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Parc Valrose, F-06108 Nice, France

Abstract

In this paper, we introduce a specific modification of the numerical fluxes in order to
insure the well-balanced property of schemes on staggered grids for the Euler equations.
This property is crucial for the numerical representation of equilibrium solutions of
balance laws with source terms, like when describing flows subjected to gravity and a
complex topography. We propose first and second order versions of the well-balanced
scheme. The performances of the method are evaluated through a series of 1D and 2D
benchmarks.
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1 Introduction

The motivation of this paper comes from the development of numerical strategies to
compute the solutions of complex flows, by working on staggered grids. This means that
the numerical unknowns are stored in different locations, depending on their type. This
is in contrast with the standard approach when dealing with systems of conservation
laws, and a specific analysis should be developed for such schemes. It is expected that
such an alternative approach might have some advantages when dealing with certain
asymptotic regimes, like the low Mach regimes, or when some incompressibility-like
constraint arises in the model, see for instance [11, 30, 39] and the references therein.
Indeed, working with colocalized unknowns might lead to spurious instabilities, a dif-
ficulty that can be fixed by adopting dual discretizations, as illustrated by the MAC
scheme for incompressible viscous flows [34]. In fact, schemes on staggered grids are
widely used for CFD applications in industrial context, in particular for applications in
defense, astrophysics, weather forecast or nuclear safety [1, 3, 4, 8, 58]. Most of these
hydrocodes relies on the Lagrangian framework, in the spirit on the pioneering schemes
introduced in [55, 59], see the recent analysis in [19, 44]. Our work is concerned instead
with Eulerian methods, in the spirit of [4, 9, 10, 27, 26, 35, 37, 38, 42, 49, 52, 54, 56, 57]:
Eulerian numerical methods on staggered grids have been developed and analyzed for
the simulation of the Euler system, in the barotropic case as well as for the full set of
equations, in one and multi-dimensions, including with second-order extensions [31, 27]
or considering unstructured grids [32, 36].

Here, we address the issue of the treatment of source terms in such a staggered
framework. Indeed, it is well-known that a direct discretization of the source terms,
say for instance the gravity force, leads to inaccurate results, due to the inability to
preserve steady state solutions. A classical illustration is the simulation of the Shallow
Water system with topography. The difficulty has been pointed out on the seminal
papers [2, 14, 33] which have given raise to many progress in order to design suitable
methods that can handle accurately the source terms, for scalar equations [12], and for
systems [6, 5, 7, 15, 43]; we refer the reader to the detailed presentations in [13, 29].
The basic idea behind most of these methods is to modify the numerical fluxes by a
hydrostatic reconstruction and to introduce a source discretization to balance the flux
difference, compatible with the equilibrium state.



The paper is organized as follows. Section 2 explains how the source terms can
be incorporated in the staggered mass and momentum fluxes. We detail the consis-
tency analysis, the well-balanced property and we identify the stability condition that
garanties the preservation of non negative densities. Next, we detail how the scheme
can be modified in order to reach the second order accuracy, in the spirit of MUSCL
procedures. Section 3 illustrates the abilities of the scheme in capturing equilibrium
solutions, through a series of standard test cases in 1D and 2D.

2 Well-balanced scheme for the barotropic Eu-
ler system

2.1 Staggered scheme: notation and definitions

We consider the one-dimensional barotropic Euler system

{C‘%p + 0y (pu) =0,

A (pu) + 0z (pu @ u) + 8y (p(p)) = —pdez. (1)

This model describes the evolution of a compressible fluid: the unknowns p and u stand
respectively for the local density and velocity field of the fluid. They depend on the
time and space variables, ¢ > 0 and x € R. The pressure p depends on the density
p only: we suppose that p — p(p) belongs to C! ([0,00)) N C?(]0,00)) and satisfies
p(0) =0, p’(0) =0 and

p(p) >0, p'(p)>0, p"(p)=0,  Vp>o0.

For instance, these properties hold for p(p) = kp? with k > 0 and v > 1. The force
density function x — z(x) is given. We refer the reader to the classical treatises
[18, 28, 46, 51] for a thorough introduction to these equations and for a description of
the numerical issues. A case of particular interest is when v = 2 (and k = 1/2): the
corresponding Shallow-Water system describes the free surface of a layer of fluid of con-
stant density in hydrostatic balance, bounded from below by the bottom topography.
In this case, p stands for the water depth, and z defines the bottom topography. In
what follows, formula that apply to this specific case are distinguished by the tag (SW).

As said above, preserving numerically the equilibrium solutions is far from obvious.
Here, we focus on the equilibrium states at rest that satisfy

u =0, Oyp = —p0yz.

Let us set

so that




Therefore, the equilibrium satisfy
&(p) + z = constant.

In the specific case of the Shallow-Water system, we simply have

(SW)  plp) == &(p) = p-

In the general case, & is a strictly increasing function on [0, co[ with &(0) = 0. Thus,
it is a one-to-one function from [0, co[ to its range and we denote by &' the inverse
function of &.

