H
=1 : : : + : . (13)
Xnt1 Xn o Xnp1-p dop 6#—1—1

We readopt the same transformation as the one used in the previous section to obtain a vector
representation similar to the one introduced in (4). Multiplying all the terms of Equation (13) by

the appropriate matrix _Qn_,f,/z, one has

Yo = Z, 1Ag + Unn(A),
where Yy, 1 and Uy, 1(+) are defined in (5) and (7) and where
Xy o Xop ao1
Z,u=2,1"| | and Ay =
Xo oo Xny1-p aop

Similarly as before, we again show that the generalized least squares estimator An of A, takes a
closed form and it is explicitly given by:

—~ . 1
A, =argmin = | Upn(A)|IZ
A n

—1
= <ZI,HZn,H> (ZIH Yn,H)
-1
=By + (ZnZon)  (ZhuUnn(By)),

where the minimum is taken over all vectors A = (a1, ,ap)' of RP™1 x R* such that (12) is
satisfied.

The following theorem gives the asymptotic properties of the generalized least squares estimator
of autoregressive models of order p induced by fractional Gaussian noise. The proof of this theorem
is similar to the one of Theorems 1 and 2 detailed in Section 5.

Theorem 3. We assume that (X;)tez satisfies (11). Suppose that 0 < H < 1 and that A, =
(201, ,a0p)" is such that Condition (12) is verified. Then, the sequence (Vn(A, — Ap))n>1
has a limiting centered normal distribution with variance "*(A,), where I(Ay) is the limit in
probability of Z} 4Z,, 11/n.

4. Numerical illustrations

In this section, we investigate the finite sample properties of the asymptotic results that we in-
troduced in this work. For that, we use Monte Carlo experiments. The numerical illustrations of
this section are made with the open source statistical software R (see R Development Core Team,
2017) or (see http://cran.r-project.org/).
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4.1. Simulation studies

We first study numerically the behavior of the generalized least squares estimator for fractional
autoregressive models of the form
Xt = aXt_]_ + GI:, (14)

where the unknown autoregressive parameter is taken as a = 0.3, and where (e!);c7 is a fractional
Gaussian noise with Hurst index H = 0.7.

We simulate N = 2,000 independent trajectories of sizes n = 30, n = 500 and n = 2,000 of
Model (14).

Figures 1, 2 and 3 illustrate the distribution of the generalized least squares estimator &, of
the autoregressive parameter a. We can notice that these numerical results are consistent with the
convergence established in Theorem 2.

In Figures 4, 5 and 6, we corroborate the convergence of the estimator 1 — 42 of the asymptotic
variance of the generalized least squares estimator 4, given in Theorem 2. We can remark that even
for a small sample size the estimator is very close to the true value of the parameter. This suggests
that our estimator is not greedy in terms of sample size. This phenomenon is confirmed by Figures
8-12. For different values of n and for this same set of parameters (i.e. a = 0.3 and H = 0.7),
we compare in Figure 7 the quadratic risk of the generalized least squares estimator 3, (in black)
with that of the Whittle estimator considered for example by Dahlhaus [1989] (in green) based on
N = 2,000 independent replications for each value of n. It is clear in this case that when the sample
size is relatively small our estimator makes less error than the Whittle estimator. It is also worth
noting that this closed form of our estimator makes it preferable even when the sample size is large.

To have a more global view on the behavior of our estimator when the sample size is relatively
small, we consider the cases where a = —0.9, —0.5,0,0.5,0.9 in Model (14). For each value of a,
we vary H over the interval [0.01,0.99] with a step of 0.01. For each value of the autoregressive
parameter a and the memory parameter H, we simulate N = 1, 000 independent trajectories of (14).
We compare in Figures 8-12, the logarithm of the quadratic risk of the generalized least squares
estimator 4, (in black) with that of the Whittle estimator (in green) of N = 1,000 replications
of Model (14) with different values of a and H. In each figure, four sample sizes were considered.
From left to right and top to bottom, the size takes the values n = 50, 100, 150, 200. Clearly,
for the different values of a and n, our estimator shows a certain stability unlike that of Whittle
where the quadratic risk is characterized by a certain instability especially when H is close to 0
and 1. This observation highlights the fact that the generalized least squares estimator 3, gives
very satisfactory results in the different memory scenarios presented by the process. Note that for
all the illustrations given in Figures 8-12, H sweeps the entire memory interval (0, 1). The Whittle
estimator seems to be less precise for several values of a when the process is short memory (i.e.
when H € (0,1/2]).

5. Proofs

In all our proofs, K is a positive constant that may vary from line to line.
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5.1. Preliminary results

In this subsection, we state some results that will be useful for the proofs of the asymptotic
properties of the generalized least squares estimator introduced in Section 2. We use (A0Q) to write
Z,n as a function of U, (ap). This expression will provide very intuitive proofs of the asymptotic
properties of the GLSE.

We also give the asymptotic behavior of the components of the inverse variance matrix of the
fractional Gaussian noise (€%);cz based on the behavior in a neighbourhood of zero of the spectral
density of this process.

5.1.1. The expression of Z,y as a function of Uy, (ao)

We recall that, when |a|] < 1, the polynomial a(z) = 1 — az is invertible and we have

al(z) = Zajzj. (15)

j=0

This implies that under (AQ) one may write the process (X;)tcz as a linear combination of the
infinite past (GtH,j)jzo- More explicitly, we have

X = (1—agl) el = Z a{)etH_j, (16)

>0

where L stands for the back-shift operator.

In view of the definition of the process (el(a)):cz introduced in (8) and (15), one can express
Xt when 1 < t < n+1 as a function of the finite past (eij(ag))osjgt_l. Indeed, Equation (8)
and Assumption (AOQ) imply that

t—1
Xe=(1—aol) "ef'(a0) =) _ahel j(a0), Vte{l,....n+1}. (17)
j=0
From (17), we deduce that the vector (X1,..., X,)" can be rewritten in the form
X\ (X0 el (@) ef!(20)
Xo _ Zf;& a{)e;_j(ao) _ efl(a0) + aoel!(ag)
Xo)  \Xigabel! j(a0))  \en'(a0) + -+ + a5 el (0)
e{;(ao) eo:(ao) e%::—n(ao)
e (a CHE! es ,(a
_ 2(:0) o 1(.0) bt ® (a0)
en (a0) en_1(a0) e1'(a0)
. eg—j(ao) ) e%'j(ao)
.| e (ag oo esr'(ag
e S Rk B SEA T R I (18)
j=0 : j=0 :

erlj—_i(ao) e#ﬂ(aO)
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where the shift operator L/*1 acts on all the components of the vector (e}!(ap), ..., el 1(a0))7,
ef!(a0) et ;(ao)
L+t : = ;
ef' 1(a0) ef! ;(a0)

