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Abstract

Properties of strong mixing have been established for the stationary linear Hawkes pro-
cess in the univariate case, and can serve as a basis for statistical applications. In this paper,
we provide the technical arguments needed to extend the proof to the multivariate case. We
illustrate these properties by establishing a functional central limit theorem for multivariate
Hawkes processes.

Keywords: multivariate Hawkes process, strong mixing (a-mixing), functional central limit
theorem.

1 Introduction

Linear Hawkes processes form a versatile family of models for point processes that exhibit self-
excitation properties: in addition to a constant rate of arrivals, each new arrival increases the
rate at which future arrivals occur. This additive dependence structure can also be decomposed
such that the process can be viewed as a branching process with immigration, thus admitting
a Poisson cluster structure where each cluster is itself a branching process without immigration
(Hawkes and Oakes, 1974). While they were initially introduced by Hawkes (1971) in order to
model seismic aftershocks (Ogata, 1988), Hawkes processes have become increasingly popular due
to their wide applicability to various other fields including but not limited to finance (Embrechts
et al., 2011), ecology (Gupta et al., 2017), neurophysiology (Chornoboy et al., 1988), and social
network analysis (Zannettou et al., 2018). The study of Hawkes processes in itself is also of
interest, as theoretical advances in the past decades have paved the way to the development for
statistical inference methods (Hansen et al., 2015; Bacry et al., 2020) and thus to the popularity
of the model.

In particular, works interested in the ergodic and mixing properties of the Hawkes process
play an important role, for they can provide strong moment inequalities and coupling methods
useful to prove asymptotic properties. It is well known that the linear Hawkes process is er-
godic due to its Poisson cluster structure (Westcott, 1971). When the reproduction function
has compact support, Reynaud-Bouret and Roy (2006) used this structure to derive exponential
inequalities which specify the rate of convergence in the ergodic theorem. Recently, Graham
(2021) extended these results by proving regenerative properties for the linear Hawkes process,
even when the reproduction function has unbounded support. Issues arise for the nonlinear



Hawkes process — in which the rate at which future arrivals occur is non-linearly dependent on
the past arrivals — since the Poisson cluster structure of the process no longer exists. While
the existence and stationarity of the process can be proven under general sets of assumptions
(Bremaud and Massoulie, 1996), studies of the mixing properties of the process have only been
established under specific conditions. In Costa et al. (2020), by assuming a bounded support
for the reproduction function (which may take negative values), the authors obtained expo-
nential concentration inequalities using renewal techniques, further extending the results from
Reynaud-Bouret and Roy (2006). Without the bounded support assumption, but supposing
the reproduction function is exponential, Dion et al. (2021) showed that the non-linear Hawkes
process is exponentially S-mixing, relying on the general theory of Markov processes.

In this work, we focus on establishing rates of convergence for the a-mixing of the linear
Hawkes process, using the Poisson cluster decomposition of the process. Initially used to prove
asymptotic properties for time series and random fields (see e.g. Rosenblatt, 1956), the a-
mixing property can be straightforwardly extended to the field of point processes (Westcott,
1972; Poinas et al., 2019). In the univariate context, Cheysson and Lang (2022) already derived
a polynomial rate of a-mixing under tail assumptions for the reproduction function of the Hawkes
process. However, their proof cannot be directly extended to the multivariate case, as a critical
argument of independence within each Poisson cluster, that is between the arrivals’ times and
the number of arrivals in any given generation of the branching representation of the cluster,
does not hold when multiple components can mutually excit each other. This is solved by
establishing an exponential inequality in the multitype branching process, which allows us to
bound the covariance measure of the branching process.

In turn, the a-mixing of the process can serve as a basis for statistical applications, for
example by using central limit theorems (CLTs) that already exist in the literature (Doukhan
et al., 1994). To provide useful tools for statistical applications related to the multivariate
Hawkes process, we enunciate both a classical and a functional CLTs in this context, and show
that the parameters appearing in these CLTs can be easily calculated in practice, using the
spectral representation of the process. Indeed, while the covariance structure of the Hawkes
process is often non-explicit, except for exponential reproduction functions (Da Fonseca and
Zaatour, 2014, 2015), its Bartlett spectrum (i.e. the Fourier transform of the autocovariance
of the process) has an explicit and simple form (Daley and Vere-Jones, 2003). Specifically, this
yields a simple estimator of the long run variance of the process which appears naturally in the
CLTs.

