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Fractal properties of the frontier in Poissonian coloring

Anne-Laure Basdevant, Guillaume Blanc, Nicolas Curien and Arvind Singh

February 14, 2023

Abstract

We study a model of random partitioning by nearest-neighbor coloring from Poisson rain, intro-
duced independently by Aldous [2] and Preater [6]. Given two initial points in [0, l]d respectively
colored in red and blue, we let independent uniformly random points fall in [0,1]”1, and upon ar-
rival, each point takes the color of the nearest point fallen so far. We prove that the colored regions
converge in the Hausdorff sense towards two random closed subsets whose intersection — the fron-
tier — has Hausdorfl dimension strictly between (d — 1) and d, thus answering a conjecture raised

by Aldous in [2]. However, several topological properties of the frontier remain elusive.

Figure 1: Simulation of the Poisson coloring of space where a new incoming point takes the
color of the nearest neighbor in the process so far, from left to right with 10%,10%,10%,10° and
107 points.

Introduction and main results

We consider a model of Poissonian coloring which is based on a dynamical construction in the d-
dimensional hypercube [0,1]%. Initially, two points Ry # By are planted in [0,1]: think of Ry as
an initial red seed, and of By as an initial blue seed. All the randomness in the construction comes
from a sequence (X, )nen+ of independent random variables, uniformly distributed in [0,1]. Picturing
X1, Xy, ... as points falling consecutively in [0, 1]d, we let each point take the color of the closest point
already present (nearest neighbor for the usual Euclidean metric d). Formally, define the initial red
and blue sets as Ro = {Ro} and By = {By}, respectively. Then, by induction, for each n € IN such
that the red and blue sets R, and B, have been constructed, proceed as follows: almost surely, we
have d(X,11, Ru) # d(Xu41,By), and

o if d(Xy11,Ry) < d(Xyi1,By), then set Ryi1 = Ry U{Xy11} and By = By;

e otherwise, if d(X,, 11, Ry) > d(Xy41, By), then set R,11 = Ry and By = B, U{ X411}



Letting n — oo, the red and blue sets R, and B, respectively converge, for the Hausdorff distance

between closed subsets of [0,1]%, to

ROOZW and Bm:%.
n>0 n>0

The object we are interested in is the frontier Foo = Reo N Be, which is also easily shown to be the
limit for the Hausdorff distance of the discrete frontier F, = {x € [0,1]7 :d(x,Ry) = d(x, Bn)}, as
n — oo (c.f. Proposition 12). See Figure 1 for a simulation of the coloring process.

This very natural model can be found in Aldous [2], which attributes it to Penrose & Wade
[5, Section 7.6.8], although it may have been considered by other authors before. Recently, Lichev
and Mitsche [1] studied the combinatorial properties of genealogical trees induced by the coloring
procedure. Here, we focus instead on the geometric and topological properties of the model. After
completion of this work, we learned from Aldous that Preater [6] had considered the same model, and
in particular answered [2, Conjecture 3], showing that the frontier Fo has zero Lebesgue measure (see

[6, Theorem 2]). Our main result is the following, and settles a conjecture of Aldous [2, Section 5.3.3].

Theorem 1 (The frontier is fractal). Almost surely, the Hausdorff dimension of the frontier Fu, satisfies
d—1<dimy Fo < d.
The proof is divided in two main steps, which we summarize below.

e UPPER BOUND. We first show that for every x € [0,1] and r > 0 such that the ball B(x,r) does
not contain the seeds Ry and By, there is a positive probability that the smaller ball B(x,r/6)
is monochromatic at the end of the coloring (Lemma 2). Together with a multi-scale argument,
this shows that the Hausdorff dimension of the frontier Fy is strictly less than d (see Proposition
4). A result with a similar flavor, also using a first-passage percolation argument, was obtained

by Preater (see [0, Theorem 1]), who showed that F has zero Lebesgue measure.

e LOWER BOUND. The lower bound on the Hausdorff dimension of the frontier is based on ideas
and techniques developed by Aizenman & Burchard in [1, Sections 5 and 6], where they introduce
general conditions which allow to lower bound the Hausdorff dimension of random curves (see
[, Theorem 1.3]. Their result applies in particular to scaling limits of interfaces from critical
statistical physics models such as percolation; random curves which have a positive probability,
at each scale, of oscillating. Unfortunately, it is not clear that our frontier Fo even contains
curves, see Open question 1 below. We find a workaround by adapting the ideas of Aizenman &
Burchard to get a Hausdorff dimension lower bound result for connected random closed subsets
of [0,1]9. The exact statement is given in Theorem 7. We hope that this extension will prove to

be of independent interest.
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A natural variant. There are natural variants of this coloring model, such as the following “segmen
model (as opposed to the original “point” model): still thinking of Ry and By as initial red and
blue seeds, and of X;,Xa, ... as points falling consecutively in [0,1]%, let as before Rg = {Ro} and
By = {Bp} be the initial red and blue sets, respectively. Then, by induction, for each n € IN such that
the red and blue sets R, and B, have been constructed, proceed as follows: almost surely, we have

d(Xn-i-l/ Rn) 7é d(Xn—H/ Bn)a and

o if d(X;41,Rn) < d(Xys1,Bn), then set Ryp1 = Ry U [Yy, Xy11] and By = By, where Y,
denotes the point on R, which is closest to X1 1;



Figure 2: Simulation of the variant Poisson coloring of space where a new incoming point is
linked by a monochromatic segment to the nearest point in the process so far, from left to
right with 10%,103,10%,10° and 107 points. The arrivals points X; are the same as those used
for Figure 1. Notice that the red “island” on the top right part of the figure present in the

original point model has disappeared.

e otherwise, if d(X,11,Ry) > d(Xy41,Bn), then set Ry11 = Ry and By = By U [Ya, Xiyt1),

where Y}, denotes the point on B,, which is closest to X;, ;1.

Note that, by construction, the red and blue sets R, and B, are connected finite unions of line
segments, so that Y, is always well defined (such a point is almost surely unique because X1 is
uniform and independent of Xj, ..., X,). Upon minor technical modifications in the proofs, Theorem

1 holds for this coloring process as well.

Elusive topological properties of the frontier. Although our results show the convergence in a strong
sense of the colored regions and establish the fractal nature of the frontier, many questions remain
open, such as the existence of a 0/1-law for the Hausdorfl dimension of F,. We focus here on the
planar case d = 2, which concentrates the most interesting topological questions. Notice first that
almost surely, the frontier F, is not connected, the reason being that it is possible for a point to get
surrounded by points of the opposite color, thus eventually creating an “island” in the coloring. See
[6, Theorem 3|, and Figure 3. This island creation is not possible in the segment model, where the

limiting frontier is almost surely connected.

3 5 12

Figure 3: lllustration of the creation of an “island”. Such an island can be seen on Figure 1 on

the top right corner. This shows that the limiting frontier F is not connected almost surely.