In view of (18), it follows that the vector Z, y defined in (7) can be expressed as a function of
Un.n(ao):

X1 ) 62:(30)
X n—1 | es'(a T :

Zoy = Q;ﬁ,p 2 = a UHQ,;&/z ’ ( °) => "3 (HUnn(20)) . (19)
Xn eq11(a0)

5.1.2. Asymptotic properties of the components of the inverse covariance matrix of (ef)1<;<n

By Fox and Taqqu [1986], Sinai [1976], the spectral density f.x(-) of the fractional Gaussian noise
(eM)ez is defined for all w € [—7, 7] by:

1 —iw
() = 5 S en(h)e

heZ
1
= CH(l —cos(w)) Yy ———=
j%; |w + 2j7T‘1+2H
1
= Cu(1 — cos(w)) |w| ™M + Cu(1 — cos(w))y T —————,
J-GZZ ’w + 2j7r\1+2H
j#0
where Cy = 27 (2H + 1) sin(wH) and I'(-) denotes the Gamma function.
As w — 0, we have c
fin(w) ~ <l 72 (20)
Proposition 1. Under Assumption (A0), the following three assertions hold true.
1. The covariance matrix 2, of the centered Gaussian random vector (ei!,... )T is a

symmetric Toeplitz positive definite matrix.
2. For large k, the behavior of the autocovariance (k) is given by:

(2n1)1 4k = Ve (k) = H(2H — 1)k*"72 4 o(K212). (21)

3. The inverse autocovariances of (et)1<;<, satisfy

1\ r(2H)e™
L) ~ hen |k — j _ 22
( ”'H>j,k <k—j> Cym? when [k = j| = o0 (22)

Proof. For the first point, observe that 2,4 can be considered as a self-adjoint endomorphism of
the vector space C". Note now that for any C € C" \ {Ocn}, the spectral representation of 2,y
implies that

2
CT2nC =" CG(un); G = G < / feH(w)ei(j_k)wdw> G = / > Gel | fn(w)dw.
_ =

™
J k=1 Jk=1 ™
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The function w 27:1 Cje"* is an analytic function on the disc and is not identically zero. Since
fr(w) > 0 for w # 0 the last integral is positive. Thus, we conclude that the symmetric Toeplitz
matrix {2,y is positive definite.

In view of (2), a Taylor expansion of the function £ : x — (1 — x)?H — 2 4 (1 4+ x)? around 0
implies that for large k,

1
(2n1)1 1 = Y (K) = SK(1/k) = H(2H — 1)k 72 4 (k2 2).
This gives the second point of the proposition.

The components of the inverse matrix of (2, iy can also be expressed as a function of the spectral
density of (¢t);cz (see Fox and Taqqu [1986]). More precisely, we have for all j, k =1,..., n,

1 T 1 i
1 _ i(k—j)w
(@8~ L e =)
Using the parity of the function f.u(+), observe that when j = k we have
1 T 1 1 T 1
-1} _ - = .
(@), L e ), mo™ 9

From equivalence in (20), one has, when w — 0,

1 2 ona 2 oHa1
@)~ Go |w] —i—o(CH |w] )

€

This implies that for x > 0 there exists §,, > 0 such that for any w €] — 4, J,[ we have

2 1
(1—-r) = i w7 < <(A+r) & IW\zH h (25)

Thanks to (24), (25) and the boundedness of the function w — l/f (w) on ], ], one can show
that there exists a positive constant K such that for any j =1,...,n,

1+:‘€ 2H 1 /
< dw +
i —CHW2/O w3 (@)

62H (1 + k) LT Ox
2H Cy2 272 welbnm] fH(w)

< K. (26)

When j # k (suppose without loss of generality that k > j), one can use Lemma 6.3.2 (page
442) of Ablowitz and Fokas [2003] which is an analog version of Watson's Lemma (see for instance
Watson [1918] for the original proof or Miller [2006] for a more recent development) to obtain the
asymptotic equivalent of the (j, k)-th component of Qn_,fl when |k — j| — oo stated in the third
point of the proposition.

O

Remark 2. From (21), for any p > 0 there exists N, € N such that for any k > N, we have

H{(2H — 1) — p|2H — 1|} K72 < (2p 1), S H{p[2H — 1| + (2H — 1)} k"2,
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Since —1 < 2H — 1 < 1 we obtain that
|(2n1)1 | SH{p[2H = 1] + 1} K272, (27)

Observe that for k = 1,..., N,, we have in view of (2) that the autocovariances (£2, 1), ) are
bounded, i.e. there exists Ky , > 0 such that

‘(Qn,H)l,k{ < Kh,p-

Since kN2 <1 fork=1,..., N,, it follows that
|(2n)y 4| < Kupk®™ ™2, k=1,..., N,. (28)
Consequently, we obtain from (27) and (28) that for any k > 1,
|(2n1)1| < KEZ2, (29)

where K = max(H {p|2H — 1| + 1}, Ky ).
A similar calculation can be done to show that there exists a positive constant K such that for

any j,k=1,2,..., we have
1 \2H
o2y <K[—) .
'( ”'H)Jxk - <k—j) 30)

The proof of convergence in probability of (d,),>1 to ag will be done in two steps. We first show
that (|| Z,nll2n /n)n>1 converges in mean square to 1/(1 — a3) and we prove in a second time that
(Z,IH Unn(ao)/n)n>1 converges in mean square to 0.

