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Abstract

In this work, we propose a mathematical model of hyper-viscoelastic problems applied to soft biological tissues, along
with an energy-consistent numerical approximation. We first present the general problem in a dynamic regime, with
certain types of dissipative constitutive assumptions. We then provide a numerical approximation of this problem,
with the main objective of respecting energy consistency during contact in adequacy with the continuous framework.
Given the presence of friction or viscosity, a dissipation of mechanical energy is expected. Moreover, we are
interested in the numerical simulation of the non-smooth and non-linear problem considered, and more particularly
in the optimization of Newton’s semi-smooth method and Primal Dual Active Set (PDAS) approaches. Finally, we
test such numerical schemes on academic and real-life scenarios, the latter representing the contact deployment of a
stainless-steel stent in an arterial tissue.

AMS Subject Classification: 74M15, 74M20, 74M10, 74B20, 74H15, 74S30, 49M15, 90C53, 70F40, 70-08,
70ESS5, 35Q70

Keywords: Hyperelasticity, Unilateral Contact, Viscosity, Coulomb Friction, Energy consistency, Semi-Smooth
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1. Introduction

Soft biological tissues, such as skin, tendons, or ligaments, play a primary role in the mechanical integrity of
the human body. They are mainly made up of collagen and elastin proteins, which result in specific mechanical
properties at the macroscopic scale. They can be stretched up to 15% without damage, and their behavior is also
characterized by a significant viscous component.

Soft tissue biomechanical properties derived from experimental measurements [1]] are critical for developing
real-life-based models for minimally invasive surgical simulation (e.g., contact deployment of a stainless-steel stent
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in an arterial tissue [2]). The theory of elastic bodies subjected to large deformations has often been employed to
model the physical behavior of biological tissues [3} [1, 4}, 5]. Most phenomenological models are based on a non-
linear elastic (hyperelastic) constitutive assumption for the material behavior [2, 6], in the light of the data obtained
by experiments. In addition, most medical device regulators insist today on analyzing numerical simulations as part
of their approval process.

The goal of this work is to study a hyperelastic dynamic model including viscosity. Hyperelastodynamic problems
with contact and friction conditions lead to the study of impact and deformation of a hyperelastic body interacting
with a foundation, and arise from non-smooth and non-linear constitutive laws. Such laws are quite challenging to
deal with, both from a mathematical and a numerical perspective [7,8},19, 110} 11} 12} [13]]. The dynamics can thus no
longer be simulated by decomposition on the eigenmodes of the structure, which is standard in linear elastodynamics,
and particular attention must be devoted to the choice of time integration schemes, very sensitive in terms of stability
to the non-linearities of the physics. Indeed, energy consistency represents for time integration schemes a guarantee
of numerical stability during the resolution of non-linear elastodynamic problems. Moreover, ensuring energy
conservation in the case of impact problems is a key challenge. Many works have been carried out in order to
determine numerical strategies specifically adapted to non-linear dynamics problems [14, 15} 16} 12, 13} [17].

First of all, time integration of non-linear elastodynamics equations is hindered by several difficulties [7, 14} (16}
13]]. One is typically led to considering totally implicit schemes, but still, due to non-linearity, their stability remains
a major issue [9]]. Indeed, when the time step is not small enough, most schemes issued from the linear framework
give rise to a blow-up of the total energy of the discrete system [7, [14]. This raises then the problem of energy
conservation for time integrators, which represents a key stability criterion. Gonzalez proposed in [[14] a numerical
scheme complying with such a criterion. Itis of particular interest in practice, since it provides an explicit expression of
the stress terms appearing in the scheme. Furthermore, subsequent work demonstrates energy conservation methods
for more general stored energy functions offering further insights for a broader class of materials [[18, (19} 20, 21]]. In
order to obtain energy conservation properties for non-linear dynamic problems, it is necessary to take into account the
persistence condition during impacts [22} [14, (1516} [13]. The persistence condition represents the complementarity
condition of unilateral contact taken in this case between normal contact velocity and normal impulse force. Many
references 16,7, 23114, 24,125/ 126L 15113127128, [17]] propose relevant approaches to solve such impact problems with
energy balance properties. Several relevant references [29) 130, 31} 132, 133] 13435} [36] concerning energy-momentum
approaches and geometric admissibility have made it possible to improve the algorithmic performance of such contact
problems. Since several numerical approximations give rise to either artificial dissipations or increase in energy,
we propose in this paper a model in adequacy with energy consistency of hyperelastic frictional contact systems,
with an extension to viscosity [7, [13| 37, [19]. Several methods have been successfully tested to solve frictional
contact problems. Some are based on treatment of contact conditions by normal compliance [38 139, 40, |41]] or by
other relevant methods such as the quasi-augmented Lagrangian method [42], the bi-potential method [43, 44], the
conjugate gradient method [[7, 8], the Uzawa method [45] 46|, and the Nitsche finite element method [47, 48l 149, 50].
Recently, Primal-Dual Active Set (PDAS) methods have emerged as promising in solving contact problems with
friction in a deformable medium, due to their efficiency and ease of implementation [51} 52, [53) 54, 41]]. From a
purely algorithmic point of view, the main objective of these methods is to separate the nodes potentially in contact
into two subsets (active and inactive) and to find the right subset of all the nodes actually in contact (subset .4) as
opposed to those which are inactive (subset 7). In practice, these methods do not involve Lagrange multipliers (such
as in the augmented quasi-Lagrangian method). In fact, the boundary conditions on subsets A and Z are directly
imposed thanks to a semi-smooth Newton method. Recall that these methods have been developed recently for
unilateral contact conditions [51} 152} 153} 154, 155/, and in particular in [56]], supplemented by those in [57, 58]].

This paper is organized into six sections. We present the physical framework and the mathematical model,



and recall the constitutive assumptions for hyper-viscoelastic materials in Section[2] We then give the strong and
variational formulations of the problem by detailing the properties of energy conservation and dissipation in the
continuous case using the persistence condition. Section [3]is devoted to the discretization of the hyper-viscoelastic
problem with contact and the energy-consistent approach adapted to frictional contact. In Sections [4] and [5] we
present the numerical simulation of the non-smooth and non-linear problems considered previously, focusing on the
optimization of Newton’s semi-smooth and PDAS methods. We then validate these PDAS schemes on benchmarks
representing academic test cases carried out with a linear elastic ball and a hyperelastic ring, both launched in the
direction of a rigid foundation. In the last section, we test such numerical approaches on a real-life application
representing the contact deployment of a stainless-steel stent in an arterial tissue.

2. Mechanical and mathematical modeling

2.1. Mechanical Modeling

Dynamical systems of deformable bodies undergoing large deformations are governed by non-linear time-
dependent equations. Let d € {2,3} denote the space dimension. In this work, we consider the referential
configurations (open, bounded, and connected sets) (1) ¢ R% and Q(2) ¢ R of two continuous bodies, each one
characterized by a hyperelastic constitutive law. Let i € {1,2}. The spatial configuration of deformable body Q)
attime ¢t € (0,7), denoted by Qgi), is defined by the deformation mapping %) as follows:

000 x (0,7) —» o cR
xD. 1) = eD(x 1) =xO 4 u®(x® ),

where u(” represents the displacement vector field relative to body Q9. This mapping must be of class C'* on ",
invertible, and orientation-preserving. The first Piola—Kirchhoff tensor II() is given by IT() = 9/ (®) (F(i)), where
W@ (F(i)) is the elastic energy density, and F(*) the deformation gradient, such that F() = V() = I 4 vVu®.
For more details about the hyperelastic framework, we refer to [59] 60]. Thereafter, (V) represents quantity [J
pertaining to Q) U 9. The subset .Q% < 90 is the contact surface of body Q(*) (see Figure [1) and we let
9. = 0,00 U 9.0

