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A B S T R A C T 

Solar system Centaurs originate in trans-Neptunian space from where planet orbit crossing events inject their orbits inside the 
giant planets’ domain. Here, we examine this injection process in the three-body problem by studying the orbital evolution of 
trans-Neptunian asteroids located at Neptune’s collision singularity as a function of the Tisserand invariant, T . Two injection 

modes are found, one for T > 0.1, or equi v alently prograde inclinations far from the planet, where unstable motion dominates 
injection, and another for T ≤ 0.1, or equi v alently polar and retrograde inclinations far from the planet, where stable motion 

dominates injection. The injection modes are independent of the initial semimajor axis and the dynamical time at the collision 

singularity. The simulations unco v ered a region in the polar corridor where the dynamical time exceeds the Solar system’s age 
suggesting the possibility of long-lived primordial polar trans-Neptunian reservoirs that supply Centaurs to the giant planets’ 
domain. 

Key words: celestial mechanics – comets: general – Kuiper belt: general – minor planets, asteroids: general. 
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 I N T RO D U C T I O N  

nderstanding precisely how the dynamical transfer of trans- 
eptunian objects (TNOs) into the giant planets’ domain takes place 

s key to identifying the origin of the small body populations in the
uter Solar system (Fern ́andez, Gallardo & Young 2016 ; Fraser et al.
022 ; Kaib & Volk 2022 ). 
In this regard, progress was recently spurred by the long-term 

tatistical simulations of high-inclination Centaurs that demonstrated 
hat their likely past orbits clustered perpendicular to the Solar 
ystem’s invariable plane in a region that extends beyond Neptune’s 
rbit termed ‘the polar corridor’ (Namouni & Morais 2018 , 2020a , b ).
The search for the polar corridor’s dynamical origin and its role 

n the transfer of TNOs onto high-inclination Centaur orbits o v er
yr time-scales was the object of our earlier work (Namouni 2022 ,
ereafter Paper I ). By studying analytically and numerically the 
ong-term dynamics of a planet-crossing asteroid in the three-body 
roblem, we demonstrated that despite the highly chaotic nature of 
he asteroid–planet interactions, the Tisserand invariant is conserved 
nd that for moderate to high inclinations, this invariance makes the 
steroid follow the Tisserand inclination pathway given as 

 ( a, T , a p ) = arccos 

([ 
T − a p 

a 

] [ 
4 
(

2 − a p 

a 

)] − 1 
2 
)

, (1) 

here a and a p are the semimajor axes of the asteroid’s and the
lanet’s orbits, T is the Tisserand invariant, 

 = 

a p 

a 
+ 2 

[
a(1 − e 2 ) 

a p 

] 1 
2 

cos I , (2) 
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2023 The Author(s) 
ublished by Oxford University Press on behalf of Royal Astronomical Society. Th
ommons Attribution License ( https:// creativecommons.org/ licenses/ by/ 4.0/ ), whic
rovided the original work is properly cited. 
nd e and I are the asteroid orbit’s eccentricity and inclination. It
as also demonstrated that the inclination pathway (equation 1 ) is

ndependent of the initial perihelion and aphelion. 
The motion of planet-crossing asteroids follows the Tisserand 

nclination pathway whether time flows forwards or backwards on 
he time-scale of Gyr. The pathway is followed strictly when the
ravitational kicks imparted to the asteroid’s orbit induce significant 
hange to its semimajor axis. When the orbit’s semimajor axis is
ot strongly perturbed, the asteroid’s orbit w anders aw ay from the
nclination pathway at constant Tisserand invariant because of the 
uild-up of secular perturbations, only to return to the Tisserand 
nclination pathway. 

