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Hidden asymptotics for the weak solutions of the strongly
stratified Boussinesq system without rotation

Frédéric Charve*

Abstract

The asymptotics of the strongly stratified Boussinesq system when the Froude number
goes to zero have been previously investigated, but the resulting limit system surprisingly
did not depend on the thermal diffusivity v’. In this article we obtain richer asymptotics
(depending on v’) and we ask less assumptions on the initial data.

As for the rotating fluids system, the only way to reach these limits consists in considering
non conventional initial data: to a function classically depending on the full space variable,
we add a second one only depending on the vertical coordinate.

Thanks to a refined study of the structure of the limit system and to adapted Strichartz
estimates, we obtain convergence in the context of weak Leray-type solutions providing ex-
plicit rates of convergence when possible. In the simpler case v = v/ we are able to improve
the Strichartz estimates and the convergence rates. The last part of the appendix is devoted
to the proof (by elementary tools) of a crucial proposition.

MSC: 35Q35, 35Q86, 35B40, 76D50, 76U05.
Keywords: Geophysical incompressible fluids, Strichartz estimates, Besov and Sobolev spaces.

1 Introduction

1.1 Geophysical fluids: Primitive and Rotating fluids systems

It is commonly known that Geophysical fluids dynamics are greatly influenced by two concurrent
”forces”: the Coriolis force created by the rotation of the Earth around its axis, and the vertical
stratification of the density induced by gravity. Both of these forces create rigidities whose
influence on the dynamics is quantified by two quantities introduced by Physicists: the Rossby
Ro and Froude Fr numbers. The smaller they are, the greater are the actions of these rigidities
on the fluid dynamics.

Let us present a few models taking these forces into account. On one hand, the Primitive
System (sometimes also called Primitive Equations) that we present here in the whole space and
in the particular regime where both phenomena are of the same scale (that is we choose Ro = ¢
and Fr = e¢F with F > 0):

OU. +v. - VU. — LU. + LAU. = 1(-V®,,0),

dive, =0, (PE.)
U6|t:0 =Uo-
The unknowns are U, = (v, 0:) = (v}, v2,v3,0.), where v. denotes the velocity of the fluid and 6,

the scalar potential temperature (linked to the density, temperature and salinity), and ®., which
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is called the geopotential and contains in particular the pressure term and the centrifugal force.

The diffusion operator L takes into account two heat regularization effects and is defined by
LU, d:ef (vAv., V' AB,),

where v,/ > 0 respectively denote the kinematic viscosity and thermal diffusivity (both will

be considered as viscosities in what follows). The last term e~ 'A gathers the rotation and
stratification effects and the matrix A is defined by

0 -1 0 0

def[ 1 0 0 0

A=100 o F1
00 —F10

On the other hand, the Rotating fluids system only considers rotationnal effects and can be seen
as deduced from the previous system only considering the velocity (so we get rid of the last line
and column of A), it is written as follows:

Ayve + ve - Voo — vAv, + 8% = —Vp,_,
divw, = 0, (RE.)
Ve |t=0 = Vo-

Both of these systems are variations of the famous Navier-Stokes system, but each of them
shows better behaviour induced by the special structure brought by their respective limit systems
as € goes to zero: the QG/oscillating structure for (PE,), and the 2D-3D structure for (RF).
We refer to [18, 20, 23, 4, 12, 14] for more details. For a physical presentation of the models

we refer to [21, 24, 25] as well as the introduction of [3]. We refer to [13, 14] for a small survey
presenting recent articles devoted to Systems (RF.) and (PE;).

We will use the same notations as in [12, 13]: for s € R and 7' > 0 we define the spaces:
Ej = Cr(H*(R) N L3.(H*H(R%)),
B = Cr(B3,1(R)) N Ly (B3 *(R)),
endowed with the following norms (For (PE.), vy = min(v,v')):

def T
1712, < NI 0 i 1F I

def T
1y = W lligems, +2' o IF(D)llpgredr,

where H*(R3), H*(R3) and Bil(R) respectively denote the inhomogeneous and homogeneous
Sobolev spaces of index s € R and the homogeneous Besov space of indices (s, 2,1).
When T' = oo we simply write E* or B* and the corresponding norms are understood as taken
over Ry in time.

Notation: For a R? or R*-valued vector field, we will write f* = (f!, f?) and will define
f-Vf= E?Zl fi0;f. So that for instance we will indifferently write v, - VU, = U, - VU..

1.2 Strongly stratified Boussinesq system without rotation

In this article we will focus on the following system, that only takes into account the stratification
aspects. Here we will denote as Fr = ¢ the Froude number (this corresponds to £F for the



Primitive system (PE.)) and the system is written as follows:

8,U. +v. - VU, — LU, + 1BU. = 1(-V®.,0),

dive. =0, (Se)
U5|t:0 = UO,E-
The unknowns are the same as in the previous section U, = (ve,6.) = (v},v%v2,6.) and @,

(in what follows we will explicitely decompose it as the sum of the pressure term and another
penalized pressure term that could be seen as an analoguous of the centrifugal force). The
diffusion operator L is also defined as previously with v,/ > 0. The last term '8 only takes
into account stratification effects and the matrix B is still skewsymmetric and defined by:

000 O
def[ 0 0 0 0
B=1000 1

00 -1 0

We emphasize that System (S;) is related to the following well-known Boussinesq system:

Oyu +u - Vu — vAu — k2pe3 = —Vp,
Op+u-Vp—pulp=0, (1.1)
div u = 0.

Indeed, as explained in [43] (we also refer to [34, 26]), observing that for A > 0, Uy(z) =
(0,0,0,A2z3) is an explicit solution of (1.1) we can study solutions of (1.1) around Uy in the
regime K\ = é Performing the change of unknown function 7' = £6, leads to (S;).

Rather than (1.1) (to which is devoted a huge literature), we will focus on (S:) and begin
with a brief review about recent works dedicated to this system or its inviscid version. Let us
first mention that in [43], K. Widmayer considers a solution U, of (S;) (in the setting v = v/ = 0)
which belongs to C([0,T], HY) (for some T > 0 and N > 6) with ||U.|| =g~ < C (uniformly
in €). If in addition the initial data is independent of ¢ and satisfies ||Ug|lys < oo, then the
solution can be decomposed into two parts U. = (U2, 0,0) + U2 such that for all ¢ > 0:

U2(t) —» 0 in WHo(R3),

5
e—0

UZ(t) — a(t) = (a'(t),u*(t)) in L?,

e—0

where 4 : Ry x R® — R? solves the following two-dimensional incompressible Euler system
(defining Py as the projector onto two-component functions with zero horizontal divergence):

At + - Vi = —Vip,
divpu =0, (1.2)
tji—o = Po(Uo)",

This result was later improved by R. Takada in [42] for a divergence-free initial data in H*+4(R?)
(s > 3) with precise statement of the global existence of the solution U, and an explicit conver-
gence rate (¢ € [4, o0[):

_ 1
||U6 — (u, 0, O)HL%WLM(RS) < CT,q,s,HUoHHSJr4(R3>€q :

Concerning the viscous system, let us begin with [34]: S. Lee and R. Takada study, in the
particular setting v = v/, the global existence of strong solutions when ¢ is small enough and for



more regular initial data (possibly large). More precisely, rewording their result with the notations

we will introduce in the present article: they prove that if s 6}%, g} there exist §1,d2 > 0 such
ey : d : .
that for any initial data Uy such that PoU, € H%, Uo,osc f (Ig —P3)Uy € H?® with:

U os¢ll gro < 01272072, and [[PoTp|| 3 < b,

there exists a unique global mild solution U, € L4(W%’3). They also provide another result: if
IP, U0||H 3 is sufficiently small, there exists a global solution for small enough ¢ (in some sense it
is an improvement of the Fujita-Kato theorem as the smallness is not required for the complete
initial data but only for what we will call its ”stratified part” PoUp). As in the other works of
their series (see [33, 30]) the main tool are Strichartz estimates obtained through the Littman
theorem (see [35]). In [34] the difficulty is that, in contrast to the cases of Systems (RF;) and
(PE.), this theorem cannot be easily applied as the phase function |, |/|¢| presents singuarities
and frequency truncations are necessary to obtain the result.

We point out that in [33, 30, 34] the aim is not to study the limit system, but this is the
object of [40] in which S. Scrobogna adapts the ideas of [18, 5] to prove, in the general case
v = v/ that U. converges to (2",0,0) where " is the unique global solution of the two-component
Navier-Stokes system:

0" + o - Vot —vATh = -V, 70,
div 52" = 0, (1.3)
:[}/‘hi:() = PQ U07

We emphasize that 2" : R, x R? — R? depends on the full space variable and has two components.
More precisely, still rewording the result from [40] using our own notations, if Uy € H B (inhomo-
geneous space) and if PoyUy € H' then System (1.3) admits a unique global solution ?"* € E°N E*
and there exists g9 > 0 such that for any € < &g, System (S.) (with Uy as initial data) admits a
unique global strong solution U, € E? (in contrast to [34], and as in [5], no smallness condition
is required neither from PyUq nor from Up os.). Moreover U, converges towards (3",0,0) in the
following sense: if we define W, as the unique global solution of the following linear system,

0
0

—03(—=Ap) " Hdiv , (0" - VRO | (1.4)
0

OW. — LW, + LPBW, =

Weji=o = (1a — P2) Uy,

then U. — (2",0,0) — W, goes to zero in Ez. Let us precise that in the previous system, the
external force term comes from the ideas in [5], which can be simply stated as follows: the system
satisfied by U. — (2", 0, 0) features an external force term G which is independent of £ and prevents
any convergence via simple energy methods. But if we ”"make it oscillate” by putting it (or at
least a part of it) as an external force in the previous dispersive linear system then we can ”eat”
a sufficiently large part of G (considering U, — (3", 0,0) — W.) to make the convergence reachable
again. In the case of (PE.) we pushed further this idea and obtained explicit convergence rates
in terms of ¢ even for large ill-prepared initial data depending on ¢ and, as usual, the results are
better when v = v/ because the linearized system is nicer (see [6, 12, 13, 14]).

The previous result from [40] could be generalized asking less assumptions on the initial data:
Vo less regular, Uy . dependent on €, no low frequency assumption anymore, lower regularity as-
sumptions (Up . € Hz N H%‘*“;) and for very large ill-prepared intial data (that is Up ¢ 0sc large
up to some size e~). This would give a result close to [12, 13, 14], but in the present paper
we would like to propose a different kind of generalization, inspired by the following surprising



observation:
How is it that the limit system (1.3) in the result from [40] does not depend on v’ ?

Before focussing on this question, we would like to end this overview with some very interesting
recent results devoted to an intermediate model, the three-scale limit. The models we have
presented so far focus on regimes with either only rotation in (RF;), or only stratification in (S¢),
or both of them but with comparable size in (PE.) (the non-dispersive case when F' = 1 features
tools and results completely different from what is done when F' # 1, see for example [17, 11]).
In [36, 37], the authors completely disconnect the two parameters (namely the Rossby number &
and the Froude number ¢) and study the following inviscid system:

6tv+v-Vv—|—%63><v+%p63 =-Vo,
atp+v~Vp+%v3 =0,
dive = 0.

There are now obviously two kinds of penalization (4, — 0) and, in [36], P. Mu and S. Schochet
study the case p = §/e — 0 (stratification-dominant), whereas in [37], P. Mu and Z. Wei focus
on the alternative case v = /6 — 0 (rotation-dominant). In both cases the authors need
suitable dispersion and Strichartz-type estimates, let us state the dispersive estimates from [36]: if

&2+ &2 + p2€2/)€| and ¢ is some frequency truncation function, there exists C' = C(1))

such that if € and ¢ are sufficiently small, for all f € L*(R?) and all (¢, 2) € R*, we have (denoting
K def 6%5%)

/ ez‘x{i%pu(&)dj(f)ﬂ@df < ¢
RB

mﬂf\\um@)-

The authors also prove that the limit is US = (Uj,0,0), where Us; solves (1.2), and they also
provide a convergence rate: if k > 6 is an integer, if ¢ € [8, co], then for any divergence-free initial
data Uy € H*(R?) N L*(R?) (inhomogeneous Sobolev space) and for any 7 > 0 there exists g
and po such that for any ,§ > 0 for which k < kg and p < pg, there exists a unique solution in
Cr([0,T], H*(R?))nC([0, T], H*~*(R3)) and for any p € NN [0, k — 5],

1 3+p
U - USHL‘I([O,T],W’C*E’)*WC) < Ok + pF32/=1Inp).

In [37], similar dispersive estimates are obtained, for the phase p,(§) = /v2(&3 +&3) + &3//¢]
and now with k = £363. The authors show that when the initial data is taken as follows
Uo(z) = (uf(z4),0,0) + wo(x), the limit is UL (z) = (UF(xn),0, p%(x)), where Uft solves the
2D-Euler system with 3 components (which is to be related to the case of (RF.), see [18, 14]
and not to be confused with the 3D-Euler system with two components (1.2)) and p’t solves the
following 2D-transport equation (in the full space variable x € R3):

{atpR + U Vil =0,

R _,4
p‘t:() = Wyp-

If the initial data is in H*+t2(R?) + H*(R?) (with s > 3), the authors also provide a convergence
rate involving powers of k and v (and some radius o).

Let us end this survey with [31] where the authors focus on the anisotropic case (v > 0 and
v/ = 0) in the torus. In this stratification-dominant case they obtain that, for well-prepared
initial data (i.-e. with small initial oscillating part) the limit of the global weak solution is
US(x) = (U7 (z1),0, p°(z)) where U® solves the 2D-Navier-Stokes system and p* is independent
of (t,zp) (but is not specifed explicitely). The authors also provide a convergence rate in terms



of max(e,d/e).

We can now precise the aim of the present article: in both cases v # v’ and v = v/, we wish to
go in a different direction and look for ill-prepared initial data that allow a limit really depending
on v'. We will specify this limit and provide, when possible, global-in-time estimates. As in
[18, 37], it will obviously be necessary to get out of the setting of initial data depending on the
full space variable and in the next section, which is devoted to the formal obtention of the limit
system, we will explain in details how we are lead to modify the initial data.

Let us now state a simplified version of the results that we prove in this article (the precise
results are respectively Theorems 3.1 and 4.1):

Theorem 1.1 (Ezistence) Let 6y € B;lé (R) and for all ¢ > 0, let Uy. € L*(R®). Then for
all e > 0, System (S.) admits a global weak solution U. € E°(R®)® x (E°(R®) + B~2(R))
corresponding to the following initial data:

Uoc(x1, 22, 23) +

Moreover, there exists C = C , 5 such that ||U.|| < C(|Uoellrz +1)
v,V 00 ) ’

EOR})+B™2(R) —

Theorem 1.2 (Convergence) Assume that § > 0, Co > 1, 6 € B;% (R), o € HzT9(R3) is a
divergence-free two-component vectorfield (div ,vp = 0), and, for all € > 0, that Uy € L*(R?),
with:

< (CO’

T80y < Con and 1ol g

o (1.5)
Sup.~.qo ||U0,€HL2(]R3) < (Co, and ”UO,E,S ) HLZ(RS) 3 0.

