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CLASS NUMBER FORMULAS FOR CERTAIN BIQUADRATIC FIELDS

ELIZABETH ATHAIDE, EMMA CARDWELL, AND CHRISTY THOMPSON

ABSTRACT. We consider the class numbers of imaginary quadratic extensions F'(y/—p), for certain
primes p, of totally real quadratic fields F' which have class number one. Using seminal work of
Shintani, we obtain two elementary class number formulas for many such fields. The first expresses
the class number as an alternating sum of terms that we generate from the coefficients of the power
series expansions of two simple rational functions that depend on the arithmetic of F' and p. The
second makes use of expansions of 1/p, where p is a prime such that p = 3 (mod 4) and p remains
inert in F'. More precisely, for a generator er of the totally positive unit group of O, the base-ep
expansion of 1/p has period length ¢r, and our second class number formula expresses the class
number as a finite sum over disjoint cosets of size £r ;.

1. INTRODUCTION

The theory of class numbers has a rich history, beginning with Gauss’s effort to understand how
primes could be represented by positive definite binary quadratic forms [2]. Gauss recognized that
SL2(Z) acts naturally on positive definite integral binary quadratic forms f(X,Y) = aX?2+bXY +cY?
with fixed discriminant —d = b —4ac. He proved that the set of equivalence classes under this action
is a finite abelian group; the order of this group is known as the class number h(—d). The class
group for quadratic forms of discriminant d is also isomorphic to the ideal class group for the ring of
integers of the quadratic field Q(v/d). Therefore, it is natural to ask whether results about Gauss’s
class numbers are glimpses of results for the class numbers hx of more general number fields K. In
this spirit, we recall two surprising results for Gauss’s class numbers.

In the 1970s, Hirzebruch [6] and Zagier [11] found an elegant formula for h(—p), when 7 <p =3
(mod 4) is prime and h(4p) = 1. If the simple continued fraction for \/p is written as

VP =ap+ ;1 = [ap, a1, .-, a2,
a+ ——
az + —

where the repeating period begins with a; and has minimal even length 2t, they proved that
L2
h(=p) = 5 > (-Da. (1.1)
k=1

More recently in the 1990s, Girstmair [4] found another elegant formula as an alternating sum of
numbers that are even simpler to describe. Namely, if ¢ is a primitive root modulo p, he examines
the base g expansion of 1/p, which is eventually periodic with period length p — 1 (see [5], Section
9.6). If this period is Z1Z2...7p—1, where 0 < z; < g — 1, then he proved that

1 2

h(=p) = ——=> (=1)Fay. (1.2)
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A priori, these results are unexpected relationships between combinatorial sums and class numbers
of binary quadratic forms with discriminant —p. Since class numbers of binary quadratic forms
are also examples of class numbers of number fields, it is natural to ask whether and
are glimpses of a more general theory where class numbers of number fields can be described as
alternating sums of combinatorial numbers. We show that this is indeed the case for a large class
of imaginary quadratic extensions of real quadratic fields F. To make this precise, suppose that
F = Q(\/a), where d > 1 is square-free. Throughout, we assume that its ring of integers O has
class number 1. We note that Op = Z[0F|, where we let

O Vd ifd=3 (mod 4)
Pl ifd=1 (mod 4).

The imaginary quadratic extensions of F' that we consider are of the form F(,/—p), where p is
a prime for which 7 < p = 3 (mod 4) and (g) = —1. These conditions imply that the relative
discriminant ideal is the prime ideal pOp (see Lemma . Moreover, for convenience, we fix a
generator pr, = a + blp € Op such that (Op/pOr)* = (prp + pOr) = ]1?;2.

In this setting, we derive a class number formula for F'(,/—p) as an alternating sum that arises
from p and invariants of F'. Our key observation is that the combinatorial structure that underlies
and can be reformulated in terms of recurrence relations that can be captured by the
coefficients of distinguished rational functions. Therefore, our goal is to define two rational functions
(reflecting that F' has degree 2 over Q) whose coefficients can be incorporated into an alternating
sum that yields the class number hp( /—;.

D)
To this end, we use pr, = a + bOF to define integers

Cppi=a’®+ab- Tre0r) + NormF/Q(QF)bz, (1.3)
DF,P =2a+b- TI‘F/Q(HF),

and in turn, to define the rational functions as

az — Cppz?
X = ™= - L5
role) = 3 alm)s" = S (15)
bz
Fo(2) mz>1 y(m)z Crpz? — Dppz +1 (19)

Moreover, we must delicately take into account the presence of nontrivial units as they inform class
number calculations. To make this precise, we recall that Dirichlet’s Unit Theorem implies that
Of = {*eh.,j € Z}, where ep = s+ t0p is the totally positive fundamental unit. We then define ¢
pairs of sequences, say {(z;(m),y;(m)) : m > 1}, where t is the coefficient of 0 in e, that encode
the action of er by means of expressions involving z(m) and y(m) (see (3.3)). Finally, we find that
the analogues of the right hand side of turn out to be obtained from the quadratic form

Qr(Y1,Y2) = Trpyq(er)Y{ +4Y1Y2 + Trpq(er)Ys
In terms of this data, we obtain the following theorem, which gives a formula for the class number
he(y=p)
Theorem 1.1. Assuming the notation and hypotheses above, we have

b = T (" (ailm)wm)).

1<m<p?—1
1<i<t
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Remark. For real quadratic fields F' with hp = 1, Theorem [I.1] applies for one-fourth of the primes.
This follows from the strong version of Dirichlet’s Theorem on primes in arithmetic progressions,
which implies that the primes p such that p =3 (mod 4) and (%) = —1 have density 1/4.

Example. Here we illustrate Theorem [1.1{ with F' = Q(v/3) and p = 7. The field F(v/—7) has class
number h F(V=T) = 2. Note that F' has class number 1, and its totally positive fundamental unit is
er =2++/3, and so t = 1. The prime p = 7 satisfies the required conditions that p = 3 (mod 4) and
(%) = —1. Therefore, we have that the principal ideal 7O C Op = Z[v/3] is prime, and so we have
that Op/7OF = F49. One can check that pp, = 6 + /3 generates the multiplicative cyclic group
(Op/70F)* = Fyy. Thus we have a = 6,b = 1, and using and (1.4)), we find that Cp, = 33,
and Dpj, = —12, which in turn by and give

62 — 3322
— m o __ 2 3 4 _
XF7p(Z) = ;x(m)z = 62 + 392 + 2702 + 19532 +...= m,
Y, - Mmoo 122 41118 493620 4 =
Fp(2) mz>1y(m)z 241227 4+ 1112° 4 9362" + 32 122 41

Theorem offers a formula for hF( J/=7) s an alternating sum of 72 — 1 = 48 terms that are
assembled from the first 48 coefficients of Xp,(2) and Yr,(2). Furthermore, because t = 1, the
relevant pairs {z1(m),y1(m)} are merely reductions of the pairs of coefficients {z(m),y(m)} to a
specific fundamental domain, as given in . One finds that

We now use Theorem to calculate h F(/=)

b = gg 30 (1" )+ das(ms o)+ 4 )

1
= o (84476 -300+52 - 28+ +436) = 2.

We circle back to the fact that the class number formula in makes use of the base g expan-
sion of 1/p. We stress that the number of terms in the sum, which is p — 1, is the length of the
repeating period of this expansion. Therefore, we ask whether the expression in Theorem can
be reformulated so that the number of terms in the sum equals the period length of an analogous
expansion of 1/p. We find, indeed, that this is the case.

