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This paper proposes an arbitrary-order immersed interface method for simulating
the two-dimensional propagation of acoustic and elastic waves through fluid/solid
interfaces. The present technique involves two main ingredients: 1) the linearized
equations of continuum mechanics are simulated through an ADER (Arbitrary high-
order schemes using DERivatives) scheme of arbitrary-order in both space and time
(J. Comput. Phys 197(2): 532-539, 2004); 2) the jump conditions along the material
interfaces are taken into account through the “explicit simplified interface method”
(ESIM) derived by Lombard and Piraux (J. Comput. Phys 195(1): 90-116, 2004). In
order to implement the ESIM, the computation of arbitrary-order spatial derivatives
of the interface conditions is required. To this end, an algorithm for their numerical
calculation, which does not require their explicit analytical expressions, is developed.
Two numerical experiments involving flat and curved interfaces are finally discussed.
When increasing the order of both the ADER scheme and of the interface treatment,
the improvement of the convergence and of the accuracy of the numerical method is
more specifically demonstrated by comparing the numerical results with analytical
solutions.
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I. INTRODUCTION

Simulating accurately the propagation of mechanical waves through heterogeneous media
is essential in numerous scientific and engineering problems®. In many physical applications,
the propagation of acoustic and elastic waves is fairly well described by the linearized equa-
tions of continuum mechanics (LECM), i.e. the linearized Euler equations in fluids®® and the
linear elastodynamic system in solids*. Finite-difference (FD) methods are widely employed
for solving such partial differential equations (PDEs) in single material domains. They are
indeed straightforward to implement, inherently well-suited for parallelization techniques?,
and can reach very high accuracy®”. However, unlike finite-element methods®"3 FD schemes
perform poorly in problems involving interfaces'#, such as the seafloor in underwater acous-
tics or the surface of an object immersed in a fluid. Firstly, FD formulas are valid only for
sufficiently smooth functions, while, along a boundary between media, the mechanical fields
are generally discontinuous or even defined differently in different adjacent domains. Sec-
ondly, the wave variables must verify not only the LECM but also appropriate constraints?
that are not incorporated in FD algorithms. Finally, FD methods are typically implemented
on regular Cartesian grids. Consequently, an interface is implicitly represented as a series of
stairs and steps, which generates spurious reflected and transmitted waves and degrades the
quality of the numerical solution unless sufficiently small grid spacings are employedt®. To
sum up, without an adequate treatment of the interfaces, the reflection and the transmission
of acoustic and elastic waves are generally not correctly described by FD algorithms.

To cope with these issues, one of the strategies proposed in the literature employs the
immersed interface methods (ITMs)44¢20  Among the IIMs, two particular algorithms for
solving the linearized equations of continuum mechanics deserve consideration: the IIM de-
veloped by Zhang and LeVequel® and the method proposed by Lombard and Piraux"®. In
the former, the coefficients of the FD formula are modified near the interfaces to account
for the aforesaid constraints, thereby maintaining an acceptable level of accuracy. In the
latter, a unique FD scheme is instead employed in the whole computational domain, and
ghost or modified variables are used where the FD stencil crosses a boundary. Both tech-
niques allow for the geometrical features of the interfaces. The latter method is however
more attractive for two main reasons: firstly, it exhibits higher numerical stability, which
is indispensable in configurations involving materials with high contrasts of the physical
parameters; secondly, unlike the Zhang’s IIM, it can possibly reach arbitrary orders of accu-
racy. Nevertheless, despite its potential, current implementations of the latter IIM are only
second- or fourth-order accurate. Unfortunately, high-quality numerical simulations often
require a high resolution in terms of points-per-wavelength, especially when the number of
grid points in the computational domain is limited, for instance by the GPU memory.

The core of the algorithm proposed by Lombard and Piraux'* lies in the computation of
the ghost variables in the neighborhood of a boundary between media. The ghost variables
are deduced from smooth extensions of the mechanical fields into the adjacent domains.



This calculation is performed through the “explicit simplified interface method” (ESIM),
which requires high-order spatial derivatives of the interface constraints. More specifically,
Lombard and co-authors argued, on the basis of the work carried out by Gustafsson?,
that conditions for the (k — 1)""—order derivative of the unknown field are needed for a FD

2021 Unfortunately, deriving explicit expressions

scheme to retain k™" —order global accuracy
for such derivatives is an extremely tedious task, even for small values of k. For this reason,

Lombard and Piraux"® suggested the use of symbolic calculus software.

This manuscript aims at elaborating a formally arbitrary-order generalization of the two-
dimensional IIM proposed by Lombard and Piraux** where the main novelty is the auto-
matic computation of arbitrary-order spatial derivatives of the interface conditions. Specif-
ically, the present method consists in the coupling of two main ingredients:

1. an ADER (Arbitrary high-order schemes using DERivatives) scheme of order s in both
space and time®Y to compute the numerical solution of the linearized equations of

continuum mechanics;

2. a k™ —order ESIM for the treatment of the interfaces and the calculation of the ghost
values in the neighborhood of material interfaces.

