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Abstract Spinfoams provide a framework for the dynamics of loop quantum gravity
that is manifestly covariant under the full four-dimensional diffeomorphism sym-
metry group of general relativity. In this way they complete the ideal of three-
dimensional diffeomorphism covariance that consistently motivates loop quantum
gravity at every step. Specifically, spinfoam models aim to provide a projector onto,
and a physical inner product on, the simultaneous kernel of all of the constraints of
loop quantum gravity by means of a discretization of the gravitational path integral.
In the limit of small Planck constant, they are closely related to the path integral
for Regge calculus, while at the same time retaining all of the tools of a canonical
quantum theory of gravity. They may also be understood as generalizations of well-
understood state sum models for topological quantum field theories. In this chapter,
we review all of these aspects of spinfoams, as well as review in detail the derivation
of the currently most used spinfoam model, the EPRL model, calculational tools for
it, and the various extensions of it in the literature. We additionally summarize some
of the successes and open problems in the field.
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1 Introduction

Loop quantum gravity gives a compelling description of what quantum space may
look like: a collection of atoms of space, whose geometry shows all the charac-
teristics of a quantum system, such as discrete spectra, incompatibility of classical
observables, superpositions and entanglement. The crucial question for the theory is
how to describe the dynamics of such quanta, in a way that is both ultraviolet com-
plete and compatible with general relativity in the appropriate limit. The spinfoam
formalism is an approach to the dynamics based on constructing a well-defined ver-
sion of the gravitational path integral with boundary states that belong to the Hilbert
space of Loop Quantum Gravity. Excellent reviews and introductions to this for-
malism exist in the literature, see [1, 2, 3, 4, 5]. Our choice for this chapter was to
present something complementary and up-to-date with respect to them. We first go
over the historical path that motivated the tools used in the formalism, starting from
the idea that one should define transition amplitudes for spin networks that imple-
ment all quantum constraints in a covariant way. We then focus on a specific model,
the Lorentzian EPRL model, which is both the currently most studied model, and
is also rich enough to allow us to introduce all type of techniques and ideas that
are also used in other models. We conclude with an overview on the current open
questions and research directions.

2 The spinfoam gist

2.1 The path integral as a means to implement the constraints of
gravity

Loop quantum gravity is a canonical approach to quantum gravity, with a Hilbert
space of states, and operators corresponding to the basic variables of the theory. As
a canonical approach, from the very start, it treats space and time very differently,
a fact very much at odds with the spirit of both special and general relativity, in
which space and time are part of a single unified continuum. Feynman’s path inte-
gral approach opened the door to a manifestly space-time covariant formulation of
quantum mechanics. It is therefore natural to ask: Is there a path integral version
of loop quantum gravity, and if so what does it look like? The quest to answer this
question leads to the spinfoam formalism.

General relativity is a theory with constraints: in addition to equations of mo-
tions which determine time evolution, there are also equations of motion that are
independent of time, constraining the data at any fixed time. Such equations of mo-
tions are called constraints; when cast in the form of a set of phase space functions
C; set to zero, the phase space functions C; are likewise referred to as constraints.
Familiar examples of constrained systems include Maxwell theory, general relativ-
ity, and Yang-Mills theory. The theory of the quantization of constrained systems
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was formalized by Dirac [6]. Each constraints C; whose Poisson brackets with other
constraints are again constraints is called first class and leads to a quantum equation
C;w = 0 which supplement Schrodinger’s equation. Solutions to the quantum con-
straints are called physical states, and the space of all such states, equipped with an
appropriate inner product, is called the physical Hilbert space.

The first class constraints of a theory are in one-to-one correspondence with its
gauge symmetries: In order for initial data to uniquely determine a full solution to
the equations of motion, it is necessary that any two phase space points related, by
the flow generated by a first class constraint, be considered the same physical state.
That is, the flow generated by each first class constraint must be considered a family
of gauge transformations. In quantum theory, the flow generated by each first class
constraint operator C; is the family of transformations exp (i)LC‘i). When this family
acts on a physical state, C;y = 0, its action is trivial, exp (i?LCA”,') Y = Y, consistent
with its interpretation as a family of gauge transformations also at the quantum level.
In fact, at the quantum level, the condition that y satisfy the quantum constraint
equations is equivalent to requiring that it be gauge invariant. One can distinguish
between gauge transformations which preserve the polarization of the quantization
from those that don’t. In the first case, the transformation has a well-defined action
on the argument of the wavefunction ¥ and acts on Y via pull-back, while in the
second case the action on y is more complicated.

The basic principle giving rise to General Relativity is the principle of general
covariance, which is equivalent to covariance under the group of four dimensional
diffeomorphisms, the basic symmetry group of the theory. These both are also equiv-
alent to Einstein’s deeper principle of background independence that there be no
background space-time structure in physical law, but only dynamical space-time
structures. This basic symmetry group is furthermore a gauge symmetry: Its action
on initial data is exactly what is generated by the main constraints of the theory,
the Hamiltonian and diffeomorphism constraints, which respectively generate time
evolution with respect to an arbitrary time coordinate and spatial diffeomorphisms.
For spatially compact regions, the Hamiltonian of the theory is furthermore a linear
combination of the constraints, so that, in quantum theory, physical states do not
evolve in time — the famous so-called ‘problem of time’, directly related to the fact
that the choice of time coordinate in general relativity is a pure gauge choice.

Just as the framework of canonical quantization needed to be generalized by
Dirac, Bergmann, and others to accommodate the conceptual novelties of general
relativity, so too, in order to apply Feynman’s derivation of the path integral for-
malism to quantum gravity, it must be generalized, specifically in three different
ways:

1. The path integral for an unconstrained system has the interpretation as the
probability amplitude for a given initial quantum state to evolve into a final quantum
state after a specified amount of time. It thereby encodes the quantum time evolu-
tion of the system — the Schrodinger equation. For constrained systems, there are
quantum equations of motion besides Schrddinger’s equation, and the path integral
in this case encodes them as well: The path integral between a given initial and final
state provides the probability amplitude for the projection of the initial state onto the
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physical Hilbert space to evolve into the final state after a given amount of time. This
is true for any constrained system. For constraints generating non-compact orbits,
physical states are non-normalizable — that is, distributional — and the projector
onto physical states is then defined in a generalized sense. For general relativity,
because additionally quantum time evolution is trivial, no time evolution is involved
in the interpretation of the the path integral, and it formally correspond to the prob-
ability amplitude for the projection of the initial state into the physical Hilbert space
to be found in the final state. That is: it provides the physical inner product between
the projections of the initial and final states into the physical Hilbert space, and in
this way encodes the dynamics of the theory. The new role of the gravitational path
integral as projector on to physical states was noted by Hartle and Hawking [7], and
later in more detail by Halliwell and Hartle [8].

2. If one considers Feynman’s derivation more carefully, one sees that, instead of
integrating over classical histories, one must integrate over histories of eigenvalues
of a complete set of operators, obtained from inserting resolutions of the identity at
infinitesimal time intervals. In the case in which the spectra of the operators are con-
tinuous, this reduces to the more familiar case of an integral over classical histories.
But in the case of loop quantum gravity this is not the case, and so one sums over a
certain class of discrete space-time geometries, called spinfoams, which motivates
the name for the formalism.

3. In background-dependent field theories, path integrals provide transition am-
plitudes between initial and final states. This is achieved by integrating over histories
in a region bounded by two Cauchy slices and assuming suitable fall-off conditions
at spatial infinity. The initial and final states then belong to the Hilbert spaces asso-
ciated with the initial and final slices, and if first class constraints are present, the
path integral automatically projects on the physical Hilbert space, see e.g. [8, 9].
In a background-independent theory, the split into Cauchy slices has no preferred
physical meaning. What one can do is to avoid it altogether, and instead apply the
formalism to a general bounded region. The result gives a quantum amplitude for the
3-geometry on this compact boundary which is formally diffeomorphism-invariant
and background independent. This formulation of quantum field theory is called
the general boundary formulation. It was present in the early ideas of the Hartle-
Hawking proposal and was formally developed by Oeckl [10] and applied to the
LQG context starting with [2, 11], see also [12] for an early review. It is central
to all concrete work in spinfoams that has been done since. The resulting quantum
amplitude has a ‘frozen time’ status, hence some interpretive work is needed to use
it to describe physical processes. A useful procedure is to use partial observables,
namely splitting the system to introduce a physical clock and re-express the ampli-
tude as a function of the clock reading [2].

With these generalizations, application to loop quantum gravity of Feynman’s
path integral leads to the spinfoam formalism. Spinfoams are not the only existing
formalism for a gravitational path integral — there are a number of precursors, no-
tably the Euclidean path integral formalism of Gibbons and Hawking [13], quantum
Regge calculus [14], and causal dynamical triangulations [15, 16, 17]. What makes
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the spinfoam formalism unique is that it provides transition amplitudes (or equiv-
alently, a projector onto physical states with physical inner product) for a canoni-
cal quantum theory of gravity with mathematically well-defined inner product and
operators. In this way, the spinfoam formalism is able to overcome corresponding
limitations of other approaches. At the same time, the spinfoam formalism strives
to respects the basic principles of general relativity: diffeomorphism covariance or
background independence, and that gravity is geometry.

