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Abstract

In this work, we propose amathematical model of hyper-viscoelastic problems applied to soft biological tissues, along
with an energy-consistent numerical approximation. We first present the general problem in a dynamic regime, with
certain types of dissipative constitutive assumptions. We then provide a numerical approximation of this problem,
with the main objective of respecting energy consistency during contact in adequacy with the continuous framework.
Given the presence of friction or viscosity, a dissipation of mechanical energy is expected. Moreover, we are
interested in the numerical simulation of the non-smooth and non-linear problem considered, and more particularly
to the optimization of Newton’s semi-smooth method and Primal Dual Active Set (PDAS) approaches. Finally, we
test such numerical schemes on academic and real-life scenarios, the latter representing the contact deployment of a
stainless-steel stent in an arterial tissue.

AMS Subject Classification : 74M15, 74M20, 74M10, 74B20, 74H15, 74S30, 49M15, 90C53, 70F40, 70-08,
70E55, 35Q70
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1. Introduction

Soft biological tissues, such as skin, tendons, or ligaments, play a primary role in the mechanical integrity of
the human body. They are mainly made up of collagen and elastin proteins, which result in specific mechanical
properties at the macroscopic scale. They can be stretched up to 15% without damage, and their behavior is also
characterized by a significant viscous component.

Soft tissue biomechanical properties derived from experimental measurements [1] are critical for developing
real-life-based models for minimally invasive surgical simulation (e.g., contact deployment of a stainless-steel stent
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in an arterial tissue [2]). The theory of elastic bodies subjected to large deformations has often been employed to
model the physical behavior of biological tissues [3, 1, 4, 5]. Most phenomenological models are based on a non-
linear elastic (hyperelastic) constitutive assumption for the material behavior [2, 6], in the light of the data obtained
by experiments. In addition, most medical device regulators insist today on analyzing numerical simulations as part
of their approval process.

The goal of this work is to study a hyperelastic dynamicmodel including viscosity. Hyperelastodynamic problems
with contact and friction conditions lead to the study of impact and deformation of a hyperelastic body interacting
with a foundation, and arise from non-smooth and non-linear constitutive laws. Such laws are quite challenging to
deal with, both from a mathematical and a numerical perspective [7, 8, 9, 10, 11, 12, 13]. The dynamics can thus no
longer be simulated by decomposition on the eigenmodes of the structure, which is standard in linear elastodynamics,
and particular attention must be devoted to the choice of time integration schemes, very sensitive in terms of stability
to the non-linearities of the physics. Indeed, energy consistency represents for time integration schemes a guarantee
of numerical stability during the resolution of non-linear elastodynamic problems. Moreover, ensuring energy
conservation in the case of impact problems is a key challenge. Many works have been carried out in order to
determine numerical strategies specifically adapted to non-linear dynamics problems [14, 15, 16, 12, 13, 17].

First of all, time integration of non-linear elastodynamics equations is hindered by several difficulties [7, 14, 16,
13]. One is typically led to considering totally implicit schemes, but still, due to non-linearity, their stability remains
a major issue [9]. Indeed, when the time step is not small enough, most schemes issued from the linear framework
give rise to a blow-up of the total energy of the discrete system [7, 14]. This raises then the problem of energy
conservation for time integrators, which represents a key stability criterion. Gonzalez proposed in [14] a numerical
scheme complying with such a criterion. It is of particular interest in practice, since it provides an explicit expression
of the stress terms appearing in the scheme. In order to obtain energy conservation properties for non-linear dynamic
problems, it is necessary to take into account the persistence condition during impacts [18, 14, 15, 16, 13]. The
persistence condition represents the complementarity condition of unilateral contact taken in this case between
normal contact velocity and normal impulse force. Many references [16, 7, 19, 14, 20, 21, 22, 15, 13, 23, 24, 17]
propose relevant approaches to solve such impact problems with energy balance properties. Since several numerical
approximations give rise to either artificial dissipations or increase in energy, we propose in this paper a model in
adequacy with energy consistency of hyperelastic frictional contact systems, with an extension to the viscosity [7,
13, 25]. Several methods have been successfully tested to solve frictional contact problems. Some are based on
treatment of contact conditions by normal compliance [26, 27, 28, 29] or by other relevant methods such as the
quasi-augmented Lagrangian method [30], the bi-potential method [31, 32], the conjugate gradient method [7, 8],
the Uzawa method [33, 34], and the Nitsche finite element method [35, 36, 37, 38]. Recently, Primal-Dual Active Set
(PDAS) methods have emerged as promising in solving contact problems with friction in a deformable medium, due
to their efficiency and ease of implementation [39, 40, 41, 42, 29]. From a purely algorithmic point of view, the main
objective of these methods is to separate the nodes potentially in contact into two subsets (active and inactive) and to
find the right subset of all the nodes actually in contact (subset A) as opposed to those who are inactive (subset I).
In practice, these methods do not involve Lagrange multipliers (such as in the augmented quasi-Lagrangian method).
In fact, the boundary conditions on subsets A and I are directly imposed thanks to a semi-smooth Newton method.
Recall that these methods have been developed recently for unilateral contact conditions [39, 40, 41, 42, 43], and in
particular in [44], supplemented by those in [45, 46].

This paper is organized into six sections. We present the physical framework and the mathematical model, and
recall the constitutive assumptions for hyper-viscoelastic materials in Section 2. We present the strong and variational
formulations of the problem by detailing the properties of energy conservation and dissipation in the continuous
case using the persistence condition. Section 3 is devoted to the discretization of the hyper-viscoelastic problem
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with contact and the energy-consistent approach adapted to frictional contact. In Sections 4 and 5, we present the
numerical simulation of the non-smooth and non-linear problems considered previously, focusing on the optimization
of Newton’s semi-smooth and PDAS methods. We then validate these PDAS schemes on benchmarks representing
academic test cases carried out with a linear elastic ball and a hyperelastic ring, both launched in the direction of a
rigid foundation. In the last section, we test such numerical approaches on a real-life application representing the
contact deployment of a stainless-steel stent in an arterial tissue.

2. Mechanical and mathematical modeling

2.1. Mechanical Modeling

Dynamical systems of deformable bodies undergoing large deformations are governed by non-linear time-
dependent equations. In this work, we consider the referential configurations (open, bounded, and connected sets)
Ω(1) ⊂ R3 and Ω(2) ⊂ R3 of two continuous bodies, each one characterized by a hyperelastic constitutive law. For
i ∈ {1, 2}, the first Piola–Kirchhoff tensor Π(i) is given by Π(i) = ∂FW

(i)(F(i)), where W (i)(F(i)) is the elastic
energy density, andF(i) the deformation gradient defined byF(i) = I+∇u(i) where u(i) represents the displacement
vector field relative to body Ω(i). For more details about the hyperelastic framework, we refer to [47, 48]. Thereafter,
�(i) represents quantity � pertaining to Ω(i) ∪ ∂Ω(i). The subset ∂cΩ(i) ⊂ ∂Ω(i) is the contact surface of body Ω(i)

(see Figure 1) and we let ∂cΩ := ∂cΩ
(1) ∪ ∂cΩ(2). Frictional contact is modeled by combining the normal unilateral

contact law and the tangential law of Coulomb’s friction with variable pressure [7, 8, 49, 50, 51, 30, 38]. These
relations depend on the normal distance dν , the tangential contact velocity

◦
dτ , and the contact and friction stress Γ

(which is split into a normal contact pressure Γν and a tangential part Γτ ). These laws are, then, the

Contact law:


dν ≥ 0,

Γν ≤ 0,

dνΓν = 0,

and the Friction law:


◦
dτ = ‖

◦
dτ‖

Γτ

‖Γτ‖
,

‖Γτ‖+ µΓν ≤ 0,

‖
◦
dτ‖(‖Γτ‖+ µΓν) = 0,

on ∂cΩ. (2.1)

Here, ‖·‖ is the Euclidean norm, ν and τ are the unit normal and tangential vector fields on ∂cΩ(2), and µ ≥ 0 is the

Figure 1: Physical setting of two deformable bodies Ω(i) in contact.

friction coefficient. The normal and tangential distances can be defined, for any (x(1),x(2)) ∈ ∂cΩ(1) × ∂cΩ(2) and
fixed t > 0, as follows. First, we introduce the projection of the nearest point x⊥(2) (proximal point) on the target
surface ∂cΩ(2) as

x⊥(2) := argmin
x(2)∈∂cΩ(2)

‖(x(1) + u(1)(t,x(1)))− (x(2) + u(2)(t,x(2)))‖.
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Then, the normal and tangential distances are defined, respectively, by:

dν := ν ·
(

(x(1) + u(1)(t,x(1)))− (x⊥(2) + u(2)(t,x⊥(2)))
)
, (2.2)

dτ := (I− ν ⊗ ν)
(

(x(1) + u(1)(t,x(1)))− (x⊥(2) + u(2)(t,x⊥(2)))
)
, (2.3)

where ν = ν(t,x(2)). Similarly, we can define the normal and tangential contact velocities based on the veloci-
ties u̇(i):

