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Hydrodynamic limit of N-branching Markov processes

Jean Bérard and Brieuc Frénais

Abstract

We consider the behaviour of branching-selection particle systems in the large population
limit. The dynamics of these systems is the combination of the following three components:
(a) Motion: particles move on the real line according to a continuous-time Markov process;
(b) Branching: at rate 1, each particle gives birth to a new particle at its current location;
(c) Selection: to keep the total number of particles constant, each branching event causes
the particle currently located at the lowest position in the system to be removed instantly.
Starting with N > 1 particles whose positions at time ¢ = 0 form an i.i.d. sample with
distribution pg, we investigate the behaviour of the system at a further time ¢ > 0, in the
limit N — +o00. Our first main result is that, under suitable (but rather mild) regularity
assumptions on the underlying Markov process, the empirical distribution of the population
of particles at time ¢ converges to a deterministic limit, characterized as the distribution of
the Markov process at time ¢ conditional upon not crossing a certain (deterministic) moving
boundary up to time t. Our second result is that, under additional regularity assumptions,
the lowest particle position at time ¢ converges to the moving boundary.

These results extend and refine previous works done by other authors, that dealt mainly
with the case where particles move according to a Brownian motion. For instance, our
results hold for a wide class of Lévy processes and diffusion processes. Moreover, we obtain
improved non-asymptotic bounds on the convergence speed.
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1 Introduction

We consider a branching-selection stochastic process that consists in a finite family of N > 1
particles moving on the real line in continuous time. At rate 1, each particle gives birth to a
new particle at its current location (branching), and, in order to preserve a constant number



of particles, the particle currently located at the lowest positiorﬂ is removed instantly (se-
lection). Between such branching-selection events, particles move independently according
to a continuous-time Markov process X on R.

This process belongs to a family of models introduced by Brunet and Derrida [6], which
then gave rise to a series of related works (see for a bibliographical discussion).
Among these models, the so-called N-branching Brownian motion (N-BBM), where the
underlying Markov process is the standard Brownian motion on R, fits into our setting.
In [10, 1], De Masi et al. studied the hydrodynamic limit of the N-BBM (fixed time ¢,
with N — 4o00) and showed that it can be described as the solution of a free boundary
problem. Our main goal is to extend this result to the case of a general Markov process on
R. Accordingly, we call this process the N-branching Markov process (IN-BMP).

1.1 Statement of the main results

Let X = (X¢)¢>0 be a time-homogeneous Markov process on R (in the sense of [29], Chapter
III) with transition kernel (p;)¢>0, defined on a filtered measurable space (92, F, (F;)i>0)
equipped with a family of probability measures (Q)zcr. As usual, we denote by Q,, the
probability measure on (£2, F) in the case where the distribution of Xj is a certain probability
measure o. We denote by (P;);>0 the semigroup of X, which is defined on the space B, of
bounded real-valued Borel functions on R by

VieB,Vt>0VzreR Ptf(m):Em(f(Xt)):/]Rf(y)pt(m,dy).

We write Cp (resp. Cp) for the set of continuous bounded (resp. vanishing at +o0) real-
valued functions on R. We make the usual assumption that the filtration (F;);>¢ is complete
and right-continuous and that the process X takes values in the set D(R,R) of real-valued
cadlag functions on R4 (see for instance Theorem 19.15 in [22]).

Let v : (0,+00) — R be an upper semi-continuous curve, let also 7o = limsup;_,q, 7 €
[—00,400), and define
7y = inf{s > 0, X, < v,}.

With our assumptions, 7, is a stopping time such that, on {7, < 400}, we have X <, .
Our main results relate the hydrodynamic limit of the N-BMP to the existence of a curve
~ satisfying the following assumption:

(i) forall t >0, Qu(1y >1t) =e".

In other words, (i) means that, under Q,,,, 7, follows the exponential distribution £(1). We
write for r € R
U(Ta t) = Quo (Xt <, Ty > t),

so that under assumption (i), et U(,#) is the c.d.f. of X conditioned on staying above the
curve ~ up until ¢, that is

e U(r,t) = Qu(X¢ < 7lry > ).
Moreover, we rely on the following two additional assumptions on X:

(ii) X is a Feller processﬂ

(ili) X is stochastically non-decreasing, i.e. for every non-decreasing bounded function f,
x <yandt>0,wehave P f(z) < P.f(y).

'If several particles are simultaneously located at the lowest position, ties are broken arbitrarily.

2By Feller process, we mean that its semigroup is Feller: it maps Cp into Co and is strongly continuous (see
§II1.2 in [29]). We will also use that these semigroups map Cp into Cp (which we can deduce from the former
assumption by writing any bounded continuous function as a limit of bounded functions that vanish at infinity).



Given an integer N > 2, we denote by X},---, XV the positions of the particles in the
N-BMP at time t > 0, and by F(-,t) the empirical c.d.f. of the N-BMP:

N
1
FN(rt) = 5 D Lixi<ry-
=1

We will always consider the case where the initial positions of the particles are i.i.d. with
common distribution g, and we denote by P the corresponding probability measure gov-
erning the N-BMP.

Theorem 1 Consider a time horizon T > 0, and assume (i),(i1) and (i) are fulfilled.
Then for every t in [0,T], ||FN(-,t) — e U(-, )| ., goes a.s. to 0 as N goes to infinity, where
-l is the supremum norm on By. Furthermore, for every f € (0, %), there exist positive
constants c1,co > 0 depending only on 8 and T such that for all N, we have

1—28

P(||[FN(t) = U t)]| > NF) <cgem ™ 7 (1)

A natural question is then whether, as N goes to infinity, the trajectory of the lowest
particle position in the N-BMP approaches v. We investigate this question in
To state our result, we need an additional assumption on X, known in the literature as
Ray’s estimate: denote by 7, the (downwards) crossing time of y by X, i.e.

1, = inf{s > 0, X, < y},

and assume that:

(iv) for all real numbers x > y and x > 0, we have

Qu(ry <) = o(t"), (2)
(v) the curve v is continuous on (0, +00).
Let mY = min X} be the lowest particle position at time t.
1<i<N

Theorem 2 Consider 0 < to < T and assume (i) to (v) are fulfilled. Then, almost surely,
the trajectory t — mY converges to the curve t — ¢, uniformly on [to,T] as N goes to
infinity. Furthermore, for any € > 0 and » > 0 there exists a constant C > 0 (depending on
g, s, T and also on X ) such that for all N, we have

P sup |m) —vy|>e] <CON~*. (3)
te[t(),T]

In addition, these results still hold with to = 0 provided that v is continuous at 0.

1.2 Discussion

1.2.1 Assumptions

Our initial understanding of Assumption (i) was as a probabilistic reformulation of an exis-
tence result for a free boundary problem, as discussed in the next paragraph. After (almost)
completing the present manuscript, we realized that Assumption (i) had already been stud-
ied in the context of the so-called inverse first-passage time problem, for which a substantial
body of literature exists; our main reference is Klump and Savov [23], whose introduction
contains an overview of the subject and relevant works. In [23], it is proved that Assumption
(1) is satisfied for every Feller process such that Q,,(X; € -) is diffuse for all ¢t and such that
Quo(my = 7) = 1, where 7, = inf{s > 0, Xy < 7,}; it is also proved that these assumptions
are satisfied by a wide class of Lévy processes and diffusion processes.



One can also understand Assumption (i) as equivalent (at least at a heuristic level, we
refrain from giving a precise mathematical statement here) to the existence of a solution to
the following problem:

Owu(z,t) = Lu(z, t) +u(x,t), = >y, (4)
u(xvt):Oa Z’S'}/t,

where u(-,t) is a probability density function, £ is the infinitesimal generator of X, and ~
is part of the problem as a free boundary. In the case where X is a standard Brownian
motion, so that £ = %8%, this problem has been solved by Berestycki et al. in [5] and by
Ledin [25].

