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Exact Diagonalization of SU(N ) Fermi-Hubbard Models

We show how to perform exact diagonalizations of SU(N ) Fermi-Hubbard models on L-sites clusters separately in each irreducible representation (irrep) of SU(N ). Using the representation theory of the unitary group U(L), we demonstrate that a convenient orthonormal basis, on which matrix elements of the Hamiltonian are very simple, is given by the set of semi-standard Young tableaux (or equivalently the Gel'fand-Tsetlin patterns) corresponding to the targeted irrep. As an application, we study the robustness of some SU(N ) phases predicted in the Heisenberg limit upon decreasing the on-site interaction on various lattices of size L ≤ 12 and for 2 ≤ N ≤ 6. In particular, we show that a long range color ordered phase emerges for moderate U for N=4 at filling 1/4 on the triangular lattice.

The Fermi-Hubbard model (FHM) is among the most important models in condensed matter [1][2][3]. In particular, the SU(2) FHM on the square lattice might describe the physics of electrons carrying a spin one half in cuprates superconductors [3][4][5] and has motivated numerous theoretical investigations [6,7]. Considering N , the number of degenerate orbitals, as an integer parameter of the models, a natural extension of the SU(N = 2) FHM is the SU(N ) FHM [8][9][10].

This higher symmetry group Hamiltonian, firstly introduced as a theoretical tool to provide an asymptotic description of spins 1/2 in the large N limit [11][12][13][14], can also describe some condensed matter systems like transition metal compounds [15,16] or graphene with SU(4) spin valley symmetry or in twisted bilayer [17]. Alternatively, Alkaline-earth cold atoms like 173 Yb or 87 Sr can simulate SU(N ) invariant FHMs for N up to 10 on various engineered optical lattices [18,19]. Besides, the continuous experimental achievements in this field [20][21][22][23][24][25] brought theoreticians to investigate these systems in order to look for exotic phases that would generalize their N = 2 counterpart.

Most of the theoretical investigations focused on the large on-site repulsion limit, where the atoms, in the Mott insulating phase, are described by SU(N ) Heisenberg models (HM) [26][27][28][29][30][31][32][33][34]. Depending on the lattices and on the number of colors N , different two-dimensional phases are predicted at T = 0 among which the SU(N ) plaquette phases [35][36][37][38][39][40] are cousins of the valence band states for spins 1/2, the Neel long-range color ordered (LRO) states [30,31] are analogous to the famous (π, π) (resp. 120 • ) Neel states existing on the square [41,42] (resp. the triangular [43,44]) lattice for N = 2, and diverse kinds of SU(N ) spin liquids [45][46][47][48][49][50][51][52][53] generalizing the Anderson Resonating Valence Band (RVB) states [4,54].

A part from the one-dimensional system where there is a Bethe ansatz solution [55], the theoretical investigation of these models, based on advanced numerical tools is challenging mainly because the dimension of the full Hilbert space on finite-size lattices increases exponentially, being equal to N L where L is the number of sites of the cluster, for filling 1/N (exactly one particle per site) in the SU(N ) HM.

However, it was realized that working in the SU(N ) singlets subspace, which contains the ground state (GS) in the antiferromagnetic case, is very advantageous as its dimension is much smaller than N L . For instance for N = 6 and L = 12, such a dimension is equal to 132 while N L ≡ 6 12 ≈ 2 × 10 9 . In addition, the exact diagonalization (ED) of the HM directly in the SU(N ) singlets subspace can be made easy on the basis of Standard Young Tableaux (SYT) using the orthogonal representation of the group of permutations S L [56,57]. It is crucial to extend this theory to the SU(N ) FHM as the dimension of the full Hilbert space is even larger, i.e equal to 2 N L . In fact, for N = 6, L = 12 at filling 1/6 the dimension of the singlets subspace for the SU(6) FHM is ≈ 14 × 10 6 while the full Hilbert space has dimension 2 72 ≈ 5 × 10 21 .