◦
dν := ν · (u̇(1)(t,x(1))− u̇(2)(t,x⊥(2))), (2.4)

◦
dτ := (I− ν ⊗ ν)(u̇(1)(t,x(1))− u̇(2)(t,x⊥(2))). (2.5)

were the dot superscript denotes a time derivative. For more details on the definition of the quantities dν ,
◦
dν and dτ ,

◦
dτ in the context of large deformations, we refer the reader to [52, 7, 13, 17]. Moreover, in order to obtain energy
conservation properties, the work of the normal contact reaction at time t > 0 must vanish [7, 49, 13]. Thus, to
conserve energy, we add the persistence condition in the contact law:

◦
dν Γν = 0 on ∂cΩ. (2.6)

This condition means that normal contact reactions are only active during persistent contact. One can easily prove
(see [7, 8, 13]) that adding the persistence condition (2.6) to the law of unilateral contact in displacement (2.1) yields
the

Persistent contact law:

{
if dν > 0 Γν = 0

if dν = 0
◦
dν ≥ 0, Γν ≤ 0,

◦
dν Γν = 0

on ∂cΩ. (2.7)

2.2. Mathematical modeling

2.2.1. Hyper-viscoelastic energy density

In this section, we extend the hyperelastic problem to viscosity. Therefore, we consider a stress tensor Π

characterized by a Kelvin–Voigt law which allows to satisfy the fundamental requirement of infinitesimal framework
indifference:

Π(F, Ḟ) =
∂W e(F)

∂F
+
∂W v(F, Ḟ)

∂Ḟ
, (2.8)

where W e is the elastic energy density and W v is the viscous power density. The function Πe : Md → Md is the
hyperelastic operator (elastic part of stress), derived from the densityW e, such that

Πe(F) =
∂W e(F)

∂F
, (2.9)

and Πv : Md × Md → Md is the viscosity operator (viscous part of stress), such that

Πv(F, Ḟ) =
∂W v(F, Ḟ)

∂Ḟ
. (2.10)

The viscosity operator has to satisfy the Legendre–Hadamard (dissipation) condition, i.e. Πv(F, Ḟ) : Ḟ ≥ 0,
∀Ḟ ∈ Md. Let C = FTF denote the right Cauchy–Green tensor. It is a simple matter to prove that this condition is
satisfied, for instance, by the viscous power density proposed by Curnier [53], i.e.

W v
1 (Ċ) =

η

2
tr (Ċ2), η > 0,

and by the one proposed by Pioletti et al. [54, 3], i.e.

W v
2 (Ċ) =

η

4
tr (Ċ2)(tr (C)− 3), η > 0. (2.11)
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2.2.2. Strong formulation of the mechanical problem

The strong formulation of the problem, involving the equations of motion of the hyper-viscoelastic body Ω(i) for
i ∈ {1, 2} without contact, is the following.
Problem P(i)

S . Find the displacement field u : Ω(i) × (0, T )→ Rd and the stress field Π : Ω(i) × (0, T )→ Md such

that, for i ∈ {1, 2},

Π(F, Ḟ) = Πe(F) + Πv(F, Ḟ) in Ω(i) × (0, T ), (2.12)

Div Π + f = ρü in Ω(i) × (0, T ), (2.13)

u = 0 on ∂0Ω(i) × (0, T ), (2.14)

Πν = g on ∂gΩ
(i) × (0, T ), (2.15)

u(0) = u0, u̇(0) = u1 in Ω(i), (2.16)

with Πe(F) = ∂W e(F)
∂F and Πv(F, Ḟ) = ∂W v(Ḟ)

∂Ḟ
. The subsets ∂0Ω(i) and ∂gΩ(i) of the boundary ∂Ω(i) are,

respectively, those on which displacement and traction are imposed. Equation (2.12) represents the hyper-viscoelastic
constitutive law of the material, (2.13) represents the equation of motion in which ρ is the material density, and
(2.14)–(2.15) are the boundary conditions for displacement and traction. Here, f and g always designate volume and
surface forces, respectively, and (2.16) represents the initial conditions.

The strong formulation of the problem of the system of hyper-viscoelastic bodies Ω = Ω(1) ∪ Ω(2) without contact
is obtained from the above problem by simply replacing Ω(i) by Ω in each of Equations (2.12)–(2.16).

On the other hand, the problem involving Coulomb’s frictional contact combined with the persistence condition
reads as follows.
Problem PcS . Find the displacement field u : Ω× (0, T )→ Rd and the stress field Π : Ω× (0, T )→ Md such that

Π(F, Ḟ) = Πe(F) + Πv(F, Ḟ) in Ω× (0, T ), (2.17)

Div Π + f = ρü in Ω× (0, T ), (2.18)

u = 0 on ∂0Ω× (0, T ), (2.19)

Πν = g on ∂gΩ× (0, T ), (2.20){
dν > 0, Γν = 0;

dν = 0,
◦
dν ≥ 0; Γν ≤ 0;

◦
dν Γν = 0

on ∂cΩ× (0, T ), (2.21)


◦
dτ = ‖

◦
dτ‖ Γτ

‖Γτ ‖ ,

‖Γτ‖+ µΓν ≤ 0,

‖
◦
dτ‖(‖Γτ‖+ µΓν) = 0.

on ∂cΩ× (0, T ), (2.22)

u(0) = u0, u̇(0) = u1 in Ω. (2.23)
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2.3. Variational Formulation

The variational formulation of problem PcS , denoted by PcV , is the following.
Problem PcV . Find u ∈ L2(0, T ;V ), Πe ∈ L2(0, T ; Md), Πv ∈ L2(0, T ; Md), Γν ∈ L2(0, T ;V ∗), and Γτ

∈ L2(0, T ;V ∗), such that, for all t ∈ (0, T ),
∫

Ω
ρü · v dx+

∫
Ω

Π : ∇v dx+ Pc+f (u,v) =

∫
∂gΩ

g · v da+

∫
Ω

f · v dx ∀v ∈ V,

u(0) = u0, u̇(0) = u1,

(2.24)

where the space V = V (1) × V (2) is the space of test fields with V (i) = {v(i) ∈ H1(Ω(i))d,v(i) = 0 on ∂0Ω(i)}
and V ∗ is spaceH−1/2(∂cΩ) with the addition of the persistence condition combined with the unilateral contact law
(2.21), and

Pc+f (u,v) :=

∫
∂cΩ

(Γνδdν + Γτ · δdτ ) da, (2.25)

where we have used the following notation:

Πν = Γνν + Γτ and Πν · v = Γνvν + Γτ · vτ ,

and δdν and δdτ represent the directional derivatives of dν and dτ respectively along the v direction:

δdv := lim
α→0

dv(u + αv)− dv(u)

α
= v ·

(
v(1) − v⊥(2)

)
,

δdτ := lim
α→0

dτ (u + αv)− dτ (u)

α
= (I− v ⊗ v)

(
v(1) − v⊥(2)

)
,

(2.26)

where v(1) = v(1)
(
x(1)

)
and v⊥(2) = v(2)

(
x⊥(2)

)
. (2.27)

2.4. Conservation and dissipation properties in the continuous case

From a physical point of view, the solution of a hyper-elastodynamic problem has to satisfy suitable conservation
properties such as energy balance, linear momentum balance, and angular momentum balance. In the absence of
contact and friction, energy conservation can be written as∫ t

0
Ė(s)ds = E(t)− E(0) =

∫ t

0

∫
Ω

f · u̇ dx ds +

∫ t

0

∫
∂gΩ

g · u̇ da ds, (2.28)

Where (s, t) ∈ (0, T )× (0, T ) andE(t) denotes the internal mechanical energy of the two-body system, defined as:

E(t) =
1

2

∫
Ω
ρ|u̇|2 dx+

∫
Ω
W̃ (C) dx (2.29)

with C = FTF.
When we extend the problem to viscosity, as well as to contact phenomena with friction, energy balance takes the
form:∫ t

0
Ė(s)ds = E(t)− E(0) =

∫ t

0

∫
Ω

f · u̇ dx ds +

∫ t

0

∫
∂gΩ

g · u̇ dads

−
∫ t

0
Wc+fds−

∫ t

0

∫
Ω

Πv : ∇u̇ dxds (2.30)
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Equation (2.30) results in fact from the time integration of the weak formulation (2.24) between 0 and t with the
virtual field v equal to the velocity field u̇(t, x) i.e.:∫ t

0

∫
Ω
ρü · u̇ dxds+

∫ t

0

∫
Ω

Πe : ∇u̇ dxds+

∫ t

0

∫
Ω

Πv : ∇u̇ dxds

=

∫ t

0

∫
∂gΩ

g · u̇ dads+

∫ t

0

∫
Ω

f · u̇ dxds−
∫ t

0
Pc+f (u, u̇)ds (2.31)

where the contact force work with frictionWc+f (t) is

Wc+f (t) := Pc+f (u, u̇) =

∫
∂cΩ

(Γν

◦
dν +Γτ ·

◦
dτ ) da, (2.32)

◦
dν and

◦
dτ respectively representing the material time derivatives of dν and dτ (see (2.4) and (2.5)). The dissipation

associated with viscosity is
D(t) :=

∫
Ω

Πv : ∇u̇ dx.

