REDUCIBILITY OF QUANTUM HARMONIC OSCILLATOR ON R
PERTURBED BY A QUASI - PERIODIC POTENTIAL WITH
LOGARITHMIC DECAY
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ABSTRACT. We prove the reducibility of quantum harmonic oscillators in R% perturbed
by a quasi-periodic in time potential V (z, wt) with logarithmic decay. By a new estimate
built for solving the homological equation we improve the reducibility result by Grébert-
Paturel(Annales de la Faculté des sciences de Toulouse : Mathématiques. 28, 2019).
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1. INTRODUCTION AND MAIN RESULTS

1.1. Statement of the results. In this paper we consider the linear equation

10 = (—A + |z )u+ eV (z,wt)u, u=u(tz), t€RzcR? (1.1)
where € > 0 is a small parameter and frequency vector w of the forced oscillations is
regarded as a parameter in Dy := [0, 27)". We assume that the potential V : RY x T" >
(x,¢) — V(z,¢) € R is continuous in all its variables and analytic in ¢, where T" =
R™/27Z"™ denotes the n-dimensional torus. For o > 0, the function V(z, ) analytically
in o extends to the strip T? = {(a+bi) € C"/27Z" : |b| < o} and for all (z,p) € R? x T
verifies

V(z, )] < C(1+ (1 +[xf*)™™, (1.2)

where ¢ > 0 and C > 0.

Before state the main results, we need some notations. For readers’ convenience we
will follow the notations in [28]. Let Hy = —A + |z|* = =A + 27 + 23 + - - - + 23 be the
d-dimensional quantum harmonic oscillator. Its spectrum is the sum of d copies of the
odd integers set, i.e. the spectrum of H, equals £ = {d,d+2,d+4,---}. Denote by E;
for j € £ the associated eigenspace whose dimension equals

#{(i1, 42, -+ yig) € N+ iy +ig+--+ig = j} = d; < j4!, where N={0,1,2,---}.

Denote by {®;,;,l =1,2,---,d;} the basis of E; obtained by d-tensor product of Hermite
functions: ®,; = i, ® i, ® - - - @ ;, for some choice of 7; +i9+- - - +1ig = j. Then setting

E={(G,)eEXN:1=1,2,-- ,d;} and wj; = j for (j,1) € £

(®,)ace forms the Hermite basis of L?(RY), verifying Hy®, = w,P,, a € £. We define on
& an equivalent relation: a ~ b <= w, = w, and denote by [a] the equivalence class
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corresponding with a € £. We notice for later use that #[a] < w?~! and that abbreviate
the eigenspace F.,, as Eg.

For s > 0 denote by H* the form domain of H{ and the domain of Hg/ ? endowed by
the graph norm. For negative s, the space H? is the dual of H™*. In particular, for s > 0
an integer we have

H*={f € *(RY): 2°0f € L*(R"), Vo, B € N, |a| + || < s}.

For Hilbert spaces ‘H; and H,, we will denote by B(H1, Hs) the space of bounded linear
operators from H; to Ho and write B(H1, H1) as B(H;) for simplicity.

To a function u € H*® we associate the sequence £ of its Hermite coefficients by the
formula u(z) = 3, c &Pa(z) and define €2 := {({o)ace © Y e Wilka]? < o0}. Next we
will identify H* with ¢2 by endowing both spaces with the norm

[l = lIElls = (Z wi\fa\2>

acé

Our main theorem is the following.
Theorem 1.1. Assume that V satisfies (1.2) with ¢ > 2L There exists €, > 0 such
that for all 0 < e < e, there exists D, C Dy := [0, 27)" such that for all w € D,, the linear
Schrodinger equation (1.1) reduces to a linear equation with constant coefficients in H!.

More precisely, for any w € D,, there exists a linear isomorphism W(p) = U, (p) €
B(HP), for p € [0,1], unitary on L?*(R?), which analytically depends on ¢ € T" no and a
bounded Hermitian operator W = W,,. € B(H*), for s > 0, such that t — u(t,-) € H*
satisfies

10 = (—A + |z|*)u + €V (z,wt)u (1.3)
if and only if ¢ — v(t,-) = ¥(wt) tu(t,-) satisfies the autonomous equation
10,0 = (—A + |z[*)v + W(v). (1.4)
Furthermore, there exists C' > 0 such that
Meas(Dy\D,) < Ces,
Wl By < C, for all s > 0, (1.5)
19(0)*! — 1d|| ey < CeTz, ¥ o € T2y, for all p € [0,1].
Remark 1.2. The infinite matrix (W )apes of the operator W written in the Hermite
basis (W! = [ga ®W(Pp)dz) is block diagonal and satisfies for some C' > 0:

a Ce
Hw*u_——————ﬁ Vacé&.
(14 Inw,)*
As a consequence, we obtain the following corollaries concerning the Sobolev norm
estimations on the solution of (1.1) and the spectra of the corresponding Floquet operator
defined by

S 0
= —12%6—%0 — A+ |z]* + €V (z, ).
j=1 J
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Corollary 1.3. Assume that V satisfies (1.2) with ¢ > %‘”1. There exists €, > 0 such
that for all 0 < € < ¢, and w € D, there exists a unique solution u € C(R, H') such that
u(0) = up. Moreover, u is almost-periodic in time and satisfies

(1 = C)luollwr < [u®)|lwr < (1 + Cé)lluoll2,
for some C > 0.

Corollary 1.4. Assume that V satisfies (1.2) with ¢ > 2+ There exists €, > 0 such
that for all 0 < € < ¢, and w € D, the spectrum of the Floquet operator K is a pure
point.

1.2. An introduction of the proof and related results. In this paper we will follow
the strategy in [28] or [19]. As [28], if we endow the phase space H® x H*® with the
symplectic structure idu A du, the equation (1.3) can be rewritten as the Hamiltonian
system associated with the Hamiltonian

H(u,u) = h(u,u) + eq(wt, u, w), (1.6)

where h(u, @) = [p.|Vul? + [z]*vadz and g(wt,u, @) = [p. V(z,wt)utdz. Expanding
and u on the Hermite basis of real valued functions u = Za e&a®q, U= Zaes 1Py, the
Hamiltonian reads as h = ) ¢ wa&afa, q = (£, Q(wt)n), where (-, -) denotes the natural
scalar product (no complex conjugation) and @) is the infinite matrix whose entries are

Q" (wt) :/ V(z,wt)®,(z)Py(x)dz, (1.7)
Rd
and (&,n) € Yy, in which Y, = {¢ = ({, € C*,a € €) : ||(||s < oo}. Therefore, Theorem

1.1 is equivalent to the reducibility problem for the non-autonomous Hamiltonian system
associated with the Hamiltonian

S walata + €(€, Q). (1.8)

a€eé

As [28] we will construct a canonical change of variables and conjugate the Hamiltonian
system with the Hamiltonian (1.8) to the Hamiltonian system associated with an au-
tonomous Hamiltonian ) .. w.&ana + (£, Wn), where W is block diagonal and will be
clear in the following sections.

