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In [22], Bradley Efron introduced the Bootstrap as a way to overcome some
limitations of classical methods that often relied on strong assumptions about
the data’s underlying distribution or the model’s form. Since then, these tech-
niques, first studied in the i.i.d. case, have been developed and extended to
time-series (see [40] for an extensive survey of methods) and applied to a wide
range of problems in various fields such as signal processing [57, 58], soil sci-
ence [56] and econometrics [42, 27]. They can handle any level of complexity in
data or models from fully parametric to completely nonparametric cases. These
methods are easy to implement with modern computing power and can pro-
vide more accurate and reliable inferences than traditional methods in many
situations.

Although originally designed for i.i.d. sampling, there has been significant in-
terest in adapting the bootstrap to situations where the data is dependent. Sev-
eral resampling methods have been proposed for time series data: these include
the autoregressive-sieve bootstrap [37], block bootstrap [39] , circular bootstrap
[51], the stationary bootstrap [52], continuous-path block bootstrap [46], tapered
block bootstrap [47], frequency-domain bootstrap [45, 35], and local bootstrap
[49]. For detailed reviews and comparisons of these methods see [23, 36, 34, 15]
and the references therein.

In the Markovian case, numerous approaches have been developed and exam-
ined. In [38], the authors proposed a block resampling scheme that consists in
resampling from a nonparametric estimate of the one-step transition matrix of
a finite state Markov chain. This method was extended to the countable case in
[3]. Extensions of this method have been proposed for the case where the state
space is Euclidean, as seen in [54], [48, 50] and [26]. The general concept is to
estimate the marginal distribution and the transition probability function using
a nonparametric function estimation technique and then resample from those
estimates. For a detailed explanation of this approach, refer to Section 4 in [34].

A completely new approach to this problem was introduced in [3]. Instead of
using estimated transition probabilities, they exploit the regeneration proper-
ties of a Markov chain when an accessible atom is visited infinitely often. The
main idea underlying this method consists in dividing the chain into a ran-
dom number of i.i.d. regeneration blocks and then resampling the same number
of regeneration blocks. This method, named Regeneration based bootstrap, was
proved to be valid for finite state atomic chains in [3], and it was extended to
general atomic positive recurrent Markov chains in [19].

It was pointed out in [8] that the Regeneration based bootstrap is not second-
order correct (its rate is Op(n~'/2) only). To overcome this limitation, a variation
of this method, called Regenerative Block bootstrap (RBB), was introduced in [9)].
This method consists in imitating the renewal structure of the chain by sampling
regeneration data blocks, until the length of the reconstructed bootstrap series
is larger than the length n of the original data series (notice the difference with
the Regeneration based bootstrap, where the number of sampled blocks is equal
to the number of regeneration blocks in the original chain). It was shown in [9]
that, for atomic positive recurrent Markov chains, the RBB for estimating the
integral of a function with respect to the invariant probability, has a uniform



C. Ferndndez/Regenerative bootstrap for B-null recurrent Markov chains 3

rate of convergence of order Op (nil) (the same as in the i.i.d. case).

Despite all these efforts in the positive recurrent case, up to our knowledge,
no bootstrap method has been studied in the null-recurrent scenario. Hence, our
objective in this paper is to start this study and show that both Regeneration
based-bootstrap and Regenerative Block bootstrap are valid schemes for estimating
integrals with respect to the invariant measure when the Markov chain is S-null
recurrent and possesses an accessible atom. The task is challenging because the
time returns to an atom of such Markov chains is infinite and we know that the
bootstrap of such quantity does not work [4, 33]. Despite this fact, we will show
that, by using the correct random normalization, one can obtain a CLT for the
mean and the validity of both regeneration methods.

The paper is organized as follows: in section 1 we provide a brief introduction
to null recurrent Markov chains, making a special emphasis on atomic ones and
presenting the main results that we use throughout the paper. In subsection 1.3
we present an extension of the Central Limit Theorem for randomly indexed se-
quences (Lemma 1.1). Section 2 is dedicated to the Regenerative Block bootstrap
in B-null recurrent Markov chains, while Section 3 is devoted to the Regenera-
tion based-bootstrap. In section 4 we have added a few simulations to show the
behavior of both algorithms in practice. The technical proofs are postponed to
Section 5.

1. A short introduction to null-recurrent Markov chains

In this section, we introduce some notation and review some important concepts
from Markov chain theory that will be used throughout the paper. For more
details, please refer to [43, 21].

1.1. Notation and definitions

Consider an homogeneous Markov chain X = X, X7,..., on a countably gen-
erated state space (F, &), with transition kernel P and initial probability dis-
tribution A. This means that for any B € £ and n € N, we have £ (Xo) = A
and

P(X,41€ B| Xo,...,Xn) = P(X,,B) almost surely.

Note that the assumption of a countably generated state space is commonly
used in Markov chain theory to avoid pathological examples known as ’anormal’
chains [20]. For more information on this topic, see [20], [29], and [55]. An
example of an ’anormal’ chain can be found in [13]. This assumption does not
significantly limit the generality of our results since most of the time € = B (Rd),
which is countably generated.