We address the issue of preserving equilibrium in the framework of staggered grids,
with numerical densities and velocities stored in different locations. According to Fig. 1,

o we introduce a set of J + 1 points 1 = 0 < 292 < ... < 5 < xj41 = L in
the computational domain; we denote by Cj+% = [zj,zj11], j € [1,J], the cells
defined by these points;

o we denote by Tiyl = (xj + zj41)/2, j € [1,J], the centers of the cells; these
points define the dual cells C; = [z;_1,2,,1], j € [2,J];

2 2

o we set the following notation for the mesh-sizes

0x.

o1tz

]2 .
2
5 , J€[2,J],

=

595j+% =xj1 —xj, j€[1,J], and dz; =

(with the specific definition for the end-cells: dx = %dmg and dx 11 = %&UJJF%).
The discrete densities PjyL are thought of as approximation of the density p on
the cells C i+l whereas the discrete velocities u; are thought of as approximation
of the velocity u on the cells C;. Here and below, we denote

0r = max {5xj,5a:j+%, j ey, J}}
Throughout the paper we shall use the notation
[z]+ = max(0, z) > 0, [z]- = min(0, z) < 0.

In what follows, we denote (4, [)j +1) a discrete equilibrium at rest with possibly
2
a dry area, thus characterized by

=0, EPjy) +zyy =max(n2,,). ®

where 1 € R is a given constant. We address the question of the conservation of
such an equilibrium by the numerical scheme.
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Figure 1: Staggered grid in dimension one.

With these notations, we update the numerical unknowns, having at hand the
pj+1/2’s and the uj’s, by
Pitt = Pivt | Fia—Fj
T
Tj+i

=0, (3)

PjUj — pjlu;
— _g. 4
5t be; o S @

where the overlined quantities Pit 1 p;uj denotes the updated numerical unknowns
and p; is an averaged quantity on the cell C; (see (9) below). These discrete formula
are intended to mimic the integration of the mass conservation equation over [ndt, (n+
1)dt] x Cj+% and of the momentum balance over [ndt, (n+1)dt] x C;: the details of the
numerical methods depend on the design of the numerical fluxes F;,G il 11 jrion the
interfaces of the control volumes. The construction uses the values of the unknowns
stored on the interface and in the neighbouring cells. Namely, our study is motivated
by the scheme defined in [10, 11, 31]: taking into account the characteristic speeds of
the system

Ax(psu) =uxclp),  clp)=Vr(p),

we adopt the following definition that relies on the upwinding principles,

Fj= .7:;— + ]:j_7
with
"T;r = _7:+(pj7%,uj) and ]:ji = ]:_(,OJ-JF%,U]')- (5)
The flux functions F* are given by
0 if u < —c(p),
P 2
+ = flul < ;
Frow) =1 1o0) (utc(p))” if |ul < c(p) (6)
pu if u > c(p),
and
& if u < —c(p),
F(p, u) %) (u—c(p))?* if [u] < c(p), (7)
0 if u > c(p).



This simple formula is inspired from the kinetic schemes [17, 22, 23, 41, 47, 48] since
they can be defined through a “microscopic velocity variable”

F*(p,u) = / M, () de,
+6>0

where M, , is the “Maxwellian state”

1
Mpu(§) = mll&uwgc(p)-

An alternative definition of the numerical fluxes can be obtained by using the Dirac
mass centred on the material velocity: M,, () = 0({ = u); this gives the scheme
introduced in [37]. As a matter of fact, the flux function satisfy the symmetry property

F(p,u) = =F " (p, —u),
and the flux—consistency condition
Frp,u) + F~(p,u) = pu. (8)
For stability analysis, it is important to observe that
p — £F=(p,u) are non decreasing functions.

We turn to the momentum balance. We start by setting

5xj+%pj+% —i—(sl‘j_%p._l

J73
L , 9
Pi 2(5.Tj ( )
and N N
F 4+ F;
+ _ 77 J+1 _ r+ -
ity 2 ’ J:J‘r% N fj+% + ]:j+§ (10)
Remarkably, the conservation relation
P ot F F =0 11
Pi =Pt 5 Fivy = Fj-y) = (1)

holds. The convection fluxes are obtained by applying the UpWinding principle, based
on the “sign” of the mass fluxes F; and Fj1, to the velocity field; we set

(The scheme designed in [37] adopts a different averaged definition for obtaining the
momentum fluxes from the mass fluxes.) Finally, the pressure gradient at Tl is

naturally centred
I 1 =p(p;1)- (13)

Owing to (8), the momentum flux is consistent. Without source terms, the scheme can
be shown to preserve the positivity of the density and the entropy dissipation property



under a suitable CFL condition [10], it is thus consistent with the Euler system [9].
For the source term, a natural approach consists in setting

%43 T %3

S — p.
J Pi 51‘j

Unfortunately this definition does not produce satisfactory results, since it is not con-
sistent with the equilibrium solution (see Remark 2.2 for further comments, describing
a specific situation — for the Shallow-Water equation and the fluxes of [37] — where

such a definition is well-balanced, though).

2.2 Incorporation of the source terms

According to [12] and [5, 6, 7, 13|, we introduce hydrostatic reconstructions of the
density, compatible with the equilibrium, defined at the interfaces z; (see Fig. 2) by
setting

zj = max(szr%,zj_%),

g(ﬂ;) = [g(Pj+%) + Zj4l Zj]_p (14)
E§) = [Ep;_1) + 21 — 2] .

i=3 Zj Ti+d Tj+1
| . | °
1 ® 1 ¢
a / uj\ . .
4 r l 7f
Pj Pj Pit+1 Pj+1

Figure 2: Reconstruction of a WB density.

