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HARRIS RECURRENT MARKOV CHAINS AND NONLINEAR MONOTONE
COINTEGRATED MODELS

BY PATRICE BERTAIL!#® CECILE DUROT!*® AND CARLOS FERNANDEZ'>¢
YMODAL’X, UMR CNRS 9023, Université Paris Nanterre, Apatrice.bertail @ parisnanterre.fr; bcecile.durot@parisnamerre.fr

2LTCI, Telecom Paris, Institut Polytechnique de Paris, “fernandez @telecom-paris.fr

In this paper, we study a nonlinear cointegration-type model of the form
Zy = fo(X¢)+ Wy where f is a monotone function and X4 is a Harris recur-
rent Markov chain. We use a nonparametric Least Square Estimator to locally
estimate f, and under mild conditions, we show its strong consistency and
obtain its rate of convergence. New results (of the Glivenko-Cantelli type) for
localized null recurrent Markov chains are also proved.

1. Introduction and motivations.

1.1. Linear and nonlinear cointegation models. Linear cointegration introduced by [16]
and developed by [14] and [21, 22], is a concept used in statistics and econometrics to de-
scribe a long-term relationship between two or more time series. In general, these time series
are non-stationary, integrated of order 1, that is, they behave roughly as random walks. In
traditional linear cointegration analysis, variables are assumed to have a linear relationship,
which means their long-term equilibrium, as time grows, is characterized by a constant lin-
ear combination. This concept has since been extensively studied, particularly in the field
of econometrics [14, 21, 22, 30, 31]. Notice that, when there is indeed a significant linear
relationship, the link is monotone in each of the variables.

However, in some cases, the relationship between variables may exhibit nonlinear behav-
ior, which cannot be adequately captured by linear cointegration models. The incorporation
of nonlinearities allows for a more comprehensive understanding of long-term relationships
between variables. [20] have developed an approach for analyzing nonlinear cointegration
through threshold cointegration models. These models assume that the linear relationship
between variables differs after some changepoints, leading to different long-run equilibrium
states (for instance according to some latent regimes). Threshold cointegration models pro-
vide a framework for capturing nonlinearities in the data and estimating the changepoints.
Refer to [32] for examples and discussions on the importance to introduce nonlinearities in
cointegration applications and for further references.

Another method for analyzing nonlinear cointegration is through the use of smooth transi-
tion cointegration models introduced by [17]. These models assume a ECM (Error Correction
Model) form and allow for smooth transitions between different regimes in the data. Most es-
timators of non-linear cointegration may be seen as Nadaraya-Watson estimators of the link
function. For instance, Wang and Phillips [35-37] show that it is possible to estimate and per-
form asymptotic inference in specific nonparametric cointegration regression models using
kernel regression techniques. Furthermore, they established that the self-normalized kernel
regression estimators converge to a standard normal distribution limit, even when the ex-
planatory variable is integrated. These findings indicate that the estimators can consistently
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capture the underlying relationship between variables, even in cases where the explanatory
variable exhibits non-stationary behavior. The problem of estimating fy under the Marko-
vian assumptions has also been tackled using local linear M-type estimators in [8, 26] using
smoothing techniques.

These results have been partially extended in the framework of general 5-recurrent Markov
chain and not just integrated I(1) time series by [7, 23]. Consider the simple framework
where we observe two Markov chains, Z; and X;. [23] are essentially interested in the study
of nonlinear cointegrated models such as,

(1) Zy = fo(Xt) + W4,

where fj is a nonlinear function. X; and W; are independent processes, and X; is a positive
or S-null recurrent Markov chain. Despite the fact that there is no stationary probability
measure for X;, they apply the Nadaraya-Watson method to estimate fy and established the
asymptotic theory of the proposed estimator. The rate of convergence of the estimators at
some point x is essentially linked to the local properties of the 5 -null recurrent chain X; and
typically of the order of the square root of the number of visits of the chain in a neighborhood
of the point z.

1.2. Monotone cointegration models: motivations. Monotonicity in cointegration is a
rather natural assumption in many economic applications, for instance for modeling demand
as a function of income or prices (see for instance [11]) or other variables. Suppose, for
example, we are interested in analyzing the long-term relationship between ice cream sales
and the average monthly temperature. These two non-stationary variables may be modeled
by some [-recurrent Markov chains. We hypothesize that as the average monthly tempera-
ture increases, the demand for ice cream also increases: however the rate of increase may
vary according to the season. In that case, the nonlinear relationship between the two vari-
ables will be monotone. In microeconomics, the same phenomenon is expected for Engel
curves, describing how real expenditure varies with household income (see [11]). Expendi-
tures and income (or their log in most models) may be considered as non-stationary variables.
However considering a linear cointegration between them may be misleading, since the rela-
tionship may change along the life cycle. By Engle’s law, the relationship between the two
variables should be monotone. Other types of examples of monotone non-linear cointegration
phenomenon may be found in [32].

The purpose of this paper is to propose a simple estimator that is automatically mono-
tone, does not require strong smoothness assumptions (we only require continuity of the link
function), and operates under general Markovian assumptions. We establish a nonparametric
estimation theory of the nonparametric least squares estimator (LSE) for the function fy in
the model (1) under the constraints that f, is monotone non-increasing. Here, {I¥;} is an
unobserved process such that E(W;| X;) = 0 to ensure identifiability of fj. Since a minimal
condition for undertaking asymptotic analysis on fo(zo) at a given point xg is that, as the
number of observations on {X;} increases, there must be infinitely many observations in
the neighborhood of x, the process { X;} will be assumed to be a Harris recurrent Markov
chain (cf section 2). We consider at the same time the stationary and 8 null recurrent non-
stationary framework. To our knowledge, it is the first time that such an estimator is proposed
in the literature in such a large framework.

1.3. The estimator. Let C be a set whose interior contains our point of interest (. Having
observed (X, Z;)} . we denote by T;,(C') the number of times that X visited C' up to time
n and by o¢ (i) the time of the i-th visit. Then, we consider the nonparametric LSE defined
as the minimizer of
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T.(C)

) Fo Y Zoowy = F (Xoon))

=1

2

over the set of non-increasing functions f on R. The nonparametric LSE fn has a
well known characterization, as follows. Let m be the number of unique values of
Xoo)s- - Xoo(Tu(c))» and Y1 < --- <Yy, be the corresponding order statistics. Then,

ﬁ(Yk) is the left-hand slope at Z;‘lfn ]I{XUC () S Yk} of the least concave majorant of
the set of points

T (C) T (0)
3 0.0), | Y HXoeiy <SYi}s Y Zoe@UXowy SYi} | s k=1...,mo,
=1 =1

and it can be computed using simple algorithms as discussed in [3]. Thus, the constrained
LSE is uniquely defined at the observation points, however, it is not uniquely defined be-
tween these points: any monotone interpolation of these values is a constrained LSE. As is
customary, we consider in the sequel the piecewise-constant and left-continuous LSE that is
constant on every interval (Y;_1,Yx], k=2,...,m and also on (—o0, Y] and on [Y,,,, c0).

The use of a localized estimator is due to the fact that we need to control the behavior of
the chain around x¢, and, to do this, we need to estimate the asymptotic "distribution" of X
in a vicinity of xg. For Harris recurrent Markov chains, the long-term behavior of the chain
is given by its invariant measure (see Section 2). In the positive recurrent case, the invariant
measure is finite and it can be estimated by simply considering the empirical cumulative
distribution function of the X;. However, in the null recurrent case, the invariant measure is
only o-finite, hence, we need to localize our analysis in a set big enough such that the chain
visits it infinitely often, but small enough that the restriction of the invariant measure to it is
finite. Moreover, contrary to the bandwidth in kernel type estimators, C' does not depend on
n, and the rate of convergence of the estimator does not depend on C'.

1.4. Outline. Since our paper draws quite heavily on the theory of Harris recurrent
Markov chains, we have added a small introduction to the subject as well as the main re-
sults that we use throughout the paper in Section 2. In Section 3, we show that under very
general assumptions, our estimator fn is strongly consistent, while its rate of convergence is
presented in Section 4. In Section 5, we present new results concerning the localized empir-
ical process of Harris recurrent Markov chains that have emerged during our investigation
and we believe are interesting in their own right. Section 6 contains the proofs of our main
results.

2. Markov chain theory and notation. In this section, we present the notation and
main results related to Markov chains that are needed to present our main results. For further
details, we refer the reader to the first section of the Supplementary Material [4] and the
books [12, 27, 29].

Consider a time-homogeneous irreducible Markov Chain, denoted as X = Xy, X3, Xo, .. .,
defined on a probability space (F,E,P), where £ is countably generated. The irreducibility
measure of the chain is represented by . The transition kernel of the chain is denoted as
P (z,A) and its initial distribution is represented by . If the initial measure of the chain is
specified, we use P, (and E)) to denote the probability (and the expectation) conditioned on
the law of the initial state £ (Xo) = A.



For any set C € £, we will denote by o¢c and 7¢, respectively, the times of first
visit and first return of the chain to the set C, i.e. ¢ =inf{n>1:X,, € C} and o¢ =
inf{n > 0: X,, € C}. The subsequent visit and return times o¢,7¢ (k), k > 1 are defined
inductively.

Given that our methods will only deal with the values of X in a fixed set C, if A is a
measurable set, we will write Ic{X; € A} instead of [{X; € ANC?} and if A= E, then we
will simply write I (X;). We will use 7}, (C') to denote the random variable that counts the
number of times the chain has visited the set C' up to time n, that is T,, (C) = >} I (Xy).
Similarly, we will write 7" (C) for the total of numbers of visits the chain X to C. The set C
is called recurrent if E,T (C') = +o0 for all z € C and the chain X is recurrent if every set
A € € such that 1) (A) > 0 is recurrent. A recurrent chain is called Harris recurrent if for all
x € Eand all A € € with {)(A) > 0 we have P (X,, € A infinitely often | Xy =xz) = 1.

