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Optimal matrix-based spatio-temporal wave control for virtual perfect absorption,
energy deposition and scattering invariant modes in disordered systems

Clément Ferise,! Philipp del Hougne,! and Matthieu Davy!

YUniv Rennes, CNRS, IETR - UMR 6164, F-35000 Rennes, France
(Dated: November 21, 2023)

We present and experimentally verify a matrix approach for determining how to optimally sculpt
an input wavefront both in space and time for any desired wave-control functionality, irrespective of
the complexity of the wave scattering. We leverage a singular value decomposition of the transport
matrix that fully captures how both the spatial and temporal degrees of freedom available to shape
the input wavefront impact the output wavefront’s spatial and temporal form. In our experiments in
the microwave domain, we use our formalism to successfully tackle three iconic wave-control tasks in
a disordered cavity: (i) reflectionless transient excitation (“virtual perfect absorption”), (ii) optimal
energy deposition, and (iii) scattering-invariant time-varying states.

I. INTRODUCTION

The ability to sculpt the wavefront incident on a scat-
tering system allows for a judicious control of the out-
going wavefront’s spatial and/or temporal shape, thanks
to the linearity of the wave equation'?. The crux lies
in identifying the optimal input wavefront for a desired
wave-control functionality. While iterative techniques
optimize in situ the incident wavefront until the output
converges to the desired one by relying on a feedback®¢,
matrix-based techniques achieve provably optimal wave
control using tools from linear algebra:"8. Different
wave-engineering domains (acoustics, optics, etc.) have
explored matrix approaches for optimal coherent wave
control under various constraints (e.g., only spatial con-
trol over the input, only aiming at focusing in space and
time). Here we present a general approach based on a
multi-spectral transport matrix that can optimally lever-
age both spatial and temporal degrees of freedom (DoFs)
on input and output sides.

For monochromatic waves, optimal wave-control func-
tionalities are based on measuring the scattering matrix
that fully encodes the linear relation between spatial in-
put and spatial output DoFs. In optics, the transmis-
sion matrix was initially measured using deformable mir-
rors capable of spatially shaping the input wavefront to
achieve maximal focusing of light traversing a multiple
scattering medium®. More complicated functionalities
beyond focusing are then achieved using a singular value
decomposition (SVD) of the transport matrix. This in-
cludes selective focusing inside the scattering medium!©,
perfect absorption of incident radiations'''2, speckle en-
gineering® and access to open and closed transmission
eigenchannels® 1410 in diffusive media, e.g., for optimal
energy deposition!”'®. New possibilities have recently
emerged by applying an SVD or an eigendecomposition
to other operators constructed from the transport matrix.
This has led to proposals for schemes aimed at optimal
energy storage'®2?, optimal micro-manipulation of tar-
gets embedded in scattering environments?! and ultimate
sensitivity of the output wavefield to perturbations®?
— provided that the system’s transport matrix can be

rapidly characterized under low-noise conditions.

Manipulating spatially the incident wavefront also en-
ables a degree of control on output signals in the time do-
main for incident pulses?®2¢. Focusing and maximal en-
ergy deposition at arbitrary times are based on measuring
the multispectral TM?2>25 or the time-gated TM!7-27-29,
More recently, spatio-temporal control over the output
has also been achieved by engineering the scattering sys-
tem as opposed to sculpting the input wavefront3%3!, but
this approach is conceptually very different because the
parametrization of the transport matrix via tunable scat-

tering parameters is in general non-linear32.

While these approaches are still limited to spatial in-
cident DoFs, existing optimal spatio-temporal control
makes use of both spatial and temporal DoFs on the in-
put side?3. For the specific functionality of maximal fo-
cusing on an output channel, time reversal (TR) is an es-
tablished technique pioneered in acoustics that captures
the spatio-temporal input-output relation of a (usually
complex) scattering system®:35. TR consists in emit-
ting phase-conjugated broadband transmission spectra,
and can be refined with iterative techniques®®. In rever-
berating media, the spatio-temporal compression of long
impulse responses shows that a control on output spatial
DoF's is achieved using input temporal DoFs only for fo-
cusing®>3738 and perturbation sensing®. Corresponding
results have also been achieved in the optical domain for a
single-channel*® and multi-channel! systems. However,
the TR technique does not offer any insights into how to
achieve more elaborate wave control.

