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On Strong Zero-Dispersion Asymptotics for Benjamin-Ono Soliton Ensembles

Elliot Blackstone®, Louise Gassot’, and Peter D. Millerf

To the memory of Igor Krichever, for the enduring legacy of his scientific influence.

Abstract. A soliton ensemble is a particular kind of approximation of the solution of an initial-value problem for
an integrable equation by a reflectionless potential that is well adapted to singular asymptotics like the
small-dispersion limit. We show how soliton ensembles for the Benjamin-Ono equation can be ana-
lyzed in this limit via the construction of local approximations that capture highly oscillatory features
of the solution and hence provide more information than weak convergence results that are easier to
obtain. These local approximations are deduced from the distributions of eigenvalues of two related
matrices, one Hermitian and another non-Hermitian. We perform careful numerical experiments to
deduce the asymptotic behavior of the eigenvalues of these matrices in the small-dispersion limit, and
formulate conjectures reflecting our observations. Then we apply the conjectures to construct the local
approximations of slowly varying profiles and rapidly oscillating profiles as well. We show that the
latter profiles are consistent with the predictions of Whitham modulation theory as originally devel-
oped for the Benjamin-Ono equation by Dobrokhotov and Krichever.
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AMS subject classifications. 35R09, 35Q53, 35C08, 35C07, 35C20

1. Introduction. The Benjamin-Ono (BO) equation [1, 27] is given by
(1.1) ur+2uuy + €Hluy] =0, x€R, t>0,

where € > 0 is a parameter and H is the classical Hilbert transform!

(12) HIf](x) = %P.V. [ O:O yf(_yldy.

The goal is to study the small € asymptotics of the solution u = u(x, t) of the Cauchy problem
for (1.1) where u(x,0) = up(x) is an admissible initial condition (see [24, Definition 3.1])
independent of €.

The BO equation (1.1) is an asymptotic model, derived in a small-amplitude and long-
wave limit, for internal water waves propagating in one direction. It applies to gravity-
driven motions of the pycnocline separating a lower-density upper fluid layer from a higher-
density lower fluid layer in the situation that the lower layer is assumed to be infinitely deep.
The solution u(x, t) is a measure of the vertical displacement of the interface at position x and
time t. The parameter € > 0 is a measure of the relative strength of dispersion compared to
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1This definition follows the “physicist’s” sign convention, as used for instance by Matsuno in his textbook
on the BO equation [21, Eqn. (3.2)]. However, more mathematical works (e.g., [13]) define the Hilbert transform
with the opposite sign.
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The caustic curves X~ (t) (blue), X*(t) (red). Solutions of Burgers’ equation for t =0, t = t;, t = 1.
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Figure 1: The single and triple-valued region for Burgers’ equation corresponding to uo(x) =
2(1 + x?)~! are separated by the caustic curves X~ (t), X*(t) for t > t,, see left panel. The
curves X=(t) are the double roots of (1.4). In the right panel, the solutions of Burgers’ equa-
tion are plotted for t = 0,t,,1. The blue, green, red curves are ug(x,t), u'f(x,t), ulza(x,t),
respectively.

nonlinear effects. When € < 1, the local solution of the Cauchy problem for the inviscid
Burgers equation

(1.3) ub 4 2uBuB =0

with the same initial data u®(x,0) = ug(x) is expected to be a good approximation of u(x, t)
as long as u8(x, t) remains smooth. The solution of (1.3) satisfying u8(x,0) = ug(x) is given
implicitly by

(1.4) uB(x,t) = up(x — 2tuB(x,1)).

However, for typical initial data uo, a gradient catastrophe occurs in u5(x, t) at a finite time
t = tp, beyond which the dispersion term in (1.1) can no longer be neglected. See Figure 1,
right panel, for solutions of Burgers’ equation before and after t = t;,. Numerical experiments
show that the effect of small dispersion is to generate a dispersive shock wave, that is, a train
of waves with wavelength proportional to € but with amplitude that is not small. See Figure 2
below. Such waves are described at a formal level by Whitham modulation theory [29]. That
theory starts from a family of exact solutions of (generally multiphase) waves parameterized
by arbitrary constant amplitude, wavelength, and wave-shape parameters, and based on
multiphase averaging of local conservation laws or a variational principle, posits a system
of modulation equations which are partial differential equations governing slowly-varying
fields replacing the constant parameters.

For the BO equation, nonlocality makes it challenging both to properly define the multi-
phase wave solutions and to determine their modulation equations. Both of these problems
were solved by Igor Krichever in a joint work with Dobrokhotov [7] (see also the review by
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Krichever [16]) that has had a large and lasting influence on the subject. One of the remark-
able observations in that work is that there exist Riemann invariant variables for the mod-
ulation equations in which they take the form of a collection of 2P + 1 independent copies
of the inviscid Burgers equation (1.3), for some P = 0,1,2, ... (the number of phases in the
modulating wave), see Figure 1, left panel. By contrast, in the Riemann-invariant form of the
modulation equations for the Korteweg-de Vries (KdV) equation, one replaces the character-
istic speed of a Riemann invariant by a complicated expression involving all of the invariants
and represented as a ratio of hyperelliptic integrals, see [8].

One approach to describing the asymptotic behavior of u(x, ) is to adopt a reasonable
topology of convergence in which there is a limiting function, denoted u(x,t), as e — 0.
Following the seminal work of Lax and Levermore [17] on a corresponding small-dispersion
limit for the KdV equation, there has been some progress in proving convergence of u(x, t)
(or a suitable surrogate, see below) to a limit #(x, t) in the weak L?(R) topology with re-
spect to x, uniformly on compact intervals of ¢. This has been done both in the setting of
x € R [24] and on the torus (periodic boundary conditions) [11]. The results of [24] have
recently been strengthened by Gérard [13] using a different approach. In both the periodic
and non-periodic cases, the formula for the weak limit 7(x, t) is remarkably simple. Indeed,
let u® = uB(x,t),n=0,...,2P, uB(x,t) < ub(x,t) for m < n, denote the generically distinct
solutions of the implicit equation (1.4), which correspond to the “sheets” above a given point
(x,t) € R? of the multi-valued solution of the inviscid Burgers equation (1.3) with initial
data uP(x,0) = u(x) (the number P depends on (x, t)), see Figure 1. Then the weak limit of
u(x,t) is given by the alternating sum

2P

(1.5) u(x, t) = E(—l)”uB(x,t).

n=0

This result is far simpler than the corresponding result for KdV obtained in [17]. The weak
convergence of u(x,t) can be extended [25] to an infinite number of conserved “local” den-
sities (the differential algebra of fields has to be augmented with Hilbert transforms), but
even with this additional control, the topology of convergence is insufficient to capture the
waveform and phase of the dispersive shock wave that forms in u(x, t) for t > t;,. Indeed,
the wild oscillations are simply averaged out upon integration in x against a test function
in L2(R). The formula (1.5) suggests that the oscillations occupy the part of the (x, t)-plane
where P = P(x,t) > 1, and numerical experiments support this assertion as well. Moreover,
the dispersive shock wave is expected to be described by the one-phase solution. See [15,
Chapter 2.6] for an overview of corresponding results in the context of the KdV equation.
The surrogate for u(x,t) that was mentioned above is an approximation that we will
call in this paper a soliton ensemble. It is a family denoted i(x, ) of exact solutions of the
BO equation (1.1) associated to the specified function x — ug(x) via a systematic small-e
approximation of the scattering data for the BO Lax operator with potential u¢. In this ap-
proximation, one firstly replaces the true discrete eigenvalues A < 0 with approximate ones
obtained from a type of quantization rule (see (1.15) below), and makes a similar approxi-
mation of the auxiliary phase constant y associated with each eigenvalue (see (1.16) below).
Secondly, one neglects the reflection coefficient defined for A > 0. The exact solution of BO
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corresponding to this modified scattering data for each € > 0 is precisely the function 7(x, t)
(see (1.18) below). It is a “nonlinear superposition” of a large number, proportional to e *,
of solitons, which combine coherently to yield an approximation of the given data g in the
strong L? sense when t = 0. The idea of using such a soliton ensemble to analyze the small-
dispersion limit originated in the Lax-Levermore theory of the KdV equation [17]. In both
the BO and KdV cases, the soliton ensemble ii(x, t) is expressed explicitly in terms of finite
determinants of size proportional to € ~!. While soliton ensembles have proven to be useful
to analyze the small-dispersion limit of the BO equation in the sense of weak convergence,
in this paper we will study them from the point of view of strong convergence, aiming to
capture the oscillatory profile of the dispersive shock wave.

1.1. Definition of soliton ensembles. Define the Cauchy transforms

—tim [T W)
(1.6) C=[f](x) := JHm _wmdy,

which are self-adjoint orthogonal projections from L?(R) onto the Hardy space

H*(R) = {f holomorphic on C* : || f||3= = sup /]R |f(x £iy)>dx < 00},
y€(0,00)

where C* denotes the upper(+)/lower(—) half plane. The inverse-scattering transform solu-
tion of the Cauchy problem for the BO equation (1.1) is based on the self-adjoint Lax operator

(1.7) L:= —ieaax —CrouoCy

acting on a domain dense in H*(IR), wherein u denotes the operator of multiplication by
a bounded function u : R — R. It has been proved [30] that if u € L!(R) N L*(R) and
x — xu(x) is in L?>(R), then £ has only finitely many eigenvalues, all negative real numbers
M < Ay <--- < Ay < 0 with unit geometric multiplicity. To each eigenvalue A; < 0, there
corresponds a real number called a phase constant, denoted ;. Under suitable conditions
on u [31] there is also a complex-valued function A — B(A) defined for A > 0 called the re-
flection coefficient. The collection of N pairs (A, ;) and the function § are said to constitute
the scattering data associated with the initial data u = ug for (1.1) in the inverse-scattering
transform first proposed by Fokas and Ablowitz [9]. The inversion of the transform has not
yet been fully justified, but if f(A) = 0, the procedure reduces to finite-dimensional linear
algebra, resulting in the formula

(1.8) u(x,t) = Ze%lmlog det <]I + éA(x, t)) ,

where I denotes the N x N identity matrix, and A(x,t) is the N x N Hermitian matrix with
elements

2i€ //\]'/\k . 75 K
(1.9) An(x, ) = A=Ay J7 5
—2/\j(x +2A; + ’Y]‘), j=k
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This formula represents a multi-soliton solution of (1.1), and it was first derived by Matsuno
[18] using Hirota’s bilinear method. The inversion formula has then been proved on the
N-soliton manifolds in [28, Eq. (1.19)].

In two papers [19, 20], Matsuno used formal arguments to investigate the asymptotic
behavior of the scattering data described above for fixed ug in the limit € — 0. The main
results of [19, 20] were asymptotic formule for |3(A)|? for A > 0 and for the distribution of
eigenvalues A; < 0, of which there are in general a large number N ~ e¢~!. These results
were rigorously proven in [23] under the additional assumption that ug is a rational function
for which ug(x) = —A has generically either two or zero real solutions x given A € IR, and for
such ug an asymptotic formula for the phase constant -y; associated with a given eigenvalue
A was also rigorously established. We now describe these asymptotic results in the case
that 1 is a smooth positive function with a single critical point (the maximizer) and with
sufficient decay as x — *co. For such u(, we define positive constants L, M > 0 by

1
11 L = = —
(1.10) r}glez%uo(x), M 2ﬂ/lRuo(x)dx,

and for —L < A < 0 define the turning points x = x4 (A), x_(A) < x4 (A) as the two roots of
up(x) = —A. Then the following are true:
e the reflection coefficient B(A) defined for A > 0 vanishes in the limit e — 0;
e there are N = M/e + O(1) eigenvalues in the interval —L < A < 0, and the number
of eigenvalues with —L < a < A < b < 0is N(a,b) satisfying

b
(L.11) NW&%:;/PMMM+OGL
a
where the density of eigenvalues near A is e 1 F(A) with
1
(1.12) F(A) := E(er()\) —x_(A)), —-L<A<O0;

e if A; is an eigenvalue that converges to a number A € (—L,0) as € — 0, then also
vj — v(A), where

(1.13) V(A = —%(er(A) +x (A), —L<A<o.

In the periodic case, analogues of formulas (1.11), (1.12) and (1.13) should also hold [26], and
have been proved for bell-shaped initial data in [10].

Based on these results, we will now define the soliton ensemble for the BO equation (1.1)
associated with a positive initial condition ug of the type described above. Firstly, we define
the exact number of approximate eigenvalues by setting

(1.14) N(e) := {MJ .

€

Then, we define N(e) approximate eigenvalues A; € (—L,0),j = 1,..., N(e) by quantizing
the density formula (1.12):

(1.15) /%HMdA:eO—;>,j:L””N@)

—L
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ii(x,0) i1 (x, tp) i (x,1.5)
8- 8- 8-

Figure 2: Time evolution of i (x, t) for up(x) = 2(1 + x?)~! and € = 0.02.

Finally, we define corresponding phase constants by setting
(1.16) ¥i:=7(R), j=1...,N(e),

where 7(+) is defined by (1.13). Then we neglect the reflection coefficient and define an exact
multi-soliton solution of the BO equation (1.1) using the approximate discrete data. In detail,
first define the elements of the N(e) x N(e) Hermitian matrix A(x, t) as (compare with (1.9))

Zié‘\ / ;\];\k )
(1.17) Ay(x,t) = T A j#k

—2;\]'(36 + Z;L]' + ’7/]'), j=k.
Then set (compare with (1.8))

(1.18) i(x,t) = Zeaaxlm log det (II + éA(x, t)) .

The family of functions ii(x, t) parameterized by € > 0 constitute the soliton ensemble for

the BO equation (1.1) for the Cauchy data ug. See Figure 2.
Note that (1.15) implies that

(1.19) /t F(A)dA = .

So in the sense measured by differences of the left-hand side of (1.15), the first approximate
eigenvalue is half the distance to —L as the remaining approximate eigenvalues are to their
nearest neighbors. For an argument appearing below in Section 3, we will want to ensure a
similar condition for the last approximate eigenvalue, namely that

0 €
(1.20) / F(A)dA = <.

AN(e) 2
It is easy to see that this condition holds precisely when € = ey := M/N for an integer
N € Z-y, in which case (1.11) returns N(eny) = N. For convenience, we will therefore

assume below that € tends to zero within this specific discrete sequence.
Also, since the rest of this paper is concerned only with the e-dependent function ii(x, t),
henceforth we will drop all tildes for simplicity.



BENJAMIN-ONO SOLITON ENSEMBLES 7

1.2. Alternate formulz for the soliton ensemble u(x,t). Let ax(x,t), k = 1,...,N,
denote the real eigenvalues of A(x,t). The proof of weak convergence of u(x,t) to %(x,t)
given in [24] is based on expressing u(x, t) in the form

(1.21)
al i N
u(x,t) = g(x,t), I(x,t) := 2eImlogdet <]I + €A(x,if)) =2 ) arctan (e ag(x,t)).
k=1

The quantity I(x,t) resembles a Riemann sum for an integral of a discontinuous integrand
arctan(e~'a) — 17msgn(a) against the distribution of eigenvalues of A(x,t), and in [24] this
(x, t)-dependent distribution is calculated and used to prove locally uniform convergence of
I(x,t) to an antiderivative of u(x, t). The weak nature of the convergence of u(x, t) to u(x, t)
can then be attributed to the x-derivative in (1.21).