Here we would like to compare our approaches with those of Grébert and Paturel [28].
By and large, because of the so-called small-divisor problem, in both [28] and the present
paper the KAM technique is used to eliminate the dependence on ¢ of the perturbation
(€,Q(¢)n). There is, however, an apparent difference. In [28], the perturbation matrix
Q(¢) belongs to M, 5. In other words, for any a,b € &,

vmin{we, wy} + |w, — wb|) <c (1.9)
/min{w,, w,} .

The estimate comes from Cor. 3.2 from [30], the assumption of the perturbation and a
delicate analysis. In this paper, we have a weaker assumption on V' (z,¢). Similarly, we

whuwlof (

also need an estimate on the perturbation matrix element Q[] for every a,b € £. The
following is the corresponding estimate:

Lemma 1.5. Assume that V satisfies (1.2) with ¢ > 0, then we have

C
/Rd Vi, o) Wa(2)Wpy(z)dz| < (14 Inwg)* (1 + Inwp)*

(1.10)
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for all ¥, € Ejy, ¥, € Ep) and || ¥, || = ||¥,|| = 1, where the constant C = C(d,t) > 0
and || - || denotes the L?(R?) norm.

Remark 1.6. The above estimate was firstly proved by Z. Wang and one of the authors
in [43] when d = 1.

Remark 1.7. From the above lemma, we obtain
(14 Inw,)’(1 + Inw,)°|QUA| < C

Thus we need to introduce a new space Mg which can be compared with the correspond-
ing one M 5 in [28]. See section 2 for the definition of Mg.

In [28] Grébert and Paturel used Lemma 4.3 called the key lemma to solve the homo-
logical equation, in which they assume |u, — 4| < CO for all a € £. We remark this

lemma was first built up in Proposition 2.2.4 [17] and also apphed in [23] and [27]. But
in our case we only have a weaker assumption |u, — A, < (1+17 for all @ € £ which

comes from @) € Mp. On the first try one can follow the proof of Lemma 4.3 in [28], the
estimate should be

Cde_l eXp{Cg,d/ii%}
K(1+ |w, — wpl)

b b
Bkl < 4] (1.11)
If we choose K ~ €%, the term exp{05 dm’%} is too big for KAM iteration whatever

a > 0 is chosen. If one chooses xk ~ s it follows exp{Cs4r~ 6} ~ ¢~ 10 which seems

|1
to be enough for KAM. But from a further investigation we find that one will face big

troubles relative with measure estimates. Now it is clear that we need to develop some

(6] ”

new estimate for [[B(k), [|. In the following we denote by M the set of infinite matrices

A € x & — C which satlsﬁes sup ||A[b] | < oo, where AH denotes the restriction of A
on the block [a] x [b] and || - || denotes the operator norm. Here is the new estimate.
Lemma 1.8. Let A € M and B(k) defined for k € Z" with |k| < K by

i
k-w—pj+

B(k): =

J

. j€lal,l €bl, (1.12)

where w € [0,27)" and (p,)ace 18 a sequence of positive real numbers satisfying

Co

|t — o] < A ma) foralla € & (1.13)

such that for all a,b € £ and all |k| < K,
|k w— Ao+ Xo| > (1 + |wg — wy)), (1.14)
how— g gl > KL+ [ —wl), € [al,1 € [ (1.15)

where v, k, 8, Cp > 0. Then B(k) € M and there exists a positive constant Cs 4 such that

Csay '/}
B [b] GXP{ 5,d
H (k) a]H = (1 + |w ) H a]H

where || - || denotes the operator norm and Cj4 = %(200)%.
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Remark 1.9. The term exp{Cjsy~/°} is clearly better than the one GXp{C&dK,_%} in
(1.11). We explain it in a heuristic way. For example, if choose v ~ K~¢ it follows that
exp{Cs47"Y°} ~ exp {K%} and exp {K%} < Ce i when a < 8. The KAM iteration
can be easily set up as [28].

In the end let us review the previous works on the reducibility of some important PDEs
and the behaviors of solutions in Sobolev spaces. We begin with the quantum harmonic
oscillators(for short “QHO”). See [15, 29, 43, 44] for the reducibility results on 1-d QHO
with bounded perturbations. Bambusi [3, 4] firstly built the reducibility results for 1-
d QHO with unbounded perturbations. His proof was based on the pseudodifferential
calculus, in which he generalized the ideas from [1, 40](see also [11, 25, 38]). It seems
that the pseudodifferential calculus method hasn’t been applied for the unbounded per-
turbation terms such as (x)* cos(x — wt)(u > 0) (Remark 2.7 in [3]), which have been
solved recently by Luo and one of the authors( [31]) when 0 < y < 3. For a general 1-d
Schrodinger equation we recall the classical results [7] in which the potential grows at
infinity like |z|? with £ > 1 and the perturbation is bounded by |z|® with 8 < £—1. The
limit case was solved by Liu-Yuan([35]). Recently the upper bound for 5 was improved
further by Bambusi([3, 4]). When the perturbation is limited to a class of terms such as
(x)* cos(z — wt) we([33]) can improve the original upper boundedness from ¢ — 1 to at
least £ — 3.

Reducibility for PDEs in high dimension was initiated by Eliasson-Kuksin [19]. We
can refer to [28] and [32] for higher-dimensional QHO with bounded potential. The re-
ducibility result for n-d QHO was first built in [9] by Bambusi-Grébert-Maspero-Robert.
Towards other PDEs Montalto [39] obtained the first reducibility result for linear wave
equations with unbounded perturbations on T¢, which can be applied to the linearized
Kirchhoff equation in higher dimension. Bambusi, Langella and Montalto [5] obtained
the reducibility results for transportation equations with unbounded perturbations([22]).
See also [23, 24] for a linear Schrodinger equation on zoll manifold with unbounded po-
tential. We remark that by implementing the above techniques the KAM-type results
of quasi - linear PDEs such as incompressible Euler flows in 3D [2] and forced Kirchhoff
equation on T? [14] have been built recently.

The reducibility results usually imply the boundedness of Sobolev norms. For the
growth rate of the solutions with time in H®—norm, see [9] and [26] for a t*- polynomial
growth for 1-d QHO with time periodic perturbations. Delort [16] constructed a t*/2-
polynomial growth for 1-d QHO with certain time periodic order zero perturbation(see
[36] for a short proof). Combining with the ideas in [9] and [18], Zhao, Zhou and one
of the authors [34] obtained the precise dynamics for one class of 1-d QHO with quasi
- periodic in time quadratic perturbations, in which they also presented an exponential
growth in time for 1-d QHO. Recently, for 2-d QHO with perturbation which is decay-
ing in ¢, Faou-Raphaél [21] constructed a solution whose H!—norm presents logarithmic
growth with t. For 2-d QHO with perturbation being the projection onto Bargmann-
Fock space, Thomann [42] constructed explicitly a traveling wave whose Sobolev norm
presents polynomial growth with ¢, based on the study in [41] for linear Lowest Landau
equations(LLL) with a time-dependent potential. There are also many literatures, e.g.
6, 8, 10, 12, 13, 20, 37, 45], which are closely relative to the upper growth bound of the
solution in Sobolev space.