To introduce contact and friction, we need the tangent plane of the current contact surface 8CQ£2) and its outer

unit normal vector field, denoted by v. The tangent plane of OCQ?) is T2 = {z €R:z-v= 0}. Frictional
contact is modeled by combining the normal unilateral contact law and the tangential law of Coulomb’s friction with
variable pressure [7, [8, 161} 62}, (631 142] [50]. These relations depend on the normal distance d,,, the tangential contact
velocity (017-, and the contact and friction stress I' (which is split into a normal contact stress I',, and a tangential stress
T';). These laws are the

o o 1_‘7_
d, >0, dr = Hderv
Contactlaw: < T, <0, and the Friction law: 7| + 1Ty <0 on 0O.0. 2.1)
o =0, ld-II(IT+ ] + uI') = 0,

Here, ||-|| is the Euclidean norm, v and 7 € 7, () are the unit normal and tangential vector fields on 80(252), and > 0

is the friction coefficient. The normal and tangential distances can be defined, for any (x(l), X(Q)) IS (%Q(l) X 809(2)
and fixed t > 0, as follows. First, we introduce the projection of the nearest point x(2) (proximal point) on the target
surface 9,022 as

x+@ = argmin ||(x +u®M (W, 1) - x® +uP P 1)) (2.2)
x(2)€9.0(2)



9.0
9.0

Figure 1: Physical setting of two deformable bodies (") in contact, in a two-dimensional framework.

The necessary condition for the minimization problem (2.2) to admit a solution, i.e., for the distance separating
x4 u®(xM ) from x@) + u® (x3), t) to be minimal, is the orthogonality condition

[(X(l) + u(l)(x(l),t)) _ (X(Q) +u® (X(Q),t)) cde® =0, Vdp® e Tt 2.3)
with 7,1 the tangent plane at the point et =p® (x*,t) defined as the point of 8CQ§2) closest to the point 1) of

OCQF). Consequently, ¢ is the orthogonal projection of (1) on 809?), and x* is defined as the reciprocal image
of this point ¢~ by the application ¢(2):

xh = @7 (MW, 1),0),¢). 24

Note that, because of large deformations, it is possible that the point (1) (x(1), ¢), t) not be defined. In this case,
contact does not occur, and the relation (2.3)) is no longer valid. Furthermore, we can notice that the uniqueness of
the problem is not always verified. The analysis of this remark is made in [64].

Then, the normal and tangential distances are defined, respectively, by:

4 = <(X(1) +FuO (D 4)) - (@ 4@ (XL(2),t))) , (2.5)

d, = (I-v o) ((X(l) +uD (W 1)) = (x4 4@ (XJ_(2)7t)>> : (2.6)

where v = v(p®)(x(?),t),t). Similarly, we can define the normal and tangential contact velocities based on the
velocities (¥

dv =V (ﬁ(l)(x(l)at) - ﬁ(z) (Xl(2)7t))7 (27)
dr = (- v )@V, t) - a®xt® ). 2.8)

[¢]
were the dot superscript denotes a time derivative. For more details on the definition of the quantities d,, d,, and d -,

[0)

d- in the context of large deformations, we refer the reader to [65] (7, [13 [17]. Moreover, in order to obtain energy
conservation properties, the power of the normal contact reaction at time ¢ > 0 must vanish [7, 61, [13]. Thus, to
conserve energy, we add the persistence condition in the contact law:

dy T, =0 on 8.0 (2.9)

This condition means that normal contact reactions are only active during persistent contact. One can easily prove
(see [[7.18[13]]) that adding the persistence condition (2.9) to the law of unilateral contact in displacement (2.1)) yields
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the

if d, >0 I'y,=0

o o on acQt. (210)
if dl/:O du20> FV§O> dl/Fl/:O

Persistent contact law: {

2.2. Mathematical modeling
2.2.1. Hyper-viscoelastic energy density

In this section, we extend the hyperelastic problem to viscosity. Therefore, we consider a stress tensor II
characterized by a Kelvin—Voigt law which allows to satisfy the fundamental requirement of infinitesimal framework
indifference: X
OWe(F) OWV(F,F)

oF oF
where /¢ is the elastic energy density and W is the viscous power density. The function IT¢ : M? — M? is the
hyperelastic operator (elastic part of stress), derived from the density W€, such that

II(F,F) =

) (2.11)

OW*e(F)
II°(F) = ——~ 2.12
and TV : M4 x M% — M is the viscosity operator (viscous part of stress), such that
. OWY(F,F
II°(F,F) = (’9(]_3") (2.13)

The viscosity operator has to satisfy the Legendre-Hadamard (dissipation) condition, i.e. IT"(F, F) CF >0,
VF € M% Let C = FZF denote the right Cauchy—Green tensor. It is a simple matter to prove that this condition is
satisfied, for instance, by the viscous power density proposed by Curnier [66], i.e.

Wi(C) = 2t (€%), 7>,

and by the one proposed by Pioletti er al. [67, 3], i.e.

Wy (C) = gtr (C2)(tr (C) —3), 7> 0. 2.14)

2.2.2. Strong formulation of the mechanical problem

We assume hereafter that a system of body forces f : Q%) x (0,7) — R? and surface forces g : 90 x (0,7) —
RY, for i € {1,2}, is given. The strong formulation of the problem, involving the equations of motion of the
hyper-viscoelastic body Q(*), for i € {1,2} without contact, is the following.
Problem Pg). Find the displacement field u : Q) x (0,T) — R and the stress field TI : Q) x (0, T) — M? such

that, fori € {1,2},

II(F,F) =II°(F) + IIY(F,F)  in Q% x(0,7), (2.15)
pii—DivII=f in QO x(0,7), (2.16)

u=0 on 9% x (0,7), (2.17)

Ov=g on 9,00 x(0,7T), (2.18)

u(0) =ug, u(0) =u; in QO (2.19)



with II°(F) = 0pW¢(F) and II°(F,F) = 0, W"(F). The subsets 9pQ?) and 9,2 of the boundary 9Q) are,
respectively, those on which displacement and traction are imposed. Equation (2.13) represents the hyper-viscoelastic
constitutive law of the material, (2.16) represents the equation of motion in which p is the referential material density,
and (2.17)-(2.18) are the boundary conditions for displacement and traction. Here, f and g always designate
referential volume and surface forces, respectively. We denote by the same letter v both the current and referential
outward normals to the boundary on which surface loads are imposed. Notice that f and g are not assumed to be
dead loads, but they are just the referential counterparts of current loads that can, in principle, depend on the body
motion. In the case of conservative volume and surface forces f(x,¢) and g(x, t), the corresponding terms in the
principle of virtual work can be expressed as Gateaux derivatives of force potentials:

DB(p;v) =VB(p)-v= /Qf(x,t) -v(x)de, (2.20)
DP(p;v) =VP(p) -v= /a 0 g(x,t) - v(x)da, (2.21)

where v is in the space of kinematically admissible velocities satisfying boundary conditions on 9y€2, and B(; ),
P(¢p, -) denote the volume and surface potentials. When assuming in addition that applied forces are dead loads, i.e.,
independent of the deformation ¢(x, t), then the potentials B(¢), P(¢) can be expressed as

Ble) = [ £ (. t) o

P(p) = /a &) plx.t)da

The strong formulation of the problem for the system of hyper-viscoelastic bodies Q = Q1) U Q) with Coulomb
frictional combined with persistence condition is obtained from the above problem by replacing (V) by © in each of
Equations (2.15)—(2.19), and adding the corresponding contact conditions.