In the setting of Theorem it is natural to consider the base-er expansion of elements o € F.
To be precise, there is a unique sequence of integers ay,, ap—1,...,00,a-1,a_9,..., with 0 < a; < |ep],
for which

o= anep + an_le’fm_l +...+ag+ a_lagl + a_ges}? +.... (1.7)

The above expression is called the base-ep expansion of o, and it is well-known that such expansions
are eventually periodic (see, for example, [9]). To recast Theorem in terms of these expansions,
we require the following finite set:

1
Rp)p = {7‘1 +roep € ];OF :r1 €QnN(0,1],72 € QN 0, 1)} , (1.8)
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which is known as the Shintani set for F' at p, when p = 3 (mod 4) and (g) = —1. The totally

positive units define a group action of (9;”L = (ep) onto Rp, as follows.
epx(ri+reep) = (1—re)+{r + ’I“QTI“F/@(€F)}€F,

where {z} = x — [z is the fractional part of . Under this action, the set Rp, is a finite disjoint
union of orbits, say

RF,p = |_| O;’—i_ * T
TEO;"_‘—\RFW
For r € Rp,\OF, we prove (see Lemma that the number of elements in the orbit of r under ep
is equal to the period length of 1/p in base ep, which we denote ¢f,. This allows us to now state

the desired class number formula as a sum over {f, terms, where we make the following abuse of
notation:

Qr(r1 +rer) = Qr(ry, r2).
Theorem 1.2. Assuming the notation and hypotheses from Theorem (1.1, we have

Lrp

1 .
hr(=p) = 3 > > Xy (rpOR) Qe * 1),

=l rc0 " \Rp,

where X p(/=p)/F S the unique quadratic Hecke character of conductor pOp.

Example. Now we illustrate Theoremwith F =Q(V3)and p =7, where hp = 1 and e = 24+/3
(so t =1). One can check (for example, using SageMath) that the base-ep expansion of 1/7 is

1 > , . , , , .
=0

= 0.0132202230.

Thus, we see that the base e expansion of 1/7 has period length ¢r7 = 8. Since |Rp7 — Op| =
tp? —t = 48 (see Lemmas and , we deduce that O3 \(Rp7 — OF) contains 48/(p7 = 6
disjoint orbits. One can also verify that the set

1,1 114 1.5 2 2 3
A A AN A AR A A A A

is a complete set of orbit representatives for (’);’+\(RF,7 — Op). Equipped with these values, Theo-
rem [L.2] states that

8
1 1
hem =70 DL Xewemyr (rPOF) Qr(ck £ )

=1 reRp \OFT
1( 220 228 188 212 180 204) _9

4

7R S R R R
Theorems [1.1] and [T.2] are generalizations of the results from Hirzebruch-Zagier and Girstmair to
the setting of imaginary quadratic extensions of real quadratic fields F' with Arp = 1. Within this

new setting, we prove our theorems by working with a class number formula analogous to the one
used in the quadratic setting by Hirzebruch, Zagier, and Girstmair.
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Both (1.1)) and ([1.2]) arise from a finite version of Dirichlet’s class number formula, which relates
the Dirichlet L-function, an infinite series, to the class number of Q(v/—d):

27
L(laXd) w\/gh( d)v

where w represents the number of roots of unity in Q(v/—d), and yg is a primitive Dirichlet character
of conductor d. Using the functional equation of this L-function, the above equation can be written
in terms of L(0, x4), which in turn allows us to use the Hurwitz (-function and the periodicity of x4
to rewrite this class number formula as a finite sum of Bernoulli polynomials evaluated at integer
points. Our work uses an analogous formula of Shintani [10], which expresses the class numbers of
totally imaginary quadratic extensions of totally real fields as finite sums assembled from Bernoulli
numbers.

In Section [2 we review the background needed to state Shintani’s class number formula for
imaginary quadratic extensions of real quadratic fields F' with hp = 1. These formulae involve
“Shintani sets,” which are something like fundamental domains for the action of the totally positive
units on 1Op. The crux of our work relies on combinatorial properties of these sets, which we derive
in Section 2l Then, we prove Theorem in Section [3] and Theorem in Section [4l Finally, in
Section [5, we use Theorems and calculate class numbers of Q(v/3,/—p), where p = 3

(mod 4) is prime, (g) = —1, and p < 100.
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2. SHINTANI'S CLASS NUMBER FORMULA AND PROPERTIES OF SHINTANI SETS

In this section, we discuss the background needed to state Shintani’s class number formula. While
Shintani’s theorem is true for totally imaginary quadratic extensions of a totally real field of arbitrary
degree, we restrict the following commentary and definitions to the case that F' is quadratic with
class number 1. Throughout this section, we fix a real quadratic field F' of class number is 1 and a
totally imaginary quadratic extension of F'; which we denote K = F'(/—p), where p =3 (mod 4).

2.1. Algebraic Background. Shintani’s formula can be used to calculate the relative class number
hi /hr in terms of invariants of F', K, and the extension K/F itself. Before stating the formula, we
review the definitions of these invariants.

The regulator Ry of a number field L measures the density of units in the ring of integers. The
regulator can be determined by considering the matrix

[N log (o (us))],
where each u; is a fundamental unit from the set uq, - - - , uj generating the unit group in Oy, each o;
is a unique Archimedian place of L, and NN; is defined to be 1 if o} is real, and 2 if o; is complex. If we
define 1 and 79 respectively to be the number of real and complex embeddings of L, by Dirichlet’s
unit theorem, we see that this matrix has dimension (r1 +7r2 —1) X (11 +72). The regulator Ry, is the
determinant of the square submatrix which is formed by deleting any single column of this matrix.
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Since the sum of the entries in each row of this matrix is 0, this determinant is independent of which
column is deleted. If we consider the rows of this matrix as forming a lattice in R™ 7271 then the
regulator is directly proportional to the volume of the fundamental domain associated to this lattice.

Next, we examine the unit groups of O and Op. Since F is a real quadratic field, and K is a
totally imaginary quadratic extension of F', Dirichlet’s unit theorem implies that Op and O are
both Z-modules of rank 1. More precisely, if we let ur and pux represent the groups of roots of
unity in F and K respectively, there exists e € Op and ex € Ok such that Of = pup x (ep) and
Oj = ik X (ek). Since F is real quadratic and any of ep, —¢p, 61_,1, —6}1
of O, we can choose er to be totally positive and greater than 1.

can generate the free part

Lemma 2.1. We have Oy = OF. In particular, we may choose e = ep.

Proof. A theorem by Frolich and Taylor shows that (O : Ofuk] =1 or 2 (see Theorem 42 in [3]).
Since K = Q(v/d,/=p) for p > 7, pr = {£1}. Thus px = pr, so [0 : O] =1 or 2.

Now, assume for the sake of contradiction that [OF : OF] = 2, so ex ¢ O, and €% € OF.
Since K N R = F, we see that c¢x ¢ R. However, we know that 5%( € O C R. Observe that both
ex € C—R and €% € R if and only if Re(ex) = 0. Additionally, Normg /g(ex) = £1, which implies
that ex = +i. However, this is a contradiction since +i ¢ K, so we see that [Of : Of] = 1, and
hence Oy = pp x (ep) = px X (ep), so we can choose ex = ep. O

Equipped with the fact that ex = ep, we may now relate the regulators Rx and Rp of K and F,
which we do in the lemma which follows.

Lemma 2.2. For F' and K as defined in the beginning of this section, we have that Rg = 2Rp.

Proof. Since ep = e by Lemma the regulators of the fields F' and K as previously defined are
determined using the following matrices:

Rp: [logler|  log|—epl]
Ry : [2loglep|  2log| —er]
Thus Rr = logler| and Rix = 2log|er| = 2Rp. O

Next, we review the definition of the relative discriminant ideal Dk p for our fields K and F'.
Recall that F' has class number 1, so D p is principal. Since K /F' is quadratic, it is Galois, and its
Galois group consists of two elements: the identity and complex conjugation. In this setting, Dg/p

is given by
2
DK/F = <det [2}}1 ((:jz:|> OF,

where {w;,ws} is an integral basis of K/F. We know that an integral basis will exist in our case by
the following argument. From the structure theorem for finitely generated modules over a Dedekind
domain, we have that Og = O} @ a, where a is an ideal of Op and n € Z>q (see Theorem 1.32
of [7]). Since hp = 1, implying O is a principal ideal domain, Ok must be a free Op-module of
rank 2 = [K : F].

Lemma 2.3. The set {1, %} is an integral basis of K/F, and thus we have Dy /p = pOF.

Proof. Let A be the change-of-basis matrix from the integral basis {w1, w2} to the F-basis {1, @}

We see that
1 +v=p
pOp = | det ) 2

1-V=p

2
) OF = (det A)QDK/F
2
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Since Op is a Dedekind domain, ideals in O factor uniquely. Therefore since pOp is prime by

assumption, det A must be a unit in Op, so A € GLy(OF). Thus, {1, %ﬂ} is an integral basis of
K/F. Using this integral basis, we see that

1—v=p 14+=p\°
DK/F:< 5 P 2 p) OfF = pOp.