The rest paper will be organized as follows. In Section 2, a new reducibility theorem
is presented. In Section 3, we check all the hypothesis of the reducibility theorem are
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satisfied which follows the main theorem. In Section 4, after present the proof of key
lemma we prove the reducibility theorem. Finally, the appendix contains some technical
Lemmas.

2. REDUCIBILITY THEOREM

In this section we state an abstract reducibility theorem for quadratic quasiperiodic in
time Hamiltonians of a general form ) o Ao&ana + €(§, Q(wi)n).

2.1. Setting. Following [28], we will introduce some spaces and relative algebraic prop-
erties for later use.
Linear space. Let s € R, we consider the complex weighted ¢? space

C={{=(&%eCact): ¢, < oo}, where [[¢]7 = wi|&l>
acf
Then we define

Yo =0 x 05 ={C=(Cu= (&) €C*ac &) ||C]ls < oo},

ICI2 = D wildal® =D wi(l&al® + nal®)-
ae€ ae€
We equip the space Y, s > 0, with the symplectic structure idé A dn. Let f be a C!
smooth function, defined on a domain O C Y, then we have the associated Hamiltonian
system

where

n=1iVef (&, n),

where Vf = (V¢f,V, ) is the gradient with respect to the scalar product in Yy. Natu-
rally, define the Poisson bracket for any C' smooth functions f and g, defined on a domain

o0cy, of o dg Of
: 9 g
{f7g} = _I(Zaga . ana B 8£a . ana).

acf
Infinite matrices. Let 8 > 0, we denote by Mz the set of infinite matrices A : Ex& — C
that satisfy

{£=4VM@W%

Al = S}gga +Inwe)? (1 + Inwy) [ AL < oo,

where AE’L]} denotes the restriction of A on the block [a] x [b] and || - || denotes the operator
norm. Further we denote M = M. We will also need the more regular space ./\/l;r C Mg:
an infinite matrix A € M belongs to M; if

[Als = sup (14 fuwa = wpl)(1+ Inw,)?(1+ Inw,)?| AL < oc.

The following structural lemma is proved in Appendix 5.1:

Lemma 2.1. Let 5 > %, there exists an absolute constant C' = C'(f) > 0 such that
(i). Let A€ Mgand B € M}. Then AB and BA belong to Mg and

|AB|g, |BA|g < C|Alg| Bl
(ii). Let A, B € M}. Then AB belongs to M} and |[AB|zy < C|A|g.|B|sy.
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(ili). Let A € MZ. Then e — Id belongs to M and led — Id|g, < eCMls+|Alg,.
(iv). Let A € Mp. Then for any s > 1, A € B((Z,(2,) and || A2 ) < C|Als.

(v). Let A€ Mj. Then for any s € [-1,1], A € B(£2) and || Al|g2) < C|Alp4-
Normal form.

Definition 2.2. A matrix Q) : £ x £ — C is in normal form, denoted by Q € N F, if
(i). @ is block diagonal, i.e. QZ_: 0 for all w, # wy.
(ii). @ is Hermitian, i.e. Qf = Q.

Notice that a block diagonal matrix with bounded blocks in operator norm defines
a bounded operator on (2, Vs € R, which implies Mz N NF C B(¢?). To a matrix
Q = (Q%)apee € B((%,12,) for s > 0, define in a unique way a quadratic form on Y, 3

(Ga)ace = (€as Ma)aee by the formula ¢(&, 1) = (§, @n) = 3=, pee Qadams- A straightforward

computation leads to
{a1, 6:}(& m) = 1(&, [Q1, Q2]m), (2.1)

where [Q1, Q2] is the communicator of two matrices () and Q.

In the following, by abuse of language, we will call both of ¢ and ) the Hamiltonian.
Parameter. In all the paper w will play the role of a parameter belonging to Dy, =
[0,27)™. All the constructed maps will be dependent on w with C! regularity. When a
map is only defined on a Cantor subset of D, the regularity has to be understood in the
Whitney sense.

A class of quadratic Hamiltonian. Let g > %, o >0 and D C Dy and denote by
Mp(D, o) the set of C! mappings DxT? 3 (w, @) — Q(w, ) € Mg, which is real analytic
in ¢ € T?. Endow the space with the norm

Q77 = sup [2Q(w, ¢)ls.
weD,j=0,1
ISel<o

In view of Lemma 2.1 (iv), to a matrix @ € Mz(D, o) define the quadratic form in Y)
q(&,n;w, p) = (£, Q(w, ¢)n) and a straightforward computation leads to

4§ m;w, )| < CIQIZIINE I, for (§,n) €Y1, (w,9) € D x Th.
Denote by M;(D,U) the subspace of M3(D, o) formed by Hamiltonians S, verifying
S(w,p) € Mj and endow it with the norm [S]g’a i= SUpwep,j=0,1 |25 (w, ¢)|gs. The

[Sel<o

space of Hamiltonians N € Mg(D, o) that are independent on ¢ will be denoted by
M(D) and equipped with the norm [N]g 1= SUD,ep j—0.1 |07 N (w)]s.

Hamiltonian flow. To any R € M; with 8 > %, define in a unique way the symplectic
linear change of variables on Yy: (€,n) — (e7'F¢, eify). Tt is well-defined and invertible
in B(¢?) for all s € [—1,1] by the assertion (v) of Lemma 2.1. Concretely, the change of
variables can be regarded as the time-one flow generated by the quadratic Hamiltonian
x(&,m) = (£, Rn) and it preserves the symmetry 7 = £ for any initial datum considered
in the paper if and only if R is a Hermitian matrix, i.e.

R =R. (2.2)

When R also depends smoothly on ¢, T 3 ¢ — R(p) € M}' we associate to IR the
symplectic linear change of variables on the extended phase space

oL (Y, 0, €,m) = (7, p, e €, efiy), (2.3)
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where the Hamiltonian x(y, ¢, &, 1) = (£, R(p)n) and § =y — fol (e "¢V Reltfip)dt,
2.2. Hypothesis on the spectrum. Now we present our hypothesis on A\, a € &:

Hypothesis H1 (asymptotics). Assume that there exists an absolute constant ¢y > 0
such that
Ao > o and | Ay — A\p| > colw, — wyl, for all a,b € €. (2.4)

Hypothesis H2 (second Melnikov condition in measure). There exist absolute positive
constants 7,7 and C such that the following holds: for each v > 0 and K > 1 there
exists a closed subset D' = D'(y, K) C Dy satisfying

Meas(Dy \ D') < CK™~™
such that for all w € D', all k € Z" with 0 < |k| < K and all a,b € £ we have
|k w— Ao+ M| = Y(1+ |wg, — wyl).
2.3. The reducibility theorem. Consider the Hamiltonian
Hy(t.6,1m) =Y Aabala + €(€, Q(wt)n) (2.5)

acl

and the associated non-autonomous Hamiltonian system on Y;:

{5 = —iNo§ — ieQ" (WI)E, 26)