In the following, we use Py (or P, for z in F) to denote the probability
measure on the underlying space such that Xo ~ A (or X = ). We use E,(.)
to represent the Py-expectation (or E,(.) to represent the P,-expectation), and
I{A} to represent the indicator function of event A.
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A homogeneous Markov chain is said to be irreducible if there exists a o-finite
measure ¢ on (E, ) such that for all x € E and all A € £ with ¢(A) > 0, there
exists some n > 1 such that P"(z, A) > 0. In this case, there exists a maximal
irreducibility measure 1 with respect to which all other irreducibility measures
are absolutely continuous. If X is 1-irreducible, there is d’ € N* and disjoints
sets D1,...,Dg Dgy1 = Dy weighted by v such that ¢ (E\ Ui<;<ar D;) = 0 and
Vo € D;, P(x,D;41) = 1. The the g.c.d. d of such integers is called the period of
the chain. X is said to be aperiodic if d = 1.

In the following, we assume that the Markov chains under consideration are
homogeneous, aperiodic, and irreducible with maximal irreducibility measure
.

An irreducible chain possesses an accessible atom, if there is a set a € £ such
that for all z,y in a: P (z,e) = P (y,e) and ¢(cx) > 0. For instance, when a chain
can take a countable number of values, any single point visited by the chain is an
atom. Denote by o, and 74, respectively, the times of first visit and first return
of the chain to ¢, i.e. 7o, =inf{n >1: X,, e a} and 0o =inf {n > 0: X, € a}.
The subsequent visit and return times o4, 7o (k), k = 1 are defined inductively
as follows:

Ta (1) =Ta , Ta(k)=min{n>71,(k—-1): X, €a}, (1)
oa(l)=0a , o0aq(k)=min{n>o04(k—-1): X, €a}. (2)

We use T, (a) to represent the random variable that counts the number of
times the chain visits the set a up to time n, ie., T,(a) = > (I{X; € a}.
Similarly, we use T'(a) to represent the total number of visits of chain X to c.
An atom « is called recurrent if E,T(a) = 400 for all z € «; otherwise, it is
called transient. A notable property of atomic chains is that all accessible atoms
are either all recurrent or all transient. Therefore, we say that an atomic chain
is recurrent if one (and thus all) of its accessible atoms is recurrent.

Denote by P, and E4 (.) the probability and the expectation conditionally to
Xp € a. If X possesses an accessible atom and is aperiodic, the probability of
returning infinitely often to the atom « is equal to one, no matter the starting
point, i.e.

P.(T(a) =w) =1 VzekFE.

A fundamental tool for understanding the long-term behavior of Markov
chains is the existence of invariant measures, that is, a measure m such that

7 (A) = jP(a:,A)dﬂ'(x) VAc€.

Every irreducible and recurrent Markov chain admits a unique (up to a
multiplicative constant) invariant measure [43, Theorem 10.4.9]. In the atomic
case, the invariant measure is just the occupation measure over the first block
By = (XTa(l)Jrh . ,XTD‘(2)) [21, Theorem 6.4.2], i.e.

o (A) = Eq (i H{XjeA}> , VAe&. (3)

j=1
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An irreducible Markov chain is positive recurrent if its invariant measure is
finite. When the invariant measure is just o-finite, then the chain is called null
recurrent. From (3), it is clear that an atomic Markov chain is positive recurrent
if and only if Eq7o < 400, and in this case, the measure defined by EZ—% is an
invariant probability for the chain. The existence of this invariant probability
makes the theory of positive recurrent Markov chains, very similar to the i.i.d.
case [43, Chapter 17].

Conversely, dealing with null recurrent chains is considerably more challeng-
ing, and a comprehensive theory of non-parametric estimation for this type of
chain does not exist. To address this issue, Karlsen and Tjgstheim introduced
in [31] a regularity condition for the tail behavior of the distribution of 74 that
renders the problem more tractable. Specifically, a chain is referred to as S-null
recurrent (refer to [31, Definition 3.2 and Theorem 3.1]) if there is a constant

B e (0,1) and a slowly varying function! L such that
y varying

1
(= AnPL(n) @

Po (Ta > 1) ~

The number f, also known as the regularity index (see [16, 17]) satisfies
B =sup{p>0:Eq(18) < +00}.

Some of the most well-known examples of S-null recurrent Markov chain are
the random walks in R, which are 1/2-null recurrent [30], the Bessel random
walks [1], [18] and some types of threshold autoregressive (TAR) [24] and vector
autoregressive processes (VAR) [44].

1.2. Renewal properties and Block decomposition

The strong Markov property implies that the sample paths of an atomic Markov
chain can be partitioned into independent blocks of random length correspond-
ing to consecutive visits to a, given by:

By = (X0, X1,..., Xr0(1))
B = (Xra(l)-‘rla s aXTa(2))

Note that the distribution of By depends on the initial measure, and thus it
does not have the same distribution as B; for j > 1. The sequence {74 (j)};>1
defines successive times at which the chain forgets its past, which are called

1A measurable and positive function L is said to be slowly varying at +o if it is defined

L) _ 4 for all t > a. For a detailed

in [a,400) for some a > 0, and satisfies limz— 4o 1)

discussion on these types of functions, refer to [12].
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regeneration times. Similarly, the sequence of i.i.d. blocks {B;};>1 is called re-
generation blocks. As customary in the S-null recurrent Markov chain literature,
we will use T (n) to denote the number of complete regeneration blocks up to
time n, i.e. T (n) = max (T, (o) — 1,0). We will denote by £ (5;) the length of
the i-th block, therefore,

Te , =0
e<8j>={ - o)

Ta(J+1)=7Ta (i) » j=

The random variable T (n), and its relationship with Z?:o £(B,), is crucial in
the theory we will develop in this paper, therefore, we will state in this section
its main properties in the S-null recurrent scenario.