In addition, the spinfoam formalism turns out to include topological quantum
field theories — that is, quantum field theories with no local physical degrees of
freedom, that are therefore simpler and well-understood — that pre-date the spin-
foam formalism. These early topological spinfoams are important both as toy mod-
els for understanding the four dimensional gravitational case, as well as providing
building blocks for the construction of the latter, as we will see.

2.2 Transition amplitudes for spin network states

Let us elaborate on the points raised above in mathematical terms. Consider first
perturbative quantum gravity at the linear order, in which everything is under con-
trol, and one can see explicitly that the path integral projects on physical states.
Using the flat background as reference, one can compute the path integral between
an initial and a final configuration /; » separated by a time interval T, given by

h(T x)=hy S(h
K[hi,h, T] == DheSh (1)
h(0.X)=h,

The integration implements the constraints and gives a sum over energy eigenstates
of the free theory [9],

K[hlvh% T] = ZeiiEnTlpﬂ[hTT]%[h;T]v 2
n

where TT denotes the transverse-traceless parts of the spatial metric. At the linear
level all spacetime diffeomorphisms preserve the polarization, so that the meaning
of gauge-invariance of the wave-functional is manifest from its argument, as dis-
cussed earlier.

Moving on to a background-independent approach, both the flat metric on the
Cauchy slices, as well as the time separation 7" on the time-like boundary, are now
part of the dynamical boundary data. Let us denote by g the whole classical in-
formation on the boundary. The path integral (1) should be replaced by a formal
expression like

K[q] == / Pg e, 3)
Je8lam=4

This is the essence of the general boundary formalism: It associates a quantum am-
plitude to ¢ as a whole. Only after a physical clock is introduced, and an associated
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split of the boundary, can this be meaningfully interpreted as a transition amplitude
between initial and final physical states. To turn this formal expression into a well-
defined mathematical formula, we seek to make K|[q] precise such that it provides a
quantum amplitude for the states of loop quantum gravity.

Loop quantum gravity, being based on a connection formulation of general rela-
tivity, has three sets of first class constraints: The Gauss constraint, generating local
gauge rotations of the SU(2) principal fiber bundle, the diffeomorphism constraint,
and the Hamiltonian constraint. Because the gauge symmetries generated by the
first two of these have well defined action on the connection — the argument of the
kinematical wavefunction — their implementation on the kinematical Hilbert space
is unambiguous and straightforward. Recall that each normalizable state of the kine-
matical Hilbert space is labelled by a graph, and this corresponds to a truncation of
the number of degrees of freedom. This truncation corresponds to a distributional
description of the gravitational field, but can also be interpreted in terms of discrete,
piecewise flat geometries, see e.g. [18] and the Chapter “Emergence of quantum
Riemannian geometry” in this Handbook [19]. Due to the truncated nature of the
normalizable states, the gauge group generated by the quantum Gauss constraint is
in a precise sense compact, so that its solutions are a subspace of the kinematical
Hilbert space, with orthonormal basis given by the spin network states |S). Each of
these states is labeled by an embedded graph, an assignment of an SU(2) irreducible
representation to each link, and to each node an intertwiner among the representa-
tions labeling the adjacent links.

The gauge group generated by the diffeomorphism constraint, by contrast, is
non-compact, and so the solutions are distributional. A projector from spin network
states to these distributional solutions, and inner product on the resulting image, is
defined by averaging over the action U (¢) of diffeomorphisms[20]:

55):= [ Z0lo-5) @
(5(5),5(5)) i= [ 7079/(9/-S'l9-5) = [ 2979/ |U(9" o))
= [70(81U(9)s) = (S5(5)) = (5(5")s) ®

where in going from the first to the second line of (5), Z¢ has been assumed to
be left-invariant and have unit volume. The averaged spin network s(§) is labeled
by a spin network ‘up to diffeomorphism’. Although information about knotting of
the graph survives averaging over diffeomorphisms, all known observables, as well
as the dynamics considered in this chapter, are insensitive to this information, and
so one can, up to some subtleties [21, 20, 22], think of s(S) as a spin network on
an abstract graph. Note the final two expressions in (5) are well-defined functions
of s(S) and s(S'), and with appropriate assumptions on the measure 2¢ [20], are
finite. Thus, though the projection in (4) is not normalizable in the kinematical inner
product, it is normalizable in the inner product defined in (5). The resulting Hilbert
space is denoted Dy
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One can then proceed to construct a projector from pg to solutions of the
Hamiltonian constraint again by averaging over the corresponding gauge, similar
to (4) [23, 24]. The situation is however more complicated. We sketch here the
procedure and its shortcomings, because it serves both as a useful review and as a
motivation for spinfoams. If A (x) denotes the Hamiltonian constraint operator, and
HIN] its smearing by an arbitrary lapse N(x), we have

Pls): HP |s) H/ dN (x)e NWH) |y — /@Ne_’HN] |s)
- / 29 / INe N | 5) = / @q;U((p) / INeH1'N|5)
Z/.@(pU((p)/.@NeﬂH

where P, denotes the projector onto the kernel of H (x) and S is any kinematical
spin network that averages to s. In the last step the diff-invariance of the measure
2N was used. Note the last three expressions above are manifestly diffeomorphism
invariant, in addition to formally satisfying the Hamiltonian constraint. One thus
expects P to project from #p;g into solutions of all the constraints.

To continue the derivation, at this point one must choose a specific proposal for
the Hamiltonian constraint operator. More than one such proposal exists. In the end,
as we wish to simply to motivate a general ansatz, this choice does not matter too
much, and so we consider the so-called ‘Euclidean’ term in the first one, that intro-
duced by Thiemann in [25]. Thiemann’s smeared Hamiltonian constraint operator
H[N] is defined so that it acts only at nodes of the spin network, and includes an
holonomy operator that introduces a sum over spins. The action of the Euclidean
part takes the expression

HIN|S) = N(xa)H (xn) |S) = N(xa) A} (5)IS7) ©)

where A% (S) are coefficients that can be explicitly computed, summation is under-
stood for the repeated indices n and ¢, and where n runs over the nodes of S, and,
for each node n, o runs over the choice of all possible pairs of links (¢,¢') at n as
well as over two irreducible representations on each of these links. S& denotes the
spin network § with an extra link added connecting ¢ and ¢’ as in figure 1, and x,,
the spatial position of n. In the original prescription [25], one lets this operator act
on diffeomorphism invariant states, at which point the exact position of the added
link does not matter, as long as it is chosen sufficiently close to the node (and then
the limit as it approaches the node, corresponding to the removal of the regulator,
becomes trivial). For the purpose of deriving the spinfoam framework, an exact po-
sition for the added link for each spin network and node therein must be chosen,
and this must be done in a way that is diffeomorphism covariant, which can always
be done, e.g., by making these choices arbitrarily for one spin network in each dif-
feomorphism equivalence class, and then extending these choices to the rest via the
action of diffeomorphisms.

(9) [ ZNHAINY"IS) ()
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Fig.1 Action of Thiemann’s Hamiltonian constraint operator on a node n of a spin network.

For repeated actions of (7) on a spin network, it is convenient to introduce the
notation S,?l].'.'.'a’" =(- (S,‘fl’) -+ )mm so that, for example,

nm

HINP|S) = A[H] (N (xn JAT (S)IS71)) = N (2 )N () JAZ2 (S)AL (S)[S7152) (8)

ny niny

With this notation, continuing the derivation (6),

o

Pls)= 2 (7

L5

where sy = s(Spl e i= (- (Sal) -+ )%m). The diff-invariance of ZN further
ensures that the remaining (formal) integral over the lapse,

/-@(P U(‘P)/-@NN(xnm)"'N(xm )Ag,;” (Sr?f-'f-ff;" 1l Aal |Soc1 oc,,,>

Ny

(/@NN Xy ) (x"1)>A2i:l(S"1 r?,‘: 11)"'Aal ‘S ocm> ©))

Ly = /.@NN(xnm)~~N(xnl), (10)

depends only on the number my of points that appear k times for k = 1,2,3,....
Using the projection (9) to define the physical inner product on solutions to the
Hamiltonian constraint, in a manner similar to (5), we have

(121 = X O 1 a0 (S50 AB () s (1)

This expression can be interpreted as a sum over sequences of diffeomorphism-
invariant spin networks (s,sp’,...,sn =) related by consecutive actions of the
Hamiltonian constraint, acting as in figure 1, and ending in the final spin network
s'. Such a sequence of spin networks can be interpreted as a spinfoam, a quantum
space-time, matching to the initial and final spin networks s and s, which have the
interpretation of states of quantum “space”. Each such spinfoam consists in a 2-
complex, with each 2-cell, or face f, labelled by a quantum number of area, j, and
each 1-cell, or edge e, labelled by an intertwiner i,. An edge branches into mul-
tiple edges at a vertex v, corresponding to one of the actions of the Hamiltonian
constraint at a single node. These vertices v are thus in one to one correspondence
with the factors A% (Sp! o~!) appearing in the above expression. Each such factor

depends only on the spins and intertwiners at the node acted upon and the nodes
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created, and, due to the diffeomorphism covariance of H[N], is independent of the
choice of representative S averaging to s. We therefore denote each such factor as
A,, the vertex amplitude associated to v. The amplitude (11) can then be written

wiels= ¥ S0 TIA), (12)

F |0 F=sUs' ’ veF

where the sum over .% is a sum over all spinfoams with boundary equalling the
union of the initial and final spin networks s,s’, m is the number of vertices in .Z#,
and my, the number of nodes in 5" with k vertices in % resulting from the action of
HIN] onit.