Paper I demonstrated orbit injection of incoming asteroids, from 

utside to inside the planet’s orbit, onto polar or retrograde inclination 
rbits occurs only for −1 < T < 2. Translated in terms of the
isserand pathway’s inclination far from the planet, 

 ∞ 

( T ) = arccos ( T / 
√ 

8 ) , (3) 

he previous statement becomes: only TNOs with inclinations 45 ◦ < 

 ∞ 

< 110 ◦ may enter inside the planet’s orbit and assume inclinations
 ≥ 90 ◦. TNOs with I ∞ 

< 45 ◦ may be injected inside Neptune’s
rbit but can only assume prograde orbits, whereas those with I ∞ 

>

10 ◦ may not be injected at all. The long-term statistical simulations
f high-inclination Centaurs (Namouni & Morais 2020b , hereafter 
aper II ) utilized 2 × 10 7 clones to follow the Centaurs’ evolution
ack to −4.5 Gyr from initial inclinations in the range [62 ◦:173 ◦].
he y yielded av erage inclinations for the Centaurs’ end states away

rom Neptune in the range [60 ◦:90 ◦] with a standard deviation ∼10 ◦

ndicating that the polar corridor corresponds approximately to the 
nalytically determined range of −1 < T < 2. 

Paper I established a novel dynamical behaviour of planet-crossing 
steroids. The decreasing semimajor axis of an incoming asteroid, 
hose planet encounters mo v e it towards the planet, cannot be

maller than a minimum value that depends on its Tisserand invariant. 
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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he asteroid’s motion is reflected back at this minimum value, termed
the reflection semimajor axis’, a refl, meaning that the asteroid’s
emimajor axis increases after approaching a refl that is given as 

 p a 
−1 
refl( T ) = T − 2 + 2(3 − T ) 

1 
2 . (4) 

he smallest reflection semimajor axis occurs for T = 2 at a refl =
 p /2, whereas for T < −1, a refl > a p and reflection occurs outside
he planet’s orbit thus precluding orbit injection. The validity of
he Tisserand inclination pathway and the reflection semimajor axis
olds for T � 2.7 or I ∞ 

> 17 ◦ even though the Tisserand invariant is
l w ays conserv ed re gardless of its value. This limitation is related to
he effect of strong mean motion resonances at low inclinations (see
aper I ). 
This work is the continuation of the analysis in Paper I . We examine

recisely how Neptune-crossing asteroids are injected from outside
o inside its orbit. Studying the dynamical pathways numerically in
aper I utilized the cloning of an asteroid’s orbit with a perihelion
aphelion) equal to or smaller (larger) than Neptune’s semimajor
xis. Although this approach is adequate to establish the conservation
f the Tisserand invariant and study the dynamics of the Tisserand
nclination pathways, it does not provide a comprehensive analysis of
he injection process o v er a large set of diverse initial conditions. In
his work, we follow a different approach by studying the dynamics
t Neptune’s collision singularity. 

In the three-body problem, the collision singularity is defined by
he orbital intersection of the Neptune-crossing asteroid with the
lanet. For an initial Tisserand invariant and an asteroid semimajor
xis, a diverse range of eccentricities, inclinations, and orbital angles
an be generated to co v er the collision singularity, and followed o v er
ime spans larger than the Solar system’s age. As the Tisserand
nvariant is conserved, the diverse asteroid orbits that co v er the
ollision singularity should in principle follow the same Tisserand
nclination pathway and allow us to examine the orbit injection
rocess as a function of the Tisserand invariant. 
In Section 2 , the initial conditions set-up at the collision sin-

ularity is explained. In Section 3 , we examine the dynamics at
he collision singularity for stable and unstable orbits and find
hat the Tisserand invariant conservation at the collision singularity
nsures that the statistical ensemble’s initially diverse orbits follow
he same Tisserand inclination pathway. The dynamical time at
he collision singularity is measured and found to exceed the
olar system’s age for certain ne gativ e Tisserand invariant values
r equi v alently retrograde inclinations at infinity. The e volution
f the minimum semimajor axis at the collision singularity is
xamined and reveals a semimajor axis-independent two-mode
njection process, one at retrograde inclinations at infinity where
table motion dominates injection and another at prograde in-
linations at infinity where unstable motion dominates injection.
e also examine the role of mean motion resonance capture in

he collision singularity and find that it cannot explain overall
tability and the two-mode injection process. In Section 4 , we
easure the extent of the collision singularity’s stable region in

he polar corridor and identify the possible location of Centaur
upplying small body reservoirs beyond Neptune’s orbit. In Sec-
ion 5 , we sum up our findings and point out how the presence
f long-lived primordial polar TNO reservoirs was already indi-
ated in the earlier numerical simulations with all giant planets in
aper II . 
NRAS 527, 4889–4898 (2024) 
 I NI TI AL  C O N D I T I O N S  AT  T H E  COLLI S IO N  