Denote by £ the class of nonnegative measurable functions with positive 1) support. A
function s € £ is called small if there exists an integer mg > 1 and a measure v € .Z (€) n
such that

4) P™(x,A)=>s(z)v(A) VeeE,Act.

When a chain possesses a small function s, we say that it satisfies the minorization inequality
M (mo, s,v). A set A € £ is said to be small if the function 14 is small. Similarly, a measure
v is small if there exist mg, and s that satisfy (4). By Theorem 2.1 in [29], every irreducible
Markov chain possesses a small function and Proposition 2.6 of the same book shows that
every measurable set A with 1) (4) > 0 contains a small set. In practice, finding such a set
consists in most cases in exhibiting an accessible set, for which the probability that the chain
returns to it in m steps is uniformly bounded below. Moreover, under quite wide conditions
a compact set will be small, see [15].

An irreducible chain possesses an accessible atom, if there is a set & € £ such that for all
z,y in a: P(z,.) = P(y,.) and ¥ () > 0. When an accessible atom exists, the stochastic
stability properties of X amount to properties concerning the speed of return time to the atom
only. Moreover, it follows from the strong Markov property that the sample paths may be
divided into independent blocks of random length corresponding to consecutive visits to a.
The sequence {7a ()}, defines successive times at which the chain forgets its past, called
regeneration times. Similarly, the sequence of i.i.d. blocks {B3;},>1 are named regeneration
blocks. The random variable 7" (n) = T, (o) — 1 counts the number of i.i.d. blocks up to time
n. This term is called number of regenerations up to time n.

If X does not possess an atom but is Harris recurrent (and therefore satisfies a minorization
inequality M (mo, s,v)), a splitting technique, introduced in [28, 29], allows us to extend in
some sense the probabilistic structure of X in order to artificially construct an atomic chain
(named the split chain and denoted by X) that inherits the communication and stochastic
stability properties from X. One of the main results derived from this construction is the
fact that every Harris recurrent Markov chain admits a unique (up to multiplicative constant)
invariant measure (see Proposition 10.4.2 in [27]), that is, a measure 7 such that

F(B)Z/P(.T,B)dﬂ'(l‘). vVBef&.

The invariant measure is finite if and only if Es7s < 400, in this case we say the chain
is positive recurrent, otherwise, we say the chain is null recurrent. A null recurrent chain is
called S-null recurrent (c.f. Definition 3.2 in [24]) if there exists a small nonnegative function
h, a probability measure )\, a constant 5 € (0, 1) and a slowly varying function Lj, such that

. 1
Ex (;h (Xt)> ~ mnﬁLh (n) asn— oo.
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As argued in [24], is not a too severe restriction to assume mg = 1. Therefore, throughout
this paper we assume that X satisfies the minorization inequality M (1, s,v), i.e, there exist a
measurable function s and a probability measure v such that 0 < s (z) <1, [ s(z)dv(z) >0
and

() P(x,A)>s(z)v(A).

REMARK 2.1. The extensions to the case where mg > 1 of the results that will be
presented in this paper can be carried out (although they involve some complicated nota-
tions/proofs) using the m-skelethon or the resolvent chains, as described in [9, 10] and Chap-
ter 17 of [27]. However, they are not treated in this paper.

The following theorem is a compendium of the main properties of Harris’s recurrent
Markov chains that will be used throughout the paper. Among other things, it shows that
the asymptotic behavior of 7" (n) is similar to the function u (n) defined as

6
© nPL(n), if Xis S-null recurrent

{n, if X is positive recurrent

u(n) =

THEOREM 2.1. Suppose X is a Harris recurrent, irreducible Markov chain, with initial
measure ), that satisfies the minorization condition (5). Let T' (n) be the number of complete
regenerations until time n of the split chain X , let C' € £ be a small set and  be an invariant
measure for X. Then,

1. 0<7(C) < +o0.
2. T'(n)

T.(C) converges almost surely to a positive constant.

3. L) converges almost surely to a positive constant if X is positive recurrent and converges
u(n)

in distribution to a Mittag-Leffler' random variable with index /3 if X is 3-null recurrent.

3. Consistency. The aim of the section is to show that for an arbitrary z( in the support
of fo, the LSE f,(x) is consistent. We make the following assumptions on the processes
X= {Xt} and W = {Wt}

(A1) X is a Harris recurrent Markov chain whose kernel P(z, A) satisfies the minorization
condition (5).

Let F,, = o ({Xo,..., X, }) be sigma algebra generated by the chain X up to time n.

(A2) For each n, the random variables W7, ..., W,, are conditionally independent given F,,,
E(W;|F,) = 0 and Var (W;|.F,,) < o2 for some o > 0.

It follows from Assumption (A1) that the Markov Chain X admits a unique (up to a multi-
plicative constant) o-finite invariant measure 7. Let C be a set such that 0 < 7 (C') < oo and
xo € C. We denote by F;, the process defined by

n(C
T.(C) 1

(7 Fo(y) = TnEC) Z H{Xac(i) < y} = Tn(C) ;HC{Xt < y}

=1

The Mittag-Leffler distribution with index [ is a non-negative continuous distribution, whose moments are
given by
m!
By )= =" mzo.
7 )= +mp) "

See (3.39) in [24] for more details.
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for all y € R, which is a localized version of the empirical distribution function of the X’s.
It is proved in Lemma 5.1 that F;, converges almost surely to the distribution function F'
supported on C' and defined by

(8) Fy) =" : E;;O’y“

Our next two assumptions guarantee that there is a compact C, that is a small set and
contains x¢ as an interior point. Sets like this can be found under very wide conditions (cf

[15]).

(A3) There is § = §(xg) such that the set C' = [z9 — §,xo + 0] is small.
(A4) x¢ belongs to the interior of the support of X;.

Notice that by part 1 of Theorem 2.1, (A3) guarantees that 7(C') is finite and positive, and
hence, F' is properly defined.

In addition to the assumptions on the processes { X;} and {W;}, we need smoothness as-
sumptions on F' and on fy. In particular, we will assume that F' and f; are continuous and
strictly monotone in C'. This implies that fy and F are invertible in C', so we can find neigh-
borhoods of fy(z¢) and F(x) respectively, over which the inverse functions are uniquely
defined. We denote by f; Land F~1 respectively the inverses of fy and F' over such a neigh-
borhood of fy(z) and F'(x() respectively. The function fj is assumed to be monotone on its
whole support.

(A5) F is locally continuous and strictly increasing in the sense that for all 2" in C, for all
e > 0, there exists v > 0 such that | '~ (u) — 2’| > v for all u such that |u — F(2)| > ¢.
(A6) fo is non-increasing, and fj is locally strictly decreasing in the sense that for all x’

in C, for all € > 0, there exists v > 0 such that | fo(2’) — fo(y)| > ~ for all y such that
ly—a'| e
(A7) fo continuous in C'.

Assumptions (A1), (A3) and (AS5) ensure that X; visits infinitely many times any small
enough neighborhood of xg with probability 1, and guarantee that x( is not at the boundary of
the recurrent states. Assumptions (A1) and (A3) and Lemma 3.2 in [24] imply that 7,,(C) —
oo almost surely.

THEOREM 3.1. Suppose that assumptions (Al)-(A7) are satisfied. Then, as n — 0o, one
has

©) Fa(x0) = fo(zo) + op(1),
and
(10) ]/ib_l(fo(.%())):.%'o-f—Op(l).

4. Rates of convergence. To compute rates of convergence, we need stronger assump-
tions than for consistency. We replace assumption (A1) for the following stronger version

(B1) {X;} is a positive or S-null recurrent, aperiodic and irreducible Markov Chain whose
kernel P(z, A) satisfies the minorization condition (5).

We replace, (AS), (A6) and (A7), for the following slightly more restrictive assumption

(B2) The function fj is non-increasing, the functions fy and F are differentiable in C', and
the derivatives F é and fé are bounded, in absolute value, above and away from zero in C.
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Let X be the initial measure of X. Our next hypothesis imposes some control on the be-
havior of the chain in the first regenerative block.

(B3) There exists a constant K and a neighborhood V' of 0, such that

Ex (Z(HC{Xt<$O+'Y}_HC{Xt<$0_’Y})> SKy VyeV
1=0

Assumption (B3)is satisfied if we assume that the initial measure of the chain is the small
measure used for the construction of the split chain (see equation 4.16¢ in [29]). In the pos-
itive recurrent case, taking A equal to the unique invariant probability measure of the chain
also satisfies (B3).

And finally, we need to control the number of times the chain visits C' in a regeneration
block.

(B4) (c(B1) = EteBl Ic{X:} has finite second moment.

THEOREM 4.1. Assume that (A2), (A3), (A4), (B1), (B2), (B3) and (B4) hold. Then, as
n — 0o, one has

(1 fu(wo) = folwo) + Op(u(m) ™),
with u (n) as defined in (6).

The rate u(n) comes from Lemmas 5.3 and 6.7, and as it can be seen from Theorem
2.1, it is a deterministic approximation of 7' (n). Note that in the positive recurrent case,
u (n) = n, hence we obtain the same rate n~'/3 as in the i.i.d. case [18, Chapter 2]. In the
3-null recurrent case, however, the rate of convergence is n/3L1/3 (n) which is slower than
the usual rate. This is due to the null-recurrence of the chain because it takes longer for the
process to return to a neighborhood of the point xg and it is these points in the neighborhood
of zg which are used in nonparametric estimation.

5. Localized Markov chains. Given the localized nature of our approach, in this sec-
tion, we present some results that are particularly useful in this scenario. These results are
well known for positive recurrent chains but are new in the null recurrent case. The detailed
proofs of these results can be found in Section 2 of the Supplementary material [4].

The first result can be viewed as an extension of the Glivenko-Cantelli theorem to the
localized scenario.

LEMMA 5.1. Assume that (Al) and (A3) hold. Then, there exists a stationary o-finite
measure 7, and F' defined by (8), such that,

(12) sup |F, (y) — F (y)] =0 a.s.
yeR
as n— oo. If (A5) is also satisfied, then, for all sufficiently small € > 0, as n — oo we have
(13) sup ’Fn_l(p) —r! (p)| -0 a.s.
lp—F'(zo)|<e

Our next result (Lemma 5.2), which is an extension of Lemma 2 in [5] to the localized
B-null recurrent case, deals with the properties of classes of functions defined over the regen-
eration blocks. Before presenting the result, we need some machinery.