In this letter, we use the representation theory of the Lie group U (L) to show how to perform ED of the SU(N ) FHM directly in each irrep. After the description of the method, we apply the procedure to show some ED results on square/triangular clusters of size up to L = 12 and for N up to N = 6 to see how robust are some SU(N ) Mott insulating phases while decreasing the on-site repulsion.

The Hamiltonian for the SU(N ) FHM reads:

H = ⟨i,j⟩ -t ij E ij + h.c + U 2 L i=1 E 2 ii , (1) 
where the t ij are the (possibly complex) hopping amplitude between sites i and j of a L-sites finite cluster, the on-site interaction amplitude is U . The SU(N ) invariant hopping terms

E ij = E † ji = N σ=1 c † iσ c jσ sat- isfy the commutation relation of the U (L) generators (∀1 ≤ i, j, k, l ≤ L) : [E ij , E kl ] = δ jk E il -δ li E kj , (2) 
so that the Hamiltonian in Eq. ( 1), where the integer parameter N is hidden, can be seen as an element of the Lie algebra of the unitary group U (L) [START_REF]Or more precisely of its universal enveloping algebra since it contains some square of generators[END_REF]. It should be considered as the counterpart of the quantum permutation Hamiltonian for the SU(N )-invariant HM, i.e H = ⟨i,j⟩ J ij P ij + h.c, with P ij (resp. J ij ) the permutation (resp. coupling constant) between interacting sites i and j, for which the representation theory of the algebra of the group of permutations was used to perform ED directly and separately in each irrep of SU(N ) [56]. We remind that an irrep of SU(N ) is labelled by a Young tableau (YT), or shape α (See Fig. 1) the N rows of which representing N integers α = [α 1 , α 2 , ..., α N ] such that α 1 ≥ α 2 ≥ ... ≥ α N ≥ 0 and N i=1 α i = M , where M is the number of particles. For L = 1 site, the Mfermions wave-functions are fully antisymmetric in the exchange of colors, and belong to the irrep α which is a M-boxes single column α = [1, 1, ..α M = 1], and its dimension D M,N L=1 = N M simply corresponds to all the ways to choose M colors among N.

More generally, for L sites and M SU(N ) fermions, the Hilbert space dimension D M,N L is equal to:

α h ᾱ L L i=1 N ᾱ(i) = α d α N d ᾱ L , (3) 
where the sums on both side run over all the YT α of maximum L columns and N rows. ᾱ = [ᾱ(1), ..., ᾱ(L)] is defined as the conjugate YT of α, transforming rows into columns (i.e flipping the shape by 45 • ), cf Fig. 1 for some examples. In the LHS of Eq. ( 3), ᾱ is a distribution of fermions: ᾱ(j) being the number of fermions (necessarily ≤ N ) on site j for 1 ≤ j ≤ L,

L i=1 N ᾱ(i)
is the number of states for such a distribution. The factor h ᾱ L , defined as h ᾱ L = L!/ N k=0 (n ᾱ k )!, where n ᾱ k = Cardinal{j ∈ 1; L /ᾱ(j) = k}, is the number of distributions corresponding to a given partition ᾱ while permuting the ᾱ(j) (or the site indices j) for 1 ≤ j ≤ L.

In the RHS of Eq. (3), d α N (resp. d ᾱ L ) stands for the dimension of the SU(N ) irrep α (resp. the U(L) irrep ᾱ) [START_REF]distinction is relevant when we include/exclude representation of generators with non vanishing trace like some combinations of Eii[END_REF], that we can calculate using existing formulas, like the hook length formulas [START_REF] Weyl | [END_REF][START_REF] De | Representation theory of the symmetric group[END_REF]. These dimensions are equal to the number of semi-standard Young tableaux (ssYT) of shape α (resp. ᾱ) filled with numbers from 1 to N (resp. L), since these latter form a basis of the SU(N ) or U(L) irrep. Given a U(L) irrep represented by some YT, a ssYT is filled up with integers numbers from 1 to L in non-descending order from left to right in any row (repetitions allowed), and in strictly ascending order (repetitions not allowed) from top to bottom in any column, cf Fig. 1 and Eq. ( 6) for some examples.