I NGULARI TY  

he collision singularity is defined by the intersection of the three-
imensional orbit of the planet-crossing asteroid with the planet’s
ircular orbit. Intersection may occur at the ascending or descending
odes and is expressed by equating the asteroid’s radial distance at
ts nodes with the planet’s semimajor axis as follows: 

 = 

a(1 − e 2 ) 

1 ± cos ω 

= a p , (5) 

here a and a p are the asteroid’s and the planet’s semimajor axes, and
 and ω are the astereoid’s eccentricity and argument of perihelion.
he ± signs correspond to the ascending or descending nodes,

espectively, with 0 ◦ ≤ ω ≤ 180 ◦. 
For an initial Tisserand invariant T and an initial semimajor axis

 , we generate random initial conditions that place the asteroid on
n intersecting trajectory as follows. The asteroid’s mean longitude
, longitude of ascending node �, and ω are drawn from uniform
istributions in the intervals [ −180 ◦:180 ◦] for the first two and
0 ◦:180 ◦] for the third angle. Eccentricity is obtained from the nodal
istance equation ( 5 ) to ensure orbit intersection as 

 coll = 

[ 
4 a( a − a p ) + a 2 p cos 2 ω 

] 1 
2 ± a p cos ω 

2 a 
, (6) 

here the − ( + ) sign corresponds to a crossing at the ascending
descending) node. The orbit’s inclination is obtained from the
isserand invariant (equation 2 ) using the initial semimajor axis and

he collision eccentricity (equation 6 ) as follows: 

 = arccos 

(
( T − a p /a ) 

[
4 a (1 − e 2 coll ) /a p 

]− 1 
2 

)
. (7) 

The minimum eccentricity of the collision singularity ensemble
enerated by this method is that of an encounter at perihelion
 min = 1 − a p / a . The maximum eccentricity is determined by the
isserand invariant as the amplitude of the argument in the brackets
f equation ( 7 ) should be ≤1. This leads to the maximum eccentricity
ncountered in Paper I and given by 

 max = 

(
1 − a p 

4 a 

[ 
T − a p 

a 

] 2 ) 1 
2 

. (8) 

he existence of a maximum eccentricity reduces the argument of
erihelion range depending on the value of T . Fig. 1 shows the
ollision eccentricity for encounters at the ascending and descending
odes for an initial semimajor axis 200 au that intersects Neptune’s
rbit with a p = 30.1 au. Maximal eccentricity is shown for T = 1.5,
.5, and 2.15. The latter value is the limit below which there is no
ap in the argument of perihelion’s range. It is given generally as T
 2 + a p a −1 . The ω gap is shown in the figure as the shaded region

or T = 2.5. 
The inclination range is related to the eccentricity range by the

isserand invariant. At minimum eccentricity, the inclination is
hat of the Tisserand inclination pathway (equation 1 ), whereas at

aximum eccentricity, the inclination is 0 ◦ for prograde orbits and
80 ◦ for retrograde orbits. 

 COLLI SI ON  SI NGULARI TY  DY NA MIC S  

he Tisserand invariant conservation was established in Paper I by
enerating clones of a number of planet-crossing asteroid orbits. For
ne such asteroid with a Tisserand invariant T 0 , the cloned orbits
iffer slightly from the nominal orbit and the deviations of their
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Figure 1. Collision eccentricity (equation 6 ) as a function of argument of 
perihelion for ascending (solid blue) and descending (solid dark blue) nodes 
with an asteroid at a = 200 au. Maximal eccentricity (equation 8 ) is shown 
as a horizontal dashed line for three values of the Tisserand invariant. The 
shaded region is the ω gap below T = 2.5.O 

Table 1. Initial eccentricity and inclination ranges [ e min : e max ] and 
[ I min : I max ]. e min is the eccentricity for perihelion crossing, e max is given 
by equation ( 8 ), I min and I max are given by equation ( 1 ) and either of 0 ◦
(prograde motion) or 180 ◦ (retrograde motion). I ∞ 

is given by equation ( 3 ). 