In the case of persistent contact and depending on the presence of friction and viscosity, the energy balance given by
(2.30) can be either conservative or dissipative. In the absence of external forces, (2.30) becomes:

E(t)− E(0) = −
∫ t

0
Wc+f (s)ds−

∫ t

0
D(s) ds

Taking into account the Legendre–Hadamard condition Πv(F, Ḟ) : Ḟ ≥ 0, we can distinguish four cases:

1. Case without friction and without viscosity:

Γν

◦
dν = 0 and Γτ ·

◦
dτ= 0⇒Wc+f = 0⇒ E(0) = E(t) with D = 0. (2.33)

2. Case without friction and with viscosity:

Γν

◦
dν = 0 and Γτ ·

◦
dτ= 0⇒Wc+f = 0⇒ E(t)− E(0) = −

∫ t

0

∫
Ω

Πv : ∇u̇︸ ︷︷ ︸
≥0

dxds ≤ 0 ⇒ E(0) ≥ E(t).

(2.34)

3. Case with friction and without viscosity:

Γν

◦
dν = 0 and Γτ ·

◦
dτ ≥ 0⇒Wc+f ≥ 0⇒ E(0) ≥ E(t) with D = 0. (2.35)

4. Case with friction and with viscosity:

Γν

◦
dν = 0 and Γτ ·

◦
dτ ≥ 0⇒Wc+f ≥ 0

⇒ E(t)− E(0) = −
∫ t

0
Wc+f (s)︸ ︷︷ ︸
≥0

ds−
∫ t

0

∫
Ω

Πv : ∇u̇︸ ︷︷ ︸
≥0

dxds ≤ 0⇒ E(0) ≥ E(t).
(2.36)

The case (2.33) means that the persistence condition (2.6) implies the total conservation of energy. On the other hand
when the contact is with friction or with viscosity (2.34)–(2.35)–(2.36), the dissipation of energy occurring between
t = 0 and the current time t corresponds to the dissipative phenomenon of friction and viscosity.
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3. Energy-consistent numerical approach

In this section, we devise a numerical approximation in adequacy with the energy consistency of the hyperelastic
frictional contact system with an extension to viscosity, and in agreement with the continuous framework. Indeed,
several numerical approximations can give rise to a dissipation or an increase in energy, which are not physically
acceptable at the continuous level [14, 7].

3.1. The usual discrete energy conservation framework

First of all, we recall in this section the usual discrete energy conservation framework in the no-contact case.
When non-linear dynamics problems are considered, the standard implicit schemes (θ-method, Newmark schemes,
midpoint or HHT methods, see for example [55, 7, 8, 13]) lose their unconditional stability. We therefore need to use
implicit energy conservation approaches [7, 8, 14, 13, 25, 45] which are appropriate due to their accuracy and long-
time integration stability. These methods are devised in such a way that discrete energy conservation properties are
satisfied. In what follows, we consider a discrete set of times (ti)i=0,...,N which defines a partition of the time interval

[0, T ] = ∪N−1
i=0 [ti, ti+1] with ti+1 = ti+∆t and ∆t =

T

N
. Using the second-order time integration system (midpoint

scheme) with energy conservation properties [14], the weak form of a non-linear hyper-visco-elastodynamic problem
integrated between times ti and ti+1 gives the following system:
Find ui+1 ∈ U such that
1

∆t

∫
Ω
ρ(u̇i+1 − u̇i) · v dx+

∫
Ω

Πe
algo : ∇v dx+

∫
Ω

Πv
i+ 1

2

: ∇v dx−
∫

Ω
fi+ 1

2
· v dx−

∫
∂gΩ

gi+ 1
2
· v da = 0.

(3.1)
with u̇i+1 := u̇i+∆t üi+1/2. In (3.1),�i+ 1

2
= 1

2(�i+�i+1) and�i denotes the approximation of�(ti). Moreover,
the time integration scheme (3.1) used in this work is characterized by the tensor Πalgo proposed by Gonzalez [14]
and defined by:

Πe
algo = Fi+ 1

2

∑
algo,∑

algo
= 2

∂W̃

∂C
(Ci+ 1

2
) + 2[W̃ (Ci+1)− W̃ (Ci)−

∂W̃

∂C
(Ci+ 1

2
) : ∆Ci]

∆Ci

∆Ci : ∆Ci
,

(3.2)

with ∆Ci = Ci+1 − Ci and Ci = FT
i Fi. The previous relations (3.2) were introduced in order to verify the

conservation of energy characterized by the following condition (see [14]),

Πalgo : (∇ui+1 −∇ui) = W̃ (Ci+1)− W̃ (Ci). (3.3)

3.2. Approach adapted to frictional contact

In this section, we present an energy-consistent algorithm for hyper-visco-elastodynamic contact problems that
differs from the approaches mentioned above. Indeed, this method makes it possible to apply the Kuhn–Tucker
conditions in displacement and the condition of persistence during each time step at low computational cost, and
allowing for a slight contact penetration. We term this method midpoint scheme with leapfrog procedure.
In order to take into account contact at time ti+ 1

2
, we choose to implicitly approximate the contact term with friction

(2.25); thus the weak form (2.24) integrated between times ti and ti+1 , can be written as:
Find ui+1 ∈ U such that
1

∆t

∫
Ω
ρ(u̇i+1 − u̇p) · v dx+

∫
Ω

Πe
algo : ∇v dx+

∫
Ω

Πv
i+ 1

2

: ∇v dx−
∫

Ω
fi+ 1

2
· v dx−

∫
∂gΩ

gi+ 1
2
· v da

+

∫
∂cΩ

(Γν
i+ 1

2

δdν
i+ 1

2

+ Γτ
i+ 1

2

· δdτ
i+ 1

2

) da = 0,

(3.4)
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where δdν
i+ 1

2

= νi+ 1
2
· (v(1) − v⊥(2)), and δdτ

i+ 1
2

= (I− νi+ 1
2
⊗ νi+ 1

2
)(v(1) − v⊥(2)).

Thus, the approximation of the frictional contact term provided in (3.4) leads us to applying the frictional contact
conditions at time ti+ 1

2
, that is, the discrete versions of the unilateral contact law, of Coulomb’s friction law, and of

the persistent contact law. The discrete form of the normal and tangential contact distances are defined respectively
by: dν i+ 1

2
:= νi+ 1

2
· (x(1) + u

(1)

i+ 1
2

(t,x(1))− (x⊥(2) + u
(2)

i+ 1
2

(t,x⊥(2)))),

dτ i+ 1
2

:= (I− νi+ 1
2
⊗ νi+ 1

2
)(x(1) + u

(1)

i+ 1
2

(t,x(1))− (x⊥(2) + u
(2)

i+ 1
2

(t,x⊥(2)))).
(3.5)

We also consider the following discrete forms of the normal and tangential contact velocities (
◦
dν ,

◦
dτ ) at time ti+ 1

2
:

δi+ 1
2

◦
dν

i+ 1
2

:=
dνi+1 − dνi

∆t
,

δi+ 1
2

◦
dτ

i+ 1
2

:=
dτi+1 − dτi

∆t
,

(3.6)

where the notation δi+ 1
2
� represents the incremental discretization of � at time ti+ 1

2
.

3.2.1. Midpoint time-integration scheme with leapfrog procedure

The strategy developed to solve the system (3.4) is based on the application of the persistent contact law during
each time step; this is possible by applying the unilateral displacement condition and the persistent contact condition
during the transition from ti to ti+1. To do this, we developed a midpoint scheme for the persistent contact condition
at time ti+ 1

2
combined with the leapfrog procedure for the normal contact distance. Moreover, we have Coulomb’s

friction law at discrete time ti+ 1
2
.We propose the followingmidpoint time-integration schemewith leapfrog procedure:

if dLeapfrogν
i+ 1

2

> 0 Γν
i+ 1

2

= 0;

if dLeapfrogν
i+ 1

2

= 0 δi+ 1
2

◦
dν

i+ 1
2

≥ 0; Γν
i+ 1

2

≤ 0; δi+ 1
2

◦
dν

i+ 1
2

Γν
i+ 1

2

= 0

δi+ 1
2

◦
dτ

i+ 1
2

= ‖δi+ 1
2

◦
dτ

i+ 1
2

‖
Γτ

i+ 1
2

‖Γτ
i+ 1

2

‖ ; ‖Γτ
i+ 1

2

‖+ µΓν
i+ 1

2

≤ 0;

‖δi+ 1
2

◦
dτ

i+ 1
2

‖ (‖Γτ
i+ 1

2

‖+ µΓν
i+ 1

2

) = 0,

(3.7)

with d
ν
Leapfrog
i+ 1

2

:= dνi + ∆t
2 δidνi , and δidνi = (dνi − dνi−1)/∆t.