0

Finally, since Gal(K/F) = Z/27, there is a unique nontrivial character x : Gal(K/F) — C*.
By class field theory, we can consider the precomposition of y with the Artin symbol to obtain a
character xg,p of the group of fractional ideals that are relatively prime to Dp/p. This is known
as the Hecke character of K/F with conductor Dy, p. By definition of the Artin symbol (see, for
example, [2] page 106), we can explicitly compute the value of x g p for any prime ideal p:

1 p splits in Ok
Xk/F(p) = —1 p remains inert in O
0 p ramifies in Of.

Remark. Shintani’s class number formula relies on the narrow ideal class group character with
conductor Dy evaluated at fractional ideals. This corresponds to a primitive Grossencharakter
with modulus Dy p (see Prop. 6.9 in [§]). Since Gal(K/F) = Z/2Z, the nontrivial charac-
ter x : Gal(K/F) — C* is unique and injective, so class field theory implies that the primitive
Grassencharacter with modulus Dy p is unique and corresponds to x. Hence, we can see that the
character used in Shintani’s formula is exactly the Gréossencharakter. For more details, see Sections
6 and 10 in [§].

Remark. For any unit u € K and any ideal a C Ok, u-a = a, and hence xg/p(u - a) = xg/r(a).

2.2. Shintani’s Class Number Formula. In this section, we prove a simplified version of Shin-
tani’s formula for real quadratic base fields F' with hp = 1.

Proposition 2.4. For a totally real quadratic extension F of Q with hp = 1 and K = F(\/—p) a
totally imaginary quadratic extension of F where 7 < p =3 (mod 4) remains inert in Op, Shintani’s
formula simplifies to the following:

_ By, (1) By (r2) lo—1
hK—§ Z XK/F((T1+7“2€F)DK/F> Z AN Tregler)? ™,
reRp, 0<li1,l2<2
I1+1o=2

where

RF’p: {T:T1+T2€F t0<rm <1L,08 < 1,re %OF},
and By,(z) is the degree n Bernoulli polynomial. As [F : Q] = 2, Shintani’s formula only requires the
following Bernoulli polynomials:
1 1
By(x) =1, Bi(z)=z— X Bo(x) = 2® — 2 + 6

Proof. We follow [10] by first considering the embedding F' — R? via

F—R? a— (oz,a/),
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where a + ¢ is the nontrivial automorphism in Gal(F/Q). Shintani shows that the first quadrant
R2 = {(z,y) € R? : z,y > 0} can be decomposed as the following disjoint union:

R?’_: U nCi U U nCa

neopt neopt
where C] is generated by the images of 1,ep in R? and C» is generated by the image of 1:
Cq = {)\1(1, 1) + )\Q(EF,EIF) S R2 : )\1,)\2 > 0}, Cy = {)\(1, 1) € RQ CA> 0},

and n € (’)Zfr acts by component-wise multiplication. Next, for each cone Cj, Shintani defines the
set R(i, I%(’) r) as the following vectors with components in Q N (0, 1]:

R (1,%(91:) = {(7“1,1"2) €Q?:0<ry,ro<1, 1 +rep € %OF}

R<2%0F>::{ngeQ :0<T3§]ﬂr3€%OF}.

Let xg/r be the unique quadratic character of the narrow ideal class group of F' with conductor
pOpr, associated to K. Then, assuming the notation above, we have the class number formula

2 B B
hx = WfRFXj Z XK/F( (r1+ rgap)p(’)p) Z WTYF/Q <€l§—1>
Ry |:OF : OF } rER(L%OF) (1271—262;20 ot
1 2=

— > x/r(rspOp)Bi(rs) |,
rs€R(2,30r)
where wg is the number of roots of unity in K ([10], Theorem 2).
We first simplify the coefficient term in this formula. Recall from Lemmathat Rrp/Rg = 1/2.
Since K = Q(v/d,/=p) for p > 7, we have wg = 2. Furthermore, since we may choose the funda-

mental unit of F to be totally positive, we see that O = {£1} x 05", so we get [0F : OF ] = 2.
Then,

2w Rp
Ry |0F: 05|

=1

Next, we reindex the sum. First we split the set R(1, %(’)F) into two parts. Consider the sets Ry, Ro
given by

Ry = {(7’1,7'2) S @2 0« < 1,0 < ro < 1,7’1 + rocp € %OF}
Ry = {(7‘1,7“2) €Q®: 0<r <1lra=1,1+rep€ %OF}-
Additionally, for simplicity we denote the inner sum of Shintani’s formula by:

By, (r1)By, (r _
B(Tl + TQSF) = Z 11(2 .lglul;'( 2)TI'F/Q (Elﬁ 1) .
(l1,l2)€Z2 o
ll+12=§
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By splitting the sum with R(1, %(’)F) = Ri| ] Ra2, we see that

hi =) XK/F((ﬁ + 7“26F)p(9F)5’(7“1 + roeF)
rely
+ 3 xagr (1 +e)pOR) Bl +2r) = Y xip(rpOR)(r = 1/2). (2.1)
reRy TER(Q,%OF)

Since ep € O and xg/p has conductor pOp, we have xg/p(r1pOr) = XK/F((T1 + ep)pOF).
Moreover, comparing B(r1) and B(r; + ), we see that

2 _ _
B(r) = wTrF/Q(gF) _ 7"121/2
r? —r;1+1/3 rr—1/2
B(ri+ep) = 1Z/TYF/@(€F) + 12/ =B(r1) +r —1/2.

Thus (2.1) simplifies to

1 By, (1) By, (r2) lo—1
hic=5 D, XK/F( (r1+ 7“26F)p(9F> > L e (513 )
r€ERp (h,l2)€Z2,
l1+12=2_

where Rp,, is given by

RF’p:{r:rl—i—rgeF : O<r1§1,0§r2<1,r€%(9p}.

Definition 2.5. We call Rp, the Shintani set associated to F' and p.

2.3. Properties of Shintani Sets. In this subsection, we identify a correspondence between Rp,
and the finite field IF2, which will play an important role in our proof of Theorem Namely, we
make use of this correspondence and the cyclic structure of the multiplicative group IF;2 to enumerate

the elements of Rr;, — OF using the powers of a generator of IFZQ.

Throughout this subsection, we fix a totally real quadratic field F' and an imaginary quadratic
extension K = F'(y/—p), where p =3 (mod 4) and p remains inert in Op. We let ep = s+ tfp, and
to simplify notation, we denote

e:=¢cr and R:= Rpp.
We begin by giving an explicit construction of the Shintani set:

Lemma 2.6. The Shintani set R can be written as:

A B
R:{tp—i—tps : A+sB=0 (modt),AG(O,tp]ﬂZ,BE[O,tp)ﬂZ}.

Proof. By Lemma we have Dy /p = pOp. As such, for any element ry + e € %(’)F, we have

1
r1 + rog = (Tl + STQ) + trofp € ];OF
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The set {1, 0} constitutes an integral basis of O, meaning we can write any element of the Shintani
set as 11 + roe = A?, + %HF € %(’)F, for some A’, B € Z. Note that

/

— =r;+sry and — =tro.
p p
In particular, we have
B
ro = —
2 tpa
and since rg € [0,1), we see that B € [0,¢p). Additionally, we see that
A’ tA'—sB A
r=——8rg=——=—
tp tp

where A :=tA’" — sB. We know that r; € (0,1], so A € (0,tp]. Moreover, since

é‘f—EE: A+sB +§9F€ EOF,

tp tp tp p p
we must also have A 4+ sB = 0 (mod t). From the expression above, we can see that every element
of the form % + %5 with A,B € Z, A € (0,tp], B € [0,tp), A+ sB =0 (mod t) is in the Shintani
set. This finishes the proof. ]

Next, we want to identify R with the finite field F,,2. We begin with the work of Barquero-Sanchez,
Masri, and Tsai, who proved that R is a finite abelian group with respect to the following operation:

rer =r+r +7Z

(see Proposition 4.3 in [1]). This allows us to prove the following proposition relating R to Fe, a
property that is central to our proof of Theorem

Proposition 2.7. The Shintani set R has a structure as a Z[e]-module. This structure admits a
surjective Z[e]-module homomorphism 7 : R — F 2.