Recall that £ C R denotes the state space of X. Define E= UZ"ZlEk (i.e. the set of finite
subsets of F) and let the localized occupation measure Mc be given by

Mc(B,dy) = Z 0 ( for every B € E.
zeBNC

The function that gives the size of the localized blocks is ¢ : E—N
lco(B) = / M¢(B,dy), forevery B€ E.

Let & denote the smallest o-algebra formed by the elements of the o-algebras £F, k > 1,
where £F stands for the classical product o-algebra. Let ) denote a probability measure on

(E, £ ). If B(w) is a random variable with distribution @', then M¢(B(w),dy) is a random
measure, i.e., MC(B(w),dy) is a (counting) measure on (E, &), almost surely, and for ev-

ery Ac &, Mq(B ( =/, MC ( ) dy) is a measurable random variable (valued in
N). Henceforth ¢(B f fly (w),dy) is a random variable and, provided that
Q(#?) < oo, the map QC, defined by

(14)  Qc(A)= (50 / Mea(B dy)) /E (1%), for every A € &,

is a probability measure on (E,£). The notation Eg, stands for the expectation with
respect to the underlying measure (¢ . Introduce the following notations: for any function
g:E—R,letgo: E — R be given by

(15) ie(B)= [ g)Me (B = 3 g(0)=Y e (@

zeBNC z€B
and for any class G of real-valued functions defined on F, denote the localized version of the
sums on the blocks by Go = {gc : g € G}.
Notice that, for any function g,
Eg (lo (B) x [g(y) Mc (B,dy)) Eg(lc(B)ge (B))
E@ () Eg (4)

LEMMA 52. Let Q be a probability measure on (E,E) such that 0 < H€CHL2@) < oo

and G be a class of measurable real-valued functions defined on (E,E). Then we have, for
every 0 < € < o0,

(16) Eq. (9) =

N (eltelly g8 L2 (@) <N (.6, 1% (@)

where Q) is given in (14). Moreover, if G belongs to the Vapnik—Chervonenkis (VC) class of
functions with constant envelope U and characteristic (C,v), then G is VC with envelope
Ul and characteristic (C,v).

REMARK 5.1. For a probability measure u, and a class of functions 7, the covering
number N (e, H,L" (1)) is the minimum number of L" (1) e-balls needed to cover H. For
more details about this concept and the VC class of functions, see [25].

To put into perspective Lemma 5.2, consider a class of bounded functions G that is VC
with finite envelope. Lemma 5.2 tells us that the class of unbounded functions §C is also VC.
If we also have that (B4) holds, then Theorem 2.5 in [25] tells us that QAC is a Donsker class.
A reasoning like this is used in the proof of the following result, which is a stronger version
of Lemma 5.1 under assumptions (B1) and (B2) and has some interest on its own.
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LEMMA 5.3. Assume that (Bl), (B2), (A3), (A4) and (B4) hold. Then, for all sufficiently
small € > 0 we have,

(17) T,(C) sup |Fu(y)— F(y)]>=0,(1)

ly—zol<e
when n goes to +oc. If (B2) is also satisfied, as n — oo we have

(18) T.(C) swp |F'(p) - F ' 0)"=0,(1).

lp—F(z0)|<e

6. Proofs. In this section, we provide the proof of Theorems 3.1 and 4.1. These proofs
make use of several intermediate lemmas, whose proofs can be found in Sections 7 and 8.

6.1. Proof of Theorem 3.1. Recall that we consider the piecewise constant and left-
continuous LSE ﬁL, that is constant on every interval (Yj_1,Y%], K =2,...,m and also on
(—00,Y1] and on [Y;,, 00). With 6 > 0 fixed, we denote by 7,,(C) the number of times the
Markov Chain X visits the set C':= [xg — J, zo + ¢] until time n:

(19) T,(C)=) {X,eC}.
t=0

Letly, => ;1  Ie{X: <Yy} forallke{1,...,m} and [y =0.
Our aim is to provide a characterization of f,(z¢). Recall from (7) that the localized
empirical distribution function F}, is defined as

T.(C) n
1 1
N < S — <
0 ;0: K Xooi) <yt T.(0) t§20j Io{X: <y}

Fo(y) =

for y € R. F), is 0 on (—o0,Y7), so, with an arbitrary random variable Yy < Y; we have
F,(y) = F,(Yp) =0 forall y < Y7. Let K be the set
(20) K:={F,(Y}), k=0,...,m}

and let A,, be the continuous piecewise-linear process on [F,(Yy), Fy, (Y, )] with knots at the
points in X and values

1 n
1) Ap (Fo(Yy)) = mZZtHC{Xt <Yi}
n t=0

at the knots. The characterization of f,, in Lemma 6.2 involves the least concave majorant of
A,,. Note that we use 7,,(C') as a normalization in the definitions of the processes F), and A,
since this choice ensures that F;, and A,, converge to fixed functions, see Lemma 5.1.

LEMMA 6.1. Forally € [F,, (Y0), F (Ym)],
An (y) = Ln (y) + My (y) ,

where,

)
(22) L, (y) = / foF ! (u)du,
0
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and M, is a piece-wise linear processes with knots at F,,(Y}) for k € {0,...,m} such
that
1 n
Mo (Fu(Yi)) = 77 > Wille{X; < Yi}.
Tn(C) t=0

Moreover, M,, can be written as

@3) Mn(y) = {Rﬂ(y)0+ M} : :)ftlgjerw(;se
where,
(24) M = My (Fo(Y;)) = Tzc)ZWtﬂc{Xt <V}
n t=0
i Wile{ Xy =Yj1}
(25) R}, (y) == (y— Fu(Y))),

Lj+1 =1

and j is such that Y11 = F, ' (y).

In the next lemma, we give an alternative characterization of the monotone nonparametric
LSE f,, at the observation points Y7,...,Y,,.

LEMMA 6.2. Let C =[xz — §,x + 0] for some fixed 6 > 0. Let Xn be the left-hand slope
of the least concave majorant of A,,. Then,

(26) ﬁz(Yk):Xnan(Yk), Vke{l,...,m}.
with probability 1 for n big enough.

We consider below the generalized inverse function of fn since it has a more tractable
characterization than ﬁl itself. To this end, let us define precisely the generalized inverses
of all processes of interest. Since Xn is a non-increasing left-continuous step function on
(Fn(Y0), Fr(Y.,)] that can have jumps only at the points F),(Yy), k € {1,...,m}, we define
its generalized inverse Uy, (a), for a € R, as the greatest y € (F,(Yg), Fy,(Y;)] that satisfies
Xn(y) > a, with the convention that the supremum of an empty set is F},(Yy). Then for every
a€Randy € (F,(Yy), Fr(Ym)], one has

27) Xn(y) = aif and only if Uy (a) > y.

Likewise, since fn is a left-continuous non-increasing step function on R that can have jumps
only at the observation times Y7 < --- < Y,,,, we define the generalized inverse fn_l(a), for
a € R, as the greatest y € [Yo, Y] that satisfies f,(y) > a, with the convention that the
supremum of an empty set is Yy. We then have

(28) Fa(y) = aif and only if £ (a) >y

for all a € R and y € (Yp,Y,,]. On the other hand, since F,, is a right-continuous non-
decreasing step function on R with range [F},(Y0), F1,(Y:,)], we define the generalized in-
verse F); 1(a), for a < F,,(Yy,), as the smallest y € [Yp, Y;,,] which satisfies F},(y) > a. Note
that the infimum is achieved for all a < F,,(Y,,). We then have

(29) F,(y) > aif and only if F, ! (a) <y
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for all a < F,,(Y,,) and y € [Yp, Yy,], and thanks to Lemma 6.2 we have
(30) fnt=F,'ol,
on R. Moreover, one can check that

31) Up(a) = argmax  {A,(p) —ap}, foralla € R,
PE[Fn (Y0), Fn(Yn)]

where argmax denotes the greatest location of maximum (which is achieved on the set IC
in (20)) Thus, the inverse process U is a location process that is more tractable than fn
and )\n themselves. A key idea in the following proofs is to derive properties of Un from its
argmax characterization (31) then, to translate these properties to f;l thanks to (30), and
finally to translate them to fn thanks to (28).

To go from U to fn using (30) requires to approximate F,; ! by a fixed function. Hence,
in the sequel, we are concerned by the convergence of the process F;, given in (7), where § >
0 is chosen sufficiently small, and by the convergence of the corresponding inverse function
FL

It is stated in Lemma 5.1 that under (A1) and (A3), F;, converges to a fixed distribution
function F' that depends on C, hence on 9. If, moreover, F' is strictly increasing in C, then we
can find a neighborhood of F(zo) over which the (usual) inverse function F'~! is uniquely
defined, and F;! converges to F~1.

In the following lemma, we show that F'(x() belongs to the domain of A,, with probability
tending to one as n — oo.

LEMMA 6.3. Assume that (Al), (A3), (A4) and (AS5) hold. Then, we can find £ > 0 such
that the probability that Y1 + € < xg < Y, — € tends to one as n — co. Moreover; the prob-
ability that F,,(Y1) < F(xo) < F,,(Y,,) tends to one as n — oc.

We will also need to control the noise {W;}. The following lemma shows that the noise is
negligible under our assumptions.

LEMMA 6.4. Assume that (Al) and (A2) hold. Let F,, = 0 ({X1,...,Xn}). Then,

i Wt]IC{Xt = An} =op (Tn(C)) )

t=0

and

sup ZWtHC{Xte( u)} = op (T(C)).
u>An | 1=0

for any sequence of random variables A,,, independent of the process {W,}, that is adapted
to the filtration {F,}.

With the above lemmas, we can prove convergence of ﬁn to F' (xo) given by (31).

