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Hidden asymptotics for the weak solutions of the strongly
stratified Boussinesq system without rotation

Frédéric Charve*

Abstract

The asymptotics of the strongly stratified Boussinesq system when the Froude number
goes to zero have been previously investigated, but the resulting limit system surprisingly
did not depend on the thermal diffusivity v’. In this article we obtain richer asymptotics
(depending on v’) and we ask less assumptions on the initial data.

As for the rotating fluids system, the only way to reach these limits consists in considering
non conventional initial data: to a function classically depending on the full space variable,
we add a second one only depending on the vertical coordinate.

Thanks to a refined study of the structure of the limit system and to adapted Strichartz
estimates, we obtain convergence in the context of weak Leray-type solutions providing ex-
plicit rates of convergence when possible. In the simpler case ¥ = v/ we are able to improve
the Strichartz estimates and the convergence rates.

MSC: 35Q35, 35Q86, 35B40, 76D50, 76U05.
Keywords: Geophysical incompressible fluids, Strichartz estimates, Besov and Sobolev spaces.

1 Introduction

1.1 Geophysical fluids: Primitive and Rotating fluids systems

It is commonly known that Geophysical fluids dynamics are greatly influenced by two concurrent
”forces”: the Coriolis force created by the rotation of the Earth around its axis, and the vertical
stratification of the density induced by gravity. Both of these forces create rigidities whose
influence on the dynamics is quantified by two quantities introduced by Physicists: the Rossby
Ro and Froude F'r numbers. The smaller they are, the greater are the actions of these rigidities
on the fluid dynamics.

Let us present a few models taking these forces into account. On one hand, the Primitive
System (sometimes also called Primitive Equations) that we present here in the whole space and
in the particular regime where both phenomena are of the same scale (that is we choose Ro = ¢
and Fr = e¢F with F > 0):

OU. +ve - VU — LU. + AU, = 1(-V®.,0),
dive. =0, (PE:)
UE|t:O == UO,E-

The unknowns are U, = (ve, 0:) = (v}, 02,02, 0.), where v. denotes the velocity of the fluid and 6.

the scalar potential temperature (linked to the density, temperature and salinity), and ®., which
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is called the geopotential and contains in particular the pressure term and the centrifugal force.
The diffusion operator L takes into account two heat regularization effects and is defined by

LU, def (vAve, V' AB),

where v,/ > 0 respectively denote the kinematic viscosity and thermal diffusivity (both will
be considered as viscosities in what follows). The last term e~ ' A gathers the rotation and
stratification effects and the matrix A is defined by

0 -1 0 0
def| 1 0 0 0
A 100 o F1

00 —F10

On the other hand, the Rotating fluids system only considers rotationnal effects and can be seen
as deduced from the previous system only considering the velocity (so we get rid of the last line
and column of A), it is written as follows:

Ove + v - Vo, — VAV, + % = —Vp.,
divoe. =0, (RF:)
Velt=0 = V0-

Both of these systems are variations of the famous Navier-Stokes system, but each of them
shows better behaviour induced by the special structure brought by their respective limit systems
as € goes to zero: the QG/oscillating structure for (PE;), and the 2D-3D structure for (RE;).
We refer to [18, 20, 23, 4, 12, 14] for more details. For a physical presentation of the models
we refer to [21, 24, 25] as well as the introduction of [3]. We refer to [13, 14] for a small survey
presenting recent articles devoted to Systems (RF.) and (PE;).

We will use the same notations as in [12, 13]: for s € R and T > 0 we define the spaces:
Ej = Cr(H*(R?)) N L3.(H*H (R%)),
B = Cr(B5,(R)) N Ly (B3 % (R)),
endowed with the following norms (For (PE.), vy = min(v,v")):

def T
£, = WA e + 70 S 1F (DI adr,

def T
1 ls, g, + v S 1)

B;,tZdT’

where H*(R3), H*(R?) and Bg,l(R) respectively denote the inhomogeneous and homogeneous
Sobolev spaces of index s € R and the homogeneous Besov space of indices (s,2,1).
When T = oo we simply write £ or B and the corresponding norms are understood as taken
over Ry in time.

Notation: For a R? or R*-valued vector field, we will write f* = (f!, f?) and will define
f-Vf= Z§:1 fi0;f. So that for instance we will indifferently write v, - VU, = U, - VU..

1.2 Strongly stratified Boussinesq system without rotation

In this article we will focus on the following system, that only takes into account the stratification
aspects. Here we will denote as Fr = ¢ the Froude number (this corresponds to €F for the



Primitive system (PE.)) and the system is written as follows:

8:U. + v. - VU. — LU + LBU. = L(-V®,,0),

divv. =0, (Se)
Us|t:0 - UO,E-
The unknowns are the same as in the previous section U. = (v:,0:) = (v},v%,0v3,0.) and .

(in what follows we will explicitely decompose it as the sum of the pressure term and another
penalized pressure term that could be seen as an analoguous of the centrifugal force). The
diffusion operator L is also defined as previously with v,/ > 0. The last term !B only takes
into account stratification effects and the matrix B is still skewsymmetric and defined by:

B d:ef

o O OO
o O OO
o O O
o= O O

-1
We emphasize that System (S.) is related to the following well-known Boussinesq system:

O+ u - Vu — vAu — k?pe3 = —Vp,
Op+u-Vp—ulp=0, (1.1)
div u = 0.

Indeed, as explained in [43] (we also refer to [34, 26]), observing that for A > 0, Uy(z) =
(0,0,0,\2z3) is an explicit solution of (1.1) we can study solutions of (1.1) around U, in the
regime KA = 1. Performing the change of unknown function 7' = %6, leads to (S:).

Rather than (1.1) (to which is devoted a huge literature), we will focus on (S:) and begin
with a brief review about recent works dedicated to this system or its inviscid version. Let us
first mention that in [43], K. Widmayer considers a solution U, of (S.) (in the setting v = v/ = 0)
which belongs to C([0,T], HY) (for some T > 0 and N > 6) with |Uellzge v < € (uniformly
in €). If in addition the initial data is independent of ¢ and satisfies |Up|lys.r < 0o, then the
solution can be decomposed into two parts U. = (U2, 0,0) + U2 such that for all ¢ > 0:

UZ(t) — 0 in WH(R3),

e—0

UZ(t) — ult) = (u'(t), () in L?,

e—0

where @ : Ry x R* — R? solves the following two-dimensional incompressible Euler system
(defining Py as the projector onto two-component functions with zero horizontal divergence):

Ot +u- V= —Vpp,
div pu =0, (1.2)
Ujp—o = Po(Uo)",

This result was later improved by R. Takada in [42] for a divergence-free initial data in H5"4(IR?)

(s > 3) with precise statement of the global existence of the solution U, and an explicit conver-
gence rate (¢ € [4, 0ol):

Q=

||Us - (ﬁv 0, O)HL%WL“‘(Rs) < CT7<1751||U0”H5+4(W3)€ :

Concerning the viscous system, let us begin with [34]: S. Lee and R. Takada study, in the
particular setting v = v/, the global existence of strong solutions when ¢ is small enough and for



more regular initial data (possibly large). More precisely, rewording their result with the notations

we will introduce in the present article: they prove that if s €], 2] there exist §;,d, > 0 such

28
that for any initial data Uy such that PoUy € H%, Uo,osc def (Is —P2)Uy € H*® with:

_1(s—1
1Uo,0scll 7= < 01 2(s72) and ”PQUOHH% < 02,

there exists a unique global mild solution U, € L4(W%73). They also provide another result: if
Iy UOHH 3 is sufficiently small, there exists a global solution for small enough ¢ (in some sense it
is an improvement of the Fujita-Kato theorem as the smallness is not required for the complete
initial data but only for what we will call its ”stratified part” PaUp). As in the other works of
their series (see [33, 30]) the main tool are Strichartz estimates obtained through the Littman
theorem (see [35]). In [34] the difficulty is that, in contrast to the cases of Systems (RF.) and
(PE.), this theorem cannot be easily applied as the phase function |, |/|¢| presents singuarities
and frequency truncations are necessary to obtain the result.

We point out that in [33, 30, 34] the aim is not to study the limit system, but this is the
object of [40] in which S. Scrobogna adapts the ideas of [18, 5] to prove, in the general case
v =1/ that U converges to (0", 0,0) where 9" is the unique global solution of the two-component
Navier-Stokes system:

8t5h + ol thh — VA" = 7vh%0,
div 5" = 0, (1.3)
5‘};:0 = Py U,

We emphasize that 7" : R, xR?* — R? depends on the full space variable and has two components.
More precisely, still rewording the result from [40] using our own notations, if Uy € H B (inhomo-
geneous space) and if PoUy € H' then System (1.3) admits a unique global solution 7" € E°N E*
and there exists g9 > 0 such that for any ¢ < &g, System (S.) (with Uy as initial data) admits a
unique global strong solution U, € EZ (in contrast to [34], and as in [5], no smallness condition
is required neither from PoUp nor from Up os.). Moreover U, converges towards (@",0,0) in the
following sense: if we define W, as the unique global solution of the following linear system,

0
0

—a;;(—Ah)_ldiV h(ﬂh : Vhﬁh) ’ (1.4)
0

W, — LW. + LPBW. =

Weje=o = (Ia — IP2)Uy,

then U. — (2",0,0) — W, goes to zero in Ez. Let us precise that in the previous system, the
external force term comes from the ideas in [5], which can be simply stated as follows: the system
satisfied by U. — (2", 0, 0) features an external force term G which is independent of ¢ and prevents
any convergence via simple energy methods. But if we ”"make it oscillate” by putting it (or at
least a part of it) as an external force in the previous dispersive linear system then we can ”eat”
a sufficiently large part of G (considering U. — (t",0,0) — W.) to make the convergence reachable
again. In the case of (PE.) we pushed further this idea and obtained explicit convergence rates
in terms of € even for large ill-prepared initial data depending on e and, as usual, the results are
better when v = v/ because the linearized system is nicer (see [6, 12, 13, 14]).

The previous result from [40] could be generalized asking less assumptions on the initial data:
Vo less regular, Uy . dependent on ¢, no low frequency assumption anymore, lower regularity as-
sumptions (Up . € H2 N H%”) and for very large ill-prepared intial data (that is Up ¢ esc large
up to some size e~ %). This would give a result close to [12, 13, 14], but in the present paper
we would like to propose a different kind of generalization, inspired by the following surprising



observation:
How is it that the limit system (1.3) in the result from [40] does not depend on v’ ?

Before focussing on this question, we would like to end this overview with some very interesting
recent results devoted to an intermediate model, the three-scale limit. The models we have
presented so far focus on regimes with either only rotation in (RF.), or only stratification in (S;),
or both of them but with comparable size in (PE.) (the non-dispersive case when F' =1 features
tools and results completely different from what is done when F' # 1, see for example [17, 11]).
In [36, 37], the authors completely disconnect the two parameters (namely the Rossby number e
and the Froude number ) and study the following inviscid system:

dv+v-Vu+4Les x v+ 3pe3 = -V,
dp+v-Vp+ 303 =0,
dive = 0.