1 = iNon + ieQ(wt)n,
where Ny = diag(\, : a € &).
Theorem 2.3. Let o = &2 +1 with a; = max{7y,n+d} and ap = max{m,1}. Fix > §

and o > 0. Assume that (\,).ec satisfies Hypothesis H1, H2 and that @ € Mg(Dy, o),
then there exists e, > 0 such that for all 0 < e < ¢,, there exists C' > 0 and

(i). a Cantor set D, C Dy of asymptotically full measure:
Meas(D, \ D,) < C'e*?/S; (2.7)

(ii). aC! family (inw € D) of real analytic (in ¢ € T7 /o) linear, unitary and symplectic
coordinate transformations on Yj:

Do, () : (§m) = (Mu(@)§, Mu()n),  (w, ) € De X Tg o

(iii). a C! family of quadratic autonomous Hamiltonians in normal form H,, = (£, N,,n),
where N, € N F is close to Ny:

IN, — Nolls < Ce, we D, (2.8)

such that t — (£(¢),n(t)) € Y1 is a solution of autonomous Hamiltonian system
associated with H,:
{5’ = —iNJ¢

1 =1N,n
if and only if t — &, (wt)(£(t),n(t)) € Y1 is a solution of the original Hamiltonian
system (2.6). Furthermore, ®,(¢) is a bounded operator from Y, into itself for all
p € [0, 1] and close to identity:

5

1M (¢) —1d||ez) < Cer. (2.9)
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3. APPLICATIONS TO THE QUANTUM HARMONIC OSCILLATOR ON R¢

In this section we will prove Theorem 2.3 which concludes Theorem 1.1.
3.1. Verification of the hypothesis. We first verify the Hypothesis of Theorem 2.3
for the quantum harmonic oscillator equation (1.3).

Lemma 3.1 (see [27]). When A\, = w,, a € £. Hypothesis H1 and H2 hold true with
co=1and Dy =1[0,2m)" and 7y =n+ 1,75 = 1.

Proof of Lemma 1.5: Let ¥, € Ej, V) € By and [|¥,|| = || ¥s]| = 1, then

/RdV(x, P)Wa(2) Wy (2)dz| < ||V (2, 0)Wa(@)[|[V2 (2, ) Ty ()] (3.1)

By the symmetry we only need to estimate ||V z(z, )W, (z)]|.
Let D, = {x € R?: |z] < w9 } and denote by D¢ its complement, then one has

1 1 1
V= (2, o) Wal@)|| < [V (2, 0)Va(@) || 200) + IV2 (2, 0) V(@) 2g)- (3:2)

Clearly, since |V (z,¢)| < C then one has

3 1 1 1 1
V2 (@, @) ¥a(@)llzwa) < [Ya(@) o [VE (@ @)llews) 24 2= 3
1
<C|¥, (ilf)HLp(Rd> (Meas(ID, )
i-1 2(d+2
<Cw 2 wk/ 4 by Cor. 3.2 in [30] with p = Hd+2)
d+1
l
<Cw, " = Cw, @7 (3.3)

Besides, for € D¢ we have |z| > wl/(4d) Then 1 +In(1+ |z]?) > 1 +lnwy/ P > Ltlhwa,

By (1.2) one has |V (z,¢)| < (1+1n(1+\x\2))2b < (1+§1d;;a)2b for x € DS. Hence, we obtain

1 Ca, Ca,
1% U, ()| ey < ——2||w, < Tde
IV o ) aoles) < [ Bl < s
Combining (3.2), (3.3) with the last estimation we have
CdL
Ve —_—. 3.4
Vi (o] < s (3.4
Collecting (3.1) and (3.4) concludes the result (1.10). O

Remark 3.2. Using Lemma 1.5 and a similar method as [27] we have @, defined by
() = Joa V(z, @) Pu(2)Py(x)dz, belongs to M,(Dy, o).

Remark 3.3. For quantum harmonic oscillator equation (1.3), we have a = n +d + 1
since o = z—; + 1 with oy = max{r,n + d} and ay = max{m, 1}, where 71 = n + 1 and
Ty = 1.
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3.2. Proof of Theorem 1.1. The Schrodinger equation (1.3) is a Hamiltonian system
on H* x H* (s > 1) associated with the Hamiltonian function (1.6). Written on the
orthonormal basis (®,).ce, it is equivalent to the Hamiltonian system on Y; associated
with (1.8) which reads as (2.5) with A\, = w, and @ given by (1.7). By Lemma 3.1
and Remark 3.2, if V satisfies (1.2) with « > %‘”1, we can apply Theorem 2.3 to the
Hamiltonian(1.8) which concludes Theorem 1.1. More precisely, in the new coordinates

under a unitary transformation given by Theorem 2.3, (£, 1) = (M,,(wt)£’, M,,(wt)n'), the
original system

a€é&

éa = _iwaga - iG(QT<Wt)§)a7
ﬁa = iwana + iE(Q(Wt)W)aa
conjugates to an autonomous system as follows:
o NT¢ u
5‘,1 . i W,S) " a€é,
Mo = 1<Nw7] )aa

where N, € NF and M, (wt)M!(wt) = Id. Furthermore, corresponding to the initial
datum ug(z) = > e £(0)aP,(x) € H' the solution u(t,z) of (1.3) reads

ult, @) =Y E(t)aPa(x) with £(t) = M (wh)e ™ M (0)€(0).
acé

Concretely, define the transformation W(p) € B(H®) by

W () (Z fgcba(:c)) =3 (L)) ®ula).

acé acl “

Then v(t, z) satisfies (1.4) if and only if u(t, x) = ¥(wt)v(t, z) satisfies the original equa-
tion (1.3), where W is defined by

WD 6@ (x)) =D (WE)a®a(x) with W = N, — Ny,

acé acf

By construction collecting (2.7)-(2.9) leads to (1.5) in Theorem 1.1. O
For the proofs of Corollary 1.3 and 1.4 refer to [27].

4. PROOF OF REDUCIBILITY THEOREM

In this section we will prove the reducibility theorem presented in Sec.2 by the KAM
methods. As we mentioned before, Lemma 1.8 is very important for solving homological
equations, whose proof we present below.

