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a b s t r a c t

Using an alternative mechanism to dissipation or scattering, bistable structures and mechanical
metamaterials have shown promise for mitigating the detrimental effects of impact by reversibly
locking energy into strained material. Herein, we extend prior works on impact absorption via
bistable metamaterials to computationally explore the dependence of kinetic energy transmission
on the velocity and mass of the impactor, with strain rates exceeding 102 s−1. We observe a large
dependence on both impactor parameters, ranging from significantly better to worse performance
than a comparative linear material. We then correlate the variability in performance to solitary
wave formation in the system and give analytical estimates of idealized energy absorption capacity
under dynamic loading. In addition, we find a significant dependence on damping accompanied by a
qualitative difference in solitary wave propagation within the system. The complex dynamics revealed
in this study offer potential future guidance for the application of bistable metamaterials to applications
including human and engineered system shock and impact protection devices.

© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The local magnification of mechanical forces as a result of a
ynamic collision (impact) and their detrimental effects on natu-
al and engineered systems have been studied extensively [1–4].
relatively new approach for the mitigation of damage induced
y impact is the use of bistable structures, which in contrast to
he more ubiquitous mechanisms of dissipation and scattering
5–8], reduces the effect of impact by reversibly ‘‘locking’’ some
f the energy imparted by a shock or impact into the form of
train energy [9,10]. Both the performance and reversibility of
istable structures for impact mitigation are attractive, as the
nergy locking mechanism could be used in conjunction with
ther mechanisms [11], such as dissipation, and the structures
an ostensibly be reset in a controllable fashion for reuse.
In addition to studies of the impact absorption characteristics

f single bistable structures [9,10], more recently, the energy
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absorption properties of bistable structures configured into multi-
unit-cell mechanical metamaterials has been explored [10–18]. In
such studies, the material response has been studied in either
relatively low rate regimes [12–18] (where in some cases the
response was suggested to be rate independent [12]), or, in high
rate regimes (e.g. up to 600 s−1), the impact response was not
related to wave propagation in the material [11]. This can be
placed in contrast with other studies of nonlinear solitary, or
‘‘transition’’, wave propagation in similar materials, which show
significant dependence on the system excitation [19–27]. A no-
table work that brings these two features (impact absorption
via bistability and nonlinear waves) together is that of Ref. [28],
which described the effect that the shape of the bistable potential
has on energy trapping and solitary wave emission, however,
they did not study the dependence of absorption performance on
impact conditions. Energy dissipation in bistable systems exhibit-
ing transition waves was also studied in an earlier work [29,30],
however the model involved irreversibility and only a few impact
conditions were studied. We further note that, closely related to
energy dissipation, transition waves in bistable media have also

been studied in the context of energy harvesting [31].
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Fig. 1. Concept and modeling overview. (a) Photograph of a 3D printed model of the bistable mechanical metamaterial (with fewer unit cells than modeled herein).
(b) Photograph of a 3D printed unit cell. (c) One beam in the unit cell design, showing the displacement of the beam near ϵ2 simulated using FEM, where the
olorscale denotes the von Mises stress (arb.). (d) Non-dimensionalized effective stress and strain of the mechanical metamaterial (for r = 0.14 and θ = 60 degrees),
ased upon experimental compression measurements (solid black line), and the 3rd order polynomial fit of the experimentally measured curve (solid blue line),
hich is used in the DEM model. The vertical dashed red and blue lines denote ϵ0 and ϵ2 , respectively, and the horizontal dotted black line denotes zero stress. (e)

llustration of the DEM model. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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In this work, we computationally study the dependence of ki-
etic energy transmission in a bistable mechanical metamaterial
shown in Fig. 1) on the velocity and mass of the impactor, in
ave dominated regimes (wavelengths less than the absorbing
aterial’s reference length) with maximum strain rates of ap-
roximately 195 s−1. Kinetic energy (KE) transmission is used as
performance metric herein as it has been previously shown to
e closely related to damaging effects, for instance, in the case of
ehind armor blunt trauma [32,33]. The computational model of
ur mechanical metamaterial is a discrete element model (DEM)
omposed of a one-dimensional (1D) chain of masses connected
y bistable nonlinear springs, with linear intersite damping, and a
ontact spring at the boundary that allows release of the impactor
nder tension during rebound. We find a large dependence of
E transmission on both impactor mass and velocity, ranging
rom significantly better to worse performance than a compar-
tive linear material. We correlate said performance to solitary
ave formation and give analytical estimates of idealized energy
bsorption capacity under dynamic loading. In addition, a signif-
cant effect is found from the inclusion of the intersite damping,
ccompanied by a qualitative difference in solitary wave propa-
ation within the system. The complex dynamics revealed in this
tudy offer potential future guidance for applications including
mproved packaging to prevent damage during shipment [12],
ersonal protection equipment [7,12,34], and crash mitigation for
ehicles [12,16,35].