In this paper, we introduce an SVD-based approach
enabling optimal spatio-temporal wavefront shaping for
arbitrary desired wave-control functionalities. We illus-
trate the capabilities of our formalism by applying it
(i) to achieve reflectionless transient excitation (“vir-
tual perfect absorption”, VPA), (ii) to optimally de-
liver energy at a targeted time, and (iii) to excite time-
varying scattering-invariant states. Thereby, we gener-
alize the VPA concept from the single-mode*? to the
multi-resonance regime, as well as scattering-invariant
states from the harmonic?? to the time-varying regime.
Moreover, our formalism constitutes a unifying frame-
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FIG. 1. (a) Photographic image of our quasi-2D disordered cavity (L = W = 205.74 mm, h = 10.16 mm) with the top plate

removed to show the inside.

One coax-to-waveguide transition is attached at each side of the cavity, yielding a two-channel
scattering system. The inset illustrates our spatio-temporal matrix formalism defined in Eq. (1).

(b) Spectrum of the two

eigenvalues of [S(v)]' S(v). (c) Spectrum of the real part of the trace of the Wigner-Smith operator Q(v).(d) Singular value

spectrum of H (see Eq. (1)).

work to understand to-date seemingly unrelated wave-
control concepts.

II. MATRIX FORMALISM

For monochromatic waves with frequency v, the trans-
port matrix H(v) describes the linear relation between
the N incoming channels z(v) and M outgoing channels
y(v) as y(v) = H(v)z(v). If all connected channels are
consider for both input and output, H(v) is the system’s
full scattering matrix S(v).

To extend this monochromatic input-output relation to
the time domain on both input and output sides, we con-
sider that the N time signals x,,(t,,) are sampled on Ny,
points within a time interval At, = [0 ¢.]. Their spectra
2n(v) are computed on N, frequencies using the discrete-
Fourier-transform (DFT) operator, z,(v) = Dgx,(t),
where D,, = e @™ktn /\/N, . To obtain a single
multi-channel spatio-temporal linear relation, we first
concatenate these vectors into the single vectors x; and
x, of length NNy, and NN,. The elements of z; are
Ty, = Tn(tm) with j = (m — 1)N 4+ n. The linear re-
lation between vectors z; and z, is described by the
sparse multi-channel DFT operator D, of dimensions
NN, x NN, (see SM), z, = D,z;. For N, = N,
and t. = tmax = 1/dv, both D, and D$ are unitary op-
erators. However, in the more general case of t. < tyax,
they are non-square matrices verifying DTDm =1y, and
DTD = 1NN,: but D D 7é 1N and D DT 7& 1NN
We apply the same procedure to the M outgoing signals
Yn(t) measured within the time window At,,.

Finally, we introduce the NN, x NN, multi-spectral
block-diagonal matrix Sp with the kth diagonal block
given by S(vg), yielding the following linear relation,

= D»ZSDDth = H.Tt, (1)
where we have defined the operator H = D;S pD,. This
formulation relates the spatial and temporal DoFs of a

coherent input wavefront to the spatial and temporal
DoF's of the corresponding output wavefront.

Using Eq. (1), the spatio-temporal input wavefront x
giving any arbitrary multi-channel time-varying output
signal yr can be estimated using the pseudo-inverse H+
of H as x = H'yr. The case of the well-established TR
technique 3% can also be interpreted in light of Eq. (1).
In a time-reversal experiment, the goal is to maximize
the signal on the kth output channel at time ¢ = ¢; by
injecting a spatio-temporally sculpted wavefront in the
time interval At, = [0 t;]. The desired output signal
is yn(t) = 6(k — n)d(t — t;). Simple algebra shows that
for a pseudo-inverse H™ = H t the corresponding input
wavefront is x,(t) = D,S},, corresponding as expected
to the time-reversed impulse responses between the N
input ports and the kth output port. TR is hence a
special case of our more general technique for optimal
spatio-temporal wave control.

Of particular interest is the SVD of H: H = UVAVT.
The diagonal matrix A directly yields the integral of
output intensities over the time interval At, and all
ports A\, = |[|[HV,|]*> = fAt [$,|yn (t)|?]dt upon injec-
tion through all ports within the time interval At, of
the spatio-temporal states x,(t). The incident signals
Zn(t) composing the vector V,, are normalized such as
fAtm [Snln(t)?]dt = 1. If our transport matrix H is
taken to be S, the highest and lowest values of \,, deter-
mine the complete range of achievable output reflection,
and hence offer a simple method to identify the provably
optimal input states for maximal or minimal output re-
flections. If instead H is a transmission matrix, then A,
corresponds to transmitted rather than reflected inten-
sity instead.