Then U. converges (as € goes to zero) to (3", 0, 5), where 3" and 0 are the unique global solutions,
respectively, of (1.3) (with initial data 9% ) and the following system:

8,0 — V926 = 0,
0|t:O = 90.

The convergence is intended in the following sense: if D, = U. — (3", 0, 5), then we can split it
into two parts satisfying
e for all q 6]2,6[, ||P2D€||L2 e — 0,
loc™loc g—()
e for all q €]2,6], there exists e1 = e1(v,v',q) > 0 and, for all t > 0, a constant D; =
Dy 5.0,07.Co,q Such that for all e €]0,&4]:

(6 232
B ¢ min(> —1,1—=
I; —P3)D,| 1214 <1D)t6}g4(10>, with K(q def (q )
L2L

. . . K(q)
Moreover, when v = v/, the previous estimates can be upgraded into HDE’OSCHLELQ < Dye54t (now

valid for all € > 0) and we have the following global-in-time estimates: there exists a constant
C =Cysc, > 0 such that, for any € > 0,

ok

1D < Cets.

E,OSCH~i 30 71R0
L3BR,+L'BY,

Lwhere Uo,e,s = P2Up ¢ is what we call the "stratified part of Up .”, see definitions below



The present article is structured as follows: in the next section, we will formally obtain the limit
system and the natural decomposition it induces (namely the stratified part and the oscillating
part), and study their properties (this decomposition determines what means to be well- or ill-
prepared). The limit systems are studied in the end of Section 2.

Then we will decompose the solutions of (S.) and obtain a more classical system for which
we have to slightly adapt the classical Leray theorem in the same spirit as what was done in
[18, 19, 20] for the rotating fluids system. A precise existence theorem for weak solutions (for
more general initial data depending on ) is given in the beginning of Section 3.

Using the Strichartz estimates that we put in Appendix 1, we can show the oscillating part
(Iq — P3)D. goes to zero. From this, we obtain the convergence of the stratified part Py D..
The precise convergence theorem is stated in Section 4. This theorem also features far better
convergence rate in the case when v = 1/ (using improved Strichartz estimates also proved in
Appendix 1). The proof of the Strichartz estimates rely on a technical result which is proved in
Appendix 2.

The study of these asymptotics for strong solutions (i.-e. obtained with the Fujita-Kato
theorem) with large regular ill-prepared initial data is dealt in the forthcoming companion work
[15].

2 The limit system

In this section we will obtain the formal limit system when ¢ goes to zero. As pointed out in the
introduction, a first attempt was made in [40] only with initial data depending on the full space
variables. In our article thanks to a decomposition of the geopotential and to formal arguments
in the spirit of [4], we will obtain a much more general limit system (see (2.22)). Studying its
solutions and structure will help reformulate (S¢) in a more suitable way.

2.1 Formal argument

Taking the divergence of the velocity part of (S¢) leads to:

3
A‘I)E = —8395 — Ezaﬂ)g . V’U;

i=1

As v, is divergence-free we have:

3 3 3
Z@we Vol =div (ve - Vo) = Z@i(vg SVul) = Z 0;0; (vivl),
i=1 i=1 ig=1

from which we decompose the geopotential into @, def Pl +eP? where:

1_ ~1
{]J}O - —Af‘ 8303(’).A—1(v%j) (2.7)
€ i,j=1 Y19 eVz)-
We can then write in extension System (S;) as follows:
vl +v. - Vol —vAvl =-0,P% - 10, P!,
O +ve - Vo —vAv: = —-0,P) — 19, P!,
v +v- - Vo —vAvd = —83P0 — L(0sP} 4 6.), (2.8)

0:0. +v,-VO. —V NI, = ivg’,
div v, =0.



If we assume that (ve,0., P, P}) — (3,6, P°, P!) in a sufficiently strong way such that the
e—

convergence also occurs for the derivatives and nonlinear terms, then taking into account the
penalized terms from the right-hand-side, necessarily:

0P = §,Pt =0,

-2 P! and 6 = —93P" only depend
03P +60 =0, which means that {Aﬁ alz) s+ oMy CePend ot s, (2.9)
v° = 0.
3 =0,
Moreover, as v, is divergence-free and as ° = 0, we obtain:
div , 0" e OV + 920% =0 where we define 3" = @', 0%). (2.10)
Next, if we ask in addition that:
—181P€1 — )?7
€ e—=0 _
_1 1
jaQPE ) =0 (2.11)
_E(agps +05) 5—>_>OZ’
13 — T,
€ e—0
then we end up with the following limit system:
Ot + 3 - Vo — VAT = -9, P° + X,
3,@72 + 5}1 . Vh:[}a - VA@Q = —82P0 + Y,
0 = —03P% + Z, (2.12)
0,0 — /920 =T,
div hﬁ =0.
Taking the limit in the expressions of P and P! we obtain that:
AP! = 8%131 = —83@', which brings nothing new,
(2.13)

AP = — S22 9t Vot = — S0 0@ V) = - 307, 0:0;(8),

ij=1 Y

As the horizontal divergence div , 0" is zero, similarly as for (S.), computing for (2.12) d; (line 1)+

82(@75) + 83(51;/3), we get: B B N
"X + Y +05Z =0. (2.14)

Moreover, computing on (S;) 01 (line 2) — d»(line 1), we get that, introducing w, = 0102 — Oqu}:
Oswe + v - Vw, + div pue - we + Blvg’ . 831)? — 821)? . 331); —vAw: = 0. (2.15)
Performing ¢ — 0 in the previous equation, using that 2> = 0 = div;2", and defining @ def

0102 — 090", we get that:
O+ - Vo — vAD = 0. (2.16)

On the other hand, computing on (2.12) 0;(line 2) — dy(line 1), we get that:
QD+ Vo —vAD = 0Y — 05X, (2.17)
so that, identifying the right-hand side from (2.16) and (2.17), we obtain that:

Y — 9, X =0. (2.18)



Next, using the third line from (2.12) and formally solving in the Fourier variable the system:

81)? + 82? = —832 = —a%ﬁo,
—(92)} + 61}7 =0,
we end up with: o B
(X,Y) = -V,05A, ' PY, (2.19)
so that:
VP’ + (X,Y) = =V, A7 (ARPY + 82P%) = —V,ATTAPY = -V, 7, (2.20)

where from (2.13) we have that:

7= ATAPY = Z A} R9;0;(W). (2.21)
1,0=1
Gathering the previous informations, we can now write the formal limit system (2.12) as follows,
still denoting U = (v',92,0,Q0¢) = (¥",0, Qga):

S Th T — yATE = v, 50 ~ .
v v v VAV ™ an 0 — v _ 7 )
" + 0% Vi VAT and 00— V025 =T 2.22

R
div 0" =0,

where 7° = 0, 0 = —63?1, 7 = 83]30, and with ﬁl,@f only depending on (¢, z3).

Remark 2.1 1. Solving in the Fourier variable the following system:

" 4 002 =0,
—8251 + 8152 =,

we get that 0" = (—0A} '@, 01A,'D) = ViA; '@, Therefore the first system can be
rewritten in terms of the vorticity w =w() = 81172 — O90! as follows:

~ ~h . ~ _ AN —
{&gw—t—v Viw — vAw =0, (2.23)

o= VA D

2. We emphasize that there is no stretching term in (2.23), as in the 2D-Navier-Stokes case

(full limit of the rotating fluids system, see [18]), or the Quasi-geotrophic system (aé)
(limit of the Primitive system, see [4, 12]).

Remark 2.2 1. At this stage, nothing can help us precise the term T, we only know that
~ 3
T = lim*=.
e—0 €
2. Moreover, nothing allows us to make a direct link between T (0,.) and the initial velocity
such as for instance: v3(0,2)
0,z
(0 1‘3) ELO IS
Indeed, we easily obtain in the case of the Primitive system (PE.) (see [4]) that “= 2 has a
limit when € goes to zero:

3

o V)AAR gc + FlosARY, vg6" - VilQqc:

whereas if, for instance, the initial data does not depend on ¢, then for all x € R3 such that

v (@) #0,




3. It seems that we have better considering T~as a parameter, and in this article we will search
for initial data corresponding to the case T = 0.

4. On the contrary, nothing forces 0 to be zero, and this term will be the key to obtain new
asymptotics, in the spirit of [18, 20]: for the rotating fluids system, when the initial data is in
L?(R3) or in H*(R3) the only limit we can hope for is zero. But when Chemin, Desjardins,
Gallagher and Grenier consider as an initial data the sum of a function of the previous
type with some @ € L?(R%), then richer asymptotics are at hand and they manage to reach
as limit system the 2D-Navier-Stokes system with three components with @ as an initial
data (as described by physicists in the Taylor-Proudman theorem). We show that similar
phenomena will occur for the strongly stratified Boussinesq system.

2.2 The Stratified/osc structure, final form of the limit system

Thanks to the previous observations we will consider initial data satisfying:
Ocji=0(x) = Oo,(x) + Oo.- (x3),
so that our complete initial data is:
Usji=o(z) = Upe(z) + (0,0,0,00 - (z3)).
Moreover, the structure of the formal limit system suggests to introduce the following operators:

Definition 2.1 For a R*-valued function, we introduce the following quantity, that we will call
its vorticity:

w(f)=01f>— oo f".

From this we define the stratified and oscillating (or oscillatory) parts of f, respectively denoted
as fs and f,s., according to:

-1
vingu) \ [ pen D
fS = 0 == ! ho 9 (224)
0 0
and, denoting div 5, f" def O1ft + 0212,
VA div g £ Oy divaf!

O A7 " di
fosc = f - fS = fi = 2=h fBIVhf (225)

f f4

Remark 2.3 For a R?-valued function f = (f', f?) = f", we could introduce P} and fs =
P4 f = Vi A, 'w(f) (this corresponds to Py in (1.2)), but with a slight notational abuse, we may
also denote fs =Pof and fosc = f — fs = VhAgldiv nf-

Now we can completely precise the initial data and limit system that we will consider in this
article:

(2.26)

10



And we will denote:

1 1
UO,E U h
V3 v2 ) Ve
Upe = Qe and U. = s | = = 2
' UO,E vs 66 0
£
0,e 95

The previous formal study suggests that the initial data in (2.22) are related to Uy . g and 5075,
in the following way:

U&E,S(x) :) o0 (x), or equivalently Uy s(z) = PoUp () E_}—S (0 (x),0,0),

- ) (2.27)
0o,c(x3) — Oo(w3),
e—0
so that our complete limit system is composed by the following two systems:
3t5h + oM. V;ﬁh —vAD" = —Vh%o,
div ,o" = 0, (2.28)
Wy = i,
and _ _
0,0 — V320 =0
A A (2.29)
9|t=0 =5 00.

Remark 2.4 We could simply choose 50,5 = 50, but for more generality we made the previous
choice. The same can be done to generalize a little the result in [14] concerning rotating fluids.

The following proposition states properties induced by the stratified/oscillating structure.

Proposition 2.1 With the notations from (2.24) and (2.25), there exist two pseudodifferential
operators of order zero P and Q such that for any f,

fs=Qf, and fosc =Pf.
These operators satisfy:
1. @ =P, and P = I; — Py (where the operators Py are defined in (5.92) and (5.91)).
2. For any s € R, we have ((Ig — P2)f|Pof) . jj7. = 0= (Bf|Pof) . sy (when defined).
3. (Ig—Po)f=f<—=Pof =0 w(f) =0.

4. (Ig—Po)f =0 <= Pof = f — f3 = f* = 0 and div, f = 0 <= there exists a scalar
function ¢ such that f = (—d2¢,0164,0,0) = (Vit$,0,0). Such a vector field is obviously
divergence free (and horizontal divergence-free) and we will say that it is stratified. It also
satisfies f = (f",0,0).

5. If f is divergence-free, so is (I; — Pa) f.
6. BPof =0 (in RY).
7. PoP = PPy = Py and Po(Iy — P) = (I; — P)Py = 0 (in particular P5(Vg,0) = 0).

8. If f is a divergence-free vector field, then (we recall that we denote f -V f = Z?Zl fio.f)

W(f-Vf)= =03 w(f) +01f- 03 f* = 0of* - 0 f + [ - w(f).

11



9. If f is a stratified vector field, then w(f -V f) = f-w(f).

The proof of this proposition is similar to what is done in [4, 5, 12].

Remark 2.5 1. Let us recall that in the case of the Primitive system the decomposition
QG/osc (with its corresponding Q/P) and Py /P3 4 do not coincide except when v =1/, so
that for instance the oscillating part still has a "Py” part (but we show it is very small in
terms of ). In the present article, we have Q = Py in the general case (but it is only when
v =V that P3 and Py are orthogonal projectors of norm 1).

2. We chose to use the denomination Stratified rather than quasi-geostrophic.

2.3 Reformulation of the different systems

In order to properly study the solutions of (S.) with such unusual initial data, as in [18, 20] in
the case of the rotating fluids, we need to rewrite System (S¢) in a form where functions only
depending on z3 do not appear in the initial data anymore. Doing this will move these functions in
the transport terms which explains why a little adaptation of the proofs of the classical existence
results such as the Leray or Fujita-Kato theorems is needed.

Remark 2.6 When studying (PE.) or in [40], it was not necessary because the systems only
feature functions of x € R® and adapting the classical existence theorems requires no effort.

Let us first merge Systems (2.28) and (2.29). Introducing 3 = 0 and P! such that 6(z3) =
—03P1(x3), we can rewrite the limit systems as follows:

Ot + 7 VI — vAD! = -7,

0% + 7T - V2 — v AR = —0p7,

O° +7- VI —vAP + 10 = —19, P, (2.30)
80 +7-VO—vA0- 157 =0,

divo =0.

If we set U %/ (?",0,0), this system can be rewritten into:
¥ ~
~ -1~ 1 1
U +5-VU — LU +-BO=—| 0 <VP )
€ 0 € 0

Denoting as P the orthogonal Leray projector onto divergence-free vectorfields, we introduce
G =P(V,7°,0,0) which satisfies the following result.

Proposition 2.2 With the previous notations, there exists some g such that

~0 2A—1A—1~
A\ Vi glgo 21232—12}11%0
_ . o 2 _ 203 n 40
g G+ ( 0 > with G =P 0 783A7121VO , (2.31)
0 0

where Gq is defined by (7° has been introduced in (2.21))

2
Go=—0n7" = 0,0,(0) = D _ 9" - Vv).

i,j=1 i=1

Moreover, it is obvious that w(G) = 0 = div G and P,G = 0.

12



Proof: It is only about computing G using the fact that P = I; — VA~ldiv. B

Remark 2.7 Adding some gradient, we can also write that:

~ 0
G=P i~ ,
C{)3Ahlqo
0

which appears in the external force term from the auxiliary system (1.4) introduced in [40] when
reproducing the method from [5], where the analoguous term features two parts with different
behaviours, namely G = G* + G'.

Thanks to this, we can finally reformulate our limit system as follows:
( " >
O )
(2.32)

Our first idea would be to study the system satisfied by U, — U , but as already mentionned, its
initial data:

™ |

07+ T T — L0 4+ BT = G - ( v ) .
divo =0,
U|t:0 = (5570700)

Uz = U)ji=o(@) = Uy z,05¢(x) + (P2UL (2) — T (2),0, 0p.c (23) — Oo(3)),

would feature functions depending only on z3. As we wish to do minimal transformations in order
to adapt the Leray theorem, we simply define the following function, that will help neutralize the
xz-only-dependent part:

~ K. —VOBK. =0
,  where K. solves {~t =~ 2058 =5 (2.33)

Z. =
[t=0 = to.c — bo.

0
0
0

K.