. Description of metamaterial to be modeled

The conceptual setup described herein is the impact of a rela-
ively rigid ‘‘impactor’’ block onto an arbitrarily-sized ‘‘absorbing’’
aterial block. The dimensions of the absorbing block were cho-
en as 2d (height) by d (both width and depth), with d = 5 cm.
ur designed absorbing material consists of a bistable mechanical
etamaterial composed of a periodic array of structured unit
ells based upon the geometry from Ref. [12]. The unit cell of
ur bistable mechanical metamaterial is composed of two elastic
eams surrounded by a lower-aspect ratio monolithic ‘‘frame’’.
ig. 1(a,b) shows a 3D printed representation (with fewer unit
2

ells and layers than modeled herein) of the bistable mechanical
etamaterial, where the beams are composed of a rubber simu-

ant material and the frame composed of an acrylic simulant. The
hickness to length aspect ratio of the beam elements r = T/L
where T is the beam thickness and L is its length) and the angle
f the beam θ was chosen such that r = 0.14 and θ = 60 degrees.
Large deformation finite element method (FEM) simulations

f beam deformation under compression are shown in Fig. 1(c),
ssuming a Neo-Hookean material model (Lamé Parameters: λ =

7.191 GPa, µ = 25 GPa), fixed boundaries on the bottom end
red), with a prescribed y-direction displacement on the top end
purple, fixed in the x-direction), and free boundaries otherwise.
e model the beam separately from the frame, because we

pproximate the frame itself to undergo minimal deformation as
t is much thicker (structurally stiffer) than the beams. Further-
ore, we assume that the two beams within the unit cell deform
ymmetrically with respect to each other. As such the mechanical
esponse of a single beam can be extrapolated to determine the
lasticity of the metamaterial. The choice of the beam aspect ratio
as chosen to obtain moderately high energy locking without
elf-contact [12], but without too small of an energy barrier
efore unsnapping. The size of the frame was chosen to avoid
elf-contact while maintaining rigidity without excessive density
er unit volume of the unit cell. Both the frame and geometry
re natural candidates for future optimization studies. We note
hat FEM simulations serve three purposes in this study, as they:
i) Serve as an aid in visualizing the deformation of the snap
hrough mechanism (Fig. 1(c)), (ii) help support the origin of the
orce–displacement behavior measured (Fig. 1(d)) for the printed
istable sample, and (iii) served as a tool to select a highly-
bsorbing beam aspect ratio r for the printed structure (for which
he mechanical response was measured, and fitted to serve as the
orce–displacement relation in the DEM simulations).

. Measurement of quasi-static bistable material response

Fig. 1(d) shows the experimentally measured mechanical re-
ponse of a single 3D printed layer of bistable metamaterial
composed of the same material and geometry as in Fig. 1(a,b),
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ut less depth in the direction going into the page), along with a
rd order polynomial fit of the measurement. The response of the
ayer was measured using a mechanical test frame in displace-
ent control, where the rigid (acrylic simulant) top and bottom
arts of the layer were attached to grips in a mechanical testing
rame, allowing measurement of tension, as well as compression,
ollowing the snap through event. Herein a ‘‘layer’’ is defined as
row of unit cells where the normal is in the direction of the

mpactor velocity vector and along the long axis of the absorbing
lock. In Fig. 1(d), σ and ε are the effective bistable mechanical

metamaterial stress and strain, respectively, and E = 8.42e5
N/m2 is the measured small strain elastic modulus of the rubber
simulant beam material. The transition to negative stiffness can
be seen to occur in the fit at ε0 = −0.13 and the second stability
point at ε2 = −0.46.