Open Question 1 (Curves). Is the frontier F a countable union of curves?

It is natural to believe that Fu is a countable union of curves (i.e, images of continuous paths
from [0,1] to IR?), or that the limiting frontier in the segment model is a curve. Although Aizenman
& Burchard [1] provide sufficient conditions (namely [I, Hypothesis H1]) which would allow to show

that Fo contains a curve', checking those estimates seems hard in our setup due to the lack of a

LThere are connected compact subsets of IR? which do not contain any non-trivial curves, such as the pseudo-arc.



P

Figure 4: Left. lllustration of a double point in the frontier F. Right. Can the frontier
intersect the finite trees in the segment model (orange arrow)?

correlation inequality. Yet, simulations suggest that the connected components of F are simple
curves, meaning that “double points”, i.e. points from which four alternating monochromatic non-

trivial curves originate, do not exist.

Open Question 2 (Simple curves). If the above question has a positive answer, are those curves almost

surely simple?

Accordingly, if this is true, then the frontier in the segment model should be made of a single
simple curve. In fact, simulations suggest that in that model, the finite red and blue trees R, and
B, are in the interior of the limiting red and blue regions Re and B (it is possible to show that the
arrival vertices X1, Xp, ... are indeed in the interior of Re and Be,, with minor technical modifications
in the proof of Lemma 2 below, but the same results for the whole segments is still out of scope.) A

more general question is the following.

Open Question 3 (Safe margin). Suppose that Ry is made of a segment or a ball instead of a single
point. Do we have IP(Ro N Bs # @) = 07

Our techniques (or those of Preater) only show that the above probability is strictly less than 1,

see the discussion before Corollary 1 in [6].
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the reference [0]. The first and fourth authors were supported by ANR 19-CE40-0025 ProGraM. The
second and third authors were supported by ERC 740943 GeoBrown and ANR RanTanPlan. We are

grateful to the participants of the PizzaMa seminar, during which this work was initiated.

1 Monochromatic balls and upper bound on dimpy Fo

In this section we establish our key lemma, Lemma 2, which shows that for every x € [0,1]¢ and r > 0
such that B(x,7) does not contain the seeds Ry and By, there is a positive probability that the smaller
ball B(x,r/6) is monochromatic at the end of the coloring. Applying Lemma 2 at all scales yields the
upper bound on the dimension of the frontier. In particular, it shows that for every x € [0, 1]d, almost

surely there exists an r > 0 such that the ball B(x,r) is monochromatic at the end of the coloring.

1.1 Key lemma

Before stating the result, let us embed the model in continuous time to gain convenient independence

properties.



Figure 5: lllustration of the construction of the event G;C/G,r' Suppose that the seeds Ry, By
lie outside B(x,r).

Left. Notice that before the first point falls in Z(x;r/6, r), a few points may have fallen in
B(x,7/6) but, by the choice of 7/6 versus r, all these points will have the same color (blue
here).

Center. Then, we ask that the first few points falling in A(x;7/6,7) fall inside B(x,7/3),
so that they all take the same color (blue here), and are spread out well enough to protect
B(x,7/6) from being invaded by points of the other color (red here).

Right. A reinforcement property of the process will then entail that with positive probability,

the invaders (the red here) cannot penetrate B(x,7/6), so that it remains monochromatic.

Poissonisation. Let A be a Poisson random measure with intensity A ® Ay on R, x R?, where A
and Ay denote the Lebesgue measures on Ry and R?, respectively. Let X, Xy, ... be the points of
A that fall in [0,1]d, successively at times 7 < Tp < .... It is a standard fact that the (X;)pen+
are independent random variables, uniformly distributed in [0, 1]d . Now, the coloring process can be
defined in continuous time as follows. The sequence (RmBn)neN* of the discrete setting will here
correspond to (R, Br,),cn+» and the sets Ry and B; will be defined at all times t € Ry as follows:
for each n € IN, we set Ry = R+, and By = B, for every t € [Ty, Ty41[, with the convention 1) = 0.

For x € R? and 0 < r < R, we define the annulus A(x;7,R) = {y € R :r < |x —y| < R}, and
denote by .Af’R the o-algebra generated by the restriction of the Poisson random measure A to the set
R x A(x;7,R). The point of Lemma 2 below is to describe an Af/(),r—measurable “good event” Gf/é,r,
which has probability bounded away from 0 uniformly in x and 7, such that if B(x,r) does not contain
the seeds Ro and By, then on G; ¢ the ball B(x,7/6) is monochromatic at the end of the coloring.

Figure 5 provides an overview of how such a good event is constructed.

Lemma 2. There is a constant p € ]0,1[ for which the following holds. For every x € [0,1]% andr > 0,
there exists an Af/élr—measumble good event G;C/6,r’ which has probability P (Gf/e,r> > p, such that if
B(x,r) does not contain either Ry or By, then on G} . the ball B(x,r/6) does not meet both Up=o R+
and Uy>o Bt-

Remark 3. It will be clear from the proof that the event G = also prevents the ball B(x,7/6) from
bichromaticity whenever Ry € B(x,7/3) and By ¢ B(x,r), or By € B(x,7/3) and Ry ¢ B(x,7). In
particular, Lemma 2 allows to recover the result of Preater (see [0, proof of Theorem 2]) that almost
surely, there exists an > 0 such that B(Rg,r) does not contain a blue point, and B(By, ) does not

contain a red point.



Proof. Fix x € [0,1)? and r > 0, and suppose that both Ry and By lie outside B(x, 7). We construct
an AY ¢ -measurable good event G on which a “defense” is organized inside the annulus A(x;r/6,7),

preventing B(x,7/6) from meeting both Uso Rt and Uy Br.

DEFINITION OF G. Let py = (1 —I—Z_k) -r/6 for all k € IN, and let (t)ren be a sequence of
positive real numbers to be adjusted later, with Ty :=tg+ ...+ t;y — o0 as k — co. We define 'Af/é,r‘
measurable events (Gg)ren such that for every k € IN, on GoN...N Gy the ball B(x,px) does not
meet both Up<icr, Rt and Up<1, Be- The good event G will then be defined as G = (o Gg. For
every k € N, we denote by Ay the annulus A(x; pxy1,0x). Let & =1/2- (ox — pxs1) - (k+1)72, and
let Z; C Ay be a finite set of points with the following properties:

a. for every y € Ay, there exists z € Z such that y € B(z,35;/2),
b. for any z # 2’ € Zi, we have |z — Z/| > ¢,
c. for every z € Z;, we have B(z,6;/2) C Ay.