LEMMA 6.5. Suppose that assumptions (Al)-(A7) are satisfied. Then, as n — oo, one
has

(32) Un(fo(z0)) = F(z0) + op(1).
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Now we proceed to the proof of (10). Fix € > 0 arbitrarily small. It follows from (30) and
(29) that

~

P (ﬁ;l(a) > 20 —i—a) <P (F;l o Un(a) > o +5)

N

P (ﬁn(a) > F (0 + a))

)

N

1@( W(a) = Fzo +¢) — Kn) ,
where

Kyp= sup [Fu(y)—F(y)l

ly—xo|<e

With v := F(x¢ +¢) — F(x0), we obtain
P (J/t;—l(a) > 20 + e’:‘) <P (Un(a) > F(xo)+v— Kn) ,

and v is strictly positive since F’ is strictly increasing in the neighborhood of zy. Hence, it
follows from (12) that for sufficiently small € > 0 one has

P (fn_l(a) > o+ 5) <P (ﬁn(a) > F(wo) + V/2> +o(1),

so it follows from (32) that the probability that ﬁjl(a) > o + € tends to zero as n — oo.
Similarly, the probability that f, ! (a) < ¢ — € tends to zero as n — co so we conclude that
the probability that | £, 1(a) — zo| > € tends to zero as n — oo. This completes the proof of
(10).

To prove (9), fix € > 0 sufficiently small so that F' and f; are continuous and strictly
increasing in the neighborhood of 2’ := f; ! ( fo(o) + ¢). Equation (10) shows that

(33) Fot(fo(zo) +€) = f5 ' (fo(wo) +€) +op(1),

as n — oo. Now, it follows from the switch relation (27) that
P (fn(xg) > fo(zo) + 5) <P <ﬁ:1(f0(a:0) +e)> a:)

(34) <P (£ (folwo) +2) > fi (folwo) +) +v)

where v := 2 — f5(fo(zo) + ) > 0. It follows from (33) that the probability on the right-
hand side tends to zero as n — oo. Hence, the probability on the left-hand side tends to zero
as well as n — oo. N

Similarly, the probability that f,,(xg) < fo(xo) — e tends to zero as n — oo so we conclude
that the probability that \ﬁl(mo) — fo(xo)| > € tends to zero as n — oo. This completes the
proof of Theorem 3.1.

6.2. Proof of Theorem4.1. The proof of Theorem 4.1, uses similar ideas as the ones used
in the proof of Theorem 3.1 but under stronger assumptions (and therefore using stronger
lemmas).

The first intermediate result is the following stronger version of Lemma 6.4.
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LEMMA 6.6. Assume that (A2), (A3), (A4), (Bl), (B2) and (B3) hold. Then, there exists
K >0, 70 > 0 that do not depend on n and N, € N, such that for all y € [0,~0] and n > N,
one has

n 2
(35) E L S Wi (IefX: <y} —Ie{Xi <z})| | < Ku(n)y
Yy—To| <Y t=0
n 2
(36) Ex| sup D Wile{Xi=y}| | <Ku(n)y
l[y—xo| <y t=0

Then, we need to quantify how well we can approximate 7,,(C') by u (n).

LEMMA 6.7. Assume that (B1) and (A3) hold. Then we have

a) As n — oo we have

b) Let o and n be positive constants, then there positive exists constants Ny, <y and ¢,

such that
T “ _
IP’(( (C)> e[cn,cn}>>1—n, Vn > N,.

a(n)

With the above lemmas (including Lemma 5.3 and the ones used in Section 6.1), we can
obtain the rate of convergence of U, given by (31).

LEMMA 6.8. Assume that (A2), (A3), (A4), (Bl), (B2), (B3) and (B4) hold. Then, as
n — 0o, one has

37) Un(fo(wo)) = F(x0) + Op (u (n)*l/?’) ,
and
(38) T (folwo)) = 2 + Op <u (n)*l/?’).

Inspecting the proof of Lemma 6.8, one can see that the convergences in (37) and (38) hold
in a uniform sense in the neighborhood of xy. More precisely, there exists v > 0, independent
on n, such that for all > 0 we can find K; > 0 such that

sup IP(
la—fo(zo)|<y

(/}n(a) fFofO*l(a)’ >K1u(n)71/3) <n

and

sup P <
la—fo(wo)|<y

Jo@) - M) > Kru(m)?) <.

Let e = Kju (n)_1/3 where K7 > 0 does not depend on n, and recall (34) where v =z —
£y (fo(zo) +€) > 0. It follows from the assumption (B2) that f, * has a derivative that is
bounded in sup-norm away from zero in a neighborhood of fy(z¢). Hence, it follows from
the Taylor expansion that there exists Ko > 0 that depends only on fj such that v > Kse,
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provided that n is sufficiently large to ensure that fy(xo) + € belongs to this neighborhood of
fo(xo). Hence,

P (fn(wo) > fo(zo) + E) <P (f{l(fo(a?o) +e) = it (folzo) +¢) + K25> .
@) = i @) > KoKru(m) ).

< sup ]P(
la—fo(zo)|<y

provided that n is sufficiently large to ensure that fy(x¢) + & belongs to the above neighbor-

hood of fy(xo), and that v > Cu (n)fl/?’. For fixed 7 > 0 one can choose K3 > 0 such that
the probability on the right-hand side of the previous display is smaller than or equal to 7 and
therefore,

lim P (J?n(xo) > fo(wo) + Kau (n)—1/3) <.
n—o0
Similarly, for all fixed n > 0, one can find K3 that does not depend on n such that

lim P ( fo (o) < fo(wo) — Ksu(n)"/*) <.

n—o0

Hence, for all fixed 1 > 0, there exists K > 0 that independent of n such that
tim P (| (20) — foliwo)| > Ku(n) /%) <.
n—oo

This completes the proof of Theorem 4.1.

7. Technical proofs for Section 6.1. Proof of Lemma 6.1. Combining (21) and (1)
yields

1
Tn(

1
Ta(C)

The first term on the right-hand side of the previous display can be rewritten as follows:

An(F(Yi)) = Zfo XOe{X: < Vil + 7 ZWtﬂc{Xt Yi}.

T Zfo Xp)lo{X; <Yi} = Zonz V(1 — 1j—1)Ie{Y; < Vi)
ko rli/Ta(C)
}:/ foo i (u)du,
j=17li-1/Ta(C)

using that F, Y (u) = Y; forall u € (11 /T,,(C),1; /T, (C)]. Hence, for all k in {0, ..., m}

1/ T (C) n
(39)  An(Fo(Y3)) = /0 foo F M (w)du + S Wille{X, < Vi)

Tn(©) t=0
Combining (39) with the piece-wise linearity of A,, yields
Ay (Fn (Yk)) =Ly (Fn (Yk)) + M, (Fn (Yk)) )

where L,, and M,, are piece-wise linear processes with knots at F,(Y%) for k in {0,...,m}
and such that

U/ T (C)
Lo(Fa(Y)) = /0 foo F-(u)du



HARRIS MARKOV CHAINS AND NONLINEAR MONOTONE COINTEGRATED MODELS 15

and

Mn(Fn(Yk)> =

To(C) 2 < Vit

In order to ease the notation, we will write F! = F,,(Y;), L (Fn( 7)) and M} =
M, (F, (Y;)). Lety € (F,, (Yo), Fy, (Yi,)], take j such that Y]H = F;!(y), then F}, (Y) <
y < Fy, (Yj41). With this notation,

Lt i . '
Ly (y) = W (y—F))+ L),
M A .
Mn(y):W( y—FJ) + Mj.
Notice that
it
e Lii—1
. . B =1
g —z= [ peFt wdn= S ().
Ly
Tn (C)
. g — 1
it g J+ J

therefore,

Yy Yy
Ln(y) = fo (Yisn) (y — FJ) + 13, = / foo F4 (u)du + Li, = / foo F4 (u) du,
0

Tn (C)

which proves (22).
For M,, we have,

A . 1
M = M = > WileXe =Y},

then,

> Wille{X: =Yj41}
M, (y) ==

(v — F) + M, = R}, (y) + M.
lj+1—1;
and this completes the proof.

Proof of Lemma 6.2. By definition, with Iy =0, and [, = Y ;" Ic{X; <Y} } for all
ke{l,...,m}, we have F,,(Y)) = al forall k € {0,...,m}, where a = 1/T,,(C) and does
not depend on k. Moreover,

An (Fa(Yi)) =a > Zilo{X: <V}
t=0

Since fA’n(Yk) is the left-hand slope at I, of the least concave majorant of the set of points in
(3), the equality in (26) follows from Lemma 2.1 in [13].

Proof of Lemma 6.3. The first assertion follows from Assumption (A4) and the second
immediately follows from the first one by (12) combined with the strict monotonicity of F'
in C.
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Proof of Lemma 6.4. Let 7,, = 0 ({ Xy, ..., X, }) be sigma algebra generated by the chain
{X:} up to time n. Denote by Px, the probability conditioned to F,,. Take £ > 0.
By Chebyshev’s inequality, we have

> Wille { X = An} o Y Io{X; = An} 52
Fu T, (O) - € 2T,2(C) 2T, (C)

which implies the first part of the Lemma because T},(C') — oo with probability 1.

For the second part, let 7, (u) be the number of times the chain visits (A, u] N C up to
time n and A, (u) = {t <n: X; € (An,u]NC} = {a1,...,a,,(, } the times of those visits.
Using that ~, = sup 7, (u) < T, (C) and Kolmogorov’s inequality (Th 3.1.6, pp 122 in

A

u>Ayn
[19]) we obtain,
n
> Wille { Xy € (An, ul} () pr
Pr | sup =0 >e | =Px | sup T
" u>A, Tn (C) " u>A, i—1 Tn (C)
k
W
<Pg, | sup “ol>e
<1§k<7n ; TTL (C) )

<
e, (O)

which by the same argument as before, implies the second part of the Lemma.

Proof of Lemma 6.5. In the sequel, we set a = fy(xg). We begin with the proof of (32).