Remark 2.8 Thanks to the estimates from Theorem 2.1 and (2.27), K. goes to zero as € goes
to zero.

Next, introducing ]552 such that I?E = —83]552 (both of these functions only depend on z3), Zf
satisfies:

~ N PR
(’thE —LZ. + glﬁ'~ZE = :E(VPEQ, 0), (2.34)
Ze|t=0 = (07 0,0, 00,5 - 00)
Now we can properly rewrite the system we will study, let us finally set:
Uh _ 5h vh _ 5]1 ah
def - ‘3 ° 3
D. =U.-U-Z2.= v = ve =U, — 9 , (2.35)
0. — (0 + K.) 0. — 06, 0.
where the function 55 def 0+ K < is nothing but the solution of:
8,0. — /920, = 0
OtVe v O3V , (236)
08|t:0 = 00,5~

13



Rewriting System (S;) as follows,

m =

VPO
atUE+UE-VU5—LUE+iBU6:_< Os ) _

VP!
0 ’ (S)

and substracting Systems (2.32) and (2.34), we obtain that D, satisfies:

Us|t:0 = UO,5~

~h
v
1 _
D: ~LD: + _BD. =~ |D.-VD: + D.-V | 0 + 3. V,D. +G—<V0q€>,
0.

where 1 1
QE:_§+g(¢6_P1_P52):Pg_.a'i_g(Pal_Pl_PaQ)'

Reformulating the second term from the right-hand side, we obtain the final form (2.37) of the
system satisfied by D, = (V, H):

D, - Vo -
&D: — LD, + :BD. = — | D: - VD. + 0 + " . V,D. +G—< 5)
D? - 050,

divV, =0,
D5|t:0 = UO,E,osc + (UO,E,S - (5617 07 0)) = UO,E,osc + (U&E’S - %/(,)ly 07 O)
(2.37)

2.4 Study of the limit system

We show in this section that the limit system has global regular solutions which specifies the
necessary informations about v and 6. required to study System (2.37).

Let us begin with System (2.29), which is only a one-dimensional heat equation (we refer for
example to [2], Section 3.4.1, Lemma 5.10 and Proposition 10.3, see also Definition 5.1).

Theorem 2.1 Let s € R. For any 0, € H*(R) (respectively 0y € Bgl(R)) there exists a unique
global solution 8 of (2.29) and for all t > 0, we have:

16]] + V1101172 s < 206017, (2.38)

2
LeoHs

(respectively ||9HZ§>°B§J + V'||9|\L%B§ﬁ2 < [|60] 35,1') (2.39)

More generally for s € R and p,r € [1,00], there exists a constant C' > 0 such that iffy € B;,T(R)
then for all g € [1, 0]

~ C
1611, .z <

Ooll e . 2.40
ot (;/)%” olls; (2.40)

Remark 2.9 Thanks to this result, the previously defined 5, I}E and 55 are global and satisfy
similar estimates.

On the other hand, thanks to (2.23) and Remark 2.1, we observe that System (2.28) (which is
System (4.3) from [40]) is very close to the quasi-geostrophic system, and we can easily adapt
Theorem 1 from [12] and state the following theorem which generalizes the results from Section
4 in [40] (as we need less initial regularity).
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Theorem 2.2 Let § > 0 and o € H2*0 a R%-valued vectorfield such that div , o = 0. Then
System (2.28) has a unique global solution t" € E2+% = E0 0 E2+% and there exists a constant
C = Cs,, > 0 such that for allt > 0, we have:

12" 12 +v|[Vo

~h)|2 ~h|§
L°°H%+5 %+5 < C(S,VHUOHH%+5 max(17 HUOH;I%JN;)

h)|2
1.,

< Csymax(L 3], 145)*F, (241)
Moreover, we can also bound the term G introduced in (2.35): for all s € [0, 1 + 4],

/n&wmws%mm@mm j2+i, (2.42)
0

H3t0

Proof: Thanks to Remark 2.1 and the Biot-Savart law (which is similar to the one featured in
the quasi-geostrophic system), the proof is very close to what we did in Section 2.1 from [12]. B

3 Existence of global weak solutions

This section is devoted to prove the following result, which is the analoguous of the Leray theorem
for (2.37) and provides global weak solutions for any ¢ > 0.

Theorem 3.1 (Ezistence of Leray weak solutions) Let § > 0, Co > 1, 0t € HzT9(R3), 5075 €
L1
B, £ (R) (for all € > 0) with:

~h ~
<C d 6 <C
(P8t < Co e gl 3 ) < S0

Thanks to Theorems 2.1 and 2.2, " and 55 globally exist (for all ¢ > 0) and respectively belong
to E°NE2+% and Bz,

Moreover there exists a constant Cs, ,» > 0 such that for any fixed € > 0, if Uy € LQ(R?’),
then there exists a weak global solution of (2.37) (D., qz) with D. € E® and q. € E*+L3 (R, L?),
satisfying for all t > 0,

t
IWNWE+WAHVQUW%W

2 h ~hy2 241\ o, ,c*td
< (Uo.e,0scllz2 + 1Upe.s = 0o ll72 + Cs.00 Cy eZaw o T (3.43)

Remark 3.1 At this stage we do not ask that U&s,s — U8 and we could prove the result only

substracting (0,0, 0, 91), but the present formulation will be helpful for the convergence (in the
rest of the present article and in [15]).

In what follows, we will state apriori estimates, give the Friedrichs scheme and quickly outline
what is new to adapt the proof of the classical Leray theorem from the Navier-Stokes case and
energy estimates.
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3.1 A priori estimates
Proposition 3.1 Let § >0, Co > 1, 0t € H2H(R3), b, € B;%(R) (for all € > 0) with:

ot <C d ) <C
||”0||H%+6(R3) =~ %o an 21;18” 0’6”3;1%(]12) S Lo

Then for any fized € > 0, if we set vy = min(v,v") > 0, there exist Cop > 0° and Cs,.,» > 0 such
that for any solution D. € EY of System (2.37), and for all t > 0:
t 1 t
D0 + 00 [ 19D.IEsdr < (100013 + 5 [ 16 |t
0 0

. 1. 1~ 4
X exp (Co/o [HG(t')lle + 170|\Vvh(t')||i[% + 1||9e(t')||,31}dt'>
vy

1 2+4
< (ID-0) 3 + Cro €5 ) o™ (3.40)

Proof: taking the innerproduct in L? of (2.37) with D. = (V., H.), and thanks to the fact that
div V. = 0 = div 40", we obtain that (D, - VD.|D.)r> =0 = (2" - V;,D.|D.) > and:

1d ~ ~ ~
5 g 1Pelliz + wollVDe|fz = —(De - V3" |D2) 2 — (D2 - 950 | D2) 2 + (G| De) 12
YWArByC (345)
The terms A and C are easy to bound and we immediately get that:
| Al < [IDe - V0" 2| Del 2 < [Dellps[V0" 2| Dellze < 1Dell g IVE" | 3 1De |l 2
140 C ~
< 1Dl + ;OIIW”IIE% ID:Z2,  (3.46)

and
- 1 ~ 1 ~
Ol < 1G22l Dellz= < SlIGH 2 + §HG”L2||D8H%2' (3.47)

The last term is not classical as it features functions of one variable. Thanks to the Minkowski

and Young estimates (using twice (3,4) in the last lines), the Sobolev interpolation estimates and

the 1d-Sobolev injection H# (R) < L*(R):

BI< [ 1D2anas)l 1030l - D, )l < [ ( / |De<a:h,z3>|2|8355(x3>|dx3) da,
R3 R2 R

< [ 1D Mol 0 oo < Oy [ 1D g
R2 R2 (R)

~ 3 1
< ClBLlgrgsy [, 1D ey 1D o

3
< Wl ([ 19-Aon rgmon ) ([ 100Dtan, oo,

~ 3 1 ~ 3 1
S C||96||H1(R)||D5H22(R3)||83Da||£2(R3) S C‘|96HH1(R)||D6||E2HVDEHEQ

4

IZ0) C  ~ 4
vy
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Gathering these estimates into (3.45) leads to:

d ~ ~ C., C ~ 4
FDllZz + 10 VD72 < [IGllz2 + |1 Dell72 <||G|Lz + oIV + il ;1(R>) :

which entails the first part of the result after integration in time and thanks to the Gronwall
Lemma. Thanks to Theorem 2.2, we bound the terms involving G' and 7% and to bound the last
term, we use the estimates from Theorem 2.1 and more precisely (2.40).

We outline that it is not possible to directly use the estimate in H*® as the time integration
exponent p cannot reach %. We cannot either use directly (2.40) with p =r =2 and ¢ = % as
(thanks to Proposition 5.2) we have:

ARSI A
and (2.40) only bounds the left-hand side of the estimates (we need to bound the right-hand side).

To simplify, we use the estimates in the case (s,p,r,q) = (—%, 2,1, %), and thanks to Proposition
5.2, we have for all t > 0:

which concludes the proof. B

3.2 The Friedrichs scheme

In order to properly write the scheme corresponding to System (2.37), the first step is to express
the pressure ¢, in terms of D. = (V, H,):

1
ge = _ga3A—1HE — A~ !divdiv (D. ® D. — (3",0) ® (3",0))

1
= — 00T He — A Mdivdiv (V@ Ve + Ve @ (07,0) + (",0) @ Ve)

2 3

3 3 2
= —é&%A‘lHE — Al Z 8iaj(‘/'6i‘/5j) + Z Zaiaj(vgiﬁj) + Z Zaiaj(ﬂivej) , (3.49)

i,j=1 i=1j=1 i=1 j=1

which leads to the following scheme (where for n € N, J,, is the Fourier truncation operator on

the ball centered at zero and with radius n) for D = (V*, H}):

Jndiv [Jan‘ ® J VI + J VI @ (0, 0) + (7, 0) Jnvg]
Jndiv [JnV (JnH? + 58)} + Jodivy, (W : Jan)

= J,G — ( Vngg ) . (3.50)

1
0: D — LJ, D2 + ~BJ, D~ +

with initial data D?\t:O =J, (U(Lg,oSC + (U&&S — 8,0, 0)), the pressure ¢” being defined accord-
ing to (3.49).

3.3 Sketch of the proof

The rest of the proof of Theorem 3.1 is classical and we only give a sketch of it, pointing out
what is different.
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The Friedrichs scheme is an ODE in L2 = {u € L?(R3), with supp @ C B(0,n)} and its
solution D? belongs to C([0,T7,,[, L2 (R?)) for some lifespan T ..

sy temn

We have J,, D = D? and, taking the divergence of the system, we show that div D] = 0.

Then the scheme can be rewritten in a form close to (2.37) and Proposition 3.1 implies that
(3.43) is true for D”, which provides a uniform bound in n for ||D?| w2 which implies

g

T, = +oo thanks to the blow-up criterion for the ODE.

As D is bounded in EO, we can extract a subsequence that weakly converges to some
D, € EY satisfying (3.43) with the same bound.

All that remains is to show the weak limit solves (2.37), the only difficulty being to deal with
the nonlinear terms limits, for which the classical argument is to use the Ascoli theorem.
This is here that some adaptation is needed. In the Navier-Stokes case, it is shown that
4
H

A CH —1. It is easily proved for the terms involving

every term in the right-hand side is in L
?" and all that remains is to check the term involving .. With the same ideas as in the

proof of Proposition 3.1:

| Tndiv (Jo V2 - 0:) |12, < IV 013
= (V2 (23?0 (23) Pdas ) oy < | (V2 (@ )2y 1024 @y dan
e U - (R) (R)

~ 3 1
< 0l.P,, / V2 s ) o 105V s ) ey
~ 3 1
< OB 3 1V Gy | TV oy (351)

Thanks to the Young estimates (with (3,4)), we obtain that:
- ~ 3 1
i (V2 B2 < OB g3 DD e 19D e

~ L1
The first term is bounded thanks to (2.40) and the fact that 6y € By {:

- . . c - oc
10 5.y <6l 5.0 <00l 3 < ——llfocll .-y <3,
Ly H1 Ly B2,1 L; B2,1 (V’)S 3212 (V/)S
~ . 4 .
so that we have J,div (J,V"-0.) € L*(Ry, H ') Cc L} (R,H™').

Concerning the regularity of the pressure term g, only one term is different, namely
—19;A71D?, which obviously belongs to E*.

Convergence of D,

Let us first state more precisely the announced convergence result.

Theorem 4.1 (Convergence) Assume that § > 0, Co > 1, 6y € B;f , O e H2t0 (with
. L1
div ol = 0 or equivalently v} = Povl) and, for all € > 0, that Uy . € L%, 0. € B, { (R) with:

7, ) <C
||'U(’JIHH%+5(R3) < Cy, H OHB;% < Lo,

sup.s [Uo.ellz2 < Co, and  q SuPesg [0, sh ) < Co, (4.52)
2,1
UG5 = 0 llL> —2 0, 160 —6oll 3 —0.

B, 2(R) €0

»
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The global weak solution U, converges to (i",0,0) (where " and § are the global solutions of
Systems (2.28) and (2.29)) in the following sense: if D, = U. — (v",0,60.) (where 6. is the global
solution of (2.36)), then

e the stratified part PoD. = D, g converges to zero: for all g €]2,6],

1De,sllcz,, g, 30
o the oscillating part (I — P2)D. = Dg osc converges to zero: for all ¢ €]2,6[, there exists
g1 = e1(v,v',q) > 0 and, for all t > 0, a constant Dy = Dy s, c,,q Such that for all
e €]0,e4],

i (6 2)\2
K(q) . def min(y —1,1—2)
1Deosclzzen < Diet's with K(g) & —2 55—
q

(4.53)

. . . K(q)
Moreover, when v = v/, the previous estimates can be upgraded into ||Da,oscHLqu < Dye 5as

(now valid for all € > 0) and we can obtain global-in-time estimates with better convergence rate:
there exists a constant C = C,, 5,c, > 0 such that, for any € > 0,
|D < Ces.

E’OSC‘|Z%B§2+ZIBQ -

Remark 4.1 Choosing 5075 = 50 for each € > 0 leads to the particular case described by the
Theorem from the introduction.

In the rest of this section, we begin to prove the convergence of the oscillating part D ,se,
and then we use it to prove that the stratified part D, g also goes to zero.