Problem P%. Find the displacement field u :  x (0,T) — R and the stress field IL : Q x (0,T) — M< such that

II(F,F) = II°(F) + II"(F,F)  in Qx(0,7), (2.22)
pi —DivII =f in Qx(0,7), (2.23)
u=0 on 92 x (0,7), (2.24)
IIv=g on 0482 x (0,T), (2.25)
dy, >0, T',=0;
o o on 9.0 x (0,T), (2.26)
dy:(), duZOS FVSO; duruzo
d- = [|d-|| Hll::Ha
IT+|| + pTy <0, on 0.0 x(0,T), 2.27)
Hd‘rH(HI“rH + :uru) =0
u(0) = ug, u(0) =uy in Q. (2.28)

2.3. Variational Formulation

The variational formulation of problem P¢, denoted by Py, is the following.
Problem P{. Find u € L*(0,T;V), II¢ € L?(0,T;M%), IIV € L*(0,T;M%), T, € L*(0,T;V*), and T, €



L2(0,T;V*), such that, for all t € (0,T),

/pﬁ.vdx+/H:Vvdx—&-Pchf(u’V)_/
Q Q

g~vda+/f-vdm Vv eV,
8,9 Q

(2.29)
u(0) =ug, u(0)=uy,

where the space V = V(1) x V) is the space of test fields, with V) = {v() ¢ H'(Q®)? : v() = 0 on Q2"
and V* stands for either H~/2(9.Q) or H~/2(9,Q)¢, with the addition of the persistence condition combined with
the unilateral contact law (2.26), and

Perr(u,v) = / (T'yédy + T+ - 6d+)da, (2.30)
FXe)
where we have used the following notation:
v =Tyv+T,; and v -v=T, v, + T+ v,

whereas dd,, and dd.- represent, respectively, the derivatives along direction v of d,, and d.-, regarded as functions
of w:

6d,, = lim dy(utoav)—dy(u) _ (v(l) _ VL(2)> 7

a—0 (&%

(2.31)
o0d, := lim dr(u+av)—d-(u) =I-voev) (v(l) — VJ-(2)) :
a—0 6]
where v = v(!) (x(l)) and v+ = v (xJ‘(Q)) . (2.32)

2.4. Conservation and dissipation properties in the continuous case

From a physical point of view, the solution of a hyper-elastodynamic problem has to satisfy suitable conservation
properties such as energy balance, linear momentum balance, and angular momentum balance. In the absence of
contact and friction, energy conservation can be written as

/E //f udxds—i—// g - uda ds, (2.33)
0g$2

where (s,t) € (0,7) x (0,T) and E(t) denotes the total mechanical energy of the two-body system, defined as:
1 —
E(t) = / plla|? dz + / W(C)dz (2.34)
2 Ja Q

with W the volume elastic energy for the two-body system, and C = F'F is the right Cauchy—Green tensor.
When the problem is extended to viscosity, as well as to contact phenomena with friction, energy balance takes the
form:

/E //fudxds+//gudads
0y

/ Py s(u, u)ds/ /H” Vadzds (2.35)
0



Equation (2.35)) results in fact from the time integration of the weak formulation (2.29) between 0 and ¢ with the
virtual field v equal to the actual velocity field 11, i.e.:

//pu ud:cds—i—/ /He Vuda:ds—i—/ /H” Vuadzds
// g - udads—i—/ /f udxds—/ Peyf(u,a)ds (2.36)
0g$2

where the frictional contact stress actual power W, ¢(t) is
Wers(t) = Peys(u,01) = / (Ty dp +T'+- d+) da, (2.37)
Q2

[¢] o
dy and dr respectively representing the material time derivatives of d,, and d, (see (2.7) and (2.8)). The dissipation
associated with viscosity is

= / IT” : Vadz.
Q

In the case of persistent contact and depending on the presence of friction and viscosity, the energy balance given by
(2.35)) can be either conservative or dissipative. In the absence of external forces, (2.35)) becomes:

E(t) — E(0) :—/0 Wc+f(s)ds—/0 D(s)ds

Taking into account the Legendre-Hadamard condition IT"(F, F) : ¥ > 0, we can distinguish four cases:
1. Case without friction and without viscosity:

Ty dy=0and Ty dr=0= W,ys = 0= E(0) = E(t) with D = 0. (2.38)
2. Case without friction and with viscosity:

[¢] o t
I'vdy=0andT'z-dr=0=>W, r=0= E(t)—E(O):—/ /H”:Vﬁd:z:ds§0 = E(0) > E(t).

>0
(2.39)

3. Case with friction and without viscosity:
Ty dy=0and Ty dr > 0= W,y > 0= E(0)> E(t) with D = 0. (2.40)

4. Case with friction and with viscosity:
T, d,=0and T, -éfzoiwﬁf >0
! (2.41)
= E(t) / Wc+f ds—/ /H”:Vl’l dzds < 0= E(0) > E(t). :
0 0 JoTx

The case (2.38) means that the persistence condition (2.9) implies the total conservation of energy. On the other hand
when the contact is with friction or with viscosity (2.39)—(2.40)—(2.4T])), the dissipation of energy occurring between
t = 0 and the current time ¢ corresponds to the dissipative phenomenon of friction and viscosity.




3. Energy-consistent numerical approach

In this section, we devise a numerical approximation in adequacy with the energy consistency of the hyperelastic
frictional contact system with an extension to viscosity, and in agreement with the continuous framework. Indeed,
several numerical approximations can give rise to a dissipation or an increase in energy, which are not physically
acceptable at the continuous level [[14. 7.

3.1. The usual discrete energy conservation framework

First of all, we recall in this section the usual discrete energy conservation framework in the no-contact case.
When non-linear dynamics problems are considered, the standard implicit schemes (6-method, Newmark schemes,
midpoint or HHT methods, see for example [68, 7,8, [13]]) lose their unconditional stability. We therefore need to use
implicit energy conservation approaches [7, 18, [14, 13} 37, I57]] which are appropriate due to their accuracy and long-
time integration stability. These methods are devised in such a way that discrete energy conservation properties are
satisfied. In what follows, we consider a discrete set of times (ti)i:[),..., ~ which defines a partition of the time interval

T
[0,T] = Ui]i 61 [ti,tit1] witht;41 = t;+ At and At = N Using the second-order time integration system (midpoint
scheme) with energy conservation properties [14], the weak form of a non-linear hyper-visco-elastodynamic problem
integrated between times ¢; and ¢;,1 gives the following system:

Find u;; € U such that
1

At/Qp(l'liH —10) v d:er/QH;gO : Vv dx+/QH;+é : Vv dx/QfH% v dx/%ﬂgwr% -vda=0.

3.
with @41 = 0; + At ii; /0. In @3.1), Di+% = %(DZ +0;41) and [J; denotes an approximation of [I(¢;). Moreover,
the time integration scheme (3.1)) used in this work is characterized by the tensor II3,, proposed by Gonzalez [14]
and defined by:

e _
Halgo - Fi+%2algo7

oW ~ ~ oW AC;
Zalgo - 2%(0%) +2[W(Citr) = W(Ci) — %(CH%) : ACi]ACi - AC;’

3.2)

with AC; = C;;1 — C; and C; = F;‘FFZ The previous relations (3.2) were introduced in order to satisfy energy
conservation under the following form (see [14]):

H:lgo : (Vui+1 - Vuz) = W(Ci_H) — W(Cz) (3.3)

Furthemore, several relevant references concerning energy-momentum conserving schemes for general hyperelastic
models have demonstrated their validity [18} 19, 20, [21]].

