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Abstract

In this extended abstract, we discuss the minimal subword complexity and the
minimal abelian complexity functions for infinite d-ary words. This leads us to answer
a question of Rauzy from 1983: cubic billiard words are a good generalization of
Sturmian words for the abelian complexity.

1 General motivation

Sturmian words (1940) form a class of infinite words over the binary alphabet, which
sheds light on the remarkable interactions between combinatorics, dynamical systems,
and number theory. These interactions are reflected in the various ways to define them
(see the historic paper [MH40], or refer to the book [Lot97] for a modern introduction).
For instance, Sturmian words are equivalently

• words with subword complexity n+ 1, i.e., admitting exactly n+ 1 factors of length
n for all n (a factor of w of length n is a subword of w consisting of n consecutive
letters);

• binary aperiodic words with imbalance equal to 1: all factors of a given length
contain, up to one, the same number of occurrences of 1s (and thus, up to one as
well, the same number of 2s);

• the symbolic trajectories of a ball in a square billiard, launched with a momentum
with rationally independent components.

They give rise to several generalizations over the d-letter alphabet for d ≥ 3, depending
on the considered definition: Arnoux-Rauzy ([AR91]) and episturmian words ([JP02],
[GJ09]), other words associated with d-dimensional continued fraction algorithms (see
[Sch00], [Ber11], [BD14]), interval exchange transformations ([Via06],[Yoc07]), polygonal
([Tab05], [CHT02] and references therein) or cubic billiard words ([AMST94a]). A large
program, initiated by Rauzy in the 80s ([Rau83, Rau84, Rau85]), is to determine which
properties are still equivalent in higher dimensions, and which are not.

The present manuscript is part of this program. It mostly focuses on one of the
dynamical representations of Sturmian words: as words generated by a billiard on a square
table, which generalizes itself to a billiard in the cube, and in the cube of dimension d;
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and on two combinatorial quantities which characterize Sturmian words: the subword
complexity and the abelian complexity. The manuscript is directed by the question: are
the subword and abelian complexities of cubic billiard words in dimension d minimal
among the complexities of d-ary words, as is the case when d = 2?

The manuscript is organized as follows. Hypercubic billiard words are defined in Sec-
tion 2. Section 3 is devoted to the subword complexity. Section 4 is devoted to the abelian
complexity.

2 Hypercubic billiard words

We start by defining cubic billiard words in dimension d, which we generically call hyper-
cubic billiard words.

Let d ≥ 1. The set Rd is equipped with the usual inner product and canonical basis
(e1, ..., ed). We are interested in the sequence of the faces successively hit by a billiard
ball, initially located in x ∈ [0, 1]d, which is given an initial momentum θ = (θ1, ..., θd) ∈
(R\{0})d. We will use the letter k to code a hit against one of the two faces orthogonal to
the vector ek. The sequence that we thus obtain, denoted by w(x, θ), is an infinite word
over the alphabet {1, ..., d}, that we call a cubic billiard word in dimension d.

Figure 1: The billiard word w(x, θ) starts with 11211121...

Remark. This definition omits to specify what happens when the trajectory of the ball
intersects several faces simultaneously (for instance, for d = 2, when the ball hits a corner
of the square). It has no importance: first, once the momentum θ is set up, the set of
all starting positions x ∈ [0, 1]d for which such an event occurs has Lebesgue measure
0; secondly, for these rare ”bad” starting positions, there still exists a reasonable coding
strategy (not detailed here) that endows the words obtained with the same properties as
regular hypercubic billiard words. In particular, all the results stated in this manuscript
(noticeably Theorems 2, 3, 8, 9, and Corollary 1) are true for all hypercubic billiard words,
including those generated by ”bad” starting positions.