4.1. Proof of Lemma 1.8.

Proof. Denote by Dy, the diagonal (square) matrix with entries p; for j € [a]. The
equation (1.12) reads

b b b b
k- WBM — D[a]BM + B[[G%D[b} = AH. (4.1)

From (1.14) for all a,b € £ and all |k| < K, k-w— X\, + Ay # 0. We distinguish two cases.
Case 1: suppose that k- w — A\, + A\, > 0. Clearly, in this case by (1.14) we have



REDUCIBILITY OF QUANTUM HARMONIC ON R¢ 11

k-w—MXo+ X > 7(1+|w, —wy|) > . By (1.13) for j € [a] and [ € [b], if min{w,, wy} >
1/6
exp { (%) }, we obtain

k-w—uj—l—m:k~w—)\a+)\b—uj+)\a—)\b+m

. Co B Co
=1 (1+Inw,)? (14 Inw,)?
20,
>y — > 0.
=1 (1 4+ Inmin{w,, wy})°
It follows that
k- w+ min{y} > max{u,} > 0. (4.2)
lefy] j€lal

1/5
Subcase 1: min{w,, wy} > exp { (%) } (4.2) proves that k-wly+ Dy is an invertible

operator and || (k- wly + D[b})fl | = m Thus (4.1) is equivalent to

1

_ —1
B} — Dy By (k- wly + Dy) ™ = AP (k- wly + Dyy)

[a]
Denote by £« the operator acting on matrices of size [a] x [b] such that
Lrax)(BY) = Dy BY (k- wliyy + D) ™
[a]x [b]\ B q] [a] Bq] W) [b]
maxe(a {4}

+w + mingep{pu}
The operator Id — £,y is invertible and thus

Then we have ||Zajx (B 1B and | Zaumll < 1 by (4.2).

b
Dl <

-1 -1

b b
1B = 11 (1d = L) " AL (k- wliy + Dyy)
1 1AR
maxX;e(o {14, } k- w + mingep{u}

IA

L= k- w4+ mingep{u}
- 1A )
k- w + mingep {m} — maxjep {p;} '
BB )
S R y (1.15) and (4.2) .
1A%

1/5
Subcase 2: min{w,, wy} < exp { (%) } In this situation we have | B(k)}| < pr g r— e

Then for any ¢ € ¢3

1
IBEenl* = 3|3 Bie] < g > | 2 14el

j€la] leb] j€la] \l€[b]
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On the other hand,

o2 145l <Z DR IGP ) <llgwl Yo > 14°

j€la] \1€[b] j€la] \1€[b] le[b] j€la] l[b]
b
< gl D IAPIZ < wd AR 6w 1%
J€lal
Similarly,

> ZIAHI&I < [[€wl? ZZ|A1|2< 1€ 11* ZZIMQ

Jj€la]l \I€[b] j€la] l€[b] b] j€(a]
b
< llel® D> NARN? < wi- HAMH €112
le[b]

It follows that
2

S A el < (minfuw,w ) ALY 2 1€ 1
J€la]l \I€[b]
Therefore,

op{Cony O} oy
TR —E

1Bl <

where Cs 4 = @(200)1/5.
Case 2: suppose that k-w — A, + Ay < 0. Similarly, by (1.14) we have A\, — \y — k- w >
Y(1 + |wg — wy|) > 7. Then (4.1) is equivalent to
(0] (0] (0]
— (D) = k- wliy) By + B Dy = Ap).
The following proof is similar as case 1 in which we use f 4 «[b] instead of Z{q)x ), Where

b] [b]
Z[f;}x[b]( [a]) (D[a —k- Wf[a) B[a]DH

Remark 4.1. In (4.3), we use a cancellation.
4.2. Homological equation. In this section consider a homological equation of the form

—w - V,S +1[N, S| + @ = remainder

where N € N'F close to Ny and Q € M. We will construct a solution S € /\/l+ in the
following proposition.

Proposition 4.2. Denote D C Dy. Let D 5> w — N(w) € NF be a C! mapping that
verifies
[N — NO] < 2¢ (4.4)

and @ € Mg(D, o). Assume that K > 1and 0 < k <y < %, verifying

exp {Sd (;—0) B} K< 1. (4.5)
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Then there exists a subset D' = D'(, k, K), satisfying
Meas(D \ D) < CK*1® (4.6)

and C* mappings N : D' — MgNNF, R:D' xT" — Mgz and S : D' x T? — M,
Hermitian and analytic in ¢, such that

—w-V,S+i[N,S]=N-Q+R (4.7)
and for any 0 < 0’ < o
N2 < [QIF7, (4.8)
m < S o, (49)
s < B g (4.10)

< oo
where the constant C' > 0 depends on n,d, § and oy = max{m,n+d}, as = max{m, 1}.
Proof. Written in Fourier variables (w.r.t. ¢), the homological equation (4.7) reads

—ik - wS(k) +i[N, S(k)] = 60N — Q(k) + R(k),

where 0y ; denotes the Kronecker symbol.
Decompose the equation on each product block [a] x [b]:

LS (k) = 160N 2| — QP () + iR (k). (4.11)

where L := L(k, [a], [b],w) is the linear operator, acting on the space of complex [a] x [b]-
matrices defined by

LM = (k- w — Nig(w))M + MNy(w) with Ny = N2, (4.12)

First solve this equation when |k| 4 |w, —wp| =0 (i.e. k=0, w, = wp) by defining

§H (0) =0, ﬁ{jj (0) = 0 and N[Z] — @{g} (0).

Then setting N =0 for w, + w, we obtain N € Mp NN F satisfies |N|5 < |C§(0)|5

[a]
The estimates of the derivatives (w.r.t.w) are obtained by differentiating the expressions

of N. Taking all the estimates leads to (4.8).
Now turn to the other cases when |k|+ |w, —w,| > 0. Diagonalize the (Hermitian) ma-

~B == —~1b
trix |, in an orthonormal basis: Pg] NP = Djg and denote S’ L]} = Pg] S[[Z% Py, Q' L]} =
5, 0]

- -~ —~[b —~
P@Q%Z}]P[b} and R = P@R%P[b]. Here we note for later use that ||M’L]}|| = ||M[[2}]|| for

M = S,@Q, R. In this new variables the homological equation (4.11) reads

1t [t [t 8
(k- w = Dig))S" (k) + 8" (k) Dy = =iQ' (k) + iRy (k).

We solve it term by term: let a,b € £ and set

R\’E (k) =0, for |k| < K,
R';

—~

(k) = Qyu(k), j €lal,l €b], for |k| > K

(4.13)
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and
Sy (k) = 0, for [k| > K or k| + |wa — ws| = 0,
(o 4.14
(S,\I[b] (k>) —1 (Q/[a}(k))jl e ot ( )
= 1n T
la] i S e other cases,

where o;(w) and §;(w) denote eigenvalues of Ny, (w) and Npyj(w), respectively. Before the
estimations of such matrices, first remark the following assertion:

&l

@), - (@), ~ FEw), = (55w),

Hence, if @’ verifies condition (2.2), so it is with S” which implies the flow generated by

S preserves the symmetry 1 = &.
Canonically, (4.13) leads to

Ce—%(0=0") N ,
W ‘ Su|p |Q(p)|s, for [S¢| <o (4.15)
Sp|<o

[R(@)ls = [R' ()]s <

Facing the small divisors
k-w—a;(w)+ Biw), jela,leb]and][d,b] €&,
we distinguish two cases depending on whether £ = 0 or not.