The resulting expression is however still unsatisfactory. The vertex amplitude
A, (%) depends on how the spinfoam .% is interpreted as a history of spin networks,
which can be related to a choice of foliation of spacetime. Furthermore, the sum-
mand, due to the factor I, }, is not local in time. In addition, it is not yet clear how
to make sense of the factors Iy, , resulting from a functional integral over lapses
[24]. Therefore, even though the construction of a well-defined Hamiltonian opera-
tor was a key feature to support the viability of the program, there are unfortunately
ambiguities in its definition, and it is not even clear that it satisfies all necessary
physical requirements. The idea to overcome these limitations is to take the above
expression as a suggestion for a more general ansatz, which keeps the key state-sum
structure, and makes foliation-independence manifest:

Ks'usl=('|Pls)= )Y Az,  Az=[]Ar[]A]]4. (3
f e v

F|0.F=sUs'

where each Ay depends only on the spin label j; on f, A, depends only on the
intertwiner i, on e, and A, depends only on the spins and intertwiners on the faces
and edges incident at the vertex v. The goal is to find expressions for the weights
such that the quantum constraints are correctly implemented, and general relativity
is recovered in the appropriate limit.

Further support for a formula like (13) comes from the fact that different and
independent approaches have converged to it, suggesting that an expression of this
type may be seen as a definition of a generally covariant QFT [2]. State sum models
for topological quantum field theories, such as the Ooguri and Crane-Yetter mod-
els for BF theory [26, 27], and the Ponzano-Regge and Turaev-Viro models for 3D
gravity [28, 29], take this form, as do group field theories, appropriately cast [30]. It
is referred to as the spinfoam ansatz, and it forms the basis of the spinfoam frame-
work for defining dynamics for loop quantum gravity. Requiring the composition

property

;K[S/Us”]K[s"Us] = ;<s’|P|s“> (s"|Pls) = (s'| P|s) = K[s' Us] (14)
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fixes the face amplitudes to be Ay = 2j+ 1 [31]. Furthermore, the edge amplitude
can always be absorbed into the vertex amplitude, so that the latter carries all the
dynamical information of the model.

The formula (13) has the same structure as a partition function for lattice gauge
theory (LGT), and some techniques for its study are indeed common to the two
fields. However, there are also crucial differences stemming from the differences
between quantizing a gauge theory on Minkowski spacetime versus quantizing gen-
eral relativity with no background structures. In particular, LGT can use a regular
lattice adapted to flat spacetime, and this is pivotal in order to derive the right uni-
versal class of actions, define observables and length scales, compute the continuum
limit and verify the existence of a phase transition. Conversely, background indepen-
dence means that one can only use abstract graphs, whose regularity and locality are
a priori distinct from that of any emerging semiclassical spacetime, so that verifying
that the action is related to gravitational dynamics becomes subtle and non-trivial,
and there is as yet no consensus on a procedure to define the relevant scales and
corresponding choice of boundary and bulk structure to compute specific physical
processes. Similarly, the refinement limit and how to sum over refined contributions
are open questions, whose study is the object of ongoing research. See in particular
the Chapter “Spin foams, Refinement limit and Renormalization” in this Handbook
dedicated to these questions [32]. The recasting of spin foams as group field theories
also provides an avenue for answering these questions [33]. As we will comment on
in the conclusions, more explicit results are needed before one can discern between
different procedures put forward in the literature. On a more technical level, the
LGT dynamics is encoded in the face amplitude via the plaquette action and the
vertex amplitude carries only information about gauge-invariance, whereas in most
spinfoam models it is the reverse: It is the vertex amplitude that encodes dynam-
ics, and the face amplitude is determined by gauge invariance with no dynamical
information. The similarities and differences between LGT and spinfoam quantum
gravity are a rich topic for discussions, see e.g. [34].

2.3 Spinfoam amplitudes from the Plebanski action

As noted, an expression like (13) is known to arise in quantum BF theories; fur-
thermore, in 4d, the action for general relativity can be written as a constrained BF
action. This suggests the following approach: first quantize BF theory, thus obtain-
ing an amplitude already in the form (13), then impose constraints reducing BF to
gravity directly at the quantum level, as a restriction on the quantum states allowed.
There is no guarantee that this procedure gives the same result as quantizing the con-
strained theory, if one knew how to do that. The logic used is that one will have to
verify a posteriori whether one obtains in this way a theory with the right semiclas-
sical dynamics, and capable of making new predictions. The value of this approach
is that one obtains in a natural way both a background independent quantum path
integral, and boundary states given by SU(2) spin networks. There exists excellent
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overviews of this approach, e.g. [3]. We refer the reader there for details, and only
sketch here the steps necessary to follow the rest of the chapter.

The canonical structure of LQG can be derived from the tetrad action for general
relativity. An equivalent way of studying the same theory is to use a version of the
Plebanski action [35, 36, 37], which is given by1

1 1 A
BY oV :7/ P,BAF(0)— = —P,|BAB 1
S(BY, 0", ¢rjk1) Tenc | T\ Pr NF (@) 2 o+ 3 AB |, (15)

where @'/ is an SO(3,1) connection with curvature F, B an auxiliary 2-form val-
ued in the adjoint, and

1 - Y
P, == Pl= T _(1—p). 16
Y ,y+*a b4 1_|_,y2( /}/*) ( )

The trace, tr, here means contracting all indices with the identity 17z := Nyx N1}
and x := %81 7k The field ¢*/KL is a Lagrange multiplier with the same symmetries
as the Riemann tensor, and hence has 20 independent components. Its variation
gives the following equations,

1
B! N BKE = Ee”’“ tr(B A xB). (17)
Solutions satisfying the non-degeneracy condition tr(B A xB) # 0 are parametrized

by the existence of a non-degenerate tetrad eL such that one of the following four
forms hold [36, 37, 38]

(I£) BY =+ né, (I1+) BY =+xe Aé'. (18)

A 2-form written as the wedge product of two 1-forms is called simple, and (17)
are called (covariant) simplicity constraints. Plugging in the form (/4) recovers the
original tetrad formulation with Newton constant +G and Barbero-Immirzi param-
eter . Plugging in the form (/7+£) recovers the formulation with Newton constant
+vG and Barbero-Immirzi parameter —1/7. At the classical level, there is no prob-
lem in choosing either sector for any finite value of ¥, provided the right Newton
constant is identified. At the quantum level however, these two sector could lead to
non-trivial interference. The linear reformulation of the simplicity constraints used
in the EPRL model, which we introduce below (19), fortunately eliminates the sec-
tors (I1+£).

The covariant Plebanski action can also be seen as a theory for the two Urban-
tke metrics corresponding to self-dual and antiself-dual sectors, and the simplicity
constraints as imposing the matching of the two metrics [39, 40]. This approach is
relevant for recent proposals to construct effective spinfoam theories [41].

! The version used is often called covariant or non-chiral, to distinguish it from the original Ple-
banski action, which is identical but uses self-dual variables only, and has to be supplemented with
reality conditions.
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The canonical structure of the theory is the following. After 3+1 splitting, the
phase space is described by the conjugated pair (@2’ ,131“1) and has 36 dimensions
per space point. Here P/ := %?—:“bCJli, and J := P,B/167G, and the index a =
1,2,3 is over each leaf of the foliation. The momenta are not all independent, and
have to satisfy six primary simplicity constraints which are the canonical version of
the quadratic covariant constraints (17). These are not stable under evolution, and
give rise to six secondary simplicity constraints, which coincide with the D[aeob} =
0 plus three of the D[aeih] = 0 torsionless equations (the remaining six give the
Gauss constraints). Together, the primary and secondary simplicity constraints form
a second class system. This together with the six Gauss constraints and the four
diffeomorphism constraints reduce the phase space to 4 dimensions per space point,
namely the theory has two degrees of freedom per point.

It is often convenient to fix one of the tetrad forms, say €0, in terms of the hy-
persurface normal. This breaks part of the internal gauge symmetry, and introduces
three additional constraints which form a second class pair with the generators of
the broken internal s.ymmetry.2 The three new constraints are linear [43, 44, 45, 46],

Ni(L = y%)Jg = 0, (19
and imply, and so can replace, the primary simplicity constraints (17). These are
9 independent constraints per point. The counting now has 9+ 9 second class and
3 44 first class constraints, giving 4 dimensions per space point as before.

Let us neglect for a moment the spatial indices ab (imagine for instance inte-
grating the 2-form on a given surface). If we choose the canonical time direction
N' =+t :=(1,0,0,0), this equation is equivalent to

K=1L, (20)
where K’ := J%, L; := —1¢;J/%. For an arbitrary direction N’ := A’;t/, we have
instead [47]

coshn (K — yL) = sinhn (R~ 'u) x (L + 1K), 1)

where the Lorentz transformation A has been decomposed as a product of a rotation
R times a boost with rapidity 1 and direction u. While B is simple, we refer to J
satisfying (20) as y-simple, and (21) as boosted y-simple.

The relevance of this action for us is that it formulates general relativity as a
topological field theory plus constraints. A topological field theory can be quantized
without any reference to a background metric structure, in two steps. First, invok-
ing topological invariance to restrict the partition function/generating functional to a
cellular decomposition. Second, choosing to represent it as a product of delta func-
tions imposing flatness of the holonomies on the faces of this decomposition. Gauge
divergences are treated by removing redundant delta functions. The result is finite

2 Namely the boosts in the standard case of a space-like 3+1 splitting. Working with this partial
gauge-fixing is also convenient if one wants to describe time-like or null foliations [42].
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and can be naturally recast as a state sum model using the character expansion of the
deltas. Integrating out gives precisely an expression like (13), with the amplitudes
obtained from the recoupling theory of the chosen gauge group. This quantization
of BF theory will be reviewed in details in the next Section.