In the sequel, we focus on the billiard words generated by momenta θ with rationally
independent components. The reason for this choice is that square billiard words gen-
erated by momenta with rationally independent components are exactly Sturmian words.
Note that the rational independence of the momentum’s components is equivalent to the
minimality of one/all trajectories: balls launched with such momenta pass arbitrarily close
to every point in the hypercube.
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3 Subword complexity of hypercubic billiard words

Most of the literature defines Sturmian words as right-infinite words with subword com-
plexity p : n 7→ n + 1. We recall that the subword complexity of w (often simply called
complexity) is the function that counts the number of factors of length n in w. This func-
tion is intricately linked with the notion of entropy in dynamics, which measures how
well a trajectory can be predicted from the knowledge of a small portion of it. A funda-
mental fact is that n 7→ n + 1 is the smallest complexity function for a ”non-trivial”
word.

Theorem 1 (Morse and Hedlund, 1938 [MH38]). Let w be an infinite word. If there exists
an integer m such that p(m) ≤ m, then the word w is ultimately periodic, and its subword
complexity p is ultimately constant.

The particular equality p(1) = 2 tells us that Sturmian words are written with exactly 2
letters. A natural question, when it comes to generalizing Sturmian words, is the following
one.

Question 1. Let d ≥ 3. What is the subword complexity of cubic billiard words in dimen-
sion d? Is this function the smallest subword complexity for non-ultimately periodic words
written with exactly d letters?

3.1 Subword complexity of hypercubic billiard words

The first part of the question has been fully answered by Arnoux, Mauduit, Shiokawa,
Tamura, Baryshnikov, and Bédaride between 1994 and 2009. First, when d = 3, we have
the following expression, which was originally conjectured by Rauzy in 1983 ([Rau83]).

Theorem 2 (Arnoux, Mauduit, Shiokawa, and Tamura, 1994 [AMST94a] [AMST94b];
corrected by Bédaride [Béd03]). Let x ∈ [0, 1]3, and θ ∈ R3 with rationally independent
components. If the inverses θ−11 , θ−12 and θ−13 are also rationally independent, then the
number of distinct factors of length n in the cubic billiard word w(x, θ) is

n2 + n+ 1.

This formula extends itself to arbitrary dimensions in the following way.

Theorem 3 (Bédaride [Béd09]). Let d ≥ 1, x ∈ [0, 1]d, and θ ∈ Rd with rationally
independent components. If d ≥ 3, assume, moreover, that for any three indices i, j, k, the
numbers θ−1i , θ−1j and θ−1k are rationally independent (♣). Then the number of distinct
factors of length n in the billiard word w(x, θ) is

min(n,d−1)∑
k=0

k!

(
n

k

)(
d− 1

k

)
.

Borel [Bor06] and Bédaride [Béd07] showed that the condition (♣) is necessary.

This general formula was first conjectured by Arnoux, Mauduit, Shiokawa, and Tamura
in [AMST94a], and proved one year later, in 1995, under a strictly stronger – and thereby
non optimal – condition by Baryshnikov [Bar95].
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3.2 Minimal subword complexity for d-ary words

Regarding the second part of Question 1 (”is this function the minimal subword complexity
for non-ultimately periodic words written with exactly d letters?”), one quickly convinces
oneself that the question is poorly stated. Indeed, the uninteresting ternary word w = 3·w′,
where w′ is any Sturmian word on the alphabet {1, 2}, is non-ultimately periodic, and has
subword complexity n 7→ n + 2. It is not difficult to prove that this complexity is the
lowest for a non-ultimately periodic ternary word. Note that there exist other families of
words with subword complexity n 7→ n + 2. They are classified in [Ale95] (see also the
reference [KT07], which is easier to find.)

In our opinion, an essential property of Sturmian words is that their letter frequencies
are rationally independent (this is a manifestation of the action of the continued frac-
tion). We recall that the frequency of a letter a in a right-infinite word w is the limit, if
it exists, of the proportion of as in growing prefixes of w. By contrast to Sturmian words,
the frequencies of letters of ultimately periodic words are rational, and thereby, as soon
as there are at least two letters, rationally dependent. Thus, Sturmian words are exactly
words with minimal complexity function among binary words whose letter frequencies –
which exist by a classical argument of [Bos84] – are rationally independent. From this
perspective, our question can be better formulated.