3.2. Approach adapted to frictional contact

Many works have been devoted to extend these conservative formulations to frictionless impact; more precisely,
Laursen & Chawla [25] and Amero & Petocz [26] have shown the benefit of the persistence condition to conserve
the energy in the discrete framework. But these works are characterized by a contact interpenetration that can only
vanish when the time step tends to zero. In order to overcome this drawback Laursen & Love [[15] have developed
an efficient method by introducing a discrete jump in velocity; but this method requires the solution of an auxilary
system in order to compute the velocity update results. Further developments, also within the contact framework,



can be found in Hauret & Le Tallec [[16], Haikal & Hjelmstad [36]], Betsch & Hesch [29]], and Hesch & Betsch [30].
Applications of the energy-momentum scheme using the mortar method can be found in Hesch & Betsch [69] for
transient 3D domain decomposition problems, in Hesch & Betsch [32] for two-dimensional contact problems, and
in Hesch & Betsch [31]] and Puso & Laursen [35] for three-dimensional contact problems.

In this section, we present an energy-consistent algorithm for hyper-visco-elastodynamic contact problems that differs
from the approaches mentioned above. Indeed, this method makes it possible to apply the Kuhn-Tucker conditions
in displacement and the persistence condition during each time step at low computational cost, and allowing for a
slight contact penetration. We term this method midpoint scheme with leapfrog procedure.

In order to take into account contact at time ¢, +1.We choose to implicitly approximate the contact term with friction
(2.30); thus the weak form (2.29) integrated between times ¢; and ¢;41 can be written as:

Find u;; € U such that

1 . .
At/Qp(uiJrl—u) vdx+/Halg0.Vv d:c+/1'[l+2 Vv dx_/QfH;'V da:—/aniJr%.v da (3.4)

g
+/ (T, )0y, +Tr , -0dr ) da=0,

where dd,, 41 (v — vy and 6d, = (I- Vi1 @y )(v — v+,
Thus, the approx1mat10n of the frictional contact term prov1ded in @ leads us to applying the frictional contact

l—l/
+3

conditions at time ¢, 41, that is, the discrete versions of the unilateral contact law, of Coulomb’s friction law, and of
2
the persistent contact law. The discrete form of the normal and tangential contact distances are defined respectively

by:
duiys = vips - (KO ) (<0 0) = () a2 1))),

drip1i=I-v 1@y, )(X(l) + u( )% (xM, 1) — (x+2) + ugi)%

(3.5)

[¢] o
We also consider the following discrete forms of the normal and tangential contact velocities (d,, d-) at time ¢, 41
2

° d i+l d i
iyl yi= R (3.6)
5 ° o de‘+1 - de '
S VA

where the notation d; 1 [ represents the incremental discretization of L] at time ¢; , 1
2 2

3.2.1. Midpoint time-integration scheme with leapfrog procedure

The strategy developed to solve the system is based on the application of the persistent contact law during
each time step; this is possible by applying the unilateral displacement condition and the persistent contact condition
during the transition from ¢; to ;1. To do this, we developed a midpoint scheme for the persistent contact condition
at time ¢, 1 combined with the leapfrog procedure for the normal contact distance. Moreover, we have Coulomb’s
friction law at discrete time ¢; | 1 .We propose the following midpoint time-integration scheme with leapfrog procedure:

lf dLeapfrOg >0 T, ) :O;
i+
if dS®oE — g 5 g, >0:T, , <0;0.1dy Ty , =0
Vigd Z+%d:’i+%_ Yirl — I?+%d"¢+% Virl 3.7)
5i+%d7'z+ - H57,+1d7'+1H HI‘ | HF +1||—|_:uF % SO,
\ H5z+1df T I T +%) =0,

10



with d Leaptrog = dyl + té dyl, and 5 d (dyZ — dVi—l)/At'

'L+2

3.2.2. Evolution of the discrete energy

The objective of this section is to perform the analysis of the evolution of the discrete energy in relation to the
numerical approach presented in the previous section. To do this, we have established the following result which
represents the evaluation of the discrete energy between the instants ¢; and ;1.

Proposition 3.1. It holds

Ei1—F; = At/ﬂ il i+% dx+At/agQgi+§'ui+§ da—At/aCQ(F,,Hééd,,H% +I‘7.i+%.5d,.i %)da iyl
(3.8)
with
D 1= At/ I’ : Va, 1 dz, 3.9
2 Q 2

where E; and FE; 1 denote respectively the mechanical energy E at times t; and t;1. For example, the discrete
energy ;1 can be written as:

1 . —~
Ei+1 = 2/ pHuz+1H2 dz +/ W(C1+1) dx. (310)
Q Q
Proof. Using the variational formulation (3.4) with v = 1, 11, We have:
! ; a dz + H : VU d f ) dz + ’ d
At Qp(uz+1 +1 dz algo * VU1 AT = H—% U1 dx 0,0 8i+l Uyl da
_/(,)Q(F”i%éd”w; +F"'z'+% .5d~,-i+%) da—/ﬂl’[lré : Vu, i1 dz

o [¢]
where dy, , and dr,_, are given in (3.6).
T2 T2

Using the relation
Wipl 0 Wiy — W

T T 2 T At
we obtain
1 . o o . 1 e .
TAt Qp(ui+1—ui)-(ui+1 + ui) dx—l—Kt QHalgo : V(ui+1 — ui) dr = o f”H‘l u, +1 d$—|- 5,0 gi+%-ui+% da

it2 i+3 T2

_/ (Fll1+%5dl/ 1 +FT_ 5(1 41 da_/HH-l VllH_l dz.

Also, using the identity (11,41 — ;) - (W41 + ;) = [[{41]|? — ||91;]|? and the conservation property of Gonzalez’s
scheme given by (3.3), we get:

1 . 2 . 2 . .
w/ﬂp(\uz‘ﬂ\\ = [lag]|%) d$+/ W(Cit1) — W(Cy) dl’:/QfH; T dx+/{)gggi+; ;1 da

_/é)Q(I‘,,_ 1(5d,,,+1 +I'- | -6d7-_+1) da—/gl’[”:VﬁH_% dz.

ity ity ity ity

11



Finally, using the definition (3.10) of discrete energy, we have:

1 ) ) — —~
Eio—Bi= /Q Pl |2 — [li]f?) da + /Q W(Cisr) — W(C)) da

:At/fz‘-i-% 'ﬁi—i-% dw—l—At/ gﬂ_% -l‘li+% da—At/ (F,,_ 15dl,_ —I—I‘.,-i+1 -5d.,-i+1) da—DH%.
Q [s219)] 0.0 2

it3 i+ bl
9
O
When the external forces are assumed to be zero, we obtain:
FEiy1— E,=—-At /8€Q(Fyi+%6dyi+% +I‘Ti+% . 5dfz+%) da — DH—% 3.11)

Taking into account the midpoint scheme with leapfrog procedure and the fact that D > 0 for any time, so that

D, 1A D(t;, 1 ) > 0, the energy balance reads as follows.

1. Case without friction and without viscosity:

F"i+%5d”i+%: 0 and FTH% . 6d7—i+%: 0 with Di+% =0=E=E. 3.12)

2. Case without friction and with viscosity:

I‘,,H%(Sd,,u%: 0 and I‘,.H% . 5d7—i+%: 0 with Di+% >0=FE; > Fi;1. (3.13)
3. Case with friction and without viscosity:

Fui+%5dui+%= 0 and Fm% : 5d7p+%2 Owith D; 1 = 0= E; > By (3.14)
4. Case with friction and with viscosity:

F”¢+%5d”i+%: 0 and FTi+% . 5dTi+% > 0 with Di+% >0=FE;, > E;j;;. (3.15)

As aresult, this strategy allows for an exact energy conservation between times ¢; and ¢; 1 when friction and viscosity
are not considered and moreover, it allows for a dissipation of the energy in adequacy with the continuous case when
friction and viscosity are taken into account.