T 0 e max I min ( ◦) I max ( ◦) I ∞ 

( ◦) 
a 0 = 100 au, e min = 0.699 

−0.7 0.961 113 180 104 
−0.1 0.993 99 180 92 
1.2 0.969 0 70 65 
2.7 0.753 0 23 17 

a 0 = 200 au, e min = 0.849 
−0.8 0.983 104 180 106 
−0.3 0.996 99 180 96 
1.0 0.986 0 72 70 
2.5 0.980 0 30 28 

a 0 = 73 au, e min = 0.588 
−0.5 0.956 111 180 100 
0 0.991 99 180 90 
1.4 0.948 0 67 60 
2.8 0.642 0 19 8 
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1 Stable orbits live the full duration of the simulation ( ≥4.5 Gyr). Unstable 
orbits either collide with the Sun or the planet or are ejected from the system. 
Their lifetimes range from a few 1000 yr to < 4.5 Gyr. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/527/3/4889/7438899 by guest on 08 D
ecem

ber 2023
isserand invariants were measured with respect to the nominal orbit. 
n this work, the initial conditions for an initial T 0 are different
s there is no nominal orbit. By letting the initial angle variables
ample their maximum possible range subject to the limits set by 
he Tisserand invariant T 0 , the generated statistical ensemble with 
n initial semimajor axis a 0 is made up of different asteroids with
iverse eccentricities and inclinations and not clones of the same 
steroid. 

The equations of motion of the circular restricted three-body 
roblem with Neptune at a p = 30.1 au and collision singularity 
steroids at a 0 = 73, 100, and 200 au were integrated forward in time
sing the Bulirsch–Stoer algorithm with an error tolerance of 10 −11 . 
n this simulation, the Tisserand invariant takes values in the range 
1.2 ≤ T 0 ≤ 2.8 with a 0.1 step. The choice of this range is moti v ated

y two particular values of the Tisserand invariant. One is T 0 = −1
he upper inclination boundary of the polar corridor below which 
steroids are reflected back outside the planet’s orbit a refl > a p and
njection is not possible. The other particular value is T 0 = 2.7 abo v e
hich mean motion resonances induce a significant departure of the 
nclination pathway from I ∞ 

even though the Tisserand invariant is 
onserved (see Paper I ). 

For each T 0 , 1000 orbits were generated. The eccentricity and
nclination ranges for each semimajor axis a 0 produced by the method
n Section 2 are given in Table 1 . The integration time span of 5.4 Gyr
s larger than the Solar system’s age because the simulation unveiled a
egion in parameter space where the dynamical time exceeds 4.5 Gyr.
s in Paper I , orbital evolution stops when the asteroid is ejected,

ollides with the Sun or Neptune, or reaches an outer semimajor axis
oundary at 10 4 au. For each asteroid orbit, the minimum semimajor
xis is monitored. 

.1 Tisserand inclination pathways 

ig. 2 shows snapshots of the orbit distribution of the collision
ingularity ensembles with a 0 = 100 au for four values of the
isserand invariant T 0 = 2.7, 1.2, −0.1, and −0.7. These examples

llustrate the dynamics corresponding to I ∞ 

from small and moderate 
rograde to polar and retrograde motion. Stable orbits are shown in
reen and unstable orbits in red. 1 Also shown are the Tisserand
nclination pathway (equation 1 ), the maximum eccentricity curve 
equation 8 ), and the reflection semimajor axis (equation 4 ). 

The top row panels show the eccentricity and inclination as 
 function of semimajor axis at 4.5 Gyr for stable orbits and
t the last sampling epoch before instability for unstable orbits. 
he conservation of the Tisserand invariant makes the diverse 
nsemble of collision singularity asteroids follow the unique Tis- 
erand inclination pathway given by their initial T 0 as predicted 
y the analytical theory of Paper I . Their eccentricity and incli-
ation dispersions are explained by the von Zeipel–Lidov–Kozai 
ecular potential (von Zeipel 1910 ; Kozai 1962 ; Lidov 1962 ) as
videnced by maximum eccentricity curve of each T 0 (see Paper I
or an analytical discussion of this effect). Orbits are predictably 
eflected at a refl( T 0 ). These conclusions are valid for stable and
nstable orbits as the latter are simply former stable orbits for
hich an ultimate gravitational kick knocked them out of their 

table motion by ejecting them from the system or forcing them
o collide with the Sun or Neptune. Instability is stronger as T 0 tends
o 3. 