Assume X is a S-null recurrent Markov chain with an accessible atom a. By
(3.27) in [31], the function L in (4) can be normalized in such a way that

u(z) = AL (2) (6)

is a continuous function that is strictly increasing in the interval [z, +o0) for
some zg € R,. Define v (2) as

v(z) = u™V (2) = inf {s : u(s) > 2}, (7)

then, u (v (2)) = v (u(z)) = z for z = 2.

Consider the space of cadlag functions defined on the interval [0, 4+00), de-
noted by Z[o,+u)- This space consists of the real functions that are right-
continuous with left limits and defined over [0, +00). More precisely, a function
9 € Zjo,+) if and only if g is right-continuous, has left limits at all points
t > 0, and limg g(t) = g(0). The space Zo 4+ is equipped with the Sko-
rokhod? topology, making it a completely separable metric space. We will use

D(0,+) . . fd
L to denote weak convergence in this space, and — for convergence of

finite-dimensional laws. Two stochastic processes Y, Z,, in Z[g, 1) are said to

D0, +
be equivalent if Y,, — Z,, converges weakly to the zero process. If Y,, “r, y
D10, +0 .
and Y,, and Z, are equivalent, then Z, ——% Y (see Lemma 3.31 in [28]).
Define the following processes
SRR LI e P Y 0
n - U(n) bl n _’U(n) = k)

and CS7Y (t) = inf{z: C, (z) > t}. The following Theorem, proved in [31],
shows that these three processes converge in Zg ;) and that T;, and Cy(fl) are
equivalent.

Theorem 1.1. Assume X is a B-null recurrent atomic Markov chain. Then,

2See Chapter 6 of [28] or Chapter 3 in [11] for more details about this space.
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Do, +o0 . .
i) Cp o), Sp where Sg is the one-sided stable Levy process defined by
the marginal characteristics

E [exp (555 (t))] = exp (is°t) s e R,t e [0, +0].

i) Cy(fl) and T, are equivalent processes and both converge in Yo 4« to the
Mittag-Leffler process of parameter 3.

Remark 1.1. The Mittag-Leffler process with parameter g is defined as the
inverse of Sg. It is a strictly increasing continuous stochastic process defined as

m!
Mg () =t°Ms(1) , E(MP(1)=— m>0.
/3() /3() ( B()) F(1+mﬁ)

Theorem 1.1 shows a striking difference between positive and null recurrent
Markov chains. While in the former the existence of moments for ¢ (B;) implies
that C,, and T,, (taking u (n) = n) converge almost surely respectively to tEq7q
and ﬁ7 and therefore, T (n) can be approximated almost surely by the deter-

ministic quantity n, in the latter, we only have weak convergence, hence T (n)
can only be controlled by the deterministic quantity u(n) in distribution.

1.3. Properties of linear functionals defined on B-null recurrent
chains

For a measurable function f : EF — R, and an atomic Markov chain X with an
accessible atom e, consider the problem of estimating 7o (f) = § fdma, where
T is as in (3) and 7 (f) < +00. Denote by Sy, (f) the partial sums of f over
the chain, that is

Su(f) =D f(Xe). (9)
k=0

The Ratio Limit Theorem for atomic chains [21, Theorem 6.6.2] shows that
if g is a measurable function, then, for every invariant measure m we have

: (10)

as long as 7 (g) # 0.

Remark 1.2. From (10) is clear that S;((J)) is a strongly consistent estimator

of mq (f), and, in the positive recurrent case, S"éf LN T]::"(f ). Tn the null

aTa

recurrent case, however, ST(f) 225 0 (see Corollary 6.6.3 in [21]) and there is
Sn(f)

a(n)

no deterministic sequence a (n) such that converges almost surely to a
non-zero limit [16].

Given that our interest in this paper is to apply the bootstrap method to the
estimation of 7, (f) we need to find a series of i.i.d. random variables whose
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mean strongly converges to mq (f). To do this, define the following random
variables

i) =0
F(By) =1 Tag+n)
2

1=Te (j)+1

The strong Markov property implies that under P, the sequence {f (Bj)}j>0
is i.i.d. Moreover, for every initial measure A € .Z(€), such that Py (1o < ®0) =
1, the random variables f (B;),j = 0 are independent and for j > 1 they are
ii.d. Therefore, S, (f) can now be written as a sum of independent random
variables as follows:

T(n) n
Su(f) = f(Bo)+ >, f(B)+ > F(X0), (11)
j=1 i=7a (T (n)+1)+1

with the convention that the sum of an empty set is 0. As customary in the
B-null recurrent literature, we will denote the last term in (11) by f (B(n)).
Equation (3) indicates that

Eaf(Bj)=7Ta(f)a j=1.... (12)

hence, if the assume that 7o (|f]) < 400, the Law of Large Numbers for ran-
domly indexed sequences [25, Theorem 8.2, pp 302] shows that

1 T
. a.s. o . 1
J=1
Remark 1.3. The almost sure convergence of both %F—(nf)) and ﬁ Zﬁ? f(B;) to

B
7o (f) and the decomposition (11) shows that J;((ij)) and f(zp((71’5)) both converge
almost surely to 0. This allow us to only consider in our estimations the i.i.d.

blocks f (B;),j > 1.