III. EXPERIMENTAL SETUP

We consider the quasi-2D electromagnetic cavity
shown in Fig. 1(a) that contains 15 randomly placed
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FIG. 2. Experimentally measured output signals upon coherent spatio-temporal in situ injection of various right singular vectors
of H. For each considered state, we display the injected (blue) and outcoming (red) time-varying signals on the two channels
(middle and right columns), as well as the corresponding signal spectra averaged over both channels (left column). The first and
second rows correspond to two representative choices of the smallest near-zero singular values that yield qualitatively distinct

results.

metallic cylinders. This disordered system is coupled
via matched coax-to-waveguide transitions to two chan-
nels at the left and right sides. Using a vector net-
work analyzer, we can conveniently measure the 2 X
2 scattering matrix between 8 and 9 GHz (frequency
step: dv = 1.5625 MHz). In order to inject spatio-
temporally sculpted signals in situ, we generate baseband
signals between 0 and 1 GHz on an FPGA board at a
sampling rate of 4 GS/s and multiply them with a local
oscillator at f = 8 GHz (see SM for additional details).
We coherently record the spatio-temporal output signals
with an ultra-wideband multi-channel oscilloscope using
a sampling rate of 40 GS/s.

For the particular choice of At, = At, = [0 t.] with
t. = 1/(26v), we display in Fig. 1(d) the singular value
(SV) spectrum of H for our disordered system shown in
Fig. 1(a). The largest SV Ay = 0.84 remains below unity
due to the inevitable presence of absorption in our ex-
perimental system. The presence of absorption is also
evidenced by the unitarity deficit of S that is seen in
Fig. 1(b). This unitarity deficit is frequency dependent
and it is notable in Fig. 1(b) that for some frequencies the
smaller one of the two eigenvalues of STS even gets close
to zero, indicating that a time-harmonic state yielding a
rather small reflected intensity exists. For the transient
regime, we observe in Fig. 1(d) that multiple of the small-
est SVs of H are extremely close to zero, suggesting that
in the transient regime (i.e., within the interval At,),
the reflected signal intensity can be suppressed very ef-
ficiently if the corresponding spatio-temporal states are
injected.

IV. REFLECTIONLESS TRANSIENT
EXCITATION.

We begin by considering reflectionless transient excita-
tion (RTE) of a scattering system. As mentioned above

and seen in Fig. 1(d), multiple A, are extremely close to
zero for At, = At, = [0 t.]. We observe that two quali-
tatively different types of such RTEs exist in our system,
and we display one experimentally measured example of
each in the first and second rows of Fig. 2.

The first type, in the first row of Fig. 2, is an in-
stance of a concept previously introduced as “coherent
virtual absorption” (CVA)*2. CVA is a promising con-
cept for energy storage??, sensing and transient applica-
tion of optical forces*® where an isolated complex-valued
zero of the scattering response is engaged in the tran-
sient regime to suppress reflection within the excitation
interval. Any scattering response can be decomposed
into its constituent scattering singularities, namely poles
7, and zeros z,*0*%. If a zero is real-valued, reflection-
less time-harmonic excitation of the scattering structure
is possible!!49%0  Within a limited frequency interval,
a disordered system like ours usually does not have a
real-valued zero unless the scattering system is purpose-
fully perturbed to impose one®' 6. However, given only
complex-valued zeros, reflectionless excitation can still be
achieved, albeit only in the transient regime for a limited
temporal interval, by shaping the incident signal in space
and time. When the incident signal is interrupted, the
energy accumulated within the medium leaks out through
the channels.

Previous experimental observations of RTE*457:58 con-
sidered systems with isolated resonances (similar to the
first row in Fig. 2). In the simple picture of isolated
resonances experiencing uniform absorption within the
medium, poles 7, and zeros z, are found at the same
real frequency v, but acquire different imaginary parts,
Up = Up — i(% +'7a) and 2z, = v, + 7;('771 - 'Ya) ('Vn is the
resonance width and ~, is the absorption strength). The
incident signal corresponding to a zero z, is a monochro-
matic signal at frequency Re|z, | modulated with an expo-
nentially increasing envelope at the rate Im[z,]*?. Identi-



fying poles and zeros however requires cumbersome pro-
tocols that becomes highly challenging in the regime of
overlapping resonances**°7 62 In contrast, our tech-
nique solely requires the SVD of the transport matrix
H and directly yields the non-intuitive spatio-temporal
input signals. For overlapping resonances, these signals
involve multiple zeros as seen in the second row of Fig. 2.