5.2. Proof of Theorem 1

5.2.1. Proof of the convergence in mean square of(||Z,7,H||]§n /n)n>1 to 1/(1 — a3)

To establish the mean square convergence of (||Z,,,H||§,, /n)n>1 to 1/(1 — a3), we consider the
following lemmas and remark.
Lemma 1. Under Assumption (A0), we have
1 ) 1
E |:n ‘Zn,HHRn:| m} 1_73(2)

Proof. In view of (19), one has

21zl = £ 305 o {60} (¢ o)

J'1—1j2—1
:*Zzajﬁjz ZZE {2 (Unm(a0))k } {L2(Unni(20))k}]
h=1j=1
_1 Z Z ith2 Z Z Z (247),, (247), E[eftas(a)eltin s (a0)]
J1 1p=1 k=1n=1nrn=1 T2
-5 Z Z all+l2 ? Z Z ( ) p " H)f1+1*j1,r2+1*j2 :
J1 1j=1 n=j n=j

The stationarity of (e!):cz implies that



Y. Esstafa/Estimation of fractional AR models 12

e for jo < ji:

(QH,H)Y1+1*J-1J2+1*J.2 = (‘Q”'H)rz,rlﬂé*h '
[ for j2 Zjli

(Q”vH)r1+1—j1,r2+1—j2 = (Q"'H)f1,r2+j1—j2 :
Thus, we obtain

1 n j-1
E {n ||Zn.H||ﬂ2e"] - Z Do Z Z ( 1>r1 ISP

Jl 1p=1 n=j n=j
+ ZZW’”ZZ it
n,H . r2 ”H n,n+p—jp "
A=lp=h n=j n=j

This implies that

1
1 2 2.4 2
 [H12uwiZ] =2 S S (nsic

h=1j=1 n=jh
n ja—1 n p—1
- 1+j2—2 § E :
Z Z a] ", r2 2, H)rZ,"1+J'2*J'1
Jl 1]2 1 rn Jl = 1
1 n n n
j1+j2—2 § o
+ ; E E a{) (/n)rz,r2+11—12
h=1jo=h rR=j
A—-1 n
. 1t+j2—2 § : § :
Z Z a] " H)f1,f2+j1—j2 :
1=1jp=j n=1rn=j
We have
n j1—1
E : § : j1+j2—2 § : _
- ‘3} "1 n+jp—jh — 0
J1 1jp=1 n=j
and

1 n n o n 1 n viis .

n Z Z 361 ” Z (In)rrtji—p = n ZaOJ (n—Jj+1),
A=1j2=h rn=j Jj=1

thus we may write

1 2 1<~ 22 .

E[n HZn,H”Rn:| :nz;aof (n—j+1)—W,n, (31)

J:
where
n j1 1 n J2 1
+jp—2
Wi = — ZZ&“ BN (k). @)

11 1j=1 n=ji n=1 L

A-1 n

s Z Z AE2NN (2 ) )i (32)

h=1jo=h n=1rn=jp
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We shall prove that W,y —— 0. Consider the first term on the right side of Equation (32)
n—o0
(the second term can be treated in a similar way) and note that » — n < j1 —nn — 1 and
rp—n +j1—j» < j1 —n — 1. By the properties of the components of the matrix 2,4 and its
inverse given in (29) and (30), there exists a positive constant K such that

n ji—1 n jo—1
j1+j2—2 § § ’
Z Z a] ”H)f2yf1+j2—jl
11 1j=1 n=j n=1 L
n ji—1 n -1 1
<7§ :E :\a ‘J1+J2 2}:2:
— 2H 2—2H
=1jp=1 rn=j n=1 r2 B rl r2 “nta _j2)
n ji—1 n j2—1 1
2
< § E |ao|J1+Jz § ’ §
— 2H 2—2H
A=1,p=1 n=j n=1 Jl —n- 1 (Jl —n- 1)
‘30’11 1 a-1 )
_ 2—
B S ML
Jl 1f1—11

Since

-1 =1 (/-
- p—1_ L—Jaol" " {(h — 1)1 —faol) + 1} 1
—1) a2t = < ,
2 (1~ Taol? =Tl
we deduce that

n ji—1 n j»—1

1
Zzan-wz 22 Z( )rer nH)rz,r1+j2—j1 < 1—|30‘ 222 (j1 |jOr|1—1

11 1j=1 r=j n=1 hi=ln=j

Now we consider the change of indices r, = j; + k — 1 to obtain that

n ja—1 n Jjo—1
1+j2—2 § : § : < § i— 1§ ’
Z Zaj r,rn nH)”zvfl-i-jz—jl = n( 2 |aO| k2 ,,_)OO
11 1 =1 n=j r=1 k>1

The second term on the right side of Equation (32) can be treated in the same way. The proof of
the convergence of the sequence (W, 1)n,>1 towards 0 is then completed.
Finally, from (31) we conclude that

E EHZ H||2 _ n+1 1—3(2)” _1 ]__3(2)" _1 1_agn*2{n(1—3(2))+3(2)} W
140 HlIRe n 1—a3 n\1-a3 n (1-a2) n,

1
—> — s,
n—oo 1 — a;

and the lemma is proved. O
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Remark 3. Denote by X, x u the variance matrix of the random vector (Xi, ..., X,)T, ie. for
any 1 < i,j < n, (Enxn)ij = Cov(Xi,X;), and let ZU) be the random vector defined by
Z,(II& = Xn_;/a(Xl ..., Xn)T. From (7), one has

[ X\

T i . -1 . . (1)\T ¢1/2 —1¢1/2 (1)

Zn,HZN,H - E : Qn,H : - ;(ZnH) Zn,X,H‘Qn,HZn,X,HZn,H‘
Xn Xn

1 , 1

17 .=

= | Zyl2 =
. 12 o112 , . .

The covariance matrix X'y Q2 "\ ¥ s\, is a symmetric real matrix. So there exists an orthogonal

matrix Qpn such that A,y = Q,TH}__:/)? H.Qn_&,}:s/)? vy Qn,H is a diagonal matrix. Hence, the random

variable || Z, y||3n /n can be rewritten as

1 1 1 1
N Zatlr = Z(QTWZIN Aans (@THZE)
15~ () oy |’
n
= EZ’L’,H I:(Qr—rr,HZn,H> ] : (33)
j=1 ’
where 775",2' ..... nf,'?' are the eigenvalues of the symmetric real matrix Xr},/)?,H'Qn_, i'Z,}/)?H The

expression of || Z, ||z /n given in (33) has the advantage of involving the standard normal random
vector Q,IHZ ,(11& This will considerably simplify the calculations in the following.