4. Discrete element model

Fig. 1(e) shows a visualization of the DEM used to simu-
late the dynamics of the metamaterial undergoing impact. Each
layer of unit cells in the absorbing material were described as
lumped mass layers of mass m connected by massless springs
and dampers, with the impactor of mass M interacting with the
absorber via a contact spring. A DEM was chosen as a reasonable
model due to the following key assumptions: (i) That the model
is designed to describe uniaxial loading of the impactor on the
absorber block with minimal off axis loading effects; (ii) near
zero effective Poisson’s ratio of the lattice; and (iii) The lattice
is composed of stiffer and larger masses lumped within the ma-
terial, separated by softer, lower mass elements. Regarding the
third assumption, more precisely, the vibrational frequencies of
the separate mass and spring components must be much higher
than the modal frequency of the two elements combined, where
the spring deforms as the mass moves like a rigid body, such that
the higher frequencies can be reasonably ignored. The sample
mass was divided into equal ‘‘mass layers’’ in number equal to the
amount of unit cells along the height of the material (N). For the
N = 100 lattice, which we study herein, the layer mass m = 1.2
g, with layer spacing a = 1 mm.

A ‘‘contact spring’’ with nonlinear stiffness, based on the
Hertzian contact model [36], between the top unit cell and the
impactor mass was modeled to describe the impactor hitting the
top of the sample and allowing the impactor to freely bounce
rather than stick to the top of the lattice after impact. The
equations of motion for the impactor particle (i.e. particle n =

N + 1) is thus:

MÿN+1 = C1([yN − yN+1]+)3/2, (1)

where the []+ denotes spring’s inability to support tension (if
the value in brackets is negative it equals zero), yn is the dis-
lacement of the nth layer, and C1 is a fitting parameter (set to
8.51e8). As such, the contact stiffness (shown in Fig. 1(e)) is
(u) = −

3
2C1([−u]+)1/2, where u is the spring stretch (positive in

ension for both u and c(u)). In addition to allowing the impactor
o rebound, the use of a contact spring allowed for a better
stimation of real impact conditions, including roughly describing
he impactor coming into contact with the sample at a slight
elative angle, or having asperities on the two surfaces.

We then define the force–displacement relation of an individ-
al layer:

L(u) = β3(u)3 + β2(u)2 + β1(u), (2)

here FL is positive in tension. For a N = 100 particle long chain,
oefficients β1 = 2.257e5 N/m, β2 = 1.187e9 N/m, and β3 =

.524e12 N/m, which are extracted from the fit of the mechanical
esponse measured for the 3D printed bistable layer (shown in
3

ig. 1(d)). The stiffness is thus defined as K (u) = ∂FL(u)/∂u
(shown in Fig. 1(e)). Eq. (2) is used in all other elements of the
DEM (corresponding to the metamaterial layers), where the top
layer of the absorber (n = N) is:

mÿN = C1(yN − yN+1)3/2 − FL(yN − yN−1)
− η(ẏN − ẏN−1),

(3)

here ẏn and η are the velocity of the nth particle and η the
amping coefficient, respectively.
The equations of motion for layers from n = 2 to n = N − 1

re given by:

ÿn =FL(yn+1 − yn) − FL(yn − yn−1)
+η(ẏn+1 − ẏn) − η(ẏn − ẏn−1).

(4)

The equation of motion for the n = 1 mass, next to the fixed
oundary is then:

ÿ1 = FL(y2 − y1) − FL(y1)
+η(ẏ2 − ẏ1) − ηẏ1.

(5)

The equations of motion were numerically integrated using
he ODE45 integrator in MATLAB [37], given an initial velocity V
pplied to the impactor mass, to solve for particle displacements
nd velocities as a function of time.