It is clear that such a set Zj always exists: we keep adding points satisfying b. and c. until no more
point can be added and then a. must also be satisfied by construction. Note also that, because the

balls (B(z, 6/2)) are disjoint and included in Ay C B(x,7/3), a volume computation entails that

zEZ

42, < (”3>d - (8.2k+1 (k+ 1)2)d. (1)

We define Gy as the event: “for every z € Zg, a point of A falls in B(z,8y/2) over the time interval
[0, to[, meanwhile no point falls in A(x;r/3,7)”. We claim that on Gp, the ball B(x,7/3) does not
meet both Up<tr, Rt and Up<<, Br- In particular, all the points of A that have fallen in the spots
(B(z,do /2))ze20 over the time interval [0, to[ have the same good color. Indeed, fix a realization of the
event Go. Denote by y1,...,y, the points of A that fall in B(x,r) over the time interval [0, fo[, and
by 71 < ... < Ty € [0,to] their arrival times. Note that by the definition of Go, the points y1,...,¥x
land in B(x,7/3). So y; arrives in B(x,7/3), with its color. Then when v, arrives, it lands at distance
at most 2r/3 of y1, and at distance more than 2r/3 of any other point of the process, since these all
lie outside E(x, r). Therefore, the nearest neighbor of 5 is y1, and y; inherits it color. The argument
iterates, proving the claim.

Next, in order to define Gy for k > 1, we start with the following deterministic observation.
Suppose by induction that, on the event GgN...N Gy_q, the following holds: at time Ty_q, each cell
(B(z, 5;{,1/2))2621(71 contains a point of the good color, and B(x, px_1) does not contain any point of
the other bad color. Then, every y € Ay_; is at distance at most 2J;_1 from a point of the good color,
and the only way of bringing a point of the bad color inside B(x, px) before time Tj is to have points
of A —say yi,...,y; — falling in Aj_q, at times say 7y < ... < Tj € [Tx_1, Ti[, with:

o d (yli ]Rd\g(xlpk—l)) < 25](—17

o |yir1 —Yi| <20 for each i € [1,]],

o (yj,E(x,pk)) < 20k_1.

Now, let us discretise this information. First, it follows from the inequality pr_1 —px < (j+1) - 2651
that such a path must have length j > k?>. Then, for each i € [[1,k2]], let z; € Z;_1 be such that
y; € B(zi,36¢_1/2). The following holds:
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Figure 6: Schematic description of the induction procedure.

Left. We assume that a blue point has fallen in each cell of size 27¥/k? in a annulus of width
2~k before a first red point enters this annulus.

Right. Assuming that the left event holds, the red clusters need to create a red path of a least
k? points navigating between the blue points in order to reach the smaller annulus of width
27k=1 By the time this happens, with very high probability, a blue point will have fallen in
each cell of size 2771/ (k + 1)? inside the smaller annulus.

e for every i € [[1,k2]], we have z; € Z;_q,
e for each i € [1,k*[, we have |zj11 — z;| < 58_1.

A sequence z1, . .., z;2 satisfying the two properties above is said to be admissible of order k. Moreover,
since for each i € [1,k?], a point of A falls in B(z;,36_1/2) at time 7, with 7y < ... < T € [Ty, Tk[,
we say that z1, ...,z ring consecutively over the time interval [Ty_q, Tx[. We can now formally define
the event Gy by “for every z € Zi, a point of A falls in B(z,6/2) over the time interval [Ty_q, Ty,
meanwhile no admissible sequence of order k rings consecutively”. By induction on k, we see that

on GoN...N G, the ball B(x,px) does not meet both Upeset, Rt and Upgio, By Finally, we set
G = Mk=0 Gk-

THE PROBABILITY IP(G) 1S BOUNDED AWAY FROM 0. Because of the disjointness of the time intervals
over which they are defined, the events (Gy)ren are independent:

P(G) =[P(Gk) =P(Go) - [ [1 - P(F)],
k>0 k>1
where F is the complement of the event Gx. On F,

e cither there exists z € Z such that A ([Ti_1, Te[ % B(z,6¢/2)) = 0, let us call By the corre-
sponding event,

e or there exists an admissible sequence of order k that rings consecutively. We call C; the corre-
sponding event.



We have P(F) < P(Bg) + IP(Cy). For the second term, a union bound and the Markov property for
A show that

P(Cy) < Z P(z1, ...,z ring consecutively)

Zl,eee, Z;2 admissible of order k

= #{admissible sequences of order k} - P(1y + ...+ T2 < tx),

where the 7;’s are independent exponential random variables with parameter (i.e, inverse mean)
A = 04(38_1/2)%. We set tp = a-k>- )\,:1 for all k > 1, where a € |0,1] is a parameter to be
adjusted later. On the one hand, a standard Chernoff bound yields

P(t+...4+ 7 <t) < p(1—atIna)k®

On the other hand, in order to choose an admissible sequence zi,...,ze of order k, there is no
more than #2Z;,_; possibilities for the choice of z1, and then for each i € [[1, k? [[, there is at most
# (Zk,l N B(z;, 55;{,1)) < 114 possibilities for the choice of z;, 1, this upper bound is since the disjoint
balls (B(z,8_1/2); z € Zx_1 N B(z;,50_1)) are included in B(z;,116¢_1/2). Thus, we find that

-1
P(Cy) <#Z4_1 - <11d> . p(l-atina)k.
We now fix a such that 119 - el—#+Ina L p—1 Recalling (1), we obtain
d 2

P(C) < (8-2°#) 1177 e ¥ = cp

Next, we upper bound P(By). We have IP(By) < #Zj - px, where

5 \°
—exp |—vg(0c/2)% - t| = ex _,x.< > g2l
Pr P[ 4(0k/2) k} p[ e
Using again (1), we see that
d
#Zp - pr < (8 2K (ke 1)2> -exp [—oc 2474 -kz} =: by,

which finally yields
]P(Fk) < b + ¢, =: ag.

We finally check that IP(G) is bounded away from 0 uniformly in x and r. Since ) ;- ar < oo, we
can find K € IN (not depending on x or r) such that [Ti>g1(1 —ax) = 1/2. With that choice, we

have
P(G) = ]P(G0> ... P(Gg) - H [1 —]P(Fk)] > P(Go) - ... -IP(GK)‘

k>K+1 2

Note that we have yet to specify the value of ty, which we now set to ty = r~%. Given this choice,
the probability P(Gp) is bounded away from 0 uniformly in x and r. Next, for each k € [1,K], we
claim that P(Gy) is also bounded away from 0 uniformly in x and r, because the same is true for the
probability of the sub-event: “for each z € Zi, a point of A falls in B(z,d;/2) over the time interval
[Tx_1, Tx[, meanwhile no point falls in Ax_1”. Thus, the quantity IP(Gp) - ... -P(Gg) - 1/2 is bounded

away from zero uniformly in x and r, which completes the proof of the lemma. ]



1.2 Hausdorff dimension: upper bound

Proposition 4. There exist constants C,a > 0 such that for every x € [0, 1]d ,

P (.7:oo meets E(x,é)) < C-8* forall 6 €]0,1[ small enough so that Ry, By ¢ B <x, \[(5)

Proof. Fix x € [0,1]), and let 6 € ]0, 1] be small enough so that Ry, By ¢ B (x, \/3) Set rp = V667K
for all k € IN, and denote by K the largest integer k such that rp > §. By Lemma 2, we have the

inclusion

(Foo meets B(x,6)) C (for every k € [1,K], the event G} fails to be realized) .