We show in the lemma below the boundedness of the eigenvalues ngf’H, e 7751",2' of the matrix

Zjv/)?’H_Q;lﬂ}__:’/)?H uniformly in n.
Lemma 2. Under Assumption (A0) and for any 1 < j < n, we have
1 (n) 1
— <y < —
(T+]a0)? = " = (T =Tao])?

j,H
Proof. Let fx(-) be the spectral density of (X:)tcz and denote by fu(-) the spectral density of the
stationary process (ef):cz. One can express fx(-) as a function of £u(-). Indeed, using (16) and
the stationarity of (X;)tez and (e!!);cz we have for any w € R,

1 - 1 .
fx(w) = % Z’VX(h)e_Mh = % E COV(Xt, Xt_h)e_'wh
heZ heZ

— % Z Cov Z aéetH_j, Z skt | eien

heZ JjeN keN
1 j N\ —iw —j) p—iw(—
=52 D & (bt k= e ke iUk
heZ j,keN
2
= farw) | D_ape™™ | | Do ape™ | = fu(w) | ape ™
JEN JEN JEN

where yx(-) denotes the autocovariance function of the process (X:):cz and Z designates the
complex conjugate of the complex number z. Furthermore, Assumption (AOQ) implies that the
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modulus of the complex number age™™“ is strictly less than 1. Hence, we deduce that the spectral

density of the stationary process (X;):cz is related to fu(-) as follows:

2 fn(w)

= . VweR. 34
1 — 2ap cos(w) + a3 “ (34)

fx(w) = fon(w) ‘

1 — age—iv

From this last equation and taking into consideration the fact that (1—|ag|)? < 1—2ag cos(w)+a3 <
(1 + |ao|)?, one obtains that for any w € R,

(1= |ao])*fix (w) < fan(w) < (1 + [ao])*Fx(w). (35)

Note now that for any vector V of R™*1, we have

VT (2n41 — (1+]a0])2Znxn) V = ZZ Qon— (14 |a0l)>Znx ) Vi
k=1 j=1
-y vj/ [Fn(@) = (14 a0 fx (@)} € E DoV
kj=1 -
/ (@) — (14 [20]) (@)} VT To(w) Ve, (36)

where T, (w) = V,(w) Vi (w) with V,(w) = (e, 2%, ..., e"@)T. The notation V* designates the
conjugate transpose of the vector V.
Furthermore, the real VT Th(w)V is a non-negative number. In fact,

VITo(@)V = VIVa(w) Vi @)V = (Vi (@)V) (Vs (@) V) = [V (@) V.
Then, from (35) and (36), one has
VT(_Q,,H—(l-f-‘aoD Zoxn)V <O0. (37)

Now, let ¢ be an element of the spectrum of Q;,}'m}__,,,leQ;i'/z. Then, there exists C; € R\
{Ognx1} such that Q;v&l/zXn,x,HQ;’&l/z C; = (. Hence, it follows that

T S xn2 = ¢l .
Taking G = Qn_’,::/z (1, we obtain from this last equation that
G LaxnC=¢ H-QI/ZQH
Using (37), we deduce that
T 2nCo < (1+ |a0]) <H91/2c H

Since (1 = 2, /2 11 C2 # Ornx1 as an eigenvector, we conclude that

G 2nG 1 _ 1
— 2 1 2 1 2°
|2z, @i~ G+ e
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A similar calculation can be done to prove that, for any vector V of R"*1,
VT(_Q,,’H - (1 - ‘aoy)zzn’X’H)V > 0.
Arguing as before, one obtains that

G 2nG 1 1

" e, Ol el
G|

Since for any a € R,

det (2 w2t Toien — o) = det (5% { 2ok Zoxn — aln} £, X3 = det (274 o — ala)
= det (2,12 { 2, K 0w l? = oo} 2)3)
= det (2,12 E0x w2 * — ).

the spectrum of the matrix Z,}/)? a2 }__,:,l/)? y is equal to the set of the eigenvalues of Qn_i'p}__,,vvaQn_:i/Z,

the lemma is then proved. O]

Lemma 3. Under Assumption (A0), we have

1 2 L2 1
; HZn,HHRn m 1—73%

Proof. In view of Lemma 2, Remark 3 and (33), we have

n 2 n
var (Rzumiz ) = 3 (o) ver ([ (amnzt) | ) = 232 ()
1 =1
J ; J
n(1 —[aol)* noe

1 ) 1 ) 1\
—var (L 12anlle ) + (B[ 12omlE] - 1252

Thanks to Lemma 1 and the convergence stated just before, the expected result is obtained. [

0.

Now, observe that

1 2

E -
1—33

1
HEAT

5.2.2. Proof of the convergence in mean square of(Z,IH Unn(ao)/n)n>1 to 0

Lemma 4. Under Assumption (A0), we have

1 L2
o | ZinUnn(ao)| = 0
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Proof. Due to the fact that e(ag) is centered for any t, we notice that for fixed (i, j, k) the joint
cumulant of ef!(a0), e(ao), H(ao) and el (ap) is given by:

cum(e(')"( a0), (o). H(ao) ell(a0)) = E [egl(ao)eH(BO) H(ao)e}j( 0)}
~E |¢'(a0)ef!(20) | E | ¢f'(a0)e}!(a0)]| ~ E [ef!(@0)e]!(a0) | E | ef!(a0)ef!(a0)
—E [e(';'(ao)e,'j(ao)} E [e,H(ao)eJH(ao)] :

From (7) and (19), the positive definiteness of 2,1 and the fact that the process (e}'(ao))sez
defined in (8) is centered, we obtain that

1 2 1 n n . ' - ' .
E (n {Z,,T,H Un,H(aO)}> ] =3 SN a R [(Ul Un#(20))  Unn(ao) (L2 Unn(a0)) Un,H(QO)}
J'1*1j2*1
_ ajl+12 2 ( —1/2) (9—1/2) (Q—1/2> (Q—1/2>
n2 Z Z Z 1,1 n.H ki,r> nH ko,r3 nH ko, ry
J12=1 ki, ko=1r1,..., rp=1
x E (a0)er,41(a0)er, 11—, (a0) el 1 (a0)
r1+1 —j\80)€r,+1(90)€r11—j,(0) €110
= Al,n,H + AZ,n,H =+ A3,n,H + A4,n,Hy (39)
where
_ 1+j2—2 n-1
Bk S AN (23) (),
J1 =1 n=j n=1n=j n=1
H H H H
x cum (e,1+1_j1(ao). el 1(20). el (a0). €11 (20))
— 1+p2—2 n-1
Bon=1 >0 AHEY SN (24), (%),
J12=1 n=j rn=1n=jp n=1
H H H
X E |efl 1, (a0)e ,2+1(ao)} E el 1-p(20)el ()]
_ 1+j2—2 n-1
Bsn == > AFY Y Y (o W, (%),
J1.p=1 n=j n=1n=jHn=1
H H H
X E [eff 1 (a0)eb 1, (20)| B [l 1 (a0)elf 1(a0)] and
— 1+2—2 0-1
Bonn= L S ALY YN (28) (%)
J12=1 n=j r=1n=jpH n=1
H H H H
X E [efl 1 (a0)ebl1(20)| E €1 (a0)et 1 (a0)|
Since the vector (elH e n+1)T is Gaussian random vector, any joint cumulant involving three
(or more) elements of (ef!,... ef!,;)T is zero. The random variables ef! , _j(a0), el 1(a0),
2+1_J2(ao) and er4+1(ao) in (39) are elements of the Gaussian vector (e}, ... e ;)T so