Proof. We begin with the Z[e]-module structure on R. By definition, the fractional ideal %OF is an
Op-module, and since Zle] is a subring of O, we observe that %O r is a Z[e]-module by restriction of
scalars. Furthermore, since Z|¢] is a Z[e]-submodule of ;1)(’) r, we have that %(’) r/Z[e] is a Zle]-module.
Moreover, R C %O r is a complete reduced set of coset representatices for %(’)F /Ze] (see Proposition
4.1 in [1]). Thus R has the structure of a Z[¢]-module and can be identified with %(’)F/Z[s].

Since R C %OF, multiplication by p defines an injective Z[e]-module homomorphism
R— Op, r+—pr+pOr.
If we compose this map with the projection Op — Op/pOp, we obtain the map
m:R— Op/pOp, 1+ pr,

which is surjective, as shown in Proposition 4.4 of [1]. If p remains inert in F', then pOp is prime
and thus maximal, so Op/pOF is a finite field. Then, since F' is quadratic and Op = Z[0F|, we know
that

Or/pOFr = Z[0Fr]/pZ|0F] = IE‘p[G] = IFPQ.
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Remark. By the First Isomorphism Theorem,
R/ker(m) =2 Op/pOF.

Note that this is an isomorphism of groups, and therefore pertains only to the structure of R as an
additive abelian group. We do not require a multiplicative structure within R here; rather we point
out that the map

71 R/ker(m) — Fp2

is bijective. We will make use of this bijective correspondence in the proof of Theorem

Lemma 2.8. The elements of ker(m) are exactly those elements of R which are in Op.
Proof. Assume r € ker(m). Then, since Im(7) = Op/pOF, we have

7(r)=0 < pr € pOp <= r € Op.

Now we are in a position to explicitly describe the elements in ker ().

Lemma 2.9. The kernel of the map m is given by

St 1 .
ker(r) = {1 - {?}[o,l) +oelo<i<t- 1}

In particular, we have that | ker(m)| = t.

Proof. Consider r € ker(w). Using Lemma and noting that ¢ = s + t0p, we see that r has the
form

A B A+sB B
=—+_—€c= + —0p.

tptp tp p
By Lemma E r € ker(m) <= r € RN Op, so we have that A‘;TfB € Z and % € Z. The second
condition implies p| B, and since B € [0,tp) N Z by Lemma we see that B = pi for ¢ € [0,t) N Z.
The condition that A%B € Z implies that A = —sB = spi (mod tp). Since A € (0,tp]NZ by Lemma
A is uniquely determined by B. More precisely,

A=tp— (spi (mod tp))

r

where spi (mod tp) is the least positive residue of spi € Z modulo tp. We can further simplify this
expression; since

spi (mod tp) = spi — tp L%J,
tp
we have that
81 1
ker(m) C 1—{—} eviepnnzt,
er(w)_{ ; [0,1)+t6 i€0,t) }

where {-} denotes the fractional part function {z}, defined as the unique element of I satisfying
x — {x}; € Z. The converse containment is seen immediately from the fact that that ¢ = s + t0p
and the definition of spi (mod tp). Thus, ker(7) has size exactly ¢. O

We will denote the elements of ker(7) as

St 1
,-;:1—{*} Ye for i€{0,1,....t—1}
K 7S o) + pe for ie€A{0 }
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3. PROOF OF THEOREM 1.1

Equipped with these facts about the Shintani set described in the previous section, we now prove
Theorem Our proof relies on features of the structure of the Shintani set which come from
from the bijection between Ry ),/ ker(m) and [F2, as well as some properties we derive of the Hecke
character across the Shintani set. Again, to simplify notation, welet ¢ = ep, R = Rpj, and p = pp.

We are now able to describe the Shintani set using the multiplicative structure of IF;Q = (p+pOr).

Using the bijection from R/ker(r) to F,2, we have

p*-1
R = ker(m) U |_| 7 ™ + pOr)

m=1

For each m between 1 and p? — 1, choose one element in the coset 71 (p™ + pOp), which we denote
zZ(m) + g(m)e € R.

Next, we explicitly calculate each Z(m) and g(m) in terms of p™. Note that {1,0r} is a F)-basis
of Fp2, so we can write p™ + pOp = z(m) + y(m)0r for some integers x(m),y(m). Observe that,
since € = s + t0p, we have

)s-ﬁm)+MT%'

Under multiplication by p and reduction modulo p, the point

P+ pOp = x(m

xWU_S‘Mm)+y@06€}OF
D tp tp D

maps to p”" 4+ pOp. Thus, if we subtract a suitable element of Z[¢] from this point, we obtain a point
Z(m) + §(m)e € R that is a preimage of 77 1(p™ + pOr). In particular, we see that

H(m) = {x(;”b) Ik ?;]()m) }(0’1]7 j(m) = {yi::)}[o;)'

Since w(Z(m) + g(m)e) = p™ + pOp, we can construct the entire coset from this element:

™ + pOp) = {(:E(m) +g(m)e) @k 1<i< t}.
For simplicity, we write
Zi;(m) + g;(m)e = (&(m) + g(m)e) & k;. (3.1)

Using our explicit construction of ker(w) given in Lemma we can similarly explicitly construct
each Z;(m), yi(m). We see that

Ti(m) = {x(;n) - ng) L {?}[O»l)}(o,ﬂ

gi(m) = {y(tzz) + i}[m) :

Thus, we can write R as the following disjoint union:

R = ker(m) U |_| {irz(m) +gi(m)e:1<i< t}

m=1
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By Proposition [2.4] we simplify Shintani’s class number formula to obtain
1 . . By, (zi(m)) By, (gi(m _
hK = 5 Z XK/F((wZ(m) + yl(m)g) . pOF) . Z l(lll( )) 2(l2'( ))TrF/Q(gF)l2 1

1<m<p?—1 0<l4,l2<2
1<i<t li+l2=2

(3.2)

We can also simplify the Hecke character term. Consider any element r; + r2e € R and any
element ki + koe € ker(w). By Lemma we have k1 + koe € Op. Since the Hecke character has
conductor pOp, we have

XK/F ((7‘1 + r9e + k1 + sz)POF) = XK/F( ((r1 +r2e)pOF) + POF> = XK/F ((7‘1 + T2€)P0F>.

Thus, the value of x/r(71 +72¢) depends only on the coset of 11 + roe in R/ ker(r). Therefore, we
have that

xiese ((@s(m) + Gim)e)pOr ) = xicr ((F(m) + G(m)e)pOr ).
By definition,
p((m) + g(m)e) — p™ € pOp.
Using this and the multiplicativity of the Hecke character, we get
xk/F(Zi(m) + §;(m)e)pOr) = xk/p((P" + pOr)OF) = xk/r((p + pOr)Op)™.

If Xk /r((p+pOF)OF) = 0, then since (Op /pOr)* = (p+pOF), we would have that x g/ p(rpOr) =
0 for all » € R. However, this contradicts the definition of x g/r. Moreover, xg/r((p+pOr)OF) # 1,
since we would then similarly have that XK/F(TPOF) = lforallr € R—Op, but xg/F is a non-trivial
character by construction. Thus, we see that xx/r((p +pOr)OF) = —1, which implies

xaes ((@im) + G (m)e)pOr ) = X/ ((p + pOF)OF)™ = (1)
Thus, Equation simplifies further:

1 m By, (2;(m)) By, (g:(m _
hye = 5 Z (_1) Z 1([2‘( )) Q(ZZ'( ))TI'F/Q(gF)ZQ 1
1<m<p?—1 0<ly,l2<2 v 2
1<i<t I +ly=2

Next, we simplify the Bernoulli polynomial part of the class number formula. We consider

lo—1

3 By, (#i(m)) B, (gi(m))

N Ll /el
0<14,l2<2

l1+1=2

Z:(m)% = &;(m . N 5i(m)? — gi(m
= Trp/q(e) (m) 2( )+1/6+2<xi(m)—;> <yi(m)—1)+TrF/Q(€)y( )" = 5ilm) +1/6

= D (5 m) - ;) +4(am) — 5) (mm) - 3 ) + 22 (om) - ;) +eo,

for some constant cg. Since for any constant c,

1<m<p?—1
1<i<t
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we can ignore the constant term cg that arises in the inner sum of Bernoulli polynomials. We can
write the class number hg as

e =1 X e Tory(e) () - ;)2+4 (as6m) = ) (sm) = 5 ) +Tvr0(6) (310m) - ;)]
1<i<t
If we define
wi(m) = tp(2Ei(m) —1) and gu(m) = tp(25i(m) — 1), (33)

we can then rewrite the above equation as

hig = 16;2])2 - %:21(—1)’” [TrF/Q(e) (acz(m))2 + 4(acz(m)) (yz(m)) + TI‘F/Q<€) (yz(m))z} (3.4)

Finally, by defining the quadratic form
Qr(Y1,Ys) = Trp/g(e)Y? + 4Y1Ys + Trp/g(e) Yy,
we rewrite (3.4]) as

1 m
i = toms 0L (FU"Qr (@im),yi(m).
P 1<m<p271
T1<i<t

(3.5)

The last step is to derive recurrence relations for z(m), y(m), the coefficients of p + pOp = x(m) +
y(m)0p. The minimal polynomial of 65 is 22 — Tr(6r)x + Normp/g(fr), which implies

6% = T‘I‘F/Q(QF)GF - NOI'HIF/Q((QF).

