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Global Uniform Ultimate Boundedness of Semi-Passive Systems
Interconnected over Directed Graphs

Anes Lazri

Abstract— We analyze the solutions of networked heteroge-
neous nonlinear systems under diffusive consensus control. We
assume that the individual systems are state strictly semi-passive
and the closed-loop interconnected systems form a network
with an underlying connected directed graph that contains a
directed spanning tree. For these systems, we establish global
uniform ultimate boundedness of the solutions. We provide
an illustrative example involving a network of Stuart-Landau
oscillators.

I. INTRODUCTION

The analysis of interconnected nonlinear systems, given
its complexity, has been widely addressed in various fields
of research, including biology [1], sociology [2], and power
engineering [3]. In that context, synchronization corresponds
to the case in which all the systems asymptotically follow
the same trajectory —see [4]. This notion, in addition to
consensus, continue to attract growing interest in control
community —see [5] [6].

The behavior adopted by interconnected agents depends
on two main factors: the nature of the systems and the type
of interconnection. For the latter, while linear coupling is the
most commonly assumed, nonlinear coupling, such as that
found in Kuramoto’s oscillator model [7], can also be found.
Various forms of nonlinear coupling can be observed in con-
texts like neuronal cell modeling [8]. Furthermore, as far as
system properties are concerned, the theory of passivity and
dissipativity is among the most widely considered aspects
for studying the synchronization of interconnected systems
in [9], [10].

The main interest of this paper is to present results on
uniform ultimate boundedness of semi-passive systems inter-
connected over directed networks. Roughly speaking, these
are systems that define a passive map in regions of the state
space that do no include a compact centered at the origin
[11], [12], [9]. In [13], it can be seen that these properties
are used to establish the asymptotic stability of the origin,
as well as almost global orbital asymptotic stability for a
directed network of heterogeneous systems. Furthermore,
these results are essential in analyzing the uniform global
asymptotic stability and uniform global practical asymptotic
stability of the synchronization set, as shown in [4] for
heterogeneous systems on a strongly connected network.
Moreover, in [14], the ultimate boundedness of solutions
is used to prove the global asymptotic stability of the
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synchronization set for semi-passive systems interconnected
over a strongly connected graph with communication delays.
These results motivate and shed light on the importance of
analyzing uniform ultimate boundedness for interconnected
systems on a directed network without being strongly con-
nected or balanced.

One of the first works to deal with the boundedness of
solutions of a network of semi-passive units is [9], where the
network is undirected. The ultimate boundedness of strictly
semi-passive networked systems is, in turn, studied in [12].
In the latter, the authors prove the result for an undirected
network. The result is then used in [15] to analyze the
global asymptotic stability for such a network. With the
same assumption on the topology, the authors of [1] show
that conductance-based neuronal model (Hodgkin-Huxley,
Morris-Lecar, FitzHugh-Nagumo, and Hindmarsh-Rose) that
satisfy the semi-passivity property, are guaranteed to possess
ultimately bounded solutions.

Many works analyze the ultimate boundedness of semi-
passive systems over strongly connected graphs. In [16], the
author proves that despite delays in the interconnections, the
solutions of a network of semi-passive systems are globally
ultimately stable when the network is strongly connected.
Moreover, in [17], the authors address the problem of
controlled synchronization of interconnected robotic systems
with dynamic uncertainty and prove that in the general
case of heterogeneous agents communicating on balanced
graphs, the proposed control law that renders the closed-
loop system semi-passive guarantees ultimate boundedness
of the synchronization and the tracking errors. This again
underlines the importance of this property in the field of
control, whether in systems analysis or even in systems
control.

However, it is observed that even in the case of a connected
graph, solutions are uniformly ultimately bounded, which is
the main objective of this paper. This paper extends these
results to the case of a generic directed graph containing
a spanning tree, without assuming the graph to be strongly
connected or balanced.

In the next Section, we introduce some essential properties
of interconnected systems. In Section II, we present the main
problem before giving the principal statements in Section
III. Our theoretical findings are illustrated with numerical
simulations in Section IV, and we provide some closing
remarks in Section V.