It then leads to the following strategy to construct spinfoam models: start from
the quantum BF theory and impose the primary simplicity constraints, which have a
simple action, and can be done with a restriction on the quantum labels of the state
sum model. This restriction destroys the proof of topological invariance, therefore
the resulting model could carry local degrees of freedom in the continuum limit.
Furthermore, the limit of large label is related to the Regge action, which offer a
possibility towards proving that the continuum limit is related to GR.

Different ways of implementing this strategy have been considered in the litera-
ture. One has to first choose a discretization of the classical constraints adapted to
the cellular decomposition used, and then choose a quantization map. The simplest
choice of cellular decomposition is a simplicial one: In this case a piece-wise flat
geometry can be unambiguously described by the edge lengths, and this descrip-
tion forms the basis of Regge calculus. The more adaptable choice is to work with
all tetrahedra being space-like. This is the case most used in the literature. We will
comment in Section 3.10 below on other choices. On each 4-simplex, the quadratic
covariant constraints (17) can be discretized integrating the B field on different tri-
angles of the 4-simplex. The resulting constraints can be split in three groups [48],
diagonal, cross-diagonal, and opposite-faces. Gauge invariance can be implemented
in the form of closure constraints. Flatness of the 4-simplex and closures then im-
ply that the opposite-faces constraints are redundant and can be discarded. Indeed,
the diagonal and cross-diagonal together with the closure constraints are enough
to guarantee that the bivectors discretizing the B field are in 1-to-1 correspondence
with an oriented Regge 4-simplex. Since the opposite-faces constraints are the only
ones to involve the connection, these two results could be taken as signal that im-
posing the primary constraints at all times, one is effectively inducing the secondary
ones as well. This property, however, is lost if one uses a more general cellular de-
composition, because in this case the opposite-face constraints become non-trivial,
and furthermore there is no unique map between edge lengths and piece-wise flat
metrics. Finally, the closure constraints also guarantee that the diagonal and cross-
diagonal are solved when linear simplicity is solved [49]. Hence one can trade those
quadratic constraints for the linear ones, with the advantage of removing already at
the classical level the presence of the sectors (I/+) (18).

Within this classical set-up, two different quantization maps have been studied.
The first one was the Barrett-Crane (BC) model [50, 51, 48, 52], later followed by
the Engle-Pereira-Rovelli-Livine (EPRL) model [43, 49, 44, 53, 54]. We choose to
focus here on the EPRL model for two reasons. First, it is currently favoured be-
cause it overcame difficulties with correlators [55], because it implements weakly
the non-commuting constraints [43, 54], can accomodate an arbitrary Immirzi pa-
rameter [44, 53], and can be easily extended to arbitrary graphs [56, 57]. Second,
it is sufficiently general and versatile that it can be used as a starting point to then
learn the simpler BC model, or the more complicated models with building blocks



16 Contents

of different spacetime signatures. In the next Section, we present in some details the
EPRL model. For other work on the BC model, see e.g.[58, 59, 60, 61, 62].

3 EPRL model

The EPRL model is based on the Lie group SL(2,C), which describes the local
Lorentz symmetry of general relativity. In this Section we briefly review relevant
aspects of this group, and explain how they are used to define the EPRL model and
its relation to topological BF theory. We then review the key properties of the model,
starting from its large spin limit, as well as various extensions thereof that have been
studied.

3.1 Unitary irreps of SL(2,C)

The EPRL model is based on the principal series of the unitary irreducible repre-
sentations (irreps) of SL(2,C), which are infinite dimensional since the group is
non-compact. These can be labelled by a pair (p,k) € (R,N/2), with Casimirs

C=L-K>=(-p>-1)1, Gy :=K-L = pkl. (22)

Here (L, K) are the rotation and boost generators, as defined by the canonical time
direction ¢! := (1,0,0,0). A basis for these irreps can be obtained looking at rep-
resentations of any little group. For the EPRL model it is convenient to work with
Naimark’s canonical orthonormal basis, labelled by the SU(2) little group with L2

and L.: |p,k; j,m), where j >k, and m € [—j, j] is the magnetic number. The ma-

Efnlkrf (h), where jm and In refer respectively to the

right-invariant and left-invariant realizations of the little group. If h = g € SU(2),
then D'PX) (g) = SjZDS,{,)l(g), for all p and k < j, where Df,{,)l(g) are the usual Wigner

Jjmlin
D-matrices for SU(2).

The label m of the orthonormal basis can be given a geometric interpretation as
projection along the % axis of the rotation generator L', As such, each state has min-
imal information about the direction of the rotation generator. A sharper characteri-
zation can be obtained working with SU(2) coherent states, which can be embedded

in the unitary irreps of SL(2,C) as follows,

trix elements in this basis are D

p,k: . &) =DV (8) |p.ks j,—j) . (23)

Here D({) is the Hopf section, and the magnetic index is replaced by a complex
number { which represents a point on the sphere via stereographic projection. We
will denote n({) the corresponding unit vector in R3. The expectation values of
rotations and boosts point in the direction identified by the state,
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L= (p,k;j, | Llp, ks j, §) = —jn(§), (24a)
o ki EIR o ki £y — PR

The uncertainty is minimized in the direction of the rotation generators — but not of
the boost generators.® From this relation it follows that

pk
JG+1)

L =0, (25)

3.2 Classical and Quantum BF theory in four dimensions

The basic variables of SL(2,C) BF theory on a four dimensional manifold M are
an SL(2,C)-connection @ and two form J// taking values in the Lie algebra
s0(3,1) = 5((2,C), and the action is given by

Spr(®,]) = /M w(JAF) (26)

where F" is the curvature of @'/. Variation gives
5Sur(@,J) = / w(8JAF — (dod) A S®) + / tr(J A o) @7
M oM

from which one can read off the equations of motion

F ~0 (flatness), (28)
dpJ =~ 0 (covariantly constant J), 29)

and symplectic potential ©(8) = [;,,J A S®, yielding a boundary phase space pa-
rameterized by the pull-backs (J, @) of the basic variables to the boundary, with
Poisson brackets

(I (x), 5L (3)} = Eapc 175G (x,) (30)

with €4, the Levi-Civita symbol of density weight —1 on dM. Holding @ constant

on the boundary, the (formal) continuum path integral is then

W () :/@w@Je"JM“(W> :/@w [15F) (31)

xeM

3 This SL(2,C) embedding of SU(2) coherent states should not be confused with the SL(2,C)
coherent states defined in [63], which exist only for k = 0.
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which manifestly implements the flatness constraint (28). Introduce an oriented cell
complex % covering M. @ is naturally discretized by the parallel transport 4, €
SL(2,C) it defines along each interior 1-cell, that is edge, e in J#". The edges in
the boundary d.#" we call links ¢, which together form the boundary graph 7. The
corresponding parallel transports /, provide the natural discretization of ®@. The
(formal) continuum path integral (31) then has the obvious discretization

W({he}) :/(H dhe) I s(ﬁeefhe). (32)

ecH fex

where the product over f is the the product over all interior 2-cells, or faces, in J’,
and the product inside of the delta function is over the 1-cells in the boundary of f,
whether interior or boundary (link). dh, denotes the Haar measure, and §(-) denotes
the Dirac delta with respect to this measure, peaked at the identity.

The group elements A, associated to the boundary graph Y parameterize the dis-
crete boundary configuration space %, so that ¢’ = SL(2, C)%, where L is the number
of links. To discretize the conjugate variable J, for each link £ of ¥, introduce an ori-
ented 2-surface S, containing the ‘source’ node ¢_ of ¢, with ¢ ‘above’ S; and all
other links at £_ “below’ Sy, and define the flux Ji’ := [g, J* € 50(3,1) =51(2,C).
Then (30) yields the Poisson brackets [64]

U hey = Syt (33)

where 7/ = —1/! € 5((2,C) is given by 7% := 1o; and 7'/ := Ie*/ o with o; the
usual Pauli matrices. All components of each Ay trivially Poisson commute with
each other, which, together with (33) and the Jacobi identity, yields the further non-
trivial Poisson bracket [65]

{7 I = S Ry ), (34)

where CIVKLy/\ are the structure constants of s0(3,1). All other Poisson brackets
are zero. These Poisson brackets can also be derived from a discrete action [66, 67].
They give the discrete boundary phase space I" := {(h¢,J;)¢ey} the structure of the
cotangent bundle over ¢ = SL(2,C)~,

T*SL(2,C)" := {(he, o)y | e € T SL(2,C)} (39)

in which J} is identified with (tt;,L /), where Ly denotes the left invariant vector
field associated to the algebra element x. Quantization yields the boundary Hilbert
space

Hyr = L(SL(2,C)") (36)

. . A \A . s o o
with basic operators (/7)" p acting by multiplication, and J}’ as the derivative op-
erator corresponding to L. on the copy of the group corresponding to £. The com-
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mutators of the basic operators mimic exactly the Poisson brackets of their classical
counter parts. In particular, this means that, as in loop quantum gravity, the fluxes
do not commute, but rather satisfy the same algebra as the gauge group, sl(2,C).