Fix & > 0 arbitrarily, and let v > 0 and - > 0 be such that |F~!(u) — x| > v for all u such
that |u — F(z0)| > ¢/2, and | fo(zo) — fo(y)| > ~ for all y such that |y — zo| > v/2. Note
that existence of v and +y is ensured by assumptions (A5) and (A6).

By Lemma 6.3, we can assume without loss of generality that F'(x() belongs to the domain
[F, (Y1), F,,(Yy,)] of A, since this occurs with probability tending to one. Therefore, we can
find j(zo) such that Yj(,,y = F, 7Y (F (x0)). It follows from the characterization in (31) that

the event E} := {U,(a) > F(x0) + ¢} is contained in the event that there exists p € K such
that p > F'(x¢) + ¢ and
An (p) —ap = An (F (ZC())) —aF (xO) )

where we recall that a = fj ().
By Lemma 6.1, E} is contained in the event that there exists p € K such thatp > F(z¢) +¢
and

(40) Ln(p) + Mn(p) — ap = Ln(F (20)) + Mn(F (20)) — aF (x0)

Using (22) in (40) we obtain that E}L is contained in the event that there exists p € K such
that p > F'(z¢) + € and

D F(zo)
/ foanl(u)du+Sn—ap>/ foo F Y (u)du — aF(xg),
to/T,(C) to/ T (C)
where
Sn= sup  {Mn(p) — My (F(20))}.

p>F (x0)+e, pek
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Let j and k such that Y1 = F; 1 (F(z0)) and p = F,,(Y}). By equation (23) we have
M, (p) — My, (F (x0)) = MF — M}, — R},(F(x0)), therefore,

Si=sup {Mf— M}~ R](F (x0))

p>F(xo)+e
pEK
1 n
< sup | > Wi (Ief X < F H(p)} = Te{ Xe < Fy H(F(0))})
p>llg(:ro)+s Tn(C’) Pt
pe

+ R (Fu (Vi)

1 n
< sup Wi Xan*Fx ;Fn—lp
p>F(zo)+e Tn(C); dofXee (B (F (w); By ()]}
pe

Hence,

T.(C)S, < sup
p>F(z0)+e
peK

Y Wile{Xee (F, 1 (F (20)): Fy ' (p)] }‘
t=0

+

n
> Wile{X,=F," (F (xo))}‘ :
t=0
Therefore, the event E} is contained in the event that there exists p > F(xq) + ¢ such that
P
/ foo E, (w)du + S, = a(p — F(x0)).

F(20)

Now, let E2 be the event that

sup  |F 7 (u) = FH(w)| <
Ju—F (o)l <o

where 1 € (0,v/4) is such that | fo(y) — fo(zo)| < /2 for all y such that |xo — y| < . Note
that the existence of 7 is ensured by assumption (A7). Then, it follows from the monotonicity
of fy and F;, that on E?l,

P F(xo)+e/2 P
/ foo Fr Y (u)du < / folF~ () — n)du + / Jo(F (F(a0) + £/2))du.

F(xo) F(xo) F(xo)+e/2

Hence, it follows from the definitions of 7, v and ~y that on E2,

N ™

/Fp( )fo o Fy Mu)du < = fo(zo) + 7{ + (p— F(xo) — €/2) fo(F~ (F(x0) +£/2) — 1)

e (p— F(x0) —€/2) fo(xo +v/2)

N

Jo(
Jo(

)

VA
CTRCENNCTRG!
8 8
(=] o

~—

iy
+ ryze +(p — Fwo) —¢/2)(fo(wo) = 7).
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This implies that on EfL,
P
/ oo Fdu S alp = Plao) ~ (p~ Fiao) ~ 32/
F )
<a(p— F(zo)) —ev/4

for all p > F(z0) +¢. Hence, the event E} N E2 is contained in the event {S,, > v/4}. Now,
on E2, for all p > F(z0) + ¢ we have

Fy(p) = Fy (F(wo) +e)

> F 1 (F(z0)+¢)—n

zrz+v—n

> By (F(ao) +v — 20

> B, (F(ao)) +v/2,

since v > 47. Therefore,
T,.(C)Sy, < sup Wilc{X; € (F,  (F(20)),u]}| +
u>Fy ' (F(x0))+v/2 | =0

S Wl (X, = Fy ! (F (o))}
t=0

_l’_

Hence, it follows from Lemma 6.4 that .S,, converges in probability to zero as n — oo, so that
the probability of the event {S,, > ey/4} tends to zero as n — oo. It follows from Lemma
5.1 that for e sufficiently small, the probability of the event E2 tends to one as n — oo, SO
we conclude that the probability of E} tends to zero as n — oo. Similarly, the probability of

the event {U,,(a) < F(zq) — £} tends to zero as n — oo, so that
lim P(|Up(a) — F(zo)| >¢) =0
n—oo
for all € > 0. This completes the proof of (32).

8. Technical proofs for Section 6.2. Proof of Lemma 6.6. Let 7, = o ({ Xo,..., Xn})
be sigma algebra generated by the chain X up to time n. Denote by [ the expected value
conditioned to F,,. Take 0 < < ¢ and define Iy = [zo — v, x0], 1 = [z0, 20 + 7] and

2

So (7) = sup > W (T{ X <y} — T{X; < x0})
Y&l | 4=0

S1(y) = sup ZWt I{X: <y} —I{Xy <wo})
veh [1=o

then,

2

S()= sup S Wi{Xe <y}~ 1{Xe <aoh)| =max (S5 (1), (1),

[y—2o| <y t=0

(41) < So () + 51 ()
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Following the notation of section 2, let

o9 (1) =sup To (o)) ol () = sup T ([0, 3])
yely yel
T ([ywo)) ? T, ([zo.u) 2
with this notation, So =sup | >, W, | and Si=sup| > Wy
yelo | i=1 e yel, | i=1 o

By Doob’s maximal inequality (Th 10.9.4 in [19]), we have, for j =0, 1,
alf) 2

B5.8) () < 4B, | S Wi, | =407 ()
i=1

< 40Ty ([xo — v, 20 + 7))

(42) <40” ) (I{X; <mo+7} —1{X; <wo—7}).
t=0

Therefore, by (41) and (42)

n

(43) Er,S(7) <8 ) <]I{Xt <z +7} —I{X <wo—7})-
t=0

Define,
* h(y,y) =y € [xo — 7,20 + ]},
tZOh (Xt/y) ) .7 =0
*h (Bjaﬂ)/) = :A(j""l)

Z h(Xter) ) j 2 1
t=7a(j)+1

* Z()= 3 h(Xe)
. - =0
”@){mo+n—mm 1

k
. =min< k: >n
= O

Gi=0c ({ h(B;,7), 0 (B;))} :O) for k > 0.

WV

By the Strong Markov property, {(h (Bj,v),¢(B ))}+ | is an i.i.d. sequence which is
independent of (h (By,7),¢(By)) (and, therefore, of the 1n1t1a1 measure \). For n fixed, the
random variable T (n) is a stopping time for the sequence {(h (B;,7),¢(B;))} 1=

i=0’
{T(m - o} — {£(By) = n} € Gy,

{T(” } ﬂ{Zﬁ }ﬂ{iﬁ(lﬁj»n}egk V> 1

§=0 i=0

in effect

For each n and v we have that

T(n n

- )
=S Th(Xen+ Y B+ Y. h(Xe)
t=0

Jj=1 t=to(T(n))+1
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n

(n)
(44) <h(Bo,7)+ Y h(Bj,7).
-

where the last inequality is justified by the fact that, 7' (n) < T (n) and h (y,7) is a nonneg-
ative function. Because ¢ (B;) > 1 for all j, we have that,

Jj=1 j=1

then,
T(n) n _

(45) E(> a1 | =Y E(r@B)1{T @) >}).
j=1 J=1

Notice that I {f(n) > j} =1- ]I{ )<j } € Gj—1 and h (Bj,7) is independent of
Gj_1, therefore,

Ex (h(B,NT{T ()2 j}) =Ex (1{T(n) 2 3} ) E(h(B;,7).

Plugging this into equation (45) we get,

> h(Bi) | =SB (B )P (T () > 5) E(h(B1,7) EaT ().
j=1 i=1

Then, by taking expectation in (44) we obtain
EZn (7) <Exh (Bo,7) 4+ E (h (B1,7)) ExT (n)
By Theorem 1.1 and the fact that F' is Lipschitz we can find K; independent of v such that,

E(h(Bl,fm—/h( y)dr (t) = Ko (C) (F (20 + ) — F (20— 7))

(47) < K.

If X is positive recurrent, by Theorem 1.1, % converges almost surely to a positive constant

K5 > 0. Moreover, % < 1 therefore, by the Dominated Convergence Theorem we obtain

that E\T (n) ~ % If X is S-null recurrent, by Lemma 3.3 in [24], E\T (n) ~ %,

hence, for both positive and S-null recurrent chains, we can find K5 and IV, both independent
of , such that E\T' (n) < Kou (n) for all n > N. Using this with (46) and (47) we get,

ExZn () _ Exh(Bo,7)
u(n)y = u(n)y
Combining (48) with assumption (B3) and the fact that Z,, (0) = 0 we obtain that there
exist positive constants K3 and 7o such that

ExZn (v) <u(n)y Vn>=N, Vye(0,7).

(48) + K1Ky VYn>=N, nye(o,é].
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Equation (35) now follows after taking expectation in (43). The proof of (36) follows the
same reasoning, but using

2

Z Wi (e {Xe =y})

t=0

Sj () =sup
y€el;

Proof of Lemma 6.7. a) If X is positive recurrent, Theorem 1.1 implies that there exists a

7;:‘((5) converges almost surely to K7 (C'), which is not zero by

positive constant K such that
(A3).
On the other hand, if X is S-null recurrent, Theorem 1.1 and Slutsky’s Theorem implies

that there exists a constant X > 0 such that Tu(C)

u(n)
Mp(1) denotes a Mittag-Leffler distribution with parameter 3. This distribution is continuous

» T (C)
converges in distribution to a multiple of iﬁ, therefore, 73‘ ((nc),) is bounded in probability by
Theorem 2.4 in [33].

b) Let X be positive recurrent, then, we can find N, such that

P (‘ (%((5))0‘ _ Kken(0)] < (K?T2(C)

converges in distribution to K Mg(1) where

and strictly positive with probability 1, then, by the Continuous Mapping Theorem

) >>1—77, vn = N,.

hence,

P T, (C)\“ c Kon(C)* 3K (C)”
u(n) 2 ’ 2
Now let X be S-null recurrent. Let Z = (K Mg (1))®, This random variable is continuous
and positive, therefore, we can find positive constants ¢, and ¢, such that

(49) P(Z€[e,e])>1-1.