3.2.2. Analysis of the evolution of discrete energy

The objective of this section is to perform the analysis of the evolution of the discrete energy in relation to the
numerical approach presented in the previous section. To do this, we have established the following result which
represents the evaluation of the discrete energy between the instants ti and ti+1.

Proposition 3.1. It holds

Ei+1−Ei = ∆t

∫
Ω

fi+ 1
2
·u̇i+ 1

2
dx+∆t

∫
∂gΩ

gi+ 1
2
·u̇i+ 1

2
da−∆t

∫
∂cΩ

(Γν
i+ 1

2

δ
◦
dν

i+ 1
2

+Γτ
i+ 1

2

·δ
◦
dτ

i+ 1
2

) da−Di+ 1
2

(3.8)
with

Di+ 1
2

:= ∆t

∫
Ω

Πv : ∇u̇i+ 1
2

dx, (3.9)
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where Ei and Ei+1 denote respectively the internal energy E at times ti and ti+1. For example, the discrete energy
Ei+1 can be written as:

Ei+1 =
1

2

∫
Ω
ρ‖u̇i+1‖2 dx+

∫
Ω
W̃ (Ci+1) dx. (3.10)

Proof. Using the variational formulation (3.4) with v = u̇i+ 1
2
, we have:

1

∆t

∫
Ω
ρ(u̇i+1 − u̇i) · u̇i+ 1

2
dx+

∫
Ω

Πe
algo : ∇u̇i+ 1

2
dx =

∫
Ω

fi+ 1
2
· u̇i+ 1

2
dx+

∫
∂gΩ

gi+ 1
2
· u̇i+ 1

2
da

−
∫
∂cΩ

(Γν
i+ 1

2

δ
◦
dν

i+ 1
2

+Γτ
i+ 1

2

· δ
◦
dτ

i+ 1
2

) da−
∫

Ω
Πv
i+ 1

2

: ∇u̇i+ 1
2

dx

where
◦
dν

i+ 1
2

and
◦
dτ

i+ 1
2

are given in (3.6).
Using the relation

u̇i+ 1
2

=
u̇i+1 + u̇i

2
=

ui+1 − ui
∆t

,

we obtain

1

2∆t

∫
Ω
ρ(u̇i+1−u̇i)·(u̇i+1 + u̇i) dx+

1

∆t

∫
Ω

Πe
algo : ∇(ui+1 − ui) dx =

∫
Ω

fi+ 1
2
·u̇i+ 1

2
dx+

∫
∂gΩ

gi+ 1
2
·u̇i+ 1

2
da

−
∫
∂cΩ

(Γν
i+ 1

2

δ
◦
dν

i+ 1
2

+Γτ
i+ 1

2

· δ
◦
dτ

i+ 1
2

) da−
∫

Ω
Πv
i+ 1

2

: ∇u̇i+ 1
2

dx.

Also, using the identity (u̇i+1− u̇i) · (u̇i+1 + u̇i) = ‖u̇i+1‖2−‖u̇i‖2 and the conservation property of the Gonzalez
scheme given by (3.3), we get:

1

2∆t

∫
Ω
ρ(‖u̇i+1‖2 − ‖u̇i‖2) dx+

1

∆t

∫
Ω
W̃ (Ci+1)− W̃ (Ci) dx =

∫
Ω

fi+ 1
2
· u̇i+ 1

2
dx+

∫
∂gΩ

gi+ 1
2
· u̇i+ 1

2
da

−
∫
∂cΩ

(Γν
i+ 1

2

δ
◦
dν

i+ 1
2

+Γτ
i+ 1

2

· δ
◦
dτ

i+ 1
2

) da−
∫

Ω
Πv : ∇u̇i+ 1

2
dx.

Finally, using the definition (3.10) of discrete energy, we have:

Ei+1 − Ei =
1

2

∫
Ω
ρ(‖u̇i+1‖2 − ‖u̇i‖2) dx+

∫
Ω
W̃ (Ci+1)− W̃ (Ci) dx

= ∆t

∫
Ω

fi+ 1
2
· u̇i+ 1

2
dx+ ∆t

∫
∂gΩ

gi+ 1
2
· u̇i+ 1

2
da−∆t

∫
∂cΩ

(Γν
i+ 1

2

δ
◦
dν

i+ 1
2

+Γτ
i+ 1

2

· δ
◦
dτ

i+ 1
2

) da−Di+ 1
2
.

When the external forces are assumed to be zero, we obtain:

Ei+1 − Ei = −∆t

∫
∂cΩ

(Γν
i+ 1

2

δ
◦
dν

i+ 1
2

+Γτ
i+ 1

2

· δ
◦
dτ

i+ 1
2

) da−Di+ 1
2
. (3.11)

Taking into account the midpoint scheme with leapfrog procedure and the fact that D ≥ 0 for any time, so that
Di+ 1

2
≈ D(ti+ 1

2
) ≥ 0, the energy balance reads as follows.
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1. Case without friction and without viscosity:

Γν
i+ 1

2

δ
◦
dν

i+ 1
2

= 0 and Γτ
i+ 1

2

· δ
◦
dτ

i+ 1
2

= 0 with Di+ 1
2

= 0⇒ Ei = Ei+1. (3.12)

2. Case without friction and with viscosity:

Γν
i+ 1

2

δ
◦
dν

i+ 1
2

= 0 and Γτ
i+ 1

2

· δ
◦
dτ

i+ 1
2

= 0 with Di+ 1
2
≥ 0⇒ Ei ≥ Ei+1. (3.13)

3. Case with friction and without viscosity:

Γν
i+ 1

2

δ
◦
dν

i+ 1
2

= 0 and Γτ
i+ 1

2

· δ
◦
dτ

p+ 1
2

≥ 0 with Di+ 1
2

= 0⇒ Ei ≥ Ei+1. (3.14)

4. Case with friction and with viscosity:

Γν
i+ 1

2

δ
◦
dν

i+ 1
2

= 0 and Γτ
i+ 1

2

· δ
◦
dτ

i+ 1
2

≥ 0 with Di+ 1
2
≥ 0⇒ Ei ≥ Ei+1. (3.15)

As a result, this strategy allows for an exact energy conservation between times ti and ti+1 when friction and viscosity
are not considered and moreover, it allows a dissipation of the energy in adequacy with the continuous case when
friction and viscosity are accounted for.

4. Variational approximation

This section is devoted to the discretization of the variational problem PcV . We now present some elements
concerning the mesh size. Let Ω be a polyhedral domain. Consider a regular partition T h of triangular finite
elements of Ω which are compatible with the boundary decomposition ∂Ω = ∂0Ω ∪ ∂gΩ ∪ ∂cΩ, i.e., if one side
of an element K ∈ T h has more a point on ∂Ω, then the side lies entirely on ∂0Ω, ∂gΩ or ∂cΩ. The space V is
approximated by the finite dimensional space V h ⊂ V of continuous and piecewise affine functions, that is:

V h = {vh ∈ [C(Ω)]d : vh|K ∈ Pk(K)d ∀K ∈ T h,
vh = 0 at nodes on ∂cΩ},

where Pk(K) represents the space of polynomials of degree less than or equal to k inK and h > 0 is the mesh size.
The elements uh0 ∈ V h and uh1 ∈ V h are the finite element approximations of u0 and u1, respectively. Then, using
the previous notations and the midpoint scheme, the discrete approximation of the problem PcV at time ti+ 1

2
is as

follows:

Problem Ph∆t
V . Find a discrete displacement field uh∆t = {uh∆t

i }ni=0 ⊂ V h, a discrete normal stress field
Γh∆t
nu = {Γν

h∆t
i }ni=0,⊂ (V h)∗ and a discrete tangential stress field Γτ

h∆t = {Γτ
h∆t
i }ni=0 ⊂ (V h)∗τ such that, for

all i = 1, . . . , n,

1

∆t

∫
Ω
ρ(u̇h∆t

i+1 − u̇h∆t
i ) · vh dx+

∫
Ω

Πi+ 1
2

: ∇vh −
∫

Ω
fh∆t
i+ 1

2

· vh dx−
∫
∂gΩ

gh∆t
i+ 1

2

· vh da

+

∫
∂cΩ

(Γh∆t
ν
i+ 1

2

δdh∆t
ν
p+ 1

2

+ Γh∆t
τ
i+ 1

2

· δdh∆t
τ
i+ 1

2

) da = 0, (4.1)

where Πi+ 1
2

: ∇vh = Πe
algo : ∇vh + Πv

i+ 1
2

: ∇vh and üh∆t
i+ 1

2

=
u̇h∆t
i −u̇h∆t

i+1

∆t is the approximation of the acceleration

ü at time ti+ 1
2
. Starting from problem Ph∆t

V and using the formalism introduced in [52] based on the Galerkin
approximation for hyperelasticity, we will directly pose the strong discrete elementary problem as follows.
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Problem Pnodal
S . Find a global displacement vector u∆t = {u∆t

i }ni=0, a global normal stress vector Γ∆t
ν =

{Γν
∆t
i }ni=0, and a global tangential stress vector Γ∆t

τ = {Γτ
∆t
i }ni=0 such that

ρü∆t
i+ 1

2

+A(u∆t
i+ 1

2

, u̇∆t
i+ 1

2

) + Γν
∆t
i+ 1

2

ν + Γτ
∆t
i+ 1

2

− f − g = 0, (4.2)

where A(·) is the internal force vector stemming from the first Piola–Kirchhoff tensor Πe
algo and the viscous

contribution Πv. For more details about Problem Pnodal
S and the operator A(·), we refer the reader to [52, 7, 29].