Question 2. Let d ≥ 3. What is the smallest subword complexity for a d-ary word with
rationally independent frequencies of letters?

This question was answered by Tijdeman in a mostly forgotten article from 1999.

Theorem 4 (Tijdeman, 1999, [Tij99]). Let d ≥ 1.
(1) Let w be a d-ary word that admits frequencies of letters. If there exists an integer
m such that p(m) ≤ (d − 1)m, where p denotes the subword complexity of w, then the
frequencies of letters in w are rationally dependent.
(2) There exist d-ary words, with rationally independent letter frequencies, whose subword
complexity is p : n 7→ (d− 1)n+ 1.

In other words, the smallest subword complexity of d-ary words, with rationally inde-
pendent letter frequencies, is p : n 7→ (d− 1)n+ 1.

To our knowledge, there is no classification of the words, with rationally independent
letter frequencies, which realize this minimal complexity. However, some families of such
words are known, as illustrated below.

On the first hand, one finds the words associated with the interval exchange transfor-
mations defined by a partition of [0, 1) into d sub-intervals, with rationally independent
lengths, and by the cyclic permutation (2, 3, ..., d, 1) (this is the example exhibited in
[Tij99]). To learn more about interval exchange transformations, we refer to the lectures
[Via06], [Yoc07].

On the other hand, there are the words associated with certain multidimensional con-
tinued fraction algorithms. Noticeably, for d = 3, one finds the primitive C-adic words
([CLL17]), and the Arnoux-Rauzy words, for which the rational independence of the letter
frequencies was only proven two years ago (see [And21b] or [DHS22]). More generally, for
d ≥ 2, one finds the strict episturmian words over the d-letter alphabet.

Theorem 5 (Andrieu, in preparation, but a proof can be found in [And21a]). Let d ≥ 2.
The frequencies of letters of any strict episturmian word over the d-letter alphabet are
rationally independent.
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Note that the fact that strict episturmian words have subword complexity n 7→ (d −
1)n+1 stems from their definition. To learn more about episturmian words (starting with
their definition), we refer to the survey [GJ09].

Coming back to billiard words and to Question 1, one observes that:
- the frequencies of letters of a hypercubic billiard word are rationally independent if, and
only if, the components of its momentum θ are rationally independent. Indeed, these two
vectors are equal up to a dilatation, and a change in the signs of some components.
- BUT its subword complexity function is far from being minimal when d ≥ 3. Indeed, one
checks that the complexity of a cubic billiard word in dimension d, under the assumption
(♣), is polynomial with degree d− 1.

3.3 A long-standing conjecture

We conclude this section with a long-standing conjecture, which aims at generalizing
Theorem 1 to bi-dimensional words (instead of d-ary words, as we did).

Figure 2: Example of a bi-dimensional word over the alphabet {�,�}.

Conjecture 1 (Nivat, 1997, [Niv97]). Let A be an alphabet, and w an infinite bi-dimensional
word over A, i.e., an element of AZ2

. If there exist n,m ∈ N such that the number of
distinct n×m patterns is at most nm, then the word w is periodic in some direction.

Here, ”periodic in some direction” means that there exists t ∈ Z2 such that for every
z ∈ Z2, the letters at positions z and z+t coincide. A lot of efforts have been, and continue
to be, given towards Conjecture 1, which remains unsolved at the time of writing ([ST02],
[EKM03], [QZ04], [CK15], [CK16], [KS20], [KM19]).

4 Abelian complexity of hypercubic billiard words

In this section, we consider a variation in the definition of complexity.