If we interpret the equation of motion (29) to be a priori satisfied along the in-
terior of each link £ (but not at its end points), then, in addition to the flux J; at
the source node of ¢, we can define the flux at the target node of ¢ as the parallel
transport of J; via hy. That is, for n the source of £ and n’ the target of ¢, define

Jg(n) = J[}, J({(I’l/) = hgl>]({ (37)

where > denotes the adjoint action. In terms of the cotangent bundle structure of
the phase space (35), J;(n) then takes the form (i, R,1s) with Ry the right invariant
vector field corresponding to x. Quantization of the expression for Jy(n') in (37) then
leads to féf (n') acting as the derivative operator corresponding to R, on the copy
of SL(2,C) corresponding to /.

For each link ¢ and node n adjacent, the operators J;{J (n) satisfy the Lorentz
algebra, with rotation and boost generators given by

~

1 . - .
Ly(n) = —5eull (n).  Kin) =T (n). (38)

For a given link /, there are two sets of the above generators, one for each node n,7’,
acting as the left and right invariant vector fields on the corresponding group ele-
ment /i;. The jm and [n subscripts of the SL(2,C) D-matrices of the last subsection,
evaluated for & = hy, correspond to these two sets of generators. From the previous
section, the corresponding Casimir operators are

Cro=Lin)?—Ri(n)?,  Copi=Lo(n) Ky(n). (39)

Since the fluxes on either side of a given link ¢ are related by parallel transport,
they yield the same Casimirs, so that the above operators are independent of n. The
simultaneous eigenvalues of the above operators, as well as Ly(n)? and Ly(n),, are
then parameterized by the set of quantum numbers (py, k¢, jen, M, ). For each such

set of quantum numbers for each £ and n € /, there is a state W, 4, i, m,} in the
boundary Hilbert space, unique up to phase, satisfying the equations
¢ LYps ks jmmn}y = (k7 —p7 — DWWy jonmen
o Yo ke.dmmany = PRV gk i min)
i‘[(n)2w{l>z7ké-,jémwn} = Jin(itn+ V)W o,k jonmen
Ly(n): Wioekesjmmen} = MenWipg ke, jonmon} (40)

given explicitly by

— (pk’>
Yoy kg jimi (Lhe}) = I;Djuifilmr jio_mae_ (e S
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where /_ and ¢, denote the source and target of ¢. These states are referred to as

projected spin networks [68] and form an orthonormal basis of the boundary Hilbert

space, as follows from a version of the Peter-Weyl theorem as applied to SL(2,C)~.
The transition amplitude for such a boundary state is then given by

W ({Pe:kes jonsmin}t) :/ <Hdhé> Yiprksjmmot AW {he}). (42)

ley

By substituting in (32), using the Plancharel theorem, inserting resolutions of the
identity on each irrep (p,k) of SL(2,C) in terms of the states |p,k; j,m), and drop-
ping one overall factor per vertex equalling the (divergent) volume of SL(2,C), one
can show [69].

W({pe. ke, jonsmen}) =

(1) o

{pkpsjfemse} <f ex vex

where Ay is a function only of {ps,kf, jre,mfc}ecy, and A, is a function only of
{pfa kfa jfe ) mf@}e,fBV’ given eXPhCItly by

A, =W, ({pfakf»jfeamfe}e,fav)
(Pyiks) -1
_ / (Hdhe> | | L2 (o )
esv E

where e, ¢’ are the two edges sharing the same face f at v, and where € is an arbitrary
choice of edge at v. Note that A, is just the BF transition amplitude (42), for the pro-
jected spin network associated to the labels {ps,ky, jfe,Mfe }veecy, in the boundary
Hilbert space of the single vertex v. The quantum numbers {ps, ks, jre,my.} thus
again have the interpretation of being quantum numbers of flux operators ff(e), this
time associated to each face f in J# and edge e therein. While the flux operators
on the boundary are parallel transported along each link, these flux operators in the
bulk are parallel transported around each face, so that the quantum numbers pr, k¢
depend only on f and not e [49]. Eq. (44) is the vertex amplitude of the SL(2,C) BF
theory. By imposing simplicity on the boundary Hilbert space of each vertex, one
obtains a proposal for the vertex amplitude of loop quantum gravity.

(44)

3.3 Quantum Simplicity

Consider now a discretization of the linear primary simplicity constraints (20),
where each generator is associated with a pair node-link of each vertex graph:

S:=K—7yL~0. (45)
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We assume a simplicial decomposition with all tetrahedra space-like. Due to the
non-commutativity of the fluxes (34), part of these simplicity constraints become
second class even without taking the secondary ones into account. Dirac’s origi-
nal prescription for quantizing systems with constraints allows for only first class
constraints to be implemented as operator equations in the quantum theory, as im-
plementing second class constraints in this way would kill too many degrees of
freedom and impose unphysical constraints. However, a unified method for impos-
ing both first and second class constraints in quantum theory was later introduced
by Thiemann — the master constraint method [70, 71] — in which one combines
the constraints into a choice of positive definite quadratic form, yielding a single
constraint that vanishes if and only if all the original constraints vanish. In our case,
SU(2)-invariance restricts the quadratic form to be simply the square of S,

M:=8>=(1+7)L?—C, —2vC,, (46)

so that M is a linear combination of the two SL(2,C) Casimirs and the one Casimir
L? for the subgroup, SU(2). In quantizing the master constraint, one must allow for
h-scale modifications to ensure a sufficiently large space of solutions. This leads
(46) to be quantized as

M|p.k; j,m): (1+7f2 p*) —2pk) |p,k; j,m)
=((1+7)( +(p —7k)?) |p,k: j,m). 7

Since both terms are non-negative definite, setting this equal to zero implies both
k=j and p =7k (48)

We refer to these representations as y-simple. A different convention with —7y also
appears in the literature, the relation being simply complex conjugation of all rep-
resentations. The map from the spin j representation of SU(2) to the corresponding
y-simple representation (p,k) = (7vj, j) of SL(2,C) is called the Y-map in the early
EPRL literature.*

The resulting matrix elements satisfy a sort of analytic property: they are fully
determined by their restriction to SU(2), via an integral kernel defined in terms of
SL(2,C) and SU(2) characters [72, 73],

DD (n) = /S U()dgK(g,h)DfnZ(g) K= Zd2/ dky ) (gh) V) (kh).

This property can also be understood in classical terms, recalling that these repre-
sentations are a quantization of the canonical manifold 7*SL(2,C). First, one can
split the three equations (45) into a first-class Lorentz-invariant constraint, given
by y(L? —K?) = (1 — y?)K-L, and two second class constraints (a nice explicit

4 The difference with the BC model is that the latter imposes simplicity of J, as opposed to y-
simplicity. As a result, the only allowed irreps are either p = 0 or k = 0, and are interpreted as
describing a model with space-like or time-like faces respectively.
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decomposition can be obtained working with spinors [74]). The first involves the
Casimirs and it is thus the same among left and right-invariant generators, whereas
the second has to be implemented independently on both. This gives a total of 1
first class constraint and 4 second class constraints. It can be shown that symplec-
tic reduction gives a 6d canonical submanifold isomorphic to 7*SU(2) [74], with
holonomy g. The analytic property mentioned above is the quantum manifestation
of this classical reduction.

There is another useful aspect that can be learned from this reduction. Imposing
the constraints but not dividing by the orbits, one has a 7d space whose extra dimen-
sion is spanned by a real variable = that spans each orbit of the first class constraint.
One can then construct a general SL(2,C) holonomy A(g, =) in this space. In the
absence of secondary constraints, we can treat & as gauge and remove it, for in-
stance gauge-fixing it to 0 so to reduce trivially 4 to g. If secondary constraints are
present, their solution can always be seen as providing a specific gauge-fixing in
terms of the reduced data — namely, a non-trivial section Z(g,X), the discrete ana-
logue of the mapping K = K(A,E) they provide in the continuum. One can then
argue that g provides the correct discrete analogue of the Ashtekar-Barbero (AB)
connection [74], whence the y-simple matrices provide a quantum version of the
map between SL(2,C) holonomies and AB holonomies, provided the correct non-
trivial section is used. These considerations can be useful to distinguish the role of
the two different connections present in the model, the spin connection and the AB
connection.

3.4 Definition of the 4-simplex EPRL amplitude

At this point we return to the quantum BF theory introduced in section 3.2, but now
require that the cell complex .# be dual to a simplicial complex. In particular, each
vertex is now dual to a 4-simplex, and one can consider the BF amplitude (44) for a
given set of data on the boundary of such a 4-simplex. By restricting this boundary
data to satisfy the quantum simplicity constraints (48), the boundary data reduce to
those for a single vertex in loop quantum gravity (13), and yield the EPRL vertex
amplitude:

Ay(jr mye) _/<Hdh> H /ﬂffif,fm ., clhy), (49)

where € is an arbitrary choice of edge at v. One of the five group integrals over the
non-compact manifold SL(2, C) is redundant and has to be dropped to ensure finite-
ness of the amplitude [75]. This is achieved by the Dirac delta, which is with respect
to the Haar measure dh; and peaked at the identity. The definition is valid only for
Jr 7 0. If a face has zero spin, the matrix should be replaced by 1.° The model is
then completed taking trivial edge amplitudes, and 2 + 1 for the face amplitudes

5 This definition is necessary because D9 (i) # 1.
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in (13). We first review results concerning a single vertex, and later on comment
on multi-vertex amplitudes. Multi-vertex analysis is crucial for understanding cur-
vature, dynamics, and questions related to infrared divergences and causality; how-
ever most results of this analysis are not yet fully settled, so that we will mostly
limit ourselves to point to the relevant research directions and literature.