There are now obviously two kinds of penalization (4, — 0) and, in [36], P. Mu and S. Schochet
study the case p = §/e — 0 (stratification-dominant), whereas in [37], P. Mu and Z. Wei focus
on the alternative case v = ¢£/§ — 0 (rotation-dominant). In both cases the authors need
suitable dispersion and Strichartz-type estimates, let us state the dispersive estimates from [36]: if

& + & + p2&3/|€| and 1 is some frequency truncation function, there exists C' = C(¢)

such that if e and § are sufficiently small, for all f € L'(R3) and all (¢t,z) € R*, we have (denoting
K def 5%5%)

[ emesin@uo fe] < —
R3

@”f”ﬂ(ﬂ@)-

The authors also prove that the limit is US = (U3, 0,0), where Us solves (1.2), and they also
provide a convergence rate: if k > 6 is an integer, if ¢ € [8, 0o[, then for any divergence-free initial
data Uy € H¥(R?) N L}(R3) (inhomogeneous Sobolev space) and for any 7' > 0 there exists rg
and po such that for any €, > 0 for which x < kg and p < pg, there exists a unique solution in
Cr([0,T), H*(R3)) N ([0, T], H*~1(R3)) and for any p € NN [0,k — 5],

1 3+p
U — USHLQ([O,T],W’V*‘”*%“) S CO(k7 + pre32/—Inp).

In [37], similar dispersive estimates are obtained, for the phase p,(§) = /v2(&F +£3) + £3/1¢|
and now with x = £303. The authors show that when the initial data is taken as follows
Up(z) = (ufi(zr),0,0) + wo(x), the limit is U (z) = (UF(xn),0, p%(x)), where U/t solves the
2D-Euler system with 3 components (which is to be related to the case of (RF.), see [18, 14]
and not to be confused with the 3D-Euler system with two components (1.2)) and pf* solves the
following 2D-transport equation (in the full space variable x € R3):

{@PRJFU;? “Vippft =0,

R — apd
Plt=0 = Wo-

If the initial data is in H*T?(R?) + H*(R3) (with s > 3), the authors also provide a convergence
rate involving powers of xk and v (and some radius o).

Let us end this survey with [31] where the authors focus on the anisotropic case (v > 0 and
v/ = 0) in the torus. In this stratification-dominant case they obtain that, for well-prepared
initial data (i.-e. with small initial oscillating part) the limit of the global weak solution is
US(x) = (U7 (z1),0, p°(x)) where U solves the 2D-Navier-Stokes system and p° is independent
of (t,xp) (but is not specifed explicitely). The authors also provide a convergence rate in terms



of max(e,d/e).

We can now precise the aim of the present article: in both cases v # v/ and v = 1/, we wish to
go in a different direction and look for ill-prepared initial data that allow a limit really depending
on v'. We will specify this limit and provide, when possible, global-in-time estimates. As in
[18, 37], it will obviously be necessary to get out of the setting of initial data depending on the
full space variable and in the next section, which is devoted to the formal obtention of the limit
system, we will explain in details how we are lead to modify the initial data.

Let us now state a simplified version of the results that we prove in this article (the precise
results are respectively Theorems 3.1 and 4.1):

- 1
Theorem 1.1 (Euistence) Let g € B, { (R) and for all ¢ > 0, let Uy € L*(R®). Then for

all £ > 0, System (S.) admits a global weak solution U. € E°(R3)3 x (E°(R®) + B~2(R))
corresponding to the following initial data:

Uoe(x1, 22, 23) +

Moreover, there exists C' = C'

,
ZRZCN

such that ||U.|| <C(|Uoellz2 +1)

EOR})4+B™3(R) —

Theorem 1.2 (Convergence) Assume that § > 0, Co > 1, 6 € BQ_% (R), o € HZT9(R3) is a
divergence-free two-component vectorfield (div , 0% = 0), and, for all ¢ > 0, that Uy . € L*(R?),
with!:

< Co,

1951405z < o amd (ol
2,1

L2(R3) < Cy, and ||U&€7S — 561”L2(]R3) Ejo 0.

(1.5)

SUPc>0 H U075|

Then U, converges (as € goes to zero) to (7", 0, 5), where 3" and 0 are the unique global solutions,
respectively, of (1.3) (with initial data vg) and the following system:

8t§— l//832§: 0,

9|t:0 = 90.
The convergence is intended in the following sense: if D, = UE—(W, 0, g), then we can extract from
(P2D.).>0 a subsequence converging to zero in L, Ll ~(for any q €]2,6]), and for all q €]2,6],

there exists e1 = e1(v,v/,q) > 0 such that for all t > 0, there exists a constant D = Dy s,/ ¢,
such that for all € < eq:

K(q)

HDE,OSCHL%LQ =[|({a — P2>D€”L%Lq < Deet | with K(q) = —, (1.6)

. . . K(q)
Moreover, when v = /', the previous estimates can be upgraded into ||D51056HL§LQ < Deses (now

valid for all ¢ > 0) and we have the following global-in-time estimates: there exists a constant
C =Cysc, > 0 such that, for any € > 0,

Jeo

D < Ceis.

ol

Eosc||~é' =15
oellTdpg + 108,

Lwhere Uy,e,5s = P2Up ¢ is what we call the "stratified part of Up ", see definitions below



The present article is structured as follows: in the next section, we will formally obtain the limit
system and the natural decomposition it induces (namely the stratified part and the oscillating
part), and study their properties (this decomposition determines what means to be well- or ill-
prepared). The limit systems are studied in the end of Section 2.

Then we will decompose the solutions of (S:) and obtain a more classical system for which
we have to slightly adapt the classical Leray theorem in the same spirit as what was done in
[18, 19, 20] for the rotating fluids system. A precise existence theorem for weak solutions (for
more general initial data depending on ¢) is given in the beginning of Section 3.

Using the Strichartz estimates that we put in the appendix, we can show the oscillating part
(Ig — Po)D. goes to zero. From this, we obtain the convergence of the stratified part PyD..
The precise convergence theorem is stated in Section 4. This theorem also features far better
convergence rate in the case when v = 1/ (using improved Strichartz estimates also proved in the
appendix).

The study of these asymptotics for strong solutions (i.-e. obtained with the Fujita-Kato
theorem) with large regular ill-prepared initial data is dealt in the forthcoming companion work
[15].

2 The limit system

In this section we will obtain the formal limit system when ¢ goes to zero. As pointed out in the
introduction, a first attempt was made in [40] only with initial data depending on the full space
variables. In our article thanks to a decomposition of the geopotential and to formal arguments
in the spirit of [4], we will obtain a much more general limit system (see (2.22)). Studying its
solutions and structure will help reformulate (S;) in a more suitable way.

2.1 Formal argument

Taking the divergence of the velocity part of (S:) leads to:

3
AD. = —030. — £ Dive - Vol

i=1
As v, is divergence-free we have:
Z@ivs -Vol =div (ve - Vo) = Z@i(vg -Vol) = Z 0,05 (vivl),
i=1 i=1 ij=1

. o d
from which we decompose the geopotential into @, < Pl +eP? where:

1_ -1
{go - AZ3 53958,_8A1(vivj) (2.7)
€ i,5=1"1"] eve):
We can then write in extension System (S.) as follows:
vl + v - Vol —vAvl =-0,P? — 1o, P},
Ov? +ve - Vol —vAv: = —0,P? — Lo, P,
v 4+ ve - Vo —vAv? = —0;P0 — L(95P} +0.), (2.8)

040. +v. - V0. — VA, =13

e &’

0.

div v,



If we assume that (v.,6., P?, P1) = (v, 5, ]So,ﬁl) in a sufficiently strong way such that the
E—>

convergence also occurs for the derivatives and nonlinear terms, then taking into account the

penalized terms from the right-hand-side, necessarily:
& Pt =P =0,
93P +0 =0,
3 =0,

which means that
72 =0.

Moreover, as v, is divergence-free and as ©° = 0, we obtain:

div , 3" ef 00" + 02 =0  where we define " def

Next, if we ask in addition that:

1 1
Ealps ;5 i(v
_1lp,pt Y
20 Fe =
1 1
—2(03P; 4 0.) j) %,
L3 — T
e es0
then we end up with the following limit system:
O + " Vit — vADTY = -89, PO + X,
615172 + 5}1 . V}L?}Q — VA’UN2 = —82]30 + 17,
0 = —9;P° + Z,
8,59 — v 329 = T’7
div ha =0.

Taking the limit in the expressions of P? and P} we obtain that:

AP! = 92P' = —950, which brings nothing new,
APY = — 32 9 -Vt = =30 9,01 - Vi) = = 57

h

Pl and 6 = — 9, P! only depend on z3,

7).

3

00, (F),

ij=1Y

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

—~—

As the horizontal divergence div ;0" is zero, similarly as for (S;), computing for (2.12) 9y (line 1)+

ag(ﬁﬁ\e/m + 83(61\6/3), we get:
01 X +02Y + 057 = 0.

(2.14)

Moreover, computing on (S¢) 91 (line 2) — d2(line 1), we get that, introducing w, ef 0102 — Ogvl:

Oywe + v - Vw: + div pu; - we + 811)3 . 831)? — 821)? . 831); —vAw: = 0.

(2.15)

. . . . . ~ o~ . ~ d
Performing ¢ — 0 in the previous equation, using that v°> = 0 = div 0", and defining @ <

0102 — 020", we get that:
& 4" - V@ — vAD = 0.

P S

On the other hand, computing on (2.12) 0;(line 2) — dz(line 1), we get that:

O+ Vo — vAD = 01Y — 9 X,

so that, identifying the right-hand side from (2.16) and (2.17), we obtain that:

0Y —9,X = 0.

(2.16)

(2.17)

(2.18)



Next, using the third line from (2.12) and formally solving in the Fourier variable the system:

81)} + (92}7 = *832 = *3§f~70,
—62)? + 61}7 =0,
we end up with: o B
(X,Y) = —V,02A, ' P, (2.19)
so that:
VP’ + (X,Y) = =V A Y (AP + 82P°%) = —V, A7 TAPY = v, 70, (2.20)

where from (2.13) we have that:

7= A7IAPY = Z A;10,0;(0). (2.21)
4,j=1
Gathering the previous informations, we can now write the formal limit system (2.12) as follows,
still denoting U = (51, V2, 0, QQg) = (7,0, QQg):

~h | 7h . AT = — ~0 ~ ~ o~
{&v +0" - Vpo" —vAv Vi, and 9,0 — /930 =T, (2.22)

o ~h
div 0" =0,

where 7% = 0, § = —93P', Z = 93P°, and with P!, 6, T only depending on (t, z3).
Remark 2.1 1. Solving in the Fourier variable the following system:

(9151 —+ (92:[)2 =0,
—00' + 010% =W,

we get that " = (— GQA_1~ 61A_1c~u) VLA_1~. Therefore the first system can be
rewritten in terms of the vorticity W = w(v) = 81 — 090t as follows:

{ata L VD — vAD = 0, (229)

o= VEAD.