It is important to note that, as proved in the sequel, these two reconstructions p§

and pg are equal if the system is at an equilibrium state. Accordingly, it allows us to
exactly preserve equilibrium states when proceeding as follows. With these quantities
p§ and p’ at hand, we replace the definition of the mass flux in (5) by

¢ _ _
Fi=F (pfuy) and  Fi = F(pf,uy),
which still accounts for the upwinding principles. For the momentum, we proceed as
follows:

e the convection fluxes are defined with these reconstructed mass fluxes, by using
(10) and (12),
e the pressure gradient uses the centered definition based on the reconstructed
densities
p(p}) = p(f)-
The non-conservative source term is embodied in this definition.



Thus, we introduce the following mass fluxes, momentum convection fluxes, and the
source term
Y4 —
Fj = F(pj u) + F(pj,u5),

Uy Uj+1 — r — r
Gir = 2 (F ) + FF(ohrwien) ) + S5 (F (05 05) + F (00, u01) ),

Sj = p(P§) = plp;y1) —p(p5) +p(p;_1).
The well-balanced scheme reads

ot

Dt =Pyt —
Jt3 Jt3 .
&Eﬂé

(%‘H - %)7
Pyl = Pyt — (;Zj <<gj+§ T )~ (% T ) Sﬂ')’

with Hj+% :p(pj+%).

Consistency. The consistency with the exact fluxes comes directly from the con-
sistency of F; and ngr%. Indeed, if 2z, 1 = 2,1 = Zjps then we have p} = Piyls

2 Jt3
p§ = pj-1 and p§+1 = Pirs pf_H = Pjy1, SO that, in this case, .%#; = F; and
%j 4+1 =G, 1. More interestingly, S;/dx; is consistent with the source term pd,z.
2 2

Let us denote by dz; the quantity Zigl—Z;_ 1. If z is a regular function this quantity
2 2

is of order dx;. We first investigate the specific case of the Shallow-Water system far
from dry/wet transition (more precisely assuming that min (p 1Pl ) = |62;] holds).
We get

1, ) 1
(SW) 8 =505 = )G +pj02) = 505 = 0 ) (o5 + 05 1)

where the equilibrium relations cast as

4
(SW)  pi=ry = [0z]  pi=ry = [05],
Hence, we obtain
piyrtp._1 —_—
(SW) 5=tz Dt PP (16)

2 2

It follows that S; is (first order) consistent with pd,z. In the general case, the
consistency with the source term comes from the following expansion. As for the
case of Shallow-Water equations, the expression of p; and pﬁ. depends on the sign of
0zj. If dz; > 0, we have the exact equality pj = Pl But, if dz; < 0, we have
2
P = 5*1([£(pj+;) +0zj]4). Thus, when dz; < 0, in the case where &(p;, 1) < —0zj,
2 2
we have p7 = 0 whereas, in the case where & (pj 4+1) = —0z;, a Taylor expansion leads
2
to
pj+l
Pj =Pyt T T (p 1

) + o(|dz51), (when 6z; < 0 and é"(ijr%) > 0z5),
JT3



. —1\ P .
since (5 ) (&(p)) = . Finally, we have

P'(p)
0, if 6z; <0 and &(p;, 1) < (071,
2
ijrl
r— : 0zj——2— 0z4]), if dz; <0 and &(p, > [0z,
= § pua + O oS, i85 S0 and Sy p) 25l (17
pj+%, idej > 0,
and, similarly,
pj_l7 if (SZJ < 0,
2
pj,l
¢ — 1 — 0z 02 if 02; > 0 and &(p, > [0z,
p; =14 Pi-1 ij,(pj_%) + o(|625]), if 6z; an (P]_%) |0z (18)
0, if 6z; > 0 and &(p;_1) < [025].
2

Following the same lines, since

(poé“’_ly(é"(p)):p and (poéa_l)ﬂ(é"(p))z =,

we have the following expressions for p(p}) and p(pﬁ)

0, if 6z; < 0 and éa(pj+%)<|(5zj|,
7 5ZJQ pj—"_% 2 :
p(pj) =S Plpjp1) + 02,1 + ERIIN o([dz;]%), if 6z; <O and &(p;, 1) > [0z],
Jt3
(19)
and
‘ 5212' Pi-3 2y
p(pj) = Plp;_1) —6zjp; 1 + EN I o(|6z;]%), if 6z; > 0 and &(p;_1) > [0z1,
)
0, if 0z; > 0 and é”(pjfé) < 6z

We observe that the case where p(p}) = 0 occurs only when Pitl is sufficiently sr(ria(u)l)l
since, in this case, Pitl S E1(10z4]) i 0. Moreover, an expansion of p(ijr%) in
this case shows that
p(pj1) =po & (E(ps 1))
=po 87 (0)+ (po&™) (0) Epy, 1) + 0105 1)) (21)
= o(16(p.)).