When working with a single 4-simplex, it is often convenient to simplify the
notation, and use a = 1, ...5 to label the edges, namely the nodes of the vertex graph
I', and (ab) for the faces, namely the 10 links between the nodes (we will no longer
need these latin letters for hypersurface tensors). € will then be chosen to correspond
to a = 1, so that the integrals (49) are only over h, with a = 2,...5. In the following
we will alternate between the two notations, with the dictionary just spelled out in
mind.

Notice that the Y-map is imposed only at the tetrahedra: If we split the product
h; ' hy, using the group product, we obtain arbitrary weights:

(vi, J Vs 7 p\7iJ)
Djmjn Z Z[D/mlp lp]n (hb) (50)
Jjpr=—
If one imposes additional ¥ maps on the internal weights, namely truncating the
above sum over [ to its minimal value, one obtains a toy model, closely related to
SU(2) BF theory and dubbed simplified EPRL model in [76], which is useful for
numerical investigations with Euclidean boundary data.

3.5 Properties

Covariance. The integral (49) defines (the lowest weights of) an SL(2,C) invariant
tensor, and can be expressed in terms of the corresponding Clebsch-Gordan coeffi-
cients. Thanks to the Y-map, the quantum labels are in one-to-one correspondence
with SU(2) weights, hence it can be used to provide transition amplitudes for LQG
with 4-valent spin networks. Bulk Lorentz invariance and boundary covariance was
proven in [73].

Furthermore, the vertex amplitude is manifestly invariant under global SU(2)
transformations at each edge. Therefore it can be contracted with invariant inter-
twiner tensors without any loss of information, giving the spin-intertwiner version

Aigsie) = Y 1o Aigsmpe)- (51)

mpe

The intertwiner label i, depends on a choice of recoupling basis, and [ is an or-
thonormal basis for intertwining tensors such as Wigner’s 3jm symbols.

Coherent states. The boundary magnetic indices can be superimposed to obtain
SU(2) coherent states, as suggested initially in [77]. This allows a simple geometric
interpretation of the amplitudes, and gives a useful handle to study the dynamics. To
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define the coherent amplitude, we take lowest weight coherent states, labeled by n,,
at the source and —ny,, at the target of each link. A standard calculation exploiting
the factorization property of the coherent states leads to [77, 78, 79]

d
A (]abanaba nba) — ¢ L(ab) ]ab‘l’ab/H /H%GXPS, (52)

Hh Zab”Z”thab”2

where the action is

(33)

+ ¥ jap In

Z b gub|hTZab>2< Zzablgba]z . thzubnz
ab - )
|hizan|? I} za | hdzan |

S(h,z,¢) :

with 7 = 1. In this expression there are two types of spinors, latin and greek.
The latin spinors |z,5) provide the homogeneous realization of the infinite di-
mensional SL(2,C) irreps. The integrand is invariant under complex rescalings
|Zab) — Aap |Zap)» and the spinorial integration is defined over CP! 22 §2. See [80, 78]
for more details. The Greek spinors are determined by the boundary normals via the
map (ngp, —py) — (|&ap) | Epal))- This map is not unique, and its choice determines
the overall phase y. See the Appendix of [79] for details.

An important property of the coherent amplitude is that its norm is invariant
under rotations of the boundary data at each node. In other words, its norm de-
pends only on rotational-invariant quantities such as the angles between the normals,
whereas its phase depends also on the orientation of the normals.

Representation in twistor space. The amplitude can be derived as an integral in
twistor space [81, 74]. This is obtained through the parametrization of each copy
of T*SL(2,C) in the phase space (35) in terms of a pair of twistors with matching
SL(2,C) Casimirs, and it is useful to provide both a bridge to twistor theory, and
a complementary derivation of the vertex amplitude from a discrete BF action. The
twistorial description offered an independent insight into the flatness issue [82],
mathematical tools to describe time-like [83] and null [84] hypersurfaces in spin-
foams, and potentially different implementations of the simplicity constraints along
the lines suggested in [85, 86]. It also spurred a brief attempt at studying more the
relation between the tools used in LQG and twistors [87].

3.6 Large spin asymptotics

The action (53) has two useful properties: its real part has upper bound 0, and it
is linear in the spins. The latter means that the integral can be approximated using
saddle point techniques in the limit of large spins. We describe only the case in
which all spins are homogeneously large. Inhomogeneous limits have been studied
for SU(2) amplitudes, see e.g. [88, 89]. The result of this analysis shows that the
vertex amplitude decays exponentially, unless the boundary data satisfy some spe-
cial configurations, and then the decay is power-law. The power-law decay requires
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boundary data such that the action admits a dominant saddle point, namely a point
such that the gradient of the action with respect to all integration variables vanishes,
and such that the real value of the action at the saddle point takes its maximal value.
To understand the meaning of the special configurations, it is useful to interpret the
boundary data in terms of discrete geometries. This can be done as follows. On each
oriented link, we interpret the triple (jup,Dgp,p,) as the area and the normal direc-
tions of the triangle dual to the link in the frame of the tetrahedron dual to the source
and target of the link. These variables parametrize the subset of the holonomy-flux
phase space T*SU(2) with vanishing twist angle £,, [90].° A special feature of a
flat 4-simplex is that the Jacobian between edge lengths and areas is generically
invertible. Therefore, one can use the spins alone to determine a unique Euclidean
4-simplex (the spins satisfy the Euclidean triangle inequalities), a unique Lorentzian
one (the spins satisfy the Lorentizian triangle inequalities), or no 4-simplex at all (no
triangle inequalities are fully satisfied). Therefore whether the power-law behaviour
exists depends entirely on whether the unit vectors are suitably adapted to the spins.
To that end, we list some special subsets of the boundary data which are relevant to
the saddle point analysis.

(i) Twisted geometries.” These are the data satisfying the closure conditions

Y janw =0,  Va. (54)
b#a

Notice here the advantage of choosing the minus sign for the normals at the
targets in (52). This allows us to write the closure constraints above without
further need of specifying orientations. These data describe a tetrahedron with
areas given by j,; and 3d dihedral angles

Ngp - Nge = COS P (55)

Looking at a single node, this information allows one to reconstruct the entire
geometry of a flat tetrahedron: 4 areas and 2 independent dihedral angles among
the 6 possible ones. This gauge-invariant information defines the shape of the
tetrahedron. The collection of such tetrahedra defines a twisted geometry. The
geometry is twisted because the shapes of the triangles don’t necessarily match
when computed in the source or target frames. It has on the other hand a well-
defined notion of signature, depending on whether the (edge-dependent) 4d di-
hedral angles ;. that can be constructed from the ¢’s using the spherical cosine
laws satisfy Euclidean or Lorentzian inequalities (see e.g. [92]).

6 The reason one considers boundary data with vanishing twist angles is that the amplitudes are
coherent in the directions, but sharp in the areas. One can consider superpositions of vertex ampli-
tudes also in the spins, like it is done in the propagator calculations [V |]. These will be labelled also
by the twist angles, and the boundary data then parametrize the complete holonomies and fluxes.
7 Or closed twisted geometries, if the name twisted geometries is used for the generic parametriza-
tion of 7*SU(2) prior to imposing the closure conditions.
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For these data there still is no dominant critical point, hence the amplitude decays
exponentially.

(ii) Vector geometries.
These were introduced in [93] as the set satisfying closure and additionally the
orientation conditions

R.n,, = —Rpny,, R, € SO(?’) (56)

A gauge-invariant description of vector geometries is not known. A partial an-
swer in terms of four shape parameters and one non-gauge-invariant angle is
given in [94]. These conditions can be satisfied only for twisted geometries that
have a Euclidean signature everywhere
If (and only if) the spins are Euclidean, these data admit a (unique) dominant
saddle point. The amplitude then decays with the power law j~!2, and a phase
that depends on the orientation of the data.

(iii) Regge geometries.
These are data such that the shapes of the triangles match. In this case there is
a well-defined notion of edge lengths of the triangulation, and these define a 3d
Regge geometry. Furthermore, since every triangulation of S* by 5 tetrahedra
is flat-embeddable, the same data also define a unique 4-simplex, which can be
either Euclidean or Lorentzian. The shape-matching also guarantees that both
the 3d dihedral angles and the 4d ones defined from the spherical cosine laws are
edge-independent, hence we can write the relation between them as 6,,.(¢).

For these data there are two distinct dominant saddle points. The amplitude then
decays with the power law j~'2, a global phase that depends on the orientation
of the data, and a relative phase which is proportional to the Regge action

SCiabs W) = VY. javOun(9). (57)
ab

Numerical investigations shows that the Hessians at the critical points are related
by complex conjugation [79], therefore the relative phase can be written as a
cosine.

From the interpretation of the critical points one can also conveniently group these
types of data into ‘degenerate’(vector and Euclidean Regge) and ‘non-degenerate’
(Lorentzian Regge) (see section 3.9).

The explicit appearance of the Regge action in the large spin limit is particularly
interesting. It is in fact known that the Regge action has a well-defined continuum
limit given by the Einstein-Hilbert action, so that this result might be understood
as a first step in proving that the model reproduces general relativity. However, the
situation turns out to be more subtle.