In order to simplify the forthcoming discussion, the proposed method is referred to as
ADESIM s — k. The main contribution of this work is the development of a novel algorithm
that calculates the arbitrary-order spatial derivatives of the interface conditions. Besides,
although the ADER schemes were originally derived in the framework of the finite-volume
method“®=Y a derivation based on finite differences is additionally carried out®. Finally, the
proposed algorithm would be beneficial for the extension of the method to three-dimensional
configurations as it allows the explicit calculation by hand of a high number of terms for the
spatial derivatives of the interface conditions to be avoided (for instance, see the appendix

in Lombard“¥).

The paper is organized as follows. The physical problem, the governing equations, and the
interface conditions are introduced in Section [[Il Section [[II] is devoted to the development
of the novel algorithm for calculating arbitrary-order spatial derivatives of the interface
conditions. The ADESIM s — k method is then described in Section [[V] In Section [V] two
numerical experiments are discussed to assess the validity of the method. The improvement
of the numerical accuracy when increasing the order of both the numerical scheme and of the
interface treatment is more particularly examined by comparing the numerical results with
analytical solutions. Specifically, the numerical tests will show a significant improvement
of the accuracy for high values of s — k, e.g. s =6 and k£ = 5, compared to the standard
method with s = 2 and k = 2. Concluding remarks are finally drawn in Section [V1|
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II. DESCRIPTION OF THE PHYSICAL PROBLEM

Introduce a Cartesian coordinate system Oxy and consider a generic interface I' separat-
ing a fluid domain €; from a solid medium €, (cf. Figure . The curve I' is described by

a parameter 7 as

I'={(z(r),y(r)) | T € IS R}, (1)
and its tangential and normal vectors, labeled as t and n, are defined by the expressions
T T
dr dy dy dzx
t = - =z = - - 2
™) {dT d7‘| n(") |:d7’ dT] @)

where the symbol 7 indicates the matrix transposition. The interface I' is of class C¥, i.e
the functions d*z/d7* and d*y/d7* are everywhere continuous up to a order k.

In the study reported in this paper, the mechanical waves propagating through the media
Q1 and €2, are considered as small-amplitude perturbations of initial undisturbed ambient
states (linearity assumption). The fluid ambient state is characterized by the density p¢ and
by the speed of sound ¢. The acoustic propagation is described by the two components of
the velocity perturbation u, uf and ui, and by the pressure perturbation p, collected in the
vector U = [ui qu p}T.

The physical parameters for the solid ambient state are the density ps, the speed of the
P-waves ¢, and the speed of the S-waves ¢, both expressed in terms of the Lamé coefficients,
X and i ie. ¢, = /(A +201)/ps and ¢, = \/Ji/ps. The elastic propagation is described by
the two components of the elastic velocity u, uj and uj, and by the three components of the

. . T
S
elastic stress tensor X, 04, 04, and oy, collected in the vector U = [um Uy Ozz Ouy ayy} .

Along with the small perturbation hypothesis, the following premises are made:

e within each material domain, all ambient variables are independent of space and time;
e the fluid is at rest;
e the solid is isotropic and elastic;

e attenuation phenomena and body-force effects (such as the effect of gravity) are neg-
ligible.

Under these assumptions, the linearization of the equations of continuum mechanics leads

to a first-order linear hyperbolic system=#44:

ou ou ou

— =-A—-B—. 3

ot ox oy (3)
In Eq. , the matrices A and B are constant and depend on the physical parameters.
The matrices are defined in a space A, B € R3*3 in the fluid, and A, B € R5*% in the solid.

Finally, for the mathematical problem to be well-posed, the following conditions must be

additionally verified at a generic point P on the interface I' and at each instant of time®1%:
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FIG. 1. (color online) Interface between a fluid €27 and a solid €9

e the normal velocity is continuous,

[u'n] =0, VP eT,Vt; (4a)

e the normal stress is continuous,

n'Sn = —p, VP eI, Vt; (4b)

e the tangential stress vanishes,

t'Yn =0, VP €TVt (4c)

III. ARBITRARY HIGH-ORDER INTERFACE CONSTRAINTS

In this section, the algorithm developed to compute arbitrary-order spatial derivatives
of the interface conditions is described. Such derivatives are employed in the ADESIM
s — k method presented in Sec. [[V]

A. Notations

Consider a point P on T' (cf. Figure[l). The limits of the solution U(z,y,t) and of its
spatial derivatives up to the order k are collected in the vector
U U 8°U Ul

ko . c_ _
U, _M—>1113,I]r\14e§2i U, or By Bme oy By | =12, a,=0,...k (5

where the subscript ¢ indicates the medium.
By definition, the n'® term in UF is

| 2ol
k _
U: [TL] - M—>1113,H]\}[€Q¢ axa_ﬁayﬂa
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where U[l] is the [*" component of U. The index n is identified by the function

da(a+1)

n =idx(«, 8,1,d) = 5

+dp +1, lel,... . d, (7)
where d is the length of U. The total number of terms in U} is simply

ids(k, &, d, d) = w

+dk + d. 8)

As a result, the vectors UF and U¥ contain respectively 3(k*+3k+2)/2 and 5(k*+5k+2)/2
components.