II. PROBLEM STATEMENT AND MAIN RESULT

Consider a set of heterogeneous nonlinear systems of the
form!

xz:fz(xz)+uz ZL'Z'ER, iE{l,?,"' 7n}7 (H
where each f; R — R is continuous for all ¢ €
{1,2,--- ,n}, fi # f; for all applying 4 and j, and u, are
control inputs. Let these systems enjoy the passivity property
described below.

Assumption 1 (State strict semi-passivity): For each i €
{1,2,...,n}, the input-output map u; — x; defined by the
dynamics (1) is state strict semipassive. More precisely,
there exist a continuously differentiable storage function
V; : R"” — R, a class K, function «;, a constant p; > 0, a
continuous function H; : R — R, and a continuous function
¥; : R>g — Ry, such that

a;(lz:]) < Vi(@i), 2
Vi(wi) < 2ugw; — Hy(w), (3)

Remark 1: In [11] the property described in Assumption
1 is called strict quasipassivity. In [12] a similar concept is
named strict semi-passivity, but radial unboundedness of the
storage function is not imposed. See also [9]. .

We address the non-obvious question of whether the solu-
tions of a set of heterogeneous nonlinear, state strictly semi-
passive systems (1), remain bounded under a wide range
of possible interconnection configurations. For instance, it is
well-known that two feedback interconnected systems remain
passive and, therefore, the solutions are bounded. Passivity,
however, is lost under a cascaded interconnection and bound-
edness does not come for free, in general (e.g., a cascade of
integrators). Note that two feedback-interconnected systems
form a simple undirected network, while a cascade may be
assimilated to a directed path. In this paper, we address the
question of boundedness of solutions for large-scale systems
interconnected through directed graphs, under the effect of
control inputs that are set to

wpi= =y Y agle—z;)  Vie{l,2,---,n}, &
=1

where a;; > 0 are interconnection weights that are different
in either direction, i.e., a;; # aj; and v > 0 is a coupling
gain. That is, in closed loop, the systems form a network
with an underlying topology described by a graph G that
satisfies the following.

Assumption 2: The digraph G is connected and contains
a directed spanning tree. .

Remark 2: Particular interesting cases of graphs satisfying
Assumption 2 include cascaded systems and leader-follower
formation-control systems. We stress, however, that we do

IFor simplicity, but without loss of generality, we assume that = € R;
all statements hold after pertinent changes in the notation, if z € RP, with
p> 1

not assume that the network necessarily has a leader node
with no incoming edges. °

In other words, for the closed-loop system in compact
form

&= F(z)—yLx, ®)
where the elements of L are defined as
—Q4j, [ 7&]
N
(Ll =9 > aw, i=j, 4, j<N,
(=1
L#£d
r = 11 ﬂfn]T» and F(z) := [f1($1) fa(z2)

fn(@n)] ", we are interested in assessing the following.

GUUB The solutions ¢ — z(t) to (5) are globaly ultimately
bounded, uniformly in ~, if given ~, > 0, there exists
r = () > 0 such that, for all 7, > 0, there exists
T =T(7,7) > 0 such that, for all v > ~,,

w(to)| <o = || < v VEXT.  (6)

Our main statement is the following

Theorem 1 (main result): The solutions of the networked
system (1)-(4) under Assumptions 1 and 2 are globally uni-
formly ultimately bounded, i.e., the GUUB property holds.
(]

III. RATIONALE OF THE MAIN RESULT

The statement of Theorem 1, for generic connected di-
rected graphs, resides on a fact of interest in its own right.
Roughly speaking, that an arbitrary connected graph contains
a strongly-connected component—subgraph—that acts on
the rest of the network’s nodes as a leader. In that light
the overall system (1) takes a cascade form. To illustrate
this fact let us consider a network of n single integrators
Z; = wy, that is, without the drift f;(x;). Let these systems be
interconnected according to the classical consensus protocol

n
U; ZZ—ZCLU‘(J%—Z‘J‘) ViG{l,Q,"',n},
1=1

which corresponds to (4) with unitary gain v = 1, as it is
more commonly considered in related literature. In closed
loop, the networked system is governed by the well-studied
linear differential equation

i = —Lu, (7

where L € R" is the Laplacian matrix of a connected di-
graph G that contains a directed spanning tree.