Tk k-1

Thus, since those are independent events, we obtain
] K
P (Fo meets B(x,8)) < (1—p)~.

Plugging in the equality K = {log6 ((5‘1/2)] — 1, we find that
- : In(1—p)
. K < . 1, s« — _
1-p)"<Q—-p) -6 witha e 0,
which yields the required upper bound. ]

Proposition 5. There exists ¢ > 0 such that, almost surely,

Proof. Let e = a A (d/2), where & is the exponent of Proposition 4. For each k € N, set 6, = 2%, and
let (B(x, 5k))xe)(k be a covering of [0,1]¢ by balls of radius J, with centres x € [0,1]? more than &;
apart so that the (B(x, 5k/2))xeXk
such that #&; < C' -6, 4. By definition, the (d — ¢)-dimensional Hausdorff measure of Fu, is bounded

from above by the random variable

are disjoint. In particular, there exists a constant C' = C'(d) > 0

H=1lim ¥ (26)" ¢ 1 (Fe meets B(x,)) .

k—o0 xe Xk

We claim that H is almost surely finite, which implies that dimpy Fe < d — € almost surely. Indeed,

using Fatou’s lemma, we get

E[H] < lim Y (20,)" ¢ P (Fo meets B(x,J)),

k—o0 xEXk

and for every k we have, using Proposition 4:

Z (26;)%7¢ - P (Foo meets B(x, d))

XGXk

< #{x €EX:RyeB (x, \/(Tk) or Bo € B (x, \/Kk)} C(281)7F + #X- (200)1 - C - 6.

For the first term, we have
#{xe Xy : Ro EE(x,@) or B e?(x,\/ik)} g#kaE<RO,\/§k) +#ka§(30,\/§)
<2-<m+1>d:2(2+1>d.



Recalling the assumption that ¢ < d/2, we deduce:

@#{xeXk:ROEE(x,@) or Boe§<x,\/(57k>}-(25k)d*£<oo.

k—0c0

For the second term, we use that #X} < C’ -5,;‘1, and € < & to check:

lim #X - (26;)7 - C - 6% < .

k—o0

Combining these two inequalities, we conclude that E[H] < oo. O

2 Hausdorff dimension lower bounds

In this section, we prove that the Hausdorff dimension of Fu is strictly greater than (d —1). A
substantial part of this work consists in the adaptation of the lower bound [, Theorem 1.3] of Aizenman
& Burchard. Indeed, as the knowledgeable reader has undoubtedly noticed, it is not possible to invoke
the above mentioned result directly because we do not know whether the frontier Fo contains non-
trivial curves. So instead, we modify the proof of Aizenman & Burchard to obtain a general Hausdorff
dimension lower bound result for connected random closed subsets which satisfy Property (&), with

the following definition.

Definition 6 (Property (2@)). Let F be a random closed subset of [0,1]?. We say that F satisfies
Property (@) if there exists a constant { > 1 and two constants Q > 0 and g € ]0, 1] such that the
following holds: for every collection (E(x,-, ri); i € [[1,11]]) of balls with centres x1,...,x, € [0,1]¢ such
that the dilated balls (E(xi, gri); i €1, n]]) are disjoint (we say that the balls are {-separated), we
have

IP (for each i € [1,n], the set F meets B(x;,7;)) < Q-q".

We point out that Property (@) is very similar to [!, Hypothesis H2].

Theorem 7. Let F be a random closed subset of [0,1]?. Assume that it satisfies Property (@), and
that almost surely F has a connected component which is not reduced to a point. Then, there exists

a constant s > 1 such that, almost surely,
dimy F > s > 1.

The empty set, or the points of a homogeneous Poisson process, are obvious examples of random
closed subsets of [0,1]¢ which satisfy Property (@). Both have Hausdorff dimension 0 but their
connected components are singletons. The above result says that, as soon as we request a random
closed subset to have a non-trivial connected component (and thus, Hausdorff dimension at least 1),
then the fact that it satisfies the property (&) implies that it is “delocalized” in some sense, and entails

that its Hausdorff dimension is, in fact, strictly greater than 1.

Remark 8. As it will be clear from the proof of Theorem 7, and used later on, the following actually
holds: there exists a constant s > 1 such that almost surely, for any closed subset G C F with a

non-trivial connected component, we have dimy G > s.

In Subsection 2.2, we will first apply Theorem 7 to the frontier Fo in dimension d = 2, showing
that dimpy Fo > 1 almost surely. The lower bound dimpy Fo > d — 1 in higher dimensions will then
follow from Theorem 7 together with a slicing lemma, as detailed at the end of Section 2.2. Let us

now present the proof of Theorem 7.
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2.1 Proof of Theorem 7

As mentioned before, the proof is adapted from [!] and thus uses similar ingredients. Still, we provide
here a self-contained proof, recalling and adapting the necessary results from [I] whenever required.
At its core, the proof employs the usual “energy method” (see [3, Theorem 6.4.6]) to lower bound the

Hausdorff dimension of a set. There are two main parts:

1. We first describe a deterministic splitting procedure for curves which produces, when the curves

are oscillating enough, an important number of disjoint sub-curves.

2. Next, we show that if a connected random closed subset F satisfies Property (&), then curves
located in a shrinking neighborhoods of F will necessarily oscillate enough so that we can use
the splitting procedure above to create many sub-curves. This will enable us to create a sequence
of measures with good integrability properties and finally, by compactness, extract a measure v
supported on F such that [[ |x —y|~*dv(y)dv(x) < oo for some s > 1, which in turn implies
that dimyg F > s.

2.1.1 A deterministic splitting procedure for curves

Given a small parameter a € ]0,1[, we describe the splitting procedure (P,) mentioned in [!, Lemma
5.2]. It takes as input a continuous path v : [0,1] — R with (1) # 7(0), and outputs a collection
Y1, - - -, Y« of subpaths of v, with the following properties:

e for every i € [1,«], we have |7v;(0) — 7;(1)| = a - |y(0) — y(1)| =: 6,
o for any i # j € [1,«], we have d(v;[0,1];,[0,1]) > ad.