2. We emphasize that there is no stretching term in (2.23), as in the 2D-Navier-Stokes case

(full limit of the rotating fluids system, see [18]), or the Quasi-geotrophic system (@\é)
(limit of the Primitive system, see [4, 12]).

Remark 2.2 1. At this stage, nothing can help us precise the term T, we only know that
~ 3
T = lim*=.
e—0 €

2. Moreover, nothing allows us to make a direct link between TV(O, .) and the initial velocity
such as for instance: $3(0.2)
0,z
T(O x3) = i@oT'
Indeed, we easily obtain in the case of the Primitive system (PE.) (see [4]) that = © has a
limit when € goes to zero:

3

2 — (v = V')A gc + FlosAT 5g6" - Valflac,

whereas if, for instance, the initial data does not depend on ¢, then for all x € R? such that

v2(x) # 0,




3. It seems that we have better considering Tlas a parameter, and in this article we will search
for initial data corresponding to the case T'= 0.

4. On the contrary, nothing forces 0 to be zero, and this term will be the key to obtain new
asymptotics, in the spirit of [18, 20]: for the rotating fluids system, when the initial data is in
L%(R3) or in H*(R®) the only limit we can hope for is zero. But when Chemin, Desjardins,
Gallagher and Grenier consider as an initial data the sum of a function of the previous
type with some @ € L? (Ri), then richer asymptotics are at hand and they manage to reach
as limit system the 2D-Navier-Stokes system with three components with 4 as an initial
data (as described by physicists in the Taylor-Proudman theorem). We show that similar
phenomena will occur for the strongly stratified Boussinesq system.

2.2 The Stratified/osc structure, final form of the limit system

Thanks to the previous observations we will consider initial data satisfying:
Ocjio(x) = B0, (x) + O, (w3),
so that our complete initial data is:
Usjmo(z) = Upc(x) + (0,0,0,00 (3)).
Moreover, the structure of the formal limit system suggests to introduce the following operators:

Definition 2.1 For a R*-valued function, we introduce the following quantity, that we will call
its vorticity:

w(f) =0f* — af'.

From this we define the stratified and oscillating (or oscillatory) parts of f, respectively denoted
as fs and f,sc, according to:

1
viagwn \ [ o
fS = 0 ! ho I (224)
0 0
and, denoting div 5, f" def OLfr+ 0212,
Vi A7 div g £ O div [
fue=f—fs={ | = | A 2.25
osc — S = f4 - f3 ( : )
f f4

Remark 2.3 For a R2-valued function f = (f', f?) = f", we could introduce P} and fs =
Phf = Vi A, 'w(f) (this corresponds to Py in (1.2)), but with a slight notational abuse, we may
also denote fs = Pof and fose = f — fs = VA, div i, f.

Now we can completely precise the initial data and limit system that we will consider in this
article:

Uejt=o(x) = U () + (2.26)

10



And we will denote:

1 1
e o §
v v v 5
Upe = 9e and U, = s | = )= 2
' UO,E Ve 98 0
£
90,8 95

The previous formal study suggests that the initial data in (2.22) are related to Up . g and 5075,
in the following way:

h ~h . _ ~h
g078,s(z) ;})Nvo (x), or equivalently Uy . g(x) = P2Up () = (v (2),0,0), 2.2
0o,c(x3) = Oo(3),

so that our complete limit system is composed by the following two systems:

o + ol Vo — v AT = V70,

div " = 0, (2.28)

Sho _h
Yjt=0 = Y0

and

0 /920 —
{@9 V930 = 0, (229)

§|t:0 = fo.

Remark 2.4 We could simply choose 5018 = 50, but for more generality we made the previous
choice. The same can be done to generalize a little the result in [14] concerning rotating fluids.

The following proposition states properties induced by the stratified/oscillating structure.

Proposition 2.1 With the notations from (2.24) and (2.25), there exist two pseudodifferential
operators of order zero P and Q such that for any f,

fs=Qf, and fosc=PFf.
These operators satisfy:
1. @ =Py and P = I; — Py (where the operators P, are defined in (5.92) and (5.91)).
2. For any s € R, we have ((Ia — P2) f[P2f) s e = 0= (Bf[P2f) e gr= (When defined).
3. (Ig—P)f=f<—=Pof =0« w(f) =0.

4. (Ig —P)f =0 <= Pof = f — f3 = f4* =0 anddiv,f = 0 <= there exists a scalar
function ¢ such that f = (—da¢,01¢,0,0) = (Vit¢,0,0). Such a vector field is obviously
divergence free (and horizontal divergence-free) and we will say that it is stratified. It also
satisfies f = (f",0,0).

If f is divergence-free, so is (Iy — Pa) f.
B]P)Qf =0 (in R4)
PyP = PPy = Py and Py(Iy — P) = (I — P)Py = 0 (in particular P3(Vgq,0) =0).

NS> @

If f is a divergence-free vector field, then (we recall that we denote f -V f = 23’21 fio.f)

W(f-Vf)= =0 w(f) +01f-03f* = 0af* - O f" + [ - w(f).

11



9. If f is a stratified vector field, then w(f -V f) = f-w(f).

The proof of this proposition is similar to what is done in [4, 5, 12].

Remark 2.5 1. Let us recall that in the case of the Primitive system the decomposition
QG /osc (with its corresponding Q/P) and P2 /P54 do not coincide except when v = v/, so
that for instance the oscillating part still has a "Py” part (but we show it is very small in
terms of €). In the present article, we have Q = Py in the general case (but it is only when
v =/ that P35 and P4 are orthogonal projectors of norm 1).

2. We chose to use the denomination Stratified rather than quasi-geostrophic.

2.3 Reformulation of the different systems

In order to properly study the solutions of (S:) with such unusual initial data, as in [18, 20] in
the case of the rotating fluids, we need to rewrite System (S¢) in a form where functions only
depending on z3 do not appear in the initial data anymore. Doing this will move these functions in
the transport terms which explains why a little adaptation of the proofs of the classical existence
results such as the Leray or Fujita-Kato theorems is needed.

Remark 2.6 When studying (PE.) or in [40], it was not necessary because the systems only
feature functions of x € R? and adapting the classical existence theorems requires no effort.

Let us first merge Systems (2.28) and (2.29). Introducing ® = 0 and P! such that 6(z3) =
—03P(x3), we can rewrite the limit systems as follows:

0" + - Vo' — v AT =~

0,0° + 7 - V* — vAD? = 9,7,

0% +7- VP — AP + 10 = -19;P", (2.30)
80 +7-V0— /A - L3 =0,

divo =0.

If we set U "</ (?",0,0), this system can be rewritten into:
Vi ~
~ -~ 1~ 1 1
QU +7-VU—LU+-BU=—| 0 __(VP )
€ 0 5 0

Denoting as P the orthogonal Leray projector onto divergence-free vectorfields, we introduce
G = P(V,7°,0,0) which satisfies the following result.

Proposition 2.2 With the previous notations, there exists some g such that

W\ o 12 (e
—-Q 9 i v 27 _ L0357 Ay " qo
8 G+ ( 0 ) with G =P 0 C0sA g , (2.31)
0

where qo is defined by (7° has been introduced in (2.21))

2 2
o =—Mn7 = > 0,0,(00) = > _ 0i(@" - V).

i,j=1 i=1

Moreover, it is obvious that w(G) = 0 = div G and P,G = 0.

12



Proof: It is only about computing G using the fact that P =I; — VA~ 'div. B
Remark 2.7 Adding some gradient, we can also write that:

0
~ 0
G=P 1~ ,
a3Ahl(]O
0

which appears in the external force term from the auxiliary system (1.4) introduced in [40] when
reproducing the method from [5], where the analoguous term features two parts with different
behaviours, namely G = G* + G".

Thanks to this, we can finally reformulate our limit system as follows:
( " )
0 3
(2.32)

Our first idea would be to study the system satisfied by U, — U , but as already mentionned, its
initial data:

o =

0,5 + -V — L+ 15T = G - ( v ) .
divo =0,
U\t:O = (5830590)

(U = U)jt—o(@) = U c.ose() + (P2UJ - (z) — T4 (), 0,002 (x3) — fo(xs)),

would feature functions depending only on x3. As we wish to do minimal transformations in order
to adapt the Leray theorem, we simply define the following function, that will help neutralize the
xs-only-dependent part:

0

- K. — V02K, =

7. = 0 ,  where K, solves ?t N 1183 < 0, (2.33)
0

J lt=0 = Bo,e — o.
K

€

Remark 2.8 Thanks to the estimates from Theorem 2.1 and (2.27), IN(E goes to zero as € goes
to zero.

Next, introducing P2 such that K. = —d3P2 (both of these functions only depend on zs), Ze

€
satisfies:

72 7 1y _ 1 D2
OZe — LZ: + :BZ: = —o(VFZ,0), (2.34)
Zelt—o = (0,0,0,00c — o).
Now we can properly rewrite the system we will study, let us finally set:
., L vl — o ol —oh ot
D. YU -7 = A v =u— 0 ], (2.35)
0. — (0 + K.) 0. — 0. 0
where the function gg def 0+ K - is nothing but the solution of:
80 — V'920. =0
Ge T raTe T (2.36)
98|t:0 = 90,5-

13



Rewriting System (S;) as follows,

™ =

PO
OU. +U. - VU. — LU, + LBU. = — < VOE ) -

VP!
0 ’ (Se)

and substracting Systems (2.32) and (2.34), we obtain that D, satisfies:

U. [t=0 = UO,E-

~h
v
1 B -
ODe = LD+ —BD. = = |D--VD-+ D -V | 0 | +7"-VsD. +G_<Vge),
-

where i i
T I R R )

Reformulating the second term from the right-hand side, we obtain the final form (2.37) of the
system satisfied by D, = (V., H.):

D. - Vit o
De = LD: + ¢ BD. = — | D - VD- + 0 +" - V4D +G< 0q>
D? - 950,

divV, =0,
De|t:0 = UO,E,osc + (UO,E,S - (5(};’ 0; 0)) = UO,a,osc + (U&gﬂ - 58, O, 0)
(2.37)

2.4 Study of the limit system

We show in this section that the limit system has global regular solutions which specifies the
necessary informations about " and 6. required to study System (2.37).

Let us begin with System (2.29), which is only a one-dimensional heat equation (we refer for
example to [2], Section 3.4.1, Lemma 5.10 and Proposition 10.3, see also Definition 5.1).

Theorem 2.1 Let s € R. For any 0, € H* (R) (respectively b € Bil(R)) there exists a unique
global solution 0 of (2.29) and for all t > 0, we have:

1611 o 570 + V101172 o0 < 21160115 (2.38)
(respectively HHHZ;?OB;l + V/”@HL%B;f < HHOHB;l-) (2.39)

More generally for s € R and p,r € [1, o0], there exists a constant C' > 0 such that if 0o € BZS),T(]R)
then for all g € [1, 0]

~ C
[N
Lth,rq (l/l)q

1Boll s, - (2.40)

Remark 2.9 Thanks to this result, the previously defined 5, K - and 55 are global and satisfy
similar estimates.