4. Variational approximation

This section is devoted to the discretization of the variational problem Py,. Let €2 be a polyhedral domain. Con-
sider a regular partition 7" of triangular finite elements of Q which are compatible with the boundary decomposition
0 = 0p2 U 0,02 U 0.4, i.e., if one side of an element K € 7" has more than a point on 95, then the side lies
entirely on 9p€2, 9,€2 or 0.€). The space V is approximated by the finite dimensional space V" C V of continuous
and piecewise polynomial functions:

V= {vh e [C()] : vk e PR(K)? VK € T", v =0 on 9.0},

12



where Py (K) represents the space of polynomials of degree less than or equal to & € N in K and h > 0 is the mesh
size. The elements ug € VP and u}f € V" are the finite element approximations of ug and uy, respectively. Then,
using the previous notations and the midpoint scheme, the discrete approximation of the problem Py, at time ¢, , 1
reads as follows.

Problem th. Find a discrete displacement field u"®t = {uhAlt o C V. a discrete normal stress field
reat — (r, ! hAt ", C (V™)* and a discrete tangential stress field I‘hm ={T;; hAt n o C (VM)* such that, for all
i=0,...,n

1 - hAt - hAt h / h / hAt  h / hAt  _h
— w — v dz II. . : Vv — '3 v do — vt da
At/szp( o ) * o 3 q 3 9592 Bits

+ / (CRA sdpat 1A - 5dlA ) da =0, (4.1)

Vitrd " Vo) its Tivd

with frictional contact conditions (3.7),

h o ghar _ Wt B :
HAVATALES H : Vv and i/ el = A I8 the approximation of the acceleration
2

u at time ¢;, 1. Starting from problem th and using the formalism introduced in [65] based on the Galerkin
2
approximation for hyperelasticity, we will directly pose the strong discrete elementary problem as follows.

algo

where HH; VAL
2

Problem P“Oda] Find a global displacement vector u~t = {uAt ™ o a global scalar normal stress rot =

{r, At i, and a global tangential stress vector rat = {l" At i such that

At At At At At _
i 1—|—A( Z+1,u+2) +T, 1V—|—I‘.,-i+%—f—g—0, 4.2)
where A(-) is the internal force vector stemming from the first Piola—Kirchhoff tensor IT,, and the viscous
contribution IT". For more details about Problem P“Odal and the operator A(-), we refer the reader to [65} (7, 41].

In the following sections, we propose both Newton’s semi-smooth method and the Primal Dual Active Set
method algorithm for each case of contact, namely, the law of persistent frictional contact by Coulomb. Thereafter, to

simplify notation and readability, we do not indicate the dependence of the variables with respect to the discretization
hAt

2

parameters At and h. For example, we will write u instead of u;

5. Numerical resolution via a Primal-Dual Active Set method

In this section, we detail the solution of Newton’s Semi-smooth method for visco-hyperelastic problems with
persistent contact conditions and Coulomb’s friction. This method is based on the reformulation of frictional contact
conditions in terms of non-linear complementarity equations, whose solution is provided by the Newton semi-smooth
iterative method [51}[52},155]]. To this end, we need the generalized derivative of complementary functions for contact
and friction. In practice, the conditions of contact with Coulomb’s friction can be formulated in terms of a fixed
point problem, related to quasi-optimization ones. From a purely algorithmic point of view, the main goal of these
methods is to separate the nodes potentially in contact into two subsets (active and inactive) and to find the correct
subset of all the nodes actually in active contact (subset .4), as opposed to those that are inactive (subset 7).

In the following, we specify, among other things, the main principles of Newton’s Semi-smooth method such as
complementarity functions and their generalized derivatives as well as the PDAS. For further details about the
formalism of Newton’s Semi-smooth method, see references [51} 152, 155,153}, 154} 1411
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5.1. Conditions of persistent frictional contact

We consider a persistent contact law associated with Coulomb’s friction law. Denoting by p the index of vertices
on 9N C 99, the discrete persistent conditions verified on the contact boundary Q" are given by

if d,,yp =0:
dvp 2 0, (5.2)
Lup =0, (5.3)
dvp Lvp =0, (5.4)

and

o ° T

drp = ||d‘r,p|‘ﬁa
T7p

HI“EPH + MFu,p S 07 (5.5)

ldrpll(IT7 pl[ + plw p) = O.

5.2. Semi-smooth Newton approach

Contact complementarity function
The first non-linear complementarity function (real-valued function) associated with persistent contact conditions,

i.e. with relations (53.2)-(5.4), is
Ry (dvps Tvp) = —Tup — max(0, T p — o dup)- (5.6)
Proposition 5.1. Let ¢, > 0, the contact conditions (5.2)~(5.4) are equivalent to the relation RY ((01,,71,, I'vp)=0.

Proof. See [57]. O

Frictional contact complementarity function
The second non-linear complementarity function (vector-valued function) associated with the friction conditions,
i.e. with the relations equivalent to (5.3), is:

RE(CZV@ drp: v p, Ff,p) = max(—,uF,,,p, ||F‘r,p ter dT,p||)FT,p + Nru,p(r‘np ter d‘r,p)- (5.7)

Proposition 5.2. Let ¢ > 0, Coulomb’s friction conditions (5.5)) are equivalent to the relation
RE(dV,pv drp: Lup, FT,p) = 0.
Proof. See [41]]. O

Generalized derivative of complementarity functions
We now give the generalized derivative of the complementarity functions for the cases with no contact (Gap case),
sticking (Stick case), and sliding (Slip case).

e Gap case: I'y, , + cl,(c)l,,yp > 0.

14



As per relations (5.6) and (5.7)), the complementarity functions RT and RE take the form

Rg(dv,parv,p) =—Tup,
RE(dv,pv drp: Tvp, Trp) = [Trp 4 cr drplTrp.
This results in the following derivatives for RL:
do RF == 0
dvp ©

dr, ,RE, = —dly,,

and for RE, we have

de RL=0
dvp ’
T q o
dcoi Ry =crTrp@ —2 e ?Tﬂp ddrp =0,
P ITrp + cr drpll

dr, , R =0,
Lrpt+erdrp
ITrp + cr drpll

dr, R = (Trp®

o Stick case: I'y , + cudup < 0 and [|T'r ) + ¢ drpl| < —pl'w p.

We now get, in this case,

Rg(du,pa Fu,p) = ¢y duvp,
R.l;(d,,m, drp: Twp Trp) = perlup drp -

As a result, for RL we get

de RE =c, ddyp,

v,p

dr, , R =0,
and for R, we have

do R£ - 0,

du,p

do RE = perly pd drp,

d‘r,p
de,pRE = per drp dFu,pv
dr, ,RL = 0.

e Slipcase: I'y , + cudpp <0 and —pul'y , < ||T7p + ¢ drpll-
Finally, the relations (3.6)) and (5.7) give

Rg(du,parv,p) = Cy dy,p,

[} o o o]
RE(dV@ drp Lwp: Trp) = [[Trp+cr drplTrp + plu p(Trp + cr drp)-

15
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(5.10)

(5.11)
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(5.14)

(5.15)

(5.16)
(5.17)

(5.18)
(5.19)



We obtain the following derivatives for R

do RE = ¢, ddyyp, (5.20)
v,p

dr, Ry, =0, (5.21)

and for RL, we have
do RI=o, (5.22)

dv,p

F +C (01 o
d. RY = <cTrT,p® T2 T e Tyl ) ddr g, (5.23)
o ITrp +cr drpll
dr,,Rr = u(Trp + ¢r drp)dlup, (5:24)
I'r,+c coi °

dr, pR£ = (FT,p =t T Hrﬂvp +cr df,p”h + NFv,pI2>dPﬂp- (5.25)