If we suppose further that f(B;) has finite second moment and we denote by
o2 the variance of f(B;), then

2

1 W ) N
T(n) Z f(Bj)*m Z f(B;) | +2 02 (14)

Much of the work carried out in this investigation deals with sequences in-
dexed by the sequence of random variables T (n). As explained at the end of
Section 1.2, this sequence, although it converges almost surely to 400, can not
be deterministically approximated in probability, it only admits an approxima-
tion in distribution. This creates huge problems, even for simple tasks, as to
obtaining a CLT, because, CLTs for randomly indexed sequences (see [2] for
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the original formulation and Th. 17.2 in [11] for its more general form) require
being able to control deterministically, at least in probability, the sequence of
the number of terms. The result we present below, extends this CLT, replacing
the requirement of the control in probability by the existence of the limit of a
stochastic process defined in terms of the sequence of the number of terms.

Lemma 1.1 (CLT for randomly indexed sequences). Let X7, Xo... be i.i.d.
random variables such that E(X1) = p and Var X1 = 0% > 0. Let N(n) be a
sequence of integer-valued random wvariables. If there exists an unbounded in-
creasing sequence of real numbers wu, such that the process Ny (t) = w
satisfy the following conditions: "

e Erists a process Sy, in Do 1) that is non-negative and non-decreasing for
each n.

Sn Zor), S where S is a strictly increasing non-negative process with
independent increments, no fixed jumps, and S(0) = 0.

e N, is equivalent to S,(fl).

Then, N, converges to S(=1),
N | = | (15)

converges weakly to a standard Normal distribution and this distribution is in-
dependent of S (1).

Corollary 1.1. [Theorem 17.2 in [11]] Suppose X1, ..., X, are i.i.d. withEX; =
p and Var X1 = o2. If N(n) is a sequence of integer-valued random variables
such that N
N 2, (16)
Un
where 0 is a positive random variable and the ., is sequence of positive numbers
going to infinity, then

> (X —n)
j=1

N(n) N(n)o

converges in distribution to a standard normal random variable.

Using Lemma 1.1 and Theorem 1.1 we can provide a different proof of the
following Central Limit Theorem for S-null recurrent atomic Markov chains,
which was originally proved in [5].



C. Ferndndez/Regenerative bootstrap for B-null recurrent Markov chains 10

Theorem 1.2. Let X be a B-null recurrent Markov chain, with an accessible
atom a. For every 7o~ measurable function f such that E [(f (81))2] < 400,

T(n)
> f(By)

T(n) FlTT - ffdwa (17)

converges in distribution to a Normal random variable with mean 0 and variance

o2. Moreover, ngm) converges to a Mittag-Leffler distribution with parameter

B that is independent of the limiting distribution of (17).

The following corollary is a direct consequence of Theorem 1.2, equation (14)
and Slutsky’s theorem.

Corollary 1.2. Under the same hypothesis of Proposition 1.2,

s
T | =7
- ) ffdwa (18)

converges weakly to a Normal distribution with mean 0 and variance 1. Here

, o, T T 2
50 = Ty -21 f(Bj) = 7y Zl f(Bj) ] -
j= j=

2. The regenerative block-bootstrap algorithm

Let X" = (Xo, ..., Xn) be observations drawn from a S-null recurrent Markov
chain X with an a priori known accessible atom «. As in the previous section,
let f be a mq-integrable function such that f (5B;) has a finite second moment.
Denote by o2 the variance of f (By).

The bootstrap method we study in this section was introduced in [9] for
positive recurrent Markov chains. In the atomic case, it was shown to have a
uniform rate of convergence of O, (n_l) under mild conditions.

In this section, we show that the method is also applicable in the g-null
recurrent case, although, we have not been able to obtain a rate.

Proposition 3.1 in [7] shows that for positive recurrent chains, in the nonsta-
tionary case (when the initial law A is not the invariant probability measure), the
first data block By induces a bias of order O(n~!), which cannot be estimated
from a single realization X ™ of the chain starting from A. The last block B,
(which is incomplete) induces a first-order term in the bias too. This led the
authors in [9] to only consider statistics based on the regenerative data blocks
By, ..., Brn)-
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In the S-null recurrent case, the lack of finite first moment for the block sizes
suggests that considering the non-regenerative blocks will incur in an even worst
bias, hence, as in [9], we will only consider statistics based on the regenerative
data blocks B, ...., Br(n)-

While our asymptotic results are specifically stated for integrals with respect
to the invariant measure, the algorithm can be applied to a broader range of
statistics G, that have an appropriate standardization S,,. This includes non-
degenerate U-statistics and differentiable functionals.

The RBB procedure is performed in four steps as follows:

1. Count the number of visits T, () to the atom « up to time n. And divide
the observed sample path XM = (Xo, .oy Xpn) into 5, (at) + 1 blocks, By,
Bi, ..., Br, (a)-1 B(TT:)(Q) valued in the torus T = uJ_; E™, corresponding
to the pieces of the sample path between consecutive visits to the atom
a. Drop the first and last (non-regenerative) blocks. Denote by T (n) the
number of remaining blocks.

2. Draw sequentially bootstrap data blocks B T(n)r B} T(n) independently
from the empirical distribution F, = T (n)"" ZJTg) dp; of the blocks
{Bj}1<j<1(n) conditioned on X ™ until the length £* (k) = Z?=1 K(B;‘T(n))
of the bootstrap data series is larger than n. Let T)f (a) = inf{k > 1,
0*(k) > n} and T* (n, T (n)) = T (o) — 1.