Now, if the digraph G is connected and contains a spanning
tree (Assumption 2), then it admits a decomposition into
a leading strongly connected subgraph G, # @ and a
subgraph G; := G\G, of followers. Namely, the agents that
do not belong to the leading component, and which we call
the follower agents. In this case, up to a permutation, the
Laplacian L admits the lower-block decomposition

L, 0 }

L- [_ Y ®)



where Ly, := Dy — Ay € R™>™ ig the Laplacian matrix of
the strongly connected component Gy, the lower-left block
Ay € R xn=nf ny 1= n — ng, IS a non-negative matrix,
and the lower-right block My € R™/*"f is a non-singular
matrix [18]. The block My can be seen as the sum of the
Laplacian matrix Ly corresponding to Gy and a diagonal
matrix Dy gathering the weights of the interconnections
between nodes in G, and the nodes in G;. That is, M; =
L‘f + Dgf, where Lf = Df — Af.

It follows that, up to a permutation of the states z; in z,

the latter may be decomposed into z ' := {xz xﬂ, where
x¢ € R™ gathers the states of the leading component and is

governed by
Yo xp = —Lyxy, 9

and xy € R"/ contains the states of the nodes in the non-
leading component, whose dynamics is modelled by

Ef : jff = —fof —‘y—Ang)g. (10)

We see that the leading states follow their own dynamics and,
because Ly is the graph of a strongly connected di-graph,
achieve consensus. In particular, the solutions ¢ — x,(t) are
bounded. On the other hand, the system X, is perturbed
by the (bounded) trajectories of the leading component.
The two systems being linear autonomous, the boundedness
of the solutions ¢ +— x () resides on a simple cascades
argument and, certainly, on the properties of the matrix M.
We explore this in finer detail next.

A. Lyapunov analysis over a digraph

It is known that consensus is achieved for >, since L, has
exactly one single null eigen-value and others have positive
real parts. More interestingly, we can provide a constructive
proof, via Lyapunov’s direct method, to establish uniform
exponential stability of the consensus manifold

Ag:Z{xgERmtxglzwggz-“ (11

= xenz }

Let v, := [vl Vg e+ vmf be a left eigenvector associ-
ated to Ay (L) = 0 and let? V, := blkdiag{v,}. The vector
v, has the fundamental property that all its components are
positive. More precisely, we recall the following statement
that follows from [19, Theorem 4.31]. A proof is provided
in the Appendix.

Lemma 1: Let L € R"™ ™ be the Laplacian matrix
of a directed and strongly connected graph. Let v, :=
[v1 v2 -+ v,]T € R™ be the left eigenvector of L associated
with the null eigenvalue of L; namely, UOTL = 0. Then, v is
positive, Ker(V,L + L'V,) = Span{1,}, and V,L + LTV,
is positive semi-definite, where V, := blkdiag{v,}. O

Based on Lemma 1, Q, := L/ V,+V, L, is symmetric and
positive semi-definite and its kernel is spanned by 1,,,. As a
result, the derivative of the Lyapunov function candidate

W (xy) := J;ZVOmg,

ZFor a vector v = [v1 v2 -+ vn,]! we define blkdiag{v} as the
diagonal matrix whose diagonal elements correspond to those of v in the
same order.

along the solutions to X, in (9), satisfies

W(xg) = —x, [L; V, + V, L]y
< _>‘2(Q0)|xf|?4w
where |xg| 4, denotes the distance of x; to the set Ay, that

is |z¢| 4, := min{|z, — y| : y € Ae}.
Now, let

12)
(13)

Z(xp) := [:Cg — lngv;racg]—r Vv, [a:g — 1Wv;ra:g] ,

which is positive definite in the space of the consensus errors
[£¢—1,,v) 2/]. Indeed, v} 2, may be regarded as a weighted
average of the states xy—cf. [20], so consensus is achieved
if and only if z; — 1,,,v) o = 0. Then, we use v, L = 0,
v] 1,, = 1, that 1,,, is in the kernel of I,,, —1,,,v, , and that
I, — 1,, v;r is the Laplacian matrix of an all-to-all graph,
so 1, spans the kernel of I,,, —1,, 1)3— . It follows that there

exist z, z > 0 such that

2lzely, < Z(xg) < 2w, Yz, e R™.  (14)