How many VPA states exist for a given transport ma-
trix H? Theoretically, we expect this number to corre-
spond to the number of complex zeros in the upper half
of the complex frequency plane. We show in the SM
that a VPA state indeed disappears as the corresponding
zero crosses the real axis and acquires a negative imag-
inary part. The total number of poles and zeros can be
estimated using Weyl’s law® 65, The average density
of states p(w) ~ Aw/(2mc3), where A is the area of the
scattering region, gives a theoretical estimate of 25 modes
between 8 and 9 GHz. This number can also be roughly
confirmed by counting the peaks in Fig. 1(b). How-
ever, counting the number of zeros with positive imag-
inary part is more challenging. To do so, we study in
Fig. 1(c) the number of positive peaks of the real part of
the Wigner-Smith time delay mw (v) = [Tr(Q(v))]. Here,
Q) = —i[S(w)] ' [0S(v)/dV] is the Wigner-Smith op-
erator®®’. The real part of the eigenvalues of @ is as-
sumed to be proportional to a dwell time!?2%58-72 which
is diverging as a zero crosses the real axis®®>™ 70 A
positive (negative) peak of Re[ry/] is a clear signature
of a zero with positive (negative) imaginary part. The
number of positive peaks (16) in Re[rw (v)] is in good
agreement with the number of \,, below A = 1075 (15).
This number increases with the number N of ports con-
nected to the cavity as the channel decay rate scales as
(Yn) = N70 + 74, where 7o is the single-channel decay
rate. In our system, if we increase N from 2 to 6, v, > v,
so that all the zeros have positive imaginary parts and
the number of VPA states is equal to 25 (see SM).

V. OPTIMAL ENERGY DELIVERY

We now turn our attention to the optimal energy depo-
sition, which consists in delivering the maximum possible
amount of energy within the output time interval At,
given spatio-temporal coherent control in the input time
interval At,. In Fig. 3(a,b), we experimentally observe
the input and output signals upon injecting the state
corresponding to the largest singular value of H for the
intervals considered in Fig. 1(d). During the transient
excitation, a very large fraction (A = 0.84) of the in-
jected energy exits the system within the same temporal
interval (At, = At,). The remainder of the injected en-
ergy is absorbed in the system. Maximal-reflection states
corresponding to other temporal intervals are presented
in the SM.

By adjusting the definition of the output time interval
At,, the same approach can also yield optimal energy
delivery at arbitrary times after the transient excitation
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interval. Two examples in the limit of a short output
interval At, = d(¢t — ¢.) are shown in Fig. 3(c,d). In all
cases, a sharp increase of total reflection at the selected
time is observed. Of course, the duration of the focused
output signals is not arbitrarily short but is instead de-
termined by the bandwidth of the spatio-temporal input
signal.

The number of transmitting channels is here limited
(N = 2) by our electronic hardware. To further demon-
strate the interest of our approach, we consider a second
2D cavity of length L = 0.5 m and width W = 0.25 m
with two arrays of N = 8 coax-to-waveguide transitions
attached on the left and right interfaces (see Ref.”® for
a description of the experimental setup). We measure
the transmission matrix (TM) in the diffusive regime be-
tween between 10 and 15 GHz with a frequency step
of 3.9 MHz. For a short incident pulse delivered at
t = 0.5tax through a single channel, the temporal pro-
file of the output intensity decays exponentially with a
decay time equal to 7 = 0.0186¢max (tmax = 0.26 us), see
Fig. 4(a). Using the linearity of the wave equation, we
then reconstruct the transmitted intensity averaged over
outgoing channels for an injection over the N = 8 in-
coming channels and an optimal energy delivery at time
At, = §(t — t.) with t. = 0.5tmax, te = 0.55tmax and
te = 0.6tmax (see Fig. 4(b-d)). In each case the optimal
incoming signal is assumed to be injected within the in-
terval Aty = [0 — 0.5tmax]. A clear enhancement of the
transmitted signals at selected temporal interval is now
observed even at late times as a result of a larger number
of controlled input ports.