For the sake of consistency, the following notations are employed for the matrices A and
B:

M—P,MeS; M—P,MeS);

B. Arbitrary-order derivatives of the interface constraints

The interface constraints are rewritten as

CYUP = COUY

; (10)
LUY = 0
where the matrices C?, C9 and L§ are defined by the following expressions:
[ d
_dy dz 0
o0 — dr dr
1= o d 2 (dy 2
i dr dr
[ dy dx
Cg = 2 2
0o o (W) _pdrdy (dy
i dr drdr \dr
2 2
oo @ (W) e\ ara
dr dr dr dr dr dr

Arbitrary-order interface conditions are developed by deriving Eqs. with respect to the
variables 7 and t. The term *TOUL /07~ 90t9, with T? equal to either C?, CY, or L3, is
given by the formula (for instance, see Hardy™* and references therein):

akTOUO k—a 4q aq1+Q2T0 ak*m*QQUiO
7-k‘ 90tq X:OZ:U 0 OT0 ot Ork—a—ata—a2” (12)
q1 q2
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Since the matrix T? only depends on the parameter 7, the double sum does not vanish
only if g = 0. Therefore, Eq. is simplified as

O L (k—q) dT? 90
-3 (", (13

ork—agta drl Ork—a-lota’

The derivatives d'TY/dr! are computed through the formulas for the derivatives of prod-
ucts provided by Hardy®*. The function 91U} /dt? in is calculated through the Lax-
Wendroff (or Cauchy-Kovalevskaya) procedure?, which consists in replacing, in Eqgs. (3],
the ¢""—order temporal derivative with spatial derivatives:

01Uy 0 0\

= (-1 (A,=— +B,— O 14

o= (1 (A 1B ) O (14

By employing combinatorial rules for the binomial term, the above system is further devel-

oped as

MU Uy

= = —1)"M; g, 15

otd Z( ) g axquaym ( )

m=0
where M, ,, , is the sum of the n,, unique permutations of (¢ — m) matrices A; and m
matrices B;.
As an example, M, ; 3 is equal to the sum of the unique permutations of 2 matrices A; and
1 matrix By, i.e. A;A;B;, A;B;A;, and B;A;A; ie. M3 =AAB;+ABA;+B;A/A,.
Inserting Eq. in Eq. yields the following expression:
kTO 0 k—q ¢ lTO q k—q—1TT0
ng qg—tq ZZ ( ) dd l Mivm»qaxqamaym (aaquU} ) ' (16)

=0 m=0

To calculate the term 9*~4~'U /o7%=97!  a short digression is needed. Suppose that f,g :
R — R are functions admitting n derivatives. According to Mennucci®?, the N*"—derivative
of the composition f(g(7)) is given by the Faa di Bruno’s formula=®:

d¥f(g(r) < 1 d*f(g)
a2 ag Ze@ ( ) o (17)

(8150 sn)€ECN

In Eq. , the internal sum is over all the compositions Cy of the integer N into n parts,
i.e. over all the n-tuples of positive indices s., » = 1,...,n, that satisfy the constraint
s14+ -+ s, = N. For given n and N, the total number of possible compositions is

i (::f) = oN-1, (18)

By moving the derivative d” f(g)/dg" inside the product sign, Expression is rewritten

d¥ f(g(r | N "
dg'g]\E . :Zﬁ Z (31,52,...,sn>

d*rg(7) d
(&), )
. drsr dg
n=1 (51 ..... Sn)GGN

r=1

as




According to Mishkov®?, when a composite function f(g(7)) depends on a vector variable g,
g(7) = [91(7), g2(7), ... ], the derivative d* g(7)/d7°"d/dg must be replaced by the operator
(d*g/d7*" - V). As a consequence, the function 0*~9-'U; /0797 is equal to

k—q—1

ok—a-ly? 1 k—q—1 L (A0 dty 0
i _ 1 - — U’ (20
Ork—a—1 Z nl Z (51, S9,.. ., 8n> H (dTST oz * drsr 8y) ‘ (20)

n=1 (51,,5n)ECR—q—1 r=1

The derivative O*TYU? /07%790t7 is then given by the formula

i v O e G R (-1 (k—aq\ [k—q—1
g — 22222 2 b e )
=0 m=0 n=1 (s1,...,5n)€CK_q—1

d'T? By o (dvz 9 dy D
—— Minaa—im oz dy 3
g e g m gy m [H (dTST' r  dre dy )] v

r=1

(21)

In Eq. , the factor between brackets is the product of n binomials of the form (a, + b,),
with r = 1,...,n. By virtue of the rule of product, this factor is rewritten as the sum of
2™ terms, each of which is the product of n monomials chosen in the n distinct aforesaid
binomials.

Despite its apparent complexity, Eq. is recast in the form

OFTIUY?
ekprk = 2 TiTi
TU; = Srh-apta” (22)
Combining all the derivatives up to the order k yields the expression:
T
oL oTUY 0T}UY 0’“T?Ul«0} — [Tq,o Tl it Tl'c,k]TUik:T?Uik' (23)
cTY or ot otk oot ‘

Enforcing the continuity of the derivatives of CU? and requiring that the derivatives of
LIUY vanish on T finally leads to the following system:

CiUy = CUy (24a)

LUy = 0 : (24b)

For a given value of k, there are (k 4+ 1) possible mixed derivatives. Consequently, the
matrices CF and L¥ have respectively (k? + 3k +2)/2 x 2 and (k* + 3k + 2)/2 X 1 rows,
and

Ck ¢ R (k?+3k+2) x idx(k,k,d,d)

I

L € RUP+3k+2)/2x idx(kkdd)
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C. Irrotationality of the fluid flow and compatibility conditions for the elastic
stresses

As highlighted by Lombard and Piraux"¥, the components of U are not independent,
but linked by compatibility relationships. Such constraints, along with their higher-order
derivatives, are employed as supplementary constraints for the treatment of the interfaces.
For the sake of completeness, they are briefly recalled in the forthcoming lines.