Another situation in which we know that Assumption (i) is verified is the case of Markov
processes starting from a quasi-stationary distribution on [0, 400), in which case v is con-
stant: it is well-known that in this case, the first crossing time of the origin is exponentially
distributedﬂ Various authors have given some conditions under which such distribution
exist, starting with the case of the Brownian motion with negative drift [27], followed by
more general one-dimensional diffusion (see [9] and references therein). Several conditions
have also been given for Lévy processes [24] [16, [30].

Assumption (ii) (Feller property) is quite classical for Markov processes and we do not
discuss it any further.

Assumption (iii) (stochastic monotonicity) is automatically verified for Feller processes
with continuous paths as well as Lévy processes (see [2] for a more detailed discussion about
this assumption).

Assumption (iv) (Ray’s estimate) is verified for any Feller process with continuous paths
(see Section 3.8 in [21]).

Assumption (v) is, to our knowledge, established for standard Brownian motion (see
[5, 8]) and, more generally, diffusions with smooth coefficients [7]).

1.2.2 Related works

The hydrodynamic limit shown in has already been established by De Masi et
al. for the N-BBM in [10, [I1I] (allowing a more general non-local branching mechanism in
[11]), with a control upon the probabilities of deviations for the supremum norm given by
a negative power of N. The multi-dimensional case (the so-called Brownian bees) has also
been studied by Berestycki et al. in [4], where this time the killed particle is the furthest
away from the origin. Taking euclidean norms of particles’ positions, this model leads to an
N-BMP driven by the opposite of a Bessel process. Berestycki et al. not only obtain the
hydrodynamic limit, but also a convergence result analogous to our though only
at a fixed time ¢ instead of the uniform convergence over [tg,T].

As in [0} [I1] [4], our proof relies on a comparison between the N-BMP and auxiliary
stochastic processes. However, our version of these processes is based on a different definition
where the curve 7 plays a central role. This approach allows us to get improved bounds
(stretched exponential vs. negative power) for the hydrodynamic limit, thus allowing us to
also prove the uniform convergence of the lowest position, extending the strategy used in [4E
It is worth mentioning that the result obtained in[Theorem[l]is universal: the constants that
control the deviations of the distribution of the N-BMP do not depend on the underlying
Markov process X or the boundary ~ (as soon as the assumptions are verified). However,
in the constants depend on X both through Ray’s estimate and the moduli of
continuity of ~.

3To be precise, Berestycki et al. prove the existence of global solution for nl with £ = %83, while Lee proves
in [25] the existence of local solutions to a more general version of the free boundary problem corresponding to

the version of the N-BBM with non-local branching that appears in [11].

“See for instance [9] Theorem 2.2. Notice that we might need to rescale the process in time to obtain the

exponential distribution with parameter 1.

SFor this last problem, the negative power bound we obtain comes from the use of Ray’s estimate, which holds
for very general Markov processes; in the Brownian case, our strategy would lead to a stretched exponential

bound by using the stronger control on available in this specific case.
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In addition to these works, the hydrodynamic limit has also been investigated for a variety
of branching-selection systems with a different selection and/or branching mechanism, e.g.
[15, 17, 18] [d], often in connection with free boundary problems.

1.3 Outline of the proof

To establish the hydrodynamic limit in [I0, 11l 4], a key idea is to compare the particle
process with stochastic barriers in which selection is either delayed or anticipated so that it
occurs at fixed times rather than at the branching times. Here we use a different approach
that takes advantage of the assumed existence of a curve v satisfying condition (i), and
compare the N-BMP to another process that we call the v-BMP. To be specific, starting
from n i.i.d. initial positions with distribution pg, the v-BMP is obtained by running a
(dyadic) branching Markov process (BMP) based on the dynamics of X, while removing (or
"killing") particles as soon as they cross the moving boundary 7. When - satisfies condition
(i), the many-to-one formula (see below) implies that the expected population
size of the v-BMP at any given time ¢ is equal to n, since the exponential growth due to
branching is, on average, exactly offset by the exponential decay due to killing below v while
starting with distribution pg. This suggests that the y-BMP starting with n = N particles
should in some sense be close to the N-BMP, where selection keeps the population size
exactly equal to V.

The v-BMP turns out to be more tractable than the N-BMP, since the way particles are
removed in the v-BMP does not involve the complicated interaction implied by the N-BMP
selection mechanism®y When 7 is large, we are able to prove in that, for the
v-BMP at time ¢, with high probability, the population size is indeed of order n, and the
empirical distribution of particle positions is close to Q,, (X; € -|7, > t) (we actually prove
explicit, non-asymptotic bounds).

Our idea is then to bound the N-BMP X between two copies X+, X~ of the -BMP
starting respectively with n = [N(1 +§)] and n = | N(1 — 0)] particles. More precisely, in
we build a coupling between X and X, X~ in such a way that, provided that
#X+ > N for all s <t, one has X; < Xt+, and provided that #X, < N for all s <t, one
has X;” < X, where, given two real-valued tuples x,y (possibly with different sizes), z < y
means that, Vr € R #{i,z" > r} < #{i,y* > r}. The stochastic monotonicity assumption
(iii) is key to the construction of the coupling.

Then, thanks to our control on the population size of the v~-BMP, we are able to prove
in that, given a finite time horizon T', for large N, with high probability, the
population size of Xt (resp. X ~) remains above (resp. below) N over the time-interval
[0,T], for suitably small values of §. In turn, this allows us to compare the empirical
distribution of particles within the N-BBM at time ¢ to Q,,(X; € |7, > t), leading to
Mheorem 1l

The proof of Theorem then combines the result of together with
Ray’s estimate to control the difference between ~; and m?. Our proof is similar in spirit to
that of Berestycki et al. in [4] (namely Section 4.2 about the proof of their Proposition 1.6).
Compared to [4], we make the most of our improved bounds to obtain uniform convergence,
even though we are using a weaker control on the trajectories of X (given by Ray’s estimate).

1.4 Organization of the paper

The rest of the paper is organized as follows. We start by studying the v~-BMP and the
stochastic barriers in [Section[2] where we prove a hydrodynamic limit result for the ~-BMP
(Proposition [1f) and then deduce In this section we also study the size of the
~-BMP in order to prove [Proposition [3] In [Section [3} we prove and deduce
Finally, in we prove thanks to the additional regularity

assumption (iv).

5Such an observation is not new: with v a suitably chosen linear boundary, it plays a substantial role in the
study the long-time behaviour of the N-BBM [26] or the N—BRW (branching random walk) [3].



2 Study of the -BMP

2.1 Hydrodynamic limit of the v~-BMP

Recall the definition of the (dyadic) branching Markov process (BMP), a special case of
the class of processes studied in [20]: we have a finite number of particles on the real line
following independent trajectories of the Markov process X; each particle branches at rate
1 independently of the others, giving birth to another particle at the same location, which
immediately starts to follow yet another independent trajectory of the Markov process X,
and so on. The corresponding v-BMP is obtained by removing particles as soon as they
cross the moving boundary .

To be more precise, let us denote by X a BMP starting at time 0 with a single particle
whose location follows the distribution pg, and let N* denote the population size of X at
time t. By identifying the trajectory of a particle before its birth to that of its parent, we
can consider, for each j = 1,...,Nj*, the trajectory (X7)s>0 of the j—th particleﬂ at time
t, and the corresponding crossing time 7'5 of the boundary. The number of particles in the
corresponding 7-BMP whose locations are above r at time ¢, is then given by

NF
xt(X,7) = Z 1{X{>r,r§>t}'
j=1

We now recall the many-to-one lemma, which we state here in the version that will be
useful throughout the paper (see Lemma 1 and Section 4.1 in [19]).