On the other hand, the total derivative of Z along the
solutions of &, = —L,x, satisfies

Z(xf) = _xz—Qon
< =X2(Qo)lwely, -

To obtain the previous expression we used the identities
previously described. Uniform exponential stability of .4,
follows from (15), (14), and standard Lyapunov theory on
stability of sets.

5)
(16)

B. Exponential stability for ¥y on {xy = 0}

We turn our attention now, to the followers’ equation
(10). For the sake of clarity, we restrict our analysis to
this equation on the manifold {x; = 0}. The purpose is
to construct a Lyapunov function for the nominal part of the
system (10), that serves to assess the robustness of the latter
in the presence of bounded disturbances ¢ — x(t).

We start by remarking that the matrix My is a non-singular
M-matrix. We recall that a matrix M := [my;], (i,j) €
{1,2,...,n}?, is an M-matrix if m;; < 0 for all i # j and
its eigenvalues have non-negative real parts. Equivalently,
M := M, — B, where B is a non-negative matrix and
A > p(B), where p(B) := max {|\;(B)|:i € {1,2,...,n}}
is the spectral radius of B—see [21], [18] for more details.
This property is important to us in view of the following
result, which is inspired from [19, Section 4.3.5]—a short
original proof is provided in the Appendix, for completeness.

Lemma 2: Let M € R™ "™ be a non-singular M -matrix.
Then, the matrices S := RM + M'R and R :=
blkdiag {M "1, } (blkdiag { M ~'1,,}) ~! are positive def-
inite. Moreover, if M1,, > 0 then S := RM + M TR and
R :=blkdiag {M~"1,} are positive definite. O

Based on Lemma 2, since My is a non-singular M-
matrix and M1, > 0, then we can use the Lyapunov
function candidate Y (xzy) := xjRjzs, where Ry :=



blkdiag{M f;rln f}, which is positive definite. Further-
more, along the solutions to X, we have

Y(xs) = —af[M] Ry + Ry My]zy

Now, since (M} Ry + Ry Mj) is positive definite, exponen-
tial stability of the origin for 3y follows. The interest of the
function Y above is that it serves to study the robustness
of Xy relative to bounded inputs x,. We show this below,
where we provide the main guidelines of the proof of our
main statement.

C. Sketch of Proof of Theorem I

Consider now the system (5). Under Assumption 2, the
Laplacian matrix L admits a permutation such that (8) holds.
Therefore, akin to the case of Equation (7), the state  may
be decomposed into z := [z, x;]" and the system (5) takes
the cascaded form

i¢ = fo(xe) — vLozy, (17a)
tp = frlxy) +vAepze — YMyy, (17b)
where
folwe) = [fi(we,) Fue(we,)]"
fr(zy) == [fnz+1(xf1) Jrotng (g, )]T~

Equation (17a) corresponds to the dynamics of a leading
component, a networked system with an underlying strongly
connected graph Gy, and a follower component, with dynam-
ics (17b). The proof of the statement is constructed using
a cascades argument and proving, firstly, global uniform
ultimate boundedness for the solutions of (17a) and, con-
sequently, the same property for (17b).

To that end, let r, > 0 be arbitrarily fixed and let |2(0)| <
To. 20(0)] <1 and |z4(0)] < 7.
1) Uniform ultimate boundedness for the leading component:
after Assumption 1, for each i € {1,2,...,n,}, there exists
a storage function V; such that its total derivative along the
trajectories of (1) satisfies

Vi) < 2u; x4 —
Hi(z4) > ¢i(|zail)

Next, let W (xzy) := Z:Zl v;Vi(z¢;), where v; corresponds
to the ¢th element of v,, which is the left eigenvector
associated to the zero eigenvalue of L,. Since the graph G,
is strongly connected, then v; > 0 for all ¢ € {1,2,....,n},
so W is positive definite and radially unbounded. Now, from
(18), we obtain

Vx| > pi.