H H H H
cum (el (a0). e 1(20). el (20). €11 (20) ) = 0.
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Thus, we have

Al,n,H =0.
Let 2,414 be the covariance matrix of the random vector (€, ..., el ;)T. Thanks to the station-
arity of the process (ef');cz one has (2p11.1)r41—jprat1 = (2nH)rs—jp.re When jo,ra =1,...,n

and j» +1 < r3 < n. Thus Ay ,n can be rewritten as:

AZ,n,H - n2 Z all+J2 ? Z Z Z Z ( nH) . (Q;,;)r&m (Q”+1vH)r1+1—j1yr2+1 (Q”+1'H)f3+1—j2,r4+1

J1./2 1 r1—_/1 n= 1r3—_/2 r=1
_ 1+j2—2 -1
N n2 Z af Z Z Z Z ( ”H> (Q”rH> (Q”+1'H)f1+1—j1,r2+1 (Q”'H)r3—j2,r4
— “ rn,rn r3.r
J1.2=1 n=jp rn= 1r3 Jz+1 =1
j1t+j2—2 1 -1
E : aj E : E : E : ( H) (‘Qn,H>. , (Qn+1vH)r1+lfj1,r2+1 (Qn+1,H)1,r4+1-
11 Jo=1 n=j1 n=1rn=1 J2:14

This implies that

A2,n,H 2 Z all+l2 ? E Z Z ( ) (Q”'*‘l'H)rlJrl*jl,errl(I”)ra,rs—jz

J1j2=1 n=j n= 1r3—jz+1
+jp—2 -1
5 AT S NS (), (), s Gerii
J1=1 I‘1—j1+1 n=1rn=1 e .
+jp—2 -1
+ Z aith Z Z( ) (Q,,,H) (04101, p11 (Zn+1,H)1, 41
J1j2=1 r= 1r4 1 J2:7
+ 2
= n2 Z ajl & Z Z Z ( > (Qn+1'H)r1+1—j1,r2+1(I”)I’3,r3*j2
J12=1 n=j n= 1r3—J2+1
n
- jp—2 -1
‘2 Z 361 ” Z Z ('Qn,H>' P (Q"+1'H)1-r4+1 (l”)fl,flfjl
1 j2:1 n=j+1n=1 21
+jp—2 -1
c LS gy S (e 8. (%), @) (2
J12=1 rp=1r=1 J2:7
Since ji,o=1,....n (In)n,n—jy = (In)rs,rs—j, = 0, we obtain that
+jp—2 —1
Ay ph = n2 Z it Z Z ( ) (—Q,,,H) (Car1m)1ngn (Corii)1 e
Jr2=1 rn=1n=1 e
2
I jo1v ~1
— (58S (2%h), e | - (40)
j=1 r=1 '

Using a similar approach as that given in the proof of Lemma 1, one can confirm that the term in
the right side of Equation (40) is equal to the square of the expected value of the random variable
ZIH Unn(ao)/n. Similar calculations to those of the proof of Lemma 1 imply that

E E {Z,,T’HUH,H(aO)}} —— 0.
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Let us be more precise. From (19), we have

E [’17 {ZnT,H Un,H(ao)}] = ’172”: At iE [{ (Unn(20))i } (Unn(20)),]
- 7231 12 Z (Q—l/z)m (Q;&iﬂ)k'rzE e 1 j(a0)elt 1 (a0)]

k=1nr,n=1
(41)
I g
=h % > Zl (20h), (@ramdni i (42)
rl_j rn
As before, we proceed by cases to deduce that
1
o] 54 5 0,0
S (), G
n=1 5
n 1 n . n
~ Zaj 1 Z (n)rr—j + n Z % Z (Q;I}I)J n (2nt14)1,n 11
n=j+1 Jj=1 =1 '
= - Z aj ;1 < 1)“2 (Qn+1,H)1,r2+1
. B 1. B
= ; J_Zl 36 ' (Qn,l:}i>“ (Qn+1,H)1’j+1 + ; J_Zl 36 ' 1<,Z2<n (Qn’&'>j,r2 (Qn+1.H)1,r2+l .
r#j

Finally, in view of (29) and (30) we conclude that

‘E Ll, {Z,IHUn,H(QO)}:H <K EZPO‘J e Z\BO\J ' Z =)™ r212H . (43)

1<r<n
r#j
Using the fact that the autoregressive parameter ag is assumed to belong to (—1,1), Cesaro’s
Lemma implies that the first term in the right hand side of (43) tends to 0.
Proceeding by a simple calculation and using Cesaro’s Lemma, one can also prove that the
second term in the right hand side of (43) converges to 0. More explicitly,

1
*Z!aov > (r (r —j)H 2=2H

1<r<n
r#j

:ZrzzHZ")’Jl )

1<j<n
J7#r
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n

1 1 o i1
- Z 2—2H |0 Z || Fe

r=1 1-r<j<n—r
Jj#0
iy \ar”Ejrav T }j |a\”§j\arf
- r2—2H 10 0 2—2H 190 o j2H
r=2 j=1-r
1<~ 1 1 1 1 I~ 1 1—ao|""
SfE ——>7 |ao0|” ma><<.>+§ ao’(
n & r1—2H |0 |ao rp2H n & r2—2H |20l 1 — |ag|
— 0.
n—oo

Therefore, we deduce that
Ay py — 0.
n—oo

It is obvious that by exchanging the roles of j; and j, and of r» and ry in the expression of
Ay n 1, we obtain that As p 4 = Az pu. Then, the sequence (A4 nH)n>1 also converges to 0.

It remains to show that (A3 , 1)s>1 converges to 0 to obtain the convergence in mean square of
(ZT,Unn(a0)/n)n>1 to 0 and thus the convergence in probability of the generalized least squares
estimator 3, defined in (9) to the true parameter ap.