Section 2 introduces the notation we use throughout and the Hawkes model. In Section 3, we
establish the main results of our contribution, namely an a-mixing property and a functional CLT
for the multivariate Hawkes process. Proofs are postponed to subsequent sections, respectively
in Section 4 and 5.

2 Main definitions

2.1 Notation

Throughout this paper, we consider a probability space (2, F,P) and the measurable space
(M, N) of locally finite counting measures on R with values in N with d > 1. We denote by
B(A) the Borel o-algebra generated over a subset A C R, and for a multivariate point process
N = (Ny,...,Ny) i.e. a measurable map from (Q,F,P) to (9,N), by E(A) the cylindrical
o-algebra generated by N on A and defined by

E(A) :=c({N eN:N(B)=m},B e B(A),m e N9,



Finally, denote by IN| 4 the point process restricted to A, that is the process defined by N|4(B) =
N(ANB) for all B € B(R).

We also introduce some notation for function and vector norms. For a function f: R — R,
denote its L'-norm by || f||.1,

1]l = /R 1 (@)[da.

For a vector u = (uq, ..., u,) € R", denote its /-norm by |july,
n
ol = g,
k=1

and its supremum norm by ||ul|co,

[ullo = sup fug].
1<k<n

2.2 The multivariate linear Hawkes process

The multivariate Hawkes process N = (N, ..., Ny) can be defined as a point process such that
e For all 1 < j <d, the conditional intensity A;(t) of the component N; — satisfying
P (N;((t,t+h)) =1]| F-) = Aj(t)h + o(h),

with F; the natural filtration of the process N — is a left-continuous stochastic process
given by

d .t
MO =n;+ > [ it - 0N
=17~

d
=ity Y. hyt =17,

=1 {n:T<t}

where n; > 0 is the baseline intensity of N, h;j : Rt — R™ the reproduction function
from component i to j, and {T'}, are the atoms of N;.

e The point process is orderly: for all 1 <1 # j < d, IN; and NNj never jump simultaneously,
P(IN((t.t+h))1 > 2| F-) = o(h).

The multivariate Hawkes process IN can also be seen as a Poisson cluster process (see Hawkes
and Oakes, 1974), where clusters are mutually independent branching processes generated re-
cursively as follows:

e Cluster centres, also called immigrants of the process, form the generation 0 of the branch-
ing processes. Immigrants of type j arrive according to a homogeneous Poisson process
with rate 7;.

e Then, an individual T}, of generation k and type i generates offsprings of generation &k + 1
and type j according to an inhomogeneous Poisson process with intensity hg;(- — T}%).

For a single branching process, denoting by Z; the number of individuals of generation k and
type 4, we have that (Zy;)ren,1<i<q is @ multivariate Galton-Watson process. We will make the
following assumption, which ensures the existence and stationarity of the multivariate Hawkes
process (Bremaud and Massoulie, 1996).

Assumption 2.1. The spectral radius of the reproduction matriz, defined by M == (||hi;||11)1<i j<d,
15 strictly less than 1.



3 Main results

3.1 Strong mixing of the multivariate Hawkes process

For a probability space (€2, F,P) and A, B two sub o- algebras of F, the strong mixing coefficient
is defined as the measure of dependence between A and B (Rosenblatt, 1956):

a(A, B) := sup{|P(AN B) — P(A)P(B)|, A€ A, B € B.}

The definition of the strong mixing coefficient can be adapted to a multivariate point process
N, by defining (see Poinas et al., 2019)

an(T) = a(&t ., E:Srof) =sup sup |COV(ILA(N), ]lB(N))‘
teR Aegt

Begs

where £° stands for £((a,b]), i.e the o-algebra generated by the cylinder sets on the interval
(a,b], and 1 4(IN) is the indicator function of the cylinder set A, i.e for any elementary cylinder
set Apn = {IN € 91: N(B) = n}, 14(N) =1if N(B) = n and 0 otherwise. As in the univariate
case, the process is said to be strongly mixing if an(7) — 0 as 7 — oo.

In the context of multivariate Hawkes processes, the main result of this contribution is the
following theorem. Theorem 3.1 can serve as a basis for various statistical applications, as
examplified by the next subsection.