As we detail below, for the color-invariant SU(N ) FHM model in Eq. ( 1), the Hilbert space for the set of M SU(N ) fermions on a L-sites cluster can be decomposed, or color-factorized, following the RHS of the equation for the dimension D M,N L , i.e Eq. (3). In particular, targeting a given collective SU(N ) irrep α, we will need to diagonalize a matrix of dimension d ᾱ L , and there will be d α N independent copies (some multiplicity) of the corresponding spectrum in the full energy spectrum of the model. For instance, when M is a multiple of N , one important sector is the SU(N ) singlets sector as it usually L=12,N =6 ≈ 8.27 × 10 10 ). As N increases, it is more and more advantageous to implement the full SU(N ) symmetry, working in the SU(N ) singlets sector, and more generally in a sector of a given irrep α.

SU(2) Irrep ↵ = 6 fermions Total spin=0 ↵ = 4 fermions Total spin=1 Highest Weight State of U(4) irrep 1 1 2 2 3 3 1 1 2 3 Physical State or or a) b) = 2 2 2 0 2 2 2 2 2 2 = 2 1 1 0 2 1 1 2 1 2 1 p 2 + Application of Eij 1 2 3 4 d ↵ N = 3 independent sectors dimension d ↵ T L = 10 d ↵ N = 1 SU (2) singlets sector of of dimension d ↵ L = 10 of dimension d ↵ L = 15 sites Q z = 1 Q z = 1 Q z = 0 Q z = 0
For a given U(L) irrep ᾱ, the Highest Weight State (|hws⟩), uniquely (up to some similarity) and fully determines the irrep as one can generate the entire basis by applications of the generators E ij (for 1 ≤ i, j ≤ L). It is represented by the shape ᾱ filled with 1 for the first row (of length ᾱ(1)), 2 for the second row of length ᾱ(2)), etc...(cf Fig. 1). It is defined by the following properties:

E ii |hws⟩ = ᾱ(i) ∀i ∈ 1; L and E ij |hws⟩ = 0 for i < j. Crucially, in the D M,N L -dimensional space of M-fermions SU(N ) wave-functions, there are d α N orthonormal states |ϕ hws α,k ⟩ (k = 1 • • • d α N )
which have these properties and can then be represented by the same ssYT associated with the |hws⟩. For example, for the SU(N ) singlets irrep α S,M , there is only one state |ϕ hws α,1 ⟩ and it is the product of SU(N ) singlets for sites 1, 2, • • • M/N , with no particles on sites M/N + 1, • • • L (cf Fig. 1).

Introducing the SU(N ) total generators

Q a = L i=1 σ,σ ′ c † i,σ ′ λ σ ′ σ a c i,σ for a = 1 • • • N 2 -1, with (λ σ ′ σ a )
σ ′ σ the generalized Gell-Mann matrices for SU(N ), the states |ϕ hws α,k ⟩ are eigenvectors of the N -1 diagonal Q a (spanning the Cartan subalgebra) with different set of N -1 eigenvalues. Then, the d α N sectors generated by the (repeated) applications of the E ij (for 1 ≤ i, j ≤ L) on each |ϕ hws α,k ⟩ (for k ∈ 1; d α N ) will be invariant under the action of H in Eq. ( 1) since [Q a , E ij ] = 0, ∀1 ≤ i, j ≤ L and a ∈ 1; N 2 -1 . Moreover, each sector will independently represent the U(L) irrep ᾱ, i.e being in one to one correspondance with the set of ssYT of shape ᾱ. On such a basis, the matrix elements of the infinitesimal generators E p,p , which are the occupation numbers on site p for p = 1 • • • L and of E p-1,p (p = 2 • • • L), which generalize the lowering operator J -for SU (2), are very simple. They were found by Gelfand and Tsetlin [START_REF] Gelfand | [END_REF][START_REF] Vilenkin | Representation of Lie groups and special functions[END_REF] and expressed in the basis of what is now called the "Gelfand-Tsetlin" patterns (GTp) which are triangular arrangements of integers fully equivalent to the ssYT, the first row of which being the lengths ᾱ(1) ᾱ(2) • • • ᾱ(L) (See. Fig. 1 for some examples and [START_REF] Alex | [END_REF] for the systematic conversion from GTp to ssYT for a given shape ᾱ). Firstly, for p = 1 • • • L, the operators E p,p are diagonal in the basis of the ssYT, with coefficients equal to the number of occurrences of p inside each ssYT. It also means that we know readily from its content, the occupation numbers of a ssYT on each site (cf Fig. 1).

