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Acoustic tweezers offer a contactless, three-dimensional, and selective approach to1

trapping objects by harnessing the acoustic radiation force. Precise control of this2

technique necessitates accurate calibration of the force, which depends on the ob-3

ject’s properties and the spherical harmonics expansion of the incident field through4

the beam shape coefficients. Previous studies showed that these coefficients can be5

determined using either the Lebedev quadrature or the angular spectrum methods.6

However, the former is highly susceptible to noise, while the latter demands extensive7

implementation time due to the number of required measurement points. A filtered8

method with reduced number of points is introduced to address these limitations. Ini-9

tially, we emphasize the implicit filtering in the angular spectrum method, allowing10

relative noise insensitivity. Subsequently, we present its unfiltered version, enabling11

force estimation of a standing field. Finally, we develop a filtered method based on12

the Lebedev quadrature, requiring fewer points and apply it to focused vortex beams.13

Numerical evaluation of the radiation force demonstrates the method’s resilience to14

noise and a reduced need for points compared to previous method. The filtered15

Lebedev method paves the way for characterizing high-frequency acoustic tweezers,16

where measurement constraints necessitate rapid and robust beam shape coefficient17

estimation techniques.18

aElectronic mail: jean-louis.thomas@sorbonne-universite.fr
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I. INTRODUCTION19

Acoustic tweezers recently emerged as a new tool for contactless manipulation of small20

objects such as cells and molecules. This device is based on radiation force which is the21

result of the nonlinear interaction of an acoustic field with a solid or fluid obstacle. Many22

authors1,2 have tackled the theoretical expression of this force depending on assumptions,23

one of them stands out by its generality and few assumptions, which are a linear harmonic24

propagation and a spherical elastic scatterer3. This theoretical development results in three-25

dimensional expressions for the radiation force vector which depend on the beam shape26

coefficients (BSC) of the incident field and on the scattering coefficients of the spherical27

object. The BSC correspond to the spherical harmonics expansion of the incident acoustic28

field and the scattering coefficients depend on the object’s size and mechanical properties.29

Theoretical3,4 and experimental5,6 studies proved that three-dimensional trapping can be30

achieved by emitting a highly focused vortex beam, giving rise to single beam acoustic31

tweezers. This kind of field possesses a helical singularity which produces a node pressure32

on the propagation axis and a strong pressure ring around it.33

Acoustic tweezers could answer a strong demand in domains such as biophysics as they34

provide accuracy and accessibility to the sample, compared to standing waves2. Many35

applications can be considered for acoustic tweezers, like the study of biophysical properties36

of cells and molecules or micro-rheology. For all applications mentioned before, calibration37

of the radiation force produced by the acoustic tweezers must be conducted. One way of38

achieving that is to experimentally measure the stiffness of the trap by studying the motions39
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of the trapped object7–12, provided that the trapping is easily done. Another indirect way40

of calibrating the tweezers is to measure its incident field using a calibrated sensor and then41

use a BSC determination method13,14 to finally compute the radiation force for a known42

scatterer.43

Two kinds of method have been studied, spatially filtered and unfiltered methods. The first44

type is based on filtering standing waves, which can be produced by experimental noise in45

a progressive acoustic beam. This insures that the method is not very sensitive to noise.46

However, the main existing method, the angular spectrum method13,14 (ASM), requires a47

very high number of measuring points. The second type is not filtering standing waves, like48

the Lebedev quadrature method14 which is based on computing the scalar product of the49

acoustic field with the spherical harmonics on a small optimized set of points. However,50

this method is very sensitive to noise. The previous studies indicated that the ASM is51

the most accurate available method, in the presence of noise, to recover the BSC from52

incident field measurements, but requires a very large number of points. This can be a53

problem when using an unstable or sensitive measuring sensor, like an interferometer which54

allows very fine resolution for the measurement of high-frequency focused vortex beams. An55

optimal method would combine spatial filtering of standing waves and a reduced number of56

measurement points. Previous works have shown that spherical measurement arrays enable57

for the accurate reconstruction of noisy acoustic sound fields15–17 and are thus the geometry58

studied here. The present work proposes a BSC determination method featuring these two59

properties. The paper is organized as follows: Section II recalls the developed theory related60
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to acoustic tweezers. Section III highlights the presence of standing wave filtering in the61

angular spectrum method. Section IV provides a new optimized filtered method.62

II. THEORETICAL BACKGROUND63

A. Radiation force exerted by an arbitrary incident field on an arbitrarily located64

spherical elastic scatterer65

Radiation pressure results from the variation of a momentum flux due to the presence66

of an obstacle in the propagation path of a sound field. The analytical expressions of the67

components of the radiation force exerted on a spherical elastic particle by an arbitrary68

sound field are defined in the Cartesian coordinate system (x, y, z) by3,13,18, see also for a69

review and for a comparison of the different expressions1,19:70

Fx = −⟨V ⟩
k20

∞∑
n=0

n∑
m=−n

ℑ{Q−m
n Am∗

n Am−1
n+1 Cn+

Qm
n A

m
n A

m+1∗
n+1 C∗

n},
(1)

Fy = +
⟨V ⟩
k20

∞∑
n=0

n∑
m=−n

ℜ{Q−m
n Am∗

n Am−1
n+1 Cn+

Qm
n A

m
n A

m+1∗
n+1 C∗

n},
(2)

Fz = −2
⟨V ⟩
k20

∞∑
n=0

n∑
m=−n

ℑ{Gm
n A

m∗
n Am

n+1Cn}. (3)
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With71

⟨V ⟩ = p20
4ρ0c20

,

Cn = R∗
nRn+1 + 2R∗

nRn+1,

Qm
n =

√
(n+m+ 1)(n+m+ 2)

(2n+ 1)(2n+ 3)
,

Gm
n =

√
(n+m+ 1)(n−m+ 1)

(2n+ 1)(2n+ 3)
,

where p0 is the pressure amplitude of the incident field, ρ0 and c0 are respectively the density72

and sound velocity of the surrounding medium, Rn are the scattering coefficients depending73

only on the sphere radius and its mechanical properties. Finally, Am
n are the beam shape74

coefficients (BSC) of the incident field p, corresponding to the amplitude associated to each75

spherical wave of degree n and order m. These coefficients enable the expansion of the76

incident field in spherical harmonics such that:77

p(r, θ, φ) = p0

∞∑
n=0

n∑
m=−n

Am
n jn(k0r)Y

m
n (θ, φ), (4)

with k0 = ω0/c0 the wave number and (r, θ, φ) the spherical coordinates expressed by x =78

r sin θ cosφ, y = r sin θ sinφ, z = r cos θ. The incident field is assumed to be harmonic such79

that its omitted time dependence is e−iω0t. The spherical harmonics Y m
n are defined as:80

Y m
n (θ, φ) =

√
2(n+ 1)

4π

(n−m)!

(n+m)!
eimφPm

n (cos θ). (5)

Computing the radiation force requires knowing the scattering coefficients and the BSC, i.e.81

knowing the mechanical properties and size of the spherical elastic scatterer, as well as the82

acoustic incident field.83
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B. Acoustic focused vortex beam for three-dimensional trapping84

While the method developed here for the BSC reconstruction from measurements is gen-

eral, it will be illustrated in the context of single beam acoustic tweezers. The main advan-85

tages of this type of field for contactless acoustic manipulation are the three-dimensionality,86

selectivity and accuracy of the trap. Depending on the contrast factor between the object87

and the medium the trap may require a minimum or a maximum of intensity at the focus.88

For instance, stiffer and heavier particles are attracted to areas of negative gradient, i.e. to89

the pressure nodes. Three dimensional trapping has been demonstrated numerically3,4 and90

experimentally5,20 using focused acoustical vortices. The axial force generated by acoustical91

vortices of order 021, 122 and higher23 has been studied previously, see also24. The focused92

acoustic vortex beam can be expanded in spherical harmonics by Eq (4), with4:93

Am,th
n =δm,m′4π(k0r0)

2Nm′

n h(1)n (k0r0)

×
∫ π

π−α0

Pm′

n (cos θ′) sin θ′ dθ′,

(6)

δm,m′ =


1 if m = m′

0 if m ̸= m′,

the BSC of the incident focused vortex field propagating along the z direction. These co-94

efficients are non-zero only for the order m = m′. In this study m′ = 1, although higher95

topological charges also allow contactless manipulation3,6,25. The parameters r0 and α0 are96

respectively the focusing distance and the aperture angle.97

The BSC of the focused vortex, computed for a 50 MHz frequency in water (c0 = 1497 m/s98

and ρ0 = 997 kg/m3), a topological charge m′ = 1, r0 = 3 mm and α0 = 50◦, are shown99
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Fig. 1 (A). The associated pressure field is rendered Fig. 1 (B). Finally, the cylindrical com-100

ponents of the radiation force exerted on a spherical silica bead (of density ρp = 2200 kg/m3,101

longitudinal velocity cL = 5800 m/s and transverse velocity cT = 3500 m/s) of radius 0.2λ,102

with λ = c0/f0 the acoustic wavelength, about 30 µm, are plotted Fig. 1 (C). The lateral103

forces, Fρ and Fφ cancel at the origin. The radial force exhibits a negative part away from104

the centre, tending to attract the bead towards it. The azimuthal force tends to rotate the105

bead when moved away from the centre. The axial force acts as a restoring force as the parts106

on either side of the centre are directed towards it, thus establishing a three-dimensional107

equilibrium position allowing selectivity.108109

C. Beam shape coefficients (BSC) determination110

The scattering coefficients Cn in Eqs. (1)-(3) can be computed analytically from the111

values of the mechanical properties and size of the spherical elastic scatterer3. The task is112

then reduced to the computation of the BSC of the incident field. Several methods have113

been explored13,14 and fall into two main categories: unfiltered methods and spatially filtered114

methods.115

1. Unfiltered method: Lebedev quadrature116

Using the orthogonality property of the spherical harmonics, the beam shape coefficients

can be expressed from the incident pressure field:117
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(C) Cylindrical components of the radiation force.

FIG. 1. (Color online) Highly focused acoustic vortex beam propagating along z at a 50 MHz

frequency in water. (A) Beam shape coefficients of the focused vortex of topological charge m′ = 1,

focusing distance r0 = 3 mm and aperture angle α0 = 50◦. (B) Modulus (top) and phase (bottom)

of the pressure field in the transverse (left) and axial (right) planes. The maximum pressure

amplitude is set to 1 MPa. (C) Radiation force exerted on a 7 µm radius silica bead. The lateral

components Fρ and Fφ are computed for z = 0 and the axial component Fz for ρ = 0 in the

cylindrical coordinate system.
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118

Am
n =

1

p0jn(k0r)
⟨p, Y m

n ⟩ ,

=
1

p0jn(k0rS)

∫ π

θ=0

∫ 2π

φ=0

p(rS, θS, φS)

× Y m∗
n (θS, φS) sin θS dθS dφS,

(7)

with p(rS, θS, φS) the incident pressure field measured on a sphere of radius rS.119

A way to approximate the surface integral on the sphere is to use the Lebedev quadrature26.120

To compute the force, series are truncated at order N = 25. To be consistent, the number121

of points used in the Lebedev quadrature has to be 97527. However, this method is very122

sensitive to noise. As the scalar product is a linear operation, the complete result is the123

sum of the scalar product with the theoretical field and the scalar product with the noise.124

Thus, the method has an error proportional to 1/jn(k0rS), which can be very high for some125

integrating sphere radii rS. Indeed, the noise is strongly amplified when jn approaches 0126

for some rS. In particular for j0(krs) = sin(krs)/(krs) when rS/λ = l/2, with l ∈ N+. The127

estimation of the force with this method can therefore work if the radius of the integrating128

sphere is well chosen, for example rS = 5.6λ14. On the other hand, if the radius corresponds129

to the cancellation of jn, e.g. for rS = 7λ, then the error explodes for each component of130

the force.131

In the case of such problematic sphere radii, it is possible to reduce the error by cancelling132

the A0
0 term of the BSC. Then the error remains relatively small and the estimated force133

approaches its theoretical value. However it has been shown14 that the axial component134

shows oscillations. These oscillations have a period close to half a wavelength suggesting the135

presence of standing waves, presumably produced by the addition of random noise to the136
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acoustic field. Moreover it is known that standing waves tend to produce stronger radiation137

forces than progressive waves28. Thus filtering of the standing waves, in the case of the138

progressive field, is optimal for the estimation of the radiation force from the determination139

of the BSC14.140

2. Filtered method: Angular spectrum method (ASM)141

A filtered method for the determination of the BSC, applied to a progressive beam,142

consists in spatially filtering the standing waves components resulting from the presence of143

noise. The angular spectrum method13,14 (ASM), based on the plane wave expansion of the144

incident field and on the Fourier transform, implements an implicit filtering of the standing145

waves, which will be demonstrated in section III. First a reminder of the ASM13 is given.146

If the acoustic field is known in a transverse plane, arbitrarily chosen in z = 0, and is an147

integrable function then the two-dimensional spectrum or angular spectrum is:148

S0(kx, ky) =

∫ ∞∫
−∞

p(x, y, z = 0)e−i(kxx+kyy) dx dy. (8)

Then the pressure field at any position z is defined by:149

p(x, y, z) =
1

(2π)2

∫∫
k2x+k2y≤k20

S0(kx, ky)e
ikzzei(kxx+kyy) dkx dky, (9)

where kz =
√
k20 − k2x − k2y. The integral limit stems from the dispersion relation and results150

in the filtering of evanescent waves. Then, from the plane wave expansion of the integrand151

eik⃗·r⃗ in spherical coordinates:152

eik⃗·r⃗ = 4π
∞∑
n=0

n∑
m=−n

injn(k0r)Y
m
n (θ, φ)Y m∗

n (θk, φk), (10)
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where θk = arccos(kz/k0) and φk = arctan(ky/kx) and its injection in Eq. (9), the BSC are153

identified using Eq. (4):154

Am
n =

in

π

∫∫
k2x+k2y≤k2

S0(kx, ky)Y
m∗
n (θk, φk) dkx dky. (11)

Note that the pressure amplitude coefficient p0 is now included in the BSC. This method155

requires knowledge of the sound field on a sufficiently large and fine mesh, otherwise inte-156

gration errors may occur. In the case of an adequate mesh, the reconstructed BSC are in157

good agreement with the theoretical ones for m = m′ the topological charge of the vortex,158

but noisy elsewhere. The reconstructed force does not exhibit oscillations, unlike the first159

unfiltered method14.160

III. IMPLICIT FILTERING IN THE ASM161

We propose to demonstrate that the ASM13, recalled in section IIC 2, is implicitly using162

a spatial filtering of the standing waves. Then, an unfiltered ASM will be developed.163

A. Application to a standing wavefield164

The ASM is applied to a standing field, defined by the following BSC:165

Am,stat
n =

1

2

[
Am,th

n +
(
Am,th

n eiπ
)∗]

, (12)

where Am,th
n are the theoretical BSC defined by Eq. (6) for the progressive focused vortex,166

and Am,th∗
n their conjugates. Once again, note that the theoretical BSC are including the167

pressure amplitude coefficients p0, therefore their amplitude is different from the ones shown168
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Fig. 1 (A). The resulting maximal amplitude of the progressive pressure field is 1 MPa, as169

well as for the standing pressure field, due to the 1/2 coefficient in Eq. (12).170

The BSC Am,stat
n associated with the standing field are shown Fig. 2 (A). The main effect of171

standing waves features appears along the m = m′ = 1 axis where the Am′
n are discontinuous172

compared to the progressive version (cf. Fig 1 (A)). This can be explained by Eq. (4) and the173

following parity property of the associated Legendre polynomials involved in the spherical174

harmonics, Eq. (5):175

Pm
n (−x) = (−1)n+mPm

n (x) (13)

where x = cos θ, and the angle π − θ corresponds to the direction opposite to that of the176

progressive field. One coefficient out of every two will therefore cancels and the other will177

be added, hence the 1/2 factor in Eq. (12). The resulting pressure field, Fig. 2 (B), does178

show standing waves features along the propagation axis z.179

In order to demonstrate the implicit filtering of standing waves components, the angular180181

spectrum recalled section IIC 2 defined by Eq. (11) is applied to the ”standing focused vor-182

tex”, i.e the superposition of two counterpropagating focused vortex, described previously.183

To do so, the theoretical BSC, Eq. (12), are used to compute the pressure field from Eq. (4)184

onto a plane at z = 0 of dimensions 6λ × 6λ and 3721 points, corresponding to a spatial185

sampling of λ/10. As seen Fig. 2 (B), the resulting maximum pressure amplitude Pmax of186

the field is 1 MPa around the focus. To match real experimental conditions, random noise is187

then added to the pressure field and its maximum amplitude is 5% of Pmax. Finally, Eq. (11)188

is employed to estimate the BSC, which are plotted Fig. 3. It appears that the ASM does189

not render the standing wavefield. The obtained BSC are closer to the progressive version190
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FIG. 2. (Color online) Theoretical BSC and pressure field of the standing focused vortex beam

defined by Eq. (12). The pressure field is plotted in the propagation plane (Oxz) and in the

transverse plane (Oxy) as well.

of the field (cf. Fig. 1 (A)) indicating an implicit filtering of the standing waves.191192

B. Unfiltered ASM193

The implicit filtering of standing waves can be removed from the previous ASM. The194

starting point is the three-dimensional Fourier transform of the harmonic acoustic field:195

TF3D [p(r⃗)] = P (k⃗) =

∫
r⃗∈R3

p(r⃗)e−ik⃗·r⃗ d3r⃗, (14)

where r⃗ = xe⃗x + ye⃗y + ze⃗z is the spatial coordinates vector, and k⃗ = kxe⃗x + kye⃗y + kz e⃗z196

the wave vector. The field being solution of the Helmholtz equation, the dispersion relation197

k2x + k2y + k2z = k20 , with k0 = ω0/c0, imposes198

14
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FIG. 3. (Color online) Modulus of the BSC of the standing focused vortex field (cf. Fig 2 (A))

estimated using the filtered ASM, Eq. (11), on the plane located in z = 0 of dimensions 6λ × 6λ

sampled in 3721 points.

kz = ±
√
k20 − k2x − k2y = ±q. (15)

Then, Eq. (14) becomes:199

TF3D [p(r⃗)] = P (k⃗) [δ(kz − q) + δ(kz + q)] . (16)

The sound field is simply the inverse Fourier transform of P such that:200

p(r⃗) =
1

(2π)3

∫
k⃗∈R3

P (k⃗)eik⃗·r⃗ d3k⃗. (17)

Using the plane wave expansion Eq. (10) and applying the dispersion relation (cf. Eq. (15)),

Eq. (17) becomes:201

p(r⃗) =
∞∑
n=0

in

2π2
jn(k0r)

n∑
m=−n

Y m
n (r⃗)

×
∫∫

k2x+k2y≤k20

[P (kx, ky, q)Y
m∗
n (kx, ky, q)

+P (kx, ky,−q)Y m∗
n (kx, ky,−q)] dkx dky,

The spherical harmonics can be written as Y m∗
n (θk, φk) with cos θk = kz/k0 and tanφk =

15
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ky/kx. The associated Legendre polynomials parity Eq. (13) with x = cos θk = kz/k0 =202

±q/k0 yields:203

p(r⃗) =
∞∑
n=0

in

2π2
jn(k0r)

n∑
m=−n

Y m
n (r⃗)

×
∫∫

k2x+k2y≤k20

[
P+ + (−1)n+mP−]Y m∗

n (kx, ky, q) dkx dky,

where P+ = P (kx, ky, q) corresponds to the progressive part of the field and P− =204

P (kx, ky,−q) to its regressive part. The BSC are identified using the spherical harmon-205

ics expansion of the field (cf. Eq. (4)):206

Am
n =

in

2π2

∫∫
k2x+k2y≤k20

[
P+ + (−1)n+mP−]

× Y m∗
n (kx, ky, q)dkxdky.

(18)

Comparing Eq. (8) with Eqs. (14), (15) and (16), the angular spectrum is defined as the

inverse Fourier transform of P (kx, ky, kz) with respect to kz:207

Sz(kx, ky) =
1

2π

∫ +∞

−∞
P (kx, ky, kz)e

ikzzdkz,

=
1

2π

[
P+eiqz + P−e−iqz

]
.

For a progressive wave along the +z-direction, Sz=0(kx, ky) = P+/(2π), with Sz=0 the angular208

spectrum of the acoustic field at plane z = 0. From Eq. (18), one thus finds the expression209

of the BSC given by the filtered ASM13 (cf. Eq. (11)):210

Am
n =

in

π

∫∫
k2x+k2y≤k20

Sz=0(kx, ky)Y
m∗
n (θk, φk)dkxdky, (19)

For an arbitrary wave, P+ and P− must be accounted for, it is then necessary to know

16
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the angular spectrum on two different planes z = z1 and z = z2:211 
Sz1(kx, ky) =

1

2π
[P+eiqz1 + P−e−iqz1 ] ,

Sz2(kx, ky) =
1

2π
[P+eiqz2 + P−e−iqz2 ] .

Leading to:212 
(e2iqz1 − e2iqz2)P+ = 2π (Sz1e

iqz1 − Sz2e
iqz2) ,

(e−2iqz1 − e−2iqz2)P− = 2π (Sz1e
−iqz1 − Sz2e

−iqz2) .

(20)

Replacing the pair (P+, P−) by (Sz1 , Sz2) requires avoiding cases where either (e
2iqz1 − e2iqz2)213

or (e−2iqz1 − e−2iqz2) cancels, see discussion below. By injecting these expressions in Eq. (18):214

Am
n =

in

π

∫∫
k2x+k2y≤k20

[
Sz1e

iqz1 − Sz2e
iqz2

e2iqz1 − e2iqz2

+(−1)n+mSz1e
−iqz1 − Sz2e

−iqz2

e−2iqz1 − e−2iqz2

]
Y m∗
n dkxdky.

(21)

A priori, the choice of planes z1 and z2 is arbitrary, here they are chosen symmetrically215

around the origin, such that z1 = −z and z2 = z, with z > 0, so:216

Am
n =

in

π

∫∫
k2x+k2y≤k20

1

2i sin(2qz)

×
[
Sz+

(
eiqz − (−1)n+me−iqz

)
−Sz−

(
e−iqz − (−1)n+meiqz

)]
Y m∗
n dkxdky.

(22)

When (−1)n+m = 1:217

Am
n =

in

π

∫∫
k2x+k2y≤k20

[
Sz+ + Sz−

2 cos(qz)

]
Y m∗
n dkxdky, (23)

and when (−1)n+m = −1:218

Am
n =

in

π

∫∫
k2x+k2y≤k20

[
Sz+ − Sz−

2i sin(qz)

]
Y m∗
n dkxdky. (24)
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As noted above, either cos(qz) = 0 or sin(qz) = 0 may occur. We recognize here special219

cases like symmetrical and antisymmetrical standing waves with nodes on the chosen planes.220

To avoid such possibility, a simple solution is to select 0 < qz < π/2, so 0 < z < λ/4 since221

q < 2π/λ. In the limiting case where z tends toward 0, we recover the case of one single222

plane at z = 0. In this case, Eq. (23) becomes the one obtained in Ref.13 (see Eq. (11)).223

While Eq. (24) is new and similar, but Sz is replaced by (1/iq) dSz/ dz. Thus the field can224

be computed everywhere if it is known, as well as its normal derivative, on a plane.225

Unlike the filtered method, this complete ASM should be able to estimate the BSC of226

a standing wavefield like the one defined by Eq. (12). To do so, the theoretical field is227

computed on two planes taken in z = −0.1λ and z = 0.1λ, their dimensions are 6λ×6λ and228

the number of points is 3721. As before, random noise is numerically added to the pressure229

field at 5% of its maximum amplitude. The BSC are then estimated using Eq. (22). The230

reconstructed radiation force is plotted Fig. 4 and compared to the theoretical one and the231

one obtained from the filtered ASM.232

The errors made by each method on the force estimation are defined as:233

ϵ(Fγ, x) =
100

Nx

Nx−1∑
j=0

|Fγ(xj)− F th
γ (xj)|

max|F th
γ | (%), (25)

with {Fγ, x} = {Fρ, ρ}, {Fφ, ρ}, {Fz, z}. As planned, only the unfiltered method recovers234

the proper force. Furthermore, at equivalent pressure amplitude between the standing and235

progressive fields, the axial force of the standing wave is twice as large, with respect to the236

positive peak, and six times larger, with regard to the negative peak. The standing waves237

therefore have a substantial contribution to the radiation force28. The amplitude distribution238

between the positive and negative peaks of the axial force is balanced. Although slightly239
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overestimated by the filtered methods, the radial force is hardly modified compared to the240

progressive vortex (cf. Fig 1 (C)). Indeed, the latter already has a standing wave behavior241

due to the focusing of the field. This amplitude ratio will also depends on the focusing242

sharpness or aperture angle α0. The azimuthal component, on the other hand, maintains a243

progressive behavior.244

245
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FIG. 4. (Color online) Estimation of the cylindrical components of the radiation force exerted on

a 7 µm silica bead by a standing focused vortex beam (defined by Eq. (12)) using the filtered ASM

(Eq (11)) and the unfiltered complete ASM (noted CASM) (Eq.(22)) on a plane located in z = 0

for the ASM, and on 2 planes located in z = ±0.1λ for the CASM. Each plane has dimensions

6λ×6λ and is sampled in 3721 points. The theoretical force is plotted in black. The errors ϵ made

by each method on the force are given by Eq. (25).

246
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IV. NEW BSC DETERMINATION METHOD : FILTERED LEBEDEV METHOD247

The existing methods described in section IIC are either very sensitive to noise, or very248

costly in terms of measurement duration, due to the large number of points required to249

compute the BSC. These two aspects can be particularly problematic when the measurement250

is noisy or subject to deterioration over the duration of the measurement.251

The Lebedev method described in section IIC 1 seemed promising given the reduced number252

of measurement points and their distance from the focal spot, where the dynamics of the253

measured signals are important. However, it is too sensitive to noise. An improvement of254

this method would be to add filtering. Indeed, the presence of noise in the acoustic field255

acts like the presence of a standing wave and filtering this standing wave would reduce the256

impact of noise on a progressive field. The ASM, which already uses this type of filtering257

(cf. section IIIA), is much more robust to noise than the unfiltered Lebedev method. The258

theoretical development for applying standing wave filtering is described below.259

A. Theoretical development260

The starting point of this filtered Lebedev method is to consider a harmonic acoustic field261

propagating linearly in a homogeneous perfect fluid without any source. Thus, the acoustic262

field Ψ(r⃗) verifies the homogeneous Helmholtz equation:263

(∆ + k2)Ψ(r⃗) = 0, (26)
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where Ψ(r⃗) is the spatial dependence of the field and e−iω0t its implicit time dependence.264

This equation can be solved using the Green function G(r⃗|r⃗S) = G, solution of:265

(∆ + k2)G = −δ(r⃗ − r⃗S). (27)

The acoustic field is then written29:266

Ψ(r⃗) =

∫∫
S

[G∇Ψ(r⃗S) · n⃗−Ψ(r⃗S)∇G · n⃗] dS. (28)

It is determined in the volume contained by S, an arbitrary closed surface with outward267

unit normal n⃗. In order to have a unique solution, a boundary conditions on S is required,268

for instance Dirichlet, Ψ is fixed on S or Neumann conditions where ∇Ψ · n⃗ is given instead.269

The homogeneous version of this condition should be used to determine the Green function,270

G. In Kirchhoff approach both Ψ and ∇Ψ · n⃗ are fixed on S and the Green function is the271

Green function of free space, G0 Eq. (29).272

G = G0 =
eik0R

4πR
, where R = |r⃗ − r⃗S|. (29)

In the following, to simplify the presentation, the closed surface S is chosen as a fictitious273

spherical surface of radius rS. Thus ∇(.) · n⃗ = ∂(.)/∂r. The spherical harmonics expansion274

of the free space Green function G0, for rS > r is given by30:275

G0 = ik0
∑
n,m

jn(k0r)h
(1)
n (k0rS)Y

m∗
n (θS, φS)Y

m
n (θ, φ), (30)

where (rS, θS, φS) are the spherical coordinates describing S and
∑

n,m =
∑∞

n=0

∑n
m=−n.276

Thus,277

∂G0

∂r′

∣∣∣
r′=rS

= ik0
∑
n,m

jn(k0r)
∂h

(1)
n (k0r

′)

∂r′

∣∣∣
r′=rS

× Y m∗
n (θS, φS)Y

m
n (θ, φ).

(31)
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Injecting these last equations in Eq. (28), it becomes:278

Ψ(r, θ, φ) = −ik0
∑
n,m

jn(k0r)Y
m
n (θ, φ)

×
2π∫
0

π∫
0

[
ΨS

∂h
(1)
n

∂r′

∣∣∣
r′=rS

− h(1)n (k0rS)
∂Ψ

∂r′

∣∣∣
r′=rS

]

× Y m∗
n (θS, φS)r

2
S dΩ,

(32)

where ΨS = Ψ(rS, θS, φS) and dΩ = sin θS dθS dφS. Comparing with Eq. (4) to the difference279

that the amplitude coefficient ψ0 (or p0 in pressure) is included in the BSC yields :280

Am
n = −ik0r2S

〈
Ψ
∂h

(1)
n

∂r′

∣∣∣
r′=rS

− h(1)n

∂Ψ

∂r′

∣∣∣
r′=rS

, Y m
n

〉
. (33)

To facilitate the comparison, we use the notation ⟨·, ·⟩ of Eq. (7) in place of the integral. We281

can check its consistency using the expansion of Ψ(r⃗) in spherical harmonics with another282

set of BSC:283

Ψ(r, θ, φ) =
∑
n,m

Bm
n jn(k0r)Y

m
n (θ, φ), (34)

From this expansion, the field on the surface S and its derivative are obtained and injected284

in Eq. (33). Permuting series and integrals signs and using the orthogonality of the Y m
n ,285

yields:286

Am
n = −ix2Bm

n

[
jn(x)

dh
(1)
n (x)

dx
− djn(x)

dx
h(1)n (x)

]
(35)

where x = k0rS. Using the definition h
(1)
n (x) = jn(x) + iyn(x), the bracket of Eq. (35) can287

be rewritten as i [jn(x)y
′
n(x)− j′n(x)yn(x)] where prime stands for derivative. We recognize288

a Wronskian whose value is (1/x2)31 (Chap. 10, Eq. (10.1.6)). We can then confirm the289

consistency of Eq. (35) since we obtain, as expected from the uniqueness of the solution:290

Am
n = Bm

n . Note that we chose to replace h
(1)
n (x) and its derivative in the bracket. Another291

22



JASA/Sample JASA Article

equivalent choice is to replace jn and its derivative using 2jn(x) = h
(1)
n (x) + h

(2)
n (x). In this292

last case the bracket becomes (1/2)
[
h
(2)
n (x)h

′(1)
n (x)− h

′(2)
n (x)h

(1)
n (x)

]
. This shows that even293

if Ψ, as written in Eq. (34), involves jn and hence the sum of the two Hankel functions, only294

the incoming part, h
(2)
n , makes a contribution to the value of the Am

n while the other part295

involving h
(1)
n cancels out.296

Eq. (33) requires the knowledge of both the field and its radial derivative on a closed297

surface. First, this is not always possible to measure the field and its derivative. Second,298

assigning a value to both is unnecessary since they are related, see for a review32. For single-299

beam acoustic tweezers the field is progressive and hence enters the surface on the upstream300

side and leaves on the downstream side, as shown in Fig. 5. For a surface sufficiently far301

~rS
S

x

z
y

~r

V

Acoustic
tweezers

FIG. 5. Configuration of the filtered Lebedev method: if the field is progressive, it is entering the

volume where θ ∈ [π/2, π] and outgoing when θ ∈ [0, π/2], where θ = arccos(r/z).

302

303

from the area of interest, k0rS >> 1, these boundary conditions are enforced by Sommer-304

feld radiation conditions33. With the convention chosen here exp(−iωt), if θS ∈ [0, π
2
], i.e305

downstream:306

∂ΨS

∂r′

∣∣∣
r′=rS

≈ (+ik0 − 1
rS
)ΨS (36)
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while for upstream, θS ∈ [π
2
, π]307

∂ΨS

∂r′

∣∣∣
r′=rS

≈ (−ik0 − 1
rS
)ΨS (37)

This last condition, Eq. (36) for outgoing wave, is satisfied by h
(1)
n on the whole surface,

with h
(1)
n (x) ≈ i−n−1 exp(ix)/x31. This approximation holds for k0rS ≥ 2N , especially for308

the phase of the Hankel functions. Corollary, h
(2)
n satisfy Eq. (37) for incoming wave. Using309

these boundary conditions, Eqs. (36),(37) for the field Ψ and the derivative of the Hankel310

function, Eq. (33) can be rewritten:311

Am
n = −ik0r2S

2π∫
0

{ π∫
π
2

[
(ik0 − 1

rS
)h(1)n (k0rS)ΨS

−h(1)n (k0rS)(−ik0 − 1
rS
)ΨS

]
Y m∗
n (θS, φS) dΩ

+

∫ π
2

0

[
(ik0 − 1

rS
)h(1)n (k0rS)ΨS

−h(1)n (k0rS)(ik0 − 1
rS
)ΨS

]
Y m∗
n (θS, φS) dΩ

}
,

In the second integral, the sum of the two terms cancels out so that finally:312

Am
n = 2k20r

2
Sh

(1)
n (k0rS)

∫ 2π

0

∫ π

π
2

ΨSY
m∗
n (θS, φS) dΩ (38)

Eq. (38) requires knowing the field on half the surface, the upstream side. This last feature313

comes from the noted fact that only the h
(2)
n part of jn contributes to Eq. (35), combined314

with the boundary conditions Eqs. (36),(37), imposing an incoming field on a single side.315

Thus by enforcing these conditions, even if the measured field is noisy, the noise can only316

add random fluctuations on the upstream side. Without the incoming contribution from the317
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downstream side, the noise standing wave content is filtered out.318

It is advantageous compared to the ASM because it uses the optimized set of points on319

the sphere, given by the Lebedev quadrature, and it is sufficient to measure the acoustic field320

on the fictitious half-sphere between θS = π/2 and θS = π, which considerably reduces the321

number of measurement points (between 229 and 1041, depending on the precision chosen322

to solve the integral). Moreover, the method directly uses the measured field and not its323

spatial Fourier transform. Compared to the previous unfiltered method using the Lebedev324

quadrature, the factor 1/jn(k0rS) (cf. Eq. (7)) generating an important error in the presence325

of noise does not appear in Eq. (38). Finally, this new filtered Lebedev method allows for the326

reconstruction of focused acoustic fields at the focal point by measuring them far from areas327

with strong amplitude dynamics, which is of interest for some dynamic-limited sensors.328

It is, however, restricted to progressive, harmonic fields propagating in free space, and329

requires the radius of the spherical surface to be large enough for the spherical Hankel330

functions and acoustic field approximations to hold.331

B. Numerical validation332

The filtered Lebedev method is applied to estimate the BSC of a focused vortex field333

described by Eq. (6), of frequency f0 = 50 MHz, topological charge m′ = 1, aperture angle334

α0 = 50◦ and focal distance r0 = 3 mm propagating in water. The validation procedure335

consists in computing the acoustic field on the spherical surface of integration from the336

theoretical BSC truncated at N = 50. As before, random noise at 5% of the maximum337

amplitude of the field computed on the half-spherical surface is numerically added. Then,338
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Eq. (38) is solved using a Lebedev quadrature. Thus, the estimated BSC are compared339

to the theoretical ones, then used to compute the radiation force which is also compared340

to the theoretical one. This validation process allows determining the optimum numerical341

parameters, which are the integration sphere radius rS and the Lebedev quadrature order.342

In a first step, the quadrature order is studied, the surface radius is set to 10λ, implying343

a truncation of N = 30. The reconstruction of the BSC as well as the calculation of the344

radiation force is performed for several orders of quadrature listed in the Table I, with the345

corresponding numbers of measurement points. The Lebedev quadrature is implemented346

numerically using the Python library quadpy.347

348349

Quadrature order 35 41 47 53 59 65 71 77

Number of points 229 309 401 505 621 749 889 1041

TABLE I. Orders of the Lebedev quadrature and associated numbers of points on the half-sphere

defined by θ ≥ π/2.

350

The relative error on the estimation of the BSC is given by:351

ϵ(Am
n ) =

100

(N + 1)(2N + 1)

N∑
n=0

n∑
m=−n

|Am
n − Am,th

n |
max|Am,th

n |
(%), (39)

and by Eq. (25) for the force cylindrical component. The errors evolving with the order of352

the quadrature are plotted Fig. 6 (A). The BSC error is much weaker than those related to353

the radiation force and is stabilizing around 0.15% from a quadrature order of 59. On the354

other hand, the errors related to the cylindrical components of the force are not monotonic355
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and do not seem to have any specific relationship with the BSC error. The axial component356

is of particular importance here because, in the case of the vortex, it has the smallest am-357

plitude compared to the others, about one order of magnitude less for the negative peak.358

However, the axial force is essential to obtain a three-dimensional trap, so interest will be359

focused on the error made on this component. In addition, we wish to minimise the number360

of points for the field in order to reduce the measurement duration. A compromise must361

therefore be made between the error and the number of points. The estimation error related362

to the axial force is minimal, about 1%, for an order of quadrature of 65 and 71, which363

corresponds to 749 and 889 points respectively (cf. Table I).364

It is now appropriate to study the second parameter of interest, the radius rS of the half-365

sphere of integration. This radius must be taken sufficiently large compared to the wave-366

length so that the asymptotic forms of the spherical Hankel functions hold. This condition367

numerically imposes N < πrS/λ. Thus, the radius is varied between λ and 10λ, and N368

according to rS (cf. Table II). Again, the error on the BSC, Fig. 6 (B), remains very small369

rS 1λ 2λ 3λ 4λ 5λ 6λ 7λ 8λ 9λ 10λ

N 3 6 9 12 15 18 21 25 28 30

TABLE II. Radii rS of the half-sphere of integration and associated truncation orders N of the

BSC series.

370

371

compared to those on the force and it stabilizes below 0.2% from a radius of 5λ. The errors372

on the force components seem to oscillate and reach local minimum values at odd radii. The373
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global minimum error on Fz corresponds to a radius of 7λ. The high errors occurring for374

radii below 5λ can be caused by an under sizing of the integration sphere and/or a too low375

truncation order.376

The parameters finally retained (cf. Table III) are therefore a half-sphere of radius rS = 7λ,377

allowing a truncation of the BSC series at N = 21, a minimum order of quadrature of 65378

and therefore 749 measurement points.379
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FIG. 6. (Color online) Relative errors of estimation of the filtered method based on the Lebedev

quadrature, defined by Eq. (38). The errors for the BSC are computed from Eq. (39) and those for

cylindrical components of the radiation force from Eq. (25). On the left the error is expressed in

terms of the quadrature order of integration (cf. Table I) while the radius of the integration surface

is set to 10λ (implying a truncation order of the BSC series of N = 30). On the right, the error is

expressed in terms of the radius of the integration surface (cf. Table II) while the quadrature order

is set to 65.

380

381382

C. Comparison with previous methods383

The new filtered method can be compared to the unfiltered Lebedev method (cf. sec-384

tion IIC 1) and to the filtered ASM (cf. section IIC 2). The radius of the integration surface385
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Radius rS 7λ

Truncation order N 21

Lebedev quadrature order 65

Number of points 749

TABLE III. Optimal parameters for the new Lebedev filtered method defined by Eq. (38).

is set to 5.6λ14 for the unfiltered Lebedev method. The truncation order N and the Lebedev386

quadrature order are identical to the new filtered method (cf. Table III). The filtered ASM is387

used on an acoustic field defined in the focal plane (located in z = 0) of dimensions 6λ× 6λ388

sampled in 612 = 3721 measurement points, corresponding to a sampling step of λ/10.389

The estimated forces by the three different methods are plotted in Fig. IVC. They all prop-390

erly recover the theoretical force, even though the error is slightly higher for the ASM. It391

can be reduced by increasing the size and number of points of the measurement plane. The392

axial force estimated by the unfiltered Lebedev method shows slight oscillations. These393

oscillations depend on the signal to noise ratio and the radius chosen for the quadrature.394

The noise acts partly as a standing wave, known to generate much stronger forces than a395

travelling wave28. However, in the absence of filtering, the noise causes oscillations of the396

axial force, axis on which the focused vortex is progressive. On the contrary, radially jn(kr)397

is the sum of two converging and diverging Hankel functions and can be considered as a398

standing field.399

The new filtered Lebedev method therefore provides a low-cost, reliable, noise-insensitive400401
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FIG. 7. (Color online) Comparison of the cylindrical components of the radiation force exerted on

a 7 µm silica bead by a progressive focused vortex beam using the filtered ASM (with z = 0, and

plane dimensions of 6λ× 6λ sampled in 3721 points) (cf. Eq. (11)), the unfiltered Lebedev method

(noted Lebedev, with parameters: rS = 5.6λ and a quadrature order of 65) (cf. Eq. (7)) and the

filtered Lebedev method (noted LebedevFilt, with parameters listed in Table. III) (cf. Eq. (38)).

The estimations are done with noise of amplitude up to 5% of the maximum pressure field computed

on the surface of interest. Each estimated BSC series is truncated at N = 21. The theoretical

force is plotted in black. The errors ϵ made by each method on the force are given by Eq. (25).

estimation of the BSC of the acoustic field that allows reconstruction of the radiation force402

with errors around 1% and lower than 1% for the axial component, while requiring a min-403

imal number of points compared to other methods. The advantages of this method are a404

spatial filtering of the standing waves which strongly reduces the influence of noise, a lim-405
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ited number of measurement points, chosen specifically for the numerical computation of406

the integral (cf. Eq. (38)), and the direct use of the measured field instead of its Fourier407

transform. Moreover, the absence of the 1/jn term, which appears in the first unfiltered408

Lebedev method, also makes it much more stable.409

Finally, the new method is applied to the acoustic tweezers described in previous works on410
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FIG. 8. (Color online) Comparison of the cylindrical components of the radiation force exerted

on a 0.1λ polystyrene bead by a progressive focused vortex beam at frequency 1.2 MHz, aperture

angle α0 = 43◦, focusing distance r0 = 75 mm, topological charge m′ = 1 and maximal amplitude

0.8 MPa14.

411

412

beam shape coefficients, see Ref.14. The vortex field parameters are f0 = 1.2 MHz, α0 = 43◦,413

r0 = 75 mm, m′ = 1 and its maximum amplitude is set to 0.8 MPa at the focal plane. As414

before, the filtered ASM, the unfiltered and filtered Lebedev methods are used to recover415
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the BSC and compute the radiation force exerted on a polystyrene bead of radius 0.1λ (with416

λ ≈ 1.2 mm in this case), density ρp = 1080 kg/m3, longitudinal velocity cL = 2350 m/s417

and transverse velocity cT = 1120 m/s. Same numerical parameters as before are used for418

the ASM and unfiltered Lebedev method, but for the filtered Lebedev method, the radius419

of the integration surface rS is set to 10λ, resulting in a truncation order N of 25, while the420

quadrature order of integration is kept as before to 65. Noise is also added as before, to an421

amount of 5% of the maximum pressure amplitude.422

Fig. 8 shows the radiation force recovered by the three previous methods and can be com-423

pared to Fig. 7 (left) of Ref.14. First, it is noticed that the radial component is equivalently424

recovered by all methods, with a 2% error. On the other hand, the azimuthal component425

is not recovered by any method. This component is progressive, defined by eim
′φ, and none426

of the methods described here are performing azimuthal filtering. Thus, they are all dis-427

turbed by noise for this component. Also, the high-frequency acoustic tweezers defined in428

the present work has an aperture angle of 50◦, against 43◦ for the one defined in Ref.14. This429

results in stronger focusing for the 50 MHz tweezers and in better performance of the BSC430

determination methods, due to the reduced ratio between the progressive (along φ and z)431

and the standing (along ρ) waves. Note that the radial to azimuthal forces ratio is about432

20 in Ref.14 and is lower than 2 in the present work. Finally, we recall that the azimuthal433

force determination can be significantly improved by cancelling the BSC when m ̸= m′, see434

the right of Fig. 7 in Ref.14.435

Regarding the axial component of the force, it is best recovered by the new filtered Lebedev436

method, with an error lower than 3%. Both ASM and the unfiltered Lebedev method show437
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an error of around 9% on Fz. As noted before, the ASM does not display oscillations, con-438

trary to the Lebedev method. Moreover, these oscillations are enhanced by the diminution439

of the aperture angle inducing the increase of stationary effects. The radial to axial forces440

ratio is about 20 for α0 = 43◦ and about 5 for α0 = 50◦. In conclusion, the new filtered441

method is more efficient while requiring fewer measurement points. The filtering is all the442

more necessary as the beam is weakly focused.443

V. CONCLUSION444

Determination of the radiation force is an important process for the calibration of acoustic445

tweezers. A way to achieve this is to use a BSC determination method applied to a field mea-446

surement and then compute the associated force from the BSC Am
n . Two kinds of methods447

have been previously described, unfiltered, e.g. the Lebedev method, and filtered methods,448

e.g. the ASM. The first method was proven to be very sensitive to noise, unlike the ASM, due449

to noise producing standing waves-like behavior. We showed that the good results obtained450

by the ASM are related to an implicit filtering of the standing waves. Indeed, this filtered451

method is failing to reconstruct the radiation force produced by a standing focused vortex452

beam. We presented a complete unfiltered ASM relevant for standing waves and capable of453

estimating the forces with an error smaller than 2% for the axial component, whereas the454

filtered ASM is failing. Nevertheless, spatial filtering is essential for the determination of the455

BSC of progressive fields. Although the filtered ASM is quite efficient, it is experimentally456

time-consuming owing to the large number of measurement points of the acoustic field. This457

may be critical. Indeed for high-frequency ultrasound focused field, the spatial features are458
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of the order of the wavelength, about ten micrometers. Scanning such field with a spatial459

resolution of a few microns is possible with optical interferometers and a high numerical460

aperture objective to focus the probe arm. However the contrast of the interferometer is461

now very sensitive to any change of the focus. Therefore, the scan should be finished be-462

fore the drift in time is significant. Thus, we introduced a new filtered BSC determination463

method inspired by the Lebedev method. It allows a very accurate reconstruction of the464

radiation force, with errors smaller than 1%, at a low cost in terms of number of measure-465

ment points (half of what is required by the unfiltered Lebedev method). It is insensitive466

to noise and does not require the use of Fourier transforms. This can avoid some errors467

related to windowing and spatial sampling of the field. Scanning on a sphere centered at the468

focus of a sharply focused beam reduces the required dynamic range of the measurement469

sensor. Furthermore, it removes an additional step of numerical data manipulation. The470

optimal parameters of this method are studied numerically. Experimental demonstration471

for focused fields at 50 MHz, wavelength 30 µm and scanning with an optical interferometer472

is underway. The experimental set-up and results will be reported in a subsequent paper.473
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