})2177, Vn = Ny.

«
By the Continuous Mapping Theorem, (%) converges in distribution to Z, therefore,

we can find IV, € N such that

T,(C)\“ _ _
(50) ‘]P’ <( u((n))> c [cn,cn]> —IP’(ZE [cn,cn})' < g, Vn > N,
Combining (49) and (50) we obtain that
T,(C)\“ _
(51) P((u((n))> e[cn,cn}>>1—n, Vn> N,

Proof of Lemma 6.8. Fix ¢ € (0,1) small enough so that F” and | f}| are bounded from
above and away from zero on [F~1(F (o) —2¢), F~1(F(x¢) +2¢)], see the assumption (B2).
Then, the proper inverse functions of F' and fj are well defined on [F'(zg) — 2¢, F'(z¢) + 2¢]
and

[fo o F7H(F(wo) — 2¢), fo o F~(F(ao) +2¢)]
respectively. We denote the inverses on that intervals by F~! and fo ! respectively. Let
(52) Up(a) = argmax {A,(p)— ap}

lp—F(zo)|<e

where a = fo(zo) and where the supremum is restricted to p € [F},(Yp), Fy,(Yy,)]. We will
show below that

(53) Un(a) = F(z0) + Op(u(n)~'/%),



22

as n — 0o. Combining (31) to Lemma 6.5 ensures that ﬁn(a) coincides with Uy, (a) with a
probability that tends to one as n — o0, so (37) follows from (53).
We turn to the proof of (53). Fix n > 0 arbitrarily and let

(54) Yo = Kou (n)
for some K > 1 sufficiently large so that
1
(55) Yn 2 .
u(n)

Then, by part ii) of Lemma 6.7, we can find positive constants Cps Cn and [V, such that
(56) p (Tn(c)w%u (n) "3 & [Koc,, Kgén]> >1-1/2 ¥n>N,,

Let ¢ = Kgg,7 and ¢ = Kqc,. It follows from (18) that for sufficiently small € > 0, we can
find K7 > 0 such that

P|T.(C) sup |F,'(p)—F '(p)P<K1|=1-7/2
Ip—F'(z0)|<2e

for all n. Hence for n > N,

P(&,) >1—n,
where &,, denotes the intersection of the events
(57) T, (C)* P yu(n) "% € [e,d]
and
(58) T(C)  suwp | H(p) = FH(p)]* < K.

[p—F'(z0)|<2e
Combining equations (57) and (58), we obtain that, in &,
_ _ 2 _
(59) sup [t (p) - FH(p)]” < Kaa(n) ™!
[p—F(z0)|<2e
K32
where Ky = K3 <70> is independent of n and K.

By Lemma 6.3, we can assume without loss of generality that F'(z() belongs to
[Fn(Y0), F\(Yy)], since this occurs with probability that tends to one. Hence, by (52), the
event {|Up(a) — F'(x0)| = vy} is contained in the event that there exists p € [F},(Y0), Fr(Yin)]
with |p — F(xo)| <e, |p — F(x0)| = v, and

(60) An(p) — ap = An(F(0)) — aF (o).

Obviously, the probability is equal to zero if ~,, > £ so we assume in the sequel that ,, < €.
For all p € [F(xo) — &, F(z¢) + €] define

D
A(p):/F( Soo P )

Let ¢ > 0 such that |f}|/F’ > 2c on the interval [FF~(F(xo) — 2¢), F~Y(F(x0) + 2¢)).
Since A'(F(x0)) =a and A" = f} 0o F~1/F' o F~1, it then follows from Taylor’s expansion
that

Ap) = A(F(20)) < (p = F(z0))a — c(p — F(xo))”
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forall p € [F(zo) — &, F(x0) + €] and therefore, (60) implies that
An(p) — An(F(x0)) — c(p — F(0))? =0
for all such p’s, where we set A,, := A, — A. Hence, for all n > N,,

P(|Un (@) = F (x0)| = 7n)

<n+P <| F(sup {An(p) — Ap(F(x0)) — c(p — F(x0))*} >0 and En>

$0)|6[’Yn7€}

<0t oP ( S {An(F(wo) +u) — An(F(z0))} > e(1n2')? and a)
J

\U\E[%ﬂj 7’Yn2j+1}

|u| <y, 29+

61 <n+ ZP ( sup  [An(F(20) +u) = An(F(20))] = c(7927)? and 5n>

where the sums are taken over all integers j > 0 such that ~,,27 < e. Recall that we have (39)
for all k£ € {0,...,m}. Since A,, is piecewise-linear with knots at F,(Yp), ..., F,(Ym), by
(22) and (23) we get that for every j in the above sum,

sup  [An(F(z0) +u) — An(F(z0))|

Ju|Lyn29+1
F(zo)+u
< swp / (foo F (y) — foo ' (y)) dy
ful <y 21
F(xo)
©62) ©osup Mo (F (20) + ) — My (F (20))].
jul<n 241

Moreover, | fj| is bounded above on [F~! (F(zo) — 2¢), F 1 (F(x0) + 2¢)], so we obtain that
for every j with v,27 < ¢, the first term on the right-hand side of (62) satisfies

sup
] <y 21

(z0)+u
/F L e E ) doe P ) ar

$0)

N

(x0)+77121+1 1 1
/ | foo Ey N (p) = foo F~H(p)| dp
F(zo)—yn2it1

<Ksw2  sup  |FNp) - F7(p),
Ip—F(w0)|<2

for some K3 > 0 that does not depend on n. Hence, it follows from the previous display and
(59) that

2

E sup I(&n)

|“|<’Yn2j+l

F(zo)+u
/ (oo F ' (p) — foo F~\(p)dp

F(zo)

< K3v22YE < sup  |F, ' (p) — F_l(p)IQH(Sn)>
|[p—F(z0)|<2¢e

< K222% Kou(n) .



24

Hence, taking K4 = KgKQ we get that for all j with fyn2j <e< 1l
(63)
2

F(zo)+u )
/( ) (foo Fy (p) = foo F (p)dp| 1(En) | < Kyyn2u(n) .
F o

E sup
[u|<yn29+2

By equations (23) and (24) in Lemma 6.1, the second term on the right-hand side of (62)
satisfies,

(64) sup  |My, (F (z0) +u) — My, (F (w0))| < I + I3,
ful <201

where 77 and 1) are given by

n

. 1
I=——__ su Wi (Te{ X < F N F(20) 4 u)} —Ic{X: < E; N (F(z ,
1 T,.(C) |u\<%p2j+1 ; t<C{ t (£ (o) )} —Ie{X ( (0))})
2 n
7 = su Wi(Ic{ X, =F; ' (F(z0) +u)})]|.
2 T T, (0) puenin ; (1ef X, (F (o) )})|

For I} 7 it follows from the triangle inequality that

n

sup

70 1% |2

W, (Ie{ X < E, Y (F (o) + )} — Io{ Xy < 20}) ‘ .

Combining (59) and the fact that F~! is Lipschitz in [F(zo) — 2¢, F(x0) + 2¢] we can find
K5 =max (\/Kg, sup (F_l)) independent of n such that, on &,

sup  |E, M (p) — FHp)| <
Ip—F(w0)|<2¢ u(n)

and |F~Y(F(z0) +u) — z| = |[F~Y(F(x0) +u) — F~1(F(z0))| < Ks|u|/2 for all u with
|u| < 2¢. Hence, on &,

Regls  wp W< -ttt <))
AN |y 0| < K57 20 4+ K5 /y/u(n) | =0
n,Jj 2 Y
I < T.(C) sup ZWt (Hc{Xt = y}) ' -
n ly—0| <K57227+Ks5/+/u(n) | =0

It follows from (55) that 7,27 > v, > 1/y/u (n) for all j > 0, then, on &,

ZWt (Ie{ X <y} —Io{Xi < 20})
t=0

S W (1o (X - y})‘ -

t=0

2
sup

n,Jj
LY < T, (C
n( )Iy—:co|<2Ks%2j

)

I;’L?] <

sup
T (C) ly—ao|<2K 57027

By Lemma 6.6, we conclude that there exists Kg > 0 and N{7 such that, for n > N7/7

(65) B((17+ 137 )2 (&) < Koyn2'u (n) ™
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Combining (62), (63), (64) and (65), we conclude that phere exists K7 > 0, independent of n
and K, such that for all n > N{7 and j > 0 where v,27 < ¢, one has

£ (I | sup. |An(F(x0) +u) — An(F(xo))Qﬂ(gn)> < Krym2u(n) .
u|<yn 271t

Combining this with (61) and the Markov inequality, we conclude that there exist Kg > 0
and NT’{ , that do not depend on n nor Ky, such that, for all n > N;]’ ,

Ju (n) "

<+ Key2u(n)™? Z 2737,
Jj=z0

The sum on the last line is finite, so there exists K > 0, independent of n and K, such that
for n bigger than N}/

o K
(66) P (|Un(a) = F(z0)| = vn) <1+ K7, u(n) 1:1”?3'

The above probability can be made smaller than 27 by setting (54) for some sufficiently large
Ky independent of n. This proves (53) and completes the proof of (37).
Now, we turn to the proof of (38). It follows from (30) combined to (32) and Lemma 5.3 that

Fk(fo(zo)) = F~ o Un(folo)) + Tn(C)~Y20p (1)

Hence, by Lemma 6.7 we have
P (Folzo)) = P~ o Do) + Op (u(m)72).