Under the assumptions made in Section [[I} the fluid flow is irrotational. Therefore, the
curl of the acoustic velocity vector must be identically nil:

(9ui out
8y — (9_; = 0. (25)

Deriving Expression (25) (kK — g — 1) times with respect to x and ¢ times with respect to y
yields the following equation:
okul ol

Qxk—a—19ya+1 o Oxk—10ya =0, k21, 0<g=<(k-1) (26)

For a given order k, (k? + k)/2 constraints are derived. Moreover, they must be verified at
each location (z,y) in the fluid and in particular at the interface point P. Consequently,
the vector UF must satisfy a linear system of the form

FiUf = 0. (27)

The matrix F}¥ ¢ RO +8)/2xidx(kk33) j5 computed through the algorithm provided in Algo-
rithm [l
In a two-dimensional isotropic elastic solid, the three components of the stress tensor
are completely determined by the two displacements along the horizontal and vertical axes.
Hence, the functions o,,, 0., and o,, are not independent and must verify a compatibility
condition. More specifically,
0%0 40 Doy, oy 0% Doy,

e} — +« T ta
0x? U a2 0xdy ! 0y?

~0. (28)

The coefficients a; and «s are given in terms of the Lamé parameters, i.e. a; = (;\ +
21)/[4(N + )] and ay = —\/[4(A + 1)]. Deriving Expression (28) (k — ¢ — 2) times with
respect to z and ¢ times with respect to y yields the equation

004 ‘e 8kayy B 8’“0%, fa o alo
Oxk—10y4 Yoxk-agyr  Pak-a-1gyatl ' Opk—a-29ya+2
ooy,

+
(29)
=0, k>2, 0<q<(k—-2).



For a given order k, (k* — k)/2 constraints can then be derived. As in the case of the fluid
domain, they must be verified at each location (z,y) in the solid and in particular at the

interface point P. As a consequence, the vector Uy must satisfy a linear system of the form
FiUY = 0. (30)

The matrix F§ e R**~k)/2xidx(kk55) ig calculated through the algorithms provided in Algo-
rithm [2

1: g=1;
2: forn=1:%kdo
3: fori=0:(n—1)do
4: F#(q,idx(n,i +1,1,3)) = +1;
5: F%(q,idx(n,i +0,2,3)) = —1;
6: q=q+1;
7. end for
8: end for

Algorithm 1: Algorithm for the computation of the matrix F%.
1. g=1;
2: forn=2:k%kdo
3: fori=0:(n—-2)do
4: F5(q,idx(n,i +0,3,5)) = +asz;
5: F5(q,idx(n,i +0,5,5)) = +a;
6: F&(q,idx(n,i +1,4,5)) = —1;
7 F&(q,idx(n,i +2,3,5)) = +ai;
8: F&(q,idx(n,i+2,5,5)) = +az;
9: q=q+1;
10:  end for
11: end for

Algorithm 2: Algorithm for the computation of the matrix F5.

The constraints and (30]) are then used to reduce the number of unknowns in UF
and U¥, respectively Let U, ch and UF 'r be the vectors containing the degrees of freedom
to Keep and Remove from UF, respectively. In the fluid vector, the degrees of freedom
0"u, /0x""90y?, for n = 1,....,k and ¢ = 0,...,(n — 1), are removed. For the solution in
the solid medium, the unknowns 0", /0z" 90y?, for n = 2,...,k and ¢ = 0,...,(n — 2),
are considered dependent variables. As a consequence, the vectors Uﬁ x and UQIf x have
(k* + 4k + 3) and (2k? + 8k + 5) components, respectively. The system FfUF = 0 is

conveniently rearranged as

(Fhy Flyl L (31)
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Therefore, the relation UL-’fR = —Fﬁ R_l Ff KUZfK holds and the vector UF is conveniently
rewritten as

Uik = GfUL‘I?Ka (32)

where the matrices GF e Ridx(®k3.3)x (K +4k+3) anq GE € Ridx(hk5:5) x (2K +8545) gre defined

by the formulas

i | PERT i | EYCEE
Gl = e - 1 & ) GQ = k- 1 K ) (33)
-Fip Fig -Fsp Fsg

where I, € R7*7 is the identity matrix of size ¢ x ¢. Inserting Expression in Eq. (24b))
yields
LfoUfK =0, (34)

where the relation (24b)) for ¢ = 1 is verified by default being a fluid at rest. Therefore, the
vector UF . belongs to the kernel Zpxgr of LYGY. Let Zprgr be the matrices whose columns

are the basis vectors of Zyrgs. Then, any Uy € ZLyrrgr can be expressed as

U'ITK = ZLfoV;fCK' (35)

t

e vectors an ave respectively + 4Kk + o) an + + components,
Th V¥ and V) h ively (k% + 4k + 3) and (3k? + 13k +8)/2
and, consequently, Zyrqr € R (k?+4k+3) x (K2 +4k+3) 519 Zyrar € R (2k*+8k+5) x (3k*+13k+8)/2  The
11 22
matrix Zprgr is deduced from a Singular Value Decomposition (SVD) of LEGF.
The interface conditions C¥UF = CEUY are finally rewritten as