Theorem 3.1. Let N be a multivariate Hawkes process with reproduction functions (hij)i<i j<d
such that Assumption 2.1 holds true. Further assume that there exists § > 0 such that the
reproduction kernels have finite moment of order 1 + (3:

sup /tHBhij(t)dt < 00.
1<i,j<d JR

Then, for any 0 < ~v < B, as T — 00,
an(r) =0 (177). (1)

While the proof (postponed to Section 4) mostly extends that of Cheysson and Lang (2022)
to the multivariate case, it also circumvents a lemma in the proof of the aforementioned article:
in the univariate Galton-Watson process, the number of individuals in any given generation
is independent from the arrival times of all individuals, and vice versa, whereas this is only
valid conditionally on the genealogy of individuals in the multivariate case. This is the heart
of the proof and the focus of Lemmas 4.3 and 4.4, which aim to prove that we can make
do with exponential inequalities instead of independence when bounding the strong mixing
coefficient, thanks to the asymptotic contraction property of the reproduction matrix M, ensured
by Assumption 2.1.

3.2 An application to statistics
3.2.1 A functional central limit theorem

Suppose that we observe a point process N = (Nyp,...,Ng) from a stationary multivariate
Hawkes model with intensities m; > 0, and that we are interested in the asymptotic behaviour

of statistics of the form J

d
ZNi(fiho,T]) = Z fi(z)Ni(dz),
i=1

i—1 v [0,7]

4



or rather their centered version,

d

Sp = Z fi(u) (N3 (du) — mydu), (2)

[0,7]

where f; : R — R denote bounded measurable functions (1 < ¢ < d) and fi‘[o 7 —
fi(z) Lo (w) their restriction to [0,7]. The variance of St can be related to the covariance

measure of N, whose elements are denoted Cjj;, through the use of Campbell’s formula:

aT—VarST—ZZ// (v)Cij(du x dv).

i—1 j—17 7 [0,T]?
Finally, for 0 < u < 1, define

vr(u) = inf{t € (0,T): 07/0F > u} and Wr(u) =or SUT(u).

The following proposition is a consequence of the functional central limit theorem for nonsta-
tionary strongly mixing processes in Merleveéde and Peligrad (2020, Corollary 2.2), in conjunction
with the mixing property derived in Theorem 3.1. Its proof is deferred until Section 5.

Proposition 3.1. Let N be a multivariate Hawkes process satisfying the conditions of Theorem
3.1. Assume also that 02 = To? +o(T) as T — oo, and that each f; is locally (2 + §)-integrable,
with B, > 0, such that (8 —1)6 > 2. Then, {Wr(u),u € (0,1)} converges in distribution in the
Skorokhod space D([0,1]) (equipped with the uniform topology) to the standard Brownian motion.

Note also that this result implies that St satisfies the classical central limit theorem (see
Merlevéde and Peligrad, 2020, Section 2.1.3).

Corollary 3.1. Let N be a multivariate Hawkes process as in Proposition 3.1. Then U;lST
converges in distribution to the standard normal distribution.

However, in practice, the covariance measure of the Hawkes process has no explicit form
(except in the case of exponential kernels, see Da Fonseca and Zaatour, 2015), so we can turn
to the spectral properties of the process. Recall that the Bartlett spectrum of a stationary
multivariate point process N on R is defined as the unique, positive-definite, Hermitian measure
I’ of auto- and cross-spectral measures (I';;()) such that, for any rapidly decaying function f
and g on R (Daley and Vere-Jones, 2003, chapter 8),

Cov (Ni(f), N;(9)) = /R FHEFg (€T (de), (3)

where F- denotes the Fourier transform,

FF(E) = /R =270 f (), (1)

and ¢g*(u) = g(—u), so that Fg* is the complex conjugate of Fg.
It turns out that the Bartlett spectrum for the multivariate Hawkes process is known, and
has density given by

-1

7(5):(I—[ﬁ(2ﬂ§)]T)_1diag(m1,..., )(1— (2775)) ,



with diag(my, . .., mq) = (I—[H(0)]T)"n; discrepancies with the expression in Daley and Vere-
Jones (2003, example 8.3(c)) can be attributed to the definition of the reproduction matrix H
and our choice of convention for the Fourier transform (4). Then the variance of St can be
calculated by the relation

arwm&—zzj#ﬁw]vmm@%@% (5)

i=1 j=1

3.2.2 Two examples

Though the integral appearing in (5) can be difficult to compute analytically, we highlight two
cases where the computation is explicit, so that it may be used in applications.