Lemma 1 (Many-to-one lemma) Suppose that X = (Xti)tzo,1§i§/\/,f is a BMP starting
from one particle with distribution pg, and let f : D([0,t],R) — R be a bounded measurable
function on the set of cadlag functions from [0,t] to R, for some positive time t. Then we
have

NE
E Z f(X[iO,t]) =e'Ey, (f(X[0.))- (5)
i=1

Defining G(r,t) for r in R and ¢t > 0 by
G(r,t) =1—e"U(rt) = e Quo (X > 1,7y > t) = Qup (X > 1|7y > 1), (6)
we deduce from the many-to-one lemma that, for » in R and ¢ > 0,
E(x:(X, 7)) = G(r,1). (7)

Now let X', %2, ... denote an i.i.d. sequence of copies of X, so that, for all n > 1,
X', ..., X" joined together form a BMP starting with n particles. Accordingly, define the
population sizes N, the positions (X;”);<;<; and the crossing times (737);<;<y; corre-

sponding to X%, for s > 1, and set
G"(r,1) ! En (X',7)
rt)=— r
) n pt Xt ) )

so that G™ is the complement of the empirical c.d.f. of a v-BMP starting from n particles.

Given and the fact that the random variables y;(X1,7), x.(X%,7),... are i.i.d., the
law of large numbers shows that G(r,t) is the limit of G™(r,t) as n goes to infinity, so that
the hydrodynamic limit of the v~-BMP can be identified as the underlying Markov process X
conditioned on not crossing the boundary. The following result provides a much more precise
control on the difference between G™ and G, with quantitative non-asymptotic bounds on
the sup-norm ||G™(-,t) — G(-, 1)

"The particle present at time 0 is given number 1; successively born particles are then numbered by birth
order. The quantities we consider are in fact independent of which numbering scheme we adopt.



Proposition 1 Let C(t) = 2e* —e! and c3 = —In(1 —eT) > 0. Then for any n > 0,

8C(t
t €[0,T], n > A = Mnt) = max( 775 ),2> and a € (0,%), we have the following
bound: e s
P(|G"(-,t) = G(-t)|l o >n) < 16n%e” 52— +32e” nZe =", (8)

Invoking the Borel-Cantelli lemma, an immediate corollary of is that, for all
t > 0, almost surely, lim,,_, 4o [|G"(-,t) — G(-,t)|| ., = 0. As another corollary, we have the
following bound on the total population size of the v-BMP.

Corollary 1 Let 2 = (ij, 1<i<n,1<5< J\/'Z,O <t <T) be a BMP starting from n
particles independently distributed according to pg, and let Ny be the population size at time
t of the v-BMP made from % . Thefor anyn>0,t€[0,T],n> A(n,t) anda € (0,3),
we have

1-2a,2

P(IN; —n| > nn) < 16n%e” 5 +32eT n2e~n" (9)

Remark 1 Note that:

o The exponential decay is driven by universal constants, in the sense that they depend
on T but not on the initial distribution pg nor on the choice of the Markov process that
drives the BMP.

e The fact that a v-BMP starting from n particles is the joining of n independent copies
of v-BMPs starting with one particle is key to the proof of the proposition, and this is
why we study this process rather than studying the N-BMP directly.

e Our proof is an adaptation of the proof of Theorem 12.4 in [13], which is a quantitative
version of the Glivenko-Cantelli theorem, using symmetrization ideas introduced by
Dudley [T])] and Pollard [28]. Here, we adapted this proof to the context of branching
Markov processes.

Proof of [PropositionTl}
Step 1. Symmetrization by a second load of BMPs.

Fix an integer n and n > 0, let X',--- | X" be n other independent (between themselves
and from the X*) copies of X, and use the tildes in the notations for all random objects
linked with them. Also write 2 = (X1,---,X") and 2 = (X',---,X"). Let us first prove

C(t)

,,72

8
that for n > , we have

P(IG"(,0) = GOl > m) < 2P (670 - G| > 7). (10)

To this end, define the real-valued random variable r* by

. {inf{r e R,|G™(r,t) — G(r,t)| > n} if the set is not empty,

0 otherwise.
Note that r* is 2 -measurable. First we have
P (HG"(~,t) - @”(-,t)HOO > g) >P (|G"(r*,t) G )] > g)
> B(16" 0%, 0) = G0l > 0,

ANk * n
G (™, 1) — G(r*,1)| < 2>.

8The definition of 45 is given in



Then we condition on 2" and use that both G"(r*,t) and G(r*,t) are 2 -measurable to get

P(leme.n - >3)

o0

> E (Lonee-aeanP (167070 - Ge ol < 5| 2)) . ()

Assume that

P(1G"(0 1) - GO0l < 1| 2) > % (12)

From |[(11))|and |(12 onehasP(HG"( H )> “P(|G™(r*,t) — G(r*,t)| > n ),

and, noting that |G"(r,t) — G(r,t)| is greater than n for some r in R if and only if it is for

r=r* - follows We now prove |( Since r* is 2 -measurable, while 1{1 ,i” are
i.i.d. copies of X independent from ,%” we have

E(G™(r*,t)|2") = G(r*, )
and

V(G (r*, )| 2) :4, 21{X,>T oy | 2]

where X is assumed to be independent from 2°. We can then bound the sum by N*, which
follows the geometric distribution G(e™?), and thus we have

V(@ 0l2) < SE(WE) = 22,

where C(t) = 2e?' —e'. By Chebyshev’s inequality, we obtain
4C(1)

2

P(\é"(r*,t) G| < g ‘ 3{) 21

C(t)
2 )

Step 2. Second symmetrization with random signs. .
Let ey, -+ ,en beiid. Rademacher random variables independent from 2" and 2". Since
x¢ (X%, 7) and x¢(X?,7) have the same distribution and are independent for every real number

roxe (X, 7r) = xo (X%, 7) and & (Xt(%i, ) — xe (X7, r)) also have the same distribution, hence

ii& (Xt(:fi, ) - Xt(%i, ))
> 2) |

. Then

o0

(ool - 1) ¢ ([ -k

and we can now use the triangle inequality and the union bound to obtain

P (H;ZEZ (Xt(%i, ) = xe (&, )) > Z)
(e | 1) e[ e
i=1 0o i=1
> ;j)

1 — .
—op|||Z (X
<||n;€m( )

so do HG"(~,t) - é"(,t)H and

o0

|3

n
>7
4)




and thus

P (HG"(~,t) - én(.,t)Hm > g) < 9P <||i éaim(xl

n
> 4>. (13)
Step 8. Conditioning on 2 and using Hoeffding’s inequality.

We have to bound the r.h.s. in The main issue is that we have to estimate a
supremum over R. However, conditionally on 2, we actually take the supremum over a
finite number of random variables (only the &; remain random), which enables us to use a
union bound.

To see this, let us consider n realizations z',---,z" of the BMPs X!,..., X", with

n

o

respective population sizes n! at time ¢, and n; = Z n% the total size of the population, so
i=1

that particles present at time ¢ are indexed by pairs (i,7) with 1 <i <n and 1 < j < nl.