To simplify notation, let T = Trp/g(fr) and N = Normp/g(fr). Since p := a + be, we have the
initial conditions z(1) = a and y(1) = b. Then, we get

P =a(m+1) +y(m+ 1)0p = (v(m) + y(m)0r) - (a + bOF)
=a-x(m)— Nb-y(m)+ (b ~x(m) + <a + Tb) . y(m))GF.
This implies the following recurrence relations:
x(m+1)=a-x(m)— Nb-y(m)
ym+1)=b-xz(m)+ (a + 1) - y(m).
Then, consider functions X (z), Y (z) given by

X(z) = Z x(m)-2", Y(z)= Z y(m) - 2. (3.6)

Using our recurrence relations, we can set up a system of equations to find explicit expressions for
X (2),Y(2) as rational functions determined by (1) and y(1). We see that

X(z)=z-la-X(z) = Nb-Y(2)] +az
Y(2) =z [b-X(z) + (a+Tb) -Y(z)] + bz,
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which gives
az — (a® + abT + Nb?)2>
(a2 4+ abT + Nb?)22 — (2a + bT)z + 1
bz
(a® 4+ abT + b2N)z2 — (2a+bT)z + 1
We simplify these by letting Cr,, = a® + abT + Nb? and D, = 2a + bT to get

X(z) =

Y(z2)=

— Cpp2? b
_ az Fp? oY) = z ‘
CF’pZ2 — DF’pZ +1 Cp7pz2 — Dp7pz +1

Note that the coefficients z(m),y(m) of the power series of these rational functions correspond to
those x(m), y(m) which we use to generate each z;(m), y;(m) using the formulas

zi(m) = tp(2zi(m) — 1) and  y;(m) = tp(2g;(m) — 1).
This concludes the proof of Theorem

X(z)

4. PROOF OF THEOREM 1.2

Here we prove Theorem which relies heavily on the structure of the Shintani set as a Z[ep]|-
module and the related attributes of the base-ep expansions of its elements. Through a series of
preliminary lemmas, we set up the proof of Theorem by relating the base-ep expansion of 1/p to
the orbit of elements in Ry, — ker(m) under the action of ep. This allows us to derive a finite sum
analogous to Girstmair’s , in which the number of summands is equal to the period length of
the base ep expansion of 1/p.

Thoughout this section, we fix a totally real quadratic field F' and an imaginary quadratic extension
K = F(y/—p), where p =3 (mod 4) and p remains inert in Op. To simplify notation, we also let

e=crp and R:= Rpp.

Additionally, we denote r € R as 7 := r1 + ra¢.

4.1. Shintani Cycles. Recall from Section |2 that we can identify R with Z%O r/Z|e] to make it into

a Z[e] module. In particular, the multiplicative group (¢) acts on %(’)F via scalar multiplication. If
we denote the map for this group action by

1 1
w:(e) x =Op — =0Op,
p p
we can compose i with the projection map
1 1
v:—-0p — —Op/Z[e]
p p
to yield
1 1
W=vou:{e) x ~Op — —~Op/Zle].
p p
Note that, since v is a Z[e]-module homomorphism, p’ constitutes a group action of (g) on I%OF /Zle].
Lemma 4.1. The map
1 1
I (e) X EOF/Z[E] — };OF/ZM, (6,0 + Z[e]) — p'(e, a)

18 a well-defined group action.
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Proof. Since p’ is a group action, it is sufficient to show that 7 is well-defined. Take o, o’ € %OF
such that o + Z[e] = o + Z[e]. Thus, for any n € Z, we have

A(e" o+ Zle]) = ' (", o + Z[e])
=e"a+ Zle] = " + Z[e]
=7(e", o + Zg)).

Thus, 7 is well-defined, so i constitutes a group action of (&) on %(’)F /Zg]. O

We know from Proposition 4.1 in [1] that R is a complete and reduced set of representatives of
%OF/Z[E]. Thus, we obtain a group action (¢) ~ R given by (&,7) — € xr, where e xr = er 4 z, and
z is the unique element of Z[e] such that er + z € R. We define the Shintani cycle of any element
r € R to be the orbit of r under this action, and we denote this set as C, = () * 7.

Remark. Note that e xr € Op <= r € Op. Thus, for any r € RN Op, every element in the
Shintani cycle of r is an element of Op. We will call Shintani cycles containing elements in R — Op
the nontrivial Shintani cycles of R. We refer to Shintani cycles of elements in R N Op as trivial
Shintani cycles because the elements in these cycles are weighted by a factor of 0 in Shintani’s class
number formula (see the remark in Section , and hence for our purposes are “trivial.”

4.2. Epsilon Expansions. A base-¢ expansion is an analogue to the usual decimal expansion. The
base-¢ expansion of any element o € F' is computed in the following way. Let n := |log.(«)]|. Then

we have

1

-1 _
a=ape" +an_1e" " +...+agt+a_1e " +...,

where
an = |a/e" ], an_1 = [(@ —ane™)/e" 7, ... a; = [(@ — ane™ — ... — a1 TH /Y, .

We observe that € is an algebraic integer which is real since F' is real quadratic, and that ¢ must
be > 1 since it is a totally positive fundamental unit. Moreover, € must have Galois conjugate with
absolute value < 1 since F' is a real quadratic field and ¢ has norm 1. Thus, € is a Pisot number by
definition, and by consequence, Theorem 3.1 in [9] shows that any element of R has an eventually
periodic base-¢ expansion.

For some o € F' whose base ¢ expansion can be written as

1

a=ane"+...+agta_1e +.. tape Frap1eF 14+ ta_p_pe kP

we call P, the period length of the base-¢ expansion of a. Additionally, we will call the ordered set
{a_g—1,...,a_p—p,}

the period set of the base-e expansion of a. We can further observe that any element of F' whose
base-e expansion is finite is an element of Z[¢], by the following argument.

Lemma 4.2. If o € F has a finite base-¢ expansion, then « € Z[e].
Proof. If v has a finite base-¢ expansion, we can express it as

Ko
7= me

=K1
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where K1, Ky are integers. Using that ¢ = Trp/g(e)e — 1 and that ¢! = Trp/g(e) — &, we can
perform the following replacement on any term mye® where k # 0 or 1:

mg(Trp/g(e)e — 1)k/2 if k£ is an even positive integer

mye® = mg(Trp/g(e)e — 1)+=D/2¢ if k is an odd positive integer

m(Trpg(e) — g)~F

The third equality implies that any negative integer power of € can be converted to a linear com-
bination of positive integer powers of €. Therefore, it suffices to show that a linear combination of
positive integer powers of € can be expressed as an element of Z[e]. The first two equalities guarantee
that any positive power of £ can be expressed a strictly lower positive power of €. Thus by induction,
any finite linear combination of (possibly negative) powers of € can be expressed as an element of

Zle]. O

if k is a negative integer.

Proposition 4.3. The repeating part in the base-c expansion of any two elements in the same
Shintani cycle is the same.

To prove this lemma, we require some preliminaries. Consider some r € R, where r = 1 + 73¢,
and recall that 0 <7 <land 0 <ry <1, ri,ro € Q. Hence the action of € on R amounts to:

exr=c-(ry+mre€)+ 21 + 228

where z1 + z9¢ is the unique element in Z[e] such that e - (11 +12¢) 4+ 21 + 22¢ € R. We can explicitly
compute bounds for z; and z9:

Lemma 4.4. If e % (11 + 12¢) = - (11 + 12¢) + 21 + 206, then
z1=1, and z2=—|r1+rTrpgle)].