(o]
ITrp + cr drpll

By combining (5.8)—(5.25), denoting by Gr and Grr the generalized derivatives of R and RE, we get respectively

gRE (du,pa Fu,p)((S du,pa 5Fu,p) = CV(XStiCk + XSlip) 6du,p +XGap5Fu,pa (526)
gRE (du7p7 d7'7p7 Fu,py I‘T,p)(6 du,pa 5d7’,p, 6FV,p7 6F‘r,p) = XGapHI“np +cr d7'7pH6F‘r7p (527)

+ Xstick (MCTFu,p5 drp +pcr drp 61“,,,p>

(Lrp + cr drp)
ITrp + cr drpll

+ Asiip ( <CTFT,p ® + MCTPVJ?I?) 0drp + w(Trp+ cr drp)iluyp

T +c gl o
(Lrp + Cr drp) + [|Trp + cr drplll2 + MFu,pI2) 51_‘7'47)7

+ (Trp o
ITrp+ cr drpll

where

XGap = 1, Xsiiek = 0, Xsiip = 0if Ty + ¢ Slu,p >0,
Xoap = 0, Xtk = 1, Xsiip = 0if [Trp + cr drpll < 1w p,
Xap = 0, Xsiiek = 0, Xsiip = 1if —pl'y ) < |[|Trp +cr (Olﬁp”.
o(k) o(k)

Now using Newton’s semi-smooth formalism (indexed by superscript k) on the current fixed point (d%p, d-p

o(k+1) o(k+1)
,F,(,]fg,, I‘.(,-kz)) from generalized derivatives and (5.27), we can deduce the new iterated list (d,,, ,d,,

, F,(ff; b, I‘S.k,; 1)) with the following iterative scheme of index (k + 1):
o(k) k o(k+1) k41 o (k) k
Gy (A To) Oy 0705 ") = ~RE(dy e TV).

o(k) o(k) o(k+1) o (k+1) o(k) o(k)
GRE(dy g Ay s T TSN Oy +0dry, 005 V008 Y) = —RE(d iy TV T,

V7p, T7p7

o(k+1) o(k+1) o(k) o(k) o(k+1) o (k+1)
(dyp +drp Tom WTED) = (dy i dyp TOR T + (8dyy 20dr, 0Tug 8T8 ").

16



where 60J(+1) = O+1) — k),
According to the different cases of contact state (no-contact, sticking, and sliding), and applying the previous
derivatives in Newton’s semi-smooth formalism, we obtain the following cases.

e Gap case: XGap = 1, Xsick = 0, Xsiip = 0.
We have

— (@Y —1¥) =18)  and Hrfwcfd,pH( Dy = 0% 4 er Tpur ) (528
It follows

ria =0 and T¥Y =0, (5.29)

o (k)
since Hl" p+cT p >0,

e Stick case: XGap = 0, Xsick = 1, Xspip = 0.

We have
o(k+1)  o(k) o(k) o(k+1) o (k) o (k) k1 i gy o (k)
oldyy —dyp) =—Codyy, and perT80(dr,  — dyp) + pcr dryy (Tog ) = TUD) = —c, T8 dy e
(5.30)
whence
(k+1) (k+1) 3("”) k)
[} i o Tp (k‘+1) B o]
dyp, =0 and d,, +F(k) Lvp ' =d,, - (5.31)
v.p
e Slip case: Xgap = 0, Xstick = 0, Xpip = 1.
For R, we get again
o(k+1)
dyp =0 (5.32)
For RL, we get
o Mo dy, PRV ®) . oW pe)) )
(CTFT,p & - o (k) + MCTFu,pI2> (d.,-7p - d-,—,p) + ,U(I‘T,p +cr dT,p)(Fu,p - 111/,;)) (5.33)
”F + Cr dT pH
T 4 Sl(k)
rpt+ec
+(rf) e —2—— ; w2 T+l T 4+ L) (08 - T
H 7P + CT T p”

o (k)
k k
— T + e T — T + e &)

For a two-dimensional case, we can obtain a simplified equivalent version of the algorithm. LetGr slip be the generalized

derivative of R£ in the case with sliding

Lrpterdrp
ITrp + cr drpll
+ 1y p(0T7p + cr0drp) + (L7 p + ¢r drp)0Ly + [Drp + cr drpl|6T7 .

gghp(dﬂp, T;,)(0drp, 67 ,) =Trp ® 0T+, + cr0dr ) (5.34)
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Let 7 be the unit tangential slip vector; since the problem is in contact, we have on the contact boundary

r 1 o
T,,=—uly,r, —2twdme oo 4 dd, = ar, (535)

O
ITrp + cr drpll

for some o € R. By combining the relations (5.34)—(5.33)), we get

o o
gdlp (dT,p’ I'- p)(5df p: 007 p) = —ply pa(T @ 7 — D)7 + (L p + ¢ drp)0ly + [[Trp + cr drp6L7

Since v and 7 are unit orthogonal vectors, we have in the 2D case (7 ® 7 — In)T = —(v ® v)7 = 0. Using (5.33)
and assuming i) — uF,(,k)T(k), we deduce from (5.33) the following expression
o (k)
W) 4 er ST 1) 4 118 4 o0 &y 105 1) (5.36)

o (k)
1) + e ey [T — TEUTE) + e i),

Therefore, with elementary algebra, we get
o (k)

(k)
pHD _ ) Trpterdr, D 2 (6

o (k)
IT%5 + cr do

5.3. Primal-Dual Active Set method

Let S be the set of all the nodes of the finite element mesh belonging to 92" and p the index of a node belonging

to S. The discrete frictional contact condition (5.1)—(5.5) is achieved by applying an Active Set strategy on the
non-linear complementarity functions R5 and R based on an iterative semi-smooth Newton procedure. Active and

inactive sets for contact and friction are defined according to a leapfrog midpoint scheme as follows:

AL _ ® . q®
o o ={peS:Tup+ad,, <0},

o (k)
= fpes:TH +e,d, p>0},
A (pe s T + o ,p||+ur > 0},
T = [pe 8 < T8 + e dyoll + 41U} < 0).

The status of a node given at iteration £ depends on the set to which it belongs; it can either be in the inactive contact

state (no-contact state), or in the active contact state (contact state) (see Proposition @ with slip contact or with

stick contact. At each time step increment tp 11, we also introduce R(-,-) = (Ru(-, s R,I/‘(, s RE(, )) which

describes the system of non-linear equations resulting from the discretized problem Pg(’dal in the case of unilateral
contact with Coulomb’s friction, defined by

RY*(d,T)=pi+ A(w,0)+Tpv+Tr—-f—g

o [¢]
R(d,T) = RE(Q,T) = —T, — max(0, —Twp — ¢y dup) =0. (537

RE(.T) = max(—Cy . [Trp + er drpl T+ 10 (Tt 7 dry)
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The description of the iterative Active Set algorithm of index k in the context of a persistent contact is the following:
(z) Choose (u(o), 1'1(0), 1"(0)), ¢y > 0, ¢ > 0 and initialize k£ = 0.

(i) if dyP™e <0 define the active and inactive sets:
o (k)
A’Z-i—l ={peS: Fgfz)? + ¢ d,, ,< 0},
Ipt =8\ At

o (k)

k k

A = {pe 81 T + e dp | + 4TS > 0},
I"k_:—i—l _ S\A§.+1

o (k+1)
(iv) Find (d , T(+1)) such that
pﬁ(k-H) + A(u(k-i-l)’ﬁ(k-i-l)) + F,(,k+1)u + I\S_k“‘l) =f+g, (5.38)
rd —o, T =0 forall pe Tkt (5.39)
o(k+1)
d,, =0 forall pe AL (5.40)
r® e dn
T c T
o = V=TT forallp € ARTL 0 AR (5.41)
k o
ITE) + er do
by G k)
T Uy =d,, forallpeZttinalt, (5.42)
v,p

@) If |(u+D Ty — (u®) TE)Y|| < ¢, [R(uFEHD), TEED)|| <€, ABHT = AF and A+ = AX then stop,
else return to (47).