(18)
19)

ng

W (x) <2Zvlu Toi — Z H;(z) Vg € R™. (20)

=1

The first term on the right-hand side of (20) satisfies

nyg

T T
E Vil; Top = U VoXy,

i=1

2L

where V,, := blkdiag{v, } and, since u = —yLyxy, it follows
that

W ()

IN

’yo:ér [Lér Vo + Vo L)z

*5 U1 xh
S - E vz l'lz

with Q, :=V,L,+ Lz V,, which is positive semi-definite—
see Lemma 1. Furthermore, we note that

—af Qoe = — [we — 1, 1) we/ns] " Qo [
— Aa(Qo)|ze[%,

where |z¢|4 denotes the distance of z, to the set .4 and
A2(@Qy) is the second smallest eigenvalue of Q.

Now, on one hand, we have that v; > 0 for all ¢ €
{1,2,...,n¢} and, on the other, —H;(xz¢) > 0 only if
|xei| < p;. Therefore, introducing the constant

— yz] Qo (22)

ng nle/né]

after (22), we get

W(l‘g) < Hy,— 7)\2(@0)|$5E4 Vo, € R™. (23)

In turn, given v, > 0 and € > 0, for all v > ~,, we have

W () < Hp = 7oha(Qo)|zefsy < —€  Va, ¢C, (24)
where
€+ Hy
C=Lay € R™ : |xyglag < VyRe = | ————— 7.
e vane v (220

From (24) it follows that the states z, converge to a
residual set which is a neighbourhood of the consensus
manifold. That is, |z¢|4 converges to the compact C. Now,
since |x¢|a = |x¢ — 1,,,(1,] 24)/n¢| we also conclude that
¢, which statisfies

|ze| < |zola + 15,2l /v/me-

converges to a compact set and is ultimately bounded.
2) Uniform ultimate boundedness for the followers: Fol-
lowing up the previous computations and arguments, we
establish global uniform ultimate boundedness for the non-
leading component, determined by (17b).

Since My is a non-singular M -matrix, after Lemma
2, we conclude that S := PM; + MfTP and P :=
blkdiag {M I, } are symmetric and positive definite. We

also note that P is diagonal. Then, let p;, i € {1,2,...,ns},
be the ith diagonal element of P. In addition, let

sz i xfz

Its total derivative along the trajectories of (17b) satisfies

sz -sz

+ 2’}/1}f [PAgf] Ty

Ny

(25)

=2 f [PMy+ M Play

(26)



Now, since the leader trajectories are ultimately bounded, it
suffices to consider the latter inequality for all |z,| < 7y, ie.,

Z(xyg) < Hp —yAi(S)|ws)® + 29prelzyl, @27

where p := |PAyy| and

nf

Hy ::Z

i=1

max {piHi (CCfl) }

lzril<pi

The lgtter follows under Assumption 1. After (27) it follows
that Z(zy) < —e for all v > v, and for all z; and x, such
that

€+ Hf
70>‘1(S)

2pry
> =1
sl > Bri=1+ $re +

and

|xe] < 7.

Ultimate boundedness follows.

IV. EXAMPLE

Fig. 1. Interconnection graph of Stuart-Landau oscillators with a strongly
connected component

Consider a network of N = 7 interconnected Stuart-

Landau oscillators,

(28a)
(28b)

. 2 2
X; = QX — Wiyi — Xi(Xi + Yi ) —+ uyi

Ui = wixi + ouyi — yi(x7 4+ y7) + ua,

where «, w;, ;, and y; € R for all ¢ € {1,2,--- , N}, and
x;, y; are Cartesian coordinates on the plane. Relative to such
models, x; and y; represent the real and the imaginary parts
of each oscillator’s state. Constants «; and w; are randomly
chosen in the interval [0.5, 3].

Let z; := [x; yi] " and u := —y[L ® I]x, where L is the
Laplacian matrix corresponding to the interconnection graph
shown in Figure 1, and for the purpose of simulation, we set
v = 0.