This observation suggests that if it is desired to improve the nature of the convergence
of u(x,t) as € — 0, one should differentiate first and only then analyze u(x,t). To this end,
explicitly differentiating I(x, t) with respect to x in (1.21) (assuming differentiability of the
eigenvalues wy(x, t)), we obtain

N(e)

(1.22) unt) = Y 26?0 (X, 1)

aﬂck
2 Pt E) 1) = 2% ).
= ag(x,t)?+ €2 (X, 1) ox (1)

Rather than diagonalizing A(x,t) = A(x,t) first and then differentiating, one could try
to take advantage of the fact that the matrix elements of A(x, t) depend on x in a very simple
way. Indeed, notice that

(1.23) I+ie 'A(x,t) =ie 'D [xI — B(t) —ieD ?] D,

where D is a Hermitian N(e) x N(e) diagonal matrix given by

(1.24) D := diag (\/—2)\1,..., \/TN(G)>

and B(t) is a Hermitian N(e) x N(e) matrix with elements

—1€
3 4 7/ ' k/
(1.25) Bj(t) = {Aj — Mk 7
—2)\]'1' — ’)’]', ] =k.
Thus,
(1.26) i1 det II—i—iA(x t) —31 det (xI — B(t) —ieD?)
. i ogde c , = 5 ogde 1 .

If welet oy (t) = pi(t) +1ivi(t), where pi(t), vk (t) € R, denote the complex eigenvalues of the
non-Hermitian but x-independent matrix

(1.27) C(t) := B(t) +ieD 72,
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then (1.18) can be written as
ox

a N(E)
=2elm=—— ) _ log(x — oy(t))
ox /=

(1.28) NE) o
- <Z X—Uk(f>>

k=1

u(x,t) = 2elm <8 log(det(xI — B(t) — i€D2)>

B ( 2evi(t)
= L G a0y u?

By substituting the formula (1.28) into the BO equation (1.1) and using the fact that

W —Zex—m))
Al ; (x — e (£))? + v ()2

it can be verified that the 0y (t)’s satisfy the system of differential equations
2ie 2ie
(1.29) ou(t) = s .
=L om-gw & ab-g0

This was first discovered in [6, Eq. (7)], wherein (1.29) was shown to be equivalent to the
famous Calogero-Moser N-body system. Let vi(t) = (vk1,..., U n())  be the normalized
eigenvector of C(t) corresponding to the eigenvalue oy (t). Clearly

(1.30) ok (t) = v () C(E)vi(t) = vi ()" (B(t) +ieD~2) wi(t),

where 1 denotes the conjugate transpose. By comparing real and imaginary parts of (1.30),
we have

N(e) NN 5 (£) 0y ()
(131) mlt) = = 1 @A+ v (W)log () —ie ) ) =L,
j=1 j=1 Zi} s
N(e) | ) 2
_ € vk, (t)]
(1.32) ve(t) = —3 o

Since —L < Ay < -+ Aj- - < Aye) < 0, using [vg1(£)[> + - - - + |0 y(e) (£) [* = 1 we obtain

(1.33) 0<1L-e<1/k(t) E-L, k=1,...,N(e).
2 ANl

N
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Likewise, using also |a||b| < 3(a® + b?),

eN(e)
(1.34) H| < (2tL+ su Y(A + — , k=1,...,N(e).
ol ( swp )] )+ e SR (e)

Below in (3.85) it is shown that if 1y (x) decays algebraically as x — +oo, i.e., up(x) ~ Cx~2°
for some p > 1, then assuming that ¢ = ey = M/N so that (1.20) holds one finds that
[An(e)| 2 €27/~ and that min,j [As — A;| 2 €2P/(2P~ 1), in which case the imaginary parts
of the eigenvalues have uniform bounds of the form

1
(1.35) SLre<u(t) < e V-1 k=1,...,N(e),

which is equivalent to the rescaled form

1 1 vk () < e2p/(2p=1)

(1.36) EL'log(e—l) < elog(e~1) ~ log(e~1) ’

k=1,...,N(e),

and similarly assuming also that 7(-) is a bounded function (it vanishes identically if u¢(+) is
even),

(1.37) ()| < e72/Cr= 1)k =1,...,N(e).

1.3. Outline of the paper. The purpose of this work is to report the results of sev-
eral numerical experiments undertaken to study the small-e asymptotic behavior of the real
eigenvalues {a,(x,t)} and the complex eigenvalues {0y(t)} of the matrices A(x, t) and C(t)
respectively. We recall that u(x,0) = u((x) is an admissible initial condition (see [24, Defini-
tion 3.1]) with exactly one inflection point to the right of the maximizer. Consequently, we
always have that for generic (x,t) with t > 0, P(x,t) = 0 or P(x,t) = 1. Moreover, for fixed
t > t, the multi-valued region (in x) for Burgers’ equation is an interval (X~ (¢), X" (¢)), see
Figure 1. For simplicity, all of our numerical experiments will be for the soliton ensemble
associated with the initial condition

2

(1.38) up(x) = i

For this initial condition, the breaking time for the inviscid Burgers (dispersionless, i.e., € =
0) approximation of the BO equation (1.1) is exactly t = t, = 21/3/9 ~ 0.3849. When t > t;,
the dispersive terms are expected to be important and form a highly-oscillatory dispersive
shock wave (see Figure 2, right panel) in the t-dependent interval of x on which the method
of characteristics predicts a triple-valued solution of the dispersionless approximation.

As will be seen, the numerical experiments suggest that when € is small, the complex
eigenvalues {ox(t)} and the real eigenvalues {ay(x, )} that are so small as to contribute
substantially to the sum in (1.22) are evidently distributed in a regular fashion. After formu-
lating reasonable conjectures based on the numerical observations, we prove that they imply
many of the properties of the dispersive shock wave. These properties go beyond the weak
convergence result that u(x, f) — 7(x, t) with limit #(x, t) given by (1.5).
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Our study of the complex eigenvalues of C(f) and how their asymptotic properties imply
the most important features of u(x, t) via (1.28) is presented in Section 2. Then in Section 3
we give a parallel analysis for the eigenvalues of A(x, t) and the formula (1.22). A completely
different approach to strong asymptotics for the BO equation (1.1) that is based instead on a
remarkable formula of Gérard [12] is the subject of a forthcoming work [2].

2. Asymptotic properties of the complex eigenvalues 0 (t) and their implications.

2.1. Numerical experiments. Given an initial condition u(-), a time t > 0, and a value
of ¢, it is straightforward to construct the nonhermitian matrix C(¢) and to numerically ex-
tract its eigenvalues {0y (t)} with high accuracy. The first observation is that, roughly speak-
ing, most of the complex eigenvalues are close to the real axis. However depending on the
initial condition, there can be some “outliers” that do not follow this rule, as shown in Fig-
ure 3.

Re[0(0)] vs Im[0y(0)], € =0.02 Re[oy(t)] vs Im[ei(t,)], € = 0.02 Re[0}(1.5)] vs Im[0}(1.5)], € = 0.02
80 80 80

60 60 60
40t 40f 10l

20 20 20

-12 -9 -6 -3 0 3 6 9 12 -12 -9 -6 -3 0 3 6 9 12 -2 -9 -6 -3 0 3 6 9 12

Figure 3: Outlier eigenvalues for the initial condition ug(x) = 2(1 + x?)~! with e = 0.02.

What evidently distinguishes the outlier eigenvalues from the rest is that they have small
real parts and imaginary parts that are possibly large instead of small. We will make the
following definition:

Definition 2.1 (Outliers). For fixed p > 0 and B > 0 independent of t but possibly depending on
the initial condition uo(-), an eigenvalue ¢ = y + iv will be called an outlier if v > p and |u| < B.

For suitable initial conditions ug(-), this definition is saying that the outliers includes in par-
ticular any eigenvalues with bounded real part that saturate the upper bound given in (1.35).
Let S, C {ox(t)} denote the subset of outliers, and let the remaining eigenvalues constitute
the “bulk” Sy, so that S, LI Sp = {0k (t) }. The numerics suggest that there are relatively few
outliers compared to the total number N(e) ~ e~ ! of eigenvalues. Hence we formulate the
following conjecture:

Conjecture 1 (Outliers). There is an exponent 0 < p < 1 and a constant K > 0 independent of
t such that |S,| < Ke~F holds for all € > 0 sufficiently small.

In Proposition 2.4 below we will use this to estimate the contribution of the outliers to the
sum (1.28). The bound |p| < B on the real part is part of Definition 2.1 because there are
evidently some eigenvalues with both real and imaginary parts that are large when € is small
(see the upward trend with increasing real part of the points near the real line in the plots
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shown in Figures 3 and 4), and as they apparently lie along certain curves and there can be
many of them, it is more natural to include them in Sy,

Next, we examine the bulk S, of the complex eigenvalues, which requires a different scale
for the imaginary part coordinate. As shown in Figure 4, these bulk eigenvalues appear to be
distributed along curves in the complex upper half-plane, and these curves have interesting
dynamical behavior as t > 0 varies. From these and similar plots it seems clear that when

Re[0;(0)] vs Im[0¢(0)], € = 0.02 Re[0i(t,)] vs Im([og(t5)], € = 0.02 Re[03(15)] vs Im[0;(1.5)], € = 0.02

08} 08} 08t
0.6 0.6 0.6
04l 04l ) : 04l

02} .. . 02} - 02}

Figure 4: Time evolution of oy (t) for ug(x) = 2(1 + x2)~! and € = 0.02.

t < ty, the bulk eigenvalues arrange themselves along a single curve in the upper half-plane;
however as soon as t > t;, a second curve bifurcates from the former curve into the part of
the upper half-plane below. We therefore further partition S;, into an “upper branch” subset
Su C Sp and a complementary “lower branch” subset S;, := S, \ Sy (When t < t;,, Sp = Q).
Fort > t, fixed, both Sy, S, are non-empty and evidently both have cardinality Ny;(€), N (¢€)
proportional to N(e).

From the plots, it appears that the real parts of the eigenvalues on either branch are locally
equally spaced. We formulate the following conjecture to express this observation in detail.

Conjecture 2 (Real parts). Forallt > 0and e > 0, the eigenvalues comprising Sy have distinct
real parts; similarly for S when t > t,,. Assume that the points of Sy and Sy, are indexed by increasing
real part, ie., pua(t) < pua(t) < - < punye)(t) forallt > 0and pp1(t) < pra(t) <

- < ppN,(e)(t) forall t > t,. Then, the sets {pyx(t)}, {urx(t)} are approximate samplings
of two respective e-independent functions yy : (0,1) x [0,00) — R, pp @ (0,1) x (f,00) —
(X~ (t), X (t)). More precisely, with I denoting differentiation with respect to the first arqument,

k1
(2.1) puk(t) = pu(ye t) + O(Euy(yet)),  yi = Nu(ez)
and, for t > t,
(2.2) (t) = ur( t)—i—O(eZ /( t)) — k_%
. MLk ML Yk, (v t)),  yi: NL(e)

where the error terms are uniform for k = 1,...,Ny(e) and k = 1,...,Np(€) respectively. The
functions pyy, ur, have the following properties.
Invertibility: ur(-,t), py(-,t) are strictly increasing surjective functions for any t on
their respective domains, so there exists an inverse function ygllu(‘,t), in the sense that

piu(ru(y,t),t) = .
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Smoothness and bounds for yy: For 0 < t < t,, y — uy(y,t) is of class C>((0,1)).
Fort >t y — pu(y, t) of class C>((0,1) \ {y~(t)}) where y=(t) := u; (X~ (t),t), and
is Lipschitz continuous on (0,1). In both cases there are exponents q+ > 0 and constants
0 < ¢ < C such that

~Cy™ T <pu(yt) < —cy T and py(y,t) = Oy ),y Lo

and

c1—y) ™™ <puly,t) <CA—y)™" and py(yt)=0(1-y)" =), y1t1

Smoothness and bounds for ur: For t > t,, y — up(y,t) extends by continuity toy €
[0,1] and is of class C>((0,1)).
All estimates involving y are uniform for bounded t > 0, in which case Ny (€) has a finite nonzero
limit as € — 0. Likewise all estimates involving py, are uniform for bounded t > t, with t —t;
bounded below by a positive quantity, in which case also Ny (€) has a finite nonzero limiting value.

Note that purr(Yes1,t) — pur(Yet) = py (Y t)/Nuc(e). Since Ny (e) are inversely
proportional to €, equations (2.1) and (2.2) assert that the sampling error is € times a uniform
multiple of the local spacing.

In particular, the power-law behavior of i;(y, t) asserted in this conjecture is strongly
supported by numerical experiments. For the initial condition (1.38), we estimated the ex-
ponents g from slopes of best-fit lines in plots of log(|uu,1(t)[) and log(py,ny(e)(t)) versus

log(€) over the range from e~ through e ~!2 and obtained

Lt g [ g |
0 1.00021 | 1.00021
ty 1.00023 | 1.00019
1.5 | 1.00028 | 1.00013

Therefore, for this initial condition, the exponents g+ appear to be approximately equal to 1
regardless of whether t < t,, t = t;,, or t > t;,. We also found that the linear fit of the data is
extremely accurate over the full range of scales.

In order to formulate similar conjectures regarding the imaginary parts of the eigenvalues
on the upper and lower branches, it is necessary first to notice that unlike the real parts, the
imaginary parts of eigenvalues on both branches are asymptotically small as € — 0, with
different asymptotic scales. See Figure 5. These plots strongly suggest that the imaginary
parts of the eigenvalues in Sy scale proportionally with €, while those on the upper branch
are somewhat larger. In fact, the plots in Figure 5 provide good evidence that the scaling
of imaginary parts of eigenvalues in Sy; is proportional to elog(e~!). Observing log-type
growth/decay via numerics is notoriously difficult. However, we are fortunate in that the
conditional results we will prove in Section 2.2 below are rather insensitive to the precise
scale of the imaginary parts of eigenvalues on the upper branch. It will be enough that they
scale as d(€) lying in the asymptotic range € < (e) < 1.
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Im[ok(1.5)], =27 Im[04(15)], e =27 Im[0x(15)], e =278
0.24 L 012 0.06
* 02 01" 005, .
016, 0.08 *, 0.04
K . ., ’
012 ., 0.06 - \ 003 .
*oe, elog(e™)
e, B _ -1 8!
0.08 e, clog(e™) 0.04 elog(e) 002 -
0.04 - . 0.02- . 0.01 -
€ . € | €
eece o o o S eeeressaeesee o o o S—eee -
-2 0 2 4 -2 0 2 4 -2 0 2 4 6

Figure 5: Upper and lower branch scaling for € = 27,277,278 and t = 1.5. The horizontal
axis is Re|[oy] in each plot.

Conjecture 3 (Upper branch imaginary parts). There is a scale 5(€) in the asymptotic range
€ < 0(e) < 1 such that the set {vy(t)} is the approximate sampling of a scaled e-independent
function vy : (0,1) x [0,00) — (0,00), i.e., as € — 0,

=
Nu(e)

holds uniformly over all indices k =1, ..., Ny(€). The function vy; has the following properties.
Lower bound: there exists a constant ¢y > 0 such that cyy < vy (y, t).
Edge behavior: there are exponents 0 < r+ < 2q+ + 1 (see Conjecture 2) and constants
0 < ¢ < C such that

(2.3) vuk(t) =d(e)vulye t)(1+0(1)),  yx:=

cy m(1-y) T <wlyt)<Cy -1-y)"™, y—0,1.

Smoothness: For 0 < t < t,, y — vy (y,t) is of class C*((0,1)). For t > t, y — vy (y, t)
is absolutely continuous on (0,1) and is of class C*((0,1) \ {y~(t)}), where y~(t) is as
defined in Conjecture 2.

All estimates are uniform for bounded t > 0.

Again, the power-law behavior of vi;(y, t) as y — 0,1 is supported by numerics. For the
same initial condition (1.38), by determining the scaling of vi; (t)/ (e log(e!)) for k = 1 and
k = Ny (e) with €, we obtained the following best-fit values of r., again with very accurate
approximation over the whole range of scales:

o 1o |
0 || 1.83460 | 1.83460
by | 1.83456 | 1.83464
15 || 1.83445 | 1.83475

Comparing with the experimental values of g+, we see that indeed the inequalities 0 < 74+ <
29+ + 1 are evidently satisfied.