STV = S5V, (36)
where the matrices S} and S% are defined by the following formulas:
Sllf _ leG’fZL'fG'f e R(k2+3k+2)><(k2+4k+3);

37
Sk — CISGSZLkgk e R (k*+3k+2) x (3k>+13k+8)/2 ( )
22

To employ the ESIM, the solution V,* must be expressed as a function of V}*, and
viceversa. System is underdetermined and is solved through the SVD method. Its

general solution is
+ +
Vi = SETSIVE o+ [T ronrsyo — 5785 AL, (38)

+ . . 2 .
where S is the pseudoinverse of S§ and A} € RGF+13648)/2x1 i any real column vector.

An analogous result holds for V¥,
Vi = SETSEVE + Lo s — S§7SH] AL, (39)

where SF* e RO +4k+8) x (2 +3k42) j5 the pseudoinverse of S¥ and Ak € RE*HE+3)x1 jg apy

real column vector.

11



IV. ADESIM s — k METHOD

In this section, the ADESIM s — k method is presented. The ADER scheme employed for
solving the governing system is first outlined. The ESIM procedure, with the novel algo-
rithm for computing arbitrary-order spatial derivatives of the interface conditions outlined

in Section [[TTC] is then recalled for the sake of completeness.

A. ADER schemes for the governing system (3))

Define a time step At and a uniform Cartesian grid, consisting of N, and N, nodes
along the r— and y—axes, respectively (cf. Figure . The spacings are labeled as Ax
and Ay and, for the sake of simplicity, they are assumed equal throughout this paper,
Axr = Ay. The interface I' is immersed in the computational mesh. Consider a generic
point M of coordinates x; = iAz and y; = jAy, withi=1,..., N, and j =1,..., N,, and
suppose temporarily that M is sufficiently far from I' (blue node in Figure . The function
U(z,y,t) is therefore smooth in a neighborhood of M. The term U (x;,y;, t,41), evaluated
at the instant t,.1 = (n 4+ 1)At, can be formally computed through a Taylor series around
tn:

(40)

At? 01U
U(xiayﬁtn-‘rl) lﬁy?/m +Z ot
q=1

T=Tq,Y=Yj,t=tn

Using Eq. to replace the temporal derivative by spatial derivatives and employing the
combinatorial rules for the binomial term, as done in Eq. , yields the expression

U(xiayj7tn+l) = U<x27yj7tn> +

thq U
Z Z (X ey

g=1 m=0

(41)
+ O(AtT).

T=T4,Y=Yj,l=tn

Note that the temporal Taylor series has been truncated at the order s, with only even s
considered in this work. The matrix M,, , is defined as in Section @ A numerical scheme
is then obtained by replacing the spatial derivatives with finite-difference formulas. To this
end, a square stencil centered at the point (z;,y;) and employing at most (s 4+ 1) x (s + 1)
nodes is used. The approximation Ui’?fl of the solution U (z;,y;, tp+1) is written as

s/2 s/2
Ut =0+ Y ) DagUl, s (42)
a=—s/2 f=—s/2

The numerical scheme has the structure of a single-step finite difference method,
with a stencil of (s+1) x (s+ 1) nodes centered around the point M, and can be abstractly
rewritten as

n+1 n n
Ui,jJr = (U‘fs/Q,jfs/ZJ R U'+s/2,j+s/2) ) (43)

3 (3

12



FIG. 2. (color online) Computational grid

where # is a linear discrete operator. The scheme # is of order s in space and in time, i.e.
the local truncation error behaves as O(A#** Az*t1 Ay*+t1). Moreover, the grid spacing
Az is related to the time step At by the Courant-Friedrichs-Lewy number

CFL = max(ar, &, as)%, (44)
xr

whose maximum value is 1/ V2 for s = 2 and z 1 for s > 450

B. Explicit simplified interface method (ESIM)

Consider at present a node My of coordinates (z;,y;) and close to the interface I' (cf.
Figure . Assume that one of the stencil points @) of coordinates (zyiax,Ysip+), @*, f* €
[—s/2,s/2],a* # 0,8* # 0, lies in the adjacent domain (red asterisk in Figure [2)). The
node My is therefore regarded as irregular and Formula (43) cannot be applied, without
modifications, to calculate the approximation U}fjl of U(xr,ys,tnr1). The ESIM method
provides a strategy to overcome this issue. Its basic idea is to employ Expression (43]) at the
node My as well, upon replacing the term U}, . ;. 3. with an appropriate modified or ghost
value U7} .. 7, 5. As an illustration, the numerical solution U}f}rl at the red node displayed

in Figure 2] would be computed as

n+l __ Nk n n
UI,J - gf( I-1,J-1» UI+0,J71? UI+1,J717
n n n
UIfl,J+07 UI+0,J+O7 UI+1,J+0’ (45)

n n n
UIfl,J+1> UI+0,J+17 UI+1,J+1 )
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Let €2; and €); be the domain of the irregular node My and the opposite medium, respectively.
Moreover, let Py be the orthogonal projection of () on the interface I', with coordinates
(zpy,Ypr,). The ghost value U, ;, 5. can be interpreted as the point value of a smooth
extension U* of the mechanical field U in €; into the domain §2; (the fluid solution is
smoothly extended in the solid side and viceversa). Such an extension is defined by a
k™ —order Taylor series around the point Py seen from the domain €;:

U*(l',y,t) = Hf(m,y)Uik(a:pQ,pr,t). (46)
In Eq. (46), the components of the matrix IT¥ € R¢*idx(kkdd) are given by the expression

( —2py)""(y — yry)"
(v —w)lw!