Secondly, calling |ν⟩ a ssYT, one has for p = 2 • • • L:

E p-1p |ν⟩ = p-1 j=1 a j p-1 F j p-1 |ν⟩, (4) 
where the tableau operators F j p-1 transform the number p in the j th row in |ν⟩ into p -1. As for the coefficients a j p-1 , which vanishe in case such a transformation is not possible either because there is no p in the j th row of |ν⟩, either because the resulting tableau is not a proper ssYT, they read:

a j p-1 = p i=1 (l i,p -l j,p-1 ) p-2 i=1 (l i,p-2 -l j,p-1 -1) i̸ =j (l i,p-1 -l j,p-1 ) i̸ =j (l i,p-1 -l j,p-1 -1) 1/2 , ( 5 
)
where l k,q = m k,qk with m k,q the length of the k th row of the sub-tableau that remains when we delete all the boxes containing numbers > q in |ν⟩. Thus, for the SU(4) adjoint irrep at filling 1/4 for L=12 (the basis has then 57972915 elements), we have for instance: .

Moreover, from successive applications of the commutation relations Eq. ( 2), and from E ij = E † ji , one gets the matrix representing H defined in Eq. 1 in the irrep ᾱ, which corresponds to the SU(N ) irrep α.

Finally, let's mention the large U limit at filling 1/N . Then, the ssYT with strictly more than one occurence of a site index are too high in energy, and we are left with the subset of SYTs, in agreement with the ED protocole developed for the HM [56]. Then, for each SYT |µ⟩ and for fixed i = 2 • • • L, a j i-1 is either 0, either a j i-1 = |d -1|/d for j the unique row where p stands in |µ⟩, with d the Manhattan distance between p and p -1. Then, the transposition P ii-1 being equal to -E ii-1 E i-1i + 1, we refind the Young rules for the orthogonal representations of the algebra of the group of permutations on the basis of SYT in a given irrep α [56,65]. We have applied this theory to study the FHM of Eq. ( 1) for uniform nearest neighbors hopping t ij ≡ t = 1 as a function of U at filling 1/N , starting from the Heisenberg limit (U → ∞) and diminishing U . The ground states of the SU(3) HM on the triangular lattice (TL) and of the SU(5) HM on the square lattice (SL) are both Neel LRO states, with a three sublattice ordering pattern for SU(3) [31,66,67] and a (chess) knight move pattern for SU(5) [56]. We give evidence of such orders by calculating the simple correlations patterns of the exact ground states of the FHM in Fig. 2 for U = 10. Moreover, the energy spectra plotted as a function of the quadratic Casimir C 2 [56,68] of the different irreps α c,d) and for the L = 4×3 periodic square lattice in (e) where we focused on N = 6. Note that the constant LU/2 has been withdrawn. In c), the Atos is reminiscent of the one revealing the four sublattice order in the HM with nnn couplings [28]. Inset of e): spin (resp. singlet) gap in blue (resp. red).

exhibit an Anderson tower of states (Atos) which reveals the continuous symmetry breaking of SU(3) (resp SU( 5)) as shown in Fig. 3 (resp. in [69]). We have checked the convergence in the limit U → ∞ within each irrep α of the eigenergies towards those of the HMs with the factor 2/U .