In the following sections, we will propose both the semi-smooth method of Newton as well as the Primal Dual
Active Set method algorithm for each case of contact, namely, the law of persistent frictional contact by Coulomb.
Thereafter, to simplify notation and readability, we do not indicate the dependence of the variables with respect to
the discretization parameters ∆t and h. For example, we will write u instead of uh∆t

i+ 1
2

.

5. Numerical resolution via a Primal-Dual Active Set method

In this section, we detail the solution of Newton’s Semi-smooth method for visco-hyperelastic problems with
persistent contact conditions and Coulomb’s friction. This method is based on the following principle: the conditions
of contact and friction are reformulated in terms of non-linear complementarity functions whose solution is provided
by the semi-smooth iterative method of Newton [39, 40, 43]. To this end, we need the generalized derivative of
complementary functions for contact and friction. In practice, the conditions of contact with Coulomb’s friction can
be formulated in terms of fixed point problem related to quasi-optimization one. From a purely algorithmic point
of view, the main goal of these methods is to separate the nodes potentially in contact into two subsets (active and
inactive) and to find the correct subset of all the nodes actually in active contact (subset A), as opposed to those that
are inactive (subset I).
In the following, we specify, among other things, the main principles of Newton’s Semi-smooth method such as
complementarity functions and their generalized derivatives as well as the PDAS. For more detail about the formalism
of Newton’s Semi-smooth method, see the references [39, 40, 43, 41, 42, 29].

5.1. Conditions of persistent frictional contact

We consider a persistent contact law associated with a Coulomb’s friction law. Denoting by p the index of vertices
on ∂Ωh

c ⊂ ∂Ωc and with these considerations, the discrete persistent conditions verified on the contact boundary
∂Ωh

c are given by

if dν,p > 0 : Γν,p = 0 ; Γτ ,p = 0 (5.1)
if dν,p = 0 :

◦
dν,p ≥ 0, (5.2)
Γν,p ≤ 0, (5.3)
◦
dν,p Γν,p = 0, (5.4)

and 
◦
dτ ,p = ‖

◦
dτ ,p‖

Γτ ,p

‖Γτ ,p‖
,

‖Γτ ,p‖+ µΓν,p ≤ 0,

‖
◦
dτ ,p‖(‖Γτ ,p‖+ µΓν,p) = 0.

(5.5)
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5.2. Semi-smooth Newton approach

Contact complementarity function
Persistent contact conditions (5.2)–(5.4) are expressed at the discrete level by the non-linear complementarity equation
Rλ

ν (uν,p, λν,p) = 0, with

RΓ
ν (
◦
dν,p,Γν,p) = −Γν,p −max(0,−Γν,p − cν

◦
dν,p). (5.6)

Proposition 5.1. Let cν > 0, the contact conditions (5.2)–(5.4) are equivalent to the relationRΓ
ν (
◦
dν,p,Γν,p) = 0 in

the (5.6).

Proof. See [45].

Frictional contact complementarity function
The second non-linear complementarity function (vector-valued function) associated with the friction conditions,
i.e. with the relations equivalent to (5.5), is:

RΓ
τ (
◦
dν,p,

◦
dτ ,p,Γν,p,Γτ ,p) = max(−µΓν,p, ‖Γτ ,p + cτ

◦
dτ ,p‖)Γτ ,p + µΓν,p(Γτ ,p + cτ

◦
dτ ,p). (5.7)

Proposition 5.2. Let cτ > 0, Coulomb’s friction conditions (5.5) are equivalent to the relation RΓ
τ (
◦
dν,p,

◦
dτ ,p

,Γν,p,Γτ ,p) = 0.

Proof. See [29].

Generalized derivative of complementarity functions
We now give the generalized derivative of the complementarity functions for the cases with no contact (Gap case),
sticking (Stick case), and sliding (Slip case).

• Gap case: Γν,p + cν
◦
dν,p ≥ 0.

As per relations (5.6) and (5.7), the complementarity functionsRΓ
ν andRΓ

τ take the form

RΓ
ν (
◦
dν,p, λν,p) = −Γν,p,

RΓ
τ (
◦
dν,p,

◦
dτ ,p,Γν,p,Γτ ,p) = ‖Γτ ,p + cτ

◦
dτ ,p‖Γτ ,p.

This results in the following derivatives forRΓ
ν

d◦
dν,p

RΓ
ν = 0, (5.8)

dΓν,pRΓ
ν = −dΓν,p, (5.9)

and forRΓ
τ , we have

d◦
dν,p

Rλ
τ = 0, (5.10)

d◦
dτ ,p

RΓ
τ = cτΓτ,p ⊗

Γτ ,p + cτ
◦
dτ ,p

‖Γτ ,p + cτ
◦
dτ ,p‖

d
◦
dτ ,p = 0, (5.11)

dΓν,pRλ
τ = 0, (5.12)

dΓτ ,pRΓ
τ =

(
Γτ ,p ⊗

Γτ ,p + cτ
◦
dτ ,p

‖Γτ ,p + cτ
◦
dτ ,p‖

+ ‖Γτ ,p + cτ
◦
dτ ,p‖I2

)
dΓτ ,p. (5.13)

13



• Stick case: Γν,p + cν
◦
dν,p < 0 and ‖Γτ ,p + cτ

◦
dτ ,p‖ < −µΓν,p.

We now get, in this case

RΓ
ν (
◦
dν,p,Γν,p) = cν

◦
dν,p,

RΓ
τ (
◦
dν,p,

◦
dτ ,p,Γν,p,Γτ ,p) = µcτΓν,p

◦
dτ ,p .

As a result, forRΓ
ν we get

d◦
dν,p

RΓ
ν = cν d

◦
dν,p, (5.14)

dΓν,pRΓ
ν = 0, (5.15)

and forRΓ
τ , we have

d◦
dν,p

RΓ
τ = 0, (5.16)

d◦
dτ ,p

RΓ
τ = µcτΓν,pd

◦
dτ ,p, (5.17)

dΓν,pRΓ
τ = µcτ

◦
dτ ,p dΓν,p, (5.18)

dΓτ ,pRΓ
τ = 0. (5.19)

• Slip case: Γν,p + cν
◦
dν,p < 0 and −µΓν,p ≤ ‖Γτ ,p + cτ

◦
dτ ,p‖.

Finally, the relations (5.6) and (5.7) give

RΓ
ν (
◦
dν,p,Γν,p) = cν

◦
dν,p,

RΓ
τ (
◦
dν,p,

◦
dτ ,p,Γν,p,Γτ ,p) = ‖Γτ ,p + cτ

o
dτ ,p ‖Γτ ,p + µΓν,p(Γτ ,p + cτ

◦
dτ ,p).

We obtain the following derivatives forRΓ
ν

d◦
dν,p

RΓ
ν = cν d

◦
dν,p, (5.20)

dΓν,pRΓ
ν = 0, (5.21)

and forRΓ
τ , we have

d◦
dν,p

RΓ
τ = 0, (5.22)

d◦
dτ ,p

RΓ
τ =

(
cτΓτ ,p ⊗

Γτ ,p + cτ
◦
dτ ,p

‖Γτ ,p + cτ
◦
dτ ,p‖

+ µcτΓν,pI2

)
d
◦
dτ ,p, (5.23)

dΓν,pRΓ
τ = µ(Γτ ,p + cτ

◦
dτ ,p)dΓν,p, (5.24)

dΓτ ,pRΓ
τ =

(
Γτ ,p ⊗

Γτ ,p + cτ
◦
dτ ,p

‖Γτ ,p + cτ
◦
dτ ,p‖

+ ‖Γτ ,p + cτ
◦
dτ ,p‖I2 + µΓν,pI2

)
dΓτ ,p. (5.25)
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By combining (5.8) – (5.25), with GRΓ
ν
and GRΓ

τ
the generalized derivatives ofRΓ

ν andRΓ
τ , we get respectively

GRΓ
ν
(
◦
dν,p,Γν,p)(δ

◦
dν,p, δΓν,p) = cν(XStick + XSlip) δ

◦
dν,p +XGapδΓν,p, (5.26)

GRΓ
τ
(
◦
dν,p,

◦
dτ ,p,Γν,p,Γτ ,p)(δ

◦
dν,p, δ

◦
dτ ,p, δΓν,p, δΓτ ,p) = XGap‖Γτ ,p + cτ

◦
dτ ,p‖δΓτ ,p (5.27)

+ XStick

(
µcτΓν,pδ

◦
dτ ,p +µcτ

◦
dτ ,p δΓν,p

)
+ XSlip

((
cτΓτ ,p ⊗

(Γτ ,p + cτ
◦
dτ ,p)

‖Γτ ,p + cτ
◦
dτ ,p ‖

+ µcτΓν,pI2

)
δ
◦
dτ,p + µ(Γτ ,p + cτ

◦
dτ ,p)δΓν,p

+
(
Γτ ,p ⊗

(Γτ ,p + cτ
◦
dτ ,p)

‖Γτ ,p + cτ
◦
dτ ,p‖

+ ‖Γτ ,p + cτ
◦
dτ ,p‖I2 + µΓν,pI2

)
δΓτ ,p

)
,

where

XGap = 1, XStick = 0, XSlip = 0 if Γν,p + cν
◦
dν,p ≥ 0,

XGap = 0, XStick = 1, XSlip = 0 if ‖Γτ ,p + cτ
◦
dτ ,p‖ < −µΓν,p,

XGap = 0, XStick = 0, XSlip = 1 if − µΓν,p ≤ ‖Γτ ,p + cτ
◦
dτ ,p‖.