4.1 Convergence of D, in the case v # 1/
4.1.1 Convergence of the oscillating part

We refer to (2.24) and (2.25) for the definition of D, g and Dg s and to Proposition 2.1 for
properties of this orthogonal decomposition. Thanks to Propositions 2.1 (Points 6,7) and 2.2, we

have BD, = BD; 45. and P(V¢.,0) =0 = IP@, which entails that, applying P(I; — P3) to System
(2.37), Dg osc solves (we recall that (I —P2)D; osc = De osc and Po Dy 5 = 0):

D. - V"
atDE,OSC - (L - %PB)DE,OSC = _]P)(Id - ]P)2) Ds : VDE + 0 + 6h . the + G7
D? - 050,
De,osc\t:O = UO,E,OSC'
(4.54)
Then, referring to Section 5.2 for the definition of P, g,, as in [18, 4] we truncate in frequency
and split D, 4. into three parts:

_ |D| D[\ |Dnl
Da,osc - (Id X( Re ))Ds,osc + X( Ra )X( 27‘5

The first two terms are estimated as in [18, 4] using Lemma 5.1 and Propositions 2.1 and 3.43,
for all t > 0 and ¢ €]2,6][:

)Ds,osc + PTE,REDE,OSC' (455)

~3(8-1

3(5-1) )
”De,OSCHL%Hl < R. ||D€||L§H17

1(Za — X(‘Rﬂ))DaOSCHLﬁLG <R

1_ 1 1 1_ 1
IXCEDX(EEN D oscll 20 < Ct3 (Rer2)? ™4 || Degsell g2 < O3 (Rer?)> ™4 || De|l oo g2
(4.56)
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The third part is bounded thanks to the Strichartz estimates proved in Proposition 5.4: when
e <e1(v,v,m, M), choosing (p,r) = (2,q) in (5.100) and defining F,,; as the right-hand side of
System (4.54), we obtain that:

Qo

T—
€

R 1q_2

et D (1P k. Vo osellze + 1Prp Featl 2 ), (457)
2

Te

||PTE7RE D&OSCHL?LQ <Crug

QN

All that remains is then to bound the external force terms. Three of them can be bounded using
Lemma 5.1:

3 3 1
1P (FO)llzize < CREIfgllyrr < CREEH e religl care,
so that we immediately obtain:
|Pr... (De - VDe + D - VO" + 0" - VD) || 1 2
31 ~ -
< CRE} (1Dl e + 17"l 1) IV Dl gz + 1Dl a2 [V |z 2 ) - (4.58)

The last term is bounded as we did for the Friedrichs scheme:
IPre (D2 0480 < [ ID% ooy |08

- ~ 3 1
<11, ) [ 12 g g don < CIBLIE, g 1l e 9Dl ey, (459)

and
~ ~ 3 1
HPTS,RS (Dg 'aSGE)HL}L? < HQEHL%H% HDeHzfoLzHVDe”}ing- (4'60)

1

Thanks to (2.40), as g € B, -

<Blls s < -C ol < EC0 (4.61)
1 Lf,7Bi4,1 (I//)g Bz,12 (V/)g

S
18:0 5 5 <0011

o
Npjor

8 .5 R
THI B

so that, thanks to Theorem 2.2 and (3.43) we can write that:

1\ pi 2 h ~h) 2 243\ ¢, 03
Hpre,RsFemHL}L2 < 05,1/,1/’41(1 +t2)RE (HUO,E,OSCHB + HUO,e,S — Vo HL2 + G, 6) om0
(4.62)
Gathering (4.56), (4.57) and (4.62), and thanks to the assumptions on the initial data, we finally
obtain that for all ¢ > 0 and ¢ €]2, 6] (replacing r., R. by their expressions in ¢):

2+% . o241
1Deosellzzre < CowargeChre® " (max(L, |U.c.onellz2)? + max(1, | Ufke s = #ll22)* + €57 )

1i7_9
_106_4 11 R2 g 2
x [ REZOTY b (Rar?yi i 4 e300 (1 4 4h)
2 q
Te

< Di (max(L, [Uo.e osellz2)? + max(1, U s — 5 112)?)
% (5% 8D 4 Cm-M)(G-0) 4 3(-3)-M(F-3)-m($-1 )
< Dy’ M) (4.63)
where Dy = D 5,,,7.¢y,q and we define

J(m, M, q)

e . M 6 1
S nin (2(q —1),2m = M)(5 = 2). 50 - 2) = M(5 = =) —m(5 - )) . (4.64)



Let us recall that m, M also have to satisfy:
3M <1,
{ tm (4.65)

M < 2m.

In order to provide a more explicit convergence rate, we can observe that the third term in the
minimum becomes positive when m, M are small enough, but we have to care that, due to the
first two terms, they are not too small. Introducing A, B as below (both of them are positive as
q €]2,6[),

A:§—1 and le—g,
q q

we rewrite the third term in the minimum as a function of A and B, which leads to:

(4.66)

M)E (1721 19 B
27 27478 2 2 ’

J(m,M,q)Amin(M (m— — —M——m)272(m+M)

Choosing m = M (and taking into account (4.65)), we are reduced, given A, B > 0, to choose m
small but with the view that the following quantity has to be as large as possible:

. m mB 1 B
J(m,m,q) = Amin (2,2A,(820m)A4m>. (4.67)
Observing that:
U U 3 —20m > 15,
— 320 m mB 1B _
J(m,m,q) > Amin (%3, 53, {55 —4m),

we obtain that if in addition m = M < i%, then i% —4m > i% and

J(m,m,q) > Amin(

)

Finally, if we choose m, = M, = min(ﬁ7 ﬁ%), we obtain:
1 . B. . min(A4, B)?
J(mq,Mq,q) 2 @Hllﬂ(l,z)mln(A, B) = W’ (469)

so that, plugging into (4.63), we end-up with the fact that for all ¢ > 0, all ¢ €]2,6[ and all
e <ei(v,v,q):
min(gfl,lfg)2
q q

6 _
||D5,osc||Lqu S Dt167V7V/,CO€ 640(¢ —1) n

turns into £1(v,v, q)

1
T—(3M+m)
lv—v']|

Remark 4.2 We emphasize that e1 = &1 (v,v',m, M) def ( V2
as m, M are fixed only depending on q.

4.1.2 Convergence of D, g

Thanks to the assumptions on the initial data, the estimates (3.43) can be bounded uniformly in
¢ as follows: for all £ > 0, and all € > 0

t 1 24l
| D-()]|22 + yo/ VD (7)||22dr < ngy,y/cﬁﬂeca,u,wco ° (4.70)
0
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Therefore we can extract from (D.).so a subsequence that weakly converges to some D e E°
also satisfying (4.70). To simplify, let us also denote (D;)c>¢ this subsequence. We showed in
the previous section that for all ¢ €]2,6[ and all ¢ > 0, || De oscll121q = 0, which in particular
£ e
implies that D. osc — 0and D, g — D.
e—0 e—0

Applying the operator Py to System (2.37), we obtain that D, g = (D?)S, 0,0) satisfies (using
once more Proposition 2.1):

5}1,

Deis = LDy = —P3[Deis - VDeis + Des -V [ 0 | 47" VaDes
0
'ﬁh
+ DE,S : v-Ds,osc + Ds,osc : VDs,S + Ds,osc : v-Ds,osc + Ds,osc -V 0 + :Jh : ths,osc:|7
0

(4.71)
with initial data: D, g0 = (U..g — 0, 0,0).

Now, as D, g — D (weakly) and D, osc — 0 (strongly in L? L9), every term involving
e—0 E—>

loc
D6 osc weakly converges to zero. All that remams is to show D, s - VD, s weakly converges to

D - VD which is similar to what is done in the classical Navier-Stokes case. We obtain that D
satisfies the following system:

oD —1D=-P,[D-vD+D V| 0 |+7v,D), )

5|t:0 = 0

Thanks to Proposition 3.1 (with zero initial data and external force G replaced by zero), we
obtain that D = 0. More precisely, we proved that the only possible weak limit for any extracted
sequence is zero, which implies the whole sequence itself weakly converges to zero. To finish the
proof, we have to upgrade the convergence of D, g towards zero: we repeat the arguments from
[4] and manage to finally obtain that for all ¢ €]2,6]:

D, s = 0 in L7 LI

loc*

4.2 Convergence of D, ., in the case v =1/

In the case v = v/, we can use the previous arguments but we do not need anymore any smallness
condition on ¢ and (taking advantage of the fact that the Py are orthogonal) we can save R./r.
in the Strichartz estimates (5.100) and in the final estimates (4.63), which modifies J(m, M, q)
into:

K(m,M,q)
Yoin (5 <m0 - D g0- D - m (P =B - D))y

2 g 2 q '8 q 2 q 2 g

which allows a slight improvement in the final convergence rate (following the same steps as
before): for all ¢t > 0, all ¢ €]2,6[ and all & > 0:

min(8—1,1-2)2
9 g
544(2—1
544(8—1)

HDs,osc”Lqu S ]D)t,é,l/,y/,(coe
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Nevertheless, when v = v/ we can obtain much better Strichartz estimates (see Proposition 5.6
in the appendix) which do not require frequency truncations. So the convergence for D. 54 is
directly given by this proposition, the only restrictions in choosing the coefficients (d, p, r, 8) being
guided by the possible bounds for the external force term. These new Strichartz estimates will
allow global in time estimates and a better convergence rate.

To do this we remark that, as in [14], among the various external force terms, we can ob-
serve two distinct regularities, which suggests us to decompose Dy o5 = D;)Osc + D?,osc which
respectively solve:

0
0 ~
875D;,osc - (L - %PB)D;,OSC = _P(Id - ]P)Q) 0 + Ga (4 74)
D? - 050,
D;,osc|t:0 = UO,E,osc;
and
D, - Vih
8tD?,osc - (L - %PB)Dg,OSC = _P(Id - ]PQ) D.-VD. + 0 + o VD, s
0
D?,osc\t:O =0.

(4.75)
The initial data and external force terms in the first system can be respectively bounded in L2
and L'(R, L?) (globally in time, we refer to (4.60) and Theorem 2.2), whereas the external force

terms in the second system can be bounded in L'(R ., H *%) according to the following product
law: if div f =0,
1F- Vgl 3 <Ifgll s < I llgll e

2 2

Thanks to Proposition 5.6, for any (p1, p2, 71, r2) satisfying:

2 1 2 1 5
—+—=1 and —+ — =, (4.76)
1 Pp1 T p2 4

we have (thanks to Theorem 2.2, (4.60), (3.43) and (4.61)) that for all ¢ > 0:

1q_2 t ~ ~
1D2oscllzn o, < Cormwe™ 770 (|Uo,s,m|m+ /0 <|D§.agee||Lz+||G||Lz>dt'>

lq_2 ~ 3 1 ~
< Cpy et 770 (nUo,s,osanz 185 5 1Dl Zpe 121V Dl oy + ||G||Lm)

< Cpr e O (U enellis + G C3H) el
< CprirrwniCot T (Wo,eosellz + 1), (477)
and
12 ¢
102 oucllzze o, , < Crarowe™ 77 / (ID=l1Zs + 201Dl 18" 1)

12
< Cparawdoc 772 (U cposel22 +1). (4.78)
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If we wish the largest possible exponent for €, we need 71,72 to be as large as possible. Let us
recall that ps, 7o also satisfy (see Proposition 5.6) pa < 4/(1 — 2/r2) which is satisfied as (4.76)
(and the fact that ps > 1) leads to:

| oo

<ry <8.

Choosing r1 = ry = 8, we finally obtain (p1,p2) = (3,1) (the conditions from Proposition 5.6 are
satisfied) and:

3
6

3
D < Cu5,0081 ([|Un e 0scll2 +1) < Cuscoes,

sell~4 . ~ .
E’O‘SC”LEBgQ—i-LlBgQ

which concludes the proof. B

5 Appendix 1

5.1 Notations, Sobolev spaces and Littlewood-Paley decomposition

For a complete presentation of the Sobolev spaces and the Littlewood-Paley decomposition, we
refer to [2]. We will use the same notations as in the appendix of [12]. Let us first mention the
following lemma:

Proposition 5.1 (/2] Chapter 2) We have the following continuous injections:
For any p > 1, 32,1 — LP,

For any p € [2,00], B;?,z — LP,
For any p € [1,2], Bg,p — LP.

Sometimes it is more convenient to work in slightly modification of the classical L? B o Spaces: the
Chemin-Lerner time-space Besov spaces As explained in the following definition, the integration
in time is performed before the summation with respect to the frequency decomposition index:

Definition 5.1 [2] For s,t € R and a,b,c € [1, 0], we define the following norm

O — JS|IA .
lollze g, = || (2 1A50lze0) o

The space E?Bgc is defined as the set of tempered distributions v such that lim;_, o Sju =0 in
L([0,t], L>=(R%)) and Hu”ing < 0.

We refer once more to [2] (Section 2.6.3) for more details and will only recall the following
proposition:

Proposition 5.2 For all a,b,c € [1,00] and s € R:

ifa<e, VuelLiBi. |ullgp <lulls;

ifa>c, Vue L?Bg,cﬂ HUHE?Bg,C > HUHL;?B;C'
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5.2 Truncations

In this section we precise the truncation operator that we will abundantly use: let us choose a
function x € C3° (R, R) taking values into [0, 1] and such that:

supp x C [-1,1],
X = 1 near [—%, 3]

Given 0 < r < R we will denote by C, r the following set (where & = (&5,,&3)):
Crr={¢€R’, [¢{f<Rand | =7} (5.79)
If we define f, r(§) = X(%)(l - X(Ig—’;l)), then:

{Sumo fr,r CCr R,

(5.80)
frrR=1on C2r,§'

Now we introduce the following frequency truncation operator on C,. g (F~! is the inverse Fourier
transform and |D|* the classical derivation operator: |D|*f = F~(|£]* f(£)).):

P = (D = x() (1 — (22
= P (i) = 7 (v Eh - v Shyae). s
Thanks to (5.80), we have:
f52r(D) fr.r(D)u = fr r(D)u. (5.82)

In what follows (and as in [8, 12]) we will use it for particular radii 7. = ™ and R, = ¢~ M,

where m and M will be precised later. Let us end with the following anisotropic Bernstein-type
result (easily adapted from [4], see [28] for more general anisotropic estimates):

Lemma 5.1 There exists a constant C' > 0 such that for all function f,a« > 0,1 <¢q¢<p <
and all 0 < r < R, we have

HX('%)X(

Moreover if f has its frequencies located in C, g, then

| D]
T

Jflle < C(RIZ) 55 Ix(x(

) fllza. (5.83)

D" flle < CRY[| ]|z

5.3 About the linearized system

Consider the linearized system (fo, Fere being divergence-free, the second form is obtained using
the Leray projector P):

atf - (L - %B)f = Feut, _
— {atf ~ (L~ 1PB)f = Fea, (5.84)

lef = 0’ !
fit=0 = fo- fit=0 = fo-

Applying the Fourier transform turns the equation into (as in [4, 40]):

—

at.]?f E(€7€)f: Ferct7
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where

V(& +&3) v€1&o v€is iﬁi

R v€1&2 —v(&] +€3) v€2€s 525'?;
B(§,¢) = L— _PB= §J+€2
Z31S 2 v +8&) - 1€|§|22
0 0 é —V|¢)?

o —

Remark 5.1 Note that in [40, 34, 36] the authors consider the matrix L — TPBP. Doing this
will gather our first two eigenvalues (see below) into the same double eigenvalue.

5.3.1 Eigenvalues, projectors

We begin with the eigenvalues and eigenvectors of matrix B(¢,¢). The methods are similar to
those in [4, 5, 6, 8, 10]. As there are some differences we will give precise results and skip details.
First, the characteristic polynomial is:

£%+£§),

det(X 1o = B(E,€)) = X (X +v[e) (X2 + (v + PN +o/lelt o+ 2

whose roots are much simpler to obtain compared to System (PE.). The discriminent of the
degree 2 factor is:

&+

e2f¢f?