The case k = 0. In this case we know that w, # w;, which implies |w, — wy,| > 2. Using
(2.4) and (4.4) we get that, if K <y < 9 and ¢ < 2,
¢
| - )\a + )\b| > CO|wa - wb| > 50(]- + |wa - wb|) > 27(1 + |wa - wb|)
and

C
| = 0y (w) + Bu(@)] 2 | = Ao+ Mol = deo 2w — wy] 2 (1 + [we — w|)-

Collecting the last two estimates and condition (4.4) allows us to utilize Lemma 1.8 to
conclude that

5055 < 5" exp {d (;) } 3(0)]. (4.16)

The case k # 0. Concretely, in this case we only solve the main terms of Fourier series
truncated at order K. Utilizing Hypothesis H2, for any v > 0, there exists a subset
D, = D(2v, K), satistfying Meas(Dy \ D1) < CK™~™, such that for all w € D; and
0<|k| <K, |k-w—2XA+ | >27(1 4 |wy, — wp|). By (4.4) this implies

k- w = aj(w) + B(w)] 2 [k-w—= A+ Xo| = |aj(w) = Aa| = [Bi(w) = Ao
260 260

> 2y(1+ [wa — w|) — (1+mwe)?  (1+Inw,)?

. deg %
> (1 + |w, — ws), if wy > w, > expl | — .
Y
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1

dey\

Now let w, < exp { (ﬂ) } In fact if |w, — w,| > CK, we can prove that
Y

k- w = a;(w) + Bi(w)] = &1+ [w, — w]).

1
_B
We face the case |w, — wp| < CK which follows w, < CK exp { (—0 } Since

L]
5

0+ w) ()] = [k] > 1, condition (4.4) implies |0, (k- w — a;(w) + Bi(w)) ()| =
The last estimate allows us to use Lemma 5.2 to conclude that

k- w—a;(w) + Bi(w)| > k(14 |we —ws|), Vj € la],l € b

except a set Fi, 1 whose measure is smaller than C’wd 1w,cf 1% Denoting F

N den\ 29
be the union of Fg )k for [a], [b] € € and 0 < |k| < K such that w, < exp { (ﬂ) }
7

R
and w, < CK exp { (ﬂ) } with |w, —wy| < CK, condition (4.5) leads to
Y

1
28
Meas(F) < CwlwiK"x < CK™ ™ exp {Sd <€—0) } k< CK™ iy,
Y

Let D' = Dy U Dy with Dy = D\ F and oy = max{r,n + d} and ay = max{m, 1}, then
Meas(D \ D) < Meas(Dg \ D) 4+ Meas(F) < CK™y™ + CK" "y < CK*~%2,
Further, by construction, for all w € D', 0 < |k| < K,a,b € € and j € [a],] € [b] we have
k- w— X+ Xpo| > 29(1 + |we —wy|) and |k - w — o (w) + Bi(w)| > w(1 4 |w, — wy|).

Hence, in view of (4.14), utilizing Lemma 1.8 concludes that 5 (k) € M satisfies

€0

|§<k>|ﬁ+:|§'<k>|ﬁ+sﬁ—1exp{d(;) }|@< s 0< k| < K.

Combining the last estimate with (4.16) we obtain a solution S satisfying for all |Sp| < o

C €0 i
\S<¢>\5+smexp{d(;) }s;llgaw@«om. (4.17)

To obtain the estimates for the derivative (w.r.t.w) we differentiate (4.11):
alb ol A Al .o B
L(0, S5 (k,w)) = —(0uL)Sp (k, w) — 10,Q0) (k, w) + 10, Rl (k, w)

which is an equation of the same type as (4.11) for 0, §[b](/<; w) and 0, ﬁ% (k,w) where
—iQ a](k w) is replaced by B (k w) = (8wL)§[[ﬂ(k,w) id,, Q[b](k‘ w). Solve this equa-
tion by defining

DSl (k,w) = X< L (k, [al, [b], w) Bl (k, w),

DR (k, w) = x>k Bl (b, w) = Xji1> k0w Qpy (k. w).
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Collecting condition (4.4) and the definition (4.12) leads to |(0,,L)S(k, w)lg < CK|S(k, w)lg
which implies

€o

Blhw)ls < < e {d (;)} (100)15 + 1.00)15)

Following the same strategy as in the resolution of (4.11) we get for |[S¢| < o’

0.5(0) |5+ < %Ka,)nexp{zd (—)} < sup Q)5+ sup |8wc2<so>|ﬁ>,
(4.18)

K2 (o Y |Sp|<o |Sp|<o

Ce—%(0=7")

sup [0,Q(#)]-

(0 —=0)" |5p<o

Collecting (4.15),(4.17) and the last estimates (4.18) and taking into account (4.5) leads
to (4.9) and (4.10). O

|0, R(p)s <

4.3. The KAM iteration. In this section we will prove Theorem 2.3 by an iterative
KAM procedure. Let us begin with the initial Hamiltonian H,, = hg + gy where

hO(y7907£777) =w-y+ <§7N07I>7

Ny = diag(\, : a € €),w € Dy and the quadratic perturbation g,(p,&,n) = (£, Qo(v)n)
with Qo = €@ € Mp(Dy, 00) and 0y = o. Building iteratively the change of variables
¢}, we obtain the normal form h,, = w -y + (£, Nu(w)n) and the perturbation ¢, =
(€, Qm(w,v)n) with Q,, € Mg(D,,,0.,) as follows: assume that the construction has
been built up to step m > 0 then

(i). we utilize Proposition 4.2 to construct S,,y1(w,¢) solution of the homological

equation verifying for (w, ) € Dy x Ty |

— W VSmit + 1[N, Smst] = Now — Qo + Rim (4.19)
where N, (w), Rp(w, @) defined for (w, ) € D1 X T,,... by
Nip(w) = (5[j},[z}Qm(0)jz> o (4.20)
j,le€
Ru(w,0)= > Qulw k)™ (4.21)
‘k|>Km+1
(ii). we define N,,11, Qi1 for (w, @) € Dy X Ty .., by

Npi1 = Ny + Ny, (4.22)
1

Quesr = R +1 / IS [(1 = )(Now + Ron) + tQumy SoeaJeSnrdt. (4.23)
0

By construction, if @), and N,, are Hermitian, so it is with all of Nm, R,, and S,,.1, by
resolution of the homological equation, and also N,,,; and Q,,.1. Let

hm-l-l (y7 ¥ 57 ;5 CU) =w-y+ <§a Nm+1(w)n>a
Xm+1 <y7 ®, 57 1; w) = <£7 Sm+1(w7 90)77>7 (424)
Qm—l—l (y7 ' 67 ;5 CU) = <§a Qm-}—l(w’ ()0),'7>
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Recall that ¢! denotes the time t flow generated by S (see (2.3)), then

fo ¢Xm+l—f+/{f Xmir} 0 6!

Xm+1

or

ool = F+{fxma}+ / (1= O X b X} 0 6 d

Therefore collecting (2.1) and (2.3) leads to for w € Dy, 44

(h’ _'_qm)o(b; +1:h O(bl +Qm X+1
_ h _'_ {hm7 Xm+1} _'_ qm / { 1 — t){hrrm Xm+1} + Qm7 Xm+1} ¢Xm+1
= {6 (B o)+ [ 6 (1= Do+ R+ 1) X} 06,
= h’m+1 + qm+1'

4.4. Tterative lemma. Following the general iterative procedures (4.19)-(4.24) we have
(ho +qp) 0 ¢y, 0 by, 00y = I+,
where h, = w-y+ (£, Npun) with Ny, € NF and q,, = (£, Q) with Q,,, € Mg(Dypy, 01).