Asymptotically constant functions. Assume each f; is of the form f;(-) = k; + ¢;(-) with
k; constants such that ||k|[; > 0 and g; bounded and integrable functions. Then, we find that

UT—TZZkkJ%J +0o(T) = Tk™(0)k + o(T),

=1 j=1

yielding that the process {(TkT'y(O)k)_l/QSTU, u € (0,1)} converges in distribution to the stan-
dard Brownian motion, and (TkT~(0)k)~'/2S7 to the standard normal distribution.

Proof. Since Fljy1)(§) = Te~ T sinc(n€T), the leading term in the variance (5) is given by
d

ZZM/HMymm@@% ZZMT/MMWMOE
=1 j=1 1= 1] 1
= ZZkk T/smc (mw)ij(w/T)dw
=1 j=1

The dominated convergence theorem then yields that

/Rsincz(ﬂw)%j(w/T)dw m i (0) /Rsinc2(7rw)dw = 745(0).

O

Asymptotically periodic functions. Assume each f; is of the form f;(-) = hi(-) +gi(-), with
h; T-periodic functions such that Zl 1 fo i(t)dt # 0 and g; bounded and integrable functions.

Then
QZZZ]_—h ’0 7] < >]:h }[or] <k> Vi <i) + o(T),

i=1 j=1keZ

so that the process {UT STU, ue (0,1) } has the desired convergence to the standard Brownian
motion.

Proof. Choose T'=n7 with n € Ny. Then,

n kT
Fhilom(© = / e 2T, (z)dw
’ =1 (k—=1)T

— Z e—?iﬂf(k‘—l)’rj—_'hi ’[077—] (f)
k=1



so that the leading term in the variance (5) is given by

>y R LN AGEIGE
=1 j=1
d d n n '
=> > /[R e HmEEDTER | (€ F Ryl 4 (€)75(€)dE.
i=1 j=1"Rp=11=1

A bit of calculus gives that

Z Z 6—27,7r§ (k=) _ —n+2Re (621775717' Z ke—?mflﬂ')

k=1 1=1
1 —cos(2ménT)
1 —cos(2méT)

so that, for any ¢ absolutely integrable,

1 [ 1—cos(2ménr) 1 /271 — cos(2mént) ( kz>
/ ¢<§>d§—n2/ o+ ) ac

n 1 — cos(27¢T) = J-1/2r 1 — cos(2m¢T)

—cos(§ ¢ k
—]d
27m2 Z/_m — cos( £/n)¢ <27m7 * 7‘) ¢
]l[_m 0] 1 — cos(§) 13 k
— | d¢.
" T Z/ — cos(ﬁ/n)¢ 2mnT * T §
Since the integrand is bounded above by & — |¢(&/(2mnT) + k/7)| which is integrable, and

1 ) (§) 1 — cos(€) ( § k) 21_0%(5)¢<k>’

omnT T £2 T

!
nr00 n? 1 —cos(¢/n)

the dominated convergence theorem yields that

i [ demnan(§) 1= cos(€) </5< § +k>d§_2¢<k‘>/“ 1C<)S(§)d£_27r¢< )

n—oo J_ o n? 1 —cos(&/n) 2mnT T 7))o €2
Hence,
11— cos(2 1
§m — —C:i(;f;;) converges, in the sense of distributions, to £ — — _ 8j/7(£),

kEZ

yielding the desired variance.
Finally, when T # nr, write T' = n7 + ¢ with € < 7 so that the leading term in the variance
remains the same. O

4 Proof of Theorem 3.1

Most of the proofs follow those of Cheysson and Lang (2022), extended here to the multivariate
setup. We first present the layout of the proof, introducing auxiliary results when needed, then
in subsequent subsections prove these results.



4.1 Layout of the proof
Recall that the strong mixing coeflicient of a point process N is defined by

an(T) = a(El o, L) =sup sup |Cov(14(N),15(N))|.
teR Aegioo
Begs,

The first step of the proof is to bound the covariance of the indicator functions with that of
the point process itself, using the positive association of Hawkes processes (Gao and Zhu, 2018,
Section 2.1, key property (e)). Recall that a X-valued random variable X is positively associated
if for each pair of bounded, Borel measurable, non-decreasing functions f,g : X — R, we have
Cov(f(X),g(X)) > 0. This property can be used to bound the covariance of an associated point
process, using Theorem 2.5 from Poinas et al. (2019), which we extend to the multivariate setup.