The splitting procedure (P, ) goes as follows, see Figure 7 for an illustration. Set A = |y(0) —y(1)] >0
and let 6 = a- A < |y(0) —y(1)|. Initially, set o3 = 0, and let

7 =inf{t € [0,1] : y(t) & B(7(0),6)}.
By induction, for i € IN*, assuming that oy, Tq; .. .; 0;, T; have been constructed, if
d(y(£);v[or, ] U...Uv[o;,©w]) < (1+a)d forallte|g,1],
then we set 07,1 =1 and 7,11 = 1. Otherwise, we set
T = inf{t € [, 1] : d(y(t); v[or, @] U...Uy[os, w]) > (1 +a)d},

and let 0741 = sup {t € [1, Ty1[ : ¥(t) € B(7¥(7i41),6)}. Finally, let k be the largest integer i € IN*
such that 7; < 1, and for each i € [1, ] denote by 7; the path 6 € [0,1] — ((1 —0)0; + 607;). For every
i € [1,x], we have |v;(0) —;(1)| = 4, and for any i # j € [1,«], we have d(v;[0,1];,[0,1]) > ad.

Definition 9. We say that a continuous path v : [0,1] — R¥, with (1) # 7(0), deviates by a factor
p > 0 from being a straight line when there exists t € [0,1] such that

v(t) & S(7(0),7(1); p[7(0) — ¥ (1)]),

where S(x,y;7) = {z € R? : d(z; [x,y]) < r} denotes the sausage of radius r around the line segment
[x yl.
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Figure 7: lllustration of the procedure (P,). The times o; are in blue, and the 7 in red.
Several subpaths (in thick line), spanning a distance § and being ad apart, are created from
the initial path. The balls have radius ¢.

Intuitively — recall that a is small — the number x of subpaths produced by the procedure (P,)
must be at least of order A/é = 1/« (a lower bound which can be attained by a straight line). However,
when the input path deviates of a straight line, one would expect the procedure to produce additional

paths. This is the meaning of the next proposition.
Proposition 10. Let 7 : [0,1] — R be a path with (1) # (0).
1. The number of subpaths produced by the procedure (P,) always satisfies

y 11—«
“ (1+a)’
2. If 7y deviates by a factor p > 0 from being a straight line, the number of subpaths produced by
the procedure (P,) satisfies

L1+ VI+202) - (4+a)a

>
. (1+a)a

Proof. Recall that A = |y(0) —y(1)| > 0 and 6 = aA.

1. By the definition of (P,), there exists i1 € [1,x] such that d(y(1);v[oi,, 7)) < (1+a)d, and
therefore t1 € [0j,, T;,] such that |y(1) —y(t1)| < (1 +wa)d. Then, by induction, for k € IN*
such that i1, t1;...; i, tx have been constructed, proceed as follows. If iy = 1, then set iy, =1
and let fp,1 = 0. Otherwise, by the definition of (P,), there exists iy, 1 € [1,i] such that
d (v(t); Y [Oisrs Ty ]) < (T+@)8, and tyyq € [03,,,, T, ] such that [y (t) — ¥ (beg1)]| < (14 a)0.
Finally, let m be the smallest integer k € IN* such that iy = 1. We have

m—1
[7(0) = y(D)] < 7(0) = y(tw) [+ Y [y (besr) = vt |+ [v(t0) = y(D)] <6+ m- (14 a)s,
k=1
hence
A—§6 11—«
m = =

(14a) (1+4a)a

The result follows, since iy, ..., i, are distinct elements of [[1, x].
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2. Suppose that there exists t € [0,1] such that y(t) & S(7(0),y(1);pA). We still denote by
i1,t1; .. .;im, tm the sequence of indices and times defined above. We construct another sequence
JL UL jp, up in the exact same manner but now obtained by backtracking from time ¢ instead
of time 1. By construction, we have |y(t) — y(u1)| < (1 +a)d and |y (ux) — y(ugs1)| < (1 +a)d
for all k < p — 1. Finally, let n be the smallest integer such that j, € {i,...,i,}, and denote
by I the index such that j, = i;.

The indices iy,...,i, and ji,...,jy,—1 are all distinct, hence x > m +n — 1. Now, on the one

hand, with the same argument as above, we have:

[7(0) =yt + 1v(t) —y(D)] <+ m- (1 +a)d.
On the other hand,
n—1
() =y ()] < [v(t) — v (ua) |+ Y 1r(ga) — y(w) |+ [y(w) — v ()] <26+ n- (14 a)d.
k=1

Summing these inequalities, we get

[7(0) = v(t)| + [v(1) = vt + v () =y (t)] < (m+n)(1+a)d+35,

hence . inf, cpa{]7(0) — x| 4+ |v(1) — x|+ |y(t) — x|} — (4+zx)
=z (14 a)s

It remains to lower bound the infimum in the right hand side. First, using the triangle inequality,

m-+n—

we get

0) 1+ 11(1) ]+ 1) o] > Q=AW+ O =30+ 1) =20

Then, we make use of the fact that y(t) € S(y(0),v(1); pA), to get

7(0) = 2(8)] + y(t) = 7(D)] > \/1+20% - &,

Altogether, we obtain

+ /14 2p? N

. 1
inf {|7(0) — x|+ |v(1) =x[+[y(t) = x|} > ——F—— A,
x€R? 2
and the proof is complete.
O

For the rest of the proof of Theorem 7, we set p = /18, and denote by B = B(a) the inverse

geometric mean of the two lower bounds in Proposition 10:

1J 1—a 3(1HVTF207) - (44w
(

B T+a)a (1+a)a

(2)

5=
With that choice for p, we have B = a — a® + 0(a?) as « — 0T, and therefore B < a for all sufficiently

small «.

13



2.1.2 Core of the proof

Proof of Theorem 7. Let F be a random closed subset of [O,l]d. Assume that F satisfies Property
(@) with constants { > 1, and Q > 0 and g € ]0,1[, and that almost surely F has a non-trivial
connected component. We prove that there exists a constant s > 1 such that dimy F > s almost
surely. To this end, by the “energy method” (see, e.g, [3, Theorem 6.4.6]), it suffices to construct a
Borel probability measure v supported on F such that

//!x—y\s ) < ®)

(We note here, in view of Remark 8, that F could be replaced with any closed subset G C F having a

non-trivial connected component without affecting the deterministic part of the reasoning. Then, the
definition of the events (E;;)nmen+ below would not change, and the same constant s would work for
all subsets G.)

Fix a realization of F. We claim that it is possible to find a sequence (7, :[0,1] — ]Rd)n en Of
paths, with A := inf,>o |y»[0,1]| > 0, such that:

for each n € N, we have v,[0,1] C (F)1/(n41); (4)

where (F)e = {x € R?: d(x, F) < €} denotes the e-neighborhood of F. Indeed, denote by C a non-
trivial connected component of F, and let a # b be two distinct elements of C. For each n € IN, the
points a and b belong to the same connected component of O, = {x € R :d(x,F) <1/(n+1)}.
Since O, is open, any connected component of O, is path connected, hence there exists a continuous
path 7, : [0,1] — O, that connects a to b. In particular, we have ,[0,1] C (F)1/(41), and the
diameter |y,[0,1]| of v,[0,1] is at least |a — b| > 0.