On the other hand, thanks to (2.23) and Remark 2.1, we observe that System (2.28) (which is
System (4.3) from [40]) is very close to the quasi-geostrophic system, and we can easily adapt
Theorem 1 from [12] and state the following theorem which generalizes the results from Section
4 in [40] (as we need less initial regularity).
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Theorem 2.2 Let § > 0 and o € H="9 a R%-valued vectorfield such that div , o = 0. Then
System (2.28) has a unique global solution ?" € Ez+% = E0 0 E2+% and there exists a constant
C = Cs,, > 0 such that for all t > 0, we have:

+ v||VU

1
o 12 400)

hHQLooH%H 340 = C&”“Eg”;%” max(1, ||53

h12
1%,
< Cspmax(L, [T, 4 15)2H,  (241)

Moreover, we can also bound the term G introduced in (2.35): for all s € [0, 144,

|16 < o max(L 5], 3.007 . (2.42)
0

HE+

Proof: Thanks to Remark 2.1 and the Biot-Savart law (which is similar to the one featured in
the quasi-geostrophic system), the proof is very close to what we did in Section 2.1 from [12]. B

3 Existence of global weak solutions

This section is devoted to prove the following result, which is the analoguous of the Leray theorem
for (2.37) and provides global weak solutions for any £ > 0.

Theorem 3.1 (Eristence of Leray weak solutions) Let § > 0, Co > 1, o' € H%JFS(RB), 5075 €
B, Z(R) (for all e > 0) with:

H561||H%+5(R3) <Co and iglg HQO’EHB;%(R) <G
Thanks to Theorems 2.1 and 2.2, " and [9; globally exist (for all ¢ > 0) and respectively belong
to FON E2%% and B~ 2.

Moreover there exists a constant Cy,,,» > 0 such that for any fixed ¢ > 0, if Uy . € L*(R?),
then there exists a weak global solution of (2.37) (Dx, q.) with D, € E° and q. € E*+L3 (R, L?),
satisfying for all t > 0,

t
ID-(1)]122 + vo / |V D.(r)|2.dr

1
+3

~ 2+4 2
< (I1U0,coonellZ + [T = T3 + Coaar 5+ ) eCont® ™ (3.43)

In what follows, we will state apriori estimates, give the Friedrichs scheme and quickly outline
what is new to adapt the proof of the classical Leray theorem from the Navier-Stokes case and
energy estimates.

3.1 A priori estimates

. ~ L1
Proposition 3.1 Let § >0, Co > 1, oy € H2M(R3), 0o € By £ (R) (for all € > 0) with:

oh <C d 0, <C
19611 73 +5 sy < Co  an i‘;‘g” o,sHB;I%(R)_ 0

15



Then for any fived € > 0, if we set vo = min(v, ") > 0, there exists Co > 0, and Cs,,,» > 0 such
that for any solution D. € E° of System (2.37), and for all t > 0:

t 1 t _
DN + 0 [ 19DDIsdr < (100 + 5 [ 16t )

b~ 1o 1~ 4
< exp <Co [ 16 + i@, + awn ;-Adt’)

)

1 2+ %
< (ID=(0) 32 + Copr €54 ) Covr® ™ (3.42)

Proof: taking the innerproduct in L? of (2.37) with D, = (V., H.), and thanks to the fact that
div V. = 0 = div 40", we obtain that (D, - VD.|D.)r> =0 = (2" - V;,D.|D.) > and:

| &

D172 + ol VDe||72 = —(D. - V3" |D2) 12 — (D2 - 930.| DY) 2 + (GID-) 2

N | =
S

'
YWarBtC (345)

The terms A and C' are easy to bound and we immediately get that:

Al < (1D - V0" || 2| Dell 2 < |Dell el V0" |2 | Dell 22 < [1Dell g [V ] 3 1 Del 2

1Z0) c ~
< ZIIDEH?{I + V—OIIVvhHiI% D72, (3.46)
and ) 1
CL < NGl2lID:llz2 < S1G e + SIGH 2 De 7o (3.47)

The last term is not classical as it features functions of one variable. Thanks to the Minkowski

and Young estimates (using twice (3,4) in the last lines), the Sobolev interpolation estimates and

the 1d-Sobolev injection H i (R) < L*(R):

|B| S /3 |D§(1‘h,1'3)| . |83§5(1'3>| . |D§(:L‘h,1'3)|d1' S / </ |D5(1'h,1'3)|2|83§€(1'3>|d$3) dl‘h
RA R2 R
< [ ID-(on, e 10uTl oy dan < 0wy [ I1Delens ). o
R R

11 (R)

~ 3 3
< O g1 gy /Rz 1D (s M £y 1D (@ Ml gy b

3
— 1
< Ol ey ([ 10 erdan ) ( [ 100Dan. Moo

~ 3 1 ~ 3 1
S C”@EHHl(R)HDEHzZ(RB)H83D€||i2(]1{3) S CHoeHHl(R)”Ds”;ﬁ”vj)s”zz

4

1Z0) C  ~ 4
< 2D 3+ BN I Del (348)
Yo

Gathering these estimates into (3.45) leads to:
d ~ ~ C C  ~ 4
ZID=lZz + w0l VD72 < Gllpz + D17 <|G|L2 + V—OHWhHZ% + V—§|9a|§;’n(m> ’

0
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which entails the first part of the result after integration in time and thanks to the Gronwall
Lemma. Thanks to Theorem 2.2, we bound the terms involving G' and 7% and to bound the last
term, we use the estimates from Theorem 2.1 and more precisely (2.40).

We outline that it is not possible to directly use the estimate in H*® as the time integration
exponent p cannot reach %. We cannot either use directly (2.40) with p = r = 2 and ¢ = % as
(thanks to Proposition 5.2) we have:

AU AP

and (2.40) only bounds the left-hand side of the estimates (we need to bound the right-hand side).

To simplify, we use the estimates in the case (s, p,r,q) = (—%, 2,1, %), and thanks to Proposition
5.2, we have for all t > 0:

~ ~ ~ C

10l g < 18Ny, < 1]

331
i B

CcCy

3

e 5 1 <
ot lell =0

N

which concludes the proof. B

3.2 The Friedrichs scheme

In order to properly write the scheme corresponding to System (2.37), the first step is to express
the pressure ¢. in terms of D. = (V., H.):

¢ = féagAleg — A™divdiv (D. ® D. — (3",0) ® (2",0))

1 . _
= fgagAleg — AN divdiv (V. @ Ve + Ve ® (@",0) + (3",0) ® V2)

3 3 2 2 3
1 - - ivsj ivj ~ivrj
= ——0:A 'H.— A1 Z 8;0;(ViVI) + ZZ&iaj(Va ) + ZZaiaj(u vy, (3.49)
i,j=1 i=1 j=1 i=1 j=1

which leads to the following scheme (where for n € N, .J,, is the Fourier truncation operator on
the ball centered at zero and with radius n) for D = (V*, H?):
Jndiv [Jnvg ® J VI + J VI @ (@,0) + (7, 0) @ Jan‘}

Jndiv [JHVE” (JLH? + 01)} + Jpdiv), (WI : Jan)

= J.G — < Vinte ) (3.50)

1
&,D" — LJ,D" + =B.J,D" +
g

0

with initial data D?\t:o =J, (UO@OSC + (U&s,s — ¢, 0, 0)), the pressure ¢” being defined accord-
ing to (3.49).

3.3 Sketch of the proof

The rest of the proof of Theorem 3.1 is classical and we only give a sketch of it, pointing out
what is different.

e The Friedrichs scheme is an ODE in L2 = {u € L*(R?), with supp @ C B(0,n)} and its
solution D! belongs to C([0, 77, [, LZ(R?)) for some lifespan T~ ..

e We have J,D? = D! and, taking the divergence of the system, we show that div D? = 0.
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e Then the scheme can be rewritten in a form close to (2.37) and Proposition 3.1 implies that
(3.43) is true for D, which provides a uniform bound in n for ||DZ||per2 which implies

T7, = +oo thanks to the blow-up criterion for the ODE.

e As D! is bounded in EY we can extract a subsequence that weakly converges to some
D, € E satisfying (3.43) with the same bound.

e All that remains is to show the weak limit solves (2.37), the only difficulty being to deal with
the nonlinear terms limits, for which the classical argument is to use the Ascoli theorem.
This is here that some adaptation is needed. In the Navier-Stokes case, it is shown that

4 .
every term in the right-hand side is in L} H —1. It is easily proved for the terms involving

?" and all that remains is to check the term involving gg. With the same ideas as in the
proof of Proposition 3.1:

| Judiv (2 V2013, < V- 0|3
= [ ([P benan ) don < [ 17200 1o

~ 3 1
<CIALIEy [ IV an I 08V,
~ 3 1
< ORI,y IV e |9V By (35
Thanks to the Young estimates (with (3,4)), we obtain that:

~ ~ 3 1
||Jnd1V (Jn‘/sn . QE)HLfH*l S CH@EHL%H% ||Dg||z;>°L2(R3)||VD2H22L2(R3)
t

The first term is bounded thanks to (2.40) and the fact that 6y € BQ_%

~ ~ ~ C |~ cC
10 5 <Ol s o <Dl s 4 <~ l00cll 3 < 5
LY H1 L B}, LE B3, (V)% B, ? (V)3
~ . 4 .
so that we have J,div (J,V*-0.) € L* (R, H™ ') Cc L} (R,H™').

e Concerning the regularity of the pressure term g¢., only one term is different, namely
—193A71 D2, which obviously belongs to E'.

4 Convergence of D,

Let us first more precisely state the announced convergence result.

Theorem 4.1 (Convergence) Assume that § > 0, Co > 1, fy € B;f , O e H2t0 (with
~ L1
div o = 0 or equivalently v} = Po0(;) and, for all € > 0, that Uy . € L?, 0o € B, # (R) with:

_ 0, <C
|\Ug|\H%+5(Rs> < Co, H OHBQ,% -
sup.- || Uo.ell 2 < Co, and SUP.< HQO’EHB’%(R) < Coy, (4.52)
2,1
R ~h 0 0,
10,5 — vollr2 0 160, - QO”B;%(R) pare gl

s
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Then U. converges to (v",0, 0) (where t" and 6 are the global solutions of Systems (2.28) and
(2.29)) in the following sense: if D, = U. — (2",0,0.) (where 0, is the global solution of (2.36)),

then we can extract from the stratified part (P2D.).~o a subsequence that converges to zero:

Do — 0in L7 L]
e’ —0

L, for any q €]2,6],
and for all ¢ €]2, 6], there exists e1 = e1(v, V', q) > 0 such that for all t > 0, there exists a constant
D = D, s, c, such that, for all e < ey,

. 6 2\2
Ko ' dor Min(2 —1,1—2)
||D€,oscHLqu S DE 461 ) Wlth K(q> ;f q(§ _ 1) .
q
K(q)

Moreover, when v = v', the previous estimates can be upgraded into ||De oscllp2pe < De50s
(now valid for all ¢ > 0) and we can obtain global-in-time estimates with better convergence rate:
there exists a constant C' = C), 5c, > 0 such that, for any € > 0,

(4.53)

< Ceis,

||DE’OSC||Z%BQ,2+ZlBg’2 >~

Remark 4.1 Choosing 5075 = 50 for each € > 0 leads to the particular case described by the
Theorem from the introduction.