We use the stationarity of the process (el (ap))+cz and we follow the same calculation procedures
developed to obtain the explicit expression of A, , 1y given in (40). This leads to

:

Byan= 5 30 A 22222(

-1
) (‘Qn,H> (Q"'H)r1+1*j1,r3+1*jz (Q"+1'H)rz+1,r4+1
r,rn r3,ra

J12=1 n=j1 n=1r=j n=1
_ j1+j2—2 1 -1
LS Y () (28) @i @
r,rn r3,ra
J12=1 rn=j n=1r=j n=1
_ j1+j2—2 Z Z § :
- n2 Z aj i (Q"rH)f1+1*J'1,r3+1ii2 (I”)rl,m
.2=1 rn=j1 n=j n=1
_ a’1+12222( ) ol - :
n2 Z r3,r1( n, )r1+1—11,r3+1—.12
Jl _/2— rl-_/l I’3—j2
FXI AT (2
- n2 Z Z aj (Q”'H)f1+1—jlyf3+1—j2
h=1j=1 n=j rn=j
FLSY AR Y (0h) (@
2 0 nH) S a1
A=1p=a+1 n=ji rn=j '
The stationarity of (e!):cz implies that
e for jo < ji:
(Q"'H)f1+1—jl.r3+1—j2 - ('Q”rH)n-i-jz—jl,ra '
e for jo > ji:

(QH,H)r1+1—j1,r3+1—j2 = ('Q”rH)rLG-H'l—.iz )
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It follows that

A3,n,H = n2 Z Z aﬂ+}2 2 Z Z ( ) o ”H)r1+1'2*j1,f3

h1=1j=1 n=j n=j
1+j2—2
FLY S Y Y (2) @
A=1jp=a+1 n=j rs=j2
n
_ j1+j2—2 § : § :
T2 Z Z aj n, H 1 "'H)r1+j2—j1,l’3
A=1p=1 n=j n=1
n Jjo—1
j1+j2—2 Z Z
2 Z Z aj 2 H)f1+jzfj1,r3
J1=1j2=1 n=j r3=1 3
1+j2—2
Py S 4 22<Lﬁmwﬂ
i=1jp=j+1 n=1r=j
A—-1 n
j1+j2—2 Z Z
Z aj r3, r1 n H)rl,r3+j1_j2 ’
Jl 1jp=j+1 n=1r=j
(44)
Thus we have
n n j—1
_ N 2112 §:§:1+122§:§:
AsnH = n2 Z n—j+ 1 n2 a "H)r1+j2—j1,r3
j1=1 Jj1=1jo=1 n=j rn=1
A=l n
j1+j2—2 § E :
n2 Z Z aj ran "H)f1,f3+j1*j2
A=1jp=j+1 n=1r=j
1 1 5
= EE - 1 ZnnlRn | - (45)
Now, using Lemma 1 we deduce that
Az py —— 0.
n—o0o
The lemma is then proved. O

The convergences established in Lemmas 3 and 4 imply that the joint vector (Z,1 ; Up h(@0), || ZnH 120)/n
converges in probability to (0,1/(1—a3)). Let now g be the continuous function defined on R x R*
by g(x,y) = xy~1, it is obvious that the vector (0,1/(1 — a3)) belongs to the set of continuity
points of the function g. The continuous mapping theorem yields

A P
dn—a=g (Z,,T,H Uni(20)/n, | Zo | e /”> — 8 (0.1/(1—a3)) = 0.
The proof of Theorem 1 is then complete.

Remark 4. The following equivalent formulation of Equality (41)

E [\% {ZnHUnH ao }] fzaj 1 Z Z ( nH) - [ E+1—j(30)6’2+1(30)} (46)

rn Jrg 1

will be helpful in the proof of Theorem 2.
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5.3. Proof of Theorem 2

We establish in this section the proof of the asymptotic normality of the generalized least squares
estimator 4, given in (9) under the causality of (X;):ez (i.e. when the true parameter a is assumed
to belong to (—1, 1)) and in the case where H is known.

Recall that the normal distribution admits moments of all orders and is completely determined
by its moments. The expected convergence in distribution stated in Theorem 2 can be obtained
using the method of moments (see Theorem 30.2. of Billingsley [1986]).

In our case, Theorem 2 will be proved as soon as for any r > 1

lim E[{v/n(3, — a0)}'] = E[G{], (47)

n—oo

where G; is normally distributed with mean 0 and variance 1 — a3.

In view of the explicit expression of 4, — ag (see (10)), the random variable \/n(4, — ap) can be

rewritten in the form: -
Vn(an — a0) = vZontni()
b — —

2
i 11Zo 2o

From Lemma 3, the random variable ||Z, 1|3, /n converges in mean square to 1/(1 — a3). This

(48)

implies that the sequence (||Z,||Zs /n)a>1 converges in probability to 1/(1 — a3).

The idea of the proof is to show using the method of moments that ZnHU,,H(aO)/\f has a
limiting centered normal distribution with variance 1/(1 — a2). The proof will be concluded by
applying Slutsky’s theorem to || Z, p|3n /n and Z,IH Unn(ao)/+/n.

The asymptotic distribution of the sequence (Z,,;UnH(a0)/v/n)n>1 is given in the following
lemma.

Lemma 5. Under Assumption (A0), the sequence of random variables (Z,} Uy n(a0)//n)n>1 has
a limiting centered normal distribution with variance 1/(1 — a3).

Proof. Using the existence of moments of all orders of ZTH Unn(a0)/+/n and in view of Theorem
30.2. of Billingsley [1986], the proof of Lemma 5 is obtained once

.
nIi_}mOOE H onHUnH(ag)} } =E[G;], forall r > 1, (49)
where G; is normally distributed with mean 0 and variance 1/(1 — a3).

To prove (49), in a first step we consider an odd order r and in a second step r will be assumed
to be even.

Recall that for all r > 1, we have

0 if r is odd
E[G] = r/2 oo (50)
{1/(1 = a3)}"“ (r—1)It if ris even,
where rll = r(r —2)(r —4)---1.
We start from (19), we use the fact that the random vector (el'(a), ..., ell.1(a0))" is a centered

Gaussian random vector and we exploit the expression of moments in terms of cumulants to obtain
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® {2ttt}

1 n r .i_ n n n n n n r 3
LS s S S i),

Jig2eedr=1 ki=j1 ko=1 k3=j ks=1 kar—1=jr kor=1

,
H H
H ekzi_1+1—j,-(30)ek2i+1(ao)] }

i=1

that

xIE

1 2 ; r
:nr/2 Z '1(1 1)2222 Z Z{H< )k2,1k2:
Jd2ueendr=1 ka=j ke=1ks=f2 ke=1  kar—1=Jr kor=1
XZchm( /65)} (51)
T Bew

where 7 runs through the list of all unordered pair partitions of {k1 +1—j1, ko+1, ks+1—jo, ka +

1,..., kar—1 + 1 — j;, kor + 1} and B runs through the list of all blocks of the partition 7 (see
Brillinger [1981]).