Now, it follows from the assumption (B2) that F'~! has a bounded derivative in the neigh-
borhood of F'(xg), to which U, (fo(xo)) belongs with probability that tends to one. Hence, it
follows from Taylor’s expansion that

Fo (folwo)) = F~' o F(ao) + O (1Un(fo(0)) = Flxo)|) + Op (u(n)™/?)

=2+ Op(u(n)*) +0p (u (n)_l/z) ,

where we used (37) for the last equality. This proves (38) and completes the proof of Lemma
6.8.

SUPPLEMENTARY MATERIAL

1. Markov chain theory and notation. This section extends Section 2 of the main pa-
per, presenting a more detailed exposition of the Markov chain theory required in the proofs.
For further details, we refer the reader to [12, 27, 29].

Let X = Xg, X1, Xo9,... be a time-homogeneous Markov Chain defined on a probability
space (E,&,P) where € is countably generated. Let P (x, A) denote its transition kernel, i.e.
forx e B, A €& we have

P(I‘,A):P(XZ+1€A|XZ:I'), 1=0,1,...
Let P"(x, A) denote the n-step transition probability, i.e.
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If A is a probability measure in (E, &) such that £(Xo) = A, then A is called the initial
measure of the chain X. A homogeneous Markov chain is uniquely identified by its kernel
and initial measure.

When the initial measure of the chain is given, we will write Py (and [E) for the probability
(and the expectation) conditioned on £ (Xy) = A\. When A = 4, for some x € E we will
simply write P, and E, .

An homogeneous Markov chain is irreducible if there exists a o-finite measure ¢ on (E, E)
such that for all z € F and all A € £ with ¢(A) > 0 we have P"(z, A) > 0 for some n > 1.
In this case, there exists a maximal irreducibility measure ¢ (all other irreducibility measures
are absolutely continuous with respect to ). In the following, all Markov chains are supposed
to be irreducible with maximal irreducibility measure ).

For any set C' € £, we will denote by o and 7¢, respectively, the times of first
visit and first return of the chain to the set C, i.e. ¢ =inf{n>1:X,, € C} and o¢ =
inf{n >0: X,, € C}. The subsequent visit and return times o¢, 7¢ (k), k > 1 are defined
inductively as follows:

(67) c)=1 , 71c(k)=min{n>7c(k-1):X, €C},
(68) oc(l)=0¢ , oc(k)=min{n>oc(k—1):X,€C}.

Given that our methods will only deal with the values of X in a fixed set C, if A is a
measurable set, we will write Ic{X; € A} instead of [{X; € ANC?} and if A= E, then we
will simply write I (X7).

We will use 7}, (C') to denote the random variable that counts the number of times the
chain has visited the set C' up to time n, that is T, (C') = >} Ic (X;). Similarly, we will
write 7" (C) for the total of numbers of visits the chain X to C. The set C' is called recurrent
if E,T (C) = +oo for all z € C. The chain X is considered recurrent if every set A € £, such
that ¢ (A) > 0, is recurrent.

Although recurrent chains possess many interesting properties, a stronger type of recur-
rence is required in our analysis. An irreducible Markov chain is Harris recurrent if for all
x € F and all A € £ with ¢)(A) > 0 we have

P (X,, € Ainfinitely often | Xo =z ) = 1.

An irreducible chain possesses an accessible atom, if there is a set o € £ such that for all
z,yin o P(x,.) = P(y,.) and ¢ () > 0. Denote by P, and E, (.) the probability and the
expectation conditionally to X € . If X possesses an accessible atom and is Harris recur-
rent, the probability of returning infinitely often to the atom « is equal to one, no matter the
starting point, i.e. Vo € E, [P, (7o < 00) = 1. Moreover, it follows from the strong Markov
property that the sample paths may be divided into independent blocks of random length
corresponding to consecutive visits to a:

By = (Xo, X1,..-, X; (1))
Bi= (X, ()41 X5 (2)

B, = (XTa(n)+17 s 7X'ra(n+l))

taking their values in the torus T = U2 ™. Notice that the distribution of By depends on the
initial measure, therefore it does not have the same distribution as B; for j > 1. The sequence
{ra())} j>1 defines successive times at which the chain forgets its past, called regeneration
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times. Similarly, the sequence of i.i.d. blocks {8;};>1 are named regeneration blocks. The
random variable 7" (n) = T, (o) — 1 counts the number of i.i.d. blocks up to time n. This
term is called number of regenerations up to time n.

Notice that for any function defined on E, we can write > ;" , f (X;) as a sum of indepen-
dent random variables as follows:

T(n)

(69) > F (X)) =f(Bo)+ Zf Bw),
t=0

where, f (Bo) = X7 f (Xo), f (B;) = Z"ZT?H f(Xe)forj=1,...,T (n)and f (B(y)
denotes the last incomplete block, i.e. f (B(ny) = 31, r(my11y41 f (Xt).

When an accessible atom exists, the stochastic stability properties of X amount to proper-
ties concerning the speed of return time to the atom only. For instance, the measure 7, given
by:

(70) Ta (B) =Eq (i X, e B}) , VBe€&
n=1
1s invariant, i.e.
7o (B) = / P (2, B) dre (x).

Denote by £T the class of nonnegative measurable functions with positive 1 support. A
function s € £ is called small if there exists an integer mg > 1 and a measure v € .Z () n
such that

(71) P™(x,A)=>s(z)v(A) VeeE ,Acé.

When a chain possesses a small function s, we say that it satisfies the minorization inequality
M (mg, s,v). As pointed out in [29], there is no loss of generality in assuming that 0 <
s(z)<land [, s(z)dv(z) >

A set A €& is said to be small if the function [4 is small. Similarly, a measure v is
small if there exist myg, and s that satisfy (71). By Theorem 2.1 in [29], every irreducible
Markov chain possesses a small function and Proposition 2.6 of the same book shows that
every measurable set A with 1) (A) > 0 contains a small set. In practice, finding such a set
consists in most cases in exhibiting an accessible set, for which the probability that the chain
returns to it in m steps is uniformly bounded below. Moreover, under quite wide conditions
a compact set will be small, see [15].

If X does not possess an atom but is Harris recurrent (and therefore satisfies a minorization
inequality M (my, s,v)), a splitting technique, introduced in [28, 29], allows us to extend in
some sense the probabilistic structure of X in order to artificially construct an atom. The
general idea behind this construction is to expand the sample space so as to define a sequence
(Yn)nen of Bernoulli r.v.’s and a bivariate chain X = {(X,,, Y;,)}*>%, named split chain, such
that the set & = (E,1) is an atom of this chain. A detailed description of this construction
can be found in [29].

The whole point of this construction consists in the fact that X inherits all the commu-
nication and stochastic stability properties from X (irreducibility, Harris recurrence,...). In
particular, the marginal distribution of the first coordinate process of X and the distribution
of the original X are identical. Hence, the splitting method enables us to establish all the
results known for atomic chains to general Harris chains, for example, the existence of an
invariant measure which is unique up to multiplicative constant (see Proposition 10.4.2 in
[27D.
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The invariant measure is finite if and only if Es 75 < 400, in this case we say the chain
is positive recurrent, otherwise, we say the chain is null recurrent. A null recurrent chain is
called S-null recurrent (c.f. Definition 3.2 in [24]) if there exists a small nonnegative function
h, a probability measure )\, a constant $ € (0,1) and a slowly varying function L;, such that

. 1
Ex (;h(XQ) ~ mnﬁLh (n) asn— oo.

As argued in [24], is not a too severe restriction to assume mg = 1. Therefore, throughout
this paper we assume that X satisfies the minorization inequality M (1, s,v), i.e, there exist a
measurable function s and a probability measure v such that 0 < s (z) <1, [ s(z)dv(z) >0
and

(72) P(z,A)>s(x)v(A).

A measurable and positive function L, defined in [a, +00) for some a > 0, is called slowly
varying at +oo if it satisfies limg_, oo % =1 for all t > a. See [6] for a detailed com-
pendium of these types of functions.

It was shown in Theorem 3.1 of [24] that if the chain satisfies the minorization condition

(5), then it is S-null recurrent if and only if

1

(73) P(7a>1)~ 05 Lo

where L is a slowly varying function.

The following theorem is a compendium of the main properties of Harris’s recurrent
Markov chains that will be used throughout the proofs. Among other things, it shows that
the asymptotic behavior of 7" (n) is similar to the function u (n) defined as

(74) w(n) = {n if X is positive recurrent

nPL(n), if Xis S-null recurrent

The Mittag-Leffler distribution with index [ is a non-negative continuous distribution,
whose moments are given by

m)!

E (Mg (1)) = T+ mp)

m > 0.
See (3.39) in [24] for more details.

THEOREM 1.1. Suppose X is a Harris recurrent, irreducible Markov chain, with initial
measure \, that satisfies the minorization condition (72). Let T' (n) be the number of complete
regenerations until time n of the split chain X , let C' € £ be a small set and  be an invariant
measure for X. Then,

1. 0<7(C) < +o0.
2. For any function f, defined on E, the decomposition (69) holds. Moreover, there is a con-

stant K, that only depends on m, such that if f € L* (E, ), then By f (B1) = Ky [, fdm.

T(n) ..
3. T.(C) converges almost surely to a positive constant.

T(n)

4, ulny converges almost surely to a positive constant if X is positive recurrent and converges

in distribution to a Mittag-Leffler random variable with index 5 if X is B-null recurrent.
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REMARK 1.1. The Mittag-Leffler distribution with index /3 is a non-negative continuous
distribution, whose moments are given by
m)!

E(Mg”(l)):m m = 0.

See (3.39) in [24] for more details.

REMARK 1.2. Part 1 of Theorem 1.1 is Proposition 5.6.ii of [29], part 2 is equation (3.23)
of [24] and part 3 is an application of the Ratio Limit Theorem (Theorem 17.2.1 of [27]). For
the positive recurrent case, part 4 also follows by the aforementioned Ratio Limit Theorem
while the claim for the null recurrent case appears as Theorem 3.2 in [24].