. Analytical estimate of nominal impact conditions

The kinetic energy transmitted through the half-way-point of
he absorbing block (with respect to the impactor velocity vector),
r unit cell n = N/2, was chosen as the performance metric (so as
o avoid boundary effects), which was then compared against that
f a linearly coupled (with the exception of the contact spring)
bsorbing material.
We then endeavored to estimate the impactor parameters

o minimize KE transmission through n = N/2 of our chosen
istable mechanical metamaterial. The nominal impact velocity
as estimated as:

0 = 2c0ε0, (6)

here c0 is the long wavelength linear soundspeed of the lattice,
ith c0 =

√
β1/ma (such that c0 = 13.7 m/s for the lattice pa-

rameters simulated herein). Eq. (6), which is derived for an elastic
projectile hitting a bar of the same diameter and material [2], is
meant to estimate the minimum velocity threshold such that the
snap through to the second stable state is induced, and results in
V0 = 3.6 m/s for our simulated chain. In an ideal scenario, the
entire material between the n = N/2 and the impactor would
then snap to the second stable state, and have locked the entire
KE from the impactor into stored potential energy (PE). The PE
absorbed from the first half of the absorber is then:

PE =
N
2

∫ aϵ2

o
FL(u)du. (7)

he nominal impactor mass M0 was solved as the only remaining
nknown when impactor KE (i.e. MV 2/2) was set equal to PE. For
ur simulated chain, M0 = 18 g.
With regards to this estimate of nominal impact conditions,

e highlight several issues related to the bistable material impact
nergy absorption strategy. As noted in prior works (e.g. Ref. [38]),
bistable element can only lock a fraction of the incident en-
rgy. This can be seen from the effective stress–strain curve of
bistable element, e.g., Fig. 1d, where, for bistability to exist, the
urve must pass above the σ = 0 axis, and as such will always re-
ease some energy that was used to snap it into the closed stable
tate. The limit of this is when the curve just touches the σ = 0
axis, however, in this case, vanishingly small tensile stresses are
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Fig. 2. Undamped simulations. (a) KE ratio as a function of impactor conditions. Non-dimensionalized KE, κ , for bistable (b) and linear (d) materials at nominal
mpact conditions (M0 , V0). The colorbar is saturated at KEI/10. Layer strain, ϵ, for bistable (c) and linear (e) materials at nominal impact conditions (M0 , V0). (For
nterpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
K

F
s

eeded to unsnap and open the bistable element, which releases
ny stored energy back into the system. Such tensile stresses can
e readily expected in a dynamic impact scenario. In the case of
bistable metamaterial, where there are many bistable elements

n series, this issue may be less pronounced, as each bistable
lement can be imagined to lock in a comparatively small portion
f the impact pulse energy, such that the remaining re-released
raction, in an ideal scenario as described in Eq. (7), would be less
han for a single bistable element. Similarly, one can then further
peculate that a metamaterial with a uniform array of bistable
lements may not be an ideal solution. For instance, a better
olution may be to use a gradient of bistable elements (as has
een used in related studies [38]), such that, approximately, the
irst bistable element encountered by the impact pulse requires
he largest energy to lock, then the next element requires less
nergy to lock and is matched to the ‘‘leftover’’ or re-released
nergy from the first element, and so on. In such a strategy
ne could imagine potentially having nearly complete energy
bsorption for specific impact stimuli, although we do not explore
his configuration herein.

. Simulated dependence on impact conditions for a conser-
ative material

To assess the performance of the bistable mechanical metama-
erial, the linear ‘‘control’’ material was simulated using a linear
tiffness corresponding to the slope between zero force and the
orce at ε0 for the bistable material (equal to 1.77β1), identical
mass, contact spring and damping parameters to the bistable
sample. Simulations with varied impactor mass and velocity using
an undamped linear material showed negligible difference in KE
transmission at the n = N/2 (approximately 1% maximum),
between linear materials of different stiffnesses, when analyzed
from impact time until the time the first wavefront hits the bot-
tom of the sample. We thus define a ‘‘KE ratio’’, as the maximum
KE of the N/2 mass of the control lattice divided by the maximum
KE of the N/2 mass of the bistable lattice, where a value greater
than one indicates the bistable material is outperforming the
linear material in terms of minimizing KE transmission.

We initially simulated the response of N = 100 layer conser-
vative (i.e. η = 0) materials for duration Ts = 1.2τl where τl is the
ime for the linear wave to travel across the material once (based

n c0). Fig. 2(a) shows the KE ratio for varied M and V , wherein s

4

the bistable material outperforms the linear material by up to
21x, while performing worse than the linear material particularly
for impactor conditions where M > M0 and V > V0. There is a
reduction in performance above the nominal impact conditions
of M0 and V0 as they represent the point where the kinetic
energy of the impactor could be equally distributed across the
first half of the material and stably locked into strain energy. This
is consistent with the approximate iso-energy diagonal threshold
that can be observed in Fig. 2(a) that separates KE ratios above
and below unity. This however opens the question as to why
the bistable material would perform less well than the linear
material without any energy locking capability. To address this
question we proceed to study the spatiotemporal response for
both systems.