3. From the data blocks generated in step 2, reconstruct a pseudo-trajectory
of size I*(T* (n,T (n))) by binding the blocks together

X*(n) = (B’T,T(n)7 ) B;k"* (n,T(n)),T(n))'

Compute the RBB statistic G¥ = G,,(X*(™).
4. If S,y = S(Bu, ..., Br(ny) is an appropriate standardization of the original
statistic G,,, compute S} = S(BTT(H), ...,B;“,*(H_T(n)) T(n)).

The RBB distribution is then given by

HRBB(x) = ]P* <S;Lk71 (G;‘; - Gn) < JZ)

where P* (o) =P (o \ X(")) denotes the conditional probability given X,

Our main asymptotic result, in the case of integrals concerning the invariant
measure, is the following.

Theorem 2.1. Let X be a [-null recurrent Markov chain with an accessible
atom a, and let [ be a mo-integrable function such that E [(f (Bl))Q] < +o0.
Then we have,

T*(n,T(n)) ) T'(n)
2 B py) = 7y 2 f(Bi)
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in probability along the data, where d* denotes the convergence in distribution
conditionally to the data and

2

, 1 T(n) 1 T(n)

This theorem yields that the bootstrap distribution of the standardized sum
T(n)

X fB;)

has asymptotically the same distribution as the statistics W estimating

§ fdme. The regenerative block bootstrap is thus first-order correct. In particu-
lar, this justifies the use of the quantiles of the bootstrap distribution (with or
without standardizing) to obtain confidence intervals for | fdmq.

3. The regeneration-based bootstrap algorithm

In this section, we adapt the Regeneration-base bootstrap to the S-null recurrent
Markov chain scenario.

Similarly to Section 2, consider observations XM = (Xo,...,X,) drawn
from a S-null recurrent Markov chain X that has an accessible atom a known
beforehand. Suppose that f is a function such 7w (f) is finite and the second
moment of f(By) is also finite. Let 02 represent the variance of f (Bi).

The algorithm we present in this section was introduced in [3, 19] for positive
recurrent Markov chains with an accessible known atom. Similarly to the RBB,
it consists on dividing the chain into B, ..., By, regenerative blocks and then
resampling blocks to form the empirical distribution of By, ..., Br(,). The main
difference between the Regeneration-based bootstrap and the RBB is that in
the former, the number of bootstrapped blocks is T (n), hence, non-random
conditionally to X™, while in the latter is random.

The full algorithm is as follows:

1. Count the number of visits T, () to the atom a up to time n. And divide
the observed sample path X™ = (X, ...., X,,) into T}, (a) + 1 blocks, Bo,
Bi, ..., Br, (a)-1 B(TZ)(Q) valued in the torus T = U¥_, E™, corresponding
to the pieces of the sample path between consecutive visits to the atom
a. Drop the first and last (non-regenerative) blocks. Denote by T (n) the
number of remaining blocks.

2. Draw T (n) bootstrap data blocks BT’T(H),..., B;(n)’T(n) independently

from the empirical distribution F,, = T(n)_lZJl(q) dp; of the blocks

{B;}1<j<r(n) conditioned on XM,

3. From the bootstrap data blocks generated at step 2, reconstruct a tra-
jectory by binding the blocks together, getting the reconstructed sample
path

*(n) _ * *
XF = (BY p(nys -+ Brnymn))-
Compute the statistic G = G, (X*™).
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4. If S,, = S(By,...,Br) is an appropriate standardization of the original
statistic G,,, compute S} = S(Bi"T (n)r B;(n) T(n)).

As in the RBB case, the asymptotic result stated below shows the validity of
this bootstrap scheme when used in estimations of integrals with respect to the
invariant measure.

Theorem 3.1. Let X be a B-null recurrent Markov chain with an accessible
atom «, and let f be a wq-integrable function such that E [(f (Bl))Q] < +o00,
then

T(n) ) T(n)
S 1)~ i X FB) |
= 4, N (0,1)

Tm) T (n) 0T (n)

almost surely along the data, where d* denotes the convergence in distribution
conditionally to the data and

(n) T(n) 2

f(Bj) —

%m—

Remark 3.1. In its original formulation for the positive recurrent case, the es-

timator used was S"T(f) however, by Remark 1.2, this can not be done in the
null recurrent case, hence, we need to use W ZT(") f(B;).

4. Simulations

To illustrate the convergence of the regenerative bootstraps method described
in the previous two sections we will do the following simulation experiment.
Take X as the simple symmetric random walk in Z, that is

0 , t=0

X, = { ¢t
' XY o, t=1
=

(19)

with P(Y; =1) = P(Y; = —1) = 3. In this random walk, the state 0 is an
atom and the invariant measure is mg (i) = 1 (see pp.1143 in [5]). Consider the
function f(k) = 2 if k # 0 and f(0) = 0, then
+o0 2
1 0
d =2y — =2
Jrwime =23 5=

In order to show the validity of the proposed methods, we have simulated the
first 10® points of a simple symmetric random walk (see figure 1). Using this
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data, we have applied both the RBB and the Regeneration Based-bootstrap
1000 times each and computed the values of

T*(n,T(n)) x 1 o
2 | IEirw) — 1w 4 S5
* - * - -
Zhpn = T T ) T T ) o7 |
T(n) 1 T
2\ FBSrm) — 76y 2 f(B)
* — = =
Zeons = VT (n) T (n) or(m)

Figure 2 shows the validity of both methods, despite the fact that we observed
a huge block (52% of the whole trajectory is inside this block) and 25% of
the realization is in the final incomplete block. The 95% confidence interval
for § fdmy using the RBB is (3.1439,3.3096) and using the regenerative based-
bootstrap is (3.1434,3.3067). Notice that the true value of { fdmo is 3.2899,
while the estimation obtained using (13) is 3.2226, and the confidence interval
obtained via Proposition 1.2 is (3.1432, 3.302).