At the step m the Fourier series are truncated at order K, and the small divisors are
controlled by 7v,, and k,,. Specifically, we choose all of the parameters for m > 0 in
term of €, which will control [Qm]g’”’am as follows: first define oy = o and ¢ verifying

[QO]EO’OO < ¢ and denote v = €% + 1, then for m > 1 let

5/4 1/4 1/6 —a
Em_en’{ 17"im_€m/ 177m_60/ (ln€m 1) ) (4 25)
Om-1— Om = Cooom 2, Ky = 2(0ip_1 — o) 'lne !,

where (C.)™" =237 o, m™? and oy = max{7m,n + d}, @y = max{m, 1}.

Remark 4.3. From (4.25), the assumption (4.5) in the KAM iteration is equivalent to
o 1 1
Sdeé% (nesl,)® + g &' +aln(lnel,) < 1 Ine,'y, Vm>1 (4.26)

Clearly, if 8 > §, (4.26) or (4.5) always holds true for ¢, < 1.

Lemma 4.4. Let o = & + 1 with oy = max{7,n + d},as = max{r, 1} and 8 > 5
There exists €, depending on o,d,n, 3, 7,7 and hy such that, for 0 < ¢ < €, and
€m = 685/4)m, m > 0, the followings hold for all m > 1: there exists D,, C D,,_1, S €
M;(Dm,am), B = w -y + (&, Npn) with N, € NF and Q,, € Mg(Dyy, 0,,) such that

(i). for p € [—1,1] the transformation
G (yw, ) = ¢>1(m Y, =Y, V(w,p) €Dy xT, (4.27)

is linear (unitary in Yj) isomorphism conjugating the Hamiltonian at step m — 1
to the Hamiltonian at step m, i.e.

(hm—1+ @p_1) © Opy = hum + Q5
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(ii). the following estimations hold:

Meas(Dpp_1 \ D) < €22/%(Ine; ") 7, (4.28)
[Nm_l]?" < €m—1, (4.29)
Q™7™ < €, (4.30)

O 1/6 —1\—al 1/4
[Sm]ng < 50/ (Ineg b Err{fl
and for all p € [—1, 1] the transformation satisfies

(0, 0) — Wd|lger,) < €0/ *(Ineg?) B2 e/t ¥ (w, ) € Dy x TP . (4.31)

m—1>

Proof. At step 1, the initial hg = w -y + (£, Non) and thus condition (4.4) is trivially
satisfied. Remark 4.3 allows us to apply Proposition 4.2 for constructing S, No, Ry and
Dy, 01 such that for (w,¢) € Dy x T, —w - V51 +i[No, S1] = No — Qo + Ry. Then
utilizing (4.6), we obtain for ¢y < 1

@2

Meas(Dy \ D) < CK{'1? < 0632/6(1n ) < 632/6(111 ') 2.
Due to (4.10) we have for ¢y < 1
CKim
K3 (o9 — o1)"

Thus, in view of (2.3), (4.27) and assertion (iii),(v) of Lemma 2.1 we get for all p € [—1, 1]

31

[Si]pe < Qo5 < Ce*(ne") @ e/t < /() =rey/™.

61 ,0) = Tdllagy) < Ce“ET S0 < (g ) e/, e < 1.
Collecting (4.8) and (4.9) leads to [No]gl < ¢ and for ¢y < 1

Ky

Ce 2 (00—01)
(o0 —o1)"

Besides, (4.23) infers that for ¢y < 1
[Q ]gl 1< [RO]Dl o1y C[QO]DO oo[Sl]Dl 01 S 5 + C 5/4+1/6

o (o 1
[RO]EI’ ' < [Qo]é’“’ © < C¢ < 56(5)/4 = 51

Now assume that we have verified Lemma 4.4 up to step m, then we consider the step
m + 1. Since h,, = w -y + (&, Nn) and [N, — No]gm <35 [NZ]DL+1 <Ste <
2¢q, if €9 < 1. Then condition (4.4) verifies and Remark 4.3 allows us to apply Proposition
4.2 for constructing Syi1, Ny, Ry and Dyy1, Oyt such that for (w, ) € Dy x T2

—W - chSm-l—l + i[Nma Sm-l—l] = Nm - Qm + Rm~
Similarly, utilizing (4.6) we obtain for ¢y < 1

Om+1

(Ine,)e

o

Meas(Dp, \ Dint1) < CKLL i < Ceg < €a2/6(1n 61;1)772'

Due to (4.10) we have for ¢y < 1

CKmi1y - _
[Smaalgy ™ < — ijigmw%m<wmmwa%w
m+1\Ym m

Thus, in view of (2.3),(4.27) and assertion (iii),(v) of Lemma 2.1 we get for p € [—1,1]

11 (005 0) = Id|l(ry) < CLSmpa] D™ < e/ *(lneyt) e e/t if e < 1.
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Collecting (4.8) and (4.9) leads to [N,,]5™*" < €, and

B
K,
Co "5 om—oms)

[Rm]Dm+l70m+l <

maom o Emtl
3 [Qm]g < mQ , ife < 1.

(Um - Um—i—l)”
In addition, (4.23) implies that for ¢y < 1
Dm sOm Dm sOm m,Om Dm sOm

[Qm-f—l]ﬁ T < [RM]ﬁ T 4 C[Qm]g [Sm+1]5++1 o

€ _on
< mTH + Ce(l)/G(ln 1) T2t < ey

g

4.5. Transition to the limit and proof of reducibility theorem. Let D, = N,,,>¢D,,.
In view of (4.28), this is a Borel set satisfying for ¢y <1

Meas(Dy \ D,) < Z 682/6(1n e;ll)’% = 632/6(ln eal)*% Z ((4/5)%) < 632/6.
m>0 m>0

This leads to the assertion (i) of Theorem 2.3.

In the following, let p € [0, 1], (w,¢) € D X T}, and €g < 1. Collecting (4.30) and
(4.29) we conclude the direct lemmas as follows:
Lemma 4.5. {Qm(w, @)}m>1 is a Cauchy sequence in Mg and @, (w, ) — 0 when m —
oo. Furthermore, (4.30) infers the uniformly convergence on (w, ).
Lemma 4.6. {N,,(w) — No} _, is a Cauchy sequence in My. Letting W(w) € Mg be
the limit mapping we have N,,(w) — Ny — W (w) when m — oo. Moreover, (4.29) implies
the uniformly convergence on w, which leads to the C* regularity.