Our spatio-temporal matrix formulation takes full ad-
vantage of both spectral and spatial DoFs to achieve
optimal total transmission at selected times. We show
in Fig. 5 that the transmitted intensity at the focal
time scales linearly with the number of incoming an-
tennas N and the bandwidth of incident signals Av.
This is in agreement with theoretical predictions for
time-reversal experiments in diffusive or chaotic systems,
which demonstrates that the focused intensity increases
linearly with the number of DoFs N x N¢. Here Ny is the
ratio between the bandwidth Av and the spectral corre-
lation length dv ~ 1/7. For N = 8 and a bandwidth of
5 GHz, we estimate that the total DoF's is equal to 190,
which is of the same order of magnitude as the number
of spatially controllable optical modes in Ref.??.

VI. SCATTERING-INVARIANT
TIME-VARYING STATES.

Finally, we explore the possibility of exciting states
that have the same spatial and temporal input and out-
put patterns, generalizing the recent concept of time-
harmonic (monochromatic) scattering-invariant states
that have the same spatial input and output patterns*>.

To that end, we solve the eigenvalue problem

Hzx,, = apzy, (2)
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mal transmitted energy. The markers represent experimental
data for different selected times t. between t. = 0.5tmax and
¢ = 0.Ttmax with tmax = 0.26 pus. The dashed lines are lin-
ear fits of the data. The intensity is normalized by its result
found for N = 8, a bandwidth of 5 GHz and t. = 0.5tmax.
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FIG. 6. Spectral (a,c) and temporal (b,d) representation of
two scattering-invariant time-varying states for a temporal
interval of [0 3.18] us (i.e. [0 t.] with t. = 2/6v). The input
(blue) and output (red) signals are shown for the first channel
(and look similar for the second channel). The eigenvalues are
|a] = 0.71 in (b) and |a| = 0.58 in (d). The black curve in
(a,c) is the reflection R(v) averaged over the input ports.

and extract the input signals giving optimal similarity to
the output signals within an arbitrary interval. States
with smallest |a,| obviously correspond to low-reflection
transient excitations. Of more interest are states with
maximal |a,|. Our approach guarantees that the sim-
ilarity between input and output states is also maxi-
mal. We have injected in the smaller cavity with N = 2
two such scattering-invariant time-varying states with
large eigenvalue |ay,|, || = 0.71 and |a] = 0.58 see
Fig. 6. The input and output temporal intervals are
At, = Aty = [0 0.5tmax]. Their spectra are peaked
on a single or a few frequencies with a bandwidth in-
versely proportional to the temporal interval. In the
time domain, both signals are increasing exponentially.
While RTE states are associated with seemingly large
delay times, the scattering-invariant time-varying states
require quasi-non-dispersive transport and correspond to
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short delay times. They are therefore peaked within fre-
quency ranges in which the reflection coefficient presents
a flattened shape [see Fig. 6(a,c)].

We then consider scattering-invariant time-varying
states in transmission through the larger cavity with
N = 8 antennas on each side. The length of the input in-
terval is fixed to 0.3t,,.x and the output temporal interval
is now shifted by dr, At, = At, + A7. We find a max-
imal similarity coefficient |a| = 0.77 for A7 = 0.08¢1max-
The corresponding length ¢ AT = 2.04 m is close to the
mean path length of the cavity”®. The average temporal
envelopes of input and output signals are shown in Fig. 7.
The output signal shifted by —Ar is very similar to the
injected signal. Since input and output speckle patterns
are correlated over a temporal interval, these states could
be useful for broadband imaging through disordered sys-
tems.

VII. CONCLUSION

We have presented a matrix formalism enabling op-
timal spatio-temporal coherent control of waves in ar-
bitrarily complex scattering systems by taking full ad-
vantage of both spatial and temporal DoFs. Our work
presents a unifying perspective on many contempo-
rary wave-control techniques (time reversal, wavefront
shaping, virtual perfect absorption, scattering-invariant
modes) and even generalizes them. Beyond providing
fundamental insights, our technique may readily find ap-
plications in the microwave and acoustics regimes where
the necessary hardware for coherent spatio-temporal
wavefront generation is available.
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Appendix A: Theory

We provide here details on the multichannel temporal
operator given in the main text. We consider N time
signals x,,(¢,,) sampled on Ny, points between 0 and t..
The Fourier transform on N, frequencies

Nig—1
1 )
S(vg) = N, E 8(tyy ) e 2imVitm (A1)
T m=0

can be expressed in terms of the discrete Fourier trans-
form (DFT) operator, x,(v) = Dyx,(t) with elements

1
VN
The dimensions of D, is N, x N¢,. When we set 6t =
1/(N,dv) and t. = tmax With tmax = 1/6v, the operator
D, is unitary, meaning that D,D] = 1y, . In the more
general case of control over smaller time invervals t. <
tmax (Nigz < N,), the DFT operator is non-square. It
however still verifies DI D, = 1 but D, D] # 1.