To study the spatiotemporal response of the absorber mate-
rials at specific impact conditions, we define a normalized KE
κ = N(KEn/KEI ), where KEn is the KE of the nth particle and KEI
is the KE of the impactor, and strain ϵ = u/a. The simulation
time t is expressed in terms of τ = t

√
β1/m. Fig. 2(b,c) shows

κ and ϵ at impactor conditions M0, V0, and Fig. 2(d,e) shows the
linear sample at the same impact conditions. We note that the
impactor is not shown in the plots of ϵ, although it is included as
the n = N + 1 layer in the κ diagrams.

Fig. 2(d,e) shows a minimally dispersive pulse that propa-
gates through the linear sample. In contrast, the bistable material
(Fig. 2(b,c)) shows nonlinear effects, demonstrating the richness
of the bistable system. In Fig. 2(b,c), we see solitary, transition
wave emission from the initial impact, as shown by the straight,
yellow lines that progress ∼25 particles into the sample from the
point of impact. The identification of these as transition waves
is noted by strains exceeding ε2. Looking first at each of these
emissions, we see that the first wave is the fastest, then the
next two are progressively slower, which is consistent with the
amplitude dependent wavespeed of many solitary waves [25].
Beyond τ ∼ 4, between the 80–100th particles, we see a com-
plex oscillatory behavior, likely a combination of low amplitude
vibrations and dynamic snapping and unsnapping of the bistable
layers. Crucially, past ∼25 particles from the impactor, very little
E is transmitted further into the material.
In order to investigate the changing performance shown in

ig. 2(a), we study three different impactor conditions. Fig. 3(a)
hows a location to the top left of Fig. 2(a), which also corre-

ponds to the worst performance of the sweep. At these impactor
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Fig. 3. Normalized KE, κ , for the simulated undamped bistable material shown in Fig. 2(a) for the (a) worst performance (low mass and high velocity, M/M0 = 10−1

and V/V0 = 100.75), (b) good performance (close to nominal mass and velocity, M/M0 = 10−0.625 and V/V0 = 100.25), and (c) poor performance (high mass and high
velocity, M/M0 = 100.75 and V/V0 = 100.75).
conditions (M/M0 = 10−1 and V/V0 = 100.75), a high amplitude,
short wavelength, transition wave travels throughout the sample,
at speeds faster than the waves in the linear material, resulting
in a KE ratio of 0.0848x. Defining MR = M/m, MR = 1.5 and
he formation of a single solitary wave in this instance agrees
ith previous studies, for instance in granular chain impacts [4],

avoring single solitary wave formation when impactor and layer
ass are closely matched. Within the context of solitary waves,
onlinear self-localization likely contributes to the poor perfor-
ance seen in such cases. Fig. 3(b) shows impactor conditions:
/M0 = 10−0.625 and V/V0 = 100.25 representative of good
erformance (KE ratio = 4.44x), but not as good as the nominal
onditions shown in Fig. 2(b). A side by side comparison reveals
ualitative differences in the behavior; namely longer lasting and
ore initial solitary waves generated in Fig. 2(b), which transi-

ion to an oscillatory phase encompassing more particles than
ig. 3(b). Additionally, close inspection at the n = N/2 location in
ig. 3(b) show wave-fronts that travel through particle n = N/2

of higher KE density than any of the crossing wave-fronts in
Fig. 2(b). We observe that these wavefronts occur later in time
than the time it would take for the first solitary wave to reach
n = N/2 and appear to stem from dynamic unsnapping of the
unit cells. Fig. 3(c) shows an example for high M and V (M/M0 =

100.75 and V/V0 = 100.75), where MR = 87, and parallels could
be drawn with known ‘‘shock’’ cases in granular chains [39]. A
‘‘train’’ of solitary waves is emitted after impact, and appear to
continue to do so along the right side of Fig. 3(c). The KE density
magnitude of subsequent emitted waves appears to decrease, and
the highest KE density solitary wave, which is also the wave that
triggers the maximum κ , is the first wave emitted from the time
of initial impact. We note the fastest transition wavespeeds are
shown under these high-energy impact conditions. The KE ratio
was 0.246x, which we note, does not occur at the first passage
of the first transition wave but rather after the reflection of the
first wave off the fixed bottom (after τ ≈ 5). Reflections and
interference are representative of the complications of longer
simulation duration in undamped simulations. Finally, we note
that the maximum strain experienced during this high energy
simulation is ε = 1.95, which in a physical scenario would
imply self-contact. While we do not model self-contact herein to
maintain simplicity, we suggest that this is an important effect to
consider in higher fidelity models.