IIF [, idx (v, w, 1, d)](z,y) = , l=1,...,d, r,s=1,... k. (47)

The modified value U7} .. ;, 5. is then calculated as

ok s

k k
I+a*,J+B* — IT; ($I+a*a yJ+5*)Ui,I§LQ7 (48)
where Uf}% is an approximation of the vector Uf(a:pQ,pr,tn). Therefore, computing
Uit
Assume at present that the point @ is located in the solid side, as in Figure 2] In order

. . k,n
J4p* 18 tantamount to estimate Ui,PQ'

to evaluate Uf}_f‘Q, a set B of grid nodes surrounding Py is employed (cf. Figure . This

FIG. 3. (color online) Set of nodes B for the estimation of the vector Uf}ff@

set is enclosed in a circle centered at the point Py with a radius rg¢ and is divided into two
subsets B;, ¢ = 1,2, by the interface I'. The solution at a node of indexes (i, 7) in the subset
B, is given, at the instant t¢,,, by the expression

Ul(x;,yj, tn) = f(zi,y;) UL (t,) + O(AzFHY)

(49)
= I (23, 4;) GYZypgr Vi (L) + O(Az*),
which is rewritten as
k k ViE(ta) k+1
U(zi,yj,tn) = I (25, y;) GiZyrar L2 rarts) OA’f] A1) + O(Az"), (50)
1In
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where Oy is the null matrix of size (k? +4k +3) x (3k? + 13k +8) /2. At a point of indexes
(1, 7) located in the subset By, the solution at the instant ¢, is instead given by the following

formula:
Ul(x;,yj, tn) = 52, y;)US (t,) + O(AzFH!)
(51)
= I (2, y;) G5 Zyyy Vo' (ta) + O(AzMH).
Using Eq. to recast the vector V¥ as a function of the vector V/* yields
k k ktQk kT qk Vi (tn k+1
U (i, y5,tn) = Hz(xz‘ayj)GzzL’gG’g [Sz St (I(3k2+13k+8)/2 —S; S2)] A’“(t ) +O(Az").
1\"n
(52)

Combining Equation and Equation for all the nodes in B leads to an expression of
the following form:

U(ziy,yj,,tn) Vi (t,) O(Azrth)
(UMg = |U@iys Yjor tn) | = Mg 1 (i, Yjys Ty Yo - - - ) + : - (53)
: Ak(t,) O(AzHtY)
The radius rg of B is chosen in such a way that System is overdetermined. A convenient

restriction M§,1 of the pseudoinverse Mg ; of the matrix Mg, provides an approximation

of the unknown vector V¥ and

UL"T}% = G’fZL’fG’fM%J (un)@ . (54)

The modified value U . ;, 5. 1s finally calculated as
U}l—:a*,J—l-B* = H?(fnra*» yJ+,8*)GIfZL’fG’fM§,1 (un)@ . (55)
For a node @ in the fluid side, an analogous procedure leads to a formula of the form
}Z—:a*,J—FB* = Hf(xlw*, ?JJ+B*)G12€ZL§G§M;§,2 (un)@ . (56)

The computations of U} 7, and UTY,. ;. 5. involve the high-order constraints described
L, 1Q s

in Section @ As a result, the modified or ghost value U7},. ;, 5. implicitly allows taking

into account the interface conditions, which are necessary for a correct description of the

reflection and transmission phenomena of waves at a boundary between different media.

The above procedure must be repeated at each time step for all irregular nodes and grid

points located in the opposite side of I', before using the ghost values in the scheme (43)).

V. NUMERICAL EXPERIMENTS

Two numerical experiments are carried out. In the first test case, the propagation of

a plane wave through a flat fluid/solid interface is simulated. This benchmark aims at

15



demonstrating the improvement of the accuracy and of the convergence rate when increasing
the orders s and k of the ADER scheme and the interface treatment. The second experiment
concerns the acoustic scattering of a cylindrical pulse by a water-filled aluminum cylindrical
shell immersed in water. Its goals are to show the ability of the ADESIM s — k method to
handle curved interfaces and to examine the resolutions in terms of points-per-wavelength
for various values of s and k.

A. First test case

In the first test case, the material boundary is described by a parameter 7 as
[={(z,y) eR*|z(7) = 0,y(r) = 7.7 € R}, (57)

and the physical properties of the media are set to py = 1000kgm™3, & = 1500ms1,
ps = 2600kgm=>, ¢, = 4000ms™!, and ¢ = 2000ms~'. The initial field is a plane wave
propagating in the fluid with an angle 9 of 21° with respect to the horizontal axis and is
defined by the expression

Ul y.t) = — {COZW S”;E’?) ﬁfry (t _ 3) , (58)

C1

for t = 0. The function F is a C° spatially-bounded combination of truncated sinusoids and
is given by the formula®!