We now use the Aizenman & Burchard splitting procedure (P,) recursively on the path ,, and
derive a collection (y?) jen Of Borel probability measures supported on 7y, [0,1]. Making use of the fact
that F satisfies Property (&), we will then show that for almost every realization of F, it is possible
to extract a sequence (v, = yfﬂ of which any subsequential weak limit v is a Borel probability

measure supported F such that (n) holds.

Fix & € (0,d~1/2) small enough so that the parameter B = B(a) defined in (2) satisfies B < a. Set
5 = aF for all k € IN, and denote by kg = ko(w) the smallest integer k such that d; < A. Let us note
that, since &« < d~/2 and A < V/d, we have Ok, > aA even when kg = 0. For each n € IN, we split the
path 7, into a collection (!, u € T™") of subpaths, indexed by a plane tree T" with root denoted by o,
as follows. First, by the definition of A and ko, we have |y,[0,1]| > &,. Thus, there exists s < t € [0,1]
such that |y,(s) — vyu(t)| = dk,, and we let ) be the path 6 € [0,1] — ,((1 — 6)s + 6t). Then, by
induction, having constructed the paths indexed by 0T} = {u € T" : |u| = I}, we apply for each
u € JT} the procedure (Py) to the path 7}, and denote by 7, .. Vi, () the subpaths generated.
The children of u in T" are the nodes ul,...,ux,(u). By construction, the following holds:

o for every u € T", we have |v};(0) — ¥ (1)| = S5 ju|»
e for any nodes u, v that are not descendants of one another in T", we have
d(r)/Z [O/ 1]; ’Y:Jl [0/ 1]) > “5k0+\u/\v\+1/

where u A v denotes the lowest common ancestor of u# and v.
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Now, set 70() = [Tpy kn(u) " for all u € T", and let pf = Yycory 7Ta(u) - (7)) for all I € N,
where (7). A denotes the push forward by % of the Lebesgue measure on [0,1]. By construction, the
measure }i is a probability supported on 7,[0,1], since ¥, cyry 7ta(u) = 1 (this is easily checked by
induction).

Let & := ad, 4101 = /72 5k0 for all I € N, and note that & > a!T3A. For every L € N, we have

// dVL d n — / / dyL ) d‘un(x)
SLle—y\ wocamy Jaaon] Jyzioq) (€L V [x —y[)°

< ) e |MSAU‘ 70, (1) - 71, (0)

upedT}
= Ze o) () (o)
u,0edT}
|unov|=1
L
S ZSZ_S' Z Z Ttn (1) - 70 (0) (5)
=0 tedT} u,vedT?
u, -t
—Zs Y 7, (t)?
teaTy
< 28,‘5 -max 7T, (t) - ) ()
1=0 teaTy teaT?
3\ S L !
< (a’A) - 7T, (1) - a5,
< (@78) 7 ) max (1)

Recall that we chose a small enough so as to have p < a. Thus, we can fix a constant s > 1 such that
B < a®. We claim now that for almost every realization of F, it is possible to choose L = L, (w), with

L, — 00 as n — o0, so that
Ly

lim max 77, (t) - a5 < 0. 6
im, 3, e () (6)

It is here that the probabilistic machinery comes into play, through the fact that F satisfies
Property (&). We will introduce a family (E;;)men- of events, with Y-~ P(E;;) < oo, such that the
event Ey, 4 holds whenever there exists a node u € 9T? with 7, (u) > B'. The Borel-Cantelli Lemma
will imply that almost surely this cannot happen for I large enough, and in turn prove (6).

To get there, let I € IN* and suppose that there exists u € T} such that 7r,(u) > ,Bl. Denoting by
U, ..., u; the geodesic from the root to u in T, this can be reformulated as [Tocgo; %n(ux) < (1/B)".
By the definition of B given in (2) as the inverse of the geometric mean of the two lower bounds
for x,(-) obtained in Proposition 10, we see that there must exist a number j > [/2 of indices
lh <...<I; € [0,I] such that, for each i € [1,]], the path 'YZzi does not deviate of a factor p = v/18«
from being a straight line. In particular, there exists o1 < ... < 0; < 77 < ... <7 € [0,1] such that,
for every i € [1,]]:

[70(03) = 1n(T)| = s, and yaloy, T © S(yu(0i), Y (T); POkg+1,)-
Now, writing m; = ko + I; for all i € [1, ], let us discretise this information.

DISCRETISATION sTEP. For each m € N, let (B(z,06u)),. 5 be a covering of [0, 1]4 by balls of radius

P&, with centres z € [0,1]¢ more than pdy, apart so that the (B(z, p5m/2))zezm
i € [1,]], we can find x;,y; € Z, such that v,(0;) € B(x;, 06m,) and v, (7;) € B(yi, p0m,), and we have

are disjoint. For each
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Ynloi, Ti) C S(xi,Yi;2p0m,;). Discretising further, let us place a number H € IN* (to be adjusted soon)

<z;’1 = (1—2) -xH—%-yi, he [O,H]]),
spread evenly on the line segment [x;,y;|]. By construction, the path 7, must meet each one of the
balls (E (ZL, 2p(5mi); h € [0, H]]) Now, since 7,[0,1] C (f)l/(n+1), a similar statement holds for F:
namely, for all n sufficiently large so that 1/(n+1) < pém/., the set F must meet each one of the balls
(B (zl,306m;); i € [1,j],h € [0,H]); i.e, the intersection event

of points

must be realized. Here, the sequence x1,¥y1;...;xj,y; has the following properties:
e for every i € [1,]], we have x;,y; € Zy,, with (1 —20)d, < |x; — yi| < (14 20)0m,,
e for every i € [1,/[, we have xj11,yit1 € S(xi, Yi;200m,).

We shall call any sequence satisfying those two properties admissible with respect to my,...,m;.

Summing up the previous reasoning, we have shown that, if there exists a node u € 0T} such that
7ty (1) > B!, then for all n sufficiently large so that 1/(n + 1) < pdg,+;_1, there must exist a number
j>1/2ofindices; < ... < l]- € [0, 1], and a sequence x1,y1; . . .;Xj,y; which is admissible with respect

ko+1q,-...ko+1;
to ko + 11, ..., ko +1;, such that the event Ax?:gll;.,,;xj[,];;]

the event:
B- U U U A,

m/3<j<m m1<...<m]-€[[0,m[[ X1,Y1;- -+ %}, Yj admissible

is realized. Let us now define, for all m € IN*,

If, for some [ > 2ko (this ensures that /2 > (ko +1)/3), small enough so that pdg,4;—1 > 1/(n+1),
there exists a node u € 9T} such that 7, (u) > ﬁl, then the event Ep ) must be realized. Now, let us
show that it is possible to adjust a in order to have }_,,~1 P(E;) < co.