7. Effect of damping on system response

The effect of the addition of a predetermined amount of damp-
ing to the simulations is assessed by implementing an intersite
damping value of η = 0.164 Ns/m, or a normalized value of
ηV0/β1ε2a = 5.8e − 3 which represents the ratio of viscous
to elastic effects. Otherwise, the simulation setup is identical
to the prior section. Fig. 4 shows the results of the damped
simulations in the same format as shown previously in Fig. 2.
As before, Fig. 4(b,c) shows the bistable material response at
5

impactor conditions M0, V0, and Fig. 4(d,e) shows the linear
material response at the same conditions. The maximum KE ratio
in the sweep in Fig. 4(a) was 34.58x, which occurred at impactor
conditions: M/M0 = 10−.25 and V/V0 = 10.25, noting a shift in
the optimal impact conditions with the addition of damping. The
maximum KE ratio from the sweep in Fig. 4(a) is higher than any
values observed from the undamped sweep (Fig. 2(a)). In addition,
Fig. 4(a) also shows more regions where the bistable material
outperforms the linear material, as indicated by fewer regions of
white color in the figure (noting the threshold of white to blue in
the plot in Fig. 2(a) and Fig. 4(a) is a KE ratio of one).

Fig. 4(b) shows four solitary waves that propagate in suc-
cession after impact, then transition to the oscillatory region by
approximately n = 80. In contrast to the undamped case, the
wavespeed of each transition wave decreases after the point of
impact, as could be expected by the damping-induced reduction
of amplitude coupled with the amplitude dependent wavespeed
of the solitary waves. Fig. 4(c) shows regions with layers that
have snapped to their secondary stable state and remained there,
ostensibly aided by damping. Fig. 4(d,e) show similar behavior of
the damped linear sample as was seen in the undamped linear
sample in Fig. 2(d,e), with the exception of a lower maximum κ

value at n = N/2 when damping is included.
Further comparison of κ for three chosen impactor conditions

picked from within Fig. 4(a) are shown in Fig. 5. Fig. 5(a) shows
impactor conditions corresponding to the top left corner and the
worst performance within Fig. 4(a), representing impactor mass
M/M0 = 10−1 and velocity V/V0 = 100.75, and a KE ratio of
0.2073x. It is also the same impactor conditions that resulted
in the worst performance from the undamped sweep. Fig. 5(b)
shows the best performance, a KE ratio of 34.58x, at impactor
conditions M/M0 = 10−0.25 and V/V0 = 100.25. Qualitatively,
some similarities are observed when Fig. 5(b) is compared with
the undamped high performance cases (Figs. 2(b) and 3(b)). We
see an initial solitary wavefront that transitions (in time) to an
oscillatory region prior to crossing particle n = N/2 (noting
again the slowing wavespeed). Crucially, there appears to be an
interaction between the solitary wave fronts and damping such
that when multiple solitary wave emissions occur, it is possible
that the waves slow as they reduce in amplitude (due to damping)
such that they approach, but do not pass, the n = N/2 location.
This may further be a synergistic effect in the sense that the
damping-induced speed reduction gives the solitary waves even
more time to decay in amplitude, and eventually vanish, before
reaching the halfway point. Fig. 5(c) shows impactor conditions
M/M0 = 100.75 and V/V0 = 100.75, which is a region in the upper
right corner of the sweep in Fig. 4(a), showing poor performance.
A comparison of Fig. 5(c) to the undamped case (Fig. 3(c)) at
the same impactor conditions shows similar behavior with the

exception of the slowing transition waves in the damped case.
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Fig. 4. Damped simulation. (a) KE ratio as a function of impactor conditions. Non-dimensional kinetic energy, κ , for bistable (b) and linear (d) materials at nominal
impact conditions (M0 , V0). The colorbar axis is saturated at KEI/10. Layer strain, ε for bistable (c) and linear materials (e) at nominal impact conditions (M0 , V0).
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 5. Normalized KE, κ , for the simulated damped bistable material shown in Fig. 4(a) for the (a) worst performance (low mass and high velocity, M/M0 = 10−1

and V/V0 = 100.75), (b) best performance (close to nominal mass and velocity, M/M0 = 10−0.25 and V/V0 = 100.25), and (c) poor performance (high mass and high
elocity, M/M0 = 100.75 and V/V0 = 100.75).
. Conclusions