Ordering particles according to their position at time ¢ leads to an ordering of the pairs of

the form (ix, ji), for 1 < k < ny, such that the sequence (xt“ )i<k<n, is non-decreasing.

n Nt
Then, as r runs over the real line, Zsi)(t(xi,r) = Z&?ikl{zik“ Sk gy takes at most
i=1 k=1
nt + 1 values, because each indicator function can change its value at most once (and it may
never do, if the crossing time of the boundary is less than ¢). Thus taking the supremum
n

over R of the values of Zai)@(zi, r) is in fact taking the maximum over n; + 1 random
i=1

variables. We obtain that the event on the r.h.s. of |(13)l conditionally on 27, is a finite

union, and we dominate its conditional probability by the number of events in the union

times the maximum probability of one of these events, which can again be written as a

supremum over R:
il
> 2],
4 )

su €; X ,T)
(reg Z Xt
(14)

where NV; = Z./\f ‘. Now we use the Hoeffding inequality for sums of independent bounded

n
>4‘3£”> (M +1) bup}P’<| Zglx,gX r)

reR

random varlablcs (see for instance Theorem 8.1 in [I3]) to bound the probability in the r.h.s.
of |(14)} uniformly with respect to 7: conditionally on 27, ;x:(X?, 7) is bounded by 4N}

and centered, hence, setting A; := exp S . S , we have that

32 3° (N})?
=1
1 n
P ( Z
n
=1

Z eixt(X'
Now since the bound is uniform with respect to r, |(14)| leads to

sup | — ar X 7
(rER Z v

Step 4. Final domination.
Thanks to steps 1 to 3, we obtain by concatenating [[T0]] [[13]] and [[I5]

>Z‘5&’>§2At.

> g ‘ 5{) < 2N + 1) A, (15)

PG 1) = G t)lle > m) < 8E (Ve +1)Ar). (16)

Now we fix K > 0 and split the r.h.s. depending on whether all N} are smaller than K or
not.



e On {N} < K,Vi}, then A, is smaller than e~ 52x% and N; smaller than nK, so that

nn 2

E ((J\Q + 1)At1{Nng,W}) < (nK + 1) e 557 | (17)

e For the complement, we use the union bound and get

E ((M + 1)At1{N3SK,W}C) <E ((ZN; + 1) A, Z 1W§>K}> ,
=1 =1

then expand the sums and use independence: the A} are i.i.d. random variables with
geometric distribution and A; is smaller than 1, so we obtain

(S0 1S

i=1 i=1

<nP(T > K) + nE(TL{rsky) + n(n — DED)PT > K), (18)

where I" has geometric distribution with parameter e~*. Finally we use in
to get

E ((M + 1)At1{/\/’ZSK,Vi}C> <ne WK 1n(K +2)ete WK Lp(n —1)et e MK,
(19)
with ¢(t) = —In(1 —e™*) > 0.
We now take K = n® with a € (0, 1), and use that ¢(t) > ¢35 := ¢(T) and e' < e” to get the
following bound (which is uniform with respect to t): then [(19))| gives for all n

E (N + DAd iciemye ) < (e n(n® +2)e” +n(n—1)el)emm" . (20)

Summing up step 4, we take [[I6]], [[T7)] and [[20)] together to obtain

1—2()1”2

P(|G™(-,t) = G(-, )|, >n) < 8(n't+1) = 48(nt+n(n®+2) e’ +n(n—1)el)e " .

Now, as soon as n > 2 (which is implied by the condition on n obtained in step 1 when 7 is
small anyway), we can simplify this bound using n'*®+1 < 2n? and n+n(n®+2) e’ +n(n—

1)eT < 4n?e”, and we obtain O
Proof of [Corollary[]. Notice that almost surely
N,
lim G"(r,t) = —
r——00 n

while G(r,t) goes to 1 as r goes to —o0, so that
P(INy = n[ >nn) <P(G"(8) = G Dl > )
and we now deduce from |(8)) O

2.2 Application to Xt and X'~

Fix 6 € (0, ) and consider two 4-BMPs X+ respectively starting from N; := [N(1+6)]
and Ny := [N(1—0)] i.id. positions with distribution py. We will drop the dependence of
the processes in § and N in the notations from now, and simply write X+ and X~. We will
refer to these processes as upper and lower stochastic barrier: we use the same terminology
as in the related works even though the construction is different because these processes
play a similar role in the proof.

In below, we specialize the result of to these stochastic
barriers. Let us define GV (r 1) = N Z 1{z>r} (note that we normalize by N instead

meXti

of N¥).

10



Proposition 2 For all §,« in (0, %) and n in (0,1) there exist an explicit integer N =

N1 (0,6, T) and a constant cs = c3(T) > 0 such that for allt in [0,T] and N > A1, we have

n2(1_s 3-20 124 X -
P (||GFON (1) — (1£8)G(-t)|| . > n) < 256N? - T +512N2 (3 70) "N
(21)

Proof of By definition, we have

+
B (||G=9N (1) — (L £ )G, 0)] . > n) = By, (HGNS () = MEGC)| > %n) ,
where G = Gi 3N is the complement of the empirical c.d.f. of a y-BMP starting with
n=N§ partlcles as in Now we have for N > %
’N(lié) 1‘ N
T NE = Wna

and since G is bounded by 1, we obtain

H%{:‘:(DG(U” 7G('7t)H < %77’

o )

and hence

P(|GEON (1) — (1 £ 6)G( )|, >n) <P (HGW(-,Q ~Gen| > 21]\\;3“7) .

We will now use let ' = #n, so that the condition on N;E is that N(;i >
5

max (%,(QT), 727,2) We can choose 7 < 1, so that the second condition implies the third one.

Now, since N(; is always between N(1—=6)—1and N(1+ (5) + 1, the second condition is
NE

achieved as soon as N >
the first condition is

1

3ZC(T) ( + 5>+1

Ny > 2L (3406)  de N>

‘We can now write

241 260 (3 16)+1
*/Vlzf/Vl((inaT):ma‘X ! . )

1-6’ 1-96
so that for N > 41, ingives for « in (0, %)
/Q(Ni)l 2a

P (|GEON (1) = 1 £8)G(, )|, > n) < 16(Nf)%e T 1 32(NE)2 e (V)"
which can be rewritten |([21))
T[z(%_(s 3-20 y1-2a X -
P (|GEON (1) — (1 £8)G(,0)|| . >n) <256N%e— s 4512N% e (370)"N
. . . NE
as desired using again the bounds on —-. |

As explained in the introduction, we expect that, for large N, X (resp. X~) will have
more (resp. less) than N particles with high probability on any compact time interval. We
thus define the favorable events

T =T = {(#XF > N,Vs < t},
Iy =T, = {(#X7 < N,Vs <t}.

11



The following proposition provides the control we need on the probability of these events
for large N, when 0 goes to zero as a negative power of N (this is the case we consider in
subsequent proofsﬂ).

Proposition 3 Take any 8 € (0, %) and set § = NTfﬁ Then there exist positive constants
¢4, c5 such that for all N > 2, we have
1-283
P((TE)) < csge N 7, (22)

We now prove Thanks to we control the size of the stochastic

barriers at any fixed time, but the favorable events I’% depend on the whole dynamic of
the barriers between 0 and 7T, and not only on the position at one given time. The proof
of relies on the use of on a finite (though random) set of times.
Indeed, to check if I‘% is realized, we only need to check if the cardinalities are big or
small enough at the instants when they may change, meaning when a particle appears or
disappears. Even better, for FJTF, we only need to check death events: if Ny > N for some
time ¢, then this will at least stay true until the next death event, because the number of
particles will not decrease until then. Similarly, for I'}., we only check branching events,
because I'; can only be invalidated at an instant when the number of particles increases.
In the following, we make detailed proof for the bound on the probability of I‘; and quickly
explain what happens for I';.
Proof of . We assume that our 7-BMP is obtained by joining N;~ iid. ~-
BMPs obtained from Ngr BMPs X', ..., xN 5 (which we call families) from which particles
are removed as soon as they cross the barrier v. We denote by N/ the population size at
time ¢ of the i—th A-BMP, and let N, = 327 N¥, so that £, = N;. Then, for 1 < i < N
and ¢ > 1, define ;¢ as the ¢-th instant of crossing of the i-th family.