Now using Newton’s semi-smooth formalism (indexed by the subscript k) on the current fixed point (
◦
d

(k)

ν,p,
◦
d

(k)

τ ,p

,Γ
(k)
ν,p,Γ

(k)
τ ,p) from generalized derivatives (5.26) and (5.28), we can deduce the new iterated list (

◦
d

(k+1)

ν,p ,
◦
d

(k+1)

τ ,p

,Γ
(k+1)
ν,p ,Γ

(k+1)
τ ,p ) with the following iterative scheme of index (k + 1):

GRΓ
ν
(
◦
d

(k)

ν,p,Γ
(k)
ν,p)(δ

◦
d

(k+1)

ν,p , δΓ
(k+1)
ν,p ) = −RΓ

ν (
◦
d

(k)

ν,p,Γ
(k)
ν,p), (5.28)

GRΓ
τ
(
◦
d

(k)

ν,p,
◦
d

(k)

τ ,p,Γ
(k)
ν,p,Γ

(k)
τ ,p)(δ

◦
d

(k+1)

ν,p , δ
◦
d

(k+1)

τ,p , δΓ
(k+1)
ν,p , δΓ

(k+1)
τ ,p ) = −RΓ

τ (
◦
d

(k)

ν,p,
◦
d

(k)

τ ,p,Γ
(k)
ν,p,Γ

(k)
τ ,p),

(
◦
d

(k+1)

ν,p ,
◦
d

(k+1)

τ ,p ,Γ
(k+1)
ν,p ,Γ

(k+1)
τ ,p ) = (

◦
d

(k)

ν,p,
◦
d

(k)

τ ,p,Γ
(k)
ν,p,Γ

(k)
τ ,p) + (δ

◦
d

(k+1)

ν,p , δ
◦
d

(k+1)

τ ,p , δΓ
(k+1)
ν,p , δΓ

(k+1)
τ ,p ).

where δ�(k+1) = �(k+1) −�(k).
Following the different cases of contact state (no-contact, sticking, and sliding), and applying the previous derivatives
in Newton’s semi-smooth formalism, we obtain the following cases.

• Gap case: XGap = 1,XStick = 0,XSlip = 0.

We have

− (Γ
(k+1)
ν,p − Γ

(k)
ν,p) = Γ

(k)
ν,p and ‖Γ(k)

τ ,p + cτ
◦
d

(k)

τ ,p |(Γ
(k+1)
τ ,p − Γ

(k)
τ ,p) = −‖Γ(k)

τ ,p + cτ
◦
d

(k)

τ ,p‖Γ
(k)
τ ,p. (5.29)

It follows

Γ
(k+1)
ν,p = 0 and Γ

(k+1)
τ ,p = 0, (5.30)

since ‖Γ(k)
τ ,p + cτ

◦
d

(k)

τ ,p ‖ > 0.

• Stick case: XGap = 0,XStick = 1,XSlip = 0.
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We have

cν(
◦
d

(k+1)

ν,p −
◦
d

(k)

ν,p) = −cν
◦
d

(k)

ν,p and µcτΓ
(k)
ν,p(

◦
d

(k+1)

τ ,p −
◦
d

(k)

τ ,p) + µcτ
◦
d

(k)

τ ,p (Γ
(k+1)
ν,p − Γ

(k)
ν,p) = −µcτΓ

(k)
ν,p

◦
d

(k)

τ ,p,

(5.31)

whence

◦
d

(k+1)

ν,p = 0 and
◦
d

(k+1)

τ ,p +

◦
d

(k)

τ ,p

Γ
(k)
ν,p

Γ
(k+1)
ν,p =

◦
d

(k)

τ,p . (5.32)

• Slip case: XGap = 0,XStick = 0,XSlip = 1.

ForRλ
ν , we get again

◦
d

(k+1)

ν,p = 0 (5.33)

ForRλ
τ , we get

(
cτΓ

(k)
τ ,p ⊗

Γ
(k)
τ ,p + cτ

◦
d

(k)

τ ,p

‖Γ(k)
τ ,p + cτ

◦
d

(k)

τ ,p‖
+ µcτΓ

(k)
ν,pI2

)
(
◦
d

(k+1)

τ ,p −
◦
d

(k)

τ ,p) + µ(Γ
(k)
τ ,p + cτ

◦
d

(k)

τ ,p)(Γ
(k+1)
ν,p − Γ

(k)
ν,p) (5.34)

+
(
Γ

(k)
τ ,p ⊗

Γ
(k)
τ ,p + cτ

◦
d

(k)

τ ,p

‖Γ(k)
τ ,p + cτ

◦
d

(k)

τ ,p‖
+ ‖Γ(k)

τ ,p + cτ
◦
d

(k)

τ ,p‖I2 + µΓ
(k)
ν,pI2

)
(Γ

(k+1)
τ ,p − Γ

(k)
τ ,p)

= −‖Γ(k)
τ ,p + cτ

◦
d

(k)

τ ,p‖Γ
(k)
τ ,p − µΓ

(k)
ν,p(Γ

(k)
τ ,p + cτ

◦
d

(k)

τ ,p).

For a two-dimensional case, we can obtain a simplified equivalent version of the algorithm. LetGslipRΓ
τ
be the generalized

derivative ofRΓ
τ in the case with sliding

GslipRΓ
τ
(
◦
dτ ,p,Γτ ,p)(δ

◦
dτ ,p, δΓτ ,p) = Γτ ,p ⊗

Γτ ,p + cτ
◦
dτ ,p

‖Γτ ,p + cτ
◦
dτ ,p‖

(δΓτ ,p + cτ δ
◦
dτ ,p) (5.35)

+ µΓν,p(δΓτ ,p + cτ δ
◦
dτ ,p) + µ(Γτ ,p + cτ

◦
dτ ,p)δΓν + ‖Γτ ,p + cτ

◦
dτ ,p‖δΓτ ,p.

Let τ be the unit tangential slip vector; since the problem is in contact, we have on the contact boundary

Γτ ,p = −µΓν,pτ ,
Γτ ,p + cτ

◦
dτ ,p

‖Γτ ,p + cτ
◦
dτ ,p‖

= τ , δΓτ ,p + cτ δ
◦
dτ ,p= ατ . (5.36)

By combining the relations (5.35) – (5.36), we get

GslipRΓ
τ
(
◦
dτ ,p,Γτ ,p)(δ

◦
dτ ,p, δΓτ ,p) = −µΓν,pα(τ ⊗ τ − I2)τ + µ(Γτ ,p + cτ

◦
dτ ,p)δΓν + ‖Γτ ,p + cτ

o
dτ ,p‖δΓτ ,p·

Since ν and τ are unit orthogonal vectors, we have in the 2D case (τ ⊗ τ − I2)τ = −(ν ⊗ ν)τ = 0. Using (5.36)
and assuming Γ

(k)
τ = −µΓ

(k)
ν τ (k), we deduce from (5.34) the following expression

µ(Γ
(k)
τ ,p + cτ

◦
d

(k)

τ ,p)(Γ
(k+1)
ν,p − Γ

(k)
ν,p) + ‖Γ(k)

τ ,p + cτ
◦
d

(k)

τ ,p ‖(Γ
(k+1)
τ ,p − Γ

(k)
τ ,p) (5.37)

= −‖Γ(k)
τ ,p + cτ

◦
d

(k)

τ ,p ‖Γ
(k)
τ ,p − µΓ

(k)
ν,p(Γ

(k)
τ ,p + cτ

◦
d

(k)

τ ,p).

16



Therefore, with elementary algebra, we get

Γ
(k+1)
τ ,p = −µΓ

(k+1)
ν,p

Γ
(k)
τ ,p + cτ

◦
d

(k)

τ ,p

‖Γ(k)
τ ,p + cτ

◦
d

(k)

τ ,p‖
= −µΓ

(k+1)
ν,p τ (k).