Remark 5. In the above expression, we only kept unordered pair partitions of {k; +1 — j1, ko +
1, ks+1—jo, ka+1,..., kor—1+ 1 —jr, kor + 1}. This is due to the fact that the random vector

(ef'(a0), ... el 1(a0))" is a centered Gaussian vector.

Any joint cumulant involving three (or more) elements of (ef!(ao), . . ., el 1(a0))" is zero. More-
over, since the joint cumulant of just one random variable is its expectation and the process
(el'(a0))tez is centered, the first cumulant of any element of (e!!(ap), ..., el 1(a0))" vanishes.

Thanks to the above remark, we may write (51) as

|17 nHUnH<a°>H

1 ! j r
:W Z izl 1)2222 Z Z{H( )k2,1k2:
Jrf2eeefr=1 ki=j1 ka=1 ka=j2 ka=1 kar—1=jr kar=1
<> I E [ /eB}} (52)
T Bemw

We strength the fact that when r = 1, (52) is (46) and for r = 2 we retrieve an analogous formula
o (39).
The following remark will help us to develop (51) more explicitly.

Remark 6. e In Equation (51), the exchange of the roles of indices with even sub-indices does
not modify the term in the right hand side. It is the same when we exchange the roles of
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indices with odd sub-indices. For example, for the indices ki and k3 it holds that

LY SIS Sy S (),

Jrj2eedr=1 ki=j1 ko=1k3=j> ks=1 kor—1=jr kar=1
H .
X cum (ej'(ap) : i € B
T Bern
1 n r
I = =) 5b 5D 3D SRND S SR b (S
Jrf2seendr=1 k1=j2 ko=1k3=j1 k=1 kor—1=jr kor=1 \i=1 A
H -
X cum (e’ (ap) : i € B) ¢,
T Bem

e Again in Equation (51) when r is odd, every pair partition m of the set of indices {ki +1 —
ko + 1, ks+1—jo, ka+1,..., kor—1+ 1 — ji, kor + 1} contains at least one block of the
type {kai—1 + 1 — ji, ks + 1}. To see that, let us consider the case when r = 3. The third
moment of Z,IH Unn(ao)/+/n is given by:

1 ¢ 3
E {ﬁZ”vHUn'H(aO)}
e X AEY VS S S S o) (), (o)
n3/2 n.H n,r nH r3,ra nH Is,re
Jij2.3=1 rn=j1 n=1r3=j n=1rs=j3 r=1

H H H
x E[ el 1 (a0)el 1 (a0)el 1 (a0) el (a0) el (a0) el 1 (0)] }

pr X APY S S Sy (e (a),, (@),

J1 J23=1 n=j n=1r=j n=1rs=j =1

E [eg+1—j1(30)62+1(30)} E [er'iu—jz(ao)eﬂﬂ(ao)} E [62+1—j3(30)er:|+1(30)]

X

+E el 1 (a0)el 1(30) | E el (a0)ebl 1, (20)| B [l 1 (a0)elf 11 (a0)
+E [eff 1 (a0)el1(a0)| B [ (20)elf 1(a0)] B [eff 11 (a0) el 1 (20)
+E [l 1 (a0)el 1 ()| E [efl 1 (a0)ebl 1 (20)| B ey, (a0)elf 1 (a0)
+E el 1 (a0)el 15 (20) | E [eff 1 (a0)ell s, (20)] B €1 (a0)elf 1 (a0)
+E el 1 (a0)el 15 (0) | E [efl 1 (a0)ebl 1 (20)| B el (a0)elt 1y, (20)
+E el 1 (a0)ell 1(20) | E [eff 1 (a0)elt 1, (20)] B [l 1, (a0)elf 41 (a0)
+E [l 1 (a0)ell1(30) | E el (a0)ell 1, (20) B [ehl 1, (a0)elt 11 (a0)
T E el 1 (a0)ell 1(30) | E el (a0)ell 1 (a0)| B [ b1, (a0)e 1, (20)
+E [efl 1 (0)ebl 11 (20)| B el 1 (a0)ell 1 (a0)| B [e1(a0)el 1 (20)
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+E_,1+1_ﬂ<ao el 1(30)| E el (a0)ebl 1 (a0)| B [ b1, (a0)elt 1 (a0)

u H _
er2+1(30 er3+1—j2(30):| E [er4+1(30) €rs+1—j3190

) (20)
+E|e el 1 (a0)en s ,3(30)] [ €nt1 ao)er6+1(30)} E [er'iﬂsz(ao) r4+1(30):
+E el 1, (a0)elt (a0 (a0)

)e (20)

)| E )
+E el 1 (20)ell 1(20) | E [eff 1 (a0)ell 1 (a0)| B [ b1, (a0)elt 1, (20)

+E _eg+1—jl(30)62+1(30)_ E _eg+1(30)erH5+1—13(30)} E [eg—l-l—jz(ao)erﬂ—&-l(ao)_ ] }

We can use this last remark and Equations (46) and (39) to show that

2 |G} | = (A7 S 85 (o) 2 stortote)
(AL RS (o), (o),

< [E [efla,(a0)ellia(20) | E [eflaj(a0)elt 1 (0)]

+E [ eh1p(a0)e r5+1—j3(30)] E [erH4+1(30)ez+1(30)}

+E el 1 j(a0)ell1(a0)| E el 1 (a)el s (a0) ] })

) [\f {\}EZHTHUn,H(aO)}ZI :

In view of (39), (42) and Remarks 5 and 6, one can rewrite the r-th moment of the random
variable Z,IH Unn(ao)/+/n when r is odd in the form:

B [{ S znthnon)} | =B |- ZTthutan) 2| { fanunH(ao)}”]. (53)

The caIcuIation given in the proof of Lemma 4 to show the convergence to 0 of the sequence
(E[ZT i Unn(20)/n])n>1 remains valid when we multiply the general term of the last sequence by
Vvn and when we use the fractional version of Cesaro's Lemma' to conclude.