We then seek for a single multichannel linear relation
for the NV input and output channels. We first concate-
nate the spectral and temporal matrices into the single
vectors x; and x, of length NN;, and NN, given below
for N = 2:

— 12TV tm

[Dz]km = €

(A2)

z1(t1) r1(f1)
T2 (t1) z2(f1)
71 (t2) r1(f2)
Ty = 3 (t2) and xy = z2(f2) (A3)
r1(tn,,) z1(fn,)
T2 (tn,,) z2(fN,)

The elements of z; are therefore zy; = x,(t,,) with j =
(m—1)N+mn. Using this formulation, we can find a linear
relation between x; and x,. We introduce the sparse
multichannel DFT operator D, of dimensions NN, X
N Ny, expressed as (still for N = 2):

(Dz)oo 0 (Dz)on,. 0
0 (D)oo 0 (Dz)on,.,
(Dz)10 0 (Dz)1n,, 0
D, = 0 (Dz)10 0 (Dz)1nv,,
(Dz)n,o 0 * (Dz)Ny N,
0 (Dz)nN,0 0 (D) N, N,
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FIG. 8. (a) Reflection |S(v)|? for a single resonance at v,, =
8.5 GHz. The scattering matrix is described by the Breit-
Wigner formula given in Eq. (B1). The channel decay rate is
Yn = 8 MHz and 7, = 7»/2. (b-d) Input and output signals
for the minimal subspace of H corresponding to an excitation
between 0 and t. = tmax/2 (tmax/2 = 1/6v) for vo = n/2
(b), Ya = (¢) and va = 2yn (c)

to get

Ty = Drxt

(A5)

One can easily verify that D, has the same properties as
D,: it is unitary for t. = tpax and that Dle =1 for
any temporal interval. However DIDJ; # 1 for t. < tmax-
We apply the same procedure to the M outgoing sig-
nals y,(t) measured within the time window At,. Fi-
nally, we define the block diagonal matrix Sp with

S(v1) 0 o --- 0
0 S(r) 0 .- 0
Sp=1| : 0 .0 : (A6)
: : 0 . :
0 0 -+ 0 Svn,)
We finally get Dyyt = SpD,z; and
yt = D;SDﬁth (A?)

which is Eq. (1) of the main text.

Appendix B: Absorption and virtual perfect
absorption

In this section, we demonstrate numerically that the
VPA states disappear when a zero of the scattering ma-
trix S crosses the real axis. We consider in the following

0.15 T T T
o1t i
=4
=
IS
g
0.05 r 1
0 ‘ ‘ ‘
0 0.5 1 1.5 2
v, /v,

FIG. 9. Variation of the last eigenvalue of H t H as a function
of the absorption rate v,/v». VPA states with suppressed
reflection are obtained only as v, < Yn.

a single channel N = 1 system but an extension to mul-
tichannel systems is straightforward. For a single res-
onance, the scattering matrix is expressed by a Breit-
Wigner formula,

VTn
Sv)=1 v i ) (B1)

Here -y, represents the coupling of the channel to the
system and 7, is the absorption linewidth. The reflection
coefficient |S(v)|? is shown in Fig. 8(a) for v, = 7,/2.
The resonance is clearly visible at v,, = 8.5 GHz.