Finally, we offer a conjecture summarizing our numerical observations concerning the
imaginary parts of eigenvalues on the lower branch if t > t;,.
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Conjecture 4 (Lower branch imaginary parts). The set {vp x(t)} is the approximate sampling of
a scaled e-independent function vy, : (0,1) x (t5,00) — (0,00), i.e., as € — 0,
=
Ni(e)
holds uniformly over all indices k = 1,...,Np(€). The function vy, has the following properties, in
which 6(e) is the scale from Conjecture 3, here asserted to have the additional property that

2.5) l465gody<:m

(24) vp(t) = evi(y, t)(1 +0(1)), yx:=

holds for € > 0 sufficiently small.
Lower bound: there exists a constant c;, > 0 such that c; < vp(y,t).
Left edge behavior: There exist constants ¢, C > 0 such that

cS(y)y! <we(yt) <Co(y)y™', ylo.
Smoothness: For t > t,, y — v (y,t) is of class C*((0,1)).
All estimates are uniform for bounded t > t, with t — t;, bounded below by a positive quantity.

Remark 2.2. The statement that v, (y,t) ~ 6(y)y ' as y | 0 is intended to capture the
phenomenon that the lower branch bifurcates from the upper branch at y = 0 (according
to the parametrization of the lower branch; it is instead the point y~ () in that of the upper
branch) and the imaginary parts of the eigenvalues on the upper branch are asymptotically
large compared to those of the lower branch eigenvalues. The assertion of integrability of
5(y)y~! at y = 0 is reasonable given the numerical evidence that 6(¢) ~ elog(e™!); see
Figure 5.

The approximate sampling properties asserted in Conjectures 2, 3 and 4 are easily il-
lustrated. After computing the eigenvalues of C(t) for a given small value of €, one omits
the outliers and partitions the bulk into 5, = Sy U Sy, based on the size of the imaginary
parts, and these sets of complex numbers are then ordered by increasing real parts. Setting
Nu(e) := |Sul, each point oy (t) = pyr(t) +ivy k() is then assigned a value of the param-
eter y = yi := (k— 3)/Nu(€). Likewise, if t > t,, setting Ni.(€) := |Sy|, each point o7 x(t) =
pupi(t) +ivpk(t) is assigned a value of the parameter y = vy := (k — 3)/Ni(€). Assuming
the hypothetical scale 6(e) = elog(e™1), the points { (yx, pux(t))} and {(yx, vu/5(€))}, and
if t > ty, {(yi, pri(t))} and {(yx, v x(t)/€)} can be plotted on the same axes for a range of
scales for €; these are shown in blue in the panels of Figure 6. One can clearly observe the
blue points condensing onto limiting fixed curves as € — 0. These limiting curves should be
the graphs of the sampling functions y — uy(y,t), y — vu(y,t), and for t > t, y — ur(y,t)
and y — vp(y,t). It is also straightforward to compute from the data difference quotient
approximations (numerical derivatives) as follows:

( k-3 t> ~ Hurn(t) = pui(t)

/
Ny(e)—? ot

< k-1 t> o Vi1 (t) — v i(t)

Nu(e)’ Ny (e) Ny (e)lelog(e1)’
k=3 — k—3 % -V
en i(ert) = e e = e
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vu(y, ty) and vj;(y, tp) fore =27,k =2,...,12

uu(y, ty) and py(y, ty) fore =275 k=2,...,12

80
60 i
|
1
40 -
20+
1
!
. 0
7 L . ! -10 [/ o . 1 . !
0 02 04 0.6 vE(ty) 1 0 02 04 0.6 vE(ty) 1
vu(y,1) and vj;(y,1) fore =27, k=2,..., 12
150 : i
: !
; |
100 | |
I
|
1
50| !
1
i :
i 0 e - 4
1 il
1 1
: //— :
1 1 1 _50 1 L 1 L 1
0 0.2 0.4 0.6 0.75 y=(1) 1 0 0.2 0.4 0.6 075 y= (1) 1
vi(y,1) and v (y,1) fore =275,k =2,..,12
ur(y,1) and g} (y,1) fore =27%k=2,...,12 4 .

0 L - 1 -4 . . 1 | CR
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 6: The real and rescaled imaginary parts of the eigenvalues (blue) in the sets
{oux(t)} = Sy and {opx(t)} = S, obtained from the matrix C(t) for the initial condition
(1.38), plotted versus the parameter y € (0,1) for t = t, (upper two panels) and t =1 > t,
(lower four panels). Also shown are the numerical derivatives with respect to y (red).

These are plotted against y as red points in the same figure. The red points also condense onto
limiting curves, although it is clear that the limiting derivative curves for the data obtained
from the upper-branch eigenvalues are discontinuous at y = y~ () whenever t > t,,.

We have not yet been able to prove these conjectures. We are aware of formal techniques
applicable to nonselfadjoint eigenvalue problems for differential equations with analytic co-
efficients, and such methods have been applied to deduce curves in the complex plane that
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attract eigenvalues in a semiclassical limit similar to N(e) — oo (see, e.g., [22]). Unfortu-
nately, the nonhermitian matrix C(f) does not have fixed bandwidth, so making an analogy
with differential or difference equations is challenging. Even though C(f) does have an ap-
proximate Toeplitz structure, we are not aware of methods in the theory of Toeplitz quan-
tization for nonhermitian matrices that would be sufficiently powerful to prove the above
conjectures. We will however apply elements of Toeplitz quantization to the Hermitian ma-
trix A(x, t) in Section 3 below.

2.2. Conditional small-e asymptotics of the sum (1.28). Now we will use the conjectures
inspired by numerical experiments to study the soliton ensemble for the BO equation with
initial data uo(x). We can split the sum (1.28) into three parts corresponding to outliers in S,
upper branch eigenvalues in Sy, and lower branch eigenvalues in Sy, i.e.,

2.8) u(x, t) = ug(x,t) + up(x,t) + (%, 1),
where
v f) = 2ev(t) N 2ewuh)
(2.9) )= U(f)ZGSu (c—nu(®)?+vt)? S (= puxt)? + vux(t)?
' e 2ev(t) B NL(e) 2evp k(1)
) = a(t)XelsL (x —u(t)2+v(t)? kzzl (x = pr(t)* +ve(t)?

and u,(x,t) :== u(x,t) —uy(x,t) — up(x,t) is the sum over the remaining outlier eigenvalues.
It will turn out that u,(x, t) is of lower order compared to the other components and can be
ignored (see Proposition 2.4 below). The other two terms evidently make quite different
contributions to the overall sum, as can be seen in Figure 7, which compares u;(x,t) and
urp(x,t) with u(x, t) for a value of t that exceeds the breaking time t,. These plots suggest

uy(x,1.5) up(x,1.5) u(x,1.5)
8 8 8

Figure 7: The two essential components u;(x, t) and uy(x, t) (see (2.9)) of u(x,t) compared
with u(x, t) itself for ug(x) = 2(1+x?)~1,t = 1.5,and € = 0.02.

that the rapid oscillations (which occur only after the breaking time) come from the term
ur (x, t) while the smooth background comes instead from u;(x, t).

First, we formulate a lemma showing that replacing the eigenvalues with their respective
sampling functions in either of the two summands (2.9) produces a relatively small error term
that is uniform with respect to the sum index.



BENJAMIN-ONO SOLITON ENSEMBLES 17

Lemma 2.3 (Sampling error). Assume that Conjecture 2 holds and fix constants K > 0 and
7 > 0. Then in the limit € — 0, the summand in uy(x,t) can be written in the form
(2.10)

2evy k(t) 2eb(e)vy(yx, t) k— %
: = 1+4+0(1)), =
(= e 02+ vus 2~ G paly D)2+ o(valye 02 ) Y= e

provided also Conjecture 3 holds, where the error term is uniform for 0 < t < K, |x| < K, and
k=1,...,Nuy(e). Likewise, as € — 0, the summand in u(x,t) can be written in the form

261/L k(t) 2€2VL (]/k, t) k — %
2.11 . = 1+o0(1)), =
Y ) 7Y G o (0 | Ry M AL LU L A 5

provided also Conjecture 4 holds, where the error term is uniform for t, +n < t < K, X~ (t) + 7 <
x < XT(t)—nandk=1,...,Np(e).

Proof. For convenience we suppress the dependence on t, which should be taken in dif-
ferent intervals depending on which summand is considered. According to Conjectures 3
and 4, we have vy, = 5(e)vu(yk) (1 + o(1)) with yx = (k— 3)/Nu(e) uniformly for k =
1,...,Ny(e), and vpr = evp(yx)(1 + o(1)) with y, = (k — 1)/NL(€) uniformly for k =
1,...,Nr(€). Therefore, it remains to get a corresponding uniform o(1) relative error esti-
mate for the denominator of each summand.

In other words, we want to obtain uniform o(1) estimates for

G = pup)? v = (= nu () + 0(e)*vu (ve)?] k=3
. Q”f| (x = pu(i))2 + o (€)vu (ye 2 B
and
M= )? ] = 10— pn(ve)? + v (ye)?] k=3
(2.13) Qrk = ‘ (= (g0 P+ L (ye)? ;Y= NL(ez)'

Let us write pyx = pu () + Dptu g, Hox = He(Vk) + Dppk, vur = 6(€)vu(yk) (1 + Avy ), and
vpx = evp (k) (1 + Avpi). We can assume that |[Avy x| < 1and |Avpy| <1, s0

2| — pu (i) || Apui| + | Apa el + 36(e)2vu (i) | Avy |

. < <
E18 Quis (5 )2 + e P (32 = Ruit 3w
where
20x — pu () || Apue] + [Apuil? k=3
215 R , W
@15 Lk (x — pu(yr))? + 6(e)?vu(yi)? Tk Nu(e)
and

2|x — pr (i) | Ap | + [App il + 3€?vr (yi)? | Avy k|
(x = pr(yx))? + €*ve(yi)?

(2.16) Qrx <

< Rp i+ 3|Avp x|
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where

2|x — App il + | Appi)? k—1
217) Rigi= | — 1 (yi) || ZVL,klz | VLz,k’ k=2
(x = p(yi))* + €*ve(yx)

Since Avyx = o(1) and Avp; = o(1) both hold uniformly for k = 1,...,Ny(e) and k =
1,...,Ni(e) respectively, it is enough to estimate Ry; x and Ry k.

First we consider Ry . If k is such that |x — py(yx)| > 1, then by neglecting 6(€)?vy (yx)?
in the denominator,

(2.18) Ry < 2. A1 +( | Ayl >2.
T = pu ()| X — pu(ye)|

But then we have the estimate by Conjecture 2

iy ( 100, (v) )
2.19 T =00 ——=L
@19 = ()] = ()]

which is uniform for k in the range 1 < k < Ny (e). This is O(€?) as long as y; is bounded
away from the endpoints 0, 1. However, according to Conjecture 2, u,(y)/puu(y) = O(y™)
asy J 0 while u{;(y)/uu(y) = O((1 —y) 1) as y 1 1. Using these estimates and the fact that
yr and 1 — yj are both greater than or equal to 1Ny (e) ~! shows that

A
020) x| =1 = 2L o@Ny(e) = 0e) = Rux = O(e)
|x = pu(ye)|
holds uniformly over the indicated subset of indices k. On the other hand, if |x — uy(yx)| < 1,
then by neglecting (x — 1y (yx))? in the denominator

20Apuel + [Dpuxl? _ 2Apuxl + 1Apul®
o(e)?vulw)®> — (€)%, '
where v;(y) > ¢y holds for 0 < y < 1 by Conjecture 3. Since p'(y) is uniformly bounded if

u(y) itself is, |x — pu(yx)| < 1 controls p’(yx) uniformly for bounded x, and hence Ay =
O(e*1' (yx)) = O(€?). Therefore

(2.21) Ry <

2

(2.22) lx —pu(yk)| <1 = Ry =0 ((5(66)2> =o0(1)
holds uniformly for bounded x and in the indicated range of indices k because € < J(e) < 1
as asserted in Conjecture 3. This shows that Ri; x = 0(1) holds uniformly fork =1,..., Ny (e)
if x is uniformly bounded. Hence also Qy; x = 0(1) in the same sense.

Next, we consider Ry ;. If k is such that |x — u(yx)| > €, then neglecting €?vy (yx)? from
the denominator as before,
(2.23)

|App il ( |App k| >2 |Apy | <!Aﬂu1<’>2
x — > — R; <2 - + : <2 =+ /! .
b= pe ()| e AT c c
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Since p} (y) is uniformly bounded on 0 < y < 1, we use the uniform estimate Ay =
O(e®u) (yx)) = O(€?) from Conjecture 2 to obtain Ry = O(e) as a uniform bound for
indices satisfying the indicated condition. Conversely, if |x — pur(yx)| < €, we omit (x —
11 (yx))? from the denominator instead and obtain

2e|Apy | + |Appgl? < 2e|App ] + [Appl?

2 7

(2.24) lx—pr(y)| <e = Rpxp < vy (1) = e2c

using v (y) > ¢ for 0 < y < 1 as follows from Conjecture 4. Again using Aup; = O(€?)
and combining with the result for |x — ur(yx)| > € shows that the bound Ry y = O(e) holds
uniformly for all indices k = 1,..., Ny (e). Hence also Q; x = 0(1) holds in the same sense. B

We now investigate the small-e asymptotics of each sum, starting with the outlier sum
uo(x,1).

Proposition 2.4 (Outlier sum). Let B > 0 be as in Definition 2.1, and assume that Conjecture 1
holds with some constant K > 0 and exponent 0 < p < 1. Then, 1 — p > 0, and

(2.25) uo(x,t) = Y 2evi(t)

— 1—
o (e, (6= ()2 + ()2 O(e™™")

for sufficiently small € > O where the error term is uniform with respect to x, t.

Proof. The sum (2.25) is positive because all its terms are positive, so

2evi(t) 2¢
2.26 <
(2.26) o G m@ e < L u

< Ke'™?,

where K = 2K/ B > 0is independent of x, t, €, as desired. [ |

Next we consider the upper sum u;(x,t). The main idea here is that the sum resembles
a Riemann sum for an integral, which in turn has an integrand involving a highly-peaked
function that approximates a Dirac delta. The first observation we make is that the conjec-
tured asymptotic behavior of py;(y,t) and vi;(y, t) near the endpoints y = 0,1 is enough to
neglect the contributions of the extreme eigenvalues on the upper branch.

Lemma 2.5 (Real parts close to x). Assume that Conjectures 2 and 3 both hold. Then, uniformly
for bounded t > 0 and bounded x € R, and arbitrary fixed n > 0,

B 2ev(t)
(2.27) uy(x,t) = Uk(ésu G0 L (0 +0(s(e)), e—0.
[ (£)—x[ <

Proof. We estimate the complementary part of uy;(x,t) by first invoking Lemma 2.3 to
obtain (denoting vy := (k — 3)/Nu(€))
(2.28)
2€Vk(t) 2 2€5(€)Vu(yk/ t)
ok (H)ESy (x - ,uk(t))2 + Vk(t)2 o (t)eSy (X - .MU(yk/ t))z + 5(6)2VU(yk1 t)z
[ (£) —x| =7 i () = x| =7

= (1+0(1))
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where we used the fact that the terms are all positive. But neglecting 6(€)?vy (y, t)? from the
denominator and using Conjectures 2 and 3 we get

Z 2€5(€)Vu(yk, ) < Z 2€5(€)VU(yk/t)
i (x = pu(yx, £))* + 6(€)?vulye 1)* i (x = pu (i t))?
pe(F) <x =] )=
2.29
(2.29) 2e6(e)y,

5 Z —2q_ :
ax(t)€Su Yx
ur(H)<x—n

Letting N_(€) = O(e~!) denote the greatest index k for which p(t) < x — 7, this latter sum
is just

(2.30) =y

because 2g— —r— > —1, which is O(J(e)) as desired. The estimate of the part of the upper
bound in (2.28) with yy(t) > x + # is similar, using 2q4 —r, > —1. [ |

Next, we have a Lemma that will help us compute the remaining terms in the upper sum
uy(x, t).