Proof. The minimal polynomial of ¢ is

L Trg/g(e)r + Normp g(e) = — Trp/g(e)r + 1,
and thus

€2 = Trpg(e)e — 1.

Consider

e(r1 +1e) =11 + 1% = —ro + (r1 + r2Trp/g(e))e.
To find € * (ry 4 roe), we must shift e(r; + rae) by some z; + 296 € Z[e] such that

—rg+21 € (0,1, and 71 +r2Trp/gle) + 22 € [0,1).

It is immediately apparent that 22 = —|r1 + roTrp/g(e)|. Further, since 71 + roe € R, we have that
rg € [0, 1), so we see that z; = 1. O

Note that the above proposition and our bounds on 71 and ry imply that —Trp/g(e) < 22 < 0.
Before we show that the repeating part of the base € of elements in the same Shintani cycle is the
same, we require one more fact about €, which we now prove.

Lemma 4.5. We have that [¢] = Trp/g(e).
Proof. Let € = s + tv/d. We start by showing Trr/g(e) > [€]. Observe that
1
TrF/Q(a) =&+ Z = TrF/@(a) > = TI‘F/Q<€) > [e],

because the trace of an algebraic integer is always an element of Z.
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Now we will show that Trg/g(e) < [e]. Assume for the sake of contradiction that Trp/g(e) >
[e] + 1. Then we have that

e2+1

Trpge) > [e] +1 = >lel4+1 = 1—e>ele] —e2>0 = 1>«

However, by definition, € > 1, so we see that
TI'F/Q(E) < ’V{:‘—l +1 = TI‘F/Q(E) < (6-‘
d

Now we proceed to prove that the repeating part in the base-¢ expansion of any two elements in
the same Shintani cycle is the same.

Proof of Proposition[{.3. Consider some element r € R, with base-¢ expansion
r=ai€+ ag + a,ls_l + a,25_2 + a,35_3 + ...

Note that since r € R, |log.(r)] = 0 or 1, so the highest power of ¢ appearing in the base-¢ expansion
of r is at most 1. Given this base-¢ expansion of r, we have that

exr=c-r+zmetl=a1e®+ (ag+2)e' +(a_1+ 1) +age7 +a 32+ ... (4.1)

Recall that in a base-¢ expansion, each digit (in this case a; for ¢ € Z) must be an element of the set
A:={0,1,...,|e]}. We now consider the following two cases: in Case 1, both ap + 22 and a_; + 1
are in A; in Case 2, one or both of ag + 20 and a_1 + 1 is not in A.

Case 1. In Case 1, the expression in is already a valid base-¢ expansion of € x r. We can
see that only a finite number of digits differ between the base-¢ expansion of € x r and the base-¢
expansion of r, so in this case the repeating part of € * r must be the same as r.

Case 2. Now we address Case 2, which we can split into Case 2.1 and Case 2.2. In Case 2.1,
ap+z2 € A; in Case 2.2, a_1 + 1 ¢ A.

Case 2.1. Assume that ap+22 ¢ A. Since ag is a digit in the base-¢ expansion of r, 0 < ag < |&] by
definition. Additionally, —Trz/g(e) < 22 < 0 by Lemma Thus it always true that —Trp/g(e) <
ap + 22 < Trp/g(e). Therefore if ap + 22 € A, it must be that —Trgp/g(e) < ap + 22 < —1. Then
we have that 0 < ag + 22 + Trp/g(e) < Trp/g(e) — 1, s0 ag + 22 + Trp/g(e) € A and is hence an
acceptable digit. Since Trp/g(e) =€ + e~1, we can rewrite as

exr=(a1—1)e*+ (ap+ 22+ Trpjg(e))e+ (am1 + 1= 1) +aoe™ ' +age >+ ...
= (a1 — 1)e* + (ag + 22 + Trpjg(e))e + a1 +ase™ ' +a_ge >+ ... (4.2)
Since 0 < ag + 22 + Trp/g(e) < Trp/g(e), the above base-¢ expansion is valid as long as 0 < a3 —1 <

le]. Since 0 < ay < |e], we know —1 < a3 —1 < |g] — 1. Thus unless a; —1 = —1, it must be true
that 0 < a; — 1 < |e]. Let us assume for the sake of contradiction that a; — 1 = —1. If we let

o =¢% and
B = (ao+ 22 + Trp/gle))e + a1 + age tdaze 4.,

then implies that € x r = —a + 5. However, it follows directly from the definition of a base-¢
expansion and the fact that ¢ is a Pisot number that o > 8. Thus e x r = —a + § < 0, which
contradicts the fact that € x 7 € R. Thus we have that 0 < a; — 1 < |g], so is a valid base-¢
expansion of € xr. We can see that only a finite number of digits differ between the base-¢ expansion
of ¢ x r and the base-¢ expansion of r. Therefore the repeating part of € x r must be the same as r.
Case 2.2 Assume a_1 + 1 ¢ A. By Case 2.1, we may assume without loss of generality that
ap + z9 € A. Since 0 < a_1 < |e|, we know that 1 < a1+ 1 < |[e] +1. Thusifa_1+1 ¢ A,

2
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it must be that a_y + 1 = |e] + 1, so a_1 = |g]. Since [¢] = Trp/g(e) by Lemma we have
a—1+1="Trp/g(e). Again using that Trp/g(e) = e+ &', we can rewrite (LI)) as

exr=ae’+(ap+ 22+ e+ (ag+ 1) +aze 2 +... (4.3)

Since 0 < ag+22 < |&] by assumption, if ag+22+1 & A, then ag+22+1 =[] + 1. This would imply
that exr > e+ 1, which contradicts the fact that exr € R. Thus it must be that 0 < ag+22+1 < |£].
With this, we see that if a_o + 1 € A, then is a valid base-¢ expansion of € x r. Otherwise, if
a—2 +1 ¢ A, then since a_2 € A, it must be that a_» = €], s0o a_2 + 1 = [e] = Trp/g(e). Using
that Trp/g(e) =€+~ !, we can rewrite as

exr=ae’+ (ap+ 2+ e+ 1+ (a3 +1)e 2+ .. (4.4)

We note that by the same argument used before, if a; + 1 ¢ A for any i € Z, then a; = |e] =
Trr/g(e) — 1. Thus if we let j be the smallest positive integer such that a_; # |¢], then continuing
in the same manner, we see that

exr=ael+(ap+z+ e+ 1+ e 24+ 4 (g + 1) vaje... (45)

Since the base-¢ expansion of r must be finite or periodic, it is certainly possible to choose such an

index j. We can assume that r does not have repeating part ||, since |e]e’+ || "1+ |e]e? 2 +... =
el for any i € Z. Thus in Case 2.2, we see that only a finite number of digits differ between the
base-¢ expansion of € *x r and the base-e expansion of r. Therefore the repeating part of € * r must
be the same as r in this case.

Now we have seen that in all cases, the repeating part of the base-e expansion of ¢ % r is the same
as that of r, which finishes the proof. O

In many of the results which follow, it will prove useful for us to note the following fact about the
map 7 as defined in Proposition [2.7}

Lemma 4.6. The map 7 is equivariant under the action of ().

Proof. Since %OF is an ideal of Op, it is also a Op-module. Moreover, O is trivially an Op-module,
and pOp is a submodule of O since pOp is an ideal of Op. Thus the map

1
gb : ;OOF — OF/pOF

defined by multiplication by p is an Op-module homomorphism. The kernel of this map is Op, so
by the first isomorphism theorem, %OF /OF = 0 /pOF is an isomorphism of Op-modules. Since

Zle] is a subring of Op, by restriction of scalars, %OF/OF >~ Op/pOpF is also an isomorphism of
Z[e]-modules.
We can also observe that since O is a submodule of %(’) r, the projection map

1 1
LOr/ZIE| > Or/Ze] /Or /2]
is a surjective Z[e]-module homomorphism. By the third isomorphism theorem, we further have that
1 1
;)(’)F/Z[a]/(’)p/z[e] = Or/Or,

which implies

1/1 : ;OF/Z[E] — ;OF/OF



20 ELIZABETH ATHAIDE, EMMA CARDWELL, AND CHRISTY THOMPSON

is a surjective Z[e]-module homomorphism. Since R C %OF and R constitutes a complete set of

coset representatives for %OF /Ze] (see |1], Proposition 4.1), the identity map
1
t:R— —Op/Z[e]
p

is a Z[e]-module isomorphism. Now we can see that since m = ¢ o1p o, 7 is a surjective Z[e]-module
homomorphism. Thus 7 is equivariant under the action of (¢). O

With this result, we may now examine more closely the action of € on R. Namely, we can deduce
the following fact about nontrivial Shintani cycles.