This proves that, in the case where &( ) < |6z;|, we have

Pj+1
p(ﬂﬁ-%) + 6szj+% = 0(|6Zj’>'

9



Thus, we finally have

( 7") - p(ijr%) + 5ijj+% + O(|5zj|)7 if 5Zj <0,
P = P(Pjy1); if §z; > 0,

and similarly
/ p(pj_%) — 52]’/03'—% + o(|6z;]), if 6z; >0,

It leads to the following equality for S;

o 5ijj+% +0(|5Zj|), if 0z;
5szj—%+0(‘6zj‘)’ if 0z;

The term S;/dx; is thus consistent with pd,z.

Remark 2.1. Far from wet/dry transition (when min(&'(p;_1),&(p;;1)) = [025])
2 2
a first order consistency error is obtained. Moreover, it also applies in dry area if
lim, 0 p"(p) # 0 since in this case, the o(|&(p;, 1)]) in (21) is actually a O(\é"(pj+;)|2).
2 2

Preservation of equilibrium state. A key property of the construction is the
equality p’ = pg at equilibrium. Indeed, by definition of the equilibrium state (2)
associated to the constant 7, we have

H0jay) + 50y = o (ya301),

so that, since z; = max(zjil, zj+;), at the equilibrium state we have
2 2

&) =) =n—zl+.

It ensures the equality pj = pg. Note that the positive part in the definiton (14) of P
and ,of is crucial to ensure the equality p; = p§ in the dry area (where z; > 7).

Thus, if the system is at an equilibrium state, that is, in particular, pj_1 = ﬁj_% ,
Piyl = ﬁH%, Pjy3 = ﬁjJr%, u; = 0, uj—1 = 0 and uj41 = 0, as mentionned above,
we have p’ = pf and pj, = p§+1. Thus, the mass fluxes vanish at Tl and T 1
since, by consistency of the splitting, they are equal to Pj41Uj+1 = ,0§ 11Uj+1 = 0 and
pguj = pgu]' = 0 respectively. The density remains unchanged. Since u; = 0, u;—1 = 0
and uj41 = 0, the momentum fluxes vanish and the sum of the pressure and source
term which is equal to p(p}) — p(pg) is also zero since p} = pf. The velocity remains
unchanged and the equilibrium states are perfectly preserved.

10



Remark 2.2 (A simple staggered WB scheme for the Shallow-Water system, [24]).
For the Shallow-Water system, the following simple staggered scheme, proposed in [24],
based on the upwinding according to the material velocity as in [37]

_ ot
Pirl =pjp1— 5r, 1 ([ujalrpjpn + [Uj+1]—,0j+g)>
2

/

Fit+1

ot
- MJT (lujl+pj—1 +lujl-p;y 1),
2

f,

- 5t ] (22)
Pty = Piti = g5, (Uj [Fi + Fjmls +ujn[F + fj+1]—)
oot

25l‘j

5t ot Zi+i T F-
R CEVEY RS ss

(Uj—l [Fi + Fjl+ +uj[Fja + fj]—)

is well-balanced in the case where there is no dry area. If (ﬁj e @) is an equilibrium
2

state with no dry area (see (2) with n > max; (zj+;)), the mass fluxes and the con-
2
vection fluxes vanish since @; = 0, while the last two terms of the momentum equation

P 1+p._1
in (22) recombine as %((ﬁﬂ% + zj+%) - (ﬁj_% + zj_%)). Away from wet/dry

transition, this term vanishes too. Note that the well-balanced property of the scheme
(22) in this case crucially relies on the specific form of both the numerical fluxes and
of the pressure law.

Stability analysis. The numerical scheme should at least preserve the positivity of
the density, which can be seen as a minimal stability criterion. To this end, we observe
that p — &(p) is non decreasing. Hence, since z; > Zjpl, We have @@(P§+1) < g(pj_%),

E(p}) < éa(ijr%) and thus pr < Pjts P < Pjgpt- The monotonicity of the flux
function leads to .7-"+(p§+1,uj+1) < ]:+(pj+%,uj+1) and F~(pf, u;) > f‘(ijr%,uj).
Since .7-"+(p§,uj) 20 and —F~ (pf 1, uj+1) = 0, we arrive from (15) at

ot ot

_ Y, —
ijr% Z pj+% - Sz 1‘7:+(pj+1’uj+1)+ Sz lf (Pg,uj)
i i
> po1— T(p. ; “(p. ).
= p]—&—% 5«73j+1 (pj-&-%?uﬁ'l) + 5$j+lf (pj‘f'%’u])
2 2

We can now conclude as in [10, Prop. 3.7]: under the CFL-condition

ot

59”j+$

([M(Pﬁ%’“ﬂl)h + P‘*(pﬂ%’uj)]*) st

the scheme (15) preserves the positivity of the discrete density.