In the rest of this section, we begin to prove the convergence of the oscillating part D s,
and then we use it to prove that the stratified part D, s also goes to zero.

4.1 Convergence of D. in the case v # V/
4.1.1 Convergence of the oscillating part

We refer to (2.24) and (2.25) for the definition of D, g and D. ,s. and to Proposition 2.1 for
properties of this orthogonal decomposition. Thanks to Propositions 2.1 (Points 6,7) and 2.2, we
have BD, = BD, ,s5c and P(V¢.,0) =0 = ]P’(~1, which entails that, applying P(I; — P3) to System
(2.37), Dg sc solves:

D. - Vit
ath;‘,osc - (L - %PB)DE,OSC - _P(Id - ]P)Q) Da . vDa + 0 + 5}1 . thE + Ga

D3 - 950,
Da,osc\t:O = UO,E,osc-
(4.54)
Then, referring to Section 5.2 for the definition of P,_ ., as in [18, 4] we truncate in frequency
and split D, ,,. into three parts:

D] D]

Da,osc = (Id - X(R_))Da,osc + X(R_)X(
€ €

| D
27,

)Da,osc + P’I‘E,RS Da,osc- (455)
The first two terms are estimated as in [18, 4] using Lemma 5.1 and Propositions 2.1 and 3.43,
for all t > 0 and ¢ €]2,6][:

_1l6_1
(s = x(LY) D2 el 20 < BZF4TY

1_1 1_1
IXCEDXURE) Dz psell 200 < O3 (Rer2) ™4 | De el 5o 12 < CtF (Rer2) ™ | Do e 2.
(4.56)

35—
||DE,OSCHL§H1 < R ”DE”Lle’
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The third part is bounded thanks to the Strichartz estimates proved in Proposition 5.4: when
e <e1(v, v/, m, M), choosing (p,r) = (2,¢) in (5.100) and defining F.,; as the right-hand side of
System (4.54), we obtain that:

17 _ 7
RS 2 1 2
||7)T57R5D87056||L§Lq < CVJ/ ;,g 58(1 7) (HPTE,REUO,E,OSCHN + ||,PTE,REF6M||L§L2)7 (4'57)
1 2q
Te

All that remains is then to bound the external force terms. Three of them can be bounded using
Lemma 5.1:

3 3 1
1Pre.r. (fD)llLire < CRE|fgllier < CREL?|[fllLgeor2llgllpzre,

so that we immediately obtain:

IPr..k. (De - VDo + D - V" + 0" - ViDe) || 1112
3 1 i ~]
< CRZtE (1Dl oz + 17"l 12) IV Dell gz + 1D o2 |95 | 2 ) - (4.58)

The last term is bounded as we did for the Friedrichs scheme:
|Pr..r. (D2 - 850:)172 < /]R D2 (@, ) |74 ) | 9502 |1 7 gy den
2 3 2 32 32 3
<CILI 5 oy [ ID2n I g o < CILIE, 5 ID ey IV DNy (459)

and
~ ~ 3 1
||PTE,RE (Dg ’ aB@s)”L}L? < He&”L?H% ||D€||zg°L2 ||VD€||23L2- (4-60)

~ .1
Thanks to (2.40), as 0y € B, {:

CC(; , (4.61)

- ~ ~ C  ~
0 s <10 5 <0 < 0 <
1Bl .5 < V0l g 5 < 10l g 58 < oMol y <

0

so that, thanks to Theorem 2.2 and (3.43) we can write that:

1Prar Featllztzz < Cowar (1 4+ t9RE (Vo csellls + U85 = T3 +CoH) eCownro™.
(4.62)
Gathering (4.56), (4.57) and (4.62), and thanks to the assumptions on the initial data, we finally
obtain that for all ¢ > 0 and ¢ €]2, 6] (replacing r., R. by their expressions in ¢):

2+ 1 " o4l
1Deonellizne < CruwreCaer @™ (U eonellda + Uge.s — W13 +€37H)

23 7
_1(6_ R 24

X | Re 2D +t%(Ra7"?)%7% + T 5%(17%)(1 +t%)
7'64 2q

< Diswarco (L4 Uneosclliz + UGz s — 05 172)

% (ﬁ(%—l) L emeM)(G-h) | F(-2) MR- -m(P - )

< Desworco (14 1U0coscllie +1UG - 5 — Tgll72) 400

< Dt,S,U,V/,CUEJ(m7M7q), (463)
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where we define

J(m, M,q)
S min (%(g —1),(2m — M)(% - é), éu A M(% T m(%g - 2%)) . (4.64)

Let us recall that m, M also have to satisfy:

M 1
{3 +m <1, (4.65)

M < 2m.

In order to provide a more explicit convergence rate, we can observe that the third term in the
minimum becomes positive when m, M are small enough, but we have to care that, due to the
first two terms, they are not too small. Introducing A, B as below (both of them are positive as
q €]2,6]),

2
A:§—1 and B=1-—,
q q

we rewrite the third term in the minimum as a function of A and B, which leads to:

M8 L EM—2—7m)§—2(m+M)). (4.66)

. M
J(m,M,q):Amln(—,(m_g)z’(g_ 1 - =

2

Choosing m = M (and taking into account (4.65)), we are reduced, given A, B > 0, to choose m

small but with the view that the following quantity has to be as large as possible:
m mB ,1 29 B )

J(m,m,q) = Amin <— B2 (- Zm)= —am

3™y (4.67)

Observing that:

1 1
1 §—2MmMZ 15
m< — =
232 J(m,m,q)zAmm(%,%%,l—%%félm),
we obtain that if in addition m = M < 1—58§, then %6% —4m > %2% and
m mB 1B
J >Amin | —, ——, — —

B m 1 B .m m
> Amin(l, =) min [ —, — ) > Amin(1, =) — = mi —. (4
> Amin(1, A)mln ( 5 32> > Amin(1, A) 5 min(A4, B) 5 (4.68)

Finally, if we choose mg = My = min(%%, ﬁ%), we obtain:
1 1 1B
> — min(—. — — i
J(mo, Mo, q) > 16 Hlln(29, 16A)m1n(A,B)
1 B min(A4, B)?
> in(1, =)min(A4, B) > ————>— (4.
= 16 20 Min(l ) min(A4, B) 2 — o7, (4.69)

so that, plugging into (4.63), we end-up with the fact that for all ¢ > 0, all ¢ €]2,6] and all
e<e(v,,q):
min(8-1,1-2)2

||DE,OSC||L?Lq < Dt,6,l/,u’,(co€ 164(5-1) ™

1
def( NG )17(31\44»7‘@)

Remark 4.2 We emphasize that e1 = e1(v, V' ,m, M) = Pl turns into £1(v,v/, q)

as m, M are fixed only depending on q.
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4.1.2 Convergence of D, g

Thanks to the assumptions on the initial data, the estimates (3.43) can be bounded uniformly in
¢ as follows: for all £ > 0, and all € > 0

2+%

t
o4 1
ID(O11Z2 + Vo/ IVD:(7)[[32dr < Co1rCq " * oo (4.70)
0

Therefore we can extract from (D;)cs a subsequence that weakly converges to some D e E°

also satisfying (4.70). To simplify, let us also denote (D).~ this subsequence. We showed in

the previous section that for all ¢ €]2,6[ and all ¢ > 0, || De oscll 214 -y 0, which in particular
E—r

implies that Da,osc — 0 and DE,S - 5
e—0 e—0

Applying the operator Py to System (2.37), we obtain that D, g = (D?,S7 0,0) satisfies (using
once more Proposition 2.1):

~h
v
9iD.s—LDes=—P3|D.s-VD.s+Des-V | 0 | +0"-VyDes
0
gh
+ DE,S : VDE,OSC + Ds,osc : VDs,S + Ds,osc : VDs,osc + Ds,osc -V 0 + :Jh : thE,OSC:|;
0

(4.71)
with initial data: D, g),—0 = (U'..g — 0g,0,0).

Now, as D, g — D (weakly) and D¢ osc " 0 (strongly in L7 L7), every term involving
e—0

D8 osc weakly converges to zero. All that remams is to show D, g - VD, ¢ weakly converges to
. VD which is similar to what is done in the classical Navier-Stokes case. We obtain that D
satlsﬁes the following system:

athLB:fPQ[D-v15+f)~v 0 +5h~vhf)}, )

5|t20 - 0

Thanks to Proposition 3.1 (with zero initial data and external force G replaced by zero), we
obtain that D = 0. To finish the proof, we have to upgrade the convergence of D, g towards zero:
we repeat the arguments from [4] and manage to finally obtain that for all ¢ €]2,6][:

q
D. s ,:0) 0 in LlocL

loc®

4.2 Convergence of D, ,. in the case v =1/

In the case v = v/, we can use the previous arguments but we do not need anymore any smallness
condition on € and (taking advantage of the fact that the Py are orthogonal) we can save R./r.
in the Strichartz estimates (5.100) and in the final estimates (4.63), which modifies J(m, M, q)
into:

K(m,M,q)

def . (M
= min 7(

Q|
\
—_
N
Py
[
3
\
<
n
\
|
o
o
il
\
|
—
\
—
- |
\
|
—
\
=
- |
\
|
S~—
SN———
—
N
\]
w
S~—
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which allows a slight improvement in the final convergence rate (following the same steps as
before): for all ¢ > 0, all ¢ €]2,6[ and all € > 0:

min(gf1,17%)2

T aes(8-1)

HDE,OSCHL%LLI < Dy sp,00,Co€ 08—y

Nevertheless, when v = 1/ we can obtain much better Strichartz estimates (see Proposition 5.6
in the appendix) which do not require frequency truncations. So the convergence for D s is
directly given by this proposition, the only restrictions in choosing the coefficients (d, p, r, §) being
guided by the possible bounds for the external force term. These new Strichartz estimates will
allow global in time estimates and a better convergence rate.