Lemma 2.6. Suppose that x € Rand n > 0. Let f : [x —y,x + 1] — R be a continuous
function with positive lower bound f(z) > c¢; > 0 that is differentiable with uniformly bounded
derivative: | f'(z)| < cy. The function

1 0f(z
(2.31) Ds(zi%) 1= 2+ 7= x)zf EL 252 T2)?

with parameter § > 0 is an approximate delta function in the sense that for any bounded Lipschitz
continuous function g : [x —1,x + 1] - R,

(232) / x:" Ds(z:%)g(2) dz = g(x) + O(5log(571)), & — 0.

Proof. Setting s(z) := (z —x)/(6f(z)), we have

/xxw Ds(z;x)dz = /’“rﬂ _1 (s’(z) + (Z_x)f/(z)) 6715

-1 x—y $(2)2+1 5f(2)?
o/ ef ) ds 1o §(z—x)f'(z) dz
(239 /17/ (Of (x—n)) 52+1 T +/x17 (z—x)2+8f(2)>

—x)f'(z) dz
:1+O(5)+/3517 (z—(x)zju)gzgr()z)zn’ 50,
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where on the last line we used the positive lower bound for f(z). But using also the upper
bound for |f'(z)],

W5z x)f'() dz
ey 0P+ ()

< C2(5/x+’7 z—x[dz b ) U w| dw
T Jey (z—x)24022 ey w41
= O(slog(67Y)), & —0.

(2.

Therefore,
x+y

(2.35) / Ds(z;x)g(z) dz = g(x) + O(élog(d +/ Ds(z;x)(g(z) — g(x)) dz.
x—7

Let c; > 0 denote the Lipschitz constant of g, so that [g(z) — g(x)| < ¢¢|z — x|. Then

x+n

< cg/ Ds(z; x)|z — x| dz
x=n

< Ccgd |z — x| dz

1
- oo /xr] (z —x)2+ 622

[ Datein)(s() - st) a2
(2.36)

where C denotes the finite positive maximum value of f(z) on [x — 7, x + ]. This upper
bound is again O(5log(671)), so the proof is finished. [

Now we may compute the upper branch sum.

Proposition 2.7 (Upper branch sum). Assume that Conjectures 2 and 3 hold. Then,

o 2evi(t) B
(2.37) uy(x, t) == ak(t)zésu OO0 Yu(x,t)+o(1), €—0,
where
271eN ,
239 ) = 2SS ) = dga(u)
ulby (X t),

and the o(1) error term is uniform on bounded subsets of (x,t) € R x [0,00) for which (x,t) is
bounded away from the curve (X~ (T), T) parametrized by T > t.

Remark 2.8. The product eNy;(€) converges as € — 0 to a finite nonzero value depending
on t only. In fact, for 0 < t < t,, eNy(€) — M defined in (1.10) as € — 0.

Proof. Thanks to Lemma 2.5 and the fact that 6(¢) = 0(1) as € — 0 it suffices to study the
sum over eigenvalues 0y (t) € Sy for which |py(t) — x| < 7 for any suitable 7 > 0. A suitable
value for 77 will be specified at the end of the proof. Letting k = k_, ..., k; denote the index
range for which |y (t) — x| < 5 holds, applying Lemma 2.3 and using the positivity of the
summand, the contributing terms can be written as

2evi(t) B & 2ed(e)v(yx)
(2.39) ak(t)zésu (x — ]/lk(t))z T v (t)2 =(1+0(1)) k:zk:, (x— ]/l(]/k))Z + (5(6)21/(yk)2/

() —x|<n
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where y; := (k— %)/Nuy(e), and for simplicity we are abbreviating p(y) := pyu(y,t) and
v(y) := vu(y,t). Since we have a sum of a sampling of a continuous function over a large
number of grid points because k; —k_ > €1, we can apply the Euler-Maclaurin formula in
the form

(2.40) Z h(k / (k) dic 4 1) £ Rk +/ ~ k| - bydk

k=k_

with hi(k) a function defined on the real interval [k_, k| by

2e5(€)v(yi) k=3
241 h(k) := , = ,
2a MO G e T Nu
Now, when k = ki, u(yx) &~ x £, so certainly |x — p(yx.)| > 37. Therefore |[h(ky)| <
8e5(e)v(yx, )y~ L. Since v(y) is a continuous function of y on any closed subinterval of (0, 1 ),
and is independent of €, we easily obtain

h(ky) +h(k-)
2

ke kg k_].

(2.42) = 0(ed(e)), €—0.

The last integral on the right-hand side of (2.40) can be estimated using that [k — |k| — 3| < 1
holds for all k € R, and hence with a change of the integration variable we get

ke 1 [k ke | d
a) | [ W= k= Dar| < 3 [ widk= g [ | TrvuGer + ) du
Thus, using (2.41) we have
ket / 1 Yei | d V(y)
e |f h(")("*“‘z)dk‘Seé(e)/yk_ &y (= u )P + 5@y | Y

Doing the differentiation, we get a larger upper bound as a sum of three terms:

w|d v(y)
— o |y see| <
where
e V()| dy
hi= [ e s
e 28(e)v(y)lY ()l dy
(2:46) e R e R LT
I — /M 2|u(y) — xv(y)p'(y) dy
' ) = P

) = )
where to write I3 we used the fact that v(y) > 0 and p/(y) > 0. Now, according to Conjec-

ture 3, we have a lower bound of the form v(y) > ¢y > 0, and as noted above v(y) attains a
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finite maximum on [y , ¥k, ] that we denote by C. Likewise, Conjecture 3 asserts the absolute
continuity of the derivative v'(y) on (0, 1), and hence

1 Yk 2C2 Vi
2.47 1<7/ () d d1<7/ /()] dy.
( ) 1> C%I(S(G)Z e ‘V (y)’ Yy an 2 = C%[§<€)2 " ’V (y>‘ Y

Since yx, ~ p~!(x £7), and the latter values do not depend on €, it is clear that [; + I, =
O(6(e)72) as € — 0. To estimate I3, we first use the upper and lower bounds on v(y) to
obtain

e 20u(y) — 1l (v) dy
(248) BEC L ) R Lol

We next split the integral at the point y = =1 (x); then y(y) > x holds for p~1(x) <y <y,
while u(y) < x holds for y,_ <y < pu~!(x). Therefore,

/m 2u(y) — x|p'(v) dy :< /m - /ﬂ*m) 2(p(y) — x)p'(y) dy
v () —x2+82 P~ \ i Juo ) [(uly) — 02 +0(e)>c 2

_ ( [ ) 2 — x)dy
x e ) ) (4 —x)2+6(€)cq]*

Carrying out the explicit integration and using the result in (2.48) gives
2C C C 2C
2.50) Iz < — — <
( TS0y (nlyk,) —x2+0(e)2ch (ulye ) —x)2+o(e)%cf; — o(e)2c,

soalso I3 = O(6(e)72) as € — 0. Combining the estimates and using € < §(¢) < 1 shows
that

(2.49)

k=k.

(2.51) Z h(k / h(k) dk = O(ed(€)) + O(es(e) 1) = O(es(e)™!) = 0(1), € — 0.
It only remains to consider the integral

/k+ h(k) dk = Ny (e) /yk+ h(Ny(e)y + 1) dy

Yi_
B Vit é(e)v(y) dy
@52) =N | i S
#¥,) Se)w(u=1(z)) 1 iz

1
= 2meNy(e) - — /
A R s BT P B T T )
where on the last line we changed variables by the increasing map z = p(y). Since u(yx, ) =
x+ 7+ O(e) as € — 0 and the integrand is O(J(e)) near the limits of integration,
(2.53)

k. x+ sle)v(u1(z
[ ey dk = 2meNy(e) - 2 7' 2 (s(é)zf(;)—l(znz i) & Oele)
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because eNy(e) = O(1). Finally, we appeal to Lemma 2.6 with f(z) := v(x~!(z)) and
¢(z) := ' (u~1(z)) !, which will satisfy the required hypotheses provided we now choose
n > 0 appropriately. If 0 < t < t,, we will take y = 1, butif t > t;, since x # X~ (t), we will
take 77 < 1|x — X~ (t)|. This choice guarantees that, according to Conjectures 2 and 3, f(z)
is continuous with a positive lower bound and is continuously differentiable (hence having
bounded derivative) for z € [x — 1, x + 1]; likewise g(z) is continuously differentiable (hence
Lipschitz) on the same interval. We conclude that

kg
[ k= 2meNu(©) 4 0 5(e) log (5(e) ™)
(2.54) - W=t (x))
. 27teNy (€) 1) 0
= o(1), e€—0,
w(pH(x))
because € < 4(€) < 1. Combining with (2.39), (2.41), and (2.51) completes the proof. |

Now we can turn our attention to the sum over the lower branch of eigenvalues, assum-
ing that (x, t) is inside the triple-valued region for Burgers’ equation.

Proposition 2.9 (Lower branch sum). Fix t > t;, and let x( be fixed in the interior of the triple-
valued region for Burgers’ equation, i.e., X (t) < xo < X7 (t). Assume that Conjectures 2 and 4
hold. Then,

l[JL(X(), t)sinh ((PL(X(), t))

(2.55) ur(x,t) = cosh (¢ (xo,t)) — cos (Pr(xo, t)e1(x — x0) + 27tp(x0))

+0(1), €—0,

holds uniformly for x — xo = O(€3/*) where p(xo) is a uniformly bounded (bound independent of
xo) phase shift, see (2.70) below, and

27teNL (€)

2.56 )=,
(236 et = T (0,0

L(x, 1) = pr(x, e (ug ' (x, 1), 1)

Proof. For brevity, we write v(y) := vi(y,t) and p(y) := pp(y, t) for the sampling func-
tions defined in Conjectures 2 and 4 as t is fixed and we are only concerned with the lower
branch. For uy (x, t) defined by (2.9), we first apply Lemma 2.3 to get

Lo aag e
(2.57) ur(x, ) = (1+0(1)) k; G —n(y) 2 +evy? 77 Ni(e)

because the terms are all positive. We will work with the explicit sum and then deal later
with the multiplicative factor 1 + 0(1). The leading-order contribution to the explicit sum
will come from the terms where u(yy) is close to xo which we specify by the condition
|u(yk) — xo| < 2€" where r is an exponent with 0 < r < 1. Indeed, under the comple-
mentary condition |p(yx) — xo| > 2€”, we have |x — ue(y)| > ||p(yx) — xo0| — |x — x0|| =
|1 (yx) — xo| — |x — xo| > € for € > 0 sufficiently small, because x — xg = O(e3/4) = o(¢€")
holds for r < 1. Therefore, neglecting the term €?v(y)? in the denominator and extending
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the sum over the full range of k, the sum of complementary terms is estimated as follows:

NL(E’)

22 (yx) el v(yx)
(2.58) k:Z‘i (x — 1(y)2 + €2v(ye )2 < 2eNp(e) k:Z‘i Ni(e)

|1 (yx) —2x0] >2€"

The last sum is a Riemann sum for the integral fol v(y) dy which is finite according to Con-
jecture 4. Since eNp(e) = O(1) as€ — 0 and r < 3, the sum (2.58) of complementary terms
tends to zero with €.

The remaining terms in the explicit sum on the right-hand side of (2.57) have indices k
in the set " := {j = 1,2,...,Ni(e) : |u(y;) — xo| < 2€"}. Next we show that for the terms
in the explicit sum with indices in S”, we can replace v(y;) in the summand with v(x~!(x))
because r > 0. Indeed, consider the difference

_ 26u(yy) 2 ()
@) D= L\ G + P~ G s + v )
ey 10— 1)~ v ol (vis) vl (x0)
2 [ = p(ye))? + €2v(yi)? [(x — plye))? + e2v(p—1(x0))?]

Since the function x — v(x~!(x)) is continuously differentiable near x = xo, the condition
|1(yx) — xo| < 2€” implies that |v(yx) — v(p~ 1 (x0))| < €, and therefore

2 (x = 1Y) + ev(yev(p 1 (x0))
@60 IDIS e L a2 T v e — k()2 T (i ) P

Furthermore, according to Conjecture 4 we have the lower bound v(y) > ¢, > 0, and as v is
a C! function near p~!(xo) > 0, we have also a local upper bound: v(y) < K, so

2.61 D| < 2t (X—H(yk))Z dgr 1 ‘
= DI L o pr+ P ¢ & o w)+ P

LetSh:={ke S :|x— )| < €}. Then the cardinality of S, is |S}| = O(1) as€ | 0, so
0 Hly y 0 0

(x — p(yi))? <y €—24§€_2,

kes;, [(x = p(yx))? + €2c;]? ket ect

1 1
< — Se
L G reaqr < L ad

(2.62)

and therefore the terms indexed by S{, contribute O(€") to the right-hand side of the estimate
(2.61). Then for the remaining indices in S” we can write

(x — u(y)? o

kes\S} [(x - .”(yk))z + ezc%]z = keSZ\SS (x - .u(yk))Z’
1 1

B ey e A D ey

(2.63)
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Then, for either exponent p = 2,4, we can use the positive lower bound on p/(y) = ) (y,t)
implied by Conjecture 2 to get
1

1 . Wiy 1
(2.64) keSZ\S{) (x — ulyx))? < N )keSZ\S{) (x —u(yx))? Nr(e)

Since 1/ Ny () is exactly the spacing of the points yy, the latter sum is a Riemann sum for an
integral, and hence

1 dp
— < [EPAY
(2.65) keSZ’iSS (x —uly))r ~ NL(e) /‘u_xZe (x =)’

wherein the integration is extended to u = oo as a finite upper bound since p = 2,4.
Performing the integration shows that

1
(2.66) —— < Ni(e)e P <e?, p=24.
Ly Gty ~ N P

Combining with (2.63) shows that also the terms with indices in S" \ S}, contribute O(€") to
the right-hand side of the estimate (2.61) so D — 0 as € — 0.
Therefore, it remains to analyze the sum

5 2¢?v(p! (x0))
res (x = 1(ye))? + v (= (x0))?

which can be written in the form

(2.68) r= 2 Y1 (x_”(yk)> L(z) =

v(p () & \ev(p(xo)) T 240

(2.67) Y =

4

Let ko € S” be the index such that |xo — p(yx)| is minimized. The spacing of the points ()
near X is approximately N (€)' (y,). More precisely, since u(y) is twice continuously
differentiable according to Conjecture 2 with derivative ' (yx,) > 0,

269) () = lon) = ) 0K o ( (R kY’

: Yk H\Yk) = 1 Yk N (€) NL(€)

We next express x in terms of the phase shift p(xg), which is defined by the relation
_ / p(x0)

(2.70) X0 = .u(yko) + U (yko) NL<€> :

The phase shift p(xg) must be bounded with an upper bound on |p(xo)| close to 1 because
ko minimizes the distance between x¢ and p(yx). Combining (2.69) and (2.70), we write the
argument of L in the summand of (2.68) as

_ox—pw) _ o ke—k o (=R
(2.71) Z= ev(p—(x)) + O(xp; €) +0 ( NL(€) )’
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where

X — X0 p(xo)
ev(pt(x))  Q(xor€)’

(2.72) w =

and Q)(xo; €) is the quantity

o ENL(OV( (x0))
(2.73) Q(xp€) = IRIEA

which has a finite nonzero limit ()(xp;0) as € — 0. We notice that the error term in the
argument of L will be small of order O(e'~2) for indices k € S” for which |k — ko| < €79,
where g is any exponent with 0 < g < 1. Using also r < 3, these terms will be a small
fraction of the total cardinality |S"| ~ €~! because g + r < 1. Since z — L(z) obviously has

a uniformly bounded derivative,

L Hawin) = I [Herake) o)

keS” keS”
274 lk—ko| <€~ lk—ko| <€~
' ko —k
= )Y L <w+ 0 > + 03, e—o0.
keS’ Q(xo;€)
k—ko|<e™

To ensure that the error term in (2.74) is small we will now further constrain g by assuming
g < % Now, for k in the complementary part of S” where |k — ko| > €77, we see that if we
can guarantee the condition x — xg = o(e'77) as € — 0, we have w = o((kg — k) /Q(x0; €))
because also p(xg)/Q(xp; €) is bounded. Therefore,

_ ko — k
(2.75) 7= ej(y}i(({clz)))) = Q?Xo;e) (1+0(1)),

so for these terms the argument z of L satisfies |z| = €77. Since L(z) = O(z72) as z — oo,

x — p(yk) > 2 2q4+r—1
2.76 E L = E O(e) = O(e™ ,
(2.76) | ke‘S’ <€V(V_1 (x0)) | = (e) (e )
k—ko|>€1 k—ko|>€

because these terms constitute the dominant fraction of those in S”, and |S"| ~ €"~L. For the
same reasons, we also have

ko—k \ _ o 2001
(277) kg, L <w + ()(X(),é’)) = O(G q+ ),

Ik—ko|>e 1

so combining (2.74), (2.76), and (2.77) we obtain

2.78) ) L ( > Y L ( k(xo;];)) + 03 4+ 0¥, e—0.

kesr kesr
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To guarantee that the term O (€217 1) is negligible ase — 0, we must put a lower bound on
g, namely g > 3(1 — r) which also implies g > } because r < 1. With this inequality on g
we can verify that because x — xg = O(e¥/4) it also holds that x — xg = o(e!71), exactly as
presumed above.