11



2.3 Second order version of the WB scheme

We propose a second-order accurate version of the scheme. To this end, we make use
of the principles of the MUSCL methods [53]. For the source-free problem, we refer
the reader to [31] for the adaptation of this framework to the scheme described in
Section 2.1. Let us denote

W =2E&(p)+=z

the quantity conserved by the equilibrium. The idea is to introduce a P1 interpolation
of the numerical unknowns in order to define new interface values. Namely, we set

. o +_ _
p; =pj_1tm,_ (z; xj;%)a P —Pj+%+77j+%($3 ijr%)v

1
2 2

and we proceed similarly with

W :VVj_% +7_1(xj—x,

i—3 J—%)’ Wi = Wi+ ﬁj+%(a:j — 1)

J J 2

In these formula, Tjtls o 1 are some appropriately defined slopes, that accounts for
a limitation mechanism in order to prevent under/overshoots in the vicinity of shocks;
in such regions the scheme degrades to first order. The design of limiters is completely
standard; we refer the reader to [31] and the references therein for further details. We

reconstruct an interface data for the bottom topography by introducing
G =Wy = 6y), = =W &),

Next, we set
2T

7 = max(z7, 2,

R
bearing in mind that these reconstructed quantities might vary at each time step, while
the force density z does not depend on time. Finally, we reconstruct the interface

densities by using the same idea as before, using the interpolated values

) =186 + 2 =], = W =5,
S = 1605) +2 =], = Wy =5,

The mass fluxes are then set to

14 — l,
TP = F o) + F (0 ).

For the momentum equation, we similarly reconstruct a velocity

- +
U. =Uu; + v, 1 —x; U, = Uj Vip1(T,, 1 —xj
ﬁ_% j J( i+ J)7 ﬁ_% j+1 + J+1( Ji+s j+1)7

where v; are convenient slopes defined from limiters. We then adapt accordingly the
definition of the convection fluxes:

U. 1
Jj+5 1,0 1l
gt = 5 (F ) + F ()

(f‘(p}W’ )+ F (oL, Uj+1)) :



The centered approximation of the pressure with
HjJr% = p(pj+%)

gives a second order approximation. What is more subtle is the treatment of the source
/f ( l,’f'/g (

terms. So far, we have just replaced p; or u;) by the values p;n or u;,Fi , ) obtained
2

by using the limited interpolation. Proceeding similarly with the source term produces

an approximation which is not consistent (essentially since the reconstructions z;E used

in the definition of p;-nl’r/ £ are two (second order) approximations of z at the same point

xj). A further inspection of formula (16) shows that the obstacle for having a second
order approximation seems to come from the term

¢
pT.' — s
B Bas
By the way, the scheme discussed in Remark 2.2 precisely disregard this term. This
suggests that we should stick to the definition of the source term with (14) and just

correct the first order defect; namely, we use

Py = 1j
2

87 = pl(05) = plos41) = p(h) +plo;_1) + 021, (23)

The scheme thus reads

Piet =iy g (P )

i+3
5.0 = pus — 2L (9m, 41 — (9™, +10,_ 1) + S
pjuj = pju; oz; j+1 j+3 -3 j—3 i)
with Hj+% :p(ijr%).

Consistency. For the Shallow-Water system (when min(pj_% , pj+%) > [0z4]), (23)
exactly casts as
Piti T P4l

(SW) S;nl = D) (Z’j_,'_% j—%)'

We recover the treatment of the pressure gradient/source term devised in Remark 2.2,
which is indeed a second order approximation of pd,z at x;. Hence, for reaching the
second order accuracy, we remove from the centered well-balanced formula p(pg) —

p(pjs1) —p(pf) +p(p;_1) the correction term (p; — p§)|5zj|/2 (which produces a O(1)
2 2

error). This simple approach applies to more general pressure laws. We are led to
evaluate the consistency error of

i = (p(p) = plpj41)) = 0(05) = plp;_1)) — 5 (0f — P§)162].
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We go back to (17), (18), (19) and (20) to obtain the following expansions

( —p(pj+%), if 0z; < 0 and (f(pj+%)<|5zj|,
1 1 .
p(pj) = plpji1) + 505102 = 50%iPj1 T+ o(|6z[%), if 0z <0 and &(p;, 1) > |0z,
1 .
§5szj+%, if 6z; > 0,
( 1 .
_Epjféézj, if 5Zj < 0
AN + 1 85 | 1 9 .
p(p;) P(P];%) ipj‘ zj| = —ipj_%ézj +0(]6z]%), if dz; > 0 and (5’(/)]-_%) > |6z,
\ —p(pj_%), if 9z; > 0 and @ﬁ(pj_%) < [0z

Bearing in mind that, in the case where &(p;,1) < |dz;, we have
2

P(pj+1) +0zip1 = o(|62]),

we obtain

1 . .
o | 2 oD, min (800, ). 605 ) < )
j pr—

1 .
2(/)]_, TP 1)6z; + 0(]6z;]), otherwise.

The term %(pj_ 1 + P4 %)5zj /éx; provides a second order accurate approximation of

the source term pd,z at the point x;. Thus, S;/dz; can reach a second order accuracy
away from dry/wet transition (more precisely when min (@@(pj_;), g(pj+;)) > 16z5]).
2 2

Preservation of equilibrium state. Equilibrium states (2) with no dry area
(that is W, 1 = n) are preserved by the MUSCL reconstruction (i.e. Wi =) and,
2

as proved in the previous Section, we then obtain pg = pj and p;nl = ml LT readily

follows that the second order version of the scheme preserves equllibrlum with no dry
area. In the presence of dry area, the preservation of equilibrium states is also valid.
However, the MUSCL reconstruction no longer exactly preserves the equilibrium states
near wet/dry transitions. Nevertheless we can observe, thanks to the properties of the
reconstruction that I/VjjE > n, since at equilibrium we have Wj 1= max(7, Zji1 ) = 1.