Realization of simple symmetric random walk

10000 !

7500
5000

2500

At

-2500

-5000

-7500

0.0 0.2 0.4 0.6 0.8 1.0
t 1e8

Fig 1: First 10® points of a realization of a simple symmetric random walk
starting at 0. There are 9406 complete blocks in this realization. The red dashed
lines delimit the largest block, while the green dotted line marks the end of the
last complete block.
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Density estimations

0.40 =~ — RBB
\ —— Regeneration BB
==~ Standard Normal Distribution

Density
[=)
[
o

-4 -2 0 2 4

Fig 2: Density estimation of the bootstrap distributions Zj 5 and Z%, p after
10? simulations.

5. Proofs
5.1. Proof of Lemma 1.1

For the proof of Lemma 1.1 we need the following result, which appears as part
A.3 of Theorem A.1 in [31].

Lemma 5.1. Let A,, and B,, be a pair of stochastic processes which are cidlig,
where A, is non-negative and non-decreasing. Let B denote a Brownian motion
defined for t € R and let A denote a strictly increasing non-negative process
with independent increments, A(0) = 0 and with no fized jumps. Assume that

2 © I © _ 2 ©
B, —L*%), B and A, —0r), 4. Then, A7(1 D 20t A-1) gpd

B o ATV (1)

ATY (1),
AT (1)

(A @), z) vee(0,1],

where Z is standard normal variable independent of AV (t).

To prove Lemma 1.1, let Wy, = afl(Xk — u), then {Wj}, is an ii.d.
sequence with E(W}) = 0 and Var Wy, =1 for all k.
Let’s define the following continuous time process for t > 0

n

| lntl
Qu(t) = —= >, Wi (20)
k=1

Bl
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By Theorem 23 and Example 24 in [53], @, ——— USEIN B and given that u,, is
an unbounded increasing sequence, we also have @, converges weakly to B in

D0, +o0)-
The conditions imposed to the process N,, allow us to apply Lemma 5.1 with

A, =S, and B, = Q,,, . Taking into account that N, is equivalent to Sy(l_l) we
obtain that for all t > 0

Qu, (Nn (1)) 4
VAT N (0,1). (21)

Using that N (|nt]) = up N, (t), we get

Qu,, (N

Z ), (22)

and Lemma 1.1 follows after plugging (22) into (21) and taking ¢ = 1.

5.2. Proof of Corollary 1.1

We assume, at first, that 6 is bounded, that is, there exists a constant K such
that 0 < 8 < K with probability 1. Without loss of generality, assume the w,,
are integers. Define the process

tN(n) lf N < 1
N, (¢ ’ .
(t) = {t@ , otherw1se

As stated in pp. 147 of [11], this process converges to the process tf and
trivially satisfies the conditions of Lemma 1.1 (using S, (t) = 5, S,;* (t) = t6).

The case when K is unbounded can be treated by following the same argu-
ment as in pp. 148 of [11].

5.3. Proof of Theorem 1.2
Recall from Section 1.3 that, by the Strong Markov Property, the sequence

{f(B ) +OO is i.i.d. with mean { fdm, and variance o?. Consider the processes
T, (t) and C, defined in (8)

Lnt]
T - 2D o - S e,

By Theorem 1.1, we can apply Lemma 1.1 with X; = f(B; = { fdra,
N(n) = T(n) and u,, = n®L(n), which completes the proof.
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5.4. Proof of Theorem 2.1

Assume we have observed the chain until time n, i.e., XM = Xo, X1,...,Xn,
and we have extracted the T'(n) regeneration blocks: By, ..., Bp(n.
Now we start to sequentially bootstrap data blocks B T( B T(n) in-

dependently from the empirical distribution Fp,) = T (n)" Z i n) 0p,; of the
blocks {B;}1<;<7(n), conditioned on X ™ until the length £* (k) = Z (B;k T(n))

of the bootstrap data series is larger than n.
For each m, define

T* (m, T (n)) = { i ( B )<m}, (23)

T(n)
] T(n) T(n Z ( )>
U* (m,T (n)) = . (24)

maT(n)

HMS

Theorem 2.1 will be proved if we show that
P* (U* (T* (n,T (n)),T (n)) < z) P P(N<z) VYreR,  (25)

where P is a standard normal random variable and P* (e) = P (o | X(")) de-

notes the conditional probability given X™.

Given that we will bootstrap T* (n,T (n)) terms, which is a random quantity
conditionally to the data, we will use Lemma 5.1 to prove (25). In order to do
this we need, conditionally to the data:

1. Find a process S* T(n) (t) that is non-negative, non-decreasing that con-
verges in 7| 40) to a process S * that is non-negative, strictly increasing,
has independent increments no fixed jumps and S* (0) = 0.