Our goal is then to study P(N,,, < N, o4, <T) for all i,£. Let Ay = {00 < T}. Here

Tie
we use the fact that the branching families are independent, so we can separate the i-th
family from the others: by the union bound, we have

P(NUM < NvAif) SP(|NUM _Nc;r| > N(S’AZ[)

<P ([SONE, -V — 1| > 34y | +B(NE, —1> 2. 4,).
k#i
(23)

For the second term in the r.h.s. of[(23)} we note that, on A, one has that N: < A7, and
that A% follows a geometric distribution with parameter e~7, so that we have for N > %

P(IN., —1]> 22, Ay) =P (NL, > 8241, Ay)
<P (N> 0 41)
N§

e

) (24)
where c¢3 = —In(1 — e~ T). For the first term, take n = N7 — 1, n = NT‘S (Ny - 1)_1 and
n = ﬁ7 so that

nn:NT‘s and n>17'.

9We chose to display the bounds as in ﬁﬂ by taking § = NT_ﬁ for the sake of clarity, and because this is the
form that we need to prove the other results. In fact, the proof leads to the following more explicit although
more complicated bound, for any fixed § € (0, 5). For instance we obtain

o _ 52N1—20¢ «
Puo((TF)°) < 3Ne N 43N+ (e*%(NT‘;“) +36N2 e 128G+07 1727 N2 3N )
for any N greater than a certain .45 4 (8, T) explicitly given in the proof of

12



We can thus rewrite

P> NE, - (NS =) > 82, A | =P | D NE, —n|>nn, Ay

ki ki

Then, since for k # i the o4 are independent from the k-th family’s dynamic, we can
disintegrate with respect to the value of o;:

T
P ZN(’;M—n > nn, A :/ P ZNtk—n >nn | he,, (dt), (25)
0

ki ki

where h,,, is the distribution of ;. Now since n > 7', we have for all ¢

gite

P ZNf—n >nn| <P ZNtk—n >nn |, (26)
k#i ki

and this new integrand is exactly the quantity that appears in which we can
apply provided that Nj — 1 is greater than Ag4(n',t), for all ¢ in [0,T]. Since AH(n',t)

80( )

increases with ¢, we only need to have Nj F >3 and N; A + 1. Thus, if we take

N> My =AM 4(5,T) = max (w +1, 1+5), we can apply |Corollary [1{ and we
have

(NF—1)l—2042
P ZNtk —n|>ny | <16(N; —1)%e” T 432 eT(NF —1)? e~ (NS =1)
ki

Now if N > A5 4, we have N < N7 —1 < N(1 + §), so we obtain

52 ny1—2a o
P D NF—n|>my | <16(1+06)°N?e 120597 4+32¢"(1+6)°NZe N,
ki
This bound is uniform with respect to t € [0,7T], so we can also use it to bound the Lh.s. of

(25)1 In view of [(23)| and |(24)), we have shown for N > 45 4 (4,T), that

Nl 2a «
P(N,,, < N, Ag) < e~ 3(%2+1) {16(1 4 §)2N? e 130507 13267 (1 + 6)2N2e N |
This can be simplified for N large enough as

1-28

P(N,,, < N, Ay) < cge N 3 (27)

5 B, absorb the polynomials
into the decreasing exponentials and take in them the best compromise o« = 1_32’3 for the
powers of V.

Now since NV; can decrease only when a particle is removed from the v-BMP, and that
the time of such a removal must be one of the g;; for some 1 < i < Ng" and ¢ > 1, we have
the inclusion

with ¢4, c5 > 0 depending only on 8 and T if we recall § = &~

T U {No, <N A}

1<i<NG
£>1

Noting that the number of crossings in the i—th family up to time ¢ is bounded above by
N, we have, for any integer K > 1, that {N} < K}NUJys {No,, < N, Aig} C Ue NG, <
N, A;s}. By the union bound and |( - )| we thus have that

1-28
=3 (i > 10+ 3P0, <) 25 (e e ).

=1

13



1-28

Finally we take K = [N 3 —‘, use Nt < N(1+6)+1<2(1+6)N <3N to obtain for
all N > 2 (up to changing the constants ¢4, c5 > 0)

1—-28

P(TH)) < ce eV © 2]

As we mentioned earlier, everything works the same way for I';., except that we work
with branching times instead of death times (which does not modify the argument because
we bounded the number of death times by the number of branching times anyway). We let
the reader check that the precise bound we could obtain is

P((P7)¢) < Nemeei" 4 N1+e (eCS(Nz"H)

175)71—2&52]\]17204

F16NZe™ e 43267 N2emr i ) : (28)

true as soon as N > A5 _(0,T) = max (%ﬁcm +1, %), which again, up to modify-
ing the constants, leads for all N > 2 to

1—-28

P(T7)°) <ecse N 7 22)

O

3 Hydrodynamic limit of the N-BMP

The key ingredient to prove is the definition of a suitable coupling between the
N-BMP and the v-BMPs X+ and X'~ studied in Recall the definitions of the
favorable events:
f = {#&) > N,vs <T}
{ Iy ={#X; <N, Vs<T} °

and of the ordering = < y between two real-valued tuples x, y (possibly with different sizes):
vreR #{i,a" >} <#{iy' =7}

Proposition 4 There exists a coupling of an N-BMP X and its upper stochastic barrier
XT (resp. lower stochastic barrier X~ ) such that on T'f. (resp. T'7), we have X, < X
(resp. X, < &) for allt in [0,T)].

Proof of A key ingredient in the proof is Theorem 1 in [2], which states
that, provided that the Markov process X satisfies properties (ii) (Feller semigroup) and

(iii) (stochastic monotonicity), we can build a (Feller) Markov process (X!, X?) whose co-
ordinates are versions of the process X, such that, starting from (X¢, X2) = (2!, 2?%), with
x! < 22, one has X} < X? for every t > 0. We call this process the monotone pair coupling.

We now explain the construction of a coupling between X and X+. Aslong as #X,7 > N,
each particle in X will be paired with a particle in XT in such a way that the former always
lies below the latter, so that X; < A"

e Initial positions: Recall that X (resp. X'*) starts with N (resp. N;7 = [N(1 + §)])
particles whose initial positions form an i.i.d. family with common distribution pg.
Since N ; > N, we can always couple the initial configurations in such a way that
every particle in X is paired with a particle in X+ having the same initial position.

e Between branching/killing events: As long as no branching/killing event affecting X’
or X occurs, paired particles evolve according to the monotone pair coupling, so their
ordering is preserved, while the remaining (unpaired) particles evolve independently.

14



e Branching events: Branching events affecting paired particles are synchronized, so that
paired particles simultaneously branch at rate 1. Such an event leads to two newborn
particles, which are then paired together: this is consistent with the ordering constraint
since the positions of the paired parent particles are ordered at the time of birth. Note
that the Xt particle that was paired with the lowest particle in X is now unpaired,
because the latter has just been killed as a consequence of the branching event, but it
is still true that each particle in X is paired with a particle in XT. Finally, unpaired
particles branch independently.

e Crossing events: Remember that particles in X are killed when they cross the moving
boundary v. As a consequence, when a paired particle in X crosses the boundary,
the particle in X it was paired to must be given another partner. This is possible as
long as X+ contains at least N particles at the time of the crossing: by definition, each
of these particles lies above the barrier, among which one at least is not yet paired,
while the particle in X that was paired to the particle that has just crossed, has to lie
below the barrier; as a consequence, we can indeed find a partner in X such that the
ordering is preserved. In the case where X't contains strictly less than N particles at
the time of the crossing, we cease to consider pairs of particles and let the processes
X and X7 evolve independently.