The graph is not strongly connected, but it satisfies
Assumption 2. Moreover, the first n, = 3 nodes of this
Graph form a strongly connected subnetwork. Furthermore,
Assumption 1 is also satisfied with V;(z;) = xZ + y2. The
total derivative of V; along the solutions of (28) yields

Vl(asl) = —2( +y1) (x5 +y7 — i) +2x ',

where H;(x;) := 2(x +y7) (o +y7 — ) 2 ¢ ([x]) := asfx[?
for all |z| > v/20;.

Figure 2 shows that the trajectories of the system are
globally uniformly ultimately bounded.

7
>/

ytc(f)

15

ye(t)

-15 -15
Z (f) 15

.Tf(t) 15

Fig. 2. Trajectories of the solutions to (28) on the (x,y)-axis. The oscillators
do not achieve dynamic consensus (see the upper plots), but the trajectories
are uniformly ultimately bounded (see the zoomed lower plots). The thick
curves represent estimates of the ultimate bounds.

V. FURTHER DISCUSSION
A. Generalization to Weakly Connected Di-Graphs

Our results can be easily extended to graphs that are
weakly connected. Indeed, a weakly connected di-graph G
can be decomposed into S € {1,2,...,n} strongly connected
subgraphs {G*(V*,£)}5_,. Among the strongly connected
subgraphs in G, we identify the leading strongly connected
subgraphs {G*},eqi1,. g3, S < S, with no in-neighbors
from any other strongly connected subgraph. The Laplacian
matrix L in this case can be expressed, up to some permu-
tation, in the more general lower-block triangular form

blkdiag {Lys} 0

L = |se{1,...,5'} ,
—Aiy My
where each Ly, := Dy — Ays € R™=*"s corresponds to

the Laplacian matrix of the strongly connected graph G, the
lower-left block A;y € R™ X", ng :=n — Y o N,
is a non-negative matrix, and the lower-right block My €
R™F*™f is a non-singular M -matrix.

The extension consists in determining an ultimate bound
for each leading subgroup, as in part 1) in the proof of
Theorem 1. Then, the same arguments as in part 2) allow
to deduce the ultimate bound for the followers. The only
difference, now, is that the dynamics of x; may admit
multiple entries z¢, s € {1,2,...,.S¢}, instead of only one.

B. Discrete-Time Systems

For a network of discrete-time system of the form

ot =xi+ filw)+u; oz €R, i€ {1,2,---,n} (29)

The protocol v = —dLx in this case generates the closed-
loop dynamics

vt = F(z)+ (I, — 6L)x. (30)



In such a discrete-time setting, it is important to choose
§ within the interval (0,d], where § is such that the ma-
trices L} Vo + VoLy — 26(L] V,L¢) and M P + PM; —
25(M[ PM;) are positive definite, where V, and P are
introduced in the sketch of proof of Theorem 1. Indeed, for
large values of 4, the solutions to (30) can diverge, even
when F' = 0; see [22]. When respecting the aforementioned
bounds on §, our results apply to (30) under the following
discrete-time version of input-to-state semi-passivity prop-
erty.

Definition 1: For each i € {1,2,...,n}, the input-output
map u; — x; defined by the dynamics (30) is state strict
semi-passive if there exists a continuously differentiable
storage function V; : R® — RT, a constant p; > 0, a
continuous function H; : R — R, and a continuous function
P e RZO — R+, such that

V(zt) = V(z) < 2ujz; +u? — Hy(x,), 31)
and Hl(xz) > ’lﬂl(|$z|) for all |.’1?l| > Pi- °
Definition 1 is derived from the definition of discrete-time
passivity [23], and discrete-time quasi-passivity [24] for
systems with structure (29).

C. Global Asymptotic Practical Stability

Global uniform ultimate boundedness played a key role
in [25] in order to deduce more refined results for networks
of the form (5). In particular, it is shown in the aforemen-
tioned reference that the consensus set, for (5), is globally
practically asymptotically stable provided that the following
additional assumption is satisfied.