The location a 0 = 100 au is close to the 1:6 outer resonance ( a res =
9 au) where some asteroids are captured mostly at large inclinations
 T 0 = 1.2, −0.1, and −0.7) as mean motion resonance capture
s particularly efficient at large inclinations (Namouni & Morais 
015 , 2017 ). Some collision singularity asteroids with retrograde 
nclinations become unstable while at resonance. Resonance capture 
s examined in Section 3.4 as a function of the Tisserand invariant. 

The panels in the second row from the top show the eccentricity and
nclination at minimum semimajor axis, a min . The asteroids follow 

heir Tisserand inclination pathway in ( a min , I ) space just as they do
n ( a , I ) space and are bounded by e max in ( a min , e ) space. Stable and
nstable asteroids alike fill the possible area in ( a min , I ) and ( a min , e )
howing that not all asteroids reach a refl( T 0 ) or are injected inside the
lanet’s orbit. 
The third row panels show the epoch of minimum semimajor axis,

 a min . This epoch is bounded from below by a power-like function
og ( τmin / τ 0 ) = ( a 0 − a ) α , where a and a 0 are expressed in au, α
MNRAS 527, 4889–4898 (2024) 
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Figure 2. Distribution of collision singularity ensemble orbits at 4.5 Gyr for different initial Tisserand invariants T 0 and the initial semimajor axis a 0 = 100 au. 
First row from top: distributions in the ( a , I ) and ( a , e ) planes of stable (green) and unstable (red) orbits. The latter are shown at the last sampling epoch before 
instability. The inclination pathway (equation 1 ) is the solid curve in the inclination panels. In the eccentricity panels, the top curve is the maximum eccentricity 
dispersion (equation 8 ) and the bottom ones are the perihelion and aphelion collision conditions a (1 ± e ) = a p . The solid and dashed vertical lines indicate 
the reflection semimajor axis a refl (equation 4 ) and the planet’s position, respectively. Second row: distributions in the ( a min , I ) and ( a min , e ) planes. Third row: 
epoch at minimum semimajor axis as a function of a min . Bottom row: initial conditions in the mean longitude argument of perihelion plane. The blue squares 
indicate injection was achieved. 
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0.5 and τ 0 ∼ 10 3 –10 5 yr with decreasing T 0 . The traveltime to
he minimum semimajor axis is longer for retrograde orbits because
lanet encounters generate weaker perturbations as they occur at
arger speeds in briefer times than prograde orbits. Asteroids captured
n resonance have some of the largest T a min . Resonant asteroid
tatistics are given in Section 3.4 . 

The bottom row panels show the initial conditions’ distribution
n the mean longitude, argument of perihelion plane for stable and
nstable orbits. Asteroids that achieved orbit injection are shown
ith blue squares. An ω gap is present for T 0 = 2.7. There are
o preferred regions or initial condition clustering with respect to
tability or orbit injection. 
NRAS 527, 4889–4898 (2024) 
In Section 3.3 , we examine the dynamical time in the collision
ingularity and show that there is a Tisserand invariant range where
he dynamical time exceeds the Solar system’s age for a 0 = 100 au.