Moreover, we have

Wipr=n= W =n Wi, =n)
Wj—i—%: +1:>( =0, IOJ+1_O)
Indeed, when W. jy1 =1, we necessarily have W -1 > W, st and W > W. 41, 80

that the propertles of the slope-limiter implies that T L= =0, ensurlng the asserted
property. The second line is similarly obtained since when wW. jrl = 2y, we have
2
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Pyl = 0 < min(pjfé,ijr%) so that Tipl = 0. With these properties at hand, it is

now straightforward to prove that p?llm = p?ll’f. Indeed, we distinguish four cases.

First, if Wj_; =7 and Wj 41 = n then we have I/VjjE = 7 which leads to the equality
2 2

p}nl’r = p;nl’e. IEW, 1 =2 1and W, ;1 = z;.1 then pji vanish, so that z;-: = Wji
2 2 2 2

and the equality pgnl’r = p;-n £ still holds. Finally the two last cases are symmetric.

For instance, if Wj7% =z 1 and WjJr% = 7 then we have p; = 0 and I/VjJr = 1.

This implies that n < Wj_ = ,zJ_ < z}”l. Thus, p;nl’r and p;nl’e both vanish in this

case. The equality p}nl’r = p}nl’g is ensured in the four possible cases and, as previously,

it guarantees that the second order version of the scheme preserves the equilibrium
states (2).

3 Numerical experiments

To illustrate the ability of the proposed approach in handling balance laws with complex
source terms, we challenge the scheme against several benchmark tests, in 1D and 2D.
The presented simulations are performed for the Shallow-Water equation (y = 2),
written in the form

Op + O (pu) = 0, (24)

By (pu) + Ou(pu® + gp*[2) = —gpdy»
with g > 0, the gravity constant, for the sake of comparison, but it also applies for
general pressure laws. For all the 1D simulations, the time step is fixed at each time
iteration by imposing the following equality

ox

5t = Cgt
max; |u;| + max; c(p]-H/Q)

where Cy; is a constant whose value is made precise in the description of each test case.

3.1 Lake at rest

We first check that the order 1 and order 2 schemes solve exactly the lake at rest
solutions. The computational domain is [0,20]. We choose a bottom topography with
a parabolic obstacle defined by
0.2 —0.05(z — 10)?, if 8 < < 12,
z(x) = .
0, otherwise.

The initial velocity is set to zero and the initial height is set to

(@) = 0.1—z(z), if 2<10—+v2o0rz> 10+ 2,
PAE) = 0, otherwise,

so that the free surface is horizontal and there is a dry zone at the top of the obstacle
for x between 10 — v/2 and 10 + /2. The initial data is a stationnary solution of the
problem. The final time of the simulation is set to T' = 1000 and Cs; is set to 0.9. We
observe that the schemes (first and second order versions) exactly preserve the initial
state whatever is the mesh size (6 =1, 0.1, 0.01).
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Figure 3: Perturbations of the lake at rest: numerical solutions obtained for dx = 0.01

3.2 Perturbations of the lake at rest solution

Referring to [45] (see also [7, 16]), we investigate the propagation of small perturbations
of the lake at rest steady solution. The computational domain is now the interval [0, 2]
and the gravity constant is g = 9.8. The bottom topography is defined by

@) = { g 0.25(1 + cos (10m(z — 0.5))), if 1.4 <2< 1.6,

-1, otherwise.

The steady state solution is a flat free surface at rest. It is perturbed by a pulse and
two opposite waves appear over the bump. The initial data are given by

—z(x) +0.001, if1.4<x < 1.6,
u(z) =0, Vzel0,2], and p(x) =

—z(x), otherwise.

The final time of the simulation is set to T' = 0.2 and Cly; is set to 0.5. The numerical
results are presented in Fig. 3 (the free surface at left and the discharge q = pu at
right). A reference solution is computed with 6z = 4 x 1074, it is plotted in black solid
line. The numerical results obtained with 6z = 1072 are plotted in blue dashed line for
the first order scheme and in red dotted line for the second order scheme. The results
are comparable to those obtained in the literature and we clearly see the advantage of
running the second order scheme.

3.3 Flow over an isolated bump

In this Section, we consider flows governed by Shallow-Water equations, over an isolated
convex obstacle which is assumed to be symmetric with respect to its crest. The flow
goes from the left to the right. Its velocity and height far from the obstacle are
denoted by ug > 0 and pg. A transient motion develops at the obstacle and moves
in both directions. After sufficient time has elapsed, the flow reaches a steady state
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in the vicinity of the obstacle; transient structures move away from the obstacle and
reach asymptotic states. The asymptotic states can be entirely characterized from the
values of ug and pg and the geometry of the bump, as it is fully detailed in [40]. For
the sake of completeness, we recall here the different situations which can occur and
how the asymptotic reference solution can be computed in the different cases. Let us
denote by Fj be the Froude number computed from wug and po:

Uug

Varo

while Z. stands for the height of the obstacle crest. We distinguish two situations
depending on the values of the coefficient
1

My = 5FO?—

Fo=

3

5FOQ/?’JF 1

compared to the normalized height of the obstacle crest

Z,
M, ==,
Po
In the case where
Mc < M(),

the flow reaches a steady state. More precisely, when Fj < 1 the free surface at the
steady state dips symmetrically over the symmetrical obstacle (see Fig. 4a) whereas
when Fy > 1 the steady state rises over the obstacle (see Fig. 4b). The reference
solution can be obtained by solving the steady state equations

u?