Lemma 4.7. All nontrivial Shintani cycles have length equal to the multiplicative order of € + pOp
in (Op/pOF).

Proof. Let M denote the multiplicative order of € + pOp in Op/pOr, and consider r € R — Op. We
will show that |C,.| = M. Suppose that €™ * r = r for some m € Z". Then by Lemma
w(r)=n(Em*r)= (" +pOp)n(r) = (g™ — 1+ pOp)n(r) =0.
By assumption r ¢ Op, so 7(r) # 0 by Lemma Since Op/pOpF is a field, it must be that
(e™ — 1+ pOp) = 0. Therefore e™ = 1 mod pOp, so M|m. As a consequence, if we denote the
stabilizer subgroup associated to r under the action of ¢ as {(¢),, then (¢), C (™). Moreover, we
note that since (¢), is a subgroup of (¢M), it must be that (), = (') for some M’ such that M|M’.
Moreover, we also have that
Myr=r = (€M, — 1+ pOp)n(r)=0

where 7(r) # 0, so that € = 1 mod pOp. Thus it must also be that M’|M, so M’ = M, and
hence (g), = (™). In other words, (¢M) is the stabilizer subgroup of r for all r € R — Of. By the
orbit-stabilizer theorem, we then have that |C,| = [(¢) : (¢M)] = M. O

In the lemma which follows, we equate M with the minimal period length of the base-¢ expansion
of r for all € R— Op. This fact, combined with Lemma[4.7] will then imply that for all r € R— Op,
|Cr| = P, where P, denotes the minimal period length of the base-¢ expansion of r.

Lemma 4.8. For any r € R — Op, the minimal period length of the base-c expansion of r is equal
to the multiplicative order of € + pOr in (O /pOF).

Proof. Consider an element r = r1 + roe € R — Op. We start by showing that P.|M. As mentioned
at the beginning of Section [£.2] the base-¢ expansion of r is always eventually periodic, say

N-1 00
r= E aie e N g (a1e™ 7 + age™ Pt L pap eI L), (4.6)
i=—1 =0

We remind the reader that since r € R, |log.(r)] = 0 or 1, so the highest power of ¢ in (4.6) is 1.
Multiplying (4.6 by ", we obtain

N—-1 o0
elr = et 4Ny (aw‘“‘lﬂjr Fage U-DEL apra_(j_l)PT_PT“).
i=—1 §=0
Reindexing (4.6)), we get
N—-1 o0

r= Z a;f-;*i +e N Z (algf(jfl)Pr + a2€7(j71)Pr71 4o+ aprgf(jfl)Pr*PrJrl)_
1=—1 j=1
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And thus

N—-1
ebrp —p = ( E ale= b aés") +e N (alepr +age T 4+ ap,€) .

i=—1

Let

N-1 N-1
a= E diemand = — E aie™ and y=e N (a1e™ +ae T + . 4 ape).

i=—1 i=—1
Note that, because «, 3, and ~ have finite € expansions, we have that «, 3,v € Z[e], and thus
a+B+y=clrr—rezl.
By definition, we know that
EPT*T:€PTT‘—|—Z
for some z € Z[e|. Thus, using Lemmas and we have

efrxr—r—z=elr—r = aexr—r—2)=aE"r—r) = (" +pOp - )r(r) =0.

Since F' is a field in which 7(r) # 0 since r ¢ O, we have that
el 14 pOr=0 = " =1 (mod pOr).

for any r € R— Op. Recall that M is the multiplicative order of € in O /pOp, so we see that M|P,.
Next, we show that P.|M. Since both r and e % r have periodic base-¢ expansions, we let Nj
represent the smallest integer such that the repeating part of the base-¢ expansion of r begins in
the e~ place. Similarly, let Ny represent the smallest integer such that the repeating part of the
base-¢ expansion of € * r begins in the e~V2 place.
Let S = max(N1, N2) be the smallest integer such that the base-¢ expansion of both r and € * r
is periodic for all indices greater than S. Thus, the digits in the e, e =571 ... e place of the

base-¢ expansion of r constitute a full period, and we let the ordered set

{z1,22,...,2p.}

represent the period set of . As shown in Proposition the operation e * r shifts the digits within
the repeating part of the base-¢ of r to the left by one index. In other words, the period set of € * r
is the ordered set

{z2,...,2p,, 21}
Note that moving between the period set of r and the period set of € * r can be represented by
applying the permutation
T=(12 .-+ P)eSp

M

to the period set of r. Additionally, we have that r = ¢ xr, so the period sets of  and e™ r must

be equal. Thus,
™M{x x9,...,xp} = {x1,20,...,2p},

which implies that 7 is the identity permutation. Since the order of 7 € Sp_ is P,, we have that
P.|M. So, we see that P, = M. O

In our final lemma before we prove Theorem [1.2] we show that for any nontrivial Shintani cycle,
the sum of the coefficients r; and ro where r = r1 + roe of all the elements r in the Shintani cycle is
a constant. In fact, these coefficients sum to M.
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Lemma 4.9. For any r € R — Op, let v’ == 1 + rhe. Then,
Z (ry +1rh) = M.
r'eCy
Proof. Let &' x 1 :=r1(i) + ra2(i)e, s0 71 (i + 1) + 72(i + 1)e = & * (r1(i) + r2(i)€). Recall that
ex (r1(d) + r2(0)e) = (1= r2(2)) + {r1(d) + Trpyq(e)ra(i)}e

by Lemma Comparing coefficients, we see that r1(i + 1) 4+ r2(i) = 1 for all i € Z. Moreover,
since M = |C,| for all r € R — Op by Lemma we have that ri(m) = ri(m + M) for any integer
m. Using these facts, we see that

M M-—1 M-—1
D (i) + o) =D (1 (i) + r2(8)) = (1) + 2 (M) + > i+ 1)+ Y ra(d)
reCyr i=1 i=1 j=1

E

r1(M + 1) + ro(M) + <T1z+1 +ra(i) = 1+ (M —1) = M.
=1

4.3. Proof of Theorem 1.2. Since (¢) acts on R, R decomposes into a disjoint union of Shintani
cycles, under this action. Letting £ denote a complete reduced set of Shintani cycle representatives
for R, and recalling that C) denotes the Shintani cycle of r, we can rewrite Shintani’s formula as
follows:

%ZXK/F(TPOF) Z Bh(rl)Blz(m)TI"F/Q(QZQ_1

| |
reR 0<l1,12<2 ! l!
l1+1=2
1 By, (r1) Biy(r2)
[ 1 l 2 _
*ZZXK/F SpxrepOr) > = M) (4.7)
i—1 rel 0<ly o<z 1 2

l1+1=2
First, we show that x g/, r(r" - pOFp) is constant for all v’ € C,. By definition of ¢ * r, we see that
exr =c¢r + z for some z € Op. Thus
XK/F(Ei *7-pOF) = XK/F((giT +2) - pOp) = XK/F(f?iT’POF + 2pOF).
Since zpOp C pOp, pOp|zpOF, and since pOp is the conductor of this Hecke character, we see that

Xi/r (e * 1 - pOp) = xx/p(e'rpOF).
Additionally, ¢ is a unit, so we know _
rOp = e'rOp

for any integer ¢. Therefore

XK/F(Ei x7-pOF) = XK/F(€i7”pOF) = XK/F(TPOF)7
and thus the Hecke character value in (4.7)) is constant throughout each Shintani cycle.
By Lemma all nontrivial Shintani cycles in R contain the same number of elements. Since
1/p is an element of R — Of by Lemma the period length ¢, of the base-e expansion of 1/p is
equal to the length of each nontrivial cycle.