Proposition 4.1. Let N = (Ny,--- , Ng) be an associated multivariate point process and A, B C
R two disjoint bounded subsets of R. Let f : 91 — R and g : 91 — R be two functions such that
f(N4) and g(N|g) are bounded, then

Cov (N1, 9(N5) )| < 1L Nl |Cov (INCAY I, IN(B)I ) |

where
||f||A = sup sup |f(N|A +0iz) — f(N4)l,
Nen 1<1Ad
fAS

and ;. denotes the multivariate point process with a single atom at component i and position x.

For the Hawkes process, this leads to the following lemma, whose proof uses the Poisson
cluster structure of the process.

Lemma 4.1. Let N be a multivariate Hawkes process satisfying Assumption 2.1. Let s;t,v € R
and 7 > 0 such that s <t <t+7<v, A€ &, Beé&,, and A= (s,t] and B = (t + 7,v].
Then

‘Cov(]lA(N )‘<zd:zdjz/‘cov Ni(A|y), N (B]y)‘Mkdy) (6)
i=1 j=1 k=1

where M}, denotes the first-order moment measure of the k-th component N of the cluster centre
process.

Without loss of generality, we consider a cluster whose immigrant is located at time 0. Let
Z; denote the number of points of generation k of the i-th component of the point process, and
Z1;(A) those that are located in the set A C R. By definition, we have

Ni(A]0) = ZZ;“

Then, the covariance between two components of a single branching process can be written

cov( (A]0),N Byo) ZZCOV(Z,W zlj(B)). (7)

k=0 =0



As Z,;(A), Z1;(B) > 0, the terms appearing in the sum on the right hand side can be bounded
by

|Cov(Zyi(A), Z1;(B))| = [E [Z1i(A) Zi;(B)] — E [Z:(A)] E [Zy;(B)]|
< max(E[Zi(4)Z;(B)] E[ Z1(4)] B[ Z(B)] ).
Let TZTJ” denote the m-th time of arrival of generation [ and type 7, and consider the first term

appearing in the maximum above. Noting that for a non-negative integer I, I =Y >, Lir>n}s
we have that

[ e IENe o]

E[Zki(A)Zij(B)] < E[Zyi(R)Z;(B)] =Y _ Y _E [ﬂ{zmzn}1{zzj-zm}ﬂ{leﬂeB}}

3
Il
i
3
Il
i

1 1 1/r
E Lz om] """ E[Lz,mm) /" E [Lgpen)

s
M8

3
I
3
I

hE

P(Zy; > n)'/? P(Zy; > m)V9 BT} € B)Y".

(8)

i~
Il
_
3
I
s

where the second line follows from Hélder’s inequality with any p,q,r > 1, % + é + % =1.

Remark. Note that the use of Hdlder’s inequality and the need for an exponential bound on
P(Zk; > n) and P(Z;; > m) differ from the univariate case (see Cheysson and Lang (2022)),
for which the times of arrival in a generation k£ and the number of points in a generation ! are
independent, for all £ and [. This is not the case in the multivariate setup, since the distribution
of an arrival time may depend on its genealogy, through the types of its ancestors.

We can establish a simple upper bound on IP’(TI’J” € B) using Markov’s inequality.

Lemma 4.2. Let 5 > 0 and assume that

V143 = Sup / t1+5hfj(t)dt < 00,
1<ij<d JR

with h;k] = hl]/HhZ]HLl Then,

1+8y

P(T]; € B) < ﬁ 9)

The following two lemmas form the heart of the proof, and make it distinct to the univariate
case: in order to bound the right-hand side of (8) with the fastest rate of convergence to zero,
the term P(7}7 € B)Yr = O(7=(+8/7) must converge as fast as possible, so that r should
be chosen as small as possible. Consequently, in Hélder’s inequality, p and ¢ may be arbitrary
large. To ensure that the terms P(Zy; > n)'/P and P(Z;; > m)'/? are summable with respect
to n and m, we first prove an exponential inequality for the multitype Galton-Watson process
(Zki), through its Laplace transform, yielding the following lemma.

Lemma 4.3. Let u = (uy,...,uq) € R? with strictly positive entries. Then,
o
3" P(Zy > n)'P < C1(L{Z} () — 1)V, (10)
n=1

where L{Z}(u) = Elexp(Z[u)] denotes the Laplace transform of Zj, and Cy denotes a constant
that can be chosen uniformly with respect to 1 < i <d.



Remark. Throughout the rest of the proof, the C} are absolute constants.
Plugging both (9) and (10) into (8) yields

ElZu(AZy(B) < 3 S B(Zis = m)/P B(Zyy > m)V B} € B)"

n=1m=1

148, 1/r
< Co(L{Zi} () — 1) VP (£{Z1} () — 1)° (W) .