— + p + z = constanty,

29

pu = constants.
Using the background state (po,ug) far from the obstacle, we can thus obtain p from

2,2 2
Poto _ Y
29[)2 +p+z 29"‘,007
and then u = pyug/p. Note that p and u depends on the space variable z since in these
equations z is a function of x.

The situation is more intricate when
M, > M.

The obstacle partially blocks the flow, a bore forms around the obstacle and the flow
becomes discontinuous, hydraulic jumps appear. A discontinuity appears downstream
the obstacle and propagates towards the left. The flow is sonic at the crest of the
obstacle, that is, denoting (p., u.) the flow state at the crest of the obstacle, we have
ue = /gpe. Upstream the obstacle, two slightly different situations can asymptotically
occur. In the first case, a discontinuity appears after the obstacle and propagates
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towards the right (see Fig. 4c) whereas in the second case, a stationary shock lies
above the obstacle (see Fig. 4d). In both cases, a rarefaction wave allows the flow
to go back to the background state (pg, ug). The asymptotic reference solution can
be obtained as follows. We denote by (pa,u4) the constant state reached after the
downstream hydraulic jump (before the obstacle). It is linked to the background state
(po,up) by the following Rankine-Hugoniot condition

paus = pauo + (po — pa)y /5 —(po + pa)-

Y
2 po
Moreover, it is also linked to the state above the obstacle by steady state equations

2 2
u u
2—A+pA:i+pc+Zc,
g 29

PAUA = Pclc-
Thus, since peue = \/§pi’/ 2, pA can be obtained by solving
pe +20% = (3pc + 2Z:)p%,

where

3
uQ g pA
= A—— + (po — pA =—(po + p4 .
Pe (P\/g (p pA) 20(0 P))

Next, we compute the asymptotic reference solution after the bore. We first assume
that we are in the situtation where an hydraulic jump propagates away from the ob-
stacle. We are led to compute two constant states to compute (pp,up) and (p, uz)
(see Fig 4c). The states (p.,u.) and (pp,up) are linked by steady states equations

P2+ 208 = (Bpe + 2Z0)p%,  (pB # pa)-

It allows us to compute pp since now p. is known. Then up = p.u./pp. Next, the
states (pp,up) and (pz,ug) are linked by the Rankine-Hugoniot condition

9prB

2 b (pz + pB)

PBUB = pBUz + (Pz — PB)

Finally, the states (ps,us;) and (po,uo) are linked by a rarefaction wave so that the
Riemann invariants are preserved

Uz — 24/9pz = U0 — 2:/gpo.
Thus, p; can be obtained by solving

B
pPBUB = PB (uo —2/gpo + 2\/9px) + (px — pB) g%(px +pB)-
T

The displacement velocity of the shock is (pyu, — ppup)/(pe — pp). We distinguish
now two cases: if this velocity is positive the shock propagates away from the obstacle
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and we have obtained the asymptotic reference solution (see Fig 4c); if this velocity is
negative, the obtained solution is not physically relevant and should be disregarded.
We have to construct a solution with a stationary shock above the obstacle. In this
case, we are left with the task of determining three states (p—,u—), (p+,uy) and p,, Uy
(see Fig 4d). The states (pa,ua) and (p—,u—) are linked by steady state equations

2 2
u- u
— A p-+ 2=+ pa,
29 29

p-U_ = paua,

where Z, stands for the height of the obstacle at the shock position. The states (p_,u_)
and (p4,uy) are linked by the Rankine-Hugoniot conditions for a stationary shock

pP-tU— = Py U4,

g
Pt — \/2p+p(p +p+) =0.

The states (p4,uy) and (pg, u,) are linked by steady state equations

2 2
u u
== pp+ Ze ==+ pay
2g 29

PU+ = Pzl
Finally, as before, the states (py,u,) and (pg,ug) are linked by a rarefaction wave

Uy — 24/gpx = ug — 24/gpo-

Thus, we deal with the four following equations

2,2 2
PA%A Up
+ -+ Ze= 2+ pa,
29/)2_ P 29 PA
Y _
PAUA-—\/2P+P—(P—‘FP+)——O
2,2 2,2
PAtp PAtp
T oyt 2= + pa;
2gp% to2gp2
PAUA
—2/9pz = uo — 2/gpo,

x
to determine p_, py, p, and Z,.

In conclusion, there exists four different classes of asymptotic solutions as illustrated
in Fig. 4. We numerically investigate these cases. The obstacle is defined by

z(:r):llo(1_f2>,

so that Z. = 0.1. We fix pg = 0.2 and compute the velocity ug from different values
of Fp = 0.2,0.3,0.7,1.9, the gravity g being fixed to 9.8. In these test cases, we set
Cs: = 0.5.
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Figure 5: Flow over an isolated obstacle: numerical solutions obtained for Fy = 0.2, dx = 0.05
at T" = 2000

3.3.1 Cases Fy=0.2and F, =1.9

In these two cases, we have M, < M. As expected, the numerical solutions reach a
steady state. The results obtained at time 7" = 2000 with our schemes (order 1 and
order 2) are presented in Fig. 5 and Fig. 6 for dz = 0.05. We obtain a good agreement
with the reference profile computed with the procedure explained above. In the case
Fy = 0.2, the free surface dips over the obstacle whereas in the case Fy = 1.0, it rises
over the bump.