We can make a similar construction of a coupling between X and A ~. This time, we
ensure that, as long as #X, < N, each particle in X~ is paired with a particle in X" in such
a way that the former always lie below the latter.

e Initial positions: We start the N-BMP from N initial positions independently dis-
tributed according to pg, N5 of which are shared between A and X~.

e Between branching/killing events: Paired particles subsequently evolve using the mono-
tone pair coupling, while unpaired particles evolve independently.

e Crossing events: When a paired particle in X'~ crosses the boundary, the particle in
X it was paired to stops being paired and starts evolving independently, and it is still
true that each particle in X'~ is paired to a particle in X.

e Branching events: Branching events affecting paired particles are synchronized, as in
the previous coupling between X and X1, and the two newborn particles are paired
accordingly. In the case where a particle in X'~ was paired with the lowest particle in
X, we have to find it a new partner, since this particle is removed as a consequence of
the branching event. This is possible as long as X'~ contains at most N particles at
the time of the branching: in this case, at most N — 1 particles in X'~ are paired with
particles in X just before the branching, so at least one particle in X is not yet paired.
This particle lies above the position of the (now defunct) lowest particle, while the
particle in X'~ that was paired to the lowest particle lies below, so we can pair these
particles together while preserving the order. In the case where X'~ contains strictly
more than N particles, we cease to consider pairs of particles and let the processes X’
and X~ evolve independently.

Note that, since 77 has the exponential £(1) distribution with respect to Q,,, P—a.s.
branching and crossing events always occur at distinct times, so we do not have to consider
such situations in the definition of the coupling.

O

Now we can finally prove by putting the different pieces together: on I‘% -
which has a very high probability — the coupling ensures an ordering of the empirical c.d.f.,

so that FN(-,t) is squeezed between two functions that converge to small perturbations of
et U(-,t), again up to a small probability. Then taking the perturbation small enough, we
obtain the limit for FV (-, t).

Proof of|Theorem 1. Fix 8> 0, let n = N—# and focus on

P(||FN(.t) = U] >n) =P (|1 = FN(,t) = G, 1| >n).

15



We first separate this event in such a way that we will be able to use the couplings: we have

P(|FN(.t) = U] >n) <P@EreR,1—FN(rt)— G(r,t) > n)
+P(3T€R,1—FN(r,t)—G(r,t) <-n).

Now for every r € R,6 > 0 and € > 0, the stochastic ordering X; < X," implies that, on

+,0,N
Lo,

1—FN(r,t) < GTON(r 1),

so that if [|GTON (1) — (14 §)G(-1)|| <&, 1-FN(r,t) < G(r,t)(1+6)+&, which we can
rewrite as 1 — FN(r,t) — G(r,t) < 6G(r,t) + & < § + . Hence if we take § = ¢ = g = N;ﬁ,

P(3reR,1— FN(rt)— G(r,t) >n)
<P ((F*T“‘s’N)C) +P ({Elr eR,1—FN(r,t) — G(r,t) >0} N F;"S’N)
<P (@) + B (GH N (0 = 1+ 0G0, > 7)),
and we can now use the results of Propositions [2[ and [3| to bound this quantity: we have for
all o, B in (0, %) and N large enough

P(3reR,1—FN(rt) - G(r,t) >n)
2(;:3 3-2a g1-20

1-28 —n\* o
<ese N B o5aN2em e 4512N2 e~ (1F1)N

7

and we can again optimize the value of a to obtain for some constants ¢q,co > 0 and all N

1-28

P(3reR,1-FY(rt) = G(rt) > N¥) < ZemoV 7 (29)

The same reasoning with the other term, using the coupling with X', gives
P(3reR1—-FY(rt)—G(rt) < —n)

<P(@p™M)) + B (|67 (0 = (1= G, 0] > 3).
which is again bounded by exponentially decaying quantities thanks to Propositions [2] and
[Bl Putting these equations together we deduce that

1—28
3

P([|[FN(t) = U(t)|| > N7F) <cge N 7,

which is exactly Thanks to the Borel-Cantelli lemma, the almost sure convergence of
FN(.,t) to et U(-,t) in the supremum norm is a straightforward consequence of O

4 Convergence of the minimum of the N-BMP

We now turn to the proof of about the convergence of mlY, which is the lowest
particle position of the N-BMP at time ¢, towards 7;, when N goes to infinity. As mentioned
in the introduction, our proof is similar in spirit to that of Berestycki et al. in [4] (namely
Section 4.2 about the proof of their Proposition 1.6). The idea is to combine the quantitative
bound of together with Ray’s estimate, in order to control the difference
between ~y; and m;' on a space-time grid (see . Berestycki et al. combine a precise
control on Brownian trajectories together with their hydrodynamic limit estimate (involving
negative powers of V) to prove convergence at any fixed time, while we exploit our improved
hydrodynamic limit bound combined with a weaker but more generally valid control on the
trajectories (provided by Ray’s estimate) to obtain uniform convergence on a time interval.

16
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Figure 1: A realization of m}¥ on the space-time grid described in the proof of
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Proof of We first give the proof assuming that tg > 0, and then explain the
(minor) additional steps needed to deal with the case to = 0.
Step 1. Building a suitable space-time grid.

Fix € > 0 and discretize space with step ¢, starting from mi% v, i.e. set for i € Z
to,

T; = min y + ie.
’ [tovT}fy

Now discretize time with step § = 2N—#, for a given 8 € (0, %), starting from 0. Let

so € (0,%p]. Since v is uniformly continuous on [sg,T], we have, for all large enough N
(depending on &, 7, so, T, 8) that |y —vs| < & for all s,t € [sg, T] such that |t — s| < 8, and,
from now on, we assume that this assumption holds. Also, the boundedness of v on [tg, T

allows us to denote by K > 0 the smallest integer such that xx > [maTx] 5.
to,

Thanks to Ray’s estimate (Assumption (iv)), for every x > 0, there is a constant Cj
(depending also on €, tg, T,7) such thaﬂ forall -6 <i< K +5,and all N > 1,

Ql’i+1 (TZZ S 9) S Cmeﬁ' (30)

An useful observation is that, due to stochastic monotonicity, this also gives a bound on the
probability for one particle to cross the interval [z;, 2;11] downwards in a short instant:

Vx 2 LTit1, Qz(Tm, S 9) S C,ﬁ"‘. (31)

To deduce [[31])] from [[30))] we invoke the monotone pair coupling already used in the proof of

Proposition {4} to show that Qg (72, < 0) < Qu,,, (72, < 6) When 2 > x4, and |(31])| ensues.
Now, using the strong Markov property of X, it turns out that [(31)[ can be strengthened
into

Vz, Q.(3s € [0,0] such that Xs > z;11, 7, < 0) < C0". (32)

Step 2. Lower bound at a fixed time.

Our goal is to establish showing that 7; is an approximate lower bound for m{¥ at
every t = kf in (to — 6, T], where k is an integer. Crucially, the various bounds we derive
must hold uniformly with respect to k, so we systematically emphasize the dependency of
the various constants with respect to the model and grid parameters in the sequel.

We assume that N is large enough (depending on sg,tg, 3) so that o — 26 > s, and
consider an integer k such that t := k@ € (to — 0,T)]. For i € Z, introduce the numbers

r; = max{x; such that z; <y} — e,

and note that rg, ..., 75 are elements of the space grid subject to By definition we have
& > ro, and, since 6 is an e—modulus of continuity for v on [sp,T] and 59 <t —0 <t < T,
we have that v;_g > rg —e =71.