e therefore set up two further high-resolution simulations, one with
 0 = 200 au where the dynamical time nowhere exceeds 4.5 Gyr and
nother with a 0 = 73 au so that the initial location is not close to a
ajor mean motion resonance like 100 au is to the 1:6 resonance.
he scope of these two simulations is to find out if the dynamics at
ifferent semimajor axes differ qualitatively from that of a 0 = 100 au
ecause of stability and proximity to resonance. 
The simulation results with a 0 = 200 au are shown in Fig. 3

or T 0 = 2.5, 1, 0.3, and −0.8. They confirm that the colli-
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Figure 3. Same as Fig. 2 but with a 0 = 200 au. 
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ion singularity asteroids follow the Tisserand inclination path- 
ays in the ( a , I ) and ( a min , I ) planes for stable and unstable
rbits. Their eccentricities are bounded by the maximal eccen- 
ricity (equation 8 ). The location a 0 = 200 au is close to the
:17 mean motion resonance ( a res = 199 au) where similar to
he previous simulation some asteroids are captured mostly at 
arge inclinations ( T 0 = 1 and −0.3) whereas some collision 
ingularity asteroids become unstable while at resonance. The 
ynamics at a 0 = 200 au is qualitatively similar to that of a 0 =
00 au. 
The value a 0 = 73 au was chosen instead of the rounded off 70 au

o a v oid the 2:7 resonance. Instead a 0 = 73 au lies within the 9:34
esonance of order 25. The simulation results are shown in Fig. 4 for
 0 = 2.8, 1.4, 0, and −0.5. T 0 = 2.8 is belo w the v alidity limit of

he Tisserand inclination pathways T = 2.7 (see Paper I ). It is shown
o illustrate as in Paper I that reflection still occurs even if T 0 >

.7 but the actual reflection semimajor axis becomes slightly smaller 
F
han equation ( 4 ) (for details see Paper I ). The results in Fig. 4 are
ualitatively similar to those of the previous two semimajor axes. 
nclination pathways and maximum eccentricity curves are followed 
recisely for T 0 ≤ 2.7 and there is no preferred orbit geometry
hat maximizes orbit injection (bottom panels in Figs 2 –4 ). Some
steroids are captured in the 9:34 resonance (see Section 3.4 ). 

We may conclude that regardless of the semimajor axis and 
roximity to mean motion resonance, the collision singularity 
steroids are found to follow the Tisserand inclination pathways 2 

nd the maximal eccentricity curves associated with their Tisserand 
nvariant. Their orbits fill the available parameter space in the ( a min ,
MNRAS 527, 4889–4898 (2024) 

ig. 10 . 
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Figure 4. Same as Fig. 2 but with a 0 = 73 au. 
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Figure 5. Conservation of the Tisserand invariant at 4.5 Gyr. Solid lines 
indicate the mean value of T with respect to T 0 , and dashed lines indicate 
the Tisserand invariant’s standard deviation σ T . Green (red) indicates stable 
(unstable) orbits. 
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 ) and ( a min , e ) planes. There are no preferred orbital angles that
aximize orbit injection. 

.2 Tisserand invariant conservation 

eviation from the initial value of the Tisserand invariant is measured
t 4.5 Gyr and shown in Fig. 5 . The solid lines show the deviation
f the mean Tisserand invariant 〈 T 〉 from its initial value T 0 for
table and unstable orbits as a function of T 0 for a 0 = 73, 100, and
00 au. The deviation |〈 T 〉 − T 0 | is of order a few 10 −3 and is smaller
or unstable orbits than stable orbits. The reason is twofold. First,
nstable orbits are more numerous as can be seen in Fig. 6 where the
atio of the number of stable orbits N s to that of unstable orbits N u 

s shown as a function of T 0 (and I ∞ 

). Second, the accumulation of
umerical error is larger for stable orbits that survived up to 4.5 Gyr,
hereas unstable orbits live over smaller time spans from ∼10 3 yr to
NRAS 527, 4889–4898 (2024) 
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Figure 6. Ratio of the number of stable orbits present at 4.5 Gyr, N s , to the 
number of all unstable orbits from the simulation’s start up to 4.5 Gyr, N u , 
as a function of the initial Tisserand invariant (and I ∞ 

). The solid curves 
correspond, respectively, to a 0 = 200 au (red), 100 au (blue), and 73 au 
(green). 