While diminishing U , the structure of the energy spectra stays the same up to U ∼ 2.5 (resp. U ∼ 1) for SU(3) on the L = 12 TL (resp. SU (5) on the L = 10 SL). Then, some energy plateau as a function of C 2 appears for smaller U, which is also true for SU(2) on the TL, as shown in Fig. 3. Such a system should be in the metallic phase for U ≲ 8.5, as expected from DMRG simulations on large cylinders [70], so that the plateau could be a signature of the metallic phase in the weak coupling limit. To further characterize the metallic phase and to locate its boundary, we show in Fig. 4 and in [69] the charge gap defined by: ∆

c = E 0 (M = L + 1) + E 0 (M = L -1) -2E 0 (M = L)
, where E 0 (M ) is the minimal energy for the lattice with M fermions, which implies the diagonalization over all the relevant M = L, L ± 1 boxes irreps ᾱ. It suggests that the metallic phase develops for U ≤ U c = 9.8(±0.4) for SU(3) on a TL and for U ≤ U c = 8.75(±0.15) for SU(5) on a SL, with apparently no intermediate phase between the latter and the LRO in the large U limit. The presence of an in-between phase might occur when the HM limit is not a LRO, like for SU(3) on the Honeycomb lattice [72]. The SU(4) FHM on the TL might enter into this category as the HM limit is a gapless QSL [28,40,52]. In fact, while there are four low lying energy SU(4) singlet states for U = 50 on the L = 12 sites TL, when decreasing the interaction, the singlets gap starts increasing and an emerging Atos appears for U ≲ 15 (cf Fig. 3 with both U = 12 and U = 50), which is similar to the one occurring in a pseudo HM with nextnearest neighbour (nnn) couplings on the same L = 12 TL cluster [28]. The nnn couplings, which are present at order 4 in t/U in the large U limit [51], were shown to stabilize a four sublattice order [28], also apparent in the correlation patterns of our Fig. 2. From the charge gap shown in Fig. 4, the boundary between this phase and the metallic phase occurs around U = U c = 11.2 ± 0.2. Like for the other systems, such a value changes for larger L due to finite size effects, as illustrated for SU(2), L = 12 and L = 16 in [69].

Finally, we have investigated the SU(6) FHM on the SL, as the HM limit is also not a LRO but a plaquette state [39]. Through the correlations pattern of the GS on a 4 × 3 periodic SL for U = 10 in Fig. 2, we found some evidence of the 6 sites plaquette state in the Mott phase, a feature confirmed by the presence of two low lying energy SU(6) singlet states, compatible with the periodic boundary conditions, for large U ( i.e U = 20 cf Fig. 3). When U decreases, the spin gap becomes smaller than the singlet gap, possibly revealing the Mott transition. However, with the current version of our code and with the limitation of our computational ressources, the necessary calculation of the charge gap was too demanding, leaving open both the question of the size of the metallic phase and the presence of some intermediate phase.

To conclude, we found an efficient protocole to perform ED of the FHM on L-sites clusters directly in each SU(N ) irrep, which uses the set of ssYT (or GT patterns) as a convenient basis with matrix elements of the U (L) group generators. This approach, which generalizes the use of SYT for SU(N ) in HMs [56], dramatically reduces the dimension of the matrices to diagonalize. We applied our method to study the survival of the SU(N ) Mott phases for N = 3 to N = 6 on TL and SL when the on-site interaction U decreases. In particular, we found an emerging intermediate LRO phase for SU(4) on the TL, reminiscent of the four sublattice order in the HM with nnn couplings [28]. In the future, one possible perspective would be the implementation of the ssYT basis in tensor networks/DMRG algorithm, in a fashion similar to what was done with the SYT for the HM [73,74].