Which is nonpositive if, and only if, [v — V/|e[¢]® < 2[&,|. If € € C, g it is sufficient to ask that
|v —v/|eR® < 2r. This asks to split the discussion into two cases.

D=(v—v)e* -4

e When v # v/, if we choose (., R.) = (€™,e~™) (m, M being precised later) then D < 0 on
Cyr. . as soon as |v — v/|eR2 < 2r., which is equivalent to:

Sl-@MEm) o2 (5.85)
lv—v|

So, when

. 2 17(31%1+'rn)
3M +m<1 and 0<e¢ S g0 = 50(1/, V/7m7 M) d:f (y—]//|) s (586)

we obtain the following eigenvalues:
)\1(575) = 07 /\2(575) = _I/|£‘23 )\3,4(575) = )‘:I:(gvg)v
with, for n € {—1,1}:

v+ 1€l (v —v)?e?[¢)°
An(e, &) =— Zpipgee 1 - 5.87
The eigenvectors are as follows:

(6W’|£\z + ﬁ)& —&

(e IE]° + p)ée L] &

V g, = €|§| ) V g, = T )
&) e/ [¢ g, T
Vs 0
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and for n € {—1,1}, V3 4(¢,&) = Vi (e, §):

183
V2l€]I€n]
V2l
h
Va(e, &) = Tl : (5.88)
) V2lE]
w=elel? | o n [ v )P
AR )

e When v =1/, D < 0 on R? and the eigenvalues become:

)\1(€a§> = 07 )\2(€7€> = _V|£‘25 )\3,4(6?5) = Ai(57£)7

with, for n € {—1,1}:

€
Ao(e,€) = —viel? + in . (5.89)
el¢]
with the corresponding eigenvectors:
&1
C ﬁ)& —& V2lelln]
2|¢)2 + 1 283
Vo= | @ELY IR e L] 8| yeo=| Ve
24 |€| £3a |§h| 0 _\/E‘f‘
v )
€s iL
(5.90)

In both cases, the first eigenvector is not orthogonal to (£,0) so does not correspond to a
divergence-free quantity and will then play no role in the study of the linearized system. We
can easily see that in both cases V5 is orthogonal to V3 and Vy, but V3 and V, are orthogonal only
when v =1/,

As in [4], any R%-valued divergence-free function f can have its Fourier transform decomposed
into the family (Va(e, €), Vs(e, &), Va(g,€)) according to:

4
FO) = ar=, OVile, 9).

k=2

Denoting Pi(e, &) = ar(e,§)Vi(e,£) we introduce the corresponding projectors: for k € {2,3,4}
we define the Fourier projector Py, = Py (e, D) as:

Pyf = 1 (Pule, O)(F(€) ) (5.91)

Due to the fact that V5 is orthogonal to the other two eigenvectors, we have:

Pof = F (1) - Vale. )Vale, ), (5.92)

and it is only in the case v = v/ that similar properties also stand for k = 3,4:

e CIGR CCINACH)]

We gather in the following proposition the properties we will use to obtain the Strichartz estimates.
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Proposition 5.3 If v # v/, for all m, M > 0 with 3M + m < 1, there exists ¢; > 0 such that

1
for all e < g1 = (ﬁ) 1_(3M+m), ifr. =™ and R, = ¢~ ™, then for all £ € Cr..R., the matrix

[v—v']

B(¢,e) =L — éIP’B is diagonalizable and its eigenvalues satisfy:

A1(e, ) =0,

Ao(e,6) = —vIEP,

Na(e,€) = —EEZ (€2 + 8] — ieD(e,8), (593)
Aa(g,€) = As(e,8),

|ID(,6)| < (v —v )2412 ‘gz‘:l < Co(v — 1/’)21:—5 = Cy(v — V)2~ BM+m)
0, D(e, &)| < (v — 1) 5% 1l < Co(v = /)2 55 = Co(v — v/)2e= GM+2m),
8 :

96, D(e, )| < (v = ) 2L < Gyl — 1) B2 = Gy — /)24 4m),

3
Moreover, the projectors Py, = Py (e, D) satisfy that, for any divergence-free R*-valued vectorfield
f, we have:
Pof = (VA 'w(f),0,0), withw(f) = 01f*— daf?,

(5.94)
P2 fll e < NP £ s < SNl gges  for any s € R.
and
(Id - Pg)f == (VhAgldiV hfh7 f3, f3), thh diV hfh = 81f1 + 82f2, ( )
5.95
|(Za —P2) fll sie < || fllgjs, for any s eR.
Finally for k = 3,4,
R, —(m
IPPre r Sl < V2-=N1Pre e = V2 0NPr g S e (5.96)
€

If v = v/, there is no need anymore of a frequency truncation or an expansion for the last two
eigenvalues (no €1 either is necessary), and the Py (k € {2,3,4}) are orthogonal so for any
divergence-free R*-valued vectorfield f, we have:

IPxfll s < [1fllsr  for any s € R.

Proof: to obtain the developpment of A;(e,£) (5 € {3,4}) we use (5.87) and the following Taylor
expansion of order one:

1
T du

Vi+zrz=1+— _—
o 2/0 V14 zu

so that we immediately get:

2 16° /
b a : 5.97
(&6) I/ V 8|§h| \/1 (l, (v=v")22|¢[6 ( )
R hl2
To bound D and its derivatives, we impose a little stronger condition than (5.86) on e, namely
we ask that:
‘V_V/||f|3)2 ( |V—V’|R§’)2 1 _ /3 T
) <(e—5—=) <5, whichleadsto &< | —— (s
<5 2[&n| =\ o =g wmerieads o e = T (5.98)
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To bound the projectors norms, the methods are similar to what we did in [4] and we also use
(5.98) in the cases i = 3,4, as we obtain:

€l

\flléhl /1 - = 2|s|6 Prem

| F(BiPr..r. ()] 2

which gives (5.96).

5.3.2 Strichartz estimates when v # 1/

The aim of this section is to prove the following Strichartz estimates:
Proposition 5.4 For anyd€ R, r >2,q>1andp € [1, 17%], there exists a constant Cp,, > 0

such that for any ¢ €]0,e1] (where &1 = (V2/|v —V/[) """ ) and any f solving (5.84) with
initial data fy and external force F,,; such that div fo = div F.;; = 0, then for k = 3,4,

|| |D|de),P’l”g,RngthB9q
7_,

Cp’ Rg T 1(1_

8

<
T ) BB BT

€

D (IPrem follsg, + WPror Featllpipg ) - (5:99)

Remark 5.2 The condition ¢ < g7 is needed only for us to use the estimates from Proposition
5.3.

Proof: Asin [4, 12, 14], we first assume F,,; = 0 (the inhomogeneous case is dealt reproducing
the same steps on the Duhamel term), and we will prove that under the previous assumptions,

9

7_7
Re ™ 1.2
%Py, k. florr < Cowr pr—mrz—ze™ T)(||7’rE,REf0||L2 + ||7’ra,RaFezt||L1L2)a (5.100)

Te

which will give the result if applied to Aj|D|d f. The proof is close to the one of Proposition 51
from [12], but also features improvements coming from [13] (as explained in this article, using
the Riesz-Thorin theorem allows to upgrade the condition r > 4 into r > 2). We will skip details
and point out what is new. Let A be the set:

def
{ €CP(Ry x R%R),  |[¢llow, . or@e) < 1}

We follow the steps from [13]: taking k = 3, thanks to Plancherel and (5.81),

IPxPr..r. fllLrrr = bup/ / PyPr. r. f(t, x)Y(t, z)dxdt
R3

=C sup/ /]R3 — e it L g~ itED(E’g)I(PkPrE,REfO)(5)f%€,2RE (§>$(t,‘f)dfdt

PpeA
< C||PxPy, g, follL2 SHP [/ / / fre ar. (€ t (t,€)

viv! t—t’ t 1€pl B
« o~ SE (g i e —i(t— t)eD(ES)f R (OO, E)dadtdt’ | . (5.101)
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Dispatching in both terms the heat semi-group, and using once more Plancherel and the Holder
inequality, we obtain:

IPxPr, g, fllzrrr < C|IPLPr, R, follL2

1
2

oo ey vt o —
X sup [/ Uttt e OB G | (5.102)
YeA LJO 0

where we have defined for some g:

1€n

_V+u 77 Y
(Lerrg) (@) = [ et SOOI ST A0 1 (€)5(6)0e

=K.ipv*g, (5.103)

with
! €nl

SIS R it eDE) ¢, (g,
71 {4

Kepola) = @m)= [ ¢

To estimate the second norm in (5.102), we cannot directly use the well-known smoothing effect
of the heat flow described in Lemma 2.3 in [2] (see Section 2.1.2) as the frequencies are not
supported in an annulus but in the set C ™ 2R, which needs us to adapt the result as stated in
the following proposition (see (5.79) for the definition of the set Crr):

Proposition 5.5 Let 0 < r < R be fixed. There exists a constant C' such that for any p € [1, 00],
t > 0 and any function u we have:

N R3
Supp © C Cr g = ||etAu||Lp < erefé”?”uHLp.

We refer to the end of Section 5.3.4 for the proof of this proposition, which allows us to write
that:

+u’ (t+t/)A—/ Rg _ v+ (t+t/)r2 ,
g Preor Pt )l < O e (ot e (5.104)

€

We start to deal with the other term through the same steps: with a view to use the Riesz-Thorin
theorem, we bound the following norms:

Lt llesce < Coe™ T8 (012 (5.105)
[Letr |1 pee < ||Ks,t>t’\|L°°-

Thanks to the definition of the kernel, we easily obtain that
Kol < CoR3e™ 58472, (5.106)

In order to bound this norm with a negative power of ‘t;t/‘ , we cannot use the classical argument
developped by Chemin, Desjardins, Gallagher and Grenier in [18, 19, 20]. Reproducing the
method would lead to:

Co o= S () dg
7"6 Cr 1 + |t7t,| 6%55‘,

5 2he e [enl?[El8

| Ket 0 (7)] < —

Unfortunately, due to the definition of C, r we cannot follow anymore the steps from the classical

244
method, as we cannot bound from below on C%EQRE the term % (neither &5 nor & can be).
The first idea would be to make |{| easily bounded from below and change the set C, r into:

Crr= {6 R[] <R, and [&] > 1},
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but in this case we would not be able to perform the key argument (invariance by rotation
around the z3 axis) to assume zo = 0 anymore. As in [40], the best possibility is to use the
third variable: thanks to the change of variable (&1,&2,&3) — (&1, &2, —&3), we easily obtain that
K. (21,22, —23) = Koy p(21,22,23) (we refer to the previous proof for the expression of D),
so that we can assume that z3 > 0. Moreover for any ¢,t', e, we have:

t—t
HKa tt’||L°° (R3) = sup ||Ka t, t'($1,$2, 373)”,
z€R
so that we are reduced to bound (C = (27)~3):

t—t

1:3) —-C 6imh-§h€7":"/ (t+t’)|§|2+i%a(£)f (t—t")eD(e,€) X( |§| )( (|§h| ))dé.,

K. (21, 22,
R3 2R,

where we have denoted:

(€)Y ez &+ %' (5.107)
Then we can introduce the operator £, defined as follows:
1 . .
Ht%w(f(f)*'m(f)a&gf(f)) ift >t
Lf = . (5.108)

m (f(¢) - ia(f)agsf(f)) else ,

where we defined o as follows:

a(€) = —e,a(€) = (w5 — &3/n]

).
€1°
Assume ¢ > ¢’ for instance (t — ¢ = |t — t/| in what follows), and performing an integration by

=01 x(2ly):

parts, we have (as £ is taylored to leave invariant e®n€n+i*

t—t
K. (x1, 20, x3)
_ iwn-entit=la©) (1 _ v\ o [ om s @rt)le2—it—t)eD () L] 1
¢/ e (1= x5 e (e xgp) ) de. (5.109)
where the transposed operator is:
1 1- t_—t/a(f)z ia(€)
f = ———— —i0 —_— - ———0, .

Using the estimates from Proposition 5.3 for D, 0, D, getting rid of ¢,¢' with the fact that
ze™® < 2¢7% for ¢ > 0, writing |[v — /| < v + v/ and using (5.98) (the details are omitted but
close to what is done for instance in [4, 6]), there exists some constant Cy > 0 (depending on
[IX'|| o) such that:

’
S (t4t)[€]?

Y, 2 i(t—t")eD(e, i €
|t£< (t+t")]€? —i(e—t') €>( )>I<Col+t—t/az>

x [<1+|agga>+|a|<

|:(1+4€h|)_’_| |(4(|53‘ + 200 |V_VI|2@)_’_|§3| 1 )]

- , / 1
VAV 14 el + el Die. )] + '?jR )}

o= LS ()€

<y

1+ =la? & 4& vV |6l [€] Re
£
SO
e 32 € [0
<Cp—F— [ =+ =), (5.110
< 01_’_,5_;042 <r§+r5) ( )
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which leads to

t—t

z3)|

e (2R2)?—[€n]? 1
SCO/ o G (e >/ HQ( . |a|>d§3d£h (5.111)
e <|€n|<2R. —/@RZ g2 L+ -a® \re 7.

1 1 _1
Thanks to the fact that |a| = (t v ) ’ (ﬂ) lal < i (ﬁ) 1+ t_Tt,aQ), we have:

€ g

|Ke v (21,22,

2R 2 2
/ 671+V (t+t) 2/ ( ) ‘Eh‘ 1 |a| 3d§h
e <16, |<2R. VERZ g 1+ 1+ a2 Fa? e

1 , (2Ra)27‘£ ‘2
<L <tt'> / 3 <t+t'>r§/ '
Te \ € s <|én|<2R. —V/(2Re)?=enl?