2. Technical proofs for Section 5. Proof of Lemma 5.1. Equation (12) follows from
Corollary 2 in [2] and part 2 of Theorem 1.1.

Now, we turn to the proof of (13). To do this, we adapt some of the ideas presented in the
proof of Lemma 21.2 in [33].

Let V' be a normal random variable independent of the X;’s, and & its distribution function.
it follows from (12) that conditionally on the X’s, F;,(V') converges almost surely to F'(V).
Thus, denoting by Py the conditional probability given the X;’s, it follows from (29) that
O(F, 1 (u)) =Px(F,(V) < u) converges almost surely to Py (F(V) <u) = ®(F~!(u)) at
every u at which the limit function is continuous . Since F’ is strictly increasing in C', one can
find £ > 0 such that F~! is continuous on [F(zg) — &, F(xq) + €], so the above limit function
is continuous at every u € [F(z) — €, F(z0) + €]. By continuity of ®~1 on (0,1), F; ! (u)
converges almost surely to F'~!(u) for every such u. By monotonicity, the convergence is
uniform, hence

sup  [E(p)— F7 () =o(1) as.

lp—F(zo)|<e
as n — oo.
Proof of Lemma 5.2. This proof is an adaptation to the localized case of the proof of
Lemma 2 in [5]. Let f, € F/,, i.e., there exists f € F such that f/(B) = [ f(y) Mc(B,dy).

By Cauchy—Schwarz inequality,

(/ f<y>Mc<B,dy>)2 <te®) ( [ Prcts.a).

o () <Eor (te(B) ([ £ M(B.d)) ) =Eo (7)o (),

where the last equality follows from (16). Applying this to the function

FL(B) — fL(B) = / (f(0) — () Mo(B.dy),

when each f}, is the center of an e-cover of the space F and || f — fi|| 1, (o) < € gives the first
assertion of the lemma. To obtain the second assertion, note that U'C = U/ is an envelope
for F(.. In addition, we have that

1UGN a0y = Ulllell aon

From this, we derive that, for every 0 < e < 1,

N (Ve z.(q: Ues L2(Q) = N (eUlIle |, q): U's La(Q)).

then
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Then using the first assertion of the lemma, we obtain for every 0 < e < 1,

NENUE L@, For L2(Q) SN(eU, F, L2(Qc)),

which implies the second assertion of the Lemmaz whenever the class F is VC with envelope
U.

Proof of Lemma 5.3.Let B € F and g : E x R — R,.. For each y € R we define g, (z) =
g (z,y), then, using the notation of section 6.2 we will have g, (B) = > .p~c 9 (z,y). Fi-
nally, for any function ~ : R — R, we define

gy (B) = (g5 — h(y))(B) = > (9(x,y)—h(y) =3, (B)— Lo (B)h(y).
zeBNC
Let g (z,y) =I{z <y}, and h = F as defined in (8). Then, g, (B) =", plc{z <y}

and

gy (B)= Y (MHa<y}—F(y)=g,(B)—tc(B)F(y).

zeBNC

From now on, we’ll remove the superindex from 55 to ease the notation.
By the definition of F, and F' ((7) and (8)), we have that

1 T.(C)
Faly) = F4) = 75 > (H{Xoew <y} = F(y))
n i=1
1 7’L

= > @ X: <y} —Ie{Xi}F(y))
z:O

T(n)

y (Bo) +Zgy )+ 9y (Bwy) | 5

therefore,

gy (Bo) |, X3 (B) | 9y (Bew)
\h VTL(C)  Tu(O)

Notice that |g, (Bo)| < 2¢c(Bp) < +00 and T,(C) — +oo almost surely, therefore, the
first term in the last equation converges almost surely to O uniformly in y. For the last term,
we have that

T.(C)(Fuly) — F(y)) =

19y Bow)| _ 2bc(Bre) _, (n) te(Bre)

VE©) VO ) VT

by (B4), the expectation of 02 &(By) is finite, then, Lemma 1 in [2] shows that £c(Bn) ( ), 0 a.s.
EC(B )

which implies that

in [19] we have M — 0 almost surely. Joining this with the almost sure convergence
[19] \/T(n) y g g

@y(B(N))

VT (C)

also converges to 0 a.s. Since 7' (n) — 400 a.s., by Theorem 6.8.1

of 7? ((”C)) to a positive constant (see Theorem 1.1) we obtain that converges almost

surely to O uniformly in y. Therefore,

75) RO (Fuly) - Fw) = == 8880 1oy 1),
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where we have used that 1;7:((710)) converges almost surely to a positive constant to use 7'(n)

instead of T,,(C).
Then, (17) will be proved if we show that, for € small enough

sup ————F——— = .
prol<e  /T(n) ’

Fix 1 > 0 arbitrarily. By Lemma 6.7 and Slutsky’s theorem, we can find positive numbers
a,, @, and an integer IV, such that P (&) =>1- g for all n > IN,,, where

(77) En = {Qnu (n) <T(n)<ayu(n)}.
Define Wy, (¢) = sup Y1, gy (B;)| and let M,, be a fixed positive number. Then, for
ly—mo|<e
alln > N,
P #W >M, | <P ;W >M,»NE | +1-P(&,)
T(n) T(n) n T(n) T(n) n n n
(78) <P({ W=, b0, )+
T(n) T(n) n n 9
On &, a,u (n) < T(n) < ayu(n), therefore for all n > N,
1 1
P Wy > My pNE, | <P | { —— max W,>M,yné, |,
T(n) Q”]u (n) 1<k<anu(n)
1
(79) <P|—— max Wp> M,
a,u (n) 1<k<a,u(n)

The random variables {g. (Bk)}zz(n) are i.i.d., therefore, by Montgomery-Smith’s in-
equality (Lemma 4 in [1]), there exists a universal constant K such that for all n > N,

M,
Pl max WM, | <KP| W, >
a,u (’I’l) 1<k<a,u(n) a,u (n) K
anu(n)
1 ~ M,
(80) <KP| ——— sup Gy (Bz) > Kn

For an arbitrary set 7', let £1°°(T") be the space of all uniformly bounded, real functions
on 7', equipped with the uniform norm. Weak convergence to a tight process in this space
is characterized by asymptotic tightness plus convergence of marginals (see Chapter 1.5 in
[34]).

The class of functions G — F' = {gy(-) — F (y)},c is VC with constant envelope 2, hence,
by Lemma 5.2, the class of functions G — F is also VC and has 2(¢ as envelope. E4Z,(B;)
is finite (by (B4)), therefore, by Theorem 2.5 in [25], G — F' is Donsker. Then, the process

L élu(n)ﬁ B;)| converges weakly in ¢°° g/—\F to a tight process Z. The ma
Vaum) |[~i=1 T g y ght p p
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y |yl from £ [g - F } to R is continuous with respect to the supremum norm (cf.

(n) ~ o

pp 278 of [33]), therefore, sup Za"“ gy (B;)| converges in distribution to

V &yt \y zo|<e Y
sup Z (y), hence, we can find V and IV, such that
ly—mo|<e
1 anu(n) 0
(81) P| ——— sup gy (Bi)| >V, | < 2K’ Vn>N,'].
a,u(n)ly=zl<e| 5

Choosing M, = KV, in 81 and joining (80), (79) and (78), completes the proof of (17).
Now we proceed to prove (18). Let ) be fixed, by (17) and Lemma 6.7, we can find &/, M{7
and N, such that

(82) P ( To(C) sup |Fu(y) — F(y)| > Mé) < Z Vn > N,
ly—zo|<e’

(83) P(Dn)>1—g Vn > N/

where D,, = g n(C) <ayu (n)} Define the sets

sup \Fnl(p)—Fl(p)\>Mn},
\p F(zo)l<

{Elpe (x0) — e, F(zo) +¢] : Fl(p)—Fl(p)>M},

Uy = {ﬂpe [F(wo) — &, F(wo) +e]: F~H(p) = Fy ' (p) > Mn}

where € and M, are constants that will be specified later
1 -1 M, -1
OnU,ND,, E;*(p) > \/m—l—F (p) >

+ F~1(p), hence,

m
7, (ﬁm) + P! (p>> <Fu (Fyh(p) <p+ TnéC)
(84) SPT gty

Assumption (B2) indicates that F' has bounded derivative in C, take K7 as the maximum
value of this derivative in C, then, the Mean Value Theorem implies that

e ( i (p)) -
M K1 M,
<F|——=—=+F"! e S/
< < anu(n) + (p)) anu(n)

After plugging this into (84) we get
M, M, KM, 1
F<"()+F1(p))—Fn("+F1(p)>> SR

anu(n ayu(n) ayu(n)  ayu(n)
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Because u (n) — 400, we can find N; such that 4/ ( ok < 1 for all n > Ny, taking M,

bigger than AIQI + 1 and using that T;,(C) < a,u (n ) on D,,, we obtain, for all n > N}
M, M, M,

B85 F|—L=+F'(p)|-F.| —=+F"(p)|>—L-.
anyu(n) anyu(n) T,.(C)

Let N, be such that ——= < % for n > N3 . By the continuity of F~Yin F(x) there

V aw(n)

exists £ > 0 such that |~ (p) — x| < ¢ forall p in [F(z0) — &, F(x0) + €], therefore, the
triangular inequality implies that —22— + F~1 (p) lies in the interval [zg — &', 20 + €] for

Vanu(n)
all n > N, = max (N1, Na ). This, alongside (85), shows that for all n > NV,

UlnD, e [zg—¢,x0+€]: Fly) — Fauly) > ——
Y [0 0 } (v) (v) T.(C0)

CIVTLUO) sup  |Fu(y) - F(y)| > M,

ly—zo|<Le’
By a similar argument, it can be shown that
My
VTn(C)
Using (82) and U,, = U} U U2 we obtain that P (U, N D,) <  for all n > N,. Equation
(18) now follows by (83).
Supplement of “Harris recurrent Markov chains and nonlinear monotone cointe-

grated models”
This is the supplementary material associated with the present article.

U2nD, C Jy € [wg— €, z0+€'| : Fuly) — Fy) > Vn > N,
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