Two finite words u and v are abelian equivalent if u is the anagram of v (e.g., twelveplusone
and elevenplustwo). The abelian complexity of an infinite word w is the function that
counts the number of non-abelian equivalent factors of length n, for all n. For instance,
for n ≥ 1, the ultimately constant word w = 21222222... admits exactly two non abelian-
equivalent factors of length n: the one which contains 1, and the one written with the
letter 2 only. For an introduction to abelian complexity, or, more generally, to abelian
combinatorics on words, we refer to the recent survey [FP23].

It turns out that Sturmian words are also characterized by a remarkable abelian com-
plexity.
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Theorem 6 (derived from Coven and Hedlund, 1973, [CH73]). A word is Sturmian if
and only if its abelian complexity is constant, equal to 2, for all lengths n ≥ 1, and if its
frequencies of letters (which exist) are rationally independent.

Interestingly, this is the smallest abelian complexity for non-periodic words. Indeed,
it is not difficult to see that if, in an infinite word w, all factors of length n are abelian
equivalent, then w is periodic with period n.

Thus, a natural question, first asked by Rauzy in 1983, is the following: does there
exist a generalization of Sturmian words (among which are Arnoux-Rauzy and epistur-
mian words, words associated with other multidimensional continued fractions, hypercubic
billiard words, etc.), which somewhat preserves such a nice abelian complexity.

Question 3 (Rauzy, 1983, [Rau83] (Section 6), free translation from French). Does there
exist a class of infinite words over the alphabet {1, 2, 3} whose abelian complexity is con-
stant, equal to 3? It seems that no, except perhaps for very particular frequencies of letters.
What is, then, the ”good” generalization of the Coven and Hedlund’s theorem?

4.1 Proving the conjecture of Rauzy

Question 3 splits into a conjecture, and a question. We start by examining the conjecture.

Conjecture 2. Under a condition A (to be determined), there exists no ternary word w
with abelian complexity equal to 3 for all n ≥ 1.

With no condition A, Conjecture 2 is false. Indeed, one readily checks that the ternary
words:

w1 = 12333333333... and w2 = 1 · w′2 ,

where w′2 is any Sturmian word over the alphabet {2, 3}, admit exactly 3 non-abelian
equivalent factors of length n, for all n ≥ 1. One may ask the word w to be uniformly
recurrent (a word w is uniformly recurrent if each factor appears infinitely often, with
bounded gaps). The motivation for choosing this condition is that Sturmian words are
uniformly recurrent. Furthermore, with this additional condition, the trivial counterex-
amples w1 and w2 are eliminated.

However, even with the condition A: ”w must be uniformly recurrent”, Conjecture
2 remains false [RSZ11], and the counterexamples exhibited by Richomme, Saari, and
Zamboni are no good generalizations of Sturmian words.

For the reason stated in Section 3, on the strength of Tijdeman’s theorem (Theorem 4),
and following our reformulation of Coven and Hedlund’s theorem (Theorem 6), we think
that the condition A should be: ”the frequencies of letters are rationally independent”.
Under this condition A, Conjecture 2 turns out to be true.

Theorem 7 (Andrieu, Vivion, in preparation). Let w ∈ {1, 2, 3}N be a word with rationally
independent letter frequencies. Then there exists an integer n ≥ 1 such that w admits at
least 4 non-abelian equivalent factors of length n.

It remains to answer the second part of Question 3: what is, then, the good gener-
alization of the Morse and Hedlund’s theorem? We could, for instance, look for a class
of ternary words with rationally independent letter frequencies and abelian complexity
constant, equal to 4. Of course, this would only be possible for n ≥ 2.
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4.2 Abelian complexity of hypercubic billiard words

Abelian complexity has been extensively studied since 2007 ([KT07]), in particular af-
ter the progress of Richomme, Saari, and Zamboni towards Question 3 ([RSZ11]), see
for instance [Saa09], [RSZ10], [CR11], [BBT11], [MR13], [Tur13], [BSFR14], [BSCRF14],
[Tur15], [BSSW16], [LCWW17], [CW19], [KR19], [Whi19], [Sha21], etc. Experience
showed that, even for friendly words (for instance, the Tribonacci word), the abelian
complexity can be a surprisingly tricky function, and one generally obtains bounds
instead of exact values.