The same reasoning can be applied to E[Zy;(A)]E[Z;;(B)], leading to an analogous Holder
inequality, so that we only detailed the proof for E[Z};(A)Z;;(B)] which is the slightly more
complicated case. Then, from (7),

‘Cov (NZ-(A 10), N;(B | 0))‘
0o 0o 148, 1/r
<3S Gtz - ) @i -0 () L

We now focus on proving the summability of the series >, (£{Zx}(u) — 1)1/ P The difficulty
of this proof is algebraic in nature, as even though the spectral radius of the reproduction
matrix M = (||hij||11)1<ij<d is strictly less than 1 (by Assumption 2.1), it does not ensure
that ||Mu|l; < |lu||; for all u. However, this holds asymptotically, such that for n large,
|[M™u||; < |Jul|;. Then, a recurrence on the Laplace transform of Zj; with a good choice for u
yields the summability of the series.

Lemma 4.4. There ezistsu = (u1,...,uq) withu; > 0 for all 1 < j < d such that >, (L{Z}(u)—
1)1/p and >, 100/ (£{Z;}(u) — 1) Y4 are summable.

The inequality in (11) can then be simplified to

‘Cov (Ni(A 10), N;(B | 0))‘ e (W)UT. (12)

Finally, choose r = (1 + 3)/(1+~) and p = ¢ = 2(1 4+ B)/(8 — =), such that (14 8)/r =
1+~ > 1. Then, plugging (12) into (6) yields

(Cov (14(N), 15(N) )| < fii [ eov (M 19,858 )| my

i=1 j=1 k=1
s i [ 1
< Cyd’v T/ ——————— su d
ST | (T — ) 1§k1§)d{nk} Y

which is the desired bound.

4.2 Proof of Proposition 4.1

The layout of this proof is identical to that of Poinas et al. (2019), but for clarity we detail it
within the multivariate setup. Consider a positively associated multivariate point process N. We

10



consider the functions fi, f— : 91 — R, £(A)-measurable, and g4, g— : 91 — R, £(B)-measurable,
defined by

{.&(N) FON) £ [ F]4 IN(A),
g+(N) = g(Njp) = [|g]l 5 IN(B) 1.

Foralll1 <i<dandx € A,
f+(N+8iz) — f+(N) = f(Nj4 + 8iz) — F(Nja) + ([ fll 4

which is positive by the definition of || f|| ,. Therefore, f is an increasing function respective to
the partial order defined by N < M if and only if for all 1 <+¢ < d,

With the same reasoning, g+ is also increasing, and f_, g_ are decreasing. While fi is not
bounded, it is non-negative and almost surely finite so that by a limiting argument, using the
sequence of functions min( f4, k) when k goes to infinity, the association inequality can be applied
to fi. The other functions can be treated the same way, which leads to the inequalities

Cov (f+(N),g+(N)) >0 and Cov (f-(N),g—(N)) > 0.

We can then expand these expressions

Cov (f+(N), g+(N)) = Cov (f(N4),9(Ni5)) + [l fll4 lgll s Cov (IN(A)[|1, IN(B)]]1)
+lgllp Cov (F(N14), IN(B)[l1) + [|£]|4 Cov (IN(A) 11, 9(N|5))

and

Cov (f-(N),g-(N)) = Cov (f(N}4),9(Ni5)) + [ f]l.4 lgll 5 Cov (IN(A)[|1), IN(B)]1)
= llgllp Cov (F(N4), IN(B)|[1) = [[£]l4 Cov (IN(A)]l1, 9(N|5))-
Adding these two expressions together yields the lower bound:

Cov (f(Nj4),9(Nj)) = = [Ifll4 lgll 5 Cov (IN(A)]1, IN(B)]1). (13)

The upper bound is obtained similarly by replacing f by —f in the previous expression.

4.3 Proof of Lemma 4.1
Using Proposition 4.1 with f =14 and g = 1, we have
[Cov (14(N), 15(N) )| < | Cov (IN(A)I|1, IN(B)1 )|

§§:§‘Cov< ]\G(B))‘.