1

R3 tl 75 v l// ’

<C°r< . ) e~ (HO2 - (5119)
€

To bound the other part of the right-hand side of (5.111) we decompose the integral in {3 as
follows:

0 1 vV (2R:)?—&n|? 1
/ Tyt / Ty e
VERZ-& 2 L+ 1+ a
The first part is easily bounded: as —&3 and x3 are nonnegative,
g
B &lnl, §3|€h\ 1€n]
|O[(£)| - ‘IEg |§|3 | = T3 ‘€|3 ‘§3||€|3 = |£3|16R37

Nl

and (thanks to the change of variable z = (ﬁ) lg—ﬁgfg):

€

0 0 N 3
1 1 t—t'\ " ? R3
/ — 54 < / 7,736153 <y ( > —.
V@R & 1+ o VRGN 1+ 58 3 € Te
(5.113)
The second part is bounded thanks to Proposition 6.1: there exists a constant Cy > 0 such that

VRSP on, t—1 (2R.)" . t—t' -1
——— & =1 ( ) < Co T mn 1»( ) *
0 1—1—%042 [Enls o ‘§h|7 c

7 1
gcoijin<1,(t 1t) 4). (5.114)
re? €

Coming back to (5.111) when t — ' = |t — | > &, we end-up with:

t—t R? t—t'\ -1\ RS t—t\ 1 i iy
| Kt (21, 72, 3)| SCO( i min (17( ) 4) + (=) eI
€ re € r3t e
RY 1w
SCO%(L/)H?_ (4t )T?) (5.115)
oMt
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which, coupled with (5.106) when |t — ¢'| < ¢, finally implies that:

RY 1 i g
|1 K e .t || Lo < Co—% min (17 (%) 4) o~ a5 (t+t)r?
re |t — 1]
9 5% vt (t+t/)7‘2
Co 5 me 52 <. (5.116)

Using this together with (5.105), we obtain thanks to the Riesz-Thorin theorem that for any
r € [2,00]:

1—=

Rg g% " _u+u

"La’t’t'g"LTSC()( G t/u) e O glor.
Tre -

Gathering this estimates together with (5.104), and thanks to (5.96), we can properly bound
(5.102) and obtain that:

PP k. fllLerr

1+ +2(1— 1
1(1-2)
< Co||Pr..x. follz2 bup 1+2+10( rEa {/ / \t—t' dtdt , (5.117)
with h(t) = e~ i ||ty )|z As in [12, 13], the last term is bounded using the Hardy-
Littlewood—Sobolev estimates like in [12, 13]: if k; > 1 is such that:
2 1 2
L1 -S)=2

then

oo oo h
/ / MO vt <
0 0

so that if 8 >1 is defined as l + 5 = 1711’ that is B = 1% — 1(1— 2) (this is here that we need the

condition p < 7 —£5), we have

1
o 16 1\7
Il < 1= B s ollgy <€ (rorss ) Wlaess

This finally entails that:

7—
€

*x\o

R

C 1q_2
IPLPr. k. fllerr < T mores Pk follre,
P

(v+v)p 307D,

S
5 \\1

€

where C),, = Cj [16(% —+(1-2))] %7%17%), which concludes the proof. B

T

5.3.3 Strichartz estimates when v =1/

When v = 1/, we have L = vA and System (5.84) becomes:

(5.118)

onf — (VA — %PB)JC = Feat,
fit=0 = fo-

We prove in this section the following Strichartz estimates, that are close to their counterparts
from [13]:
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Proposition 5.6 For any d € R, r > 2, g > 1, 6 € [0,1] and p € [1 ,0(1 )] there exists a
constant C' = Cp, . ¢ such that for any f solving (5.118) for initial data fy and external force F..

both with zero divergence and vorticity (that is in the kernel of Ps), then

Cpro o
DI Fllzy s, < =580 (Ifoll gy, + 1 Feslzy sz, ) (5.119)
t »q Up o

Whereal—d—kf—ﬁ—f g(1-2).

Proof: As the result is close to Proposition 4 from [13] we will refer to this article for details
and only point out what is different: namely the eigenvalues of the hessian and the singularity of
the phase near {(0,0)} x R.

As in [13], the classical non stationnary phase argument from [18, 12] is enhanced thanks to
the Riesz-Thorin theorem (as in [23]) together with the Littman theorem (as in [33, 34, 30]) that
we recall here:

Theorem 5.1 (Littman [35, 41]) Assume that ¢ : R™ — R is a smooth function compactly
supported in K and ¢ : R® — R is a smooth function such that for any £ € K, the Hessian
D2¢(€) has at least k nonzero eigenvalues. Then there exists a constant A such that for any
AeER and xz € R”,

. . _k .
| [ emEetiro©@ye)de] < AV/JzE + A2 2 < AN 5.
R’n,

As in [13], we emphasize that the use of the Littman theorem only improves the coefficients:
indeed, had we not used this result (but all the other arguments from [12] enhanced with the
Riesz-Thorin theorem and the method from the previous section), we would have ended with the
following alternative (and very close) proposition:

Proposition 5.7 For any d € R, r > 2, ¢ > 1, 6 € [0,1] and p € [1 ,9(1 )] there exists a

constant C' = Cp, . ¢ such that for any f solving (5.118) for initial data fy and external force F..
both with zero divergence and vorticity (that in the kernel of Py), then

Cos s
DIz gy, < —=5m255e407 0 (Ifollogs, + 1 Featllzy s ) (5.120)
t or.q Up P

WhGI‘GO’Q—d‘F*—;—* (1—7)

Let us continue the proof of Proposition 5.6 and first assume that F.,; = 0. As explained in
[12, 13], as divfo = 0 = w(fo), we have fo = Pfy = P3fo + Psfo, and:

ﬂﬂ=f1<‘”m+ii<a)m@ Ly @)m@Q-

Thanks to the orthogonality properties when v = v’ (the projectors are of norm 1), we are reduced
to the study of:

oy =5 (R g )

If ¢ is the truncation function introduced in the Littlewood-Paley decomposition supported in
the annulus centered at zero of radii 3 and § (see appendices from [12, 13] or [2] for a complete
presentation), we denote by (7 another smooth truncation function, with support in a slightly
larger annulus than supp ¢ (for instance the annulus centered at zero and of radii % and 3) and

equal to 1 on supp .
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With the same set A and the same steps as in the previous section, for any j € Z and r > 1:

85 erar = sup [ [ Byt aput. oo
peao Jre
= C’sup/ / e
HeEAJO R3
< Csup [|Aj follz2 [/ / 1L (
PpeA 0 0

R Fo(€)pr (27960 (1, €)dedt

[N

t /
Yot e le” 2o (27 DY, )| edtdt’|

(5.121)
with L;(o) defined as follows:
Loy = [ e p 7 e = Kio) + . (5122)
where o
Ky(o)(@) = [ e ol ae (5.123)

Thanks to the frequency truncation (remember that supp ¢ C C(0, %,3)) and the classical esti-

mates for the heat kernel in this case (we refer for example to Lemma 2.3 from [2]) we easily get
that: _
e 20y 27 DY, e < Ce” FEH op(t) | 1. (5.124)

To bound the other term we will, as in [13], successively bound its L? — L? and L' — L norms,
and conclude thanks to the Riesz-Thorin theorem. Thanks to the Plancherel formula there exists
a constant C' (only depending on 1) such that :

ILj(@)gllzz < Cligllze- (5.125)
Thanks to the Young estimates:
1Lj(0)gllLe < 1 K5(0)l| L=< llgllLr, (5.126)
and performing the change of variable £ = 277, we get K;(0)(z) = 2% K(0)(27z) and:
15 () [z < 27| Ko(0)] v, (5.127)

And as in [13, 33, 30, 34] we need bound the L*°-norm of Ky (see (5.123)). First we rewrite it as
|

follows, denoting b(§) = %:

Ko(o)(x) = / e T Oy (I¢])de, (5.128)

Compared to the case of the Primitive system (see [30, 13] the problem is here that the derivatives
of b present singularities when &, = (0,0). Using the Littman theorem then requires frequency
cut-offs, as done in Proposition 3.1 from [34]:

Proposition 5.8 [34], With the previous notations, there exists a constant C > 0 such that for
all x € R3 and all o # 0,

1Ko (@)l < C(1+ o)) 72 < Cmin(1, [o]~2). (5.129)
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Had we not the singularity problem, we would simply perform the frequency truncations (as in
[33, 30, 34, 13]) to split the integral into several parts, on which the Littman theorem can be
applied. The decomposition corresponds to zones where we precisely know how many nonzero
eigenvalues are featured by the Hessian D?b which writes in our case:

E2(E31€1> - 38316n?) —&&& (1€ +316h]?)  &&slénl? (316 — 1€1?)

D*b(¢) = m —66EG(1EP +3Inl?)  G(FIE1? —3851Enl?)  atslEnl (3lén]® — I€?)
§1&31En2 (BlEn]? — I€17)  &alslénP(BlEnl® — 1€7)  —I&nl* (BlEnI? — 21¢1%)
(5.130)

To ease the understanding of what is done in [33, 30, 34] (where the proofs are done only reasoning
with the determinant) we compute the eigenvalues of this matrix (as we did in [13]):

[Enll€ 21¢J?
Notice that the behaviour of the eigenvalues is a little different: if £3 = 0, then only one eigenvalue

is nonzero (and is equal to —ﬁ) and if &3 # 0 then none of the eigenvalues is zero. The idea is
basically to split the integral into:

Ko(o)(w) = / T O (s )or (1€])dE + / O (1 x(Iga))) ) or (I€]) g

R3 R3
= Ko1(0)(z) + Koz2(0)(z), (5.132)

Thanks to the study of D?b, at least 1 eigenvalue is nonzero for the first term, and the three
of them are non zero for the second one, and if we could directly apply Theorem 5.1 we would
end-up with:

1Ko1(0)||= < Cmin(1,|o]72), [ Ko2(0)]r= < Cmin(1, |o|~2).

But this is not so simple as function b is not regular on supp ;. In [34] the authors overcome
this difficulty with frequency truncations.

Remark 5.3 We can complete Remark 9 from [13]: in the case of the rotating fluids, we decom-
pose the frequency space into three zones, on two of them at least two eigenvalues are nonzero,
on the third zone, every eigenvalue are nonzero. In the case of the Primitive system, on one zone
at least one eigen value is nonzero, at least two of them in the second zone and all of them in
the third zone. For the Stratified Boussinesq system, singularities arise and on the first zone, at
least one eigenvalue is non zero, all of them in the other zone. We also refer to [26] who revisit
Strichartz estimates for the linearized systems of the three models thanks to restriction theory
(without resorting to dispersive estimates).

Gathering (5.129), (5.126) and (5.127) leads to
ILi(@)gllz < Cr2¥ min(L,]o|~#)llg]lL:,

Doing as in [13], gathering the previous estimate with (5.125) and thanks to the Riesz-Thorin
theorem, we obtain that for all r € [2,00] and 6 € [0, 1]:

3j(1-2)

T

zyllglizr, (5.133)

o2~

1L;(o)gllLr < Cr

so that, using also (5.124), we can bound (5.121) and obtain:
, : . () h(t! :
N R 1 g A R LA
veB |Jo Jo  |t—v|20-7F)
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with h(t) = e~ 512 ||4b(t,.)||L~. The last term is bounded exactly like in [13] using the Hardy-

Littlewood-Sobolev estimates (this is here that we need the condition p < ﬁ) and we finally

obtain: o
1A FllLerr < 11’7%953(1*%)2]’(%—%—%'?%(1—%)) 1A foll 2
vrp 4V Tr
which leads to the result in the homogeneous case. The inhomogeneous case (i.-e. when F,,; # 0)
easily follows applying the previous steps to the Duhamel term. B

Remark 5.4 1. In the case v = v/, there is a difference between the power of |t —t'| /e in the
dispersive estimates produced with the Littman method compared to the non-stationnary
phase method: respectively —1/2 and —1/4. This is also noticed in [13, 14] in the case
of the rotating fluids (respectively —1 and —1/2). In [13] we also point out that for the
primitive system both exponents are the same.

2. When v # V' or when anisotropic estimates are needed the non-stationnary phase method
is preferred to the Littman method. We refer to [15] for more details.

5.3.4 Proof of Proposition 5.5

We adapt here the proof of Lemma 2.3 from [2]. As in [9] we only present here what is new.
Thanks to (5.81) we can write that:

eSu=F 7 (fran@eaE)) = glt,) +u,

with

glt,a) = (2m)°° [

R3

¢ fan(©)e " dg(2m) S [

R3

(g (1 - xS )eeag,

so that |[e*®ul|z» < |lg(t,.)||z1]|ul/z» and in order to bound the Ll-norm of g we use the same
method as in [2] but will only perform twice the integrations by parts (we are in R3):

g(t,z) = (2m)3(1 + |z|?) 2 /}R3 e E(Ig — Ag)? (X( ¢ )(1 _ x(m))e”‘f?) dc.

h
2R, Te

The rest of the proof is then a matter of computing the derivatives of f%VQR(g)eit‘EP using the
fact that:

A(fg) = (Af)g+2Vf-Vg+ fAg,
V(e Py = —2te=t1P¢. and  A(etE1") = —2¢(3 — 2t|¢[2)e I,

To simplify the notations, let us put K = fr or. We have:
(Ia = AP (K (§)e 1) = [(Id — APK(€) + 2t (3K (€) — 10AK () + 26 - VE(S))
+ 4t (15K(§) 4206 - VE(E) +4€ - (& - V)VK(g))

+ 8t — 10[¢[7K(§) — 4[¢[7€ - VK (&) ) + 1617 €7 K (§) | e 5. (5.134)
3( 2 2 ) 4 ¢4 ] tl¢)?
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We can get rid of the powers of ¢ with estimates such as t®|¢[20etE" < Cle— 3161 < ¢re—27"
and the proof follows from the fact that there exists a constant C' > 0 such that for all £ € Cz 2R,
we have

VK| < O + 1)
IAK| < Ol + 7 + %),
6= VIVKI < Clh+ 3+ ).

|A’K] < Clgs + 75 + o + 7 + 70,
so that, integrating on C; 2g, we finally obtain:

C R3 _t,2 R3 _tp2
Wﬁe 2 and Hg(t7)||Ll SOTTB 20,

which concludes the proof. B

l9(t, )] <

6 Appendix 2

For 0 < a < R, and 8 > 0, let us define, for any = € R,
azx
fa(z) = m7
and
def

VET=a?
d
/ “T (6.135)

0 1+U(fa(x)_5)27
It is obvious that IEB (¢) < R but we wish to bound this integral when o is large. The aim of
this section is to prove the following proposition, that is crucial to obtain the Strichartz estimates
from Proposition 5.4:

Proposition 6.1 There exists a constant Cy > 0 such that for any 0 < a < R, (with R > %)
and all 8 > 0,
R R . —1
I3 5(0) < Co—3 min(1,07%). (6.136)
a2

6.1 Reduction of the problem

If a > 0, it is immediate that for any A > 0 and © € R, f,(A\zx) = %fx (z), so that in particular,
we get that for any « € R, fo(x) = 1 f1(£). Performing the change of variable z = ay, we obtain:

z
«
)

so that we are reduced, given § € R and R > 1 to prove that

E g
15,5(‘7) = alfaﬁ(g

Proposition 6.2 There exists a constant Cy > 0 such that for any R > %,

. VvVR2-1 dx
sup I{*3(0) = sup /
BER L Mﬂ( ) BER, Jo L+o(fi(z) - B)

Moreover, the exponent —i is optimal in the sense that there exists ¢y, oo > 0 such that for any
V3
R > 72 and o > og,

< CoR" min(1,07 7). (6.137)

NG

sup If?ﬂ(a) > If 2 (0) > coo™ 1.
BERL

4
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Figure 1: Variations of f; and derivatives

6.2 First properties of f; and ]fﬁ(a)

In what follows we will need to study not only fi; but also its first three derivatives. We easily
obtain that for all x > 0:

T —2g2 3x(2z%-3
fl(x):m, f{(x):(;,%)%a {'(ff):ﬁ,
Y= = (8at — 22?4 3), f{Y = 152 (824 — 4022 + 15).
! (@2+1)2 N (z241) 2

An elementary study gives us the following variations: More precisely, f; is bijective from ]0, %[
to ]0, 3%/5[, and from ]%, oo[ to ]0, %[ Hence for any y €]0, 32—\/5[ the equation fi(z) = y admits
exactly two solutions denoted as:

0< 1Y) < — < 2(). (6.138)

V2
Remark 6.1 1. Both 0 and % have only one antecedent by fy, respectively 0 and %
2. We will abundantly use in what follows that z1, zo are the respective inverse functions of

fl/]0,3\2/§[7 and f1/]

2 .
m,oo[

Proposition 6.3 The previous functions can be explicitely expressed as follows. For any y €
10, 3%[, we have

21 (y) = \/34\2/3 cos B arccos(—%y) + %ﬂ} -1,
(6.139)

2(y) = \/74\2/§ cos B arccos(—%y)} -1

2
Proof: for any © > 0 and y 6]0,32—\@[, filz) =y & (5) = (22 +1)? < the new variable

X © 22 1 1 satisfies:
X34+ pX +q=0, (6.140)



Figure 2: Solutions of f1(z) =y

where p = — % = —¢, which is exactly the reduced form featured in the statement of the Cardan

formulae. We then follow the well-known formulae and first compute the discriminant:

4 27
A = 4p® + 274 =-——=+t
yo oyt

Asy €]0 A < 0and (6.140) admits exacly three solutions given by the following expressions:

32l

if ¢ is such that cos(3¢) = 2 —%, then

hSAS)

cos(¢) = y\2/§ cos [% arccos(—%y)} )

2 1

_4p
3

Xa(y) =/~ L cos(¢ + &) = 75 008 [5 arccos(—
V ?