Remark. Note that, for all r € RNOp, the Hecke character x g/, r(rpOr) evaluates to 0, so elements
r € RN Op are all weighted by a factor of 0 in (4.7). Hence, we can ignore them in our calculations.
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Using these facts, we obtain

z 9.
A o 0 By, (r1) Biy(r2) . -1 4.8
K=5 > > xx/r(rpOr) ) T Begle)® (4.8)
i=1 reL 0<lylp<2 U z

I1+1=2
As shown in [1], we have that
Y xx/p(rpOr) = Y xx/p(rpOr)+ Y Xk/p(rpOF) = 0.
reER reRNOp reR—0Op
For all € Op, we have already seen that xx/p(rpOr) = 0. Thus,
0= xup(rpOr) = > x/p(rpOr) -Ley="Ley, Y Xrr(rpOr),
TGR—OF T’EE—OF TE[:—OF

which yields
> xu/r(rpOr) =0.
reL—0Op

In other words, we have character orthogonality across the elements r € £ — Op. With this, we
consider the sum over Bernoulli polynomials within this formula. Letting

By, (1) Biy (r2) -
B(ry + reg) = Z L l1!l2!2 Trr/q <512 1) ,
0<iy,l2<2
l1+1=2
we see that
r2 —pr 41 1 1 r2 —rg+ 1
B(ri +158) = T —STrpyg(e) +2(r — 5 ) (12— 5) + 25— Trwyole)
Tr € 1 1
= F/2Q( ) (r% +73 — (r1+7r2) + §> +2rirg — (r1 +r2) + 3 (4.9)
Recall that by Lemmas for all r € £ — Op,
Z ry+ry = M.
r'eChr
Thus, we can further simplify (4.9)) to
Tr € 1 1
B+ 7o) = 2 (g g D) o - L (4.10)

Because we have character orthogonality over £ — Op, we can add a constant to the inner Bernoulli
sum of (4.8]) without changing the value of the whole expression. In particular, if we let

o TrF/Q(&‘) (

: —M+1)—M—1,

3 2
we see that (4.10) can be rewritten as

TI"F/Q(E)
2

(TrF/Q(s)r% + 4rire + TrF/Q(s)Tg) + c.

B(r1 +ree) = (r% + 7‘%) +2rro + ¢

1
2
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Using these results and letting € * r := r1 (i) + r2(i)e, we obtain

Lrp
1 . ) . .
hic=7> . xuyw (008 ) (Triyg()ra()? + 4r(i)rai) + Trryg(e)ra(i)?).
i=1rel-0Op
Recall that Qp(Y1,Y2) = Trpq(e)Y? + 4Y1Ys + Trp/g(e)Ys. Thus if we make a slight abuse of
notation by letting Qr (e’ * ) = Trp/q(e)(r1(i)* + 4r1(i)ra2(i) + Trp/g(e)r2(i)?, then we can express
hg as

eF,p
1 .
hi = 1 E E Xk /r(rpOr)Q(e" * 7).
i=1relL—0Op

5. EXAMPLES

Here we illustrate Theorems and for Q(v/3,+/—p), where p is prime. Note that the ring of
integers of F = Q(v/3) is given by Z[/3], and its totally positive unit group O;’Jr is generated by
er = 2++/3. We require that p = 3 (mod 4), (%) = —1,and 7 < p. The first two conditions imply that
the relative discriminant ideal is the prime ideal pZ[v/3]. Consequently, Z[v/3]/pZ[v/3] = F,[v/3].

5.1. Theorem 1.1 with F = Q(v/3). Let pr, = a + bv/3 be a generator of F,[v/3]. Table [1]lists
values of pr;, as computed with SageMath. Using these values, we use and to calculate
Crp and Dp), then use and to find the corresponding rational functions Xp,(2) and
Yr p(2), which are also displayed in Table

We extract the first p> — 1 coefficients from our rational functions by taking the k* derivative of
X(z) and Y (z), evaluating each function at z = 0, and dividing by k!. Note that in this case, since
t = 1, we obtain only 1 sequence z1(m), and yi(m), from each of Xp,(2) and Yr,(z) respectively.
Since Trp/q(er) = 4, we have

Qr(Y1,Ys) = 4Y2 +4Y1Y, + 4Y1.

Now we may apply Theorem [I.] to obtain

hF(H>:161p2 > 1" Qe(walm).p(m).

1<m<p?—1

The smallest suitable prime for which we can apply Theorem here is p = 7, for which we calculate

1
hF(ﬁ) = @(—844-76—300—1—52—28—1—436— 100 + 148 — 196 + 52 — 108 + 124 — 84 + 148
—364+172-28+4124 -124+76 — 196 + 172 — 4 4+ 156 — 84 4+ 76 — 300 4 52 — 28
+ 156 — 100 + 316 — 196 + 52 — 108 + 124 — 84 + 316 — 36 + 228 — 28 + 124 — 12
+ 76 — 196 + 228 — 4 + 436) = 2.
In Table |1}, we list some terms of our alternating sum for the class numbers of all such primes less

than 100, along with the corresponding class numbers calculated using Theorem and verified
using SageMath.
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D PFEp Xrp(2) Y, (2) hg y=p) Calculation
7| 643 3355__13;;11 T (844 76— +436) =2
19 |1+4V3 _476;2?11722: | = iszr S| (- 3ea4 52— 4 s02) =2
31 | 1463 _1027;1?722: : _107226i o7 | v (10844676 — ... 10804) = 6
43 |1+5V3 _J;jii : _74Z25_222+1 ks (3556 + 4836 — . +21172) = 6
67 |2+53 _732;_74121 : _71225_242 — | = (- 1177242212 - .+ 52276 ) = 6
79 |246V3 _131; iojzi - | o 4226i 7 | ok ( 16068 4 7372 — ..+ 73012) = 30

TABLE 1. Theorem for primes p < 100.

5.2. Theorem 1.2 with F = Q(+/3). We illustrate Theorem in the same setting. Letting
F = Q(v/3), we calculate hg for p =3 (mod 4) where 7 < p and (2) = —1. We remind the reader

3
v

that ep = 2+ /3, so t = 1. Thus by Lemma ker(m) = Rp, N Op = {1}.
In the case that p = 7, we first calculate the base-ep expansion of 1/7,

1
- = ep +3ex’ + 25}4 +2e.° + 25}7 +3e7° 4+ 3eM +2e51% + 25;14 + 27 + 30 + ...

= 0.0132202230.

Noticing that 1/7 has period length £r7 = 8, by Lemma we can then deduce that there are

|Rp7—Op|  1-72—-1

lpy

6

disjoint Shintani cycles which comprise Rr7 — Op. We can generate these Shintani cycles explicitly,
by calculating 5%’ x7 for 0 <7 <8 for r € Rp7 — Op. One can verify that

1

1
r—Jd-4=
{7+78F7

1

11,4
77T

5 2 2 3
+ z€ér, 5+ z€r, 5+ 5€F, 5

7 T 7

is a complete reduced set of representatives for all 6 distinct nontrivial cycles in Rp7. With these
values, we now calculate hj(, /=7 using Theorem Noting that Trp/g(er) = 4 so Qp(Y1,Y2) =
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4YE + 4Y1Ys + 4Y$, we compute
8
1 . . . .
hp=m =7 > > Xew=myr (rPOF) (47“1(1)2 + 4y (i)ra(i) + 47”2(1)2)
i=1 reL

B 1( 220+228 188+y7@+%) _

4 7 7 7 7 7 7)) 7
In Table [2| we carry out the same procedure for all suitable primes less than 100.

P Base ep Expansion of 1/p CEp h Fiv/=p) Calculation
29909920 1 220 228 188 212 180 204\ _
7 | 0.0132202230 8 | d(-em_lB 2 10, 20) o
999971 1( 396 400 360 332 328\ _
19 | 0.00222231 5| MW -My BB
31 | 0.0012132023120322221002303200122 | 32 §(§§¥i—»§%ﬁ — 3 sy 3420) =6
2230
No211999920 1( 1856 1848 1940 1656 1624 _
43 | 0.00102311222230 11 | (1800 + 1808 1 1000 1 4 1056, 1024) —
67 | 0.00023110011313222221320122102312 | 34 i(SWB + 9228 8604 4 T2 +»7“”) =6
222231
79 | 0.0002 122101031011213031211013010 | 80 i(z%%@ — B - 223”*+-2¥§°> =30
122113222222010012113021100303001
12031121001022222231

TABLE 2. Theorem for primes p < 100.
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