To do this we remark that, as in [14], among the various external force terms, we can ob-
serve two distinct regularities, which suggests us to decompose De o5 = D! .. + D2 .. which
respectively solve:

0
oD, — (L — LPB)DY . = —P(I; — Py) 8 1 .
D? - 940
D;,osc|t:O = Uo,c,0sc5
and
D, - V"
&,D?,,. — (L —iPB)D?,, = —P(I; — P3) | D. - VD, + 0 LD, |
0
g,osc|t:0 =0.
(4.75)

The initial data and external force terms in the first system can be respectively bounded in L2
and L'(Ry, L?) (globally in time, we refer to (4.60) and Theorem 2.2), whereas the external force
terms in the second system can be bounded in L'(R, H _%) according to the following product
law: if div f =0,

2

1f -Vl -1 < Ufgll 1 < 1F1 g llgll -
Thanks to Proposition 5.6, for any (p1, p2, 71, r2) satisfying:

2 1 2 1 5
— 4+ — =1 and — — =, (476)
T p1 re  p2 4

we have (thanks to Theorem 2.2, (4.60), (3.43) and (4.61)) that for all ¢ > 0:
| L0-2) YD o S
1D} elzpe s, , < Corrss O (Woconclzn + [ (D2 0:8lz2 + 162}

1= ~ 3 1 ~
< Cpurawet ) (Wnconclin + 1020 g 1D IV Dl o+ 16031
t ,

1
12 2_:,_1 c VC2+3
< Cpr e 7R (Vo osclli + C €y ) 0o

12

< Cprirrwntcoe ) (U eosellze +1),  (4.77)

and
t
-2 ~
102 oecllzze o, < Coarawe™ 772 / (1D + 20Dl s 15" 1)

l(lfl) 2

< Cpayraw,6,CoE Y "2 (HUO,&OSCHL? +1). (4-78)
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If we wish the largest possible exponent for €, we need 71,72 to be as large as possible. Let us
recall that ps, 7o also satisfy (see Proposition 5.6) po < 4/(1 — 2/r2) which is satisfied as (4.76)
(and the fact that ps > 1) leads to:

ol oo

<ry <8.

Choosing r1 = ry = 8, we finally obtain (p1,p2) = (3, 1) (the conditions from Proposition 5.6 are
satisfied) and:

|D < Cu6,00€ 7 ([T eposell 22 + 1) < Cusicoe™,

aosc”"é : 10 >
el Tty 1y,

which concludes the proof. B

5 Appendix

5.1 Notations, Sobolev spaces and Littlewood-Paley decomposition

For a complete presentation of the Sobolev spaces and the Littlewood-Paley decomposition, we
refer to [2]. We will use the same notations as in the appendix of [12]. Let us first mention the
following lemma:

Proposition 5.1 ([2] Chapter 2) We have the following continuous injections:
For any p > 1, 32,1 — LP,

For any p € [2, o0, Bg,Q — LP,
For any p € [1, 2], Bg,p — LP.

Sometimes it is more convenient to work in slightly modification of the classical L? B o Opaces: the
Chemin-Lerner time-space Besov spaces As explained in the following definition, the integration
in time is performed before the summation with respect to the frequency decomposition index:

Definition 5.1 [2] For s,t € R and a, b, c € [1, 00|, we define the following norm

P JS||A
lollzes;, = || (2" 18slzees) _, [,y

The space EfBgﬁc is defined as the set of tempered distributions u such that lim;_, ., Sju = 0 in
L2([0, 1), L=(B?) and |juz, 5, < oo.

We refer once more to [2] (Section 2.6.3) for more details and will only recall the following
proposition:

Proposition 5.2 For all a,b,c € [1,00] and s € R:

ifa<e, YueLtBi,, llullzs, < lullges

ifa>c, VuelLi{Bj, ||U||Zngc - HUHL?Bzf,c'

24



5.2 Truncations

In this section we precise the truncation operator that we will abundantly use: let us choose a
function x € C5°(R, R) taking values into [0, 1] and such that:

supp x C B(0,1),
X = 1 near B(0, 3).

Given 0 < r < R we will denote by C, r the following set (where & = (£5,&3)):
Crr={(€R? [ <Rand || >r). (5.79)
If we define f, r(§) = x(%)(l - X(lg—’;)), then:

{SHPP fr.r CCr R,

5.80
fr,RElOHCQng' ( )

Now we introduce the following frequency truncation operator on C, g (F ! is the inverse Fourier
transform and |D|* the classical derivation operator: |D|*f = F~1(|£]*£(£)).):

P = frr(D)u = x(2hy 1 — (2o,
= 7 (fon(@i©) = 7 (xEh 1 - xBthyace). e
Thanks to (5.80), we have:
fgng(D)fryR(D)u = fryR(D)u. (582)

In what follows (and as in [8, 12]) we will use it for particular radii r. = ¢™ and R. = e~

where m and M will be precised later. Let us end with the following anisotropic Bernstein-type
result (easily adapted from [4], see [28] for more general anisotropic estimates):

Lemma 5.1 There exists a constant C' > 0 such that for all function f, « > 0,1 <q¢<p <0
and all 0 < r < R, we have

1Dl

RCONED

r

1Dl

Mfllzr < C(RTQ)%*%HX( - )X('Dhl

r

) La. (5.83)
Moreover if f has its frequencies located in C, g, then

ID[*flle < CRY|| ]| 2o

5.3 About the linearized system

Consider the linearized system (fo, Frrt being divergence-free, the second form is obtained using
the Leray projector P):

_ _1 =
th (L EB)f Feat, — {atf(L i]P)B)f:Fexta

di =0
wf=0, fit—o = fo-

Jit=0 = fo-

Applying the Fourier transform turns the equation into (as in [4, 40]):

at.]?_B(gaE)f: F/‘e;a

(5.84)
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where

G+ vah  vas
T v&1&s V(& +€3) V€23 5252
2313 v§283 —v(E +&) - 1€|€|22
0 0 ! —v'[¢[?
g

—

Remark 5.1 Note that in [40, 34, 36] the authors consider the matrix L — 2PBP. Doing this
will gather our first two eigenvalues (see below) into the same double eigenvalue.

5.3.1 Eigenvalues, projectors

We begin with the eigenvalues and eigenvectors of matrix B({,e). The methods are similar to
those in [4, 5, 6, 8, 10]. As there are some differences we will give precise results and skip details.
First, the characteristic polynomial is:

£%+€§),

det(X 11 = B(6,€)) = X(X +v[e) (X2 + (v + ) EPX +ov/lel + 25

whose roots are much simpler to obtain compared to System (PE.). The discriminent of the
degree 2 factor is:

g+6

e2[gf?

Which is nonpositive if, and only if, |[v — /[g|¢]? < 2|¢,]. If £ € C, g it is suffices to ask that
|v —/|eR? < 2r. This asks to split the discussion into two cases.

D=(-v)* -4

e When v # v/, if we choose (1., R.) = (€™,e~M) (m, M being precised later) then D < 0 on
Cr..r. as soon as |v —v/|eR2 < 2r., which is equivalent to:

_ m 2
c1-BM+m) < Pk (5.85)
So, when
, def ) 1—(3134#»7‘@)
BM+m<1 and 0<e<egg=ceo(v,v',m,M) = P , (5.86)
we obtain the following eigenvalues:
>\1(€7§) = 07 AQ(Evg) = 7V|§|25 )\3,4(575) = A:‘:(Evé.)a
with, for n € {—1,1}:
vV o [l (v —v')%e?[¢]°
A =— —_— -—. 5.87
U(Eag) 2 |§| +ZTI€|§| 4|§h|2 ( )
The eigenvectors are as follows:
(evV'[€° + g )& —&
(evV|E]* + e )ée 1 &
Vi(e, &) = el¢] . Wale,§) = — ,
1) el 97| o
vs 0
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and for n € {—1,1}, Vz4(e, &) = Vi(g,§):

§1€s
\/i\iyﬁh\
\/5\25\\35 \
h
Vi(e,8) = Y (5.88)
( Jelé]® VA ( )2e2|¢|°
v—v')el€ - _ (v—=v)2e?|€
il TRV o)
e When v =1/, D < 0 on R? and the eigenvalues become:
>\1(€7§) = 07 AQ(Evg) = 7V|§|25 )\3,4(575) = A:‘:(Evé.)a
with, for n € {—1,1}:
€
Ale,€) = —v[E[? + imloh (5.8)
el¢]
with the corresponding eigenvectors:
§183
(el + e )& —& VEle]6]
2¢12 4 1 1 2&3
e = | ERETIEE | e g LI 8| veg o | Ve
ev*[€°&s, |€nl -
2 0 -
V2
(5.90)

In both cases, the first eigenvector is not orthogonal to (£,0) so does not correspond to a
divergence-free quantity and will then play no role in the study of the linearized system. We
can easily see that in both cases V5 is orthogonal to V3 and Vj, but V3 and Vj are orthogonal only
when v = /.

As in [4], any R*-valued divergence-free function f can have its Fourier transform decomposed
into the family (Va(g, &), Va(e, £), Vi(e, §)) according to:

4

F&) =" an(e, OVile, 9).

k=2

Denoting P;(e,&) = ax(e,&)Vi(e,§) we introduce the corresponding projectors: for k € {2,3,4}
we define the Fourier projector Py, = Py (e, D) as:

Pyf = F (P ©)(F€). (5.91)

Due to the fact that V5 is orthogonal to the other two eigenvectors, we have:

Pof = F 7 ((F©) - Vale, )Va(e, ) (5.92)

and it is only in the case v = v/ that similar properties also stand for k = 3, 4:

L CIGRCCINACH)]

We gather in the following proposition the properties we will use to obtain the Strichartz estimates.
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Proposition 5.3 If v # V', for all m, M > 0 with 3M + m < 1, there exists €1 > 0 such that

1
for all ¢ < . ( V2 ) 1—(3M+m)

P ,ifre =™ and R. = e=M | then for all £ € C,_ g_, the matrix

B(&,e) =L — lPB is diagonalizable and its eigenvalues satisfy:

Mg, €) =

A2(e,€) = *VISIZ

Aa(e, &) = — L (¢ +z‘§|g|‘ ieD(e, €), (5.93)
Aa(g,€) = As(e, €

where D(e,§) satisfies for all £ € C,_ . (with k € {1,2}):

|D(g,€)] < (u—y)241 |§|u <CO(V—V)2R — Cy(v — vf)2e= M +m),

F

5

|06, D(,€)| < (v —v')?3

|0, D(e, ) < (v — V') 1

2 [&n
Moreover, the projectors Py, = Py(e, D) satisfy that, for any divergence-free R*-valued vectorfield
f, we have:

e <Co(v—v )21:”2 = Co(v — V)2~ GM+2m)

S :“

L < (v — V/)Qf—g = Co(v — v')2e~(4M+m),

i‘i i“"

Pof = (Vi A, 'w(f),0,0),  with w(f) =1 f> — daf?,

(5.94)
P2 fll e < N F e < A Sfllgges  for any s € R.
and
(Ig —Po) f = (Val, Mdiv i fh, £3, £3),  with div, f* = 01 f* + 02 12, (5.95)
5.95
|(La —P2) fllgs < [[fllge, for any s € R.
Finally for k = 3,4,
R —(m
IP&Pr. r. fllgis < V2 ENPre r fll e = V2~ EDPr [l e (5.96)
€

If v = V/, there is no need anymore of a frequency truncation or an expansion for the last two
eigenvalues (no e either is necessary), and the Py (k € {2,3,4}) are orthogonal so for any
divergence-free R*-valued vectorfield f, we have:

IPefllgs < W fllge:  for any s € R.