Then, denoting by M the first-order moment measure of the k-th component Nf of the cluster
centre process, and by Cy; the covariance measure between the k-th and I-th components of the
cluster centre process (1 < k,l < d), we have, by conditioning on the cluster centre process (see
for example Daley and Vere-Jones, 2003, Exercise 6.3.4),

Cov (Ni(4). N Z / Cov (Ni(A | ), Nj(B | )) Mi(dy)

d
- E(N;(B) | y)C5(dx x dy).
; // y)Ciy y

d
11=1
Since the centre process is Poisson, Cf; = 0 and the second term vanishes.
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4.4 Proof of Lemma 4.2: an upper bound for P(T}"' € B)

Consider the inter-arrival times between a parent and its offsprings. Since an individual T};
of generation k£ and type i generates offsprings of generation k + 1 and type j according to an
inhomogeneous Poisson process with intensity h;;(- — 7)), these inter-arrival times are inde-
pendent of each other, and their distributions only depend on the type ¢ of the parent and the
type j of the offspring. Consequently, any single arrival time 1)} can be written as the sum of |
independent inter-arrival times,

l
T =D AUT),
=1

where the density functions of the A,(T}}") are amongst the (hj;)i;
Holder’s inequality then gives,

8/(148) l 1/(148)
Ty = ZA (7)f) < <Z 1) X (Z (AL(TzZ”DHB) :

=1

and by independence of the AL(T[]“),

E

l
3 (m(ﬂ?))”ﬁ] <t sw E[(AT) "] < tvii,

—1 1<e<i

Hence,
1
B[(1)"7] < 1

Finally, we can apply Markov’s inequality to (77" € B), recalling that B = (t + 7,v]:

4.5 Proof of Lemma 4.3: exponential inequality for P(Z;; > n) and P(Z;; > m)

First recall that the Laplace transform of a Poisson variable X with intensity A is given by
L{X}(u) = E[e"X] = M1, (14)

For a N-valued random variable ¥ and a constant a > 0, define the reproduction operator o by

Y
aoY =73 &,
n=1

ii.d.

where 5,(1&) ~" P(a), independently of Y.
Denoting by Zy = (Z1,- .., Zrq)T the random vector for the number of points of generation

k for each component of the branching process, we have that conditionally on Z;_1, the vari-
ables Z; are Poisson with intensity (Z] ;M); = Z(ij:l Zi—1,;M;; (k> 0,1 < j <d). More
specifically, we have that

d d Z— 1,4 )

(M

Zyj =3 Mo Ziai=3 3 &
=1 i=1 n=1
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where §£LM”) i P(M;;) independently of all Z;_ ;.

For all u = (uq,--- ,ug) € R, consider now the Laplace transform of Zy,
i d
L{Z}(n) =E [exp(Z[u)] =E |exp | Y u;Zy;

L j=1
[ d d

=E |exp ZZulej oy 14
L Jj=11i=1
[ d d Zr-1 y

o 3037 5 el

j=1i=1

=E |exp Z Z Zy—1,M;j(e" —1)
— E [exp (Z]_,M(e" — 1))]

where (15) was obtained using (14) and the fact that ¢Mi) and Zy_; are independent, and e
denotes the component-wise exponentiation of u.
Define the function g by g(u) = M(e" — 1). By recurrence, we therefore have

L{Zy}(w) = L{Zk-1}(g(w) = ... = L{Zo}(g" (u)), (16)

where gF stands for the k-fold composition of g with itself.
Finally, we can apply Markov’s inequality to Zy; for any 1 <i < d,

EetiZri — 1 Lz (w) -1

iZi 7
P(Zkizn):]?(eu k_lze“”—l)g ewn —1 ewin — 1 ’

where u = (u1,...,uq) was chosen with strictly positive entries. Then, as 3 (e%" —1)~1/7 is
summable, Y P(Zy; > n)'/? is also summable and

ip(zki > n)l/p < C (L{Zy}(u) — 1)1/107

n=1

where (' is an absolute constant, which can be chosen uniformly with respect to 1 < i < d.

4.6 Proof of Lemma 4.4: summability of Y, (£L{Z;}(u) — 1)'/7

Define § such that 1 < § < p~!, where p = Sp(M) < 1 denotes the spectral radius of the
reproduction matrix M. Then there is a ug > 0 such that, for all u € [0,ug], e — 1 < du.
Applying this to the vector u = (uy,...,uq) with u; € [0,up] for all 1 < j < d, we find that

g(u) =M(e" — 1) < 6Mu, (17)

where the inequality holds term by term.

13



Lemma 4.5. There exists u = (u1,...,uq) with u; > 0 for all 1 < j < d such that, for all
keN,
gh(u) < sFMFu.