Question 4. What can be said of the abelian complexity of hypercubic billiard words? Can
we explicitly compute this function for some easy instances?

The answer is positive, beyond hope: not only is it possible to compute the abelian
complexity of all hypercubic billiard words generated by momenta with rationally inde-
pendent components, but this function, remarkably simple, turns out to be the same for
all of them (which is, remember the condition (♣), noticeably not the case for the subword
complexity, whenever d ≥ 3).

Theorem 8 (Andrieu, Vivion, in preparation). Let d ≥ 1, x ∈ [0, 1]d, and θ ∈ Rd with
rationally independent components. Let n ∈ N. The number of non-abelian equivalent
factors of length n in the billiard word w(x, θ) is

min(n,d−1)∑
k=0

(
d− 1

k

)
.

Corollary 1. Let d ≥ 1, x ∈ [0, 1]d, and θ ∈ Rd with rationally independent components.
Let n ≥ d−1. There are exactly 2d−1 non-abelian equivalent factors of length n in w(x, θ).

In other words, the abelian complexity of cubic billiard words in dimension d is ulti-
mately constant, equal to 2d−1. For d = 3, cubic billiard words have an abelian complexity
constant, equal to 4, for all n ≥ 2. This result answers Question 3: cubic billiard
words generated by momenta with rationally independent components (or, equivalently,
and very interestingly, those with rationally independent letter frequencies) are a “good”
generalization of Sturmian words, from the point of view of abelian complexity.

We conclude this subsection with a stronger result: not only do we know the number
of non-abelian equivalent factors of length n of a hypercubic billiard word, but we are in
fact able to compute them easily.

Theorem 9 (Andrieu, Vivion, in preparation). Let d ≥ 1, x ∈ [0, 1]d, and θ ∈ Rd with
rationally independent components. Let n ∈ N. The set of equivalence classes of length n
factors of w(x, θ), for the relation “being abelian equivalent”, can be computed from the
sole knowledge of the first n− 1 letters of the billiard word w(0, θ).

This contrasts sharply with the difficulty of listing the factors of a given length in a
hypercubic billiard word. For instance, in dimension 3, and for the parameters x = (0, 0, 0)
and θ = (

√
2,
√

3,
√

5), we know that the billiard word w(x, θ) admits 43 factors of length
6 (it is a quick computation from Theorem 3); nonetheless, they do not all appear in the
prefix of length 10000000 of w(x, θ) ([AL22]).
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4.3 Another old question

We conclude this extended abstract with a long-standing question, first asked by Arnoux,
Mauduit, Shiokawa, and Tamura in 1994: why is the formula of the subword complexity
(given in Theorem 3) symmetric in n (length of factors) and d−1 (cardinal of the alphabet
minus one)?

Question 5 (Arnoux, Mauduit, Shiokawa, Tamura, 1994, [AMST94a]). Can we give a
meaningful bijective map between the factors of length n of a hypercubic billiard word over
the alphabet {1, . . . , d}, and the factors of length d − 1 of a particular/any hypercubic
billiard word over the alphabet {1, . . . , n+ 1}?

To our knowledge, this question is still open at the time of writing.

Acknowledgements We would like to express our gratitude to Boris Solomyak and to
Julien Cassaigne for numerous exciting discussions on this topic; and to Shalom Eliahou
for his kind help in improving the quality of the manuscript.

References
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[AMST94a] Pierre Arnoux, Christian Mauduit, Iekata Shiokawa, and Jun-Ichi Tamura. Complex-
ity of sequences defined by billiard in the cube. Bulletin de la Société Mathématique
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