Proof: to obtain the developpment of A;(g,£) (7 € {3,4}) we use (5.87) and the following Taylor
expansion of order one:

1
T du

Vitr=1+4% [ ——,

* 2/0 V1+azu

so that we immediately get:

2 1&1° /
D(e, (v—1) . 5.97
8= 8[&n| \/1 y =[S (5:97)
TAlgnr
To bound D and its derivatives, we impose a little stronger condition than (5.86) on &, namely
we ask that:
— €183\ 2 —JIR3\2 1 5 T=(BMTm)
(Ew) < (Ew) < —, which leadsto e < L . (5.98)
2&n| 27, 2 lv — /|

28



To bound the projectors norms, the methods are similar to what we did in [4] and we also use
(5.98) in the cases i = 3,4, as we obtain:

€l
| < 7
V2 _ (rmv)PeRefs
1€nl /1 P

| F(PiPr., k. f)(E) (Pro.r. (2 19) 1,

which gives (5.96).

5.3.2 Strichartz estimates when v # 1/
The aim of this section is to prove the following Strichartz estimates:
Proposition 5.4 Foranyd € R, r>2,¢q > 1andp € [1, 1_%], there exists a constant C,, , p >

1
0 such that for any ¢ €]0,e1] (where 1 = (V2/|v —v/|) =C¥*™ ) and any f solving (5.84) with
initial data fy and external force F.,+ such that div fy = div Fepr = 0 and w(fo) = w(Fezt) = 0,
then for k = 3,4,

|IDIBPre, 720

17 _ 7
R4 2r 14 2
< oyt D (IPronfoll g, + IPrrc Featll g ) - (5.99)
Ts4 . 2r ,q .q

Remark 5.2 The condition € < €1 is needed only for us to use the estimates from Proposition
5.3.

Proof: As in [4, 12, 14], we first assume F,,; = 0 (the inhomogeneous case is dealt reproducing
the same steps on the Duhamel term), and we will prove that under the previous assumptions,

77
R4 2r 2
H]P)kPTE,Raf”LfLT < CV,V/,p,T gigfi 58(1 )(”PrE REfOHL2 + ||7Dr5 R. ezt||L1L2) (5-100)
12 T 2r

Te

which will give the result if applied to Aj|D|d f- The proof is close to the one of Proposition 51
from [12], but also features improvements coming from [13] (as explained in this article, using
the Riesz-Thorin theorem allows to upgrade the condition r > 4 into r > 2). We will skip details
and point out what is new. Let A be the set:

def
{ € CP(Ry x R%R), |9l Lo, cr@s)) < 1}-

We follow the steps from [13]: for k € {3, 4}, thanks to Plancherel and (5.81),

mm&mw—w//wmﬂtmmet
]RS

:Csup/ [ RO P (B, ) (1 an (O )l

PpeA

P r 2 Te 0 )
< CIIBPr. . ol s [ L[ [ rsan@iws

1
2

N Gl et e DEDED £ o ()t E)dwdtdt’ | . (5.101)
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Dispatching in both terms the heat semi-group, and using once more Plancherel and the Holder
inequality, we obtain:

IPxPr. g fllLrrr < C|PkPr, g, fol L2

N

< sup [/ | SO (e bl et (5.102)
S 0 0

where we have defined for some g¢:

,ﬁ QL\, ~
(Letg) @)= [ ewsem ORISR0 0DEO £ (51060
R

= et t! *g, (5103)

with
,u+u =t L,Z
Keyo(z) = /Rd iTE () g +i = o8] _it—t)eD e, O o o (E)dE

To estimate the first term in (5.102), we cannot directly use the well-known smoothing effect of
the heat flow described in Lemma 2.3 in [2] (see Section 2.1.2) as the frequencies are not supported
in an annulus but in the set Cre == 2R, , Which needs us to adapt the result as stated in the following
proposition (see (5.79) for the “definition of the set C, R):

Proposition 5.5 Let 0 < r < R be fixed. There exists a constant C' such that for any p € [1, 00|,
t > 0 and any function u we have:

~ R
Supp @ C Cr g = |l ®ulpr < C—467%T2||u||Lp.
r

We refer to the end of the appendix for the proof of this proposition, which allows us to write
that:

v/

lle

We start to deal with the second term through the same steps: with a view to use the Riesz-Thorin
theorem, we bound the following norms:

||L51t7t/HL2~>L2 S Coe U+U (t-‘rt )7‘
el noe < [[Keppr ]| oe.

’ R3
(t+t )A,P%E,QRJ/}(ta o < Cr_je* (t, )lze- (5.104)

€

(5.105)

Thanks to the definition of the kernel, we easily obtain that

l+l
|1 E o 0] oo < CoRie (+)r2,

In order to bound this norm with a negative power of ‘t;t/‘, we can use the classical argument
developped by Chemin, Desjardins, Gallagher and Grenier in [18, 19, 20] which allows us to ask
that o = 0 (thanks to the invariance of the integrated functions under rotations around the
x3-axis) and obtain that:

[Ketplloe = sup |Kcpp(w1,0,3)],

z1,23€ER
so that we introduce a(&) = % and the operator £, defined as follows:
1
— 7 5 () +ia(§)0, f(§)) it >t
1+ =Fa(g)? ’

Lf = . (5.106)

HVT_W (f(&) - ia(§)852f(§)) else ,
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where the function « is defined as:

&8
[EnllE1*

a(E) = —G&G(f) =

Let us assume ¢ > ' for instance: as x5 = 0, £(ei$+°2 ¢(¢)) and performing an integration by
parts, we have

t—t’

i Edi o vt ’ 2 it—t
Keyu(z) = /R3 PRERS (5)(t£) (e T () [€)7 —i(t t)aD(s,ﬁ)f%QRE(,E)) de,

where the transposed operator satisfies:

S R S i (3 i WP (N
Lf = (1 = +%a(€)2)2> £~ e %l )

Now following the steps (it is about applying *£, using the estimates we provided in Proposition

5.3 for D, 0¢,D and getting rid of ¢,¢' using the exponential e~ R (el (the details are

omitted but close to what is done for instance in [4, 6]) we end-up with:

C 71/+V/ ’ T2 d
|Ke ()] < —ge T (b4t )2 / —|t—t’\§ e (5.107)
C%,ZRE 1 + Z3

e lenl?Igl0

Unfortunately, due to the definition of C, r we cannot follow anymore the steps from the classical

24
method, as we cannot bound from below on C%EQRE the term ﬁdﬁ (neither & nor &3 can be).
The method seems useless and the first idea would be to make |&| easily bounded from below
and change the set C, r into:

rr=1{E€R <R, and |&] > 7},

but in this case we would not be able to perform the key argument with the operator L as

we cannot assume zo = 0 anymore as the function x(%)(l — x('f—j‘)) is not invariant under
rotations around the xz-axis.
It seems at first sight that we cannot continue any further but reproducing the previous

arguments choosing this time x; = 0 and defining the analoguous of £ with « replaced by
B=—0¢0a(§) = f‘ngﬁgl—g and Og, replaced by 0O, , we end-up with:

2 i—v] ezl
= TG Pler

So gathering (5.108) and (5.107), we can then write (using in the last line that max(a,b) >
(a+0)/2):

C v+u! ’ d
Ko ()] < —2e™ 55 (04 >r§/ a4 (5.108)
T C%&,ZRE 1 —|—

CO vt n,.2 . 1 1
|Ke i ()] < PR o )TE/ i t—t/|  £3¢5 t—t/|  £3¢4 ds
= Cre 1+ | | 223 ] 4 | | 153
3 2Re e lénl?lgl® EEREIEEE
- Qge—%’(tﬂ’)r?/ & _
¢ Cop an. max (14 1500 ey 14 10 Hide )
= Qs | .
t—t/
rE Creop, 14 Tmax(f%,f%)lghlflglﬁ
C viu! , d
< _206* S (t+t )r?/ ﬁ (5.109)
r2 Cre on, 1+ 158 5
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Now, the previous difficulties have disappeared and we can bound the kernel according to:

Co _vt! N (4R2—(&n]?) dés
[Kepw(o)] < Sgem e | / e
= F<Iénl<2Re Sy /URZ-[6n]?) 1 4 S 533

2[¢[°

Co _viv 4y 2R, d R2 v 2R, d
< G0 -t eyt / / g < Oy e / &
[€n|<2R. 5756

T _ [t—t'] _ [¢—t'] & °
€ 2Re 1+ = 27RO € 2Re 14— 27RO

(5.110)

N

_1
7 3
24 R2

[t=t/I\4__ 1
/2R5 d§3 _ € i 2.17R% /( 5 ) Z%RE% dZ
o 14 12 S Pt Tyt 14t

€

Performing the change of variable z = (‘t_t/‘) &3, the integral satisfies:

€

so that we finally obtain that:

z 1
2 1 ’
RZ  ex P (S
T .
re |t =]

[ Ketr]| 2 < Co (5.112)

el

Using this together with (5.105), we obtain, doing as in the previous section that for any r € [2, o0]:

7 2
e vis!

/ € o (2 =2 L ’ i
[ Le,etrtb(t', ) < Co 208 | - t/|%(1—§)e * [, )z

Gathering this estimates together with (5.104), and thanks to (5.96), we can properly bound
(5.102) and obtain that:

REEFROTD T k() :
P r < e 0 5@=3 ST SV /
IPxPr. . fllLrrr < ColPr.,r. foll L2 X sup D) e [/0 /O it t,ﬁu_g)dtdt :
with h(t) = e~ Te-ire ll(¢,.)||7. As in the previous section, the last term is bounded using the
Hardy-Littlewood-Sobolev estimates like in [12, 13]: if m > 1 is such that:

2 1 2

m -7 =%
then o oo ,
/ / MO _ e < .
o Jo [t—t|z(=%)
so that if § > 1 is defined as % + 1—13 = L that is % = % — £(1 — 2) (this is here that we need the
condition p < 1fg ), we have:

_vdv’ 2,
[hllm < lle™ 15" Lo |l Lo pr -

This finally entails that:

17 7
RA72 4.
H]PkPTE,REf”LPLT S Cl/,l/,p,r %€+g72i 58(1 T)HPTE,REfOHL25
p_ 2r

Te

which concludes the proof. B
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Remark 5.3 Our dispersive estimates could be compared with Lemma 5.5 of [40]: it seems
that we do not obtain as strong a result, but actually it seems to us that the rate T3 (with
T = |t —t'|/e) stated in that lemma (we obtain the rate 7= in (5.112)) cannot be obtained with
this method.

We refer the interested reader to the forthcoming companion article [15] where the method
presented in [40] is completely detailed (with our choices of v, R we need to precisely estimate the
dependency in r, R) and improved to obtain dispersive estimates leading to anisotropic Strichartz
estimates and involving the rate 7=1. Had we used this method for isotropic estimates, we would
have ended with the same conditions and estimates as in Proposition 5.4 but with the larger

. 7-2 —(R+2-I) . I —(8+2-3)
coefficient R " re P " instead of R *"re P

5.3.3 Strichartz estimates when v =1/

When v = v/, we have L = vA and System (5.84) becomes:

{th - (VA - %PB)JC = Feat, (5.113)

Jit=0 = fo-
We prove in this section the following Strichartz estimates, that are close to their counterparts
from [13]:
Proposition 5.6 For any d € R, r > 2, ¢ > 1, 6§ € [0,1] and p € [1, 9(%2)

constant C' = C), . ¢ such that for any f solving (5.113) for initial data fo and external force Feyy
both with zero divergence and vorticity (that in the kernel of Py ), then

], there exists a

C ,r,0 812
DI zp sy < — 220D (ol g + | Pz, ) (5.114)
t Pr,q Up = 'a a

Wherealzd+%—%—%+g(1_%).