The pole of S is 7, = v, — (Vs + 7o) and the zero of
Sis zp, = Vp +i(Yn — Ya). When 7, > v,, the imaginary
part of z, is positive and the zero is located in the upper
complex plane. This zero can then be accessed by send-
ing a monchromatic signal at frequency v, modulated by
an exponentially growing envelope at rate v, — v,. This
input temporal signal z(¢) for an excitation between 0
and t. = tmax/2 is directly extracted from the last sub-
space of the corresponding H = D;S pD, matrix. The
outgoing energy in such state of virtual perfect absorp-
tion is suppressed between 0 and t.. Once the excitation
is turned off, the energy stored within the cavity that has
not been absorbed is released at rate 7,. The envelopes
of input and output signals are illustrated in Fig.8(b) for
Yo = Yn/2-

However, as v, increases, zero reflection between 0
and t. becomes impossible for an excitation only within
this range. For instance, for v, = ~,, the zero of S
is real, z, = vy, and the excitation x(t) must be fully
monochromatic to be perfectly absorbed with no reflec-
tion. This is the condition of coherent perfect absorp-
tion found when the absorption decay rate balances the
excitation rate'’. The reflection between 0 and t. for
any non-monochromatic signal cannot be suppressed. In
Fig.8(c), we observe that the minimal reflection state of
the H matrix is still increasing in time but the reflec-
tion is not zero. For 7, > 7,, the state with minimal
reflection presents a pronounced peak at ¢ = ¢./2 [see
Fig.8(d)].



In Fig. 9, we show the variation of the minimal reflec-
tion value found from the singular value decomposition
of H. It clearly shows that the reflection can indeed be
completely suppressed for v, < v, but this property is
lost as 7, approaches 7, as expected. For v, = 2v,, the
smallest reflection is even quite strong (min[\,] = 0.13).

Appendix C: Details on the experimental setup

In this section we present in details our experimental
setup. A sketch is shown on Fig 10. A 4 x 4 multi-
channel square cavity (side L = 205.74 mm and height
H = 10.16 mm) comprising only two coupled ports to
the system is used. Uncoupled ports are obstructed by
a metallic plate.The measurement of the 2 x 2 scattering
matrix between 8 and 9 GHz is operated with a Vec-
tor Network Analyser (VNA) on the two coupled ports
of the cavity via coax-to-waveguide transitions with one
circulator (Aerocomm J80.160) connected to it. We use
circulators on each port to inject and measure the signals
with a 4-ports VNA.

By applying the SVD-based approach and matrix for-
malism presented in the main text, we obtain base-
band temporal signals with frequencies between 0 and
1 GHz. These signals are first up-converted in the fre-
quency range between 0.2 and 1.2 GHz via a Fourier
transform and an inverse Fourier transform successively.
The two pseudo-baseband signals (s; and s on Fig 10)
are finally uploaded on a FPGA board (Xilinx ZYNQ-
ZCUI111). They are analogically up-converted in the fre-
quency range [8 9] GHz using two wide band frequency
mixers (Mini-Circuits ZX05-153LH-S+) connected to a
local oscillator at 7.8 GHz. The same local oscillator
is connected to the frequency mixers via a 4 ways power
divider (AMD-GROUP PD4-2-18-10) to synchronize the
signals. The RF output of the frequency mixers is con-
nected to the two circulators matched with the two coax-
to-waveguide transitions coupled to the cavity. To mea-
sure the signals reflected from the cavity, the third chan-
nel of each circulator is connected to an ultra-wideband
oscilloscope with a sampling rate of 40GSamples/s (SDA
816Zi-B).

Appendix D: Impact of the size of the input time
interval

In Fig. 2 on the main text we have presented our
new approach by displaying optimal energy deposition
and its opposite: reflectionless transient excitation for
Aty = Aty = [0 t.] with t, = tyax/2 and for N = 2 chan-
nels coupled to the scattering system. In this section we
numerically explore the impact of the time interval on
reflection coefficients.

We start by varying the interval length t.. We display
in Fig. 11(a) the spectrum of the first (blue) and the last
(red) singular value (SV) of H as a function of ¢.. The
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Ch; Ch, Chg

Oscilloscope

Oscilloscope

FIG. 10. Detailed sketch of the experimental setup. The inset
explicitly shows the role of the circulators.

t
(a) 100 _ 2 (=] c4 Imo
1 D 10’ 10’
5
T . 7< . 10
5 10 10
& . 0 teq 0.025 -10
(V2] > C
Vs N ']O
-1 I
10 MMWWM}MWW\WWW m{“}mﬁw“mm‘ﬂ"
1 1 1 1 1 1 1 1 1(515
0 0.1 0.2 03 04 0.5 0.6 07 08 09 1
t./t
First SV ¢ max Last SV
(b) ———— (© ———
1 —Input 1
S — Output N .*
wv wv
-1 . . . . . -1 . . . . )
0 0.01 0.02 0.03 0 0.01 0.02 0.03
(d) 1 (e) 1 L
E_ 0 " — E_ 0
wv wv r
-1 -1
® @
0 ) )
-1 A
(h) 1 (i) 1
wv wv
-1 -1
0 0.2 0.4 0.6 0 0.2 0.4 0.6