SUMMABILITY OF THE P(E,). Let m € IN*. By a union bound, we have

PE)< ¥ )y Y P(Al). 7

m/3<j<m m1<...<mje[[0,m[[ X1, Y- X, Y admissible

Now, fix an integer j such that m/3 < j < m, fix indices m; < ... <m; € [0, m[, and let x1, y1; . . X, Yj
be an admissible sequence with respect to mjy, ..., m;. We control the probability of the intersection
event A;nllylm]x]% with the fact that F satisfies Property (&). To that end, we extract a collec-
tion of {-separated balls from the (B (z},306y,); i € [1,j],h € [0,H]). At this point, we choose
H=1[(1-2p)/((6¢+1)p)|. With that choice, we have |x; — y;|/H > (6¢ 4+ 1)pd, for each i € [1,/],
hence for any hy # hy € [0, H], the following holds:

for every z; € B <221135P5mf) and zp € B (zilz,BQp&mi), we have |21 — 22| = pbp,. (8)

In particular, the balls (§ (z{ﬂ 3p5m].> ; helo, H]]) are (-separated: let us add them all to our col-
lection. To continue, note that the dilated balls (B (Zi,@’ : 3p5m/) ; helo, H]]) are all included in

the sausage S (x]',yj; 3Cp(5mj), which has diameter at most (14 (67 +2)0)dy, (since the diameter of
S(x,y;7) is |x —y| +2r, and |x; — yj| < (1+20)dy;). Therefore, assuming now that « is small enough
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so as to have (14 (6 +2)p) < p/a: by (8), the sausage S (x]-,y]-; 3§p(5mj) meets the dilated ball
B (zi_l,g . 3p5m]._1> for at most one hy € [0, H]. We add all the balls

(E (zifl,?)pémjfl) ; he[0,H] \ {ho})

to our collection. We iterate this argument, noticing that, as the sausages (S(x;, yi;3C00m,); i € [1,]])
are nested (without loss of generality, we may assume that « is small enough so as to have 2+ 30« < 30)
we only have to worry about intersections with the previous sausage at each step. At the end of the
construction, we obtain a collection of {-separated balls that F must meet on the event A;nllylm/x/y],
which has cardinality at least (H+ 1)+ (j — 1) - H > Hj. Since F satisfies Property (&), we deduce
that

my,...,mj

Hi
F (Axl,yl,'.,,;xj,yj) <Q-q I,

Going back to the union bound (7), we get

P(En) < ) )3 D Q-q"

m/3<j<m m1<...<m]ve[[0,m[[ XY X Y admissible

= Z Z #{admissible sequences with respect to my,...,m;} - Q- gt
m/3<j<m my<...<m;€[0,m[
Now, given an integer j such that m/3 < j < m, and indices m; < ... < m; € [0,m[, let us
control the number of admissible sequences with respect to my, ..., m;. First, there exists a constant
C = C(d,«) > 0 such that #2Z,, < C- (5n_1f, this because the balls (E (Z, 00m, /2),’ zZ € Zml) are
disjoint and included in the pdy,, /2-neighborood of [0, 1]9. Next, we claim that there exists a constant
¢ = c¢(d) such that for each i € 1, [,

d
5 ) for all x,y € Z,, such that |x —y| < (14 20)0m,.

#Zmi+l A S(x,y;chSmi) < ; ’ <

M1
This is because the balls (B (z, pdm,,, /2); z € Zm,,, N S(x,Y;208y,)) are disjoint and included in the
sausage S (x, Y;200m; + 00w, / 2). Thus, we obtain that the number of admissible sequences with

respect to my, ..., m; is bounded from above by

(C'(Smfl)z-ﬁ <c. < Om, >d>2 o (c/p)Z(j—l) _ C? . (C/P)Zj _.c (C/p)Zj

2 : o
i—1 \P 5mi+1 5% (C/P) (Xdef lXde’

where the constant C' depends only on d and a. Plugging this inequality into the union bound, we
find

2j .
PE)S Yy g
m/3<j<m my<...<m;€[0,m[ a
(c/p)*™ V1 Hm/3
< ) Y O Qe

m/3<j<m my<...<m;€[0,m[

oo p () (Cep )

m/3<j<m J
c/p)*V1 " c/p)*Vv1 "

Recalling that p = v/18«x and H = | (1 —2p)/((6¢ +1)p) |, a straightforward analysis shows that the
2- ((c/p)2 V1) a=2. gH/3 term can be made strictly smaller than 1 by choosing & small enough. For
such &, we get 3,1 P(Ey) < .
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CONCLUDING THE PROOF. By the Borel-Cantelli lemma, almost surely, the event E,, fails to be
realized for all sufficiently large m. Therefore, to almost every realization of F corresponds some
lo = 2kg such that E,, fails to be realized for all m > ko + ly. Now, define L, = L, (w) as the largest
integer | € IN* such that pdy,+;—1 > 1/(n 4+ 1) (note that L, is well defined for all sufficiently large n,
and that L, — o0 as n — o0), and let v, = pf . Recalling (5), we have

// dva(y L duy,(x) < (a3A) i max 71, (u) - a~*
sLn n X n .

v |x—y\) = ueaTy

By all the above work, if for some [ € [2ko, L,], there exists a node u € 0T} such that 7, (u) > B,

then the event Ejy ;; must be realized. Now we can write, recalling that s was chosen such that g < a®:

imaxn ot Y szl—f—Z,B <Y a51+2< )

1= “€T} o<l<10 =1 0<I<lp 1>l

This proves that

lim // dvuly 2 dy,(x) < co.
n—oo €LnV|x—y!)

Since we are working on the compact space [0,1]%, the sequence of probability measures (v;)nen
is automatically tight: let v be any subsequential weak limit of (v,)n,en. For each € > 0, by the
Portmanteau theorem, we have v((F)e) = limy o vy ((F)e) = 1 (the last equality holds because the
support of v, is included in (F), for all sufficiently large n thanks to (4)). Since F is closed, we deduce
that the probability measure v is supported on F. Furthermore, since v is the weak limit of some

subsequence (Vy, )keN, wWe have

// dv(y) — lim // dvn (y —— 2y, (x)
(szv|x—y|)S k—o0 s\/]x—y\
< lim // dvu(y ————dv, (x)
n—»00 eV |x —y|

< lim // dvuly ——————dv,(x) < co.
n—oo 8LnV|x—y|)

This upper bound does not depend on ¢, and thus letting ¢ — 0, we conclude by the monotone
convergence theorem that the integrability condition (3) holds, completing the proof of Theorem
7. O

2.2 Lower bound for the Hausdorff dimension of F

The upper bound for the Hausdorff dimension of F« stated in Theorem 1 was established in Proposition
5, we now come to the lower bound. First, we check that Fu satisfies Property (&) and almost surely
has a non-trivial connected component. With Theorem 7, this directly yields the result in dimension

d = 2, which bootstraps to any dimension with a slicing lemma.