Proof: As the result is close to Proposition 4 from [13] we will refer to this article for details
and only point out what is different: namely the eigenvalues of the hessian and the singularity of
the phase near {(0,0)} x R.

As in [13], the classical non stationnary phase argument from [18, 12] is enhanced thanks to
the Riesz-Thorin theorem (as in [23]) together with the Littman theorem (as in [33, 34, 30]) that
we recall here:

Theorem 5.1 (Littman [35, 41]) Assume that ¢ : R®™ — R is a smooth function compactly
supported in K and ¢ : R™ — R is a smooth function such that for any & € K, the Hessian
D?¢(€) has at least k nonzero eigenvalues. Then there exists a constant A such that for any
AeER and z € R"”,

. . -3 ‘
| [ et Oy e)de| < Az + A2 2 < A5
R’VL

As in [13], we emphasize that the use of the Littman theorem only improves the coefficients:
indeed, had we not used this result (but all the other arguments from [12] enhanced with the
Riesz-Thorin theorem), we would have ended with the following alternative (and very close)
proposition:

Proposition 5.7 For anyd e R, r > 2, ¢ > 1, 0 € [0,%[ and p € [1,@
constant C' = C), . ¢ such that for any f solving (5.113) for initial data fo and external force Fyy
both with zero divergence and vorticity (that in the kernel of Py), then

], there exists a

C ,r,0 8(1-2
IDF fllzpsn, < 255552407 (I follga, + | Featllz2 572 ) (5.115)

vr 8
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Whereag—d+——%—%+g(1_%).

Let us continue the proof of Proposition 5.6 and first assume that F.,; = 0. As explained in
[12, 13], as d?:’UfO =0= w(f()), we have fo = ]P)fo = ngo + ]P)4f0, and:

f@=f”(ﬁ“+zﬁp@an@ ”Wﬂ“%m@aﬁ@>

Thanks to the orthogonality properties when v = 1/ (the projectors are of norm 1), we are reduced
to the study of:

) =7 (PR ).

If ¢ is the truncation function introduced in the Littlewood-Paley decomposition supported in
the annulus centered at zero of radii 3 and $ (see appendices from [12, 13] or [2] for a complete
presentation), we denote by ¢; another smooth truncation function, with support in a slightly
larger annulus than supp ¢ (for instance the annulus centered at zero and of radii % and 3) and
equal to 1 on supp ¢.

With the same set A and the same steps as in the previous section, for any j € Z and r > 1:
. oo .
1A fllzrrr = sup / / At x)(t, z)dedt
peAJo  JR3

_ O sup / OO/ IS R ()0 (27960, €)dedt
RS

PpeAJo

. o0 o0 t
SCwmAmu{/ |
PeA 0 0

1
2

t :
Wit e e 2o 27 D), | pedtdt |

(5.116)
with L;(o) defined as follows:
ix- ZG’L
Loy = [ e (27 ehate)ds = Kyfo) + . (5.117)
where .
Kioe) = [ ez led (5.118)
R3

Thanks to the frequency truncation (remember that supp o1 C C(0, §,3)) and the classical esti-

mates for the heat kernel in this case (we refer for example to Lemma 2.3 from [2]) we easily get
that:
e D20, 27T DY (E, Y1e < € FED s () 1. (5.119)

To bound the other term we will, as in [13], successively bound its L? — L? and L' — L* norms,
and conclude thanks to the Riesz-Thorin theorem. Thanks to the Plancherel formula there exists
a constant C' (only depending on 1) such that :

ILj(@)gllLz < CligllLe- (5.120)
Thanks to the Young estimates:
1L5(0)gllzee < [1K5(0) |zl L1, (5.121)
and performing the change of variable £ = 27, we get K;(0)(x) = 2% Ko(0)(2/z) and:

1K (0)|| e < 2% Ko(0)]| o, (5.122)
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And as in [13, 33, 30, 34] we need bound the L>-norm of Ky (see (5.118)). First we rewrite it as
follows, denoting b(§) = %;

Ko(o)(a) = [ e ) ds. (5123)

Compared to the case of the Primitive system (see [30, 13] the problem is here that the derivatives
of b present singularities when &, = (0,0). Using the Littman theorem then requires frequency
cut-offs, as done in Proposition 3.1 from [34]:

Proposition 5.8 [3/], With the previous notations, there exists a constant C' > 0 such that for
all x € R® and all o # 0,

1Ko(0)|[L~ < C(1+ o)™ < Cmin(1, |o]~2). (5.124)

Had we not the singularity problem, we would simply perform the frequency truncations (as in
[33, 30, 34, 13]) to split the integral into several parts, on which the Littman theorem can be
applied. The decomposition corresponds to zones where we precisely know how many nonzero
eigenvalues are featured by the Hessian D?b which writes in our case:

E2(&31€1? — 3&31nl?)  —&&E (1€ +31&1?)  &i&slenl* (31l — 1€17)
—66& (162 +31n?)  G(EFIE1* —383Inl?)  &a&slen* (3lEnl® — I€]?)

§1&31En2 (3lEnI? — 1€17)  &aLslenP(BlEnl® — 1€7)  —l&nl* (BlEnI? — 2I¢1%)
(5.125)
To ease the understanding of what is done in [33, 30, 34] (where the proofs are done only reasoning
with the determinant) we compute the eigenvalues of this matrix (as we did in [13]):

8 ol JEPTIB
TN A—TT a— (5-126)

Notice that the behaviour of the eigenvalues is a little different: if £ = 0, then only one eigenvalue
is nonzero (and is equal to —‘5#) and if &3 # 0 then none of the eigenvalues is zero. The idea is

1
DO = te7e

basically to split the integral into:

Ko(o)(w) = [ eSO (aealiehds + [ O (1 x(lal) Jn €D
= Koyl(O')(SC) + K()’Q(O—)(.T), (5127)

Thanks to the study of D?b, at least 1 eigenvalue is nonzero for the first term, and the three
of them are non zero for the second one, and if we could directly apply Theorem 5.1 we would
end-up with:

1Ko,1(0)l| = < Cmin(1,|o]7%), | Koa2(0) ]z < Cmin(1, 0| ~%).

But this is not so simple as function b is not regular on supp 1. In [34] the authors overcome
this difficulty with frequency truncations.

Remark 5.4 We can complete Remark 9 from [13]: in the case of the rotating fluids, we decom-
pose the frequency space into three zones, on two of them at least two eigenvalues are nonzero,
on the third zone, every eigenvalue are nonzero. In the case of the Primitive system, on one zone
at least one eigen value is nonzero, at least two of them in the second zone and all of them in
the third zone. For the Stratified Boussinesq system, singularities arise and on the first zone, at
least one eigenvalue is non zero, all of them in the other zone. We also refer to [26] who revisit
Strichartz estimates for the linearized systems of the three models thanks to restriction theory
(without resorting to dispersive estimates).
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Gathering (5.124), (5.121) and (5.122) leads to
P _1
IZ;(0)gll L < Cp2* min(1, |o|=2)lg] 1,

Doing as in [13], gathering the previous estimate with (5.120) and thanks to the Riesz-Thorin
theorem, we obtain that for all r € [2,00] and 6 € [0, 1]:

93i(1-2)
IL;j(o)gllr < Cr———51l9llLr, (5.128)
o|50-2)

so that, using also (5.119), we can bound (5.116) and obtain:

1
2

. . 1% p(E)h(H
85 1 erar < G2 B0 DNA o asup | [ [T PO ar|
veB |Jo Jo |t —t)2(0=7)

with h(t) = e~ 5127 |j)o(t, )| L. The last term is bounded exactly like in [13] using the Hardy-
Littlewood-Sobolev estimates (this is here that we need the condition p < 9(1;4:2)) and we finally

r

obtain:
1A flloerr < l?Zg’i’ae_z)5%(17%)2j(%*%*%Jr%(lf%)) 1A foll 2
yr 4 r
which leads to the result in the homogeneous case. The inhomogeneous case (i.-e. when F,; # 0)
easily follows applying the previous steps to the Duhamel term. B

Remark 5.5 1. In the case v = v/, there is a difference between the power of |t —t'| /e in the
dispersive estimates produced with the Littman method compared to the non-stationnary
phase method: respectively —1/2 and —1/4. This is also noticed in [13, 14] in the case
of the rotating fluids (respectively —1 and —1/2). In [13] we also point out that for the
primitive system both exponents are the same.

2. When v # V' or when anisotropic estimates are needed the non-stationnary phase method
is preferred to the Littman method. We refer to [15] for more details.
5.3.4 Proof of Proposition 5.5

We adapt here the proof of Lemma 2.3 from [2]. As in [9] we only present here what is new.
Thanks to (5.81) we can write that:

ePu=F1! (f%gpb(f)e_tlglza(f)) =g(t,.) *x u,

with

glt,a) = (2m)° [

R3

€ i o(€)e 9P de (2m) /

it L€l [€nl\Y  —tler?
. 5)((Q—RE)(l—X(z))@ telae,

so that ||e*®ul|z» < ||g(t,.)||z1]|ul/z» and in order to bound the Ll-norm of g we use the same
method as in [2] but will only perform twice the integrations by parts (we are in R3):

ot,z) = (2m) 3 (1 + [2f2) /

R3

eimf(ld — A5)2 (X(%)(l — X(%))e_tlglz) dg.

The rest of the proof is then a matter of computing the derivatives of f§723(§)e*t\€\2 using the
fact that:

A(fg) = (Af)g+2Vf Vg+ fAg,
V(e e’y = —2te=téle, and  A(e 1) = —26(3 — 2¢[¢|?)e eI,
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To simplify the notations, let us put K = fz op. We have:

(Lo = AP (K (§)e~ 1) = [(Id — APK(€) + 2 (3K (&) ~ 10AK(€) + 26 - V()
+ 42 (15}((5) +20€ - VK (€) +4¢ - (€ V)VK(g))

+ 8f‘°’( — 10J¢[P K (¢) — 4/¢[%¢ - VK(@) + 16t4|s|4K(s>] e~ (5.129)

We can get rid of the powers of ¢ with estimates such as t@|¢[2¢e~tEI” < Cre=51€1" < =27
and the proof follows from the fact that there exists a constant C' > 0 such that for all { € Cz 2r,

we have
VK| < C( + 1),

IAK| < Ol + 57 + %)

I6- VIVE] <O + 2+ &),

|A2K|§C(%+ﬁ+#+ﬁ+%)’
so that, integrating on Cz g, we finally obtain:

C R3 2 RB .
Ig(t,z)léi(lﬂxp)”—éle 7 andg(t, ) < O

which concludes the proof. B
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