4
mZ:lamsin(bmwo&) (e {O, i—ﬂ} |

[

F(&) = (59)

0 otherwise

where a; = 1, ay = —21/32, a3 = 63/768, ay = —1/512, by, = 2™ ! and wy = 27 x 8kHz.

The physical domain of interest spans the square [—2,2] m x [—2,2] m. At its boundaries,
the analytical solution provided by Lombard®? is employed to update the mechanical field
U. Different simulations are performed with various values of Az, s, and k. The Courant-
Friedrichs-Lewy number CFL is set equal to 0.95 for s > 4 and to 0.95/1.5 for s = 2. The
numerical results are compared with the analytical solution.

The stresses oy, obtained at three different instants of time with Az = 1/256m, s = 6
and k = 5 are reported in Figure (4| (in the fluid o, = —p). In the fluid, the mechanical field
consists of an incident and of a reflected acoustic waves. In the solid, transmitted P- and
S-waves are observed.

The errors in norm L, calculated at the instant t = 7.4 x 10~%s, on the line y = —0.1m,
are displayed in Figure [5| with the convergence rates. In agreement with the theoretical

7

results of Gustafsson®? a (s — 1)""—order interface treatment coupled with a s™—order

ADER scheme is sufficient to maintain s*"—order global accuracy. The schemes ADESIM
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FIG. 4. (color online) First test case. Stress fields oy, at three different instants of time obtained
through the scheme ADESIM 6 — 5.
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FIG. 5. (color online) First test case. Convergence rates.

2 —2, ADESIM 4 — 2, ADESIM 4 — 3, ADESIM 6 — 3, ADESIM 6 — 4 and ADESIM 6 — 5
exhibits indeed the following rounded convergence rates: 2, 3, 4, 4, 5, 6.

The results obtained with Az = 1/128 m and through different values of s and k are
illustrated in Figures [0} In particular, the signals of pressure calculated at the point of
coordinates (—1,0) m are plotted in Figure @(a); the signals of vertical stress o, associated
with the transmitted P- and S-waves and obtained at the node of coordinates (0.8,0) m
are displayed in Figures [6]c) and [6](e), respectively. The corresponding one-sided energy
spectral densities are shown in Figures [f[(b), [6[d) and [6[f). While numerical dispersion
is observed on the curves computed with the second-order ADESIM scheme, the signals
calculated through the fourth- and sixth-order methods are in good agreement with the exact

solutions. Increasing the orders of both the ADER scheme and of the interface treatment
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FIG. 6. (color online) First test case. (a) Reflected pressures at the point (—1,0) m. (b) Transmitted
P-waves and (c) transmitted S-waves at the point (0.8,0)m. (d)-(e)-(f) Corresponding one-sided
energy spectral densities. Results obtained analytically (black lines) and numerically, with Az =
1/128 m, through the following methods: ADESIM 2 —2 (purple lines), ADESIM 4 — 3 (blue lines),
ADESIM 6 — 3 (green lines), ADESIM 6 — 5 (orange lines).

improves the numerical accuracy.

B. Second test case

In the second test case, the internal and external fluid/solid interfaces are described by

the parametric equations

Cinternal = {(z,y) € R? | 2(7) = rycos(7) + 0.5, y(7) = r;sin(7), 7 € [0, 27[}, .
Cexternal = {(2,y) € R? | 2(7) = rocos(7) + 0.5, y(7) = resin(r), 7 € [0,27[},

where 7; = 0.4m and r, = 0.5m. The density and the speed of sound of the internal and
external fluids are py = 1000kgm™ and & = 1500ms~!. The properties of the solid are
ps = 2700kgm™3, ¢, = 6420ms™ !, and ¢; = 3040ms~'. The initial mechanical field is
nil and an incident cylindrical pulse (Ricker wavelet) is excited in the external fluid by the

pressure source

1 2
S(z,y,t) = —— [1 _ %(t _ tC)Q} e—we(t—te)?/4 = (z—wc)? /o —(y—ye)? /a® 00 1]T’ (61)
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where w, = 27 x 20kHz, t. = 0.1ms, z. = —0.5m, y. = Om, and o = 0.005m. The term
is integrated in the numerical solution at the end of each time step through the Euler
method.

The computational frame spans the square [—1,2]m x [—1.5,1.5|m. At its boundaries,
the radiation conditions proposed by Tam and Webb®® are employed to minimize the reflec-
tions of outgoing waves. Simulations are performed with Az = 3.75 x 1072 m by employing
the following schemes: ADESIM 2 — 2, ADESIM 4 — 3, ADESIM 6 — 3, and ADESIM 6 — 5.
The Courant-Friedrichs-Lewy number CFL is set equal to 0.95 for s > 4 and to 0.95/1.5
for s = 2. The numerical results are compared with the analytical solution. The latter is
computed via standard techniques for acoustic scattering by cylindrical shells®, with the
incident acoustic field calculated as suggested in Sabatini et al.%?.