Time (us) Time (us)

FIG. 11. (a) Spectrum of the first (blue) and last (red) singu-
lar value of H as a function of the variation of t.. (b-i) Tempo-
ral representation from numerical simulations upon coherent
spatio-temporal injection of the first (b,d,f,h) and the last
(c,e,g,i) right singular vectors of H for four different input
time intervals: (b,c) te1 = 0.004¢maz, (d,e) tez = 0.05tmaxz,
(f,g) tcg = 0-35tmag; and tc4 = O.gtmaz.
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FIG. 12. (a,c,e) Spectra of the real part of the trace of the
Wigner-Smith operator Q(v) = —i [S(v)] "' [0S(v)/dv] and
(b,d,f) spectra of last singular values of H for N = 2 (a,b),
N =4 (c,d) and N =6 (e,f).

time axis is normalized by the maximum time which is in-
versely proportional to the frequency step: tmax = 1/v.
These states correspond respectively to the maximum
and minimum possible reflection within the output inter-
val At,. The first SV is zero for t. = 0, as expected, and
then exponentially increases to rapidly reach a plateau
at A1 =~ 0.84 shortly after t. = t.o = 0.05¢max. Thus,
for t > t.o, the interval length does not impact the re-
flection coefficient. On the other hand, the last SV is
minimum for f.o < t < 0.8t,ax With an average value
(An,) =~ 2 x 10711, For very short and large values of .
and t., it is however not possible to shape the incident
wavefront temporally to modulate the reflection coeffi-
cient. This implies that VPA states presented in the
main text do not exist when ¢, is close to 0 or tyax.

The temporal responses for four time intervals (.1 =
0~004tmax, tcg = 0-O5tmaX7 tcg = 0~35tmax and tc4 =
0.9¢max) are shown in the four last rows of Fig. 11. These
signals are reconstructed numerically from measurements
of the scattering matrix. On the first column, input
(blue) and output (red) signals upon injecting the state
corresponding to the maximum possible amount of en-
ergy are shown for the four time intervals considered.
RTE’s input and output signals, i.e. signals correspond-
ing to minimal reflection, are displayed in the same way

on the second column. In order to better observe the
signals on the first line (¢, = 0.004¢,,x), the time axis is
adjusted to [0 0.03]us.

Appendix E: Number of reflectionless transient
states

As explained in the main text, the number of reflection-
less states found from the spatio-temporal operator H is
theoretically equal to the number of zeros located in the
upper complex plane. The total number of zero within
the frequency range [fi = w1/(27); fo = wo/(27)] is equal
to the number of poles of the scattering matrix and can
be estimated from Weyl’s law : N, = f;f p(w)dw, where

p(w) ~ Aw/(2mc?) is the density of states. Here A is the
area of the cavity.

In this section, we provide further evidence of the rela-
tion between the number of reflectionless transient states
and the number of zeros with positive imaginary parts.
To do so, we vary the number of channels coupled to
the cavity, from N = 2 (corresponding to measurements
presented in the main text) to N = 8. In each case, we
measure the N x N scattering matrix and obtain 7y (v).

The real part of the Wigner time delay is represented
on the first column of Fig. 12 for different number of
coupled channels N, N =2 (a), N =4 (c) and N =6
(e). For each case, the corresponding spectrum of the last
40 singular values of H is shown on the second column.

For N = 2, the Wigner time delay comprises positive
and negative peaks. We find 18 singular values of H bel-
low A = 1075, The small difference from the number
presented in the main text is due to the slight changes in
the system. This time, all the channels are matched with
coax-to-waveguide transitions. For each measurements,
N ports are connected to the Vector Network Analyser,
the others being in open-circuit states. This pushes the
reflective boundaries away from the center of the cavity
and so virtually increases its size. For N = 4, the Wigner
time delay comprises only one negative peak and 25 sin-
gular values below A = 107° are found. For N = 6, the
peaks of 7y (v) are all positive so that we expect that the
number of reflectionless states to be equal to the number
of resonances (or poles) with the bandwidth. We find 25
singular values of H smaller than A = 10~° which is in
good agreement with Weyl’s estimate.
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