Remark 1. One of the most interesting aspects of PDAS methods is that the resulting linear systems do not require
the use of Lagrange multipliers and, therefore, become more simple to implement since the non-linear initial contact
conditions are replaced at each iteration by the linear conditions (5.39)), (3.40), (53.41), and (5.42)) which are Neumann,
Dirichlet, and Robin-like conditions. Also, one of the specific features of the PDAS methods is to directly and strictly
impose these conditions of contact computed by the iterative process of the semi-smooth Newton approach.

6. Benchmark numerical simulations

In this section, we present numerical simulations always carried out with first-order finite elements, concerning
space discretization. As for time discretization, time steps are suitably chosen as long as low-velocity impacts are
considered.

6.1. Impact of a linear elastic ball against a foundation

We extend the problem to viscosity with the addition of a damping term:

Wo(E) = gtr (£2) 6.1)
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where 7 is the damping factor. This representative benchmark problem describes the frictionless impact of a linear
elastic ball against a foundation. The elastic ball is launched with an initial velocity u; = (0, —10) m/s towards the
foundation {(xl, x9) € R?: 129 < 0}. The behavior of the material is described by a linear elastic constitutive law
defined by the energy function

E
2(1+ k)

Ex

Wie) = sarma—2n

(tre)? + tr(e?), Vee M. (6.2)

Here, E and k are respectively the Young modulus and the Poisson ratio of the material and tr (-) is the trace operator.
Note that € = %(VuT + Vu) represents the linearized strain tensor within the framework of the theory of small
strains (|lul| < 1 and [Vu|| < 1 in ). The physical framework is shown in Figure[2] The geometrical setting is

Elastic ball

Figure 2: Discretization of the elastic ball in contact with a foundation.

given by
Q = {(z1,22) €R*: (z1 — 100)* + (z2 — 100)* < 100} ,
0l =02, 0,Q0=2a,
9.0 = {(x1,22) € R*: (21 — 100)* + (22 — 100)* = 100} .
The domain {2 represents the cross-section of the ball, assuming plane stress. We assume that volume forces do not

act on the body during the process. For the discretization of the contact problem we use 7820 elastic nodes and 128
nodes for Lagrange multipliers. For the numerical experiments, we choose the following data set:

p=1000 kg/m3, T =2s, At=0.001s,
up = (0,0)m, wu; = (0,—10)m/s,
E =100 GPa, x=0.35 f=(0,0)N/m3 g=(0,0)N/m?,
g=50m, pu=0,
where ¢ is the initial gap. In Figure [3] the deformed ball sequence and contact stresses are shown before, during,

and after impact. The interest of this representative example is to compare the numerical results of the Active Set
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Figure 3: Sequence of deformed ball and contact stresses before, during, and after impact.

method with the results of other numerical methods obtained using certain classical methods. For this, we consider
five existing methods:

The classical quasi-Lagrangian method with the Signorini contact condition, see [42].

The penalty method with a normal compliance condition of the form &,,,, = —r(u,,, )+, with » = 1000.

The specific penalization method developed by Hauret [16]].

The Equivalent Mass Matrix (EMM) method proposed by Khenous [70], which represents a specific distribution
of the mass matrix without any inertia of the contact nodes. This method is characterized by relevant stability
properties of the contact stress.

— Newton’s adapted continuity method, developed by Ayyad and Barboteu [13]], which is characterized by the
application, after two steps, of the unilateral contact law and the condition of persistence during each time step.

In what follows, we analyze the methods with respect to the discrete energy evolution. Thus, the total discrete energy
at time t,, is defined by the following formula:

Lo
B, = 2/p||u3|dx+/ag:s(un)dx,
Q Q

where € denotes the infinitesimal strain tensor, and ¢ = 0 W*¢(¢).

Figures (@) and (5) show the evolution of the total discrete energy of the system and the normal contact stress
during the impact. After the impact, for the chosen time step and ¢ > 1.52 s, the classical quasi-Lagrangian methods
with Signorini’s law (curve (©)) and the penalization method with normal compliance condition (curve (H)) do
not conserve energy. The EMM method (curve V) greatly reduces power dissipation but fails to achieve exact
conservation. The schemes developed by Ayyad and Barboteu [13] (curve (o)) and the specific penalty method
developed by Hauret [16] (curve (H)) conserve energy after impact. However, for the penalized method of Hauret,
there are energy fluctuations which disappear after the impact and for the scheme developed by Ayyad and Barboteu,
we can note an increase in the normal contact stress. The Active Set method for persistent contact (shown by the
curve (4)) allows energy to be conserved exactly without any fluctuation.

In order to overcome these difficulties, we consider the Active Set method with persistence and viscosity conditions,
analyzing the behavior of discrete energy. From Figure [6] we can see that in the absence of viscosity (7 = 0), this

21



0.1825

0.1820

0.1815
0.1810
> L
20
o 0.1805
=
sl L
0.1800F I ! o—o Classical scheme with Signorini law
| s=—a Classical scheme with normal compliance
0.1795 == Improved normal compliance (o = 2)
i v— EMM method (Khenous-Laborde-Renard)
0.1790 - +—e Scheme with Signorini and persistence conditions (Ayyad-Barboteu)
r +—e Active-Set method with persistence conditions
n 1 n 1 n 1 n T
0‘17%5490 1.500 1.510 1.520 1.530
time (s)

Figure 4: Discrete energy behavior of selected time integration schemes during impact.
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Figure 5: Normal contact stress of selected time integration schemes during impact.

method allows to obtain a better energy conservation. For 17 > 0, we see that the more the viscosity coefficient
increases, the more the energy dissipates. Let us note that this dissipation does not results from a numerical artifact
of the Active Set method, but it is a consequence of the hyper-viscoelastic model which one formulates. Indeed, we
can notice that the Active Set method does not dissipate energy when we take a vanishing viscosity parameter.
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Figure 6: Discrete energy behavior for the Active Set method with persistence and viscosity (1) conditions.

6.2. Impact of a hyperelastic ring on a rigid foundation
The hyperelastic model is extended to viscosity with the addition of a damping term:
W (G) = gtr (C2). 6.3)
The interest of this example is to give a validation of the hyper-viscoelastic frictional contact model proposed,

compared to the results obtained by using Odgen’s hyperelastic model. This non-trivial example, introduced by
Laursen [7], concerns an academic problem of frictional impact of a hyper-viscoelastic ring against a foundation.

hyperviscoelastic ring

Figure 7: Sequence of the deformed hyper-viscoelastic ring before, during, and after impact.

For each hyperelastic model, we use the same viscous damping term given in (7.1)). Details on the physical setting
of the problem are given below:

Q = {(z1,22) € R?: 81 < (21 — 100)* + (22 — 100)* < 100},

=2, 0= {(1,22) € R*: (21 —100)* + (z2 — 100)* = 81},

92 = {(z1,22) € R*: (z1 — 100)* + (2 — 100)* = 100} .
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The domain €2 represents the cross-section of a three-dimensional deformable body under the assumption of plane
stress. The ring is launched with an initial velocity at 45° with respect to the towards a foundation, as shown in
Figure The foundation is given by {(z1,22) € R*: 22 < 0}. For discretization, we use 1664 elastic nodes and
128 Lagrange multiplier nodes. The response of the compressible material is assumed to obey Ogden’s constitutive
law [71]], characterized by the following energy density:

W(F) = Cl(Il — 3) + CQ(IQ — 3) + D(Ig — 1) — (Cl +2Cy + D) lnlg,
where the invariants I, I, and Is of C = FT'F are defined by

(tr(C))? — tr (C?)
5 :

L(C) =tr(C), IL(C)= I5(C) = det(C).