Figure 7. Dynamical time τ d as a function of the initial Tisserand invariant 
(and I ∞ 

) for a 0 = 200 au (red), 100 au (blue), and 73 au (green). 
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Figure 8. Ratio of the resonant stable orbits, N res , to the total number of 
stable orbits, N s , at epoch t as a function of the Tisserand invariant. The 
epochs are t = 0.1 Gyr (dashed black), 1 Gyr (solid green), 3 Gyr (solid blue), 
and 4.5 Gyr (solid red). Rele v ant resonances are shown next to the initial 
semimajor axis a 0 . 
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ess than 4.5 Gyr. This explains why |〈 T 〉 − T 0 | increases as T 0 tends
o −1 where stable orbits become more numerous. 

The standard deviation σ T of T at 4.5 Gyr is shown in Fig. 5
ith dashed lines for stable and unstable motion. It is of order a few
0 −3 across all values of T 0 . This deviation amplitude and that of
〈 T 〉 − T 0 | do not affect quantitatively the dynamics of the Tisserand
nclination pathways as can be seen in Figs 2 –4 . 

.3 Dynamical times 

or an initial semimajor axis a 0 and Tisserand invariant T 0 , we
efine the singularity collision dynamical time, τ d ( a 0 , T 0 ), as the
edian lifetime of the statistical ensemble generated by the method 

n Section 2 . This definition is inspired by the long-term evolution
f the ensemble’s diverse orbits that co v er the available parameter
pace defined by a 0 and T 0 (Figs 2 –4 ) much like the clones of single
steroid orbits in Paper I . Fig. 7 shows the dynamical time as a
unction of T 0 (and I ∞ 

) for a 0 = 73, 100, and 200 au. 
Regardless of the semimajor axis, the dynamical time has a distinct 

hape with three peaks: (i) a prominent retrograde-inclination peak 
ith −0.85 ≤ T 0 ≤ −0.6 equi v alent to an inclination at infinity 107 ◦

I ∞ 

≥ 102 ◦; (ii) an intermediate prograde-inclination peak with 0.7 
T 0 ≤ 1 (76 ◦ ≥ I ∞ 

≥ 69 ◦); and (iii) a shallow prograde-inclination
eak with 2.1 ≤ T 0 ≤ 2.3 (42 ◦ ≥ I ∞ 

≥ 36 ◦). 
The dynamical time is of order 0.1–0.4 Gyr near the shallow peak.

t increases to 1.5–2 Gyr at the intermediate peak. The retrograde-
nclination peak occurs at τ d = 4.11 Gyr and T 0 = −0.9 for a 0 =
00 au. It exceeds the age of the Solar system for a 0 = 73 au and
 0 = 100 au with, respectively, τ d = 5.37 Gyr at T 0 = −0.5 and
d = 5.20 Gyr at T 0 = −0.8. Regardless of the semimajor axis, the
ynamical time drops sharply from a few Gyr to ∼1 Gyr for polar
rbits ( T 0 = 0). 
The region where the dynamical time exceeds 4.5 Gyr is −1.1 ≤

 0 ≤ −0.3 for a 0 = 73 au and −1 ≤ T 0 ≤ −0.4 for a 0 = 100 au.
his raises the possibility of long-lived nearly polar TNOs that cross
eptune’s orbit. Injection is examined in Section 3.5 and the stable

egion’s semimajor axis extent is estimated in Section 4 . 

.4 Resonance capture 

he simulations show that resonance capture may occur for collision 
ingularity asteroids. It is possible that the large dynamical times 
ound at retrograde inclinations that exceed the Solar system’s age are
he result of such temporary resonance capture as asteroid orbits are
rotected from the planet’s destabilizing perturbations. We examined 
uantitatively the simulations of the three semimajor axes and found 
hat capture occurs mainly in the mean motion resonance nearest to
he initial semimajor axis. These are 9:34 for a 0 = 73 au, 1:6 for a 0 
 100 au, and 1:17 for a 0 = 200 au. Fig. 8 shows for each initial

emimajor axis, the ratio of the number of stable asteroid orbits in
ean motion resonance with Neptune, N res , to the number of stable

steroid orbits, N s , as a function of the initial Tisserand invariant T 0 

t epochs 0.1, 1, 3, and 4.5 Gyr. 
Regardless of the semimajor axis and resonance order (5, 16, and

5), the resonant asteroid ratio has three major peaks. For a 0 =
3 au, the resonant ratio peaks ( T 0 , N res / N s