Now that the argument of L(z) := (z2 + 1) ! is linear in the index k, the corresponding
infinite series summing over k € Z is explicitly convergent [14, 1.445.9]:

Lt (v ate) = ZH( anve)

(2.79) kez
B 1t x0; €) sinh(27tQ)(x0; €) )
~ cosh(27tQ)(xg;€)) — cos(2mQ(xp; €)w)

Henceif 0 <r < 1and } < J(1—7) < g <}, thebound x — xg = O(e%/*) yields

Q) (xp; €) sinh(271Q)(x0; €))

nlye) ) _
(2.80) k;yL <€V (xO))> ~ cosh(271Q)(xp; €)) — cos (2t (xp; €)w)

+0(1), €—0,

and referring back to (2.67)—(2.68), this implies that X is given by

) 262 (3 (x0))
@80 L= Y ) + ()
2O (xo; €) sinh(27tQ)(xo; €))

= 1 .
v(p=1(x0)) cosh(2tQ)(xp; €)) — cos(2tQY(x0; €)w) +o(l), e=0
Under the same conditions on r we have already seen that D = 0(1) (see (2.59)) and that
the right-hand side of (2.58) is 0(1). Combining these results with (2.57) and noting that
210 (x0;€) = ¢Pr(x0,t) and 27t (xp; €)w = P (xo,t)e 1 (x — x0) + 27tp(x0) (see (2.56)) com-
pletes the proof. |

Combining Propositions 2.4, 2.7, and 2.9 gives us the complete result.

Theorem 2.10 (Asymptotic expansion of the soliton ensemble). Let ug be an admissible ini-
tial condition with one inflection point to the right of the maximizer, and let u(x, t) denote the cor-
responding soliton ensemble solving (1.1). Suppose either that 0 < t < ty, or that t > t, and
x € R\ [X(t), Xt (t)], and that Conjectures 1, 2, and 3 hold. Then

(2.82) u(x, t) =ypu(x,t)+o0(1), e—=0

with the error term being uniform on compact subsets of the indicated domain. On the other hand, if
t >ty is fixed and xo € (X~ (t), Xt (t)), and Conjectures 1, 2, 3, and 4 hold, then as € — 0,

1PL(X0, t) Sil’lh((PL(xOI t)) + 0(1)

(2.83)  u(x,t) = yu(x ) + cosh(¢r(xo0,t)) — cos(ipr(xo, t)e~ ! (x — xo) + 27p(x0) )

with the error term being uniform for x — xo = O(3/4).
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2.3. Comparison with expectations of Whitham modulation theory. The explicit terms
on the right-hand side of (2.83) give, for each fixed (xo,t) a periodic function of x that is
the profile f of an exact traveling wave solution u(x,t) = f(x — ct) of the BO equation
(1.1); see [1, 27]. The periodic wave has wavelength proportional to €, and the approxima-
tion asserted in Theorem 2.10 is valid for a range of values of x — xg that includes a large
number (O(e~1/4)) of wavelengths. Resolving the time dependence would require further
conjectures regarding the time dependence of the eigenvalues oy(t) that goes beyond the
scope of our paper. However, as the parameters (x, t) vary within the domain f > t, with
X~ (t) < xo < XT(t), the parameters of the periodic wave vary as well, which means that
the soliton ensemble is actually a relatively slowly modulated periodic wavetrain.

According to the formal Whitham modulation theory for the BO equation developed by
Dobrokhotov and Krichever in [7], modulated periodic waves should have the form given
in (2.83), but the quantities ¥y, ¥, and ¢ should be given as functions of (x,t) in terms
of three Riemann invariants solving a system of uncoupled Burgers equations. We identify
these Riemann invariants with the branches of the multi-valued solution of Burgers” equa-
tion with initial data ug. Matching the formula (2.83) with the Whitham theory requires the
following explicit identifications:

(2.84) Yu(x,t) = up(x1),

and, for (x, t) in the multi-valued Burgers region,

up(x,t) —uOB(x,t))
ub(x,t) —ug(x,t) )

The numerical approximation of the multiscale soliton ensemble u(x, t), and the slowly vary-
ing modulation parameters 1 11(xo, t), and ¢ (xo, t) obtained from the eigenvalues oy (t) are
plotted along with the expressions above in Figure 8. This shows that the distribution of
complex eigenvalues oy (t) of C(t) indeed produces an approximate formula (2.83) for the
BO soliton ensemble associated with the initial data ug that is fully consistent with Whitham
modulation theory.

(2.85) Pr(x, t) = uZB(x,t) — u]f(x,t), or(x,t) = = log <

3. Asymptotic properties of the real eigenvalues a;(x,t) and their implications.

3.1. Estimates on derivatives of the eigenvalues and the importance of small eigen-
values. Letay(x,t), k=1,...,N, denote the eigenvalues of A(x, t) and let ui(x, t) denote the
corresponding orthonormalized eigenvectors. Recall the formula (1.22) for u(x,t) in terms
of the eigenvalues of A(x,t) and their derivatives with respect to x. By differentiation of the
relation A(x, t)ux(x,t) = ag(x, t)ug(x, t) and noting that the coordinates (x,t) only occur in
the diagonal entries of A(x, t), we find that the x and t derivatives of ax(x, t) can be expressed
in terms of the eigenvector u(x,t) as

a Nee) a,x Nie)
(3.1) = Y (—2A)|ugj(x, 1) 2, k Z —4A2) | j(x, )|
j=1 =1
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u(x,1) and its leading order approximation for e = 2712 u(x,1) for € = 2712 and uB(x,1)

1.5+

_

JUWWUUUUUWWUL " — N

L I 1 I I
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#1(x,1) for € = 272 and its limiting curve

1(x,1) fore =272 and uB(x,1) - uB(x,1
(4 > 1

25
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Figure 8: The theoretical asymptotic expressions (dashed green) for the soliton ensemble
u(x,t) ((2.83) with xg = 3) and modulation fields {71 (x,t), and ¢r(x,t) (see (2.84)—(2.85))
compared with the soliton ensemble for fixed nonzero € = 27!2 (see (1.28)) and correspond-
ing numerical approximations of the modulation fields obtained from eigenvalues of C(t)
and the coincident discretizations of the functions pr,1(y), py; 1 (y), and vi(y) (blue curves).

Since —L < A; <Oforj=1,. ..,N(e), it is clear that

aak 2 aﬂék
(3.2) 0< g(x't) <2L, —4L°< ﬁ(x't) < 0.

We next note that only small values of « actually contribute to the sum. Indeed, we know
from (3.2) that 0 < d,a;, < 2L, hence

() y L 4IN(e)e < el

(3.3) ) .
e (€7 (2, 1)) +1 lag|>e” er—2

This goes to zero as € — 0 when r < 3.

3.2. Numerical experiments. We first observe the distribution of small eigenvalues of
A(x,t) and their corresponding (normalized) eigenvectors via numerics. See Figure 9. These
computations suggest that on subintervals of x € (X (t), X" (t)) where the method-of-
characteristics solution of the inviscid Burgers equation with initial data u(x) is multi-
valued at some fixed time t > t;,, most small eigenvalues a(x,t) have either a specific large
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Figure 9: Numerical plots of small eigenvalues ax(x, 1) versus x, for three different values of
€. The value of t = 1 > t; is selected so that for the range of x in the plots, there is an interval
X (t) < x < X'(t) delineated with vertical red lines on which the solution of Burgers’
equation is multi-valued. It is clear that for x € (X~ (t), X (¢)), there are both slow-moving
and fast-moving eigenvalues whose trajectories actually form a system of non-intersecting
paths. (The vertical line at x = 3.25 is for reference only; see Figure 10 below.)

x-velocity aj ,(x,t) or a small x-velocity. The small eigenvalues ax(x, t) also appear to never
coincide for any x; hence there are also numerous near-collisions between fast-moving and
slow-moving eigenvalues in which what actually occurs is that a slow eigenvalue rapidly
accelerates while a fast eigenvalue decelerates. On the other hand, if there is only one branch
of the Burgers solution above (x,t), then all of the small eigenvalues appear to be of the
slow-moving type.

The overall distribution of the eigenvalues ay(x, t) in the limit € — 0 is known according
to [24]. Indeed, the following limit holds in the weak-* sense:

‘ M N(e)
lim N k; bup () (@) = G(a; x, t) da,

(3.4)
1 /0 dA
G(a;x,t) := Tin [LX[—ZA(x+2/\t—x+(/\)),—2/\(x+2/\t—x,(A))](’X)T/

where x| denotes the characteristic function of the interval I, and x_(A) < x4 (A) are the
two turning points satisfying uo(x+(A)) = —A. So, given # € R, the limiting density of
eigenvalues near « is computed as —1/(477) times the integral of 1/A over those subintervals
of A € (—L,0) where the inequalities —2A(x +2At —x1 (1)) < & < —2A(x +2At —x_(A))
both hold. In the case that the inviscid Burgers solution with initial data uo(x) has three
branches, ug(x, ) < u'f(x, ) < uZB(x, t), and that « is small, there are two such subintervals:
[—uB(x,t) +0(1), —uP(x,t) + 0(1)] and [—uf(x,t) + 0(1),57(«)], where 17(a) < 0 is a small
quantity that satisfies the implicit equation

144

3.5) o (zw)

+x+ 217(a)t) = —n(a).

For positive rational uo(x) there is an integer p > 0 and a constant C > 0 such that uo(x) =
Cx2P(1+ O(x71)) as x — d-o0. Solutions 7 (&) of (3.5) that are small as « — 0 necessarily
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satisfy 77(a) < &, in which case the above large-x approximation of 1 yields that

27 (2p—1) 1 \ /@1
- _ p/(2p— =
(3.6) n(a) = —Kla| (14+0(1)), a—0, K:= (22PC) .
Therefore, for small &, the density G(«; x, t) is approximated by
Glayx,t) = — ¢ [In(ud(x, 1) +0(1)) ~ In(u (x,) + (1)

(37) +In(=y()) — In(uf(x, 1) +0(1))]

_ 1 2 -1

= 4n2p_1ln(|(x\ )+ O(1), a—0.

Thus, the overall asymptotic density of eigenvalues ay(x, t) diverges logarithmically as &« —
0. There are therefore many small eigenvalues ai(x,t), and when x € (X~ (), X (t)), the
plots in Figure 9 suggest that the majority of these are slow-moving eigenvalues’. One may
think of the origin « = 0 as locating a kind of “traffic jam” of eigenvalues with small positive
x-velocities through which a small number of fast-moving eigenvalues repeatedly pass with
increasing x.

The x-velocity of an eigenvalue & = ay(x, t) can be expressed explicitly in terms of its cor-
responding normalized eigenvector ui(x,t) by (3.1). One can then calculate the x-velocities
of all the (small) eigenvalues directly from numerically computed eigenvectors. Selecting the
value of x at t = 1 corresponding to the vertical line at x = 3.25 in the plots in Figure 9, the
velocities of the eigenvalues in the range |x| < €!/3 (larger eigenvalues make a negligible
contribution to the sum in (1.22) by (3.3)) are plotted against the eigenvalues « for a series
of decreasing values of € in Figure 10. These plots suggest that as € — 0, the “fast” small
eigenvalues are in the minority, they have a regular spacing proportional to €, and (perhaps)
their velocities approach a limiting value in the range (0,2L). Two possible limiting values
are shown in the plots as horizontal lines; clearly the solid green line is a better fit than the
dotted red line.

To explain the predictions behind the horizontal lines in the plots of Figure 10, we may
look at and compare plots of the square modulus of components of an eigenvector uy(x, t)
for slow and fast eigenvalues. See Figure 11. The plots clearly show that whether a small
eigenvalue is “slow” or “fast”, the eigenvector is strongly localized in two subintervals of
the rescaled index y; = €(j — 1), which generally lies in the range 0 < yj < Masj € Zvaries
from j = 1to j = N(e). One of these intervals abuts the right edge y; = M but the other
is bounded away from this edge. The “slow” eigenvector appears to be supported in the
abutting interval while the “fast” eigenvector evidently has some support in both intervals.

2The majority of the intersections with any given vertical reference line such as x = 3.25 in Figure 9 are
evidently with curves having the smaller of the two slopes. On the other hand, the majority of the intersections
with the horizontal line # = 0 as x varies in the multi-valued interval are with curves having the larger of the
two slopes, i.e. most of the eigenvalues crossing the origin « = 0 with varying x are of the fast-moving variety.
Note that according to (1.23), we have A(x,t) = D(xI — B(t))D, and hence A(x,t) has « = 0 as an eigenvalue
precisely when x is an eigenvalue of B(¢).
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Figure 10: The eigenvalue velocity ay ,(x,t) determined from the eigenvector according to
(3.1) plotted against the eigenvalues a(x,t) in the range |a| < €'/3, for (x,t) = (3.25,1)
and various indicated values of €. For the indicated initial condition, L = 2, so all
derivatives a, lie in the range 0 < ay < 2L = 4. The dotted red line is ay =
2uB(x,t) — ub(x, 1))/ (In(ub(x,t)) — In(uB(x,t))), and the green line is ay = 2(uB(x,t) —
W (x, 1))/ (In(ul (x, 1) — 1B (x, 1)) — In(ub (x, ) — uf(x,1))).

Moreover, there is evidence in the plots that near the right edge, |u(x, t)|* is proportional
to (M — y]')_l, which is not integrable as a function of y;. Therefore, if there is any support
of ui(x,t) in the interval abutting this singularity, the constant of proportionality must be
very small for the eigenvector to be normalized. Now, recalling that as j varies from j = 1 to
j = N(e) the numbers A; increase monotonically from Ay ~ —L to Ay ) = 0, and in fact one
can show that for ug(x) = 2(1+x?)~!, Aj = O(M — y;) near the right edge. Consequently,
for such eigenvectors the formula (3.1) predicts a small value of d,ax(x, t).

This means that in order for an eigenvalue a,(x, f) to have a velocity o ay(x, ) that is not
small in the limit € — 0, it is necessary for the corresponding eigenvector to be predomi-
nantly localized in the other subinterval of (0, M) that does not abut the right edge. This
could happen in two different ways:

1. In the limit € — 0, the eigenvector could have no support on any interval abutting the
right edge y; = M. If this is true, then the plot in the right-hand panel of Figure 11
is misleading in the sense that if € is made smaller the evident support near the right
edge should disappear rapidly.