To estimate the change of variables, we need the following two lemmas.
Lemma 4.7. Let ®,,, = ¢, 0p,0--0¢,, for m > 1, then we have

m—1
a1
1@ (- w0, ) — |5y, < 6P ?) T2 Y g™, (4.32)
1=0
Proof. First (4.31) implies the above estimate (4.32) holds true for m = 1. Now assume
that we have verified (4.32) up to m > 1, then we consider the case for m + 1. From the
definition,

Qi1 —Id = @, 0 P — Id = @, 0 (i1 — Id) + @, — Id.
Therefore, collecting the assumption and (4.31) leads to
[Prmi1 (s w, @) = IdllBer) < [P (- w, 0) = 1dl[5y) + Clldmia (- w, ) = 1dlsey;)

m—1 m
<e"neg) ™ S e/ 4 Celflneg ) et < Pl ) T Y gl
1=0 1=0
By induction, we complete the proof. O

Lemma 4.8. {@m(~,w,<p)}m>1 is a Cauchy sequence in B(Y),). Letting ®o.(-,w,p) €
B(Y,) be the limit mapping we have ®,,(-,w, ) — ®u(-,w, ) when m — oco. Further-
more, (4.32) implies the uniformly convergence on (w, ), which leads to @ (-, w, ) is
analytic in ¢ and C! in w. Moreover, (4.32) implies

[Peo (-, w0, ) — Id||5v;) < e/ 2. (4.33)
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Proof. From the definition we have
By — P = P0Gy — P = D0 (6,4 — 1d).
Collecting (4.31) and (4.32) leads to
[@mr1(w,9) = P (w0, 0)[1803) < Cllir (5w, 9) = Wllsey,) < et

Hence, given m, > m,; > 1 we have

my—1
[Py (5 w5 0) = P, (5w, 0| B(v;) < Z /4 < 2¢,,, — 0 when m; — oc.
l=m,
The last estimate implies the Cauchy sequence, which concludes the results. U

Define B((2) 5 My, (w, ) = e91(#) 0 ¢20) 0. .. 0 e9m(«9) for m > 1. In view of (2.3)
we get that

(bm(gv n,w, 90) = (eiisg(w’ip)é% eiSm(w,ap)n)

and

D, (&, 1, w,0) = (M (w, )&, My (w, ©)1). (4.34)

From a straightforward computation, given m, > m; > 1
[ M, (@, 0) = M, (@, 0) [ 2) < 1P, (- w5 0) = P, (-5 w0, 0) 8033

This implies that {M,,(w, )} _ is a Cauchy sequence in B(£2). Letting My (w,¢) be
the limit mapping, the uniformly convergence leads to that (w, ¢) — M. (w, ) is analytic
in ¢ and C! in w. Moreover, due to (4.34)

Do (&0, w, ) = (Moo(w, )&, Moo (w, )1) (4.35)

and taking into account (4.33) leads to
[Moc(w, 0) = 1d]l2) = [|Moo(w, ) = 1d]l2) < |Poc (s, ) — 1[0y, < ™% (4.36)

By construction the map ®,,(-,w,wt) conjugates the original Hamiltonian system asso-
ciated with H,(t,&,n) = (&, Non) + €&, Q(wt)n) into the Hamiltonian system associ-
ated with H,,(t,£,1n) = (&, Np(w)n) + (€, Qm(w,wt)n). Collecting Lemma 4.5 and 4.6
one concludes @Q,(w,wt) — 0 and N,,(w) — N, when m — oo, where the operator
N, = Nyo(w) = Ng + W(w) € NF is C! in w with

[Wls =N — Nols < 2¢0. (4.37)

Let <I> ((p) O (-, w,p) and M,(¢) = My (w, ), then (4.35) reads D, (p)(&,n) =
(M ) Furthermore, denoting the limiting Hamiltonian H, = (£, N,n) =
(€, Non) (§ Wn) the symplectic coordinate transformation @, () conjugates the orig-
inal Hamiltonian system associated with H, into the autonomous Hamiltonian system
associated with H,. Collecting (4.36) and (4.37) leads to (2.8) and (2.9) in Theorem
2.3. U
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5. APPENDIX
5.1. Proof of Lemma 2.1. Recall that g > %
(i). The proof results from Lemma 5.1 with 8 > 1 and
> L <C. (5.1)
< (1 +Inw)? (1 + |w, — we|) —

cel

(ii). Similarly, collecting (5.1) and 8 > 3 conludes the results.
(iii). Use assertion (ii) of Lemma 2.1.
(iv). Let A € Mg and s > 1. Then for any £ € (2, we have

AL, = w1 > Aleml> < D we | S IAR - gl

acf bef acf be€

s/2
. wy, || &l
< AR w [ D s

(14 Inw,)?(1 + In w,)w)’?

2

ac€ be€
1 1
< A2 K] 2
<! ‘6 Z (1 4+ Inwgy)?Pws Z (1 + Inwy)2Pw; Zwbﬂf[b]”
acé beg el

1 1
< |AJ? )
<MBY. Trmam | 2 Gamayrae | 161

a€eé be€&

< C*JALlIE]IE:

(v). Case 1: s € [0,1]. In this case we first prove

o (wq /wy)* 1
(I) := Z RS YR T — <C Vselladg>o. (52

We split the series above into two parts as follows:

_ (wa/wp)*
(1) = Z Z (1 + Inwy)28(1 + [wa _wb|) = () + (Iz).

wp>TE wp <

For the former, (w,/w;)® < 2° < 2. Thus

2
(I) < <C. 5.3
! Z 14 Inwp)? (1 4 |we — wp|) — (53)
beS
Then turn to the latter. Since w, < %2 then 1+ |w, — wp| > w, — wb > 5> wb

Thus 1+ |w, —wp| = (14w, —wp|)® (1—|—\wm—wb|)1 S > (we/2)%w, * > 2 wawb -
Therefore, one obtains (I3) < Zbefm < C. Collecting the last estimate

and (5.3) leads to the results (5.2).
Now, we prepare to prove the assertion of (v) when s € [0,1]. Since A € MF,
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then for any & € 2,

s b
AEI2 <> wy [ D14 gl

2

ac€ be€
2
oy B s (wa/wy)*? S[1]
(1+Inw,) < (14 Inwy)?(1 4 |wg — wp|)/2 (1 4 |w, — wy|)1/?
aEE be&
Z |A|B+ Z (wa/wy)® Z wg||§[b]||2
(1+Inw,) < (1 + Inwy)?8(1 + |w, — wy)) < 1+ |wg — wy|
ac€ beé beé
1
<Cl|A by (5.2
| |5+§wb”§[bl” Zg 1+ Inw, )25(1+\w — wp)) M
S ac

SC’2|A|B+||§||§. by Lemma 5.1

Next turn to the other case: s € [—1,0). Repeating similar procedures as the
first case and noting that

(wq /wy)® 1
< -1 _
Z(1+lnwa)25(1+|wa—wb|) =0 Vsel-L0)and §>3,

acl

we complete the proof.

5.2. Some auxiliary lemmas.

Lemma 5.1 (see Lemma Al in [43]). For j > 1 and § > 1, there exists a positive constant

_ . . 1
C' = C(0) independent of j such that -, amyay < ¢

The following lemma is classical.

Lemma 5.2. Let f : [0,1] — R be a C' map satisfying |f'(z)| > § for all z € [0,1] and
let £ > 0 then Meas({z € [0,1] : |f(z)] < k}) < 2.
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