5.3. Primal-Dual Active Set method

Let S be the set of all the nodes of the finite element mesh belonging to ∂Ωh
c and p the index of a node belonging

to S . Discrete contact conditions. The discrete frictional contact condition (5.1)–(5.5) is achieved by applying an
Active Set strategy on the non-linear complementarity functions RΓ

ν and RΓ
τ based on an iterative semi-smooth

Newton procedure. Active and inactive sets for contact and friction are defined according to a leapfrog midpoint
scheme as follows

Ak+1
ν = {p ∈ S : Γ

(k)
ν,p + cν

◦
d

(k)

ν,p < 0},

Ik+1
ν = {p ∈ S : Γ

(k)
ν,p + cν

◦
d

(k)

ν,p ≥ 0},

Ak+1
τ = {p ∈ S : ‖Γ(k)

τ ,p + cτ
◦
d

(k)

τ ,p‖+ µΓ
(k)
ν,p ≥ 0},

Ik+1
τ = {p ∈ S : ‖Γ(k)

τ ,p + cτ
◦
d

(k)

τ ,p‖+ µΓ
(k)
ν,p < 0}.

The status of a node given at iteration k depends on the set to which it belongs; it can either be in the inactive contact
state (no-contact state), or in the active contact state (contact state) (see 5.1) with slip contact or with stick contact.
At each time step increment tp+ 1

2
, we also introduce R(·, ·) =

(
Ru(., .),RΓ

ν (·, ·),RΓ
τ (·, ·)

)
which describes the

system of non-linear equations resulting from the discretized problem Pnodal
S in the case of unilateral contact with

Coulomb’s friction, defined by

R(
◦
d,Γ) =


Ru(

◦
d,Γ) = ρü +A(u, u̇) + Γνν + Γτ − f − g

RΓ
ν (
◦
d,Γ) = −Γν,p −max(0,−Γν,p − cν

◦
dν,p)

RΓ
τ (
◦
d,Γ) = max(−µΓν,p, ‖Γτ ,p + cτ

◦
dτ ,p‖)Γτ ,p + µΓν,p(Γτ ,p + cτ

◦
dτ ,p)

 = 0. (5.38)

The description of the iterative Active Set algorithm of index k in the context of a persistent contact is the following:
(i) Choose (u(0), u̇(0),Γ(0)), cν > 0, cτ > 0 and initialize k = 0.

(ii) if dLeapfrogν > 0 set Γ
(k)
ν,p = 0 ; Γ

(k)
τ ,p = 0.

(iii) if dLeapfrogν ≤ 0 define the active and inactive sets:

Ak+1
ν = {p ∈ S : Γ

(k)
ν,p + cν

◦
d

(k)

ν,p< 0},
Ik+1
ν = S \ Ak+1

ν ,

Ak+1
τ = {p ∈ S : ‖Γ(k)

τ ,p + cτ
◦
d

(k)

τ ,p‖+ µΓ
(k)
ν,p ≥ 0},

Ik+1
τ = S \ Ak+1

τ .
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(iv) Find (
◦
d

(k+1)

,Γ(k+1)) such that

ρü(k+1) +A(u(k+1), u̇(k+1)) + Γ
(k+1)
ν ν + Γ

(k+1)
τ = f + g, (5.39)

Γ
(k+1)
ν,p = 0, Γ

(k+1)
τ ,p = 0 for all p ∈ Ik+1

ν , (5.40)
◦
d

(k+1)

ν,p = 0 for all p ∈ Ak+1
ν , (5.41)

Γ
(k+1)
τ ,p = −µΓ

(k+1)
ν,p

Γ
(k)
τ ,p + cτ

◦
d

(k)

τ ,p

‖Γ(k)
τ ,p + cτ

◦
d

(k)

τ ,p‖
for all p ∈ Ak+1

τ ∩ Ak+1
ν , (5.42)

◦
d

(k+1)

τ ,p +

◦
d

(k)

τ ,p

Γ
(k)
ν,p

Γ
(k+1)
ν,p =

◦
d

(k)

τ ,p for all p ∈ Ik+1
τ ∩ Ak+1

ν . (5.43)

(v) If ‖(u(k+1),Γ(k+1)) − (u(k),Γ(k))‖ ≤ ε, ‖R(u(k+1),Γ(k+1))‖ ≤ ε, Ak+1
ν = Akν and Ak+1

τ = Akτ then stop,
else return to (ii).
Remark 1. One of the most interesting aspects of PDAS methods is that the resulting linear systems do not require
the use of Lagrange multipliers and, therefore, become more simple to implement since the non-linear initial contact
conditions are replaced at each iteration by the linear conditions (5.40), (5.41), (5.42) and (5.43) which are Neumann,
Dirichlet, and Robin-like conditions. Also, one of the specific features of the PDAS methods is to directly and strictly
impose these conditions of contact computed by the iterative process of the semi-smooth Newton approach.

6. Benchmark numerical simulations

6.1. Impact of a linear elastic ball against a foundation

We extend the problem to viscosity with the addition of a damping term:

W v(ε̇) =
η

2
tr (ε̇2) (6.1)

where η is the damping factor. This representative benchmark problem describes the frictionless impact of a linear
elastic ball against a foundation. The elastic ball is launched with an initial velocity u1 = (0,−10)m/s towards the
foundation

{
(x1, x2) ∈ R2 : x2 ≤ 0

}
. The behavior of the material is described by a linear elastic constitutive law

defined by the energy function

W e(ε) =
Eκ

2(1 + κ)(1− 2κ)
(tr ε)2 +

E

2(1 + κ)
tr (ε2), ∀ε ∈ M3. (6.2)

Here,E and κ are respectively the Young modulus and the Poisson ratio of the material and tr (·) is the trace operator.
Note that ε = 1

2(∇uT + ∇u) represents the linearized strain tensor within the framework of the theory of small
strains (‖u‖ � 1 and ‖∇u‖ � 1 in Ω). The physical framework is shown in Figure 2. The geometrical setting is
given by

Ω =
{

(x1, x2) ∈ R2 : (x1 − 100)2 + (x2 − 100)2 ≤ 100
}
,

∂0Ω = ∅, ∂gΩ = ∅,
∂cΩ =

{
(x1, x2) ∈ R2 : (x1 − 100)2 + (x2 − 100)2 = 100

}
.
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Figure 2: Discretization of the elastic ball in contact with a foundation.

The domain Ω represents the cross-section of the ball, assuming plane stress. We assume that volume forces do not
act on the body during the process. For the discretization of the contact problem we use 7820 elastic nodes and 128
nodes for Lagrange multipliers. For the numerical experiments, we choose the following data set:

ρ = 1000 kg/m3, T = 2 s, ∆t = 0.001 s,

u0 = (0, 0)m, u1 = (0,−10)m/s,

E = 100 GPa, κ = 0.35, f = (0, 0)N/m3, g = (0, 0) N/m2,

g = 50m, r = 1000, µ = 0,

where r is a penalty parameter. In Figure 3, the deformed ball sequence and contact forces are shown before, during,
and after impact. The interest of this representative example is to compare the numerical results of the Active-Set

Figure 3: Sequence of deformed ball and contact forces before, during, and after impact.

method with the results of other numerical methods obtained using certain classical methods. For this, we consider
five existing methods:
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– The classical quasi-Lagrangian method with the Signorini contact condition, see [30].

– The penalty method with a normal compliance condition of the form ξνn = −r(uνn)+.

– The specific penalization method developed by Hauret [16].

– The Equivalent Mass Matrix (EMM) method proposed by Khenous [56], which represents a specific distribution
of the mass matrix without any inertia of the contact nodes. This method is characterized by relevant stability
properties of the contact stress.

– Newton’s adapted continuity method, developed by Ayyad and Barboteu [13], which is characterized by the
application, after two steps, of the unilateral contact law and the condition of persistence during each increment
time.

In what follows, we analyze the methods with respect to the discrete energy evolution. Thus, the total discrete energy
at time tn is defined by the following formula:

En =
1

2

∫
Ω
ρ‖u̇2

n‖dx+

∫
Ω
σen : ε(un)dx,

where σe = ∂εW
e(ε) denotes the infinitesimal strain tensor.
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Scheme with Signorini and persistence conditions (Ayyad-Barboteu)

Active-Set method with persistence conditions

Figure 4: Discrete energy behavior of selected time integration schemes during impact.

Figure 4 shows the evolution of the total discrete energy of the system. After the impact, for the chosen time step
and t ≥ 1.52, the classical quasi-Lagrangian methods with Signorini’s law (curve (�)) and the penalization method
with normal compliance condition (curve (�)) do not conserve energy. The EMMmethod (curve H) greatly reduces
power dissipation but fails to achieve exact conservation. The schemes developed by Ayyad and Barboteu [13] (curve
(•)) and the specific penalty method developed by Hauret [16] (curve (�)) conserve energy after impact. However,
for the penalized method of Hauret, there are energy fluctuations which disappear after the impact. The Active Set
method for persistent contact (shown by the curve (�)) allows energy to be conserved exactly without any fluctuation.