Furthermore, there exists a constant 0 < ¢ < 1 and an integer kg > 0 such that, for all k > ko,
k k
Ig"()lly < ¢* [[ulls. (18)
Proof. First note that, since p < 1, then for any matrix norm |||,
lim M7 17 = p,
n—oQ

Define e = 1/2 (57 — p) > 0 such that c. = §(p + &) < 1. Then there exists kg > 0 such that,
for all k& > ko,
IMF)l1 < (p + ).

Therefore, for all k& > kg,

[6*M |l < 6*(p+ &)*|[ufl = ¢ ul[i — 0.
k—o0

Since ||6¥MFul|s < [|0*MPFul|1, the sequence (||6*MFul|s)ren is bounded for any u. Choose u
with strictly positive entries such that ||[6*MFul|o < ug for all k& € N (such a u exists since the
function u — sup,ey||0*MPFul|« is continuous and non-decreasing). Then, a straightforward
recurrence from (17) yields the result. O

Plugging (18) into the recurrence relation for the Laplace transform of Zg, (16), for a u, ¢
and kg defined as in Lemma 4.5 and k > kg, we find that

L{Zy}(u) = Elexp(Z{g"(w))] < exp ([g°(w)ll1) < exp (*|lull1), (19)

noting for the first inequality that for the branching process, Zg is a vector with only one non-zero
component, equal to one. Therefore, when k& > kg, we have that

142} () — 1] < exp (Full) = 1] = ¢ ully +o(c*).

Hence, Y, (£L{Zx}(u) — 1)1/p is summable. Similarly, the series >, 1*/7(£{Z;}(u) — 1) 1/

is summable.

5 Proof of Proposition 3.1

Let us first write the functional central limit theorem proven in Merlevede and Peligrad (2020) in
the context of Rosenblatt’s traditional a-mixing coefficient (Rosenblatt, 1956), for non-triangular
sequences. Consider a sequence {Xj}x>1 of centered (E[X}] = 0) variables, with partial sums
Sp =41 Xg. Let 02 = Var S,,. For 0 <t <1, define

v (t) =inf {m:1 <m <n, o2 Jo? > t} and Wy(t)

]
g
o

k=1
Consider, for § > 0, the conditions
n
sup % ZE[X,%] <oo, and —- max E[| X5|*H] — 0, (20)
n>1 Op 1= o210 1<k<n
and .
1
sup — | Xkl345 < oo and 272/504(7) < 0. (21)
nZl Un

k=1 ™>1
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Theorem 5.1 (Merlevede and Peligrad, 2020). Assume that conditions (20) and (21) are satis-
fied for some § > 0. Then, {0, W, (u),u € (0,1]} converges in distribution in D([0,1]) (equipped
with the uniform topology) to the standard Brownian motion.

We look to apply this result to functions of Hawkes processes. Define the sequence {Xj}x>1
as

X = Z N;(du) — midu),

so that its partial sums S, coincide with the statistic defined in (2) when T' = n is integer.
First note that

ka ZZZ// (0)Ciy(du x dv)

k=1 i=1 j=1 1’6]2
n d d

SN il / Ciy(du x dv) = s,
k=11i=1 j=1 [0,1]

where the inequality comes from the boundedness of f; and the stationarity of N. Then,

nKk
sup 2ZEXk <sup271<oo.
n>1 05 1= n>1 no? + o(n)

and the left part of condition (20) is fulfilled. Next, we have that

n

d 2+6
BIXG] < d 03B [ fifu) (Ni(du) - midu)
i=1

< (2d)1+5§: ( / filu E /nnl filw)ym;du

d
< )T (B[N0, 1]+ m2 ) = o,
=1

2+6>

where the first two inequalities follow from Jensen’s inequality and the third from the bound-
edness of f; and the stationarity of N;. Then, as IN; admits finite exponential moments as a
Poisson cluster of subcritical multitype Poisson branching processes, we find that ko < oo, and
since 02 = no? + o(n) as n — oo, the right part of condition (20) is verified.

For the left hand side condition in (21), we write
2/(2+6)

nK
sup X < sup —2 <
> O TQL;H H2+6 > n0_2+0(n) ’

and the right hand side is satisfied when (8 — 1)§ > 2 according to Theorem 3.1.
Finally, Proposition 3.1 follows by applying the Theorem 5.1 to {Xj}r>1, and whenever
T ¢ N using Slutsky’s lemma for Sp = S|7| + R(T) with R(T) = op (o).
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