Proposition 11. The frontier Fo satisfies Property (@): there exists constants Q > 0 and g € ]0,1]
such that, for every collection (B(x;,7;); i € [1,n]) of 7-separated balls, we have

IP (for each i € [1,n], the frontier Fo, meets B(x;, 7)) < Q- q".

Proof. This result is a consequence of Lemma 2. Let (E(xi, ri); i €1, n]]) be a collection of 7-separated

balls, and fix a realization of the intersection event: “for each i € [[1,7], the frontier Fo meets B(x;, 7;).
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Notice that the initial points Ry and By belong to at most two distinct balls, with indices say ig and
ig. For every other i # ig,ip, both Ry and By lie outside B(x;,7r;), hence the event G; := G;;~/6 7
of Lemma 2 fails to be realized. Indeed, if G; were realized, then the ball B(x;,7r;/6) would be

monochromatic at the end of the coloring, hence Fo would not meet B(x;,7;). Therefore, we have

(for each i € [1,n], the frontier Fo meets B(x;, 7))
C (for each i € [1,n] \ {ir,ip}, the event G; fails to be realized) .

The events (Gi)ie[[l,n]] are independent and have probability at least p > 0, so we conclude that
IP (for each i € [1,n], the frontier Fo meets B(x;,7;)) < (1—p)" 2.
O

Before proving that F« contains a non trivial connected component, we first consider the following

proposition.

Proposition 12. Almost surely, as n — oo, the discrete frontier 7, = {x € [0,1]% : d(x, R,,) = d(x, B,)}

converges towards Fo for the Hausdorff distance.

Proof. By the definition of R and By, as 1 — 0o we have R;;, = Roo and B, — B for the Hausdorff
distance. Now, fix ¢ > 0, and let us prove that the inclusions F,, C (F)e and Feo C (Fy)e hold for
all sufficiently large n.

e For all sufficiently large n, the following holds: for each x € [0,1]¢, the ball B(x, &) contains an
element of {Rg, By, X1,..., Xy} = Ry UBy,. Then, for each x € F, as d(x, R,) = d(x,B,),
the ball B(x,¢) must contain an element of R, and an element of B,. Since Re N B(x,¢) and
Be N B(x,¢€) are two non-empty closed subsets whose union forms the connected set B(x, ¢), they
cannot be disjoint; hence d(x, Foo) < €, 1.e. Fy C (Foo)e-

e Conversely, by the convergence of R, and B, towards R« and Bs, we have sup,cr.. d (x,Ry) < ¢
and sup, .z d(x, B,) < € for all sufficiently large n. Thus, for every x € Fos = Reo N Beo, the ball
B(x,€) contains an element of R, and an element of B,,. Since {y € B(x,¢) : d(y, Ry) < d(y,B,)}
and {y € B(x,€) : d(y, Ry) > d(y, By) } are two non-empty closed subsets whose union forms the
connected set B(x, ¢), they cannot be disjoint; hence d(x, F,;) < ¢, i.e. Foo C (Fp)e-

O

Corollary 13. If dimension d = 2, almost surely the frontier Fo contains a non-trivial connected

component.

Proof. Note that in dimension 2, for each n € IN, the discrete frontier F;, is a finite union of curves,
where each curve is composed of line segments belonging to the boundary of the Voronoi cells of
Ro, Bo, X1, ..., Xy (see Figure 8 below). By virtue of Lemma 2, almost surely there exists some r > 0
such that the balls B(Rg,r) and B(By,r) are monochromatic at the end of the coloring (see Remark
3). In particular, this implies that the union of the red (resp. blue) cells in the Voronoi diagram of
the points Rg, B, X1, ..., X, contains the ball B(Rg,7/2) (resp. E(Bo,r/Z)). Therefore, the discrete
frontier J,, contains a curve, i.e. the image of a continuous path 7, : [0,1] — [0,1]%, of diameter at

least r (Figure 8 does not lie). Finally, recall that for the Hausdorff distance:
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Figure 8: Colored Voronoi diagram of the points Rg, By, X1, ..., X;;. Balls with radius r/2
are represented around Ry and By. The path 7, is also represented, and it has diameter at

least 7.

(i) the set of closed subsets of [0,1]? is compact,
(ii) any limit of a sequence of connected closed subsets is connected.

Thereofore, we can extract from (,[0,1]),en a subsequence which converges to some limit C, that is
necessarily connected and has diameter at least r. Finally, using that JF,, converges to F, the fact
that 7,[0,1] C F, implies that C is included in F. O

Proposition 11 and Corollary 13 show that in dimension d = 2, the frontier F fulfils the hypotheses

of Theorem 7. Thereore, there exists a constant s > 1 such that, almost surely,

This gives the lower bound stated in Theorem 1 when d = 2. Finally, the lower bound in higher
dimensions is deduced from the two-dimensional case using a slicing argument, as explained in the

next proposition.

Proposition 14. For any dimension d > 2, there exists € > 0 such that, almost surely,
dimg Feo 2d—1+e>d—1.

Proof. Fix a plane P C RY that contains the red and blue seeds Ry and By, and denote by P~ its
orthogonal. By the slicing theorem [3, Theorem 1.6.2], for ¢ > 0, we have

HEH(Fy) > o / HY™(Foo 1 (z + P))dz,
pL

20



where H'(A) denotes the s-dimensional Hausdorff measure of a subset A C R?. By Proposition 11,
the random closed subset Fo, satisfies Property (&). By Theorem 7, there exists a constant s > 1
such that almost surely, for any closed subset G C F with a non-trivial connected component, we
have dimpy G > s (see Remark 8). Moreover, by Lemma 2, almost surely there exists some r > 0
such that the balls B(Ro,7) and B(By,r) are monochromatic at the end of the coloring (see Remark
3). As in the proof of Corollary 13, this implies that for all n € IN, the union of the red (resp.
blue) cells in the Voronoi diagram of the points Ry, By, X1, ..., X, contains the ball E(Ro,r /2) (resp.
B(Bo,7/2)). Hence, for every |z| < r/4, the intersection between this union of red (resp. blue) cells
and the affine plane (z + P) contains a two-dimensional ball of radius r/4. Now, using the exact
same arguments as in the proof of Proposition 13, we deduce that for every |z| < r/4, the closed
subset Feo N (Z + 73) C Fw has a non-trivial connected component. Therefore, almost surely we have
dimy Foo N (z 4+ P) = s for every |z| < r/4. In particular, choosing ¢ > 0 such that 1 +¢ < s, by
the definition of the Hausdorff dimension we have H!¢ (Fo N (z + P)) = oo for all |z| < /4, and it
follows that

HE(F) > / H'" (FuN (z+ P))dz = 0.
PLNB(0,r/4)
This achieves to show that dimy Feo > d — 1+ ¢. O
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