For numerical experiments, the data are:
p=1000kg/m3, T =10s, At= zs,
ug = (0,0)m, wuy=(10,—-10)m/s, f=(0,0)N/m3 g =(0,0) N/m?2,
Ci =0.5MPa, Cy=0.5-10"2MPa, D = 0.35MPa,

¢y, = 1000.
=—a Specific penalized method
v—v EMM method
+—e Scheme 2 steps with Signorini and persistence conditions
+—e Leapfrog Scheme with persistence conditions
0.062 T T T
0.060 - 1
>
20
g v vV 1
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0.0561 Yy v vrvvvvy
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Figure 8: Discrete energy behavior of selected time integration schemes during impact.

In Figure [8] we observe the evolution of the total discrete energy of the frictionless dynamic system given by
different time integration schemes. We find that the leapfrog scheme with persistent conditions, the 2-step scheme
(Signorini and persistent condition) and the Hauret scheme (specific penalty) conserve energy unlike the EMM
method (curve ¥) which dissipates energy.

Figure 9] presents the behavior of discrete energy using an Active Set scheme with persistent condition with
frictionless viscosity. This method is characterized by a slightly dissipative behavior due to the viscosity. One can
notice that the larger the viscosity parameter, the more the energy is dissipated. This is due to the hyper-viscoelastic
model.

In Figure[I0] we observe the behavior of discrete energy using an Active Set scheme with frictional contact. We
see that for 4 = 0, this method allows to obtain an exact conservation of energy. When friction is taken into account
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=—a Leapfrog Scheme with persistence conditions and without viscosity (n = 0)

v—v Leapfrog Scheme with persistence conditions and with viscosity (1 = 0.00001)
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Figure 9: Discrete energy behavior with the PDAS—Leapfrog scheme with frictionless persistence and viscosity (1)
conditions.

=—a [eapfrog Scheme with persistence conditions and without friction (i = 0)
v—v Leapfrog Scheme with persistence conditions and with friction (L = 0.1)
+—e Leapfrog Scheme with persistence conditions and with friction (1 = 0.2)
+—e Leapfrog Scheme with persistence conditions and with friction (u = 0.4)
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Figure 10: Discrete energy behavior with the PDAS-Leapfrog scheme with persistence and friction (x) conditions
without viscosity.

(e > 0), this method presents a dissipation which increases with the friction coefficient, which clearly reflects the
physical phenomenon of friction dissipation.

In Figure [TT] the curves show the behavior of discrete energy using an Active Set scheme with viscosity and
friction. For (u,n) = (0,0), we see an exact conservation of energy. On the other hand, for 4 = 0.1 and by
considering € {0.0001,0.0004}, we note that the dissipation of energy increases proportionally to the viscosity
coefficient. This dissipation is physically acceptable.
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v—v Leapfrog Scheme with viscosity and friction (n = 0.0001 ; = 0.1)
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Figure 11: Discrete energy behavior with the PDAS—Leapfrog scheme with persistence, friction (1) and viscosity
(n) conditions.

7. Numerical simulation of a stent in contact with a soft tissue

As in previous simulations, the hyperelastic model is extended to viscosity with the addition of a damping term:
W () = gtr (C2). (7.1)
The response of the compressible hyperelastic material is, again, described by Ogden’s constitutive law [71]],
W(F)=Ci(I1 —3)+Ce(I—3)+D(I3—1) — (C1 +2C2+ D) In I3.

The domain 2 represents a longitudinal section of a three-dimensional “stent—artery” system under the assumption
of a plane stress. The stent is subjected to imposed displacements towards the walls of the artery, as illustrated in
Figures[[2]and [I3] Concerning numerical experiments, the data are:

p=1000kg/m3, T =1s, At=gs,

O = 0.5MPa, C5™Y =0.5-10"2MPa, D¥®Y = (.35 MPa,

Cy" =2.10°MPa, C§" =2MPa, D™ = 140 MPa,

cp = 100000, ¢, = 100.
For the discretization, we use 1137 elastic nodes. The simulation CPU time for a deformed ““stent-artery” configuration
(see Figure[T4) is of the order of 55 seconds.

We can notice in Figure[I4]that the stent adheres to the wall of the artery according to the displacement imposed.

In what follows, we will study the behavior of the difference in discrete energy between the times ¢;,1 and ¢; for the
PDAS-Leapfrog scheme as indicated below:

) da — D, (7.2)

AE:EZ'+1 —F;, = —At/ (FV 15d,,_ 1 + I 1 -5(01-,—_ +%.

. 1
9:0 it3 ity itg itg
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Figure 12: Stainless-steel stent in an arterial tissue. Source: National Heart, Lung, and Blood Institute; National
Institutes of Health; U.S. Department of Health and Human Services.
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Figure 13: Configuration of the meshes of the stent-artery assembly in the initial state.

Figure 14: Distorted meshes of the artery-stent assembly.

In Figure [T5] when friction is absent, we observe that without viscosity (n = 0), the difference in discrete energy is
practically zero, which indicates that this method allows energy conservation. In the presence of viscosity, we note
that the higher the value of 7, the greater the dissipation (A F is negative). This confirms what we observed in the
continuous and discrete case.
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=—a PDAS-Leapfrog Scheme without viscosity (n =0.)
v—v PDAS-Leapfrog Scheme with viscosity (n = 0.5)
»—a PDAS-Leapfrog Scheme with viscosity (N =1.)
+—e PDAS-Leapfrog Scheme with viscosity (n = 1.5)
e—e PDAS-Leapfrog Scheme with viscosity (1 =2.)
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Figure 15: Behavior of the discrete energy difference between the times ;1 and ¢; for the PDAS-Leapfrog scheme
with contact conditions, without friction and with viscosity (7).

In Figure[T6] in the presence of viscosity ( = 1), and in the absence of friction, energy is dissipated. When friction

»—a PDAS-Leapfrog Scheme with viscosity and without friction M =1.; 0 =0.)
v—v PDAS-Leapfrog Scheme with viscosity and friction (M =1.; u=0.1)
»—a PDAS-Leapfrog Scheme with viscosity and friction (n = 1. ; 0 =0.2)
+— PDAS-Leapfrog Scheme with viscosity and friction (M =1.; 0 =0.3)
e—e PDAS-Leapfrog Scheme with viscosity and friction (n = 1. ; u = 0.4)

0.0
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Figure 16: Discrete energy difference between the times ¢;11 and ¢; for the PDAS-Leapfrog scheme with conditions
of contact, friction (u), and viscosity ().

is taken into account, we notice that this dissipation increases according to the coefficient of friction . We can also
notice that the more y increases, the more relevant are fluctuations, but A E' always remains negative.

8. Conclusion and perspectives

In this work, we have addressed a problem in hyper-viscoelastic dynamics with persistence conditions, both with
and without friction. From the computational viewpoint, a novel numerical method is presented: the Active Set
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method based on an iterative Newton semi-smooth scheme with persistence conditions. A comparative study is then
conducted between the proposed Active Set method and other methods, in terms of energy behavior. Numerical
tests have shown that the implemented strategy exhibits good energy conservation properties during impact without
friction and without viscosity, and that it dissipates energy in the cases with friction and viscosity, as expected.
Many open problems can be considered as future perspectives. For instance, it would be interesting to study other
constitutive laws such as perfectly plastic or visco-plastic materials in the context of hyperelasticity and to propose an
analysis of the energy balance of these dissipative systems [72]. These laws can be associated with different conditions
of contact and friction, thus posing new challenges, in particular the extension of Semi-Smooth Newton and PDAS
methods. Another important perspective concerns numerical simulations in a three-dimensional framework, in order
to make predictions of real-life scenarios in line with soft tissue biomechanical experimental systems.
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