2. Show that T*T( )( )= (lmJ) = T*([;t(JT;)T(")) is equivalent in P} ;) to

e(-1) T(n)
Sn ,T'(n)"
3. Find a process Q) 7, ( ) that converges in Z[g_ ) to a Brownian motion

when n goes to +00. This process should satisfy, for some ¢ > 0

Tifm)( )

(26)

U* (T* (n,T (n)), T(n)) -
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A natural choice for Q* T(n)’ which satisfies (26) for t = 1, is
[T(n)t] L T
21 f (B;T(n)> T 21 f(Bi)
£ oo (8) =T ) | = = 27
Qo) (1) = VT ) ADE. (27)
Take S* T(n) (t) as
[T (n)t]
1
E3 *
S — ; 2

Sn (t) v* (T (n)) ;1 l (Bz,T(n))’ ( 8)

T(n)
where v* (T'(n)) = > £(B;).
i=0
Following the notation of [33],let Y; =1 (B;) andlet Y1, > Y5, = ... 2 Y,
be the order statistics of the sizes of the first n blocks, and take Zj , = Y
where v (n) is as in (7). By Theorem 1 in [33],

ZU) = (Zym, Zoms s Znns 0, 0) S (24, 2, ... )) = 2, (29)

where Zy, = (E1 + -+ + Ek)_% and F; is a sequence of i.i.d. of exponential
random variables with mean 1. By Skorokhod-Dudley-Wichura Theorem (see
pp. 1171 in [33] and pp. 476 in [6]) we can choose a probability space such that,
without changing the distribution of the left hand side of (29),

ARIEING 4 (30)

The following Lemma shows that in that space, conditionally to the data, the
process S’Z,T(n) converges in o, o)-

Lemma 5.2. Suppose that (30) holds, then Z((Z)) converges almost surely to a
positive random variable and
Do, +o0 - Do, +x _
St r(ny ——> 8% and S0 RS gH D (31)

almost surely along the data.
+o0
Here, S* (t) = KR* (t) +t, R* (t) = >, Z; (X% (t) —t) , A¥ (t) are indepen-
j=1

dent Poisson processes with parameter 1 and K is a positive constant. Moreover,
the process S* is non-negative, strictly increasing, continuous, with independent
increments and S* (0) = 0.

Proof. When (30) holds, by Theorem 1 and Remark 1.3 in [41],

1 +00

’U(TL) ZK(BJ) &) Z Zj'

Jj=1 Jj=1




C. Ferndndez/Regenerative bootstrap for B-null recurrent Markov chains 19

The length of the first block, ¢ (By), is finite with probability 1 and does not

depend on n, hence L]U((li")) converges almost surely to 0. This implies that

T DB Y 2 (3)
§=0 j=1

In (7), we defined v (2) as the inverse of u (z) = 2°L (z), then, by Proposition
1.5.15 in [12], v(2) ~ 2/ L, (2) where L; is a slowly varying function, hence,

+o0
SeBy) 5 Y Z; W 0. (33)
3=0 j=1

|nt

zjg(zm SSV () =inf{r>0:8, () >t}
j=0

For each t > 0, let S, (t) = v(ln)

+0
and S (t) = t5 > Z;, and define the three processes as 0 on ¢ = 0. By (33) and
j=1
the Continuous Mapping Theorem, S5~ 225 §—1,

Similar to what is described on page 1141 in [5], suppose that y is such
that y < S5 "(1). Then, since S,(y) < 1, it follows that ZEZ’Q U(B;) < v(n).
Consequently, we have T(|v(n)]) = |ny] > ny — 1. This in turn implies that
w >y—1> Sy(fl)(l) — L for all n. In a similar way, but taking y > 5’7(;1),

we show that W < Sy(fl)(l) + L for all n. Then,
1L _T(vu®@)) 1
The first part of the lemma now follows from (34), the convergence of Si(_ri)) (1)

to S71 (1) and the fact that u (v (n)) = n for n big enough.
To show (31), consider the following process, which was studied in [6],

[mt]

ZE (1) = ! Z(z(s;n)—Z?IK(Bi)>.

v(n) n

j=1
By Corollary 1.2 in [6] (and its proof®), we see that when (30) holds, for any

my, such that = — ¢, conditionally to the data, the process Z, . converges
weakly in 7 ([0,1]) to R* (c¢t). Let C' > 1, on [0, C] define the process

3In [6], they standardize by T, = max [ (By) but from the proof is clear that the result
1<k<n

Wi (t) =

remains valid if we standardize by v (n) (by in their notation).
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; * * t % Zo.c] *
Notice that W (t) = Z*. . (&), hence, W ——> R* as n — +o0. Because
this convergence holds for arbitrary C' > 0, by Lemma 1.3.ii in [32] we have that

D10, +x
%% Z9%%), R*, and therefore, W;(n)

The process S* T(n) €A1 be written as

Z ,
[0,+0) R*

s v (T (n s
Sn,T(n) (t) = ’U*((T((n))))WT(n)’T(n) (t) + T (n) (35)

T(n)
=0

-1
Conditionally to the data, vq;((j;sgz))) = ( .Y K(BJ—)) converges to

v(T(n))
a positive constant K by equation (32). Equation (31) now follows from the
convergence of W}‘(n) 7(n) a0d (35).
The continuity of S* was shown in pp. 466 of [6], and the rest of the properties
are evident from the form of R*. O
The next Lemma handles the equivalence of T:j(n) and S::fT_(lyz) in 2, 400)-
Lemma 5.3. Under the same hypothesis of Lemma 5.2, the processes T:T(n)
and S:fT_(Q) are equivalent in Do o)

Proof. The proof of this result follows the proof of Theorem 3.2 on [31] with
slight modifications.
We need to show that, for any € > 0 given,

]P’< sup
0<t<K
To prove this, we will show that

]P’< sup
O<t<K

IP’< sup

O<t<K

from where (36) will follow by triangular inequality.
Let n >0

{SZ,(T_(Q) (t) < 77} = {S:,T(n) (n) > t}

1
T3 (7 (ny), 1) () — S:;(T(g) (t)‘ > 5) -0 VK >0, (37)

Ty, rmny ) = T (t)‘ > 5) -0 VK>0. (38)