Exact Diagonalization of SU(N ) Fermi-Hubbard Models -Supplemental Material -Thomas Botzung 1 , and Pierre Nataf In this supplemental material, we show complementary numerical results obtained via ED. In Sec. I, we focus on SU(5) on the square lattice with L=10 sites. For this specific case, we show some energy spectra and we detail the fitting procedure of the charge gap that we have used for all the systems under consideration in our manuscript. Then, in Sec. II, we consider the case SU(2) on a triangular lattice of L = 12 and L = 16 sites which illustrate the finite size effects on the spin/charge gaps. Finally, in Sec. III, we show the evolution of real space correlations while increasing the interaction U for SU(3) on the L=12 triangular lattice and for SU (5) on the square lattice.

I. SU(5) ON A SQUARE LATTICE

In this section, we show the data for SU(5) on a square lattice with L=10 sites at filling 1/5, that we have discussed in the main text. The long-range color ordered state with broken SU (5) symmetry is revealed by an Anderson tower of states (Atos), clearly visible on Fig. S1 (b) for U = 10. The situation is quite different at small U , as seen from Fig. S1 (a), where the Atos has disappeared and an energy plateau appears. In Fig. S1 (c), we plot the charge gap ∆ c to locate the boundary U = U c between the metallic and the LRO phases. We see that ∆ c opens rapidly around U ≈ 8.

To estimate the critical point roughly, we use a fit of the form ∆ c = a * Ub. The latter corresponds to the expected behavior of the charge gap at large U, since the energy cost to add one particle should be equal to U : using the definition of ∆ c one can readily show that for U → ∞, ∆ c = U . Then, such a linear function shown in dashed lines in the figures cross the x axis at U = U c . However, due to the small curvature of ∆ c , it depends on the values of U used for the fit; we took different sets belonging to U ∈ [40; 100]. With this method, we obtain 8.6 < U c < 8.9 with 0.992 < a < 0.997. In addition, in Fig. S1 (d), we show the spin gap, defined as the difference between the SU(5) adjoint and the SU(5) singlet minimal energies. The spin gap increases rapidly in the metallic phase, reaching its maximal value around U ≈ 8, close to U = U c , a feature also observed in the other cases studied here. 

III. EVOLUTION OF CORRELATIONS WITH U

In this section, we study how the real space correlations, defined as ⟨P 1j ⟩ -1/N where P 1j ≡ -1 + E 1j E j1 , evolve while increasing the on-site interaction U. In Fig. S3, we show the correlations for two lattice geometries and different U. From left to right, we have U=1, U=5, U=10, and U=20. In (a), we consider the case SU(3) on a triangular lattice. We see that for U = 1, the correlations do not display the three-sublattice Neel order. The order becomes clearly visible at U = 5. In (b), the case SU(5) on a square lattice is shown. Here, the pattern compatible with LRO is visible at any U , although with smaller correlation strengths for small U . Note that while increasing the on-site interaction U , we do not observe the appearance of a new ( or differently configured) long-range orders. For completeness, we have checked that patterns do not evolve for U up to 50 (not shown). (5). They are defined as ⟨P1j⟩ -1/N where P1j ≡ -1 + E1jEj1, with the reference site 1 in black, and j the site indices being blue (resp. red) for positive (resp. negative) correlation, with area proportional to its absolute value.

Figure 1 .

 1 Figure 1. Examples of SU(N = 2) irrep α for a L = 4-sites cluster and M = 6 fermions in a) and M = 4 fermions in b). The Young tableaux (YT) are α = [33] ( resp. α = [31] ), representing singlets (resp. spin 1) states. We associate the conjugate YT, flipping the shape by 45 • , α = [33] → ᾱ = [222] for a) and α = [31] → ᾱ = [211] for b). We fill up ᾱ to get the Highest Weight State (|hws⟩) to which we associate d α N =2 physical states spanning the SU(N = 2) irrep α (d α N =2 different values of Qz) and which generate d ᾱ L -dimensional and independent sectors under the application of the operators Eij. See text for details.

Figure 2 .