One can extend the saddle point approximation to include the sums over the spins
associated with an internal face, and this has been shown to imply that, in the limit
of large boundary spins, the theory on a fixed cell-complex is dominated by flat so-
lutions only [95, 96, 97, 98, 99, R ]. This shows that general relativity cannot
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be recovered from the theory by first taking the large spin limit and then taking the
continuum limit. Indeed, from simple familiar examples one might have expected
this [102]. Rather, one must take both limits at the same time, while ensuring a cer-
tain model-dependent inequality involving the curvature, the spin, and the Immirzi
parameter holds in the process [103, , s ]. While this clarifies the way in
which the classical limit must be taken, whether the correct classical limit can be
obtained in this way with sufficient generality remains an open question.

3.7 Booster decomposition and numerical evaluations

Numerical evaluations of (49) are difficult. It is a multidimensional unbounded in-
tegral over ratios of sums of hypergeometric functions which not only require high
numerical accuracy but are furthermore rapidly oscillating. Furthermore, the results
need to be tabulated for a large number of magnetic number combinations. It is
significantly harder than numerics for the Barrett-Crane or SU(2)-based models.

One method to tackle this challenge is to exploit the decomposition of SL(2,C)
Clebsch-Gordan (CG) coefficients into SU(2) ones [76]. This allows one to rewrite
the vertex amplitude (51) as a sum over SU(2) 15j symbols labelled by new virtual
spins and interwiners to be summed over:

vale Z Z{lsj}lf,k I_IB lf L’?vale‘) (58)

ly=jf ke

The sums over the intertwiner labels k. range over the usual CG inequalities, and

/f (ie)
) Iy sinh? r y,f ,f
B= L <””f> ( ) / T H tpagmy (D 9

}’nf:fjf

are called ‘booster’ functions. The integrands dP*) are the reduced boost matrix
elements [80].

The advantage of this method is that the unbounded integrals have been reduced
to a single one per edge. Furthermore, the vertex amplitude is the much simpler
SU(2) one, very fast to evaluate numerically. The price to pay is the introduction of
new internal sums, which are unbounded, and have to be truncated by hand in any
numerical evaluation. The sum converges, but the speed of convergence depends on
the configuration considered, and it is typically slower for Lorentzian boundary data,
as opposed to Euclidean ones. Writing and optimizing numerical codes performing
this numerical evaluation is a current focus of research [107, , , ].

The booster decomposition is not the only approach to numerical evaluations:
there exist by now a rich set of ideas and methods that have been developed to
compute different aspects of the EPRL amplitude, and more in general of spinfoam
models, see e.g. [110, , 94, s R s ]. The Chapter “Spinfoams and
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high performance computing” in this Handbook [109] is dedicated to some of these
methods.

3.8 Extension to non-simplicial spinfoams: the KKL model

If one wants to give amplitudes to all possible spin network states, the first step is to
define the model beyond 4-simplices. A nice way to systematically construct non-
simplicial vertex amplitudes was studied in [56]. It was there applied to a straight-
forward extension of the EPRL model, based on applying the same set of constraints
(48) to every link in the generalized vertex graph. The resulting amplitude which we
refer to as KKL model, is the immediate generalization of (49) with the connectivity
in the arguments of the representation matrices induced by the vertex graph.

This generalization should, however, be taken with care, because it may be ill-
defined depending on the graph. The convergence of the non-compact group inte-
grals is not guaranteed by simply removing one redundant integration as in (49),
and depends on the connectivity of the graph. A sufficient condition is 3-link-
connectivity, namely any bi-partition of the nodes cannot be disjointed by cut-
ting only two links, but many non-3-link-connected graphs are well defined, see
[114, , ]. This condition is satisfied by the 4-simplex graph.

The KKL model is appealing for its simplicity. Recall, however, that beyond
the 4-simplex, the linear simplicity constraints are no longer sufficient to recover a
discrete flat geometry around one vertex, already at the classical level. One may then
expect the model to be dominated by a more general class of geometries than the
Regge geometries appearing in the 4-simplex case. This is indeed what happens, and
interestingly, the generalized geometries that appear have both a simple geometric
description, and admit a simple generalization of the Regge action [110, , 94,

1.

This is explained observing that the conditions required to obtain a second dis-
tinct saddle point are angle-matchings: they are equivalent to shape-matchings be-
cause once the area of two triangles match, matching the angles identifies com-
pletely the triangles up to rotations. But matching the area and the angles of two
n-sided polygons still leaves n — 3 unmatched variables, corresponding to confor-
mal transformations of the polygons. These conformal twisted geometries describe
the critical behaviour of the KKL model with distinct critical points. And the reason
why the Regge action (57) is still well-defined and indeed arises at the saddle points,
is that angle-matching is enough to have edge-independence of the 4d dihedral an-
gles defined from the spherical cosine laws [92].

Applications of the KKL model include [117, , ]. An attempt to modify
the KKL model to include more constraints appeared in [1 19].
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3.9 Proper vertex

Consider a single 4-simplex v*, with coherent boundary data j,;, = jp,, 0y, fora,b €
{1,...,5}. The expression for the vertex amplitude consists in an integral over the
five SL(2,C) group elements {h,}. Introduce an arbitrary flat connection d inside
the 4-simplex, such that the 4-simplex is the convex hull of its O-simplices. When
the critical point equations of the group integrals are satisfied, there exists a unique
lie algebra valued 2-form BY | constant with respect to d, such that

/ B = hat> (jap(1,0,0,0) A (0,1n45))"” (60)
Aab

for all a, b, where A,;, denotes the triangle in v* between tetrahedra a and b, oriented
as part of the boundary of a, and > denotes the adjoint action [120]. The resulting
two form B is either degenerate (tr(BA*B) = 0) or is of the form (/£) in (18) for
some tetrad e in v*, constant with respect to d [120]. This is the precise sense in
which the linear simplicity constraint, as imposed in the EPRL model, eliminates
the sectors (I1+) in (18). For boundary data corresponding to a vector geometry or
Euclidean Regge geometry, the critical point(s) selected corresponds to a two form B
that is degenerate, whereas for data corresponding to a Lorentzian Regge geometry,
the two critical points selected, corresponding to the two sectors (I+), giving rise
precisely to the two exponentials in the large spin asymptotics equaling the cosine
of the Regge action [78]. The existence of these multiple sectors are potentially
problematic for a number of reasons:

1. The degenerate sector, which classically must be excluded to recover general
relativity, is present and not suppressed.

2. Even if the degenerate sector were eliminated, the existence of two different non-
degenerate sectors is potentially problematic, because there are no critical point
equations forcing the sector to be the same across different 4-simplices. As a
consequence, the actions appearing in the large spin limit of the amplitude, for
sufficiently large triangulations, include sign flips as one goes from 4-simplex to
4-simplex, which changes the corresponding equations of motion so that they no
longer approximate those of general relativity. This contrasts with the classical
theory, where elimination of the degenerate sector is enough to ensure that the
solution is either entirely in the sector (I4) or entirely in the sector (I—).®

3. Results from the analysis of 3d gravity [121] suggest that such non-gravitational
equations of motion, by allowing for unsuppressed “spikes”, are furthermore re-
sponsible for bubble divergences in spinfoam models with zero cosmological
constant, such as EPRL. Such divergences have so far impeded calculations in-
volving sufficiently refined triangulations.

In addition, it has been suggested that these multiple sectors are an obstruction to an
exact match with the canonical theory [122], and that restriction to a single sector

8 That being said, there are choices of triangulation and boundary data that force the sector to be
uniform, relaxing this issue in such cases [106].
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may be analogous to the positive frequency condition in loop quantum cosmology
necessary to extract correct physics [123]. A similar restriction has also been advo-
cated by Oriti [124] as a way of implementing causality in the sense introduced by
Teitelboim [125].

For these reasons, it is interesting to see if it is possible to remove the degenerate
and (II-) sectors from the vertex amplitude, so that only the (I7+) sector remains.
This is the idea behind the “proper vertex”, in which a classical inequality is first de-
rived selecting the (I1+) sector, which then is quantized as a projector and inserted
into the EPRL vertex amplitude [126, ]. Results so far for the proper vertex re-
produce the successful tests of the EPRL vertex amplitude [127, 1, as well as
providing indications that some of the above issues might be resolved [129, ].
One drawback of the proper vertex is that it is less simple than the ERPL vertex,
suggesting that it may be worthwhile to seek a simpler alternative that achieves the
same goals.

3.10 Extension to non-space-like building blocks

Within the framework of Regge calculus, it is possible to approximate arbitrarily
well a pseudo-Riemannian geometry using space-like tetrahedra, and this is the
reason why most models are built this way. However, it is also true that allowing
4-simplices with non-space-like faces and tetrahedra allows a richer sampling of
the continuum spacetime, as well as more symmetric choices of shapes for simple
geometries. With such motivations in mind, it is possible to consider a version of
the BC and EPRL models with not only space-like but also time-like faces, see e.g.
[52, , , ]. A particularly interesting result in this generalization is that a
4-simplex amplitude with mixed faces does not admit vector geometries as critical
points, hence its semiclassical limit is dominated by Regge geometries alone [134].
Using null-faces on the other hand remains more elusive [135, 84, , 062].