In order to overcome these difficulties, we consider the Active Set method with persistence and viscosity conditions,
analyzing the behavior of discrete energy. From Figure 5, we can see that in the absence of viscosity (η = 0), this
method allows to obtain a better energy conservation. For η > 0, we see that the more the viscosity coefficient
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Figure 5: Discrete energy behavior of the Active-Set method with persistence and viscosity (η) conditions.

increases, the more the energy dissipates. Let us note that this dissipation does not results from a numerical artifact
of the Active-Set method but of the hyper-viscoelastic modeling which one formulates. Indeed, we can notice that
the Active-Set method does not dissipate energy when we take a vanishing viscosity parameter.

6.2. Impact of a hyperelastic ring on a rigid foundation

The hyperelastic model is extended to viscosity with the addition of a damping term:

W v(Ċ) =
η

2
tr (Ċ2). (6.3)

The interest of this example is to give a validation of the hyper-viscoelastic frictional contact model proposed,
compared to the results obtained by using Odgen’s hyperelastic model. This non-trivial example, introduced by
Laursen [7], concerns an academic problem of frictional impact of a hyper-viscoelastic ring against a foundation.

����������������������������������������������������
����������������������������������������������������
����������������������������������������������������
����������������������������������������������������

����������������������������������������������������
����������������������������������������������������
����������������������������������������������������
����������������������������������������������������

hyperviscoelastic ring

foundation

Figure 6: Sequence of the deformed hyper-viscoelastic ring before, during, and after impact.

For each hyperelastic model, we use the same viscous damping term given in (7.1). Details on the physical setting
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of the problem are given below:

Ω =
{

(x1, x2) ∈ R2 : 81 ≤ (x1 − 100)2 + (x2 − 100)2 ≤ 100
}
,

∂0Ω = ∅, ∂gΩ =
{

(x1, x2) ∈ R2 : (x1 − 100)2 + (x2 − 100)2 = 81
}
,

∂cΩ =
{

(x1, x2) ∈ R2 : (x1 − 100)2 + (x2 − 100)2 = 100
}
.

The domain Ω represents the cross-section of a three-dimensional deformable body under the assumption of plane
stress. The ring is launched with an initial speed of 45o towards a foundation, as shown in Figure 6. The foundation
is given by

{
(x1, x2) ∈ R2 : x2 ≤ 0

}
. For discretization, we use 1664 elastic nodes and 128 Lagrange multiplier

nodes. For numerical experiments, the data is:

ρ = 1000 kg/m3, T = 10 s, ∆t = 1
300 s,

u0 = (0, 0)m, u1 = (10,−10)m/s, f = (0, 0)N/m3, g = (0, 0) N/m2,

C1 = 0.5MPa, C2 = 0.5 · 10−2 MPa, D = 0.35MPa,

cν = 1000

The response of the compressible material, considered for Ogden’s constitutive law [57] is characterized by the
following energy density:

W (F) = C1(I1 − 3) + C2(I2 − 3) +D(I3 − 1)− (C1 + 2C2 +D) ln I3,

where the invariants I1, I2, and I3 of C = FTF are defined by

I1(C) = tr(C), I2(C) =
(tr(C))2 − tr (C2)

2
, I3(C) = det(C).
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Figure 7: Discrete energy behavior of selected time integration schemes during impact.

In Figure 7, we observe the evolution of the total discrete energy of the frictionless dynamic system given by
different time integration schemes. We find that the leapfrog scheme with persistent conditions, the 2-step scheme
(Signorini and persistent condition) and the Hauret scheme (specific penalty) conserve energy unlike the EMM
method (curve H) which dissipates energy.
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Figure 8: Discrete energy behavior with the PDAS–Leapfrog scheme with frictionless persistence and viscosity (η)
conditions.

Figure 8 presents the behavior of discrete energy using an Active Set scheme with persistent condition with
frictionless viscosity. This method is characterized by a slightly dissipative behavior due to the viscosity. One can
notice that the larger the viscosity parameter, the more the energy is dissipated. This is due to the hyper-viscoelastic
model.
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Figure 9: Discrete energy behavior with the PDAS–Leapfrog scheme with persistence and friction (µ) conditions
without viscosity.

In Figure 9, we observe the behavior of discrete energy using an Active Set scheme with frictional contact. We
see that for µ = 0, this method allows to obtain an exact conservation of energy. When friction is taken into account
(µ > 0), this method presents a dissipation which increases with the friction coefficient, which clearly reflects the
physical phenomenon of friction dissipation.
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Figure 10: Discrete energy behavior with the PDAS–Leapfrog scheme with persistence, friction (µ) and viscosity
(η) conditions.

In Figure 10, the curves show the behavior of discrete energy using an Active Set scheme with viscosity and
friction. For (µ, η) = (0, 0), we see an exact conservation of energy. In addition, for µ = 0.1 and by considering
η ∈ {0.0001, 0.0004}, we note then that the dissipation of energy increases proportionally to the coefficient of
viscosity. This dissipation is physically acceptable.

7. Numerical simulation of a stent in contact with a soft tissue

As in previous simulations, the hyperelastic model is extended to viscosity with the addition of a damping term:

W v(Ċ) =
η

2
tr (Ċ2). (7.1)

The response of the compressible hyperelastic material is, again, described by Ogden’s constitutive law [57],

W (F) = C1(I1 − 3) + C2(I2 − 3) +D(I3 − 1)− (C1 + 2C2 +D) ln I3.

The domain Ω represents a longitudinal section of a three-dimensional “stent–artery” system under the assumption
of a plane stress. The stent is subjected to imposed displacements towards the walls of the artery, as illustrated in
Figures 11 and 12.
Regarding numerical experiments, the data are:

ρ = 1000 kg/m3, T = 1 s, ∆t = 1
50 s,

C
artery
1 = 0.5MPa, C

artery
2 = 0.5 · 10−2 MPa, Dartery = 0.35MPa,

Cstent
1 = 2 · 102 MPa, Cstent

2 = 2MPa, Dstent = 140MPa,

cν = 100000, cτ = 100.

For the discretization, we use 1137 elastic nodes. The simulationCPU time for a deformed “stent-artery” configuration
(see Figure 13) is of the order of 55 seconds.
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Figure 11: Stainless-steel stent in an arterial tissue. Source: National Heart, Lung, and Blood Institute; National
Institutes of Health; U.S. Department of Health and Human Services.

Artery

Stent

Figure 12: Configuration of the meshes of the stent-artery assembly in the initial state.

Figure 13: Distorted meshes of the artery-stent assembly.

We can notice in Figure 3 that the stent adheres to the wall of the artery according to the displacement imposed.
In what follows, we will study the behavior of the difference in discrete energy between the times ti+1 and ti for the
PDAS–Leapfrog scheme as indicated below:

∆E = Ei+1 − Ei = −∆t

∫
∂cΩ

(Γν
i+ 1

2

δ
◦
dν

i+ 1
2

+ Γτ
i+ 1

2

· δ
◦
dτ

i+ 1
2

) da−Di+ 1
2
. (7.2)
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Figure 14: Behavior of the discrete energy difference between the times ti+1 and ti for the PDAS–Leapfrog scheme
with contact conditions without friction and with viscosity (η).

In Figure 4, when friction is absent, we observe that without viscosity (η = 0), the difference in discrete energy is
practically zero, which indicates that this method allows energy conservation. In the presence of viscosity, we note
that the higher the value of η, the greater the dissipation (∆E is negative). This confirms what we observed in the
continuous and discrete case.
In Figure 5, in the presence of viscosity (η = 1), and in the absence of friction, energy is dissipated. When friction
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PDAS-Leapfrog Scheme with viscosity and friction (η = 1. ; µ = 0.4)

Figure 15: Discrete energy difference between the times ti+1 and ti for the PDAS–Leapfrog scheme with conditions
of contact, friction (µ), and viscosity (η).

is taken into account, we notice that this dissipation increases according to the coefficient of friction µ. We can also
notice that the more µ increases the more relevant are fluctuations, but ∆E always remains negative.
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8. Conclusion and perspectives

In this work, we have addressed a problem in hyper-viscoelastic dynamics with persistence conditions, both with
and without friction. From the computational viewpoint, a novel numerical method is presented: the Active Set
method based on an iterative Newton semi-smooth scheme with persistence conditions. A comparative study is then
conducted between the proposed Active Set method and other methods, in terms of energy behavior. Numerical
tests have shown that the implemented strategy exhibits good energy conservation properties during impact without
friction and without viscosity, and that it dissipates energy in the cases with friction and viscosity, as expected.
Many open problems can be considered as future perspectives. For instance, it would be interesting to study other
constitutive laws such as perfectly plastic or visco-plastic materials in the context of hyperelasticity and to propose an
analysis of the energy balance of these dissipative systems [58]. These laws can be associatedwith different conditions
of contact and friction, thus posing new challenges, in particular the extension of Semi-Smooth Newton and PDAS
methods. Another important perspective concerns numerical simulations in a three-dimensional framework, in order
to make predictions of real-life scenarios in line with soft tissue biomechanical experimental systems.
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