Il
=
3
=
~
raun
5
=
2
N—
\
~
<
—~
N
—~
2
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Because T (v* (n)) = n, we can write,

T () = T* (W (T (n)t], T (n) _ T*(lo* (T (n)t], T (n))
v¥(T(n)),T(n) u* (v* (T (n))) T (n) )

therefore, equation (39) becomes

{Sih W <nfc {Tf*(T(n»,T(n) () < lTT(Zz);]J } "

Similarly, we obtain that

{5150 0= 0} = { T 0= L

Let £1 € (0,1) be fixed and take i < 72, then, by (41) and (40),

{m<s:G W <mpeim-a) <8t @ <m)
= {LT (n);;} ((nl> < Ty 20y ) < lTTg?i?QJ}
This means, that, if SZ(T(Q) (t) € [n1,1m2), then
= (n)?((;)_ Wl s < T rarin ) - Srionoy (1) < % —
which implies that, if S/} () € [n1,72), then
o)z &) = Snon (t)) <mp—m+em+ ﬁ (42)

Let € > 0 be fixed. For any s we have

(sup ‘fn T(n ‘ > 5) <P <tsillp(

—I—P(supS )(t)>s),

t<K T

—1

—1
where &7 ) () = T3 (7 () (ny (B) — S:,(T(n)) ().
By (31),

lim limP(supS )()>8>=O.

stoo n—0o0 t<K
Therefore, for any 6 > 0 we can choose sy such that P (bup SFCD (1) > so>

t<K
is smaller than ¢ for n big enough. By (42), sup S:(T_(lyz) (t) < sp implies that
t<K

Vte[0,K] , Ve e (0,1).

" 1
n,T(n) (t)‘ She—m+eanm+ m
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Choose 770, ..,mL, N1,e1 with 770 =0<m <...<np_1 <nr = s such that
ni —Niv1 < 5 for all i. Let e; < = and choose N1 such that T(}V) < 5.
Notice that forallt e [0, K] there is only one iy, ; such that 5* T(n ( ) belongs

0 [Min.sMini41), then, by (42)

1
& 1(n) (t)‘ < Migy = Mige+1 + €N+ T <e Vte[0,K], Vn> Ny,

whenever §*(7V

oz (1) < so. This implies that

(buP ‘%T (n) )‘ > & sup Sl ) < 50> =0 Vn=N.

P (sup
t<K

which implies (37).
Now we turn to the proof of (38).

Hence,

€Z,T(n) (t)‘ > E) <dé VYn> Nj. (43)

According to the definition of v*, v* (T (n)) = 1(B;) < n, therefore,

* T* (|v* (T (n)) t], T (n T (|nt], T (n
T3 (r(n)),o(n) (1) = L (T((TZ)) LT < (lT gn) =

T(n)+1
Notice that v* (T'(n) + 1) = >, 1(B;) > n, therefore,
i=0

% ES
T3 rny (O) < Tk (1 (ny+1),7(n) () T Vn, t.

Hence,

T(n)+1
T (n)

Equation (38) now follows from the convergence of both T :*(T(n)) T(n) a0d

_ T(n)+1 a.s.
T:*(T(n)ﬂ)’T(n) to S*(=1) and the fact that Ty 1. O

T vy &) < T () < T (pny+1) (@) Vn, t.

By (27), Lemmas 5.1, 5.2 and 5.3 we have that, in a space where (30) holds,
the convergence in (25) holds almost surely. Therefore, in the original space we
have the weakly-weakly (see pp.2550 in [14]) convergence

P* (U* (T* (n, T (n)),T (n)) < x) LP(N<z) VzeR (44)

However, given that the right hand side of (44) is a constant for each z,
the convergence in (44) can be improved to convergence in probability, which
completes the proof.
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5.5. Proof of Theorem 3.1

This proof follows the line of the proof of Theorem 2.1 in [10]. As in that paper,
let I's be the set of distribution functions G satisfying { 2?dG (z) < o0 and define
the following notion of convergence in I'y

G,=G iff G, — G weakly and Jx dG,, — f 22dG (x (45)

Denote by ds a Mallows metric that metricizes the = convergence in I'y (see
details in Section 8 of [10])

IfYi,...,Y, are i.i.d. random variables with common distribution G, denote
by G(™) the distribution of

%iy EY;)

By pp. 1198 in [10], if G, H € Ty then G™ and H(™ are also in T'y and
dz (GO, H™) < da (G, H). (46)

Let F be the distribution of f(B;) and denote by F}, the empirical distribution
function of f(Bi),..., f(By). By (2.1) in [10] and the fact that T (n) — 400 a.s.,
Fr(n) = F along almost almost all sample paths, hence, conditionally to the
data

do (FT(n), F) — 0. (47)

Denote by N, a standard distribution with mean 0 and variance o2. By
Proposition 1.2,

dy (F(T(”)),Ng) 0. (48)

Conditionally to the data, the distribution of

T(n)
ZJTS) (f (B;T(n)> - ﬁ Z_; f(&))
T (n)

T (n)

is Fq(,( (;L) ) then, conditionally to the data,

(1 (n) () p(T(n Tn
2 (FEESV,N,) < da (FEEQ), FA@D) 1 gy (PEOD, N, )

which goes to 0 by (47) and (48). The theorem now follows by (45), (14) and
Slutsky’s theorem.
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