3.11 Inclusion of cosmological constant

The basic idea of the EPRL model, and other spinfoam models before it, is to start
from SL(2,C) quantum BF theory on a simplicial complex, and then impose the
simplicity constraints at the tetrahedra in order to obtain gravity, imitating Plebanski
at the quantum level. Besides boundary labels being restricted by simplicity, the
vertex amplitude of EPRL is simply the vertex amplitude of BF theory, and the
flatness equation of motion of BF theory (28) is the reason why each 4-simplex is
flat in the large spin limit. The most recent and well-developed extension of EPRL to
include a cosmological constant [137, , , ] builds on this basic approach,
except that, instead of starting from BF theory, it starts from a modification of BF
theory, which one may call “Holst-ABF”, that includes the cosmological constant
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in a way that also involves the Immirzi parameter. Specifically the action is that in
equation (15) with the Lagrange multiplier ¢ removed. When the form of B in the
(It) sectors of the solution to simplicity are substituted into this action, it reduces
to the Holst action of gravity with Newton constant =G and Immirzi parameter 7,
with an extra term giving cosmological constant A, where the signs depend on the
sector. Variation of the above action with respect to B yields the equation of motion

A
F=—-B (61)

3
so that the solutions are no longer flat as in (28), but of “constant curvature” in the

sense above. In sectors (I£), (61) imposes constant Ricci scalar curvature +4A.

The lack of flatness is also reflected in the continuum path integral. Since the
action is no longer linear in B, but quadratic, one no longer obtains a Dirac delta
function imposing flatness as in (31), but rather a Gaussian integral, leaving as inte-
grand the exponential of an action with Lagrangian quadratic in F equaling a total
derivative, so that the action reduces to an action on the 3d boundary, specifically
the Chern-Simons action. The level of the Chern-Simons theory is complex, given

by x = 8713\7;2 ()l, + i), with 612, := Gh the Planck area. Invariance of the above ex-
P

pression under large gauge transformations forces Re k € Z, which forces the cos-
mological horizon area, 127 /| A/, to be an integer multiple of 87yGh — that is, that
it correspond to a loop quantum gravity area eigenvalue with integer spin Re k.

The Chern-Simons theory on the boundary of each 4-simplex is topological, and
so yields a finite number of degrees of freedom at each vertex. By excluding the links
of the boundary graph from the theory, the resulting quantum degrees of freedom
again match those of loop quantum gravity on the boundary graph, except with spins
Jj bounded above by Rek/2 € Z /2.

As one can see, this extension has many beautiful surprises, and leads to a com-
pletely new way to look at the theory. Moreover, the fact that it includes a cosmo-
logical constant is consistent with what we observe in our universe so far. It is inter-
esting, and not necessarily problematic, that both signs of the cosmological constant
are included in the theory.

The fact that one obtains an upper bound on the spins is reminiscent of how
quantum deformations of classical Lie groups can make the number of irreps finite.
However, since the level k is complex, no relation of the above model to a quantum
group has yet been established. Studies of 3d gravity have long suggested a relation
between the inclusion of a cosmological constant and the use of quantum groups,
starting from the Turaev-Viro model [29]. See, for example, [141] and references
therein. Attempts to use quantum groups to incorporate a cosmological constant
into 4d spinfoam models also include [ 142, R ].
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4 Conclusions

The spinfoam formalism provides a specific framework to define the path integral
for quantum gravity so that its boundary states are the spin networks of the Hilbert
space of loop quantum gravity. The goal of the program is to find a spinfoam am-
plitude that implements correctly the diffeomorphism constraints and reduces to
general relativity in the appropriate limit. This would provide an ultraviolet com-
plete quantum theory of gravity, whose geometrical and physical interpretation can
be studied using results from loop quantum gravity on geometric operators.

Currently the most studied model is the EPRL model, of which we described here
in some details the Lorentzian version. This model has various promising properties:
it provides transition amplitudes to all spin network states, it includes a non-trivial
dependence on 7, it passes a test on 4-simplex correlations failed by the BC model,
and has a clear relation to the Regge action in the large spin limit. This last result
has been often invoked as a first step towards a proof that the model reproduces gen-
eral relativity, since it is known that the Regge action reduces to the Einstein-Hilbert
action in the continuum limit. However, the situation is more complicated. As noted
at the end of section 3.6, the large spin limit of the theory on a fixed cell complex is
unrelated to general relativity, so that this limit must be combined appropriately with
a refinement limit. Moreover, as discussed in sections 3.6 and 3.9, the Regge action
appears in the large spin limit of the amplitude only for non-degenerate configura-
tions, and there exist degenerate configurations whose amplitude has similar fall-off
and so are not suppressed. Furthermore, even for non-degenerate configurations, the
Regge action appears twice, once for each sign, independently for each 4-simplex,
leading to actions for larger triangulations with alternating signs and no relation to
gravity. If these latter features turn out to indeed prevent the correct classical limit of
the model, the proper vertex discussed in section 3.9 offers one possible modifica-
tion to remove them. Beyond the key question of the semiclassical limit, numerous
applications of the EPRL model have appeared in the literature, including the gravi-
ton propagator [ 145, , ], quantum tunnelling for the black-hole-to-white-hole
transition [ 148, ], and spinfoam cosmology [117, , , , , ].

In this chapter, we focused on the EPRL model, in 3+1 dimensions and the BF-
plus-constraints approach, but in closing we would like to stress and convey that the
spinfoam formalism provides a valuable framework for studying covariant transi-
tion amplitudes of quantum geometry more generally. The conceptual and technical
framework we reviewed here can be applied and extended to models with different
signature, different dimensions, or including matter sectors. It provides an arena for
studying renormalization and continuum limit in a background-independent man-
ner.
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4.1 Open questions and research directions

Among the open question and research directions that are being investigated, we
can mention the following ones.

In three dimensions, gravity is a topological field theory, and the only degrees
of freedom appear on the boundary. The corresponding spinfoam construction
gives the Ponzano-Regge and Turaev-Viro models, depending on the value of
cosmological constant. The inclusion of boundary degrees of freedom in these
models has been recently investigated, and led to a promising convergence of
results with other approaches to quantum gravity [152, 1.
Explicit couplings to various types of matter have been written down [154, ,
s s ], but there is still work to do to understand the resulting matter
dynamics, for instance whether one can see explicitly the regularization of UV
divergences as has been argued for from the canonical perspective [25].
Spinfoam models are ultraviolet finite, but the EPRL model and its predeces-
sors do have infrared divergences, in particular, so called ‘bubble divergences’
that prevent calculation for sufficiently large triangulations. From studies of 3d
gravity, it has been suggested that such divergences are due to diffeomorphism
invariance [159]. However, on closer inspection, the configurations leading to
the divergence are not diffeomorphism related, but correspond to “spikes” with
non-zero deficit angles that are not isometric to any region in R3, so that they
represent violations of the classical equations of motion, a violation which can
be traced to the independent summing over orientations in each tetrahedron, the
“cosine problem”[121]. The proper vertex discussed above provides one possi-
ble solution to this. When the cosmological constant is included, all sums are
finite merely because the range of spins is finite, but it is not clear whether the
underlying physical problem remains.
The derivation of the spin-foam sum from the projector onto solutions of the
Hamiltonian constraint (see section 2.2) leads to a sum over all 2-complexes.
An open question is whether such a sum over 2-complexes is equivalent to
considering a fixed 2-complex and then taking its refinement limit. Work is in
progress to understand how the amplitudes scale when refining the cell complex
[111, 116, 32].
As reviewed in section 2.2, a motivation for the spinfoam framework comes from
expanding the projector onto solutions of the Hamiltonian constraint operator.
However, this derivation is incomplete, and the spinfoam ansatz is not exactly
taken from it. As a consequence, the relation of the EPRL and other spinfoam
models to canonical quantizations of the Hamiltonian constraint is an open issue.
Work in this direction include, for example, [ 160, s ].
The KKL extension on an arbitrary vertex lacks some of the classical simplicity
constraints, and it is an open question how to add them, and whether they suc-
cessfully reduce the dominant contributions from conformal twisted geometries
to Regge geometries [1 10, , 94,92, ].
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* Even on a single 4-simplex, the imposition of the primary simplicity constraints
alone may fail to take into account the modification to the quantum measure that
originates from the standard treatment of quantizing systems with second class
constraints [162, s ].

* Conversely, it has been argued in [105] that including second class constraints in
a quantum system with spacetime discreteness makes the emergence of semiclas-
sical physics more subtle than simply taking the # — O limit. This observation
has led to the construction of effective spin foam models based on the imposi-
tion of simplicity constraints in terms of discrete geometries, as opposed to a
restriction of the quantum labels. The effective models offer a handle on the in-
terplay between refining and the emergence of curvature, and also a useful link to
area-Regge calculus with a new perspective on the recovery of general relativity
[165].

* The BF quantization used as starting point to impose the simplicity constraints
depends only on data on a 2-complex. This has been called into question in [166],
arguing that additional data on 3-cells is needed on manifolds of non-trivial topol-

ogy.

4.2 Take home message

The foundations of the spinfoam formalism have multiple roots. From implementing
the constraints via a path integral formulation, generalizing the mathematical frame-
work of topological quantum field theories, and providing a sampling of quantum
geometries, numerous ideas have converged towards an ansatz like (13). Explicit
realizations of this idea have been constructed in the literature, and spurred many
mathematical developments and applications. The current open questions and re-
search directions offer a stimulating window on all facets of the quantum gravity
problem, and this provides one of the key interests to keep working in the spinfoam
approach.
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