In fact, from (43) we have

‘E{\%{z;Hun,H(ao)}HgK \%Xn:\ao!jl Z|ao\f12 2H,212H
j=1

Zn H U,, H(ao):| E

1<r<n
r#j

(54)

!Recall that the fractional version of Cesaro’'s Lemma states that for (h:):>0 a sequence of positive real numbers,
x>0 and ¢ > 0 we have

n
. 1— . 1
lim h:t F“:\/i|c:>||m—g h: = c.
t— oo n—oo NF
t=l
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Since v/j|aol ™' — 0 when j — oo, fractional version of Cesaro's Lemma implies that the first
term in the right hand side of (54) tends to 0 when n goes to infinity. Based on the calculation
given in the proof of Lemma 4 and using the fractional version of Cesaro’'s Lemma, the second
term in the right hand side of (54) verifies

1
Jj—1
\fz |20] 1;n (r (r —j)H 2=2H
r#j

1 1 1 1 1 1« 1 1—Jag|™"
<—=> —nlal maX<,>+ aor<

\/5;1 ,1-2H || |ao| " p2H \/5;1 r2—2H || 1— [ao]
— 0.
n—oo

Then the sequence (E[Z,] Uy n(a0)/+/n])n>1 converges to O.
Furthermore, Equation (45) and Lemma 1 imply that

1ZTU 2—|'Elz2—1
i ni(a0) ¢ | = lim B | — [ Znnllg g

Using (53) we deduce that

lim E

n—oo

lim E = 0. (55)

3

oo {onHUnH(ao)}
When r = 4, theset {k1 +1—j1, ko + 1, ks+1—jo,ka+1,..., kay—1+1—j, ko, + 1} can
be partitioned by pairs in two different ways. The first is to consider partitions that contain at
least one block of type {ksi_1 + 1 — ji, ks + 1} and the second is to take partitions that do not
contain any such block. In the first case, we use the same remarks introduced to obtain (53) and
we factorize by the expectation of Z,IH Unn(ao0)/+/n. In the second case, we use the result stated

in Lemma 1. More precisely, we have
4 1 , T\ 2 1 . 3
{eziwthnen ) | =3 (8 |2 1zanlke] ) + & | J-zluthien)| B [{ - ZTuthnan)} |

Therefore, in view of Lemma 1 and (55) we have

E

{onHUnH(aO)}4] = (1_33(2))2-

We can generalize this result by an immediate recurrence on r to obtain

e [{Fretutten |
) E[\%Z,,T’HU,,,H(aO)]E[{ﬁZnHUnH(aO)}r_l] if r is odd

- (r—1)!!(E[%HZH,HH%H])” +E[ﬁZnHUnH(ao)}E[{\}EZIHUH,H(aO)}r_l} if r is even.

Iim E

n—oo
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This implies that the r-th moment of the random variable Z,IH Unn(ao)/+/n converges to

0 if r is odd (56)
r/2 56
—n (-1 if ri
(r—21)N <1_ag> if ris even,
and this is exactly the result recalled in (50). The lemma is then proved.
O

The convergences established in Lemmas 3 and 5 imply (by Slutsky's theorem) that the vector
(Zy 1 Unn(ao)/v/n, | Znnll2n /n) converges in distribution to (G, 1/(1 — a3)), where G, is the
random variable defined in the proof of Lemma 5. Continuous mapping theorem allows to complete
the proof of Theorem 2.
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F1c 1. Distribution of the generalized least squares estimator of N = 2, 000 independent simulations of the fractional
autoregressive model (14) with size n = 30 and unknown parameter a = 0.3. The Hurst index is assumed to be
equal to 0.7.
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Fic 2. Distribution of the generalized least squares estimator of N = 2,000 independent simulations of the fractional
autoregressive model (14) with size n = 500 and unknown parameter a = 0.3. The Hurst index is assumed to be
equal to 0.7.
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Fic 3. Distribution of the generalized least squares estimator of N = 2,000 independent simulations of the fractional
autoregressive model (14) with size n = 2,000 and unknown parameter a = 0.3. The Hurst index is assumed to be
equal to 0.7.
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F1G 4. Box plot describing the distribution of the variance estimates of the generalized least squares estimator over
N = 2,000 independent simulations of the fractional autoregressive model (14) with size n = 30 and unknown
parameter a = 0.3. The Hurst index is assumed to be equal to 0.7. The diamond symbol represent the mean of the
standardized errors n(4, — 0.3)°.
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F1G 5. Box plot describing the distribution of the variance estimates of the generalized least squares estimator over
N = 2,000 independent simulations of the fractional autoregressive model (14) with size n = 500 and unknown
parameter a = 0.3. The Hurst index is assumed to be equal to 0.7. The diamond symbol represent the mean of the
standardized errors n(4, — 0.3)°.
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F1G 6. Box plot describing the distribution of the variance estimates of the generalized least squares estimator over
N = 2,000 independent simulations of the fractional autoregressive model (14) with size n = 2,000 and unknown
parameter a = 0.3. The Hurst index is assumed to be equal to 0.7. The diamond symbol represent the mean of the
standardized errors n(4, — 0.3)°.
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F1a 7. Comparison of quadratic risk of the generalized least squares estimator (in black) and Whittle estimator (in
green) of N = 2,000 independent simulations of the fractional autoregressive model (14) with a = 0.3 and with
H = 0.7. The sample size n varies and takes its values from the set {30, 50, 100, 250, 500, 1000, 1500, 2000}.
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Quadratic risk comparison Quadratic risk comparison

Log of quadratic risk

Fic 8. Comparison of the logarithm of quadratic risk of the generalized least squares estimator (in black) and
Whittle estimator (in green) of N = 1,000 independent simulations of the fractional autoregressive model (14)
with a = —0.9 and with different values of H. The sample size n is (from left to right and from top to bottom)

n = 50, 100, 150, 200.
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Fic 9. Comparison of the logarithm of quadratic risk of the generalized least squares estimator (in black) and
Whittle estimator (in green) of N = 1,000 independent simulations of the fractional autoregressive model (14)
with a = —0.5 and with different values of H. The sample size n is (from left to right and from top to bottom)

n = 50, 100, 150, 200.
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Fic 10. Comparison of the logarithm of quadratic risk of the generalized least squares estimator (in black) and
Whittle estimator (in green) of N = 1,000 independent simulations of the fractional autoregressive model (14)
with a = 0 and with different values of H. The sample size n is (from left to right and from top to bottom)

n = 50, 100, 150, 200.
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Ficg 11. Comparison of the logarithm of quadratic risk of the generalized least squares estimator (in black) and
Whittle estimator (in green) of N = 1,000 independent simulations of the fractional autoregressive model (14)
with a = 0.5 and with different values of H. The sample size n is (from left to right and from top to bottom)
n = 50, 100, 150, 200.
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Quadratic risk comparison Quadratic risk comparison
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Fic 12. Comparison of the logarithm of quadratic risk of the generalized least squares estimator (in black) and
Whittle estimator (in green) of N = 1,000 independent simulations of the fractional autoregressive model (14)
with a = 0.9 and with different values of H. The sample size n is (from left to right and from top to bottom)
n = 50, 100, 150, 200.
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