2. In the limit ¢ — 0, the eigenvector could have a nonzero limiting fraction of its
norm in the subinterval abutting the right edge; since |uy;(x, t)|? is proportional to
(M—yj)'and M — YNe) = O(e'/?) as € — 0 for up(x) = 2(1 + x?)7}, this sug-
gests that the proportionality constant on the abutting interval should be small of
size O(In(e~1)71).
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up(x) =2/(1+x2), € =1.5625x107*, x=3.25, t =1 up(x) =2/(1+x2), € =1.5625x107*, x=3.25, t = 1
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Figure 11: Left: an (here, unnormalized) eigenvector of A(x,t) for a “slow” eigenvalue.
Right: an unnormalized eigenvector of A(x,t) for a “fast” eigenvalue. Values of |uj|? are
shown with blue points. Also shown with green curves are best fits (choice of a9 > 0) on
the intervals bounded by the y-values corresponding to the three values of the multi-valued
solution of the inviscid Burgers equation (indicated with dashed vertical lines) to the ap-
proximate squared amplitude a3A’(y)/(—A(y)). For the “slow” eigenvalue, the best fit is
for a3 ~ 6.461 x 1075. For the “fast” eigenvalue, the best fit for the left support interval is
a3 ~ 2.983 x 107 and the best fit for the right support interval is a3 ~ 4.873 x 107; the
fraction of the squared ¢ norm in the right support interval is approximately 0.7543.

To see the full implications of these two alternatives requires an asymptotic theory of eigen-
vectors of A(x, t) that we will develop next. However, we may point out at this juncture that
the dotted red line in the panels of Figure 10 corresponds to the first case, while the green line
corresponds to a specific choice of small proportionality constant in the second case, selected
to match the formal predictions of Whitham modulation theory [7].

3.3. Analysis of eigenvectors of A(x, ). As suggested by the above numerical obser-
vations, we distinguish two families of “fast” and “slow” eigenvectors. An explanation for
these two types of eigenvectors may lie in semiclassical analysis, and more precisely, on
Toeplitz (or Berezin-Toeplitz) quantization. Indeed, one might notice that the matrix A(x, t)
resembles a generalized Toeplitz matrix, whose entries vary slowly along the diagonals.

To exhibit this structure more clearly, let a monotone increasing function A : (0, M) —
(—L,0) (see (1.10) for L, M) be defined as

(3.8) [ AL(y) F(A)dA = .

It follows that A'(y) = 1/F(A(y)) and A; = A(e(j — 3)), see (1.15). We can write the off-
diagonal elements of A(x,t) as

2A(y;) i
N(yj) k—j

(3.9) Aj(x,t) = +ef(yj, Dyi), k#j
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in which

o1 .
(3.10) yji=¢€ <] — 2) ;DY = e(k—17),

Aly +8y) = Aly) = N (y)ay 55"
(3.11) Fly, Ay) = —2in(y) Y DY A

N (y)By[A(y + By) — Ay)]

Both the numerator and denominator of f(y, Ay) are smooth e-independent functions of Ay
that vanish to second order at Ay = 0. In fact, we can let Ay — 0 and obtain the limiting
value

N(y)? = AWA"(y) _ . d Aly)
AN (y)? dy A'(y)

Note that the diagonal elements of A(x, t) can also be expressed as the sampling of a smooth
function:

(3.12) f(y,0) =i

(3.13) Aji(x, 1) = =2A(y;) (x + 2A(yj)t + 1 (A(y))))-

Numerics shown in Figure 11 and in Figure 13 below suggest that on ranges of indices
j where eigenvector elements uy ;(x,t) of A(x,t) are not small, they have slowly varying
amplitude and rapidly oscillating phase. Heuristically, we therefore propose a wavepacket
approximation of the eigenvectors uy via a WKB-type expansion. The proof of the following
proposition relies on a hypothetical but reasonable estimate; see (3.39) below.

Proposition 3.1 (Wavepacket approximation at non-stationary points). Let | be a finite union
of pairwise-disjoint closed subintervals of (0, M), and denote by |5 the corresponding union of closed
intervals each of which is one of the intervals of | extended by & at both ends, such that the intervals
of Js are also pairwise-disjoint and contained in (0, M). Suppose that an amplitude function a : J5 —
R~ is of class C®(]5) and strictly bounded away from zero, and that a phase function S : Js; — R
is of class C*(]s) with derivative S’ strictly bounded away from 2rtZ. Let x be a C®(0, M) cutoff
function for which x(y) = 1fory € Jand x(y) = 0 fory € (0, M) \ Js, assume that a(-) and S(-)
are functions independent of €, and define a wavepacket ansatz u with components u; given by

(3.14) uj = x(yj)a(yj)eis(yf)/e, yi=¢€(j—1/2).

Then w is an approximate eigenvector of A(x,t) with eigenvalue « € R in the sense that for each

yiel
(3.15) [(A(x,t) — al)u); = (Z(yj;€) + O(€?))u;

holds with (y;; €) being a uniformly bounded function of y; € | that has zero mean with gridscale-
wavelength (i.e., O(e) in y;) oscillations wherever S" (y;) # 0, provided that
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Figure 12: The graph of U(6) on (—7r, 77).

e the phase derivative S'(y) satisfies the eikonal equation

16 —200) (2000 +9(a0) - o) —a, yey,

where U is the piecewise-linear function defined on (—7t, 1) whose graph is shown in Fig-
o ?l:: ;i?litude a(y) is subject to the equation:

1) d A MWW

dy A'(y) ~ N(y) aly)
Note that unlike (3.16), the amplitude equation (3.17) is independent of the eigenvalue .

Remark 3.2. The constraint that U(0) € [—, 7t] gives a range of admissible values for y
for which the eikonal equation (3.16) can be solved for S§'(y), and the intervals of ] should
consist of admissible values only. When a = 0, the endpoints of intervals of admissible y can
be identified with the branches of the possibly multi-valued solution of Burgers” equation,
see Corollary 3.5 below. For the coordinates (x,t) selected for the plots in Figure 11, there
are three branches of the solution for the indicated initial condition and the corresponding
interval endpoints are indicated on the plots with dotted vertical lines. For such admissible
y, we can use the identity U(U(6)) = 6 to solve explicitly for S’(y) when a = 0:

(3.18) S'(y) = U (N (y)[x +2Aw)t+7(Ay)]) -

From (3.18) we can see that if 1 is an analytic initial condition so that A(y) is an analytic func-
tion of y € (0, M), then there are at most finitely-many points y € (0, M) for which §"(y) =0
and near which the function {(+; €) fails to be rapidly oscillatory. For the wavepacket ansatz
(3.14), the meaning of S'(y) is that it should be the approximate value of the site-to-site phase
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shift, as can be seen by Taylor-expanding the phase S(y;) about y;_1, using y; = y;_1 +e€. In
Figure 13 we illustrate the remarkable accuracy of the prediction of the formula (3.18) for this
phase shift.

up(x) =2/(1+x2), e=15625x107%, x =3.25, t= 1 up(x) =2/(1+x%), €=1.5625x107%, x=3.25, t =1

arg(uj/uj_1)

I
]
:, I
|
|

[ =3.07x 10, @, =1.98 %102

NI

a=-0.0175, ax =2.188] !

arg(uj/u;j-1)
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0 0.2 0.4 0 0.2 0.4 0.6 0.8 1

i Y

Figure 13: Same as Figure 11, except plotting the relative phase of nearest neighbor eigenvec-
tor elements in blue, and comparing with S'(y;) = U((x +2A(y)t + v(A(y)))/F(A(y))) in
green as determined from the eikonal equation for « = 0. Note that for the eigenvector for a
“slow” eigenvalue (left panel), the phase shift predicted by the eikonal equation is even ac-
curate in the interval of admissible y; that does not abut y = M, where the amplitude is very
small. On the other hand, for the “fast” eigenvalue (right panel), some accuracy of the phase
prediction is evidently lost near y = M, possibly because the eigenvalue « is not sufficiently
small.

Remark 3.3. Similarly, by explicit integration of the differential equation (3.17), the ampli-
tude a(y) > 0 can be obtained for y in the range of admissible values in the form

(3.19)

If there are multiple pairwise disjoint intervals of admissible values of y € [0, M], then the
value of the integration constant ap > 0 may be different for each. The form (3.19) can be
fit by a least-squares computation to determine the value of 4y in each interval of admissible
y; from given eigenvector data; such fits are shown with green curves in Figure 11; they are
also remarkably accurate on the support subinterval of [0, M] that abuts y = M. The approx-
imation appears to be slightly less accurate on the support subinterval that is separated from
y = M as seen in the right-hand panel of Figure 11, because there are noticeable gridscale-
wavelength fluctuations about the mean predicted by (3.19). We may expect that these terms
might be captured by a refinement of the ansatz (3.14) to include a highly-oscillatory correc-
tion to the amplitude which could perhaps be chosen to removing the oscillatory correction
(yj; €) from the residual in (3.15).

Let us now turn to the proof of Proposition 3.1. The following lemma will be useful.
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Lemma 3.4 (Nonstationary phase sums). Suppose that h : R — C is of class C*(R) and has
compact support supp(h) = [a, b], and suppose that S : supp(h) — R is of class C*(R) with S'(y)
bounded away from 2rtZ on supp(h). Then recalling the notation y = yy = e(k — %),

(3.20) ) h(ye)eSW/e = 0(e®), e — 0.
kez

Proof. By the Poisson summation formula,

Z h yk 1S (vx)/ Z / —2mkmh 1S(yk)/6 dk

kez mEZ

2 E / (y)elSw)—2mmy) /e g

mEZ

(3.21)

Integrating by parts n > 1 times, we get

(3.22) /h(y)e( (v)— 27rmy)/edy_€ /h y;m ) i(S(y)— any)/edy
R
wherein the function h,(y; m) is defined recursively by ho(y; m) := h(y) and
cd [ o (y;m)

- a(yym) i=i— | —~—>——|, n>1
(3.23) hy (y; m) ldy [S’(y) g y— n>1
It is easy to see that for fixed n > 1, h,(y; m) satisfies an estimate of the form
(3.24) sup [y (y;m)| < 2 () = /11 m2.

yER <1’I’l>

Therefore since supp(h) = [a, b] implies also supp(h,) C [a,b],

(3.25)
Zh]/k 1Syk )/e < 1 Z/ _u>€n71 Z<m>fn:(9(€n71)’ e —0
kez mezZ mez

holds for each n > 1. This completes the proof. |

Proof of Proposition 3.1. Again we write y = y; for a lattice point in | and set Ay = Ayj.
We start by separating the action of A(x,t) — all on the wavepacket vector u defined in (3.14)
according to the diagonal and off-diagonal elements of A(x, t):

Z

(e)
[((A(x,t) — [X]I)u]j = I; (A]'k(x, t) — 5jk0‘)7((y + Ay)a(y + Ay)eis(y+Ay)/e
A

ji(x, 1) — a)ay)eS¥)/
N(e) )
+ 2 Aje(x,t)x (y + Ay)a(y + Ay)eSW+av)/e,

k#J

—_

(3.26)
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Using (3.9) along with x(y) = 1, this shows that
(327) [(Alx,tu— al)u; = (Aj(x,£) — & — ef(y,0))aly)eSW/e

| 2A(y) NZ(E) Xy + Ay)a(y + Ay)elsy+dy)/e
kf

A, (y) =1 k — ]
=
N(e) |
+ Y ef (v, Ayx(y + Ay)a(y + Ay)elSran/e.
k=1

We use (3.12) and (3.13) to express f(y,0) and the diagonal elements of A(x, t) respectively.
Then, extending the sum on the third line to k € Z using compact support of x and applying
Lemma 3.4 with h(yx) = f(v;, yx — y;)X(yx)a(yx) individually on each of the intervals of Js,
we get

(3.28)
[(A(x,t) — al)u]; = <—2A(y) (x + 2A(W)E+ 1 (A(y))) — o — iec‘liy/[\\’((yy))> a(y)eiSt /e
2iA(y) N x(y + Ay)a(y + Ay)elS+oy) /e .
A/(]/) Z k—j —|—O(€ )

o
Jkl
S~

Therefore, to very high accuracy, A(x, t) acts on the wavepacket u as multiplication by a sum
of a diagonal matrix and the product of a diagonal matrix and an exact Toeplitz matrix with
elements Ty = (k—j) ! for k # jand Tj; = 0.

To deal with the Toeplitz part, we again use compact support of x to write, for K > 0
sufficiently large,

2 N x(y + Ay)a(y + Ay)elSuran/e LR sy + Ay)a(y + Ay)elSuran /e
(3.29) Y P =) P :
k=1 -] k=j—K -]
k4 k2

To allow y = y; to range over the full set | and have exact equality in (3.29) for K independent
of j, we will assume that K = N(e). We introduce the notation

(3.30) S$2(Ay;y) = S(y + Ay) = S(y) — S'(y) Ay
which vanishes to second order as Ay — 0. We also use the Taylor expansion
. . 1
(331)  x(y+Ay)aly +Ay)e =WV = a(y) + ' (y)Ay + S Ra(Ayy, €) Ay,

where the real and imaginary parts of Ry(Ay;y,€) are those of the second derivative with
respect to Ay of the left-hand side evaluated at two generally different points between 0 and
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Ay. Hence we write the sum in (3.29) in the form

I8 x(y + Ay)aly + Ay)elSyran/e

(3.32)
k—jZ—K k—j
k#j
. jHK . el(k=/)S'(y)
= SW/E N x(y+ Ay)aly + Ay)e A e ——
k=j—K J
k#j
. K inS'(y) / o 2 e
— a(y)elS(y)/e Z € + Ga (y) emS (v) + € Rz(en;y,e)nems (v) ,

x| n a(y) 2a(y)
n#£0

where we used Ay = e(k — j) and reindexed by n = k — j in the last line. Since y = y;
is independent of the index n, we just need to examine three summands, e /n, e and

Ry (en; e)ne™ for @ = S'(y), which by assumption is bounded away from 27tZ. According
to [24, Eqn. 4.36]:

K inf

. e .
(3.33) Jim. n;K = —iu(®), 0#0 (mod 2r),

n;é_()

where the function U(6) is periodically extended with period 271. More precisely, by rep-
resenting the summand as an integral and exchanging the order of finite summation and
integration, we can write

K eind 6
) = i/ [cos(KT) — 1+ sin(KT) cot(37)] dt
n=—K n £

(3.34) n#0
. . 9
isin(K9) +i [ sin(Kt)cot(37)dT.

=i(£mr—0)+ X L

If we assume that the sign on £ corresponds to the sign of 6 € [—7, 7] \ {0}, then i(+m —
6) = —il(6) and the remaining integral admits repeated integration by parts. In this way
we obtain (using also K = N(e) = e !M + O(1))

LS . i ‘cos((K+%)9) B .

(3.35) e SOk WH?(K ), K- oo,
| _ _ue) _ e cos((N(e) +3)0) .

= -u®) - sin(10) +O(?), e—0,

which holds uniformly for 6 € [—, ] bounded away from zero. Note that the singularity
of the correction term at 6 = 0, which is also the jump point for U(#), is related to Gibbs’
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phenomenon®. A more straightforward calculation gives that the sum of e is exactly a
constant shift of the Dirichlet kernel:
Lo L in((K+3)0 in((N(e) + )0
(336) Z em@ =1+ 2 e1n9 =14+ Sln(g - 2) ) = 1+ Sln(( ‘ (62 2) )
n=—K n=—K Sln(jg) Sln(je)

n#0

Upon evaluation for § = S'(y) = S'(y;) bounded away from 271Z, the terms cos((N(e) +
3)0)/ sin(36) and sin((N(€) + %)6)/ sin(36) will be highly oscillatory zero-mean functions
of y = y; when € is large, at each point y with 5" (y) # 0. We introduce the notation O(eP)
to denote such a function, whose absolute value is also O(€”) in the usual sense. With this

notation, (3.35) and (3.36) respectively imply that

K einS’(y) _ )
(3.37) Y. = —U(S'(y)) + O(e) + O(e*), €—0,
K s / ~
(3.38) e Y W =—t4+0(), e—0.
n=—K
n#0

We omit the details of the estimation of the contribution of sum involving the Taylor error
term Ry (en; e). However we claim that

a . inS'(y) _ M 1

(3.39) n:Z_:K Ry (en; €)ne W) = 0O <€2> , €—0.