The stress fields o,, obtained at four different instants of time through the scheme
ADESIM 6 — 5 are displayed in Figure [7] At ¢ = 0.33ms (cf. Figure [f(a)), a cylindri-
cal impulsive wave has been excited in the ambient fluid and is travelling toward the shell.
At ¢t = 0.66ms (cf. Figure[7|(b)), the pulse has been reflected by the external interface and
is propagating through the object. At ¢ = 1.32ms (cf. Figure [f|(c)) and ¢ = 2.74ms (cf.
Figure[7|(d)), the scattered field has filled the whole physical domain of interest.

The signals of pressure calculated at the point of coordinates (—0.5,0) m are shown in
Figures [§[(a) and [§(b) along with the analytical solution. The corresponding one-sided en-
ergy spectral densities are displayed in Figure (c) While numerical dispersion is observed
on the results computed with the second- and the fourth-order ADESIM schemes, the curves
calculated through the sixth-order methods are in excellent agreement with the exact solu-
tion. This trend is also visible in the ESD diagram, which clearly shows the increase of the
numerical accuracy with the orders s. As an illustration, for s = 6, appreciable differences
between the numerical and the exact ESDs only appear for frequencies higher than about
52 kHz. In order to quantify the accuracies of the computations, a relative error &pry_,) for
the modulus of the Fourier transform of a numerical time series is introduced:

_ ’FT{_pnumerical}(f> - FT{_panalytical}(f)|
’FT{_panalytical} (f)| .

For each numerical signal, the function Epry_,y(f) is smoothed through a moving average

Err{—p}(f) (62)

with a window length of 2kHz. The resulting curves are plotted in Figure [§f(d). For each
scheme, the smallest resolved wavelength A, is then defined as the minimum value of
A = ¢/ [ such that Epri_py(f) < 1071, The results are reported in Table . Note that with
ADESIM 6 — 5, the largest resolved frequency fine. is 342% higher than the one resolved
with standard method ADESIM 2 — 2. Consequently, the number of points required for
resolving the smallest wavelength \,,;, drastically reduces by the same percentage amount,
bringing to a significant gain in computational memory requirements.

Increasing the orders of both the ADER scheme and the interface treatment, while keeping
the grid spacing Ax constant, clearly enhances the numerical resolution. As an illustration,
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FIG. 7. (color online) Second test case. Stress fields o4, at four different instants of time obtained
through the scheme ADESIM 6 — 5.

Method s — k' Max.resolved f (Hz) Apin/Ax

ADESIM 2 —2 15.38 26.01
ADESIM 4 — 3 34.39 11.63
ADESIM 6 — 3 51.75 07.73
ADESIM 6 — 5 52.63 07.60

TABLE I. Second test case. Numerical accuracies in terms of points-per-wavelength.

a sixth-order ADER method coupled with a fifth-order ESIM achieves a resolution of about
Amin/Az = 7.6 points-per-wavelength, which is comparable to the accuracy of very-high-
quality solvers, such as the well-known SPECFEM code based on the spectral element

JBITHI3

metho On the other hand, for a fixed value of A,;,, the minimum Az verifying

the resolution requirements grows roughly linearly with s. As a consequence, for a given
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FIG. 8. (color online) Second test case. (a)-(b) Signals at the point of coordinates (—0.5,0) m
obtained analytically (black lines) and through the schemes ADESIM 2 —2 (purple lines), ADESIM
4—3 (blue lines), ADESIM 6—3 (green lines), ADESIM 6 —5 (orange lines). (c) Corresponding one-
sided energy spectral densities. (d) Relative errors for the absolute values of the Fourier transforms

of the numerical signals.

value of the maximum frequency to be resolved and for given dimensions of the physical
domain of interest, the number of points per direction decreases linearly with s and the
total number of nodes diminishes quadratically. This study clearly shows the potential gain
in the computational cost offered by the ADESIM s — k& method over classically-employed
FD schemes.

VI. CONCLUSION

An arbitrary-order immersed interface method has been developed for the simulation
of the two-dimensional linear propagation of mechanical waves in heterogeneous media in-
cluding fluid and solid domains. The proposed technique uses ADER schemes of arbitrary
accuracy in space and in time to solve the governing equations and employs the “explicit
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simplified interface method” (ESIM) by Lombard and Piraux™ for the treatment of the in-
terfaces. In order to implement the ESIM, arbitrary-order spatial derivatives of the interface
conditions are required. To this end, an algorithm for their numerical computation, which
does not require the knowledge of their explicit analytical expressions, has been derived.
This procedure could be extremely useful for future developments in three dimensions. Two
numerical experiments have been finally examined: the propagation of a plane wave through
a flat fluid/solid interface and the propagation of a cylindrical pulse through an aluminum
shell immersed in water and filled with water. The improvement of the convergence rate
and of the numerical accuracy when increasing both the order of the ADER scheme and
of the interface treatment has been more specifically demonstrated. In particular, a sixth-
order ADER method coupled with a fifth-order ESIM allows achieving a resolution of about
7.6 points-per-wavelength, which is comparable to the accuracy of very-high-quality solvers,
such as the well-known SPECFEM code.

The present study leaves various unanswered questions that will be the subject of future
investigations. Firstly, specific strategies must be developed for the treatment of non-smooth
and crossing interfaces. Secondly, a stability analysis is required to rigorously define the
range of applicability of the present numerical technique. Finally, the method must be
extended to three-dimensional configurations in order to investigate more realistically the

propagation of mechanical waves in heterogeneous media.
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