Now let n = g = N8, and, before delving into the details, consider the following
informal description of the behaviour of the N-BMP over the time-interval [t — 6,¢] (see

Figurc ).
e Since v;_g > 71, the hydrodynamic limit of the N-BMP implies that with a high
probability, fewer than N7 particles lie below r; at time t — 6.

e Comparison with a BMP (without killing) then shows that, with high probability,
between time t — 6 and ¢, the total number of particles in the N-BMP that are, or
descend from, particles lying below r; at time ¢ — 6, does not exceed ~ N7e?.

e With high probability, between ¢ — § and ¢ we have ~ N(e? —1) newborn particles in
the N-BMP, so we kill ~ N(e? —1) particles.

e Thanks to Ray’s estimate, with high probability, particles that did not lie below 7 at
time t — 0, do not lie below r9 at any time between t — 0 and t.

"9t is crucial to note that we invoke Ray’s estimate for Q,,, (7>, < ) simultaneously over a finite set of
indices 3.
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e As long as there are particles lying below o, the particles that are killed are among
them (because we kill the lowest one).

e Since N(e? —1) ~ 2Nne?, we deduce from the previous observations that, with high
probability, there has to be a time within the interval [t — ,¢] at which no particle is
lying below rj.

e Hence, thanks to Ray’s estimate, with high probability there are no particles lying
below r3 at time t.

m” Y

70

T

T2

py e T3
y, —4e’3

T4

~ N(e” = 1) ~ 2N'" births/deaths

Figure 2: Sketch of the second step of the proof of

We now turn the previous informal description into precise arguments. Since y;_g > 71,
we have that U(ry,t — 6) = 0, so that, by

1—28
P(|FN(ri,t —0)| > N %) <cpe N 7,

Denoting by K_ the number or particles lying below r; at time ¢ — 6, the above bound can

be rewritten as

1-28
P(K_ > N'"P) <cpe N 7| (33)

Now assume that, starting from time ¢ — 6, our N-BMP is built from a BMP (without
killing), which is itself obtained by joining N independent BMPs (or "families"), each start-
ing from a single particle. The N-BMP is obtained by removing particles (together with
their descendants) from the BMP, according to the selection mechanism of the N-BMP.

The population of the BMP at time ¢, hereafter denoted N, is the sum of N independent
random variables G, each with geometric distribution G(e~?). For s in [t — 6, ], denote by
X the position of the j-th particle from the i-th family at time s, where 1 < j < Gj;. For
x >y, let E;, denote the event that at least one particle crosses downwards the interval
[y, z] on the time interval [t — 0,¢], i.e.

ey ={F €[1,N] 35 €[1,Gi], (X7, >z and Is € [t — 0,1] X < y)}.
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Denote by N’ the population size at time ¢ of the set of particles that lied below r; at
time ¢ — 6 together with their descendants in the BMP, so that N is the sum of the K~
corresponding random variables G;. Letting A = {Vs € [t — 0,t], mY < ry}, we now claim
that

ANES , C{N,— N <N} (34)

1,72
Indeed, from the condition that the minimum particle position in the N-BMP is always
< 7o during the time interval [t — 6,t], we deduce that any particle of the N-BMP that
is killed during this time interval has to lie below ry at the time of its killing. From the
condition that no BMP particle lying above r; at time ¢t — 6 or one of its descendants, ever
goes below ro during the time interval [t — 6, t], we conclude that every particle that is killed
is taken among particles that were below 71 at time ¢ — 6 and their descendants in the BMP.
Now, the population of particles in the BMP at time ¢ is divided into the N particles that
survived the selection mechanism, and the A; — N particles (including their descendants)
that have been killed. We have just seen that this last subset is contained into the subset
of N’ particles (including their descendants in the BMP) that start below r1 at time ¢ — 6.
Moreover, the inclusion has to be strict since there is at least one particle below r, in the
N-BMP at time ¢, which must be, or descend from, a particle that started below r; at time
t — 0, and has survived selection. As a consequence, is proved.
Now, using we have that
P(A) =P(ANE,, ) +PANE; ) <PE, ) +PWN, = N <N').

71,72

We note that, conditional upon the value of K_, the random variable N; — N is the sum of
N — K_ iid. G(e7%) random variables. On the event {K_ < N'=} A; — A" is the sum
of at least N — | N1 such random variables, so that we have

N
P(A) <P(Z,, ,) + P > Gi<N|+PE_>N"F). (35)
i=|N1=F]+1

We will now deal separately with each of these three terms.
e The rightmost term is dealt with using |(33))

e The leftmost term is bounded thanks to Ray’s estimate combined with a large devi-
ations estimate for A}, which is a sum of N independent geometric G(e™?) random
variables. Using the fact that e=% = e=2¥ " > e=2, A, is stochastically dominated by
a sum of N independent G(e~2) random variables, and, since 2 < 1/e™2, in
ensures that for all N > 1, P(V; > 2N) < eV with ¢g = A*_,(2) > 0.
Using this bound, we can write
]P(ET17T2) < IP)(E"‘I)T?"/\[t S 2N) + e_CGN’

and we use a union bound on the first term: we have to deal with at most 2N particle
trajectories, each of which has a probability smaller than C,0% to cross the interval
[re,71], thanks to|(31)} where the value of k > 0 can be taken as large as we want. As
a consequence (using also the fact that § = 2N %), we obtain the bound

P(Z,,.r) < 2NCLO +e N = 40, N1 7PF o=V (36)
N
e Finally we estimate the central term in |(35))| P Z G; < N |, which is again
i=|N1-5|+1
a large deviation probability for a sum of i.i.d. G(e™?) random variables. Indeed we
have
al 1 al 1
P i <N| =P ———— < ——
4 Z Gi < N_LNl_BJ, Z G<1_N—B
i=|N1=F|+1 i=|N1=8|+1
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1
’ @
indeed use Cramér’s theorem to study the large deviations below the mean for this

sum of random variables: (iv) ensures that

N
P Z Gi<N ]| < ef(Nle_B)A:—H(l_zé—Ts) . (37)
i=|N1-8]+1

For 0 small enough, and thus N large enough (depending on 3) < e’ so we can

Since N=# = 6/2, the expansion |(48)| yields that A* , (ﬁ) =(1-In(2)NF +

o(N~P), so that, choosing a constant c; such that 0 < ¢; < 1 — In(2), [(37)| implies
that, for N large enough (depending on f):

N
P Z Gi<N| < emerN'TP
i=|N1-8|+1

Looking back at [(35)} we have obtained the bound, valid for N large enough (depending on
B):

1-28

P(A) < AC, N7 o=0oN omerN7 oy omaalV 5 (38)

Now observe that, on the event A€, there must be a time between ¢ — 6 and ¢ at which
no particle in the N-BMP lies below r,. If, in addition, between ¢ — 6 and ¢, no particle is
allowed to go below r3 once it has gone above 3, one must then have that m¥ > r3. Thus,
using and arguing in exactly the same way as we did to obtain the bound on the
probability of P(Z,, ,,), we deduce that, for all large enough N (depending on ), we have
that

P(A N {mY < r3)}) <4C N7FF eV (39)

Using the fact that +, — 4e < r3, we have
P(m{ < —4e) <P(m{ <r3) <P(A°N{m] <r3)}) +P(A),

and combining |(39)] and ((38)} in which the value of k can be taken as large as we want, we
deduce that, for every s > 0, there exists a constant C'(!) (depending on S, 5, €,, so, to, T,
but not on the integer k for which ¢ = k) such that, for all N > 1 |

P(mY <, —4e) < CON—*, (40)

Step 8. Lower bound on the whole time interval.

We will use the regularity of v and m” to deduce the same kind of bound as but
on whole time intervals. Indeed, even though m”" can have some upward jumps (when the
particle at the lowest position is killed while being far away from all the other particles),
it can never go down too fast, thanks to Ray’s estimate. Suppose that for some time
s € [t,t+ 6], mY is below 5 — 7e. Since 6 is an e-modulus of continuity for v, we have that
vs — 7€ < ¢ — 6 < r5. This means that on the event EiM,S with no downwards crossing of
the interval [rs,r4], a particle that lies below v, — 7e at time s had to be below r4 at time
t, so that

mi\’ <y <y —4e.