Indeed, keeping one more term in the Taylor expansion (3.31), the first term in Ry(Ay;e)
would just be the second derivative of a(y + Ay)e*2(2¥¥)/€ at Ay = 0, which one can check is
of the form e~ 1v(y) + w(y) for some smooth and bounded functions v and w. The contribu-
tion of this term to the sum in (3.39) is then —ie 'v(y) — iw(y) times the derivative (from the
factor of in in the summand) of the Dirichlet kernel sin((N(e) + 3)60)/ sin(36) evaluated at
6 = S'(y), so one can easily check that the contribution is a term of the form O(e~2). Similar
arguments apply to the terms obtained by continuing the expansion (3.31) to any finite order.
In fact, the k' derivative of the left-hand side of (3.31) evaluated at Ay = 0 is e %/2) times
a polynomial in € with coefficients that are smooth bounded functions of y. This shows that
one should not replace Ry(Ay; €) with too many explicit terms, since although their contri-

butions will be oscillatory functions of y, they will also start to grow in size.
Combining (3.28), (3.29), (3.32), and the estimates (3.37)—(3.39) yields

(340) [(A(x,t) —al)u]; = [—2/\(3/) <x+2A(y)t+’y(A(y)) - W) —u

i (AW 20 AW | 5 N
¢ (dy Ny) T Aly) aly) )+ 0+ o) uy

3This is the main difficulty in extending the theory of Toeplitz quantization to the setting of non-smooth
symbols such as U(8). See Section 3.4 below for more information.
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Neglecting the highly oscillatory term and keeping only the mean yields (3.16) at the leading
order in € and (3.17) at second order. |

Corollary 3.5 (Admissible values of y and Burgers' equation). Let o = 0. The admissible values
of y € [0, M| for which there exists S'(y) € (—7t, 7t) such that (3.16) holds are determined by:
o Aly) € [—ub(x,t),0] if (x,t) is a point in the single-valued region for the solution of the
inviscid Burgers equation, and
o A(y) € [—ub(x,t),00U[—ub(x,t), —uB(x, )] if (x,t) is a point in the triple-valued region
for the solution of the inviscid Burgers equation.
Proof. Since U(S'(y)) € (—m, ), this means that A = A(y) and x have to satisfy the
condition

x4 2At+ (M)
F(M)

It turns out that the curves x +2At 4+ y(A) = wF(A) and x + 2At + y(A) = —7tF(A) in the
(A, x)-plane essentially gives the (rotated and reflected) graph of the multi-valued solution
uB(-, t) to the Burgers equation obtained by the method of characteristics. Indeed, at time
t = 0, assume that

(341) € (—m, m).

x+y(A)
(3.42) < "

From the definition of F, this means that
(3.43) x=7mF(A) —v(A) = x4 (A),

where x_(A) < x4(A) are the turning points satisfying ug(x+(A)) = —A, see below (1.10).
Therefore (x, —A) belongs to the graph of 1. The observation is similar when replacing 7t by
—mand x4 by x_.

Similarly, at time ¢, the method of characteristics implies that (x4 (A) — 2At, —A) belongs
to the graph of u®(-,t). As a consequence, one sees that (x, —A) is in the graph of uB(-, t) if
and only if x = x4 (A) — 2At, which is equivalent to

x4 2At 4+ y(A)

F(A) = &71.

Finally, we observe that given x such that u®(x, t) has only one branch uf(x, t), the range
of admissible (x, —A) such that (3.41) holds is the zone below the graph of u§(-,t). This
means that the wavepacket approximation should be valid from A = 0to A = u§(x, ).

However, when x is such that there are three branches uf(x,t) < uP(x,t) < uB(x,t), the
range of admissible (x, —A) such that (3.41) holds is the union of the zone below the graph
of uB(-,t) and also the zone between u% (-, ) and u5 (-, t). [

3.4. Toeplitz quantization and small eigenvalues of A(x, ). Proposition 3.1 suggests
the existence of a symbol p, on (y,0) € [0, M] x [, 7] such that equation (3.16) is equiva-
lent to the equation

(3.44) px(y,0) = a.
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More precisely, we define p by

(345 pi(,6) = ~28(0) (v 28001 + 7AW = s )

Ny
In the following parts, we only consider small eigenvalues satisfying || < €”, in view of
(3.3). In the case of the zero eigenvalue a = 0, one can simplify equation (3.16) as

(3.46) p(y,0) = x,
where
.47 p(y,6) == 28 = 1AW +

According to Corollary 3.5, the ranges of admissible values of y for the symbol p at level
set x are determined by the branches of the Burgers solution at the point (x, t). The equation
(3.46) for a given (x, t) describes a relation between the latitude coordinate y and the longi-
tude coordinate 6 that yields curves generally beginning and ending on the meridian = 0
or § = 27 except for one curve that always emerges from the north pole y = M with lon-
gitude 6 = 7. The connection between vertical slices through the graph of the multi-valued
solution of Burgers’ equation at different values of x and the orbits on the sphere is illustrated
in Figures 14 and 15.

Unfortunately, we are not aware of results on Toeplitz quantization on rectangles, making
the study of py and p on [0, M] x [—, 7] difficult. In order to gain insight on the eigenvector
approximation, one may look instead into the results on Toeplitz quantization on the sphere
by using latitude/longitude coordinates (y, ). The strategy of using Toeplitz quantization
on the sphere to study dispersionless PDEs was rigorously implemented in the context of the
dispersionless Toda system in [3]. However, this approach is not rigorous in our situation
because of the discontinuity of U at the angle § = 0 and the lack of smoothness of the symbol
at the poles y = 0, M of the sphere.

In the context of a smooth symbol on the sphere, the paper [4] (see also [5]) states that
the WKB expansion for the eigenvector u for a very small eigenvalue « should be valid with
amplitude being a discretization of (3.19) on the admissible range of y, and such a small
eigenvalue can only occur for x satisfying a certain Bohr-Sommerfeld condition. More pre-
cisely, we decompose the admissible range of y into one connected component if (x,t) is
in the single-valued region, and into two connected components if (x,t) is in the triple-
valued region for the inviscid Burgers solution. Then for each connected component, there
should be an eigenvector with support exactly in the connected component, and amplitude
given by (3.19). Moreover, the values of x for which & = 0 is an eigenvalue follow a Bohr-
Sommerfeld condition: at first order, the parallel transport on the path given by (y, 0) follow-
ing the level set p(y,0) = x is quantized, see [4, Theorem 0.1].

Numerically, however, we observe that the support of the “fast” eigenvector is not local-
ized only in the component A(y) € [—u8(x,t), —uf(x,t)] (the main part), as there is some
smaller contribution from the other connected component A(y) € [—ub(x,t),0] (the cor-
rection), see Figure 11. This may be due to the fact that the symbol is not smooth in our
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1.5+

0.5

0

: ! ! X
1 1.5 2 25 3
(1) = (15,0.46)

(x,1) = (1.89,0.46)
[ T

(x, )= (2.25,!@;46)

\ e e
\ e -

Figure 14: Level sets p(y, 0) = x in the (x, u)-plane and on the sphere with vertical polar axis
y € (0,M) and meridian 0 < 6 < 27 (green for 6 = 0, red for 6 = 2m) for t = 0.46 and
various x with ug(x) = 2/(1 + x?). Note that when u = 0, y = M (north pole) and 6 = 7. As
u increases along a vertical line in the top plot, y decreases along one or two components of
an orbit on the corresponding sphere plot below.
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1.5+
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0 L . )
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(x,1) = (1.75,0.54) (x,h) = (21,059)
T~ ST

~ ~ ~

Figure 15: Level sets p(y,6) = x for t = 0.54 and various x with up(x) = 2/(1 + x2).

case. Moreover, we observe that this small contribution has a noticeable effect in the calcula-
tion. We will choose different values of 4y in order for both the main part and the correction
to have a non-negligible contribution to the Euclidean norm of the eigenvector. More pre-
cisely, in Conjecture 5 below, we will assume that the correction has an amplitude of order
ag ~ 1/log(e~1) compared to the main part for which ag ~ 1. We note that the results will
be rather insensitive to the precise scale 1/ log(e~!) that we chose for simplicity, which is
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similar to what was observed in the previous section when formulating Conjecture 3.

3.4.1. Bohr-Sommerfeld conditions. We guess the Bohr-Sommerfeld conditions from
the case of a smooth symbol on the sphere [4] by using the parallel transport in the range
of admissible y and 6(y) = S'(y) given by (3.18), which we compute using the Levi-Civita
connection on the sphere, relative to the metric inherited from the Euclidean one on R3. At
tirst order, this translates as follows in the case of small eigenvalues a; ~ 0, using the symbol
p given in (3.47) (there are explicit subprincipal terms in [4] that we do not take into account
here). We make the change of variable y = Y(A) inverse to A = A(y) in (3.8), so that

3.48 YA) = [ F(y)dy.
(348) W)= [ Fndy
Let us define
—uB(x,t)
(3.49) ot (x,1) = / pepy YO,
—uy(x,t
0
(3.50) g (x,t) = / 6'(A)Y(1)d),
—uB(xt)

where p(Y(A),0(A)) = x. Fixing t > t;,, we work in the vicinity of a point in the triple-valued
region for the solution of Burgers’ equation: X~ () < xo < X (t). Hence g7 (x{" (), t) should
be quantized but also close to g (xo,t). We define the points x; (t) for |k| < Ce™! by the
Bohr-Sommerfeld condition

(3.51) gy (x7 (1), 1) —2me| gg (x0,t) /€] = 2mke.
Similarly, we define the points x; (t) for [k| < Ce™! by the Bohr-Sommerfeld condition
(3.52) Qo (x (t),t) —2me[g, (xo,t) /€] = 2mke.

The values x = x;" (t) (resp., x = x; (t)) are expected to approximate the values of x ~
xo for which « = 0 is a fast (resp., slow) eigenvalue. More precisely, Conjecture 5 below
expresses the following idea. For t > t, and xg € (X (t), X" (t)), we look at the small
eigenvalues |ax(x,t)] < € for x & xo, where we recall that the parameter 0 < r < 3 is
chosen so that the large eigenvalues satisfy (3.3). If a; is “slow”, then on Figure 9, one can
follow the “slow” line with small slope passing the point (x, a;). Using the predictions of the
Bohr-Sommerfeld conditions, this line crosses the axis @ = 0 at one of the points x; : in other
words (x;,0) belongs to the same “slow” line. Similarly, if a; is “fast”, then on Figure 9, one
can follow the “fast” line with large slope passing the point (x, ax): this line also passes one
point of the form (x;",0). Then using the predictions of the wavepacket approximation of the
eigenvector when a = 0, the eigenvector u at x = x;- with eigenvalue a = 0 should match
the observations from Figure 11 and Corollary 3.5.
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Conjecture 5 (Bohr-Sommerfeld conditions for small eigenvalues). Let t > t;, and fix xo €
(X—(t), X" (t)), and let € > 0O be sufficiently small. Assume that k is the index of a small eigenvalue
with x =~ xy:

(3.53) g (x, )| < €.

Then the following properties hold.
1. There exists a sign + € {+,—} and an index | such that |x;" ( ) — xo| = O(€"). Moreover,
there is a small eigenvalue at coordinates (x;(t), t) denoted ai" (x;"(t), t) = O(€?).
2. Let x be such that |x — xo| < €7 for some 0 < q < 1. Then ay(x, t) is close to ai"(x;"(t), t),
in the sense that there is a uniform Taylor expansion in x — x,i(t):

(3.54) ar(x, 1) = i (x5 (1), 1) + 0xa™ (x7 (1), £) (x — x5 () + O(e™),

(3.55) vty (x, ) = Oxai (xi°(£),t) + O(e7).
3. (Slow eigenvalues.) The amplitude of the normalized eigenvector for the eigenvalue o, (x,”, t)
(3.56) u=u; (x,,t)

is a discretization of (3.19) restricted to the set A(y) € [—uf(x; ,t),0], up to a small re-
mainder term.

4. (Fast eigenvalues.) We can decompose the eigenvector for the eigenvalue o (x}",t) as the
linear combination of two normalized vectors

1
(3.57) u:uf(xf,t)er{C;(Cel)uz(XifHo <1Og(€1)>

The constant c does not depend on 1, it is bounded independently of €, xo, t and:
e (Fast main part.) The component w,"(x;", t) has umplztude that is a discretization
of (3.19) restricted to the set A(y) € [—ub(x;", 1), —uB(x, 1)];
e (Slow correction.) The component w; (x;",t) is a discretization of (3.19) restricted
the set A(y) € [—ul(x]",t),0].

For convenience, we will assume that 0 < r < g < 1, with 7 < 1 and ¢ close to 1.

Note that in the case of “fast” eigenvectors (as shown in the right-hand panel of Fig-
ure 11), the ratio between the parameter a; tuned for the fast main part and the parameter
a, tuned for the slow correction should satisty
(3.58) G _ ctoll)

ag  log(e!)

Proposition 3.6 (Approximation of a; and its spatial derivative). Assume there existsa p > %
such that ug(x) ~ Cx~2P as |x| — +oo.

If Conjecture 5 holds, then a weak version of Conjecture 6 below holds. More precisely, fix t > t;,
and xo € (X~ (t), X7 (t)) so that (xo, t) is within the triple-valued region for the solution of Burgers’
equation with initial data ug. Let k be the index of a small eigenvalue |ay(x,t)| < €. Let (£,1) be
as in Conjecture 5. For |x — xo| < €7 for some r < q < 1, the following estimates hold, where the
remainder terms are uniform over all indices k.
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1. (Fast eigenvalues.) If + = +, then for some bounded |c(x;,")| < C (depending on xo,t,€),

— 2 + —
(3.59) a(x, t) = e (o) cx) (xf"(xo0,t) —2mle) +o(e),
__ 2fT(xb)
(3.60) () = s o),
where
(3.61) Frx,t) = ub(x,t) —ub(x,1),
(B
(3.62) ¢t (x,t) =log (u‘f(x, t)) .
2. (Slow eigenvalues.) If &= = —, then for some bounded |c(x; )| < C,
2 _
(3.63) ap(x, t) = W(xf (xo,t) — 27tle) + o(€),
__2f (x0t)
(3.64) Ok (x, t) = () log(e 1) +o0(1),
where
(3.65) F(x,t) = ub(x,1).

The rest of this subsection is devoted to the proof of Proposition 3.6.

3.4.2. Simplifying and differentiating the Bohr-Sommerfeld conditions. We first sim-
plify the expression

)\max
(3.66) g (x ) = / 6'(A)Y(A)dA.

)\min
The integration bounds go from Apyin = —uzB(x, t) to Amax = —u?(x, t) in the case of fast
eigenvalues (i.e. ga[ = go+ ), and from Apin = —ug(x,t) to Amax = 0 in the case of slow

eigenvalues (i.e. g(jf =)
Using that U(8) = 6 — 7w on (0,27), we use the parametrization y = Y(A), 0 = 0(A) €
(0,27) and get that the equation p(Y(A),6(A)) = x in (3.47) becomes

(3.67) x=F(A)(0— 1) —2At = F(A)B(A) = x + TF(A) + 2At.