3V3
2
cos(¢ + 47f) = y\2/§ cos [% arccos(—ﬁy) + 4?7?] )

y) + %ﬂ] : (6.141)

We recall that for any given y €]0, 3f[ the only solutions 0 < z1(y) < % < 25(y) of the equation

fi1(z) = y satisty
{1+ 2% 1+ ()"} € {(X1(y), X2(y), Xs()},

and thanks to the fact that ¢ =  arccos(— 3‘f y), we get that for any y €]0, %[7

cos(¢)e]%,?[, COS(¢+2§)€:|—§,—1[, cos(qb—&-%r)e}o,%[,

which immediately implies that X5 < 0 < X3 < X; so that we are sure that

(1+21(y)% 1+ 22(1)%) = (Xs(y), X1()),

which concludes the proof. B
We can immediately state the following elementary properties:

Proposition 6.4 With the previous notations,
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1. Foranyﬂ>3f,

Ift5(0) <

: -1 2
S ey < (05

3V3

2. There exists Cy > 0 such that for any R > 1 and o > 0, Iffo(a) < Coo2R3.

3. For any 3,5y > 0,

185(0) = I, (0)] < (o418 = Bol + 018 = Bof?) min (If5(0), I5, (). (6.142)

1

In particular, for any  we have |3 — fo| < 0~ 2 = If14(0) < 3Ifi; (o).

Remark 6.2 Point 1 is interesting when 5 > % + k (for some k > 0) but useless when 3 goes

to Point 3 will be crucial.

3f’

Proof: The first point is immediate as, thanks to the bounds of fi, for any 8 > % and any
x>0, |fi(z) =Bl =08- filx) > 58— . For the second point, we simply remark that for any
xr €[0,vVR2 —1], fi(z) > 2R3 s0 that thanks to the change of variable z = g2z R ™3,

VvVR2-1 0o
I%,(0) < / iR / de
' ~—Jo 1—|—ax2R6* o L1422

To prove the last point, we begin with

i fi(z) — 3(B+ Bo)
R C IR () = 90(8 — 2
Ti5(0) = i, () = 20(8 ﬁ”’/o Tt 0@ — DDA+ o(h(@) — o))

Noticing that fi(z) — 5(8 + Bo) = f1(x) — B+ 5(B — fo) and using the fact that

dz.

_1
2

fi(@) = Bl =0 (o | fi(x) - B) < Z 5 (L o(fi(@) = B)°), (6.143)

we get that

o—% VRI d
[I{5(0) = I{5,(0)| < 2018 — 50|< /0 1+o(f1(§)—50>2

|ﬁ 50|/ dx
(I+o(fi(z) = B)2)A+a(fi(z) — Bo)?)

L vRI-1 dx
2|0 — R (o ol — Bol?
<oda =l -l =AF [ e e e =

< 0418 — Aol I, (0) + 018 — fol min(Ify (o). If' (o). (6.144)

As we also have fi(z) — %(6 + Bo) = fi(x) — Bo — %(ﬁ — Bo), we similarly obtain that:

1I5(0) — 1T, (0)| < 028 — BolITi(a) + ol B — fol? min(If4(0), 17, (0)),

which leads to the result. The last result is an immediate consequence of the second point.
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6.3 Study when (> 0 is small

In this section we will need the following asymptotic expansions near zero

Proposition 6.5 When y > 0 is small we have

z1(

Zo(y) = b (1= 3y — 18,2 _ 778 0 508))
(v) = -y (1= Gy = 539" — 1359" +oy") (6.145)
fllay) =1-32 - % 4+0( Y,

Filza(y) = —2y2 (1 - 3y — Zy® +o(?)) .

We will then prove the following result
Proposition 6.6 There exist o > 0 and Cs, > 0 such that for any 8 € [0, o], any R > 7 and

o >0, )
Ifﬁ(a) < C5R707 2.
R (o) as follows

Proof: For 8 > 0 (§p will be specified later) let us split T
VREZ-T d b
< J1p(0) + Kip(0).

f dx
Ifs(0 / 1+ o(fi(z) - B)? /;5 L+ o(fi(e) -

The methods will be similar for both integrals but as z3(y) goes to infinity when y > 0 goes to
zero, the second one will require more discussion. Let us begin with splitting J; g(o) into three

parts as follows: for £ <m <1 < M < 2 (that will be precised later) we define

Jl’g((f) =J1+Jo+ J3

def /Zl(mﬁ) dz +/ZI(MB) dx . 7 dx '

0 L+o(fi(x) =B8)?  Jomp 1+o(filx)=PB)2 ) up 1 +o(fi(z) - B)?
(6.147)

], and by the definition of z1, for all = € [0, z1(mf3)], we have

Ly

As fi is strictly increasing on [0 7
0 < fi(xz) < mp, so that 8 > f (z) and (also using that z < 7
-m 1-—m 2\[
— > x> Co(l — >0,
B—fiz) = fi(z) = m 3\[ ol —m)z >
so that, thanks to the change of variable z = C’oa%( —m)z (and constantly denoting as Cy the
constant, that may vary from line to line),
“(mé) dx o [ dz Co s
Jp < < C R 6.148
1—/0 1+ o(Co(1 — m)z)? Olfm o 142 S1-m’ (6.148)
Similarly, for any x € [z (M), %], B < i fi(x) and we obtain that:
Jy < MCE lo—%. (6.149)
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All the work consists in correctly estimating Jy and to do this we introduce (by definition,

B = fi(z1(B))):

— def /Zl(Mﬁ) d_fL'

7 de , 6.150
’ wmd) 1+ 0[fl(z1(8))(x = 21(8))] o

Now we can write that:

Ay / (M) A@) = fi(21(8) = FL(z1(8) (@ — 21(B))
z1(mp) (1 + O'(fl(l‘) - ,8)2) (1 —+ O'[f{(Zj(ﬂ))(x — Zl(ﬁ))}Z)
x [fi(@) = fi(21(8)) + fi(21(B)) (z — 21(B))] da. (6.151)

Thanks to the Taylor series expansion with integral remainder, and using that fi’ is bounded by
2, we have:

1
[£1@) = Az () = A @ = 2] =@ =268 [ (1= (1= 0)21(8) + )
<lo— 2@ (6152)

Injecting in the previous lines, and using once more (6.143), we have:

o [ e G PIAE) ~ A RGO -2 @F
s [ e S AP = A
(

z1(MB) 1,3 lz — z1(B)]
2
= “L1<mﬁ> lalf{(zmmnz U+ ol @ = B Cool = BN |

)
s wax (21 (MB) — 21(8), 21(8) — =1 (mB))

S Afme)e WA —ami) THEE]

We need to estimate the differences between z;(Mf), z1(mgB) and z1(8), but as m < 1 < M will
be intended to be very close to 1, we won’t use the asymptotic expansions from Proposition 6.5
and simply write instead that as z; is the inverse function of f; (restricted to ]0, %)

Mg - MB g
A= [ oy

Thanks to the fact that f; decreases on [0, %] and satisfies f{(0) = 1,andas £ <m <1< M <2,

we have [mf, M ] C [0,25] C [0,2d¢] so that for all ¢ € [0,2dp] (we recall that z; increases as fi
does on [0, \%]),

Ja. (6.153)

A(M8) - () = [

B

2
fi(z1(8) = fi(21(260)) > 0. (6.154)
Plugging this into the previous integral gives:
(M —-1)8
21(MB) —z1(B) < e @00)) (6.155)
Similarly, we obtain that:
(1-m)pB (M —m)B
Returning to (6.153), we obtain that (using (6.154), we also have f1(z1(8)) > f1(21(260))):
A (M —m)B b max(M — 1,1 —m)Jy. (6.157)

2 F(:200)°  Fi(:1(200))°
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Considering (m, M) = (1 — k,1+ k) (with & > 0 small), as 5 < dy < 1, the previous estimates
turns into:

LA S A S
Fi(21(200))3 T F(21(260))272 = 77 T 2{(21(260))

when we choose k = £ min(1, f{(21(280))~2) > 0. This entails that:

Jy<T+o072

1
—J
+2 2,

1

f1(21(260))

To conclude, we need to estimate J; (see (6.150)) which is easy thanks to the change of variable

z=0"3 f{(z1(8))(x — z1(B)):

Jy <205 + (6.158)

- - /a%f{(n(ﬁ))(zl(m)—zl(ﬁ» e _ o} /oo Az
2= 7. o >
F1(z1(8)) Jok i) (amp)—=1(8y) 1+ 2% 7 f1(21(200)) J oo 1+ 22

Plugging this into (6.158), we obtain that:

1
o 2

fi(21(200))°

Gathering this with (6.148), (6.149) and recalling that k = 1 min(1, f{(21(280))~%) > 0, we get
that

Jy < (47 +1)

, 2 A7 +1 ~1
Jl,g(O') S <4CO max(l, f1(21(260)) ) + f{(z’l(%o))) g . (6160)

Remark 6.3 We emphasize that the constant is harmless as when dy goes to zero, it goes to
4Cy + 4w + 1.

Now we continue with the second term K; g(o): the methods will be similar except that we now
write 8 = f1(22(8)) where 25 is the inverse function of f; restricted to [%, oo[ (the function is

now decreasing as well as z2).

We will also introduce % <m <1< M < 2 but we will need to discuss the position of

Vv R? — 1 relatively to the points:

1 p
ﬁ < 23(28) < 22(B) < 22(5)7

and will distinguish the following three cases:
L VRZ—1< 2(28) < 2(B) <+ B<ifi(vVRZ-1),
2. 2(20) SVRZ-1<n(3) < 3AWVRE-1)<B<2i(VRZ-T),
3. 2(28) < %(B) < VR -1 <+ 2fi(VRZ—1)<8§.

The first case is easy: as fi decreases, for all z € [%, VR? — 1] we have fi(x) > fi(VR?—1) > 2p
and 8 < 1 fi(x) so that

18— fi(@)| = fi(z) - B > %fl(x) 0.
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1
In addition as < VR? — 1, fi(z) > 55 so that using the change of variable z = 7§, we get:

-1 dx 1 o dy 1
K1 5(0) g/ —— < 2R3o_§/ 7 < TR0 2. (6.161)
s 1tim o 1ty

Let us jump to the third case: as z3(8) < v R? —1 we can reproduce the arguments used for
J1,8(0) and split the integral in three according to:

Kl,ﬁ(a-) = Kl + K2 + Kg

def /ZQ(MB) dx . /Zﬂmﬁ) dz . /VR“ da
< L+o(filz) = B)?  Jup 1+o(filx) =B S 1+o(filz)—pB)%

(6.162)

For K; and K3 the methods are the same as for Ji g(o) except that, as z € [%, R? — 1], we
can only write that fi(r) > 1z which leads to:

K1§ T R307%,

1 (6.163)
K3 < ﬁR?’U_E.
For Ks, introducing (now, by definition, 5 = fa(22(8))):
o z2(mp) dx
K, , 6.164
2 [ i TTTEONG =0T (6164
we similarly obtain that:
- 07%
|[Ko — Ko| < m(22(m5) — 22(MB))
max (z2(mB) - z2(8), z2(8) - 22(M8B))
+ K. (6.165)

[f1(22(8))]

Also similarly we have (we recall that now, f; and z; are decreasing):

N Y Y e Y "
22(B) — 21(MpB) —/Mﬁ Zl(t)dt—/Mﬁ o) —/ﬁ ) —/ﬁ Fao) (6.166)

We emphasize that now f] is negative and decrases on [%, %], increases on [%, oo], and is

small, this is here that we will need the expansions from Proposition 6.5. Noticing that:

22(26) > g = fi(22(28)) < fl(g) — @< 5\\/%,
V3

so that we can reduce to the case where |f{] is decreasing on [22(25), Zg(g)] asking that §p < N
Now we can state that for all t € [mg8, M) C [g, 24],
1 1 1
! 2 S / t S ! B ’
[f1(z228)] — [fi(z2(E)] ™ |1 (22(5))]
Thanks to Proposition 6.5, we know that

THCAC)
=G

(6.167)
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and we will ask in addition that o €]0, %] is so small that for all 8 €]0, dp] (this is here that
the size of dy is specified):

A= 2 562 (6.168)

Now we can go back to (6.166) and obtain that:

2(8) — 21 (MB) < 2”;;”,

2(mpB) — z1(8) < 257, (6.169)

(m, M) = (1 - k,1+k))
1
7 o2 4 8k _; 4k
K2§K2+46—%(M—m)+ﬁmaX(M—l, )K2<K2+5 +62K2
Choosing k = =, we similarly obtain that:
_1
o2
Kz <2(Kz + —5). (6.170)

The auxiliary term Kj (see (6.164)) can be bounded with the same methods as its counterpart
Ja but using (6.167) and (6.168):

1 %

_ z2(mp) dx 2 I ot Bmh =) 4, 2 4
% < > 2 . % < —0 2.
z2(MpB) 1—1—0‘(7(1’_32(5))) 6

N\w
M\w

o322 (e(p)—za(py) 1+ 72 BE

Gathering this estimate with (6.170) and (6.163) (with k = ;) we get:

127 2r +1
K < RT3 42
1,8(0) < 2 5 4 E

Finally, using that 8 > 2f;(vVR? — 1) = 2¥ RZ 1> R2 when R > f we end-up with:

1
[N

K1 4(0) <287 +1)R7o 2, (6.171)
To finish we focus on the last (second) case that we also separate into two subcases:
o %(28) <=(f) S VR -1<=(3) <= AWR*-1)<B<2A(VR*-1),
e 2(28) <VR? - 1< %(B) < %n(d) — %fl(\/ﬁ) <B< fi(VRZ-1).
In the first subcase, we have Zg(g) < zg(%fl(\/ﬁ)) = zz( 2R3 1) ~ RV2 > V/R? — 1 so that

we can write:

v @

(e dx
Haalr) = /f L+o(fiz) = B)*’

and we can reproduce the method for the previous third case (which only slightly changes the
constants but not the conditions on dp) and obtain once more (6.171). The second subcase is
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treated identically but this time replacing the upper bound of the integral by zo( %) ~ 2R,
which completes the second case.