In Fig. 7, we present the discrete error in L'-norm as a function of the mesh size.
As expected, we observe that the MUSCL reconstruction procedure allows to reach the
second order accuracy for the velocity v and the height h.
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Figure 7: Flow over an isolated obstacle: discrete error in L'-norm as a function of the mesh
size

3.3.2 Case F,=0.3

In this case, we have M. > M), this is the situation illustrated in Fig. 4d. A stationary
shock appears behind the obstacle. The result obtained at time T = 30 with our scheme
(order 1 and order 2) are presented in Fig. 8 for dz = 0.1. We also represent with
a solid line the asymptotic reference profile. We observe that the constant states pa
and py, the value p_ and the equilibrium profiles (before and after the stationary
shock) perfectly match with the reference profile. However, the numerical solutions at
time T" = 30 present some additional structures compared to the reference asymptotic
solution. These additional structures appear near the upstream shock and near the
downstream rarefaction wave. Since the obtained numerical solutions seems to be
converged with respect to dx and dt, we guess that we face transient structures that
do not appear, by definition, in the asymptotic profile. We plot in Fig. 9 and Fig. 10
a zoom on the structure for three larger final times 7' = 100, T' = 250 and T = 2000.
We indeed observe that the bump in Fig. 9 and the oscillations in Fig. 10 vanish as the
time increases.

3.3.3 Case Fy; =0.7

In this case, we still have M. > My, but now in the situation of Fig. 4c. The shock
which appears behind the obstacle is moving to the right. The results obtained at time
T = 30 with our schemes (order 1 and order 2) are presented in Fig. 11 for dz = 0.1.
We also represent with a solid line the asymptotic reference profile. Again, we observe
that the constant states pa, pp, p. and the equilibrium profile perfectly match with
the reference profile. The position of the shocks is also in agreement with the reference
asymptotic solution. As previously, at time T = 30, we also observe an additional
transient structure in the numerical solutions compared to the reference asymptotic
solution in the neighborhood of the rarefaction wave.
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3.4 Wet/dry fronts in a nonflat bassin

We consider in this Section a test case proposed by [25] (see also [7, 16]). The compu-
tational domain is [0, 25] and the gravity is ¢ = 9.8. The bottom topography is defined
by
[ -13,  if25/3<a<25/2,
#z) = { —14, otherwise.

With ¢ = pu, the initial data are given by
B _J =350, if 2 <50/3,
plo)=—z(z) =4 and  q(z) = { 350, if z > 50/3.

We use 6z = 5x 1072 and Cs; = 0.4. The numerical solution obtained with our schemes
are presented in Fig. 12 (for the first order scheme) and in Fig. 13 (for the second order
scheme) at different times ¢ = 0.05, t = 0.25 and ¢ = 0.45. Two rarefaction waves
propagate in opposite directions creating a dry bed. The schemes capture correctly
the generation and propagation of the wet-dry fronts (even when the wave propagates
over the step).

3.5 Thacker test: oscillation in a 2D-paraboloid

In this Section, we consider the 2D problem of a free surface oscillating in a paraboloid
[50, 20, 21]. The computational domain is [—2,2] x [—2,2]. The topography is given
by

1
z(z,y) = 5(952 +y?—1).
The initial data are given by
plx,y) = (0.125 * (dr — 1) — z(m,y))l(x_0.5)2+yz<1,
0
U/(l’,y) = <05> X 1(x—0.5)2+y2<1-

This is a planar free surface with a non-vanishing initial velocity. The solution is
exactly known; it is given by

pt,z,y) = (0-125(456 cos(t) + dysin(t) — 1) — 2(z, y))1($—0.5cos(t))2+(y—0.5sin(t))2<17
1 (—sin(t)
u(t,z,y) = 2 < cos(t) > ’

The solution is 27-periodic with respect to the time variable. The free surface remains
planar in time with a moving circular wet/dry transition line. The numerical results
obtained with the first and second order schemes are presented in Fig. 14 and 15. For
this test case, the time step is defined by

0t = 0.2min (5;1:, 5y).

Figure 14 shows the discrete error in L'-norm at time T' = 4r as a function of the mesh
size. As expected, we observe that the MUSCL rescontruction procedure reaches higher
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Figure 12: Wet/dry fronts in a nonflat bassin: numerical solutions obtained with the first
order scheme, dx = 0.005
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Figure 14: 2D Thacker test: discrete error in L'-norm as a function of the mesh size (1st
and 2nd order schemes)

accuracy (1.8 convergence order). The approximate solutions obtained at T' = 47 with
d0x = 0.01 and édy = 0.01 are presented in Fig. 15. At the left, in Fig. 15a, we provide
the contour lines of the free surface. We clearly observe the circular shoreline and the
planar free surface. In Fig. 15b, we provide a cutline along the axis y = 0 and we
compare the results obtained with the first or second order scheme with the reference
exact solution.
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