As a consequence,

(3.68) gt (x,t) = /A RPTeY < / ! F(q)dq) da.
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We proceed with integration by parts and get

/\max max
AF(iy)diy] - /AA B(A)F(A)dA.

min

(3.69) gt (x,1) = [0()\) /_ )

Amin
Since g7 is quantized, the positions xx at which there is a fast crossing of « = 0 are regularly
spaced if the derivative of goi is bounded above and below. This derivative will determine
the actual spacing. We note that (x, f) — 6(Amax(x,t)) is locally constant, as well as (x,t) —
0(Amin(x,t)). Hence we compute

(3 70) axgo (x t) - G(Amax) ()\max)ax)\max - 6(/\rnin)F(/\min)ax)\min
)\max

- ax/\rnaxe(/\max)F()\max) + ax/\ming()\min)F()\min) - / ax(e(/\)P()\))d/\

)\min

Since 6F is given by (3.67), we have that d,(0(A)F(A)) = 1, hence

u

u

- t for fast ei 1
(3.71) axga—L(x,t) = Amax(%, 1) — Amin(x, 1) :{ EX, t) “1 x,t), for fast eigenvalues,

B
2
g x,t), for slow eigenvalues.
Due to the assumption ]xli — xo| < Ce", one can replace x by xg in the Bohr-Sommerfeld
condition

X 4

(3.72) /i 0x8y (x,1)dx = 27te,

x
up to a remainder term of order €” inside of the integral. In both cases, we deduce
3.73 E—xt)(140(1) =
( ) (x1+1 X )(1+0(1)) FE(x0, 1)
We conclude that
(3.74) xil —xf = £ o(e).

f=(xo,t)
3.4.3. Spatial derivative of the small eigenvalues. Choosmg an eigenvector u = (u;);
(which is not necessarily normalized) with eigenvalue a7 (x", t), the equality (3.1) leads to

) N(e)
‘ (=27))uj|?
j

(3.75) E)x(xl (xl ) = N =

Y uil?
=1

We know that the leading order of the amplitude |u;" ](xl ,1)| is a discretization of a constant
multiple (which we take to be 1 for the purposes of this computation as it will cancel between
the numerator and denominator of axocli) of (3.19)

N(y)
—2A(y)

z
o

—2A) |u]|

Il
—_

:1

(3.76) a(y) =
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in the range y € [ymm(xl 1), ymax(xl ,1)], where we set ymm(xl R Y(Amm(xl ,1)) and
ymax(xZ 1) = Y(Amax(xli, t)). Given that xli is close to xp, one can replace xl by x¢ in the
bounds of integration, up to a remainder term of order €”. This implies

N(€ s ymax(xg,t) )

(3.77) —20))uf (" )2 = /y o (C2A))laly) Py € [0, +o9]
]:1 ‘min (X0,

3 78 1 N(é‘) t > ymax(xo,t) 2d 0

( . ) 60 N( ) Z; |ul](xl ’ )| - \/ymin(xolt) |a(y)| y - [ ,+oo]

~\.

We first show that the numerator of (3.75) always has a finite limit. Indeed, we compute
using the change of variables A = A(y)

max(xO/t) max xO t
/y (—2A())|a(y) Pdy = / (—20)—L_F(A)dA
Y

min(XOrt) Amin xo t _2/\
- Amax(xOI t) - /\min(xO/ t)'

(3.79)

In the case of fast eigenvalues, one has to sum up the contributions of the main part and of
the correction. Since both integrals are finite, the slow correction is a negligible remainder
term in the case xli = x;". Hence

N(e)
(380) N5 L Al 0P = ud o ) = w0, 0) +0(1),
j=1
1 N\ 2 B
(3.81) NG (=29)[uy ;(x,7, £)]7 = ug (x0, 1) +0(1).
=1

~.

In both cases, we retrieve f*(xo, t).
Let us now study the denominator of (3.75). We make the change of variable y = Y(A)
inverse to A = A(y), dy = F(A)dA, A = A(y) and we recall that A'(y)F(A(y)) = 1:

]/max(XOIt) /\max(XO/t) dA 1
(3.82) /y la(y)*dy :/ 1 2 (log(Amin (%0, t)) — 10g(Amax (%0, t))) -

min(x(]/t) /\min(x[]/t)

The integral is finite and equal to % g7 (x0,t) in the fast case that Apin(x0,t) = —ub(xo,t) and
Amax (X0, 1) = —u¥(xo,t), but infinite in the slow case because Amax (%o, t) = 0.

Let us now use the assumption that there is p > 1 such that uo(x) ~ Cx~% as |x| — +oo.
We focus on the values of A; which are close to 0, i.e. for which j is close to N = N(¢). Using
formula (1.15), and assuming the condition (1.20), we have A; = A(y;),

0
(3.83) /A FA)dA =€ (j—1) =y,

N+1—j
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Since F(A) ~ (—CA)~V/(P) as A — 0 by assumption, we get that when A — 0,
0 Cl/(Zp)(_A)lfl/(Zp)
3.84 | Eay ~ ,

so that for j close to 1,

2p—1 o 2p/(2p-1)
(3.85) A(yn+1-j) ~ — (CU(ZP)ZpG(] - 2)> :
Hence A'(yn+1-j)/ A(Yn+1-j) = [A(yn+1-j)F(A(yn+1-))] ! has the asymptotic expansion

AN (yn+1-5) 1 clrzp 1
Alynta-j)  CVEI(=A(ynr1-j) V@) 2p—Te(j—3)

This approximation is valid for j < €'~ since in this case we can check that [A(yn41-;)| <

(3.86)

€2/ (2r=1) " Otherwise, only the upper bound holds since A’ (Yn+1-j)/ Alyn+1-5) = O(1).
Hence the denominator sum has the lower bound

1 A\ 1 98 N ywa))
(3.87) u|? > ] > 1o el
N(e) ]_Zl 2 N & —) ~losle)

and the upper bound

(3.88) —|?

<
~ N(e) &=

Consequently, the sum over the “slow” part of the eigenvectors satisfies

1 N(e) — (.t
(3.89) N(e) Z{ Jup (i, 1)2 = kC)gEzl—l))
=

for some bounded constant ¢~ (x;°). Regarding the fast eigenvectors, we sum up the contri-

butions ul*](xl ) and u, ](xl ), Wthh are supported in disjoint intervals,
(3.90) Z(; gy (5, D = 1o (M2E0D) L€ () log(e 1) +0(1)
' L M OF = 5708 b, 1)) T logle ¢ 1108 '

We choose ¢ (x") = ¢~ ¢ (x]") to get the Propos1t1on
We conclude that spatlal derivatives d.a;"(x;") of the fast and slow eigenvalues satisfy
the following identities at xl

2(u3 (xo,t) —ug(xo,t)) +0(1)

(3.91) deaf (xf, 1) = , ,
> (%0, )
o8 (u‘f’(xo,t)> et o)
(3.92) duar (x, 1) = 2ub(xo, t) + o(1)

¢ (x; ) log(e~1)(1+0(1))
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We deduce that (3.60) and (3.64) hold. Finally, we write
(3.93) ar(x, 1) = a; (7, £) + (x — x77) 9" (], 1) + O (™)
and use the estimate |a;"(x;", )| < Ce? to deduce that (3.59) and (3.63) hold.

3.5. Small-e asymptotics of the sum. Assuming now that a stronger form of Conjec-
ture 5 holds, we establish an asymptotic expansion of the soliton ensemble solution to (1.1)
for (x,t) near (xo, t) in the oscillatory region (triple-valued region for the solution of Burgers’
equation with data u).

Conjecture 6. Fix t > t, and xg € (X~ (t), XT(t)). There is an exponent 0 < r < 1 such that
the set of eigenvalues (ay(x,t))1<k<n(e) can be split into three disjoint parts for [x — xo| < € for
some 0 < g < 1, and € > 0 sufficiently small:

1. (Large eigenvalues.) A family of eigenvalues such that |ay(x,t)| > €.
2. (Fast eigenvalues.) A family () <k, where Ky = Ce"™!, parameterized by

(3.94) at (x,1) = g+(2x0t)(x £ (%0, t) — 27tke) + €@ (x0,£) + 0(e/Ky4),
(3.95) oxa; (x,t) = m +0o(1/Ky),

where g%, o are smooth and f+ is defined in (3.61).
3. (Slow eigenvalues.) A family (&, ) <x_ parameterized by

2

(3.96) a; (x,t) = T (o Dlog(e 1)

(xf~ (x0,t) —27tke) + €9~ (xo,t) +0(e/K_),

__ 2f (x0)
(3.97) oxa; (x,t) = o (o, 1) og(e-1) +0(1/K-),

where §~, ¢~ are smooth and f~ is defined in (3.65).
Moreover, the remainder terms may depend on k but are uniform over all indices k.

The remainder terms in Conjecture 6 are chosen to ensure that one can directly replace
the eigenvalues «j by their approximations in formula (1.22), but it is possible that rougher
approximations may also work in this approach.

The functions ¢ and ¢~ were not present in Proposition 3.6. This is likely because
we only considered the principal part of the Bohr-Sommerfeld condition in Conjecture 5,
instead of all of its semiclassical expansion. If the symbol p were smooth, then the complete
asymptotic expansion of the Bohr-Sommerfeld condition would be given by [4, Therorem
3.1], in which the first two terms are explicitly written, and the principal part is precisely the
parallel-transport integral g(j)[ (x,t) (see (3.49)-(3.50)).

Under the assumptions of Conjecture 6, we retrieve a result similar to Theorem 2.10 above
in the oscillatory region.
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Theorem 3.7. If Conjecture 6 holds, then under the same assumptions on x, xo, and t,
(3.98)

u(x, ) = ug (xo, ) + f(xo,t) sinh(38™ (xo,t))

cosh(3g* (x0,t)) — cos(ft(xo, t)e1x + T (x0,t))

+o(1).

Moreover, if

B _ B
(399 g+ (x,1) = log (§2 - Z%Ei’g) ,
then
_ B (5 (xo0, ) — uP (xo,£)) (1 = r(x0,)*)

(3100 u(x ) = u (%0, £) + 1+ r(zxo, t)2 — ZrExo, t) cos(®(e~1x; xo, t)) +o(l),
where
(3.101) O(z;x0,1) = (ub(x0,t) — ub (x0,t))z + ¢ (x0,t),

o Ju(xt) —uf(x, )
(3.102) r(x,t) = \/%B(x,t) D (0,1).

Remark 3.8. Aside from details of the phase correction ¢, the formula (3.98) coincides
with (2.83) from Theorem 2.10 upon proper identification of the periodic wave parameters.
Note that if one averages (3.100) over the fast variable ©, then the result is exactly as expected,
namely the weak limit % (xo, t) := u(xo, t) — uP(xo, ) + u8(xo, t) defined in (1.5).

Proof. We start from the formula (1.22)

NE 29, (x, t)
3.103 )= .
R 0= L 011

According to (3.3), it is enough to focus on the small eigenvalues « such that |a;| < €7,
that is, the fast and slow eigenvalues.

First, let us tackle the sum over fast eigenvalues. The ideas are remarkably similar to
proof of Proposition 2.9, so we omit some of the details. Given Conjecture 6, we have that

(3.104) 2 Y Oxtt (x’tl
K<k, (e7lag (x, 1)) +1
f(x0,1)g™ (x0,t)
= +o(1).
k|£,1 (—=27tk + f+(xo, t)e 1x + T (x0,t))2 + 1T (%0, )2 1)

In the limit € — 0, the sum on the right-hand side can be computed:
(3.105)
200 (x,t (xo,t) sinh (3¢ (xo, t
Wit f*(x0, 1) sinh(3g* (30, 1) Lol

K=k, (el (x, t))z +1  cosh(lg*(xo,t)) — cos(f*(xo, t)e~1x + T (x0,))
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If the expression of ¢ (x, t) is given by (3.99), one can further simplify

. 1 ub(x,t) —ub(x,t)
3.106 sinh ( =gt (x,t) | = 2 : ’
( ) (28 (x )) 2\/(u123(x,t) _ ug(x,t))(ulf(x/t) — ug(x,t))
1 ub(x,t) +uP(x, t) — 2uf(x,t)
3.107 cosh ( =¢T(x,t) ) = 2 - - .
(3.107) (2g . )> 2/ uB (x, ) — B (x, 1)) (B (3, ) — i (x, 1))
Hence,
(3.108) 2l () (o) — b )= r )

ki<k, (e o (x, t))2 +1  1+7(x0,t)2—2r(xo,t) cos(@(e~1x; xq, 1))

Now we consider the sum over slow eigenvalues. Again, a parallel can be made to the
previous section with Proposition 2.7, where we obtained the leading order behavior of a
sum by turning it into an integral. Given Conjecture 6 and (3.65) of Proposition 3.6, we have
that the x-velocities of all slow and small eigenvalues for (x,t) near (xo,t) are nearly the
same, i.e.

2uB(xo, t)
8~ (xo,t) log(e™!)”

However, at this point we need to approximate the quantity ¢~ (xo, t). We will actually pro-
ceed more directly to approximate d,a, (x, t), which will automatically produce the logarith-
mic scaling in e. For this purpose, let x_(t) denote the largest value of x less than or equal
to x¢ for which there is a slow eigenvalue at « = 0, let x4 (f) denote the smallest value of x

strictly greater than x( for which the same is true, and set Ax := x(t) — x_(t). By setting
the left-hand side of (3.63) to zero we obtain

27e 27e

(3.110) Ax ~ Food) ~ wllxo D)’

Now as x increases from x_(t) to xg, the slow eigenvalue originally at « = 0 will increase
to the value of the smallest positive slow eigenvalue a (xo,t); likewise as x decreases from
x4 (t) to xg, the slow eigenvalue originally at « = 0 will decrease to the value of the negative
slow eigenvalue a_ (x, t) of smallest absolute value. We set Ax := a (xg,t) — a—_(xp,t), and
see that this is the difference between the two closest eigenvalues of opposite signs tox = 0 at
(x0,t). We can approximate Ax directly using the asymptotic density of all of the eigenvalues
given in (3.4). Indeed, the integral of G(«; x¢, ) da between a_ (x, ) and a4 (xo, t) should be
approximately

(3.109) Oxtty (x,1) =

M
(3.111) N~ e(1+0(1)).
Using (3.7), since the limits of integration are small, we get
1
e112) o P o (xo, 1) — o (o, £) In(Ja (o, 1))

—a_(xo,t) +a_(xp,t) In(Ja_(xo, t)])] =~ €.
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Solving for Ax gives

_2me(2p —1)

Then we approximate the velocity dya(x, t) for a slow and small eigenvalue by

Aa  (2p — Dug(xo,t)
Ax ~ plog(e1)

2p
2p—1

(3.114) dx(x, t) ~ = g (x0,t) =

Using this and the convergence in (3.4), the contribution of the small and slow eigenvalues
(which are the majority of the small eigenvalues), is

20 5 (x, 1) B 2(2p—1) 1
’ ~ Ug(xg,t) ————=
|ovg (x,8)] <€ (e~ a(x,1))> +1 0 (x0. 1) pln(e!) zxk(xo,zf)<e’ (e ay(xo, 1)) +1
#x=0(1) =o(1)
( p—1) 1\
(3115) =00 e I ETE AT oy oo (®)

. <2P—1> 1/W
~ Uy (xO/t) Pln( _1) € o (6_106)2+1

ub(xo, t) /e In(|a| 1) da

“ neln(el) Joer (e 1a)2 1"

Scaling by & = €z and letting € — 0, the integral above is 7reIn(e~!)(1 4 0(1)), so we con-
clude that the leading contribution of the slow and small eigenvalues is

20 5 (x, 1) B
‘ ,t). [ |
(e Tag(x, 1)) + 1 = ug(%o,t)

(3.116) lim
e—0
lauye (x,)| <€”

Kpx :0(1)

Remark 3.9. The proof above shows an interesting connection between the approaches to
the strong small-e asymptotic behavior of the BO soliton ensemble u(x, t) based on the eigen-
values of the two matrices A(x,t) and C(t). Indeed, we can see that the contributions of the
small slow/fast eigenvalues of A(x, t) respectively correspond precisely to the contributions
of eigenvalues of C(t) with real parts close to ;1 = x on the upper/lower branch.
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