 2 Figure 2. Correlations patterns of the ground states of the FHM at filling 1/N for U = 10 in a) c) and d) and for U = 12 in b).They are defined as ⟨P1j⟩ -1/N where P1j ≡ -1+E1jEj1, with the reference site 1 in black, and j the site indices being blue (resp. red) for positive (resp. negative) correlation, with area proportional to its absolute value. At the top, triangular lattice with L = 12 sites, for SU(3) (in a)) compatible with the three-sublattice Neel order[31,66,67], and for SU(4) (in b)) compatible with the four-sublattice Neel order[28]. c) SU(5) on the cluster √ 10× √ 10, pattern compatible with the (chess) knight move LRO[56]; d) SU(6) on the 3 × 4 cluster, compatible with the SU(6) plaquette state[39].

Figure 3 .

 3 Figure 3. Energy spectra of the FHM in Eq. 1 (with tij ≡ 1 at filling 1/N ) as a function of the quadratic casimir C2 for various values of U and N for the L = 12 periodic triangular lattice (in a,b,c,d) and for the L = 4×3 periodic square lattice in (e) where we focused on N = 6. Note that the constant LU/2 has been withdrawn. In c), the Atos is reminiscent of the one revealing the four sublattice order in the HM with nnn couplings[28]. Inset of e): spin (resp. singlet) gap in blue (resp. red).

  The scenario of successive LRO phases, with different antiferromagnetic orders as what has been pointed out in the SU(3) FHM on the SL[71], does not seem to occur here, since the correlation patterns are monotonic[69].

Figure 4 .

 4 Figure 4. (a) Charge gaps (∆c) for the FHM on the L = 12 sites triangular lattice for N=2,3 and 4. The dashed lines (cf [69] for the fitting procedure) cross the x axis at U ≃ 8.6 for N = 2, U ≃ 9.8 for N = 3 and U ≃ 11.2 for N=4 separating the small U metallic phase from the Mott insulators. b) Spin gaps (∆s) defined as the difference between the SU(N ) adjoint and the SU(N ) singlets minimal energies.

Figure S1 .

 S1 Figure S1. Energy spectra of the FHM in Eq. (1) (main text) (with tij = 1 at filling 1/N ) as a function of the quadratic casimir C2 for N = 5, for the L=10 periodic squared lattice for various values of U , (a) U = 0.5, (b) U = 10. In (b), the black line is a guide for the eye to show the presence of the Anderson tower of states. (c) Charge gap for the FHM on the L = 10 squared periodic lattice as a function of the one-site repulsion U . The dashed line (fit of the form ∆c = a * U -b) crosses the x axis at Uc ≈ 8.75, separating the small U metallic phase from the Mott insulators. (d) Spin gaps as a function of U . It exhibits a peak at U ≈ 8.

Figure

  Figure S2. (a) Charge gaps for the FHM on the L = 12 and L = 16 sites triangular lattice for N=2. The dashed lines correspond to a fit of the form ∆c = a * U -b. They cross the x axis at U = Uc = 8.6 ± 0.3 for L = 12 and at U = Uc = 7.9 ± 0.3 L = 16, separating the small U metallic phase from the Mott insulators. (b) Spin gaps for FHM on the L = 12 and L = 16 sites triangular lattice for N=2. A peak is present at U ≃ 8 in both cases.

Figure S3 .

 S3 Figure S3. Evolution of the correlations patterns of the ground states of the FHM at filling 1/N for various from left to right U = 1, 5, 10, 20. (a) On a triangular lattice SU(3). (b) On a square lattice SU(5). They are defined as ⟨P1j⟩ -1/N where P1j ≡ -1 + E1jEj1, with the reference site 1 in black, and j the site indices being blue (resp. red) for positive (resp. negative) correlation, with area proportional to its absolute value.

1 1

 1 Laboratoire de Physique et Modélisation des Milieux Condensés, Université Grenoble Alpes and CNRS, 25 avenue des Martyrs, 38042 Grenoble, France (Dated: September 19, 2023)

We acknowledge F. Mila for useful discussions. This work has been supported by an Emergence grant from the Institute of Physics of CNRS.