Assumption 3: The functions f; are continuously differ-
entiable and satisfy f;(0) = 0 for all i € {1,2,...,n}.
Furthermore, the origin {x,,, := 1,/ x/n = 0} of the averaged
dynamics i, = v, F(1,2,,) is globally asymptotically
stable. .
Further assumptions also allowed to establish almost global
asymptotic stability of a limit cycle for (5), leading to
frequency synchronization of the network. The proofs take
advantage of the uniform ultimate boundedness property
established here.
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APPENDIX

Proofof Lemma 1: After [26, Theorem C.3.], the matrix
L is irreducible if and only if the corresponding graph
is strongly connected. Furthermore, since the off-diagonal
elements of L are nonpositive and L1,, = 0, we conclude
that L is a singular M -matrix. Hence, using [19, Theorem
4.31], we conclude that the only left eigenvector of L
corresponding to the null eigenvalue has strictly positive
entries and the matrix V,L + LTV, is positive semi-definite.
Finally, to show that 1, spans the kernel of V,L + L'v,,
we start noticing that (V,L + L'V,)1,, = 0. Furthermore,
each off-diagonal element of V,L + L'V, is given by
a;jv; + a5, (i,7) € {1,2,...,n} x {1,2,...,n}. As a
result, V,L + LTV, is the Laplacian matrix associated with
a bi-directional graph that is as connected as the graph of
L disregarding the direction of the interconnections. Since
the graph of L is already a strongly connected graph, we
conclude that rank(V,L + LTV,) =n — 1. ]

Proofof Lemma 2: We start noting that if M is a
non-singular M-matrix, so is M~'. As a result, M !
and M~ T are both non-negative matrices (see Lemma 3).
Moreover, since M ! and M~ T are non-singular, it follows
that M1, and M~ "1,, are positive vectors. Hence, the
matrices R and R are positive definite. To complete the
proof, we show that S is a non-singular M -matrix, which
is enough to conclude that S is positive definite since it is
symmetric. Indeed,

S(M~'1,)=R1,+M"RM'1,
= R1,, + M " Rblkdiag {M~'1,} 1,,
= R1, + M "blkdiag {M~"1,} 1,
=Rl,+M"'M~ "1,
=R1,+1, >0.

That is, we just showed that the multiplication of S by a
positive vector is a positive vector. Since the off-diagonal
elements of S are non-positive, the latter is enough to con-
clude that S is non-singular M -matrix according to Lemma
3.

Finally, we show that, when M1, > 0, then S is a non-
singular M-matrix, which is enough to conclude that S is
positive definite since it is symmetric. To do so, it is enough
to compute the product S1,, and use the same arguments as
before. |

Lemma 3: Let the off-diagonal elements of M € R™*™ be
non-positive. Then, the following properties are equivalent:

a) M is a non-singular M -matrix.
b) M in non-singular and M ~! is a non-negative matrix.
¢) There exists > 0 such that Mx > 0. 0

Proof: Property a) is equivalent to the existence of A > 0
and B > 0 such that M = A, — B and A > p(B).
In other words, by letting 7' := B/\, we conclude that
p(T) < 1. The latter inequality implies the existence of the
limit limp_s o Zf:o T, which is equal to (I, —T)"! =
AM~1. Since T > 0, we conclude that so is the limit
limy 00 Zf:o T%; thus, a) implies b) To prove that b)
implies c), it is enough to take z := M~ '1,,.

Now, to prove that ¢) implies a) , we let X := blkdiag{x}
with z = M~'1,. As a result, Mz = MX1, >
0, and since X is positive definite, we conclude that
(XM X)1, > 0, which implies that X "M X is strictly
diagonally dominant; hence, by Lemma 4, we conclude that
X IMX is a non-singular M-matrix; thus, so is M. [ |

Lemma 4: If M € R™™ is symmetric and diagonally
dominant, then it is positive semi-definite. If M is symmetric
and strictly diagonally dominant, then it is positive definite.
O

Proof: Tt is enough to observe that, based on Girshgorin
Desk Theorem [27], for every eigenvalue A of a general
symmetric matrix M € R™"*", there exists ¢ € {1,2,...,n}
such that m“‘—zj#i |m1]‘ S)\Sm“—l—zj#l |m”\ ]
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