The kinetic energy transmission performance in response to
mpact of a simulated bistable mechanical metamaterial was
ound to be highly dependent on the impactor conditions (mass
nd velocity). In the undamped simulations, the performance of
N = 100 sample ranged from worse (0.08x) to far superior

20.9x) in comparison to the linear control lattice. Similarly, in the
amped sweep, the performance again ranged from worse (0.21x)
o far superior (34.6x). The presence of damping was seen to have
beneficial, potentially synergistic, effect on the performance of
he system, as indicated by both higher maximum KE ratio values
nd higher minimum KE ratio values for the same set of impactor
onditions. One likely reason for this is the higher amount of
‘permanent’’ snapping of layers prior to the n = N/2 point. This
ermanent snapping is aided by damping both by the viscous
esistance to unsnapping and reduction of traveling waves that
ay cause unsnapping at later times after subsequent reflections
nd constructive interference.
Two significant additional implications of the findings regard-

ng impact conditions and damping are the following. First, the
istable mechanism has the potential to yield significant perfor-
ance benefits in terms of KE abatement if the material and

mpact conditions are well paired, but if not well paired, the
istable material can underperform a more traditional material,
ometimes by a substantial margin. These high performance con-
itions were found, via simulation, to match well with predictions

ade using simple analytical estimates (namely, Eqs. (6) and (7)).

6

Second, while only a single viscosity was used in the damped ex-
amples, the performance improvement as a result of the addition
of damping leads the authors to suspect that subsequent ‘‘tuning’’
of the damping may significantly affect the performance of these
systems.

We further suggest several potential avenues for future study
in the context of both the fundamental understanding of energy
transmission in bistable systems as well as their application in
impact mitigation systems. The simulations considered herein
idealized the response of a physically realized bistable mechanical
metamaterial by not considering self contact (or full compaction)
of the physical unit cells. The future inclusion of self contact will
be critical for accurately describing the response of such systems,
and can be expected to modify ranges of poor and superior
impact performance. In addition, we suggest that computational
optimization has a key future role to play, particularly given the
strong nonlinearities involved herein. This may take the form of
shape optimization of the unit cell aimed at maximizing energy
absorption per unit mass density considering the metamaterial’s
dynamic response. One may also consider optimizing the unit cell
to broaden the envelope of impactor conditions (e.g. Figs. 2 and
4) wherein the bistable material gives superior impact absorption
response. There may also exist additional rich dynamics and
unique capabilities for impact absorption with bistable media in
higher dimensions, such as in the case of localized point im-
pacts, instead of the 1D (plate-impact-like) scenarios considered
herein. Finally, we note that many impact absorption problems
involving high strain rates also involve inelastic material behav-
ior [2]. For the case of elastomeric materials, we expect this will
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anifest primarily in the form of viscoelasticity, which can be
oughly accounted for by our inclusion of viscous elements in
he model. However, for most other materials, we expect that
igh energy and strain rate impact scenarios will introduce a
ange of additional important material behavior including strain
ate dependent material properties of the constituent materials
orming the bistable elements, plasticity, and fracture. Indeed,
here exist many impact scenarios where the energies are so large
which could be approximated as where the kinetic energy of the

mpactor is much greater than the elastic strain energy Eϵ2d3 of a
ully dense (non-bistable) material – such a bistable mechanism
ould not be expected to be effective. However, considering the

ormer regime, one can imagine that plasticity and fracture can
ork in concert with bistable mechanisms and result in increased
nergy absorption. While aspects of this interaction have been
reviously studied (see, e.g., Refs. [29,30,40]), we suggest open
uestions remain concerning the use of bistable metamaterials
or impact mitigation in high energy and strain rate, destructive
egimes.
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