Now combining (6.171) with (6.160), we have proved that when &y €]0, %] is so small that
for all 8 €]0, dp):
A((0))] = 262
there exists a constant Cjs, (that has a finite limit when &y goes to zero) such that for any

B €]0, o), Ifﬁ(a) < C(;OR?a_%. To conclude the proof we just recall that thanks to Point 2 from

Proposition 6.4, we can replace Cs, by max(Cy, Cs,) so that the previous estimates is also true
for 5=0. &

—
6.4 Study when § = 373
In this section we prove the following result.

Proposition 6.7 There exists Cy > 0 such that for any R > 1 and o > 0,

5 < CQR307i.

/m dx
NG 0 1+ o(fi(x) = f1(Z5))

Moreover, there exist ¢y, oo > 0 such that for any R > % and o > oy,

Ifi(o) > coo 4.

Proof: The reason why we do not obtain o072 in Proposition 6.2 but o~ % is that in the present
case f{(%) =0 (but f{ (%) # 0), which forces us to push one rank further the Taylor series
expansion with integral remainder according to:

fil@) = fi(—=)

1 1

2 1 1 3 ! 2 g1 1
B 5 ) /0(1—u) / ((l—u)ﬁ—i—um‘)du. (6.172)

We will then cut the integral as follows (for some % < m < 1 close to 1 in a way precised later)
and adapt the previous method using (6.172):

Il
Sl
N = N

f(

zl( 2771,) d
V3 0 L+o(filz) - ()
22(2\7}) d VvVR2—-1 d
+/ v S 2+/ . (6173
22 1+0(fi(2) - () 202 1+o(fil@) - f1(F5))
Remark 6.4 Asm is close to 1, 21(;—%) ~ % ~ 22(%)
For all z € [O,zl(%)] u [22(32:;%), R? — 1] we have fi(x) < ;—m\/g so that:
2 1-m
_c > > (1—m)—
e h0) 2 ) 2 (- m)
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and reproducing the arguments from the previous section we obtain that

VRZT—1 d
L4153 < / v _ <" _Risi. (6.174)
0 l+o(l-m)2& — 1-m
The last piece is also decomposed as follows:
1 2m
e d 2(57) d
L=J+K™ xl 2+/ w (6175
a2 L+o(file) - L) Y& 1+0o(fi(z) = fi(35))
We begin with J and introduce:
1
—def [V2 d
J / ’ - 135 — . (6.176)
zZ1 32%) ].+0'|:§ {/(W)(ﬁ— 3)2]
Doing as in (6.153), and using in (6.172) that || f{"| o ®,) < 9, we obtain:
1 1 13 1ypn_ 1 15
— 3 (v |h@)-[(FZ) 2 -FF+310(H) -l
=Tl <50 V2 va,  2vl Ve V2 e, (6.177)

@) (140 () = 1)) (1+ §IA )Pl - 1)

Using twice the Young estimates (with coefficients (2,2) and (4, 3)) we can write:

Nl=

o~

1) = fi(75)1 < T (1+o(hle) = A1(55)).

Sl

and

- = (T (ﬂ'Q)_Z (Zf{'(\}i)ﬁlx\%ﬁ)i

3 /(0 ., 1 o\ 1 1
< 2 Dy 2 v - - 4 )
<3(Smpr) (1 St - 51t ams)
which entails that
_ 7 3 s 1 2 1 |z — 5|
|J—J < -0 o1 + - dx
i \ V2 TR TR +o(h() — ()

1 2m 9 o1 3
< (\/521(3\/3)) <4\@|f{’ %”% + |f{’(\}§)|J> (6.179)

As in the previous part we need to be careful when estimating the following term (performing in
the last line the change of variable ¢ = 32% —n):

X om ) om, WA, (%A dt
ﬁ—21(3\/3)221(3\/3)_21(3\/5):/;% zl(t)dt—/% m
F7a-m) dn
_ Y (6.180
/ THETE s R

We recall that f; is strictly increasing on ]0, %[ but f1(31<3\2/§ — 1)) is small and we will need
the following asymptotic expansions.



Proposition 6.8 When n > 0 is small we have:

2 1 31 1 253
21(ﬁ—n)=ﬁ—2ﬁn2 f77+0(77)
2 _ 1 31 7V3
(325 =1 = U5+ 25 + D0+ o), (6.181)
(52 =) ~ 220,
Ai(ea(5Zg =) ~ 42

3F 1 3F .
—n 2 < < —n7z. (6.182)
8 [fi(en(zs —m)| — 4
If we ask that 0 < (1 —m) < 770¥, then
1 om . 3% [aslom V3
— —n ()< “idp < L2V1—m. 6.183
FoaGm < [T e < 2 (6.153)

<9\/:§ Vi—m 1 3vV3vVI—m

|J—J| < o T+ J. (6.184)
8 |f () V2 11 ()
Choosing m such that
, 3v3 (5P
1 —m = min (1702,5\2§ , (6.185)
we obtain that
J<2(J+ 3 o ) (6.186)
ERNRRYCITCSTY |

. = . . o\ 3 1
Now we need to precise J, performing the change of variable z = ($)* \f{’(f)| 2 (x — %), we

get:

ENE

- 4 1 0 d
- ﬁ/ 1 N c 1 < COO'_%. (6187)
o (HBIE () g gz - L2

T=(2)

Going back to (6.186), we finally obtain that there exists some constant Cy such that if (6.185)
is fulfilled, .
J < Cyo™ .

The second term K from (6.175) is dealt the same way as I and gathering (6.175), (6.174), (6.185),
we obtain that I < CyR30~1 which gives the right inequality from Proposition 6.7.

We now turn to the reverse inequality from Proposition 6.7: as I} R, (0) > Iy > J we can go

1,52
back to (6.184) and write that (thanks to (6.187)):
3v/3 VI— 9 = 1
(1 + ig)J >T— \8/> ﬁg -1

V2 0 Az O3Vi—m\ .
= o5, (6.188)
P T 1 l — . .
A0 () it zm- o) T+ 8V2IH ()]



If we now choose m = mg < 1 sufficiently close to 1 such that

3vV3 42 [0 dz
1—mo <min [ {/ , . 6.189
V1—mo <min [ 4/no 2 ov3 ) 114 ( )

(G5 (=1 (3m8) — J5) < 1

.

We recall that Zl(i%) < %, so if ¢ > 0 is so large that ()

(that is o > g9 = 4| f7/( |_2|z1(?\”[°)——| %) then:
3V3VI—mo, ., V2 (1/0 dz )U_

) 11+ 24

V2 (B 11 ()

S

1
2)

NG

J>(1+

2

(6.190)

SIS

Note that the condition R > % in the statement of Proposition 6.7 is needed only to ensure that
VR2—1> 1L sothatIR (o)>L>J. 1

’3\/§

6.5 Studyforﬁ>3\[

The aim of this section is to prove the following result (much more useful than the first point
from Proposition 6.4):

Proposition 6.9 For any 3 > %, we have I{'5(0) < 4IR3I( 0) <ACoR%0™ 1.

Proof: following the steps of the proof of Proposition 6.4, we have for any 8 > 3 f

i O R ]
R g)— R 2 (O g s 3v/3
H5(0) =0 < 2019~ 371 | @)~ B+ o (@) — 32

2 [VEI 1 1 18- 3% da
<2350, (Ifl(w)6|+2f1(l’)ﬂ2 Trothlo — e

As g > 3f’ for any x € [0,V R? — 1], we have (as both terms below are nonnegative):
2 2 2
x)— Bl = — ,
[fi(x) =Bl = (8 3\f) (\[ fi(z) =6 - 33 =16 3\/3\
so that
R R
15(0) ~ If (o)
L S - 3 (o), (6.192)
= - = o = 2 \0), .
33 28— 21t o(fi(e) — 25)2 b
which entails the result as the inequality remains true when g = % ]
- 2 _
6.6 Study when § = 55 1

This part is devoted to the proof of the following result:

Proposition 6.10 There exists Cy > 0 such that for any 3 € [% — o, %[ (with ng defined
n (6.182)):

o2
If?ﬂ(a) SCO (W—2|+R3 )
33
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Proof: let us begin by splitting the integral as in (6.146). Next, writing 5 = % —n, we
decompose J; 5(0) a little differently: for 2 <m <1 < M < 2 (precised later) we define:
z1( Mm)
def [**'5v3 dx
J Ji+Jo+J3 = /
L= AT R R 5 o(h @)~ P
1 (555 —mn) da v dx
+ / + . (6.193)
zl(%—Mn) 1+0—(f1(m)_6)2 zl(%—mn) 1+0(f1(x)_ﬁ)2
Improving what is done before we introduce:
+ def/ 1(325 —Mmn) dx
1= 5
0 1+0(f1(x)—32ﬁ)
Forallave[0,21(3\2/g Mn)], fi(x )_3\/ Mn=p+(1-M)n,so
|fi(z) = Bl = (M —1)n, (6.194)
and we obtain that:
1) @) - (52—l +3

|J1*71|§2077/ i
0

(1+0(fi@) - G -m)") (1 +o(h@) - 3%)7)
z1( Mn) 1 1 dx
§277/0 <|f1($)5|+2fl(1’)52) 1+a(f1(x)—3%/§)2

< <M2— Tt 1 i 1)2> Ji. (6.195)

As Jy <IF , ( ) and considering that 0 < M — 1 will be chosen small:

’3V3

ﬂ

2 1 — 4 R 4 5 1
< < o1 2 <—— 1, .
Jl<1+M—1+(M—1)2)J1(M—l)QIl’m(U)(M—l)QCORJ (6196)

Similarly, we get that (with 0 < 1 — m small):

4

< — 3o~ 1
J3 < (1 — m)QCOR o 4 (6 97)
To deal with the last piece, we introduce:
+ def /21(3;"/5—"”7) dr
2 = .
a(z2g vy L 0ofi(z1(6))(@ — z1(8))]

Reproducing the arguments that lead to (6.153) we obtain that (with 5 = % —n):

o2 2 2
@ Gy~ g~ M)
max (|21 (525 = mn) = 21 (B)], [21(8) — 21 (535 — M)))

f1(z1(8))]

|J2 —Tg| <

+

Ja. (6.198)
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As in (6.180), and when 1 < g where 79 has been introduced in (6.182)

9 S5 —mn dt n du
Zl<3\/§—mn>—z1</3)—/33§_n T = o Filer (2o =)

" 3%, 3% L 3% L
< T du < 7(1—\/%)772 < 7(1—m)772. (6.199)

mn
Similarly,
2 3 1
2(8) —21(355 — Mn) < 5 (M —1)n2,

(5 - (55
so that plugging into (6.198), using the bound from (6.182) and choosing (m, M) = (1 —k, 1+ k),

Performing the change of variable z = 1| f{(21(8))|(z — 21(8)), we easily bound J, < Coo2n" 2
so that choosing k£ < 4 - 3*%, we finally obtain that

Jy < CoU_%U_%

Gathering it with (6.196) and (6.197) (m, M now precised with the choice of k), we have proved
that:

J1,5(0) < Colo™ 5™ % + R~ 1),
The case of K g(o) is similar and the proof of Proposition 6.10 is finished. W

6.7 Study when 3 € [3\[ Mo, 3\[]

We prove the following result:
Proposition 6.11 With 1y defind in (6.182), there exists Cy > 0 such that for any € [32% -
"o, 327\/5]-'

155(0) < CyR%c 1.

Proof: the difference with the previous subsection is that we have to overcome the singularity
when 8 = % This is simply done coupling the previous proposition with Proposition 6.4 (Point

3), for any g € [% — no, %]

e cither |5 — 7\ <02 and If‘ (0) <3If, (0) < CoR30™ 1,
B 575

e or |8 — | > ¢~ 2, and from Proposition 6.10 we also have Iﬁg(a) < CyR3i. M

6.8 Study when 8 €[4, ;5= — ]

al

We prove the following result:
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Proposition 6.12 For any § €

0, f[ there exists Ds > 0 (going to infinity when & goes to

zero) such that for any 3 € [0, — 4],

s\w

1f4(0) < DsR*0™ %,

Proof: as before let us begin by splitting the integral as in (6. 146) and boths parts J; g(0) and
K1 ,4(0) are also decomposed as in (6.147) and (6.162) for some § <m <1< M that we choose

as before according to (m, M) = (1 — k,1 + k) with k& €]0, 1] small. When g € [4, 3f — 9], we
have 5 ) 5
—<mé<mB<BF<MBSM(—=-9 +k)(—=—-¢
’ B <5< MB< Mz —0) = (1+h) (5= =)
and 2 51
1+k )L —F=—-—s =kl ;5. 6.200
R =0 S s -g kS5 (6:200)
In the decomposition (6.147), (6. 148) and (6.149) are still true as well as (6.153). Ast — |f1(z1(¢))]
is continuous on the compact set [, -2 77— ¢] (and always positive) it is bounded from below by
some positive constant ¢; > 0. And thanks to (6.200), for all z € [mB, MpB] C [, 3\2f 4],
|f1(z1(2))| > ¢s5, and (6.155) turns into (the other two terms are transformed similarly):
M—-1
a(Mp) () < D2,
Cs
and (6.157) turns into (8 < W <1):
— L Bk Bk — .k kK — oz 1
Jy < — + —=J2 < J -+ =2 < J —J: 6.201
2 < 2+O’2§ 2 2 Jato 2c§’+c§2_ 2+205+227 ( )
if k& satisfies:
2
k = min (; g; C;)
7vi 0

Similarly (6.159) turns into Jp < 2:0 2, s0 that we finally obtain (replacing m, M for the choice
of k in (6.148) and (6.149)) that there ex1sts some constant Dg > 0 (still going to infinity when

d goes to zero) such that
1

JI,B(U) < Dso™ 2.
The other integral K g(o) is treated similarly but due to the bounds, it is estimated as follows:
J1,5(0) < DsRP0™%,

which ends the proof. B

6.9 Conclusion

We are now able to prove Proposition 6.2 (which implies Proposition 6.1 thanks to the scaling
argument). Fixing § = min(dg, n9) > 0 (the parameters from Propositions 6.6 and 6.11), we apply
Proposition 6.12 to this choice for §y. Using Proposition 6.9 we then have obtained that there
exists a constant Cj such that for any ¢ > 0 and R > %

sup Ift4(0) < CoR (07 % + 07 7).
B>0
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When o > 1, this turns into (still denoting as Cy the constant)

sup 13(0) < CoR'o ™4 = CoR min (1,074).

When o < 1, from the definition of I fﬁ (o) it is obvious that
111?5(0') <R< COR7 = COR7 min (170'_i),

which concludes the proof, the bound from below being done in the proof of Proposition 6.7. B

Remark 6.5 Another way of proving Proposition 6.2 would consist in performing in Jy g(o) the
change of variable z = o2 (f1(x) — 8) <= x = 21 (8 + 0~ 22) so that:

1 (%7@6% 1 dz
Jiglo)=0"2 / . 5
’ —Bo? fitz1(B+o0722)) L +2

Thanks to this we simply see that for any fixed 8 €]0, 32 [,

B

J%JLg(O') — il

o—=oo fi(z21(B))’

2
3v3°
o > 0 more work is needed (having in mind that the function is not integrable on R). Much

more work is necessary for K1 g(o) as large parameters R, o are mixed with 8 (in the previous
limit everything is fixed except o). On top of that, it is still needed to treat separately the case

2
b=3z

which is of course problematic when 3 = But if we want to obtain precise bounds for any
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