Hence we have
P(3s € [t,t + 0], mY <y —Te) SP(E,, ry) + Py (mi¥ < v — de).

Since the bound ((36)|holds as well for P(=,, ., ), we deduce, using (40]} that for every s > 0,
there exists a constant C®) (depending on 3, >, ¢, 7, 50, to, T') such that, for all N > 1,

P(3s € [t,t + 6], mY < v, —7e) < CON—*, (41)
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Taking the union bound over every possible t = k6 in [tg — 6, T|, where there are at most %
of these intervals in [tg, T], we have

T /

P(3s € [to, T), mY <, —T7e) < 5(7(2)]\7*’g = 2TCAINF=,
Given s > 0, we can set 3 = 8 + 5, and deduce a bound, valid for all N > 1, of the form
P(3s € [to, T), mY <~, —7e) < CEO N>, (42)

with a constant C®) depending on 3, s, ¢, 7, S0, to, T
Step 4. Upper bound and conclusion.

Now we prove that v is an approximate upper bound for the minimum for large V.
We start by proving which bounds P(mY > ~ + 3¢) for t = k6 in [to,T]. Write
p:=e U(y + 3¢,t), consider 8 < 8’ < 1/2, and let us now prove that, for large enough N
(depending on 3,8, e,to, T, ), we have

p>2N"F. (43)

For ¢ € Z, let r; = min{z; such that z; > v} + ic and note that r(,...,r} are elements
of the space grid subject to We then have 4, < 74 + 3¢ and thus e! U(r},t) < p since
r+ U(r,t) is a non-decreasing function. Since 77 follows the exponential distribution £(1)
under Q,,,, we have that Q,, (77 <t+ 0|77 >t) =1 —e~’. On the other hand,

Quo (T <t+0177 > ) = Qpuy (Xy > 15, 77 < t+0|77 > 1) + Qo (Xy < 75,77 <t+0|77 > 1),

With our assumptions, we have that v5 < | for every s € [t,t+ 6]. Using the fact that that
77 is a stopping time, the Markov property, and stochastic monotonicity, we deduce that
Quo (Xt > 15, 77 <t 40|77 > 1) < Qpy (7,4 < 0), and Ray’s estimate ensures that this
probability is bounded above by C.6" (for any x > 0). On the other hand, we have that
Quo(Xy < 7h, 77 <t + 0|77 > t) < ' U(rh,t) < p. Putting together the previous results,
we have proved that 1 —e™? < C.0% + p, so that p > 1 —e~? —C,.0*. Remembering that
6 = 2N ", and choosing x > 1, is proved.
Using the fact that p = e U(y; + 3¢,t), we have that

P(mY >y, +3¢) = P(FN (7, +3¢,t) =0) < P (||FN(.,t) —et U )| > 3) L (44)

2
Thanks to [(44)) [(43)| and we have that

1—238"

P(mY >~ +3¢) <P (HFN(.’t) —ef U(-,t)”oo > N_B,) <cgealN T (45)

Then we argue in a similar way as in Step 3. Consider ¢ = k6 in [to, T —6]. Using the fact
that 5 > v, —e > 1’5 for all s € [t,t + 0], we see that, on the event {Is € [t,t + 0], mY >
¥s + 7e}, the event {m}), y < 149 + 3¢} implies that at least one particle lies above r§ at a
certain time s € [t,t + 0] then crosses ) before time ¢t 4+ 6. Using Ray’s estimate and
arguing exactly as in the proof of we deduce that the probability of the intersection of
these two events is bounded above by 4C, N1=8% 4 e=ce N,

In view of we deduce that

1—28’

]P)(ES S [t7t+ 9]7mé\/ > Vs + 75) S Co e_clN 3 +4CKN1—,35 + e—CGN .

Taking the union bound over every possible ¢t = k6 in [tg, T — 0] (whose number is bounded
above e.g. by T'/0), we obtain an upper bound of the form

P(3s € [to, T),mY >, +7e) < CWN", (46)
valid for all N > 1 and s > 0.

Combining |(46))| and with [(42]), we deduce
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The case tg = 0.

In the case ty = 0, the map ~ is continuous on the whole interval [0, T], and we can take
so = 0 in the definition of the grid in Step 1. The proof offor t = k6 with k > 2 in Step
2 requires no extra argument from the case ¢ty > 0. On the other hand, when k£ = 0, the proof
is a consequence of the fact that, thanks to condition (i), we must have pg((—00,70)) = 0,
so that P(m{Y > ~9) = 1. And when k = 1, i.e. for ¢t = 6, this property also provides the
control that is needed at time ¢ — 6 to prove following the proof given in Step 2. Step
3 is identical to the case tg > 0, and so is Step 4.

Almost sure convergence.

Thanks to the Borel-Cantelli lemma, the almost sure convergence on m{¥ to ; in the

supremum norm is a straightforward consequence of
|

Remark 2 As we mentioned earlier, the constants that appear in this proof are not univer-
sal: they depend strongly on the underlying Markov process X through Ray’s estimate and
on the boundary v through the size of the grid and the number of terms used in the union
bounds.

A Some results on the geometric distribution

In this last section, we show some bounds on unlikely events regarding geometric distribu-
tions that will be used in several places in the proofs.

Lemma 2 Let Gy, -+, Gy, be i.i.d. random variables with geometric distribution G(p), p €
(0,1), and fit q=1—p and ¢ = —1In(q) > 0 . Then

(i) for K >0, we have P(G; > K) = e=¢K|

e—cK

(ii) for K >0, we have E(G11{g,>k}) < (K +2) P

(#ii) the Legendre transform of the geometric distribution G(p) is given, for x € (1,+00),
by

Af(@) = (= 1)In (””” -

rq
and in particular, we have the following expansion for the Legendre transform A} when

—0
A:9< ! ): L=n®)y L o), (48)

p=e
1-¢ 2

1) —In(pz) € [0, +00), (47)

(iv) forxz € (1, %) andn >1

1 ¢ -
Pl = G < o~ A (z) )
(n Z < a:) <e P
k=1
Proof. (i) is classical, and we can compute the exact value for (ii): we have

+oo
E(Gilie>ky) =, kpd* .
k=K+1

Set for x < 1
K+1

+00
) — k=1,k _ oK 7
g(z) k§+lpq L

so that
k(K + 1" (1 — gz) + gz
(1 - qz)? '

+oo
> kpetTlab T = g'(2) = pg
k=K +1
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Evaluating in x = 1, we obtain

¢“((K+1)p+q) < (K+2)e‘d{.
p p

E(Gil{g,>Kx}) =

Let us carry out the computation of the Legendre transform of the geometric distribution:
we have for a < —In(q)

—+oo
In(E(e%G1)) — ak k-1, _ pe’
n(E(e*@)) = e q P=1 o
k=1

so we can compute for x in (1, +00) the derivative of a — az —In(E(e?“1)), which vanishes

when x — ﬁ is zero, i.e. for a* =In (%) In the end, we have as claimed

Ai(2) = a*z —n(E(e” 9)) = (z — 1) In (”” ) — In(p).

€Tq

The large deviations estimate (iv) then follows directly from Cramér’s theorem (see e.g.
[12)).
There only remains to prove the expansion |(48), which we use in the proof of
Take z = 5 and p = ¢’ in ﬂu We have
2

In(ze %) =In(z) — 0 = —g + o(0).

In (mx_ele» I (M) — _(2)+ g +o(8),

and then

In the end, we have indeed

" 1 _ 1— ln(2)
e—0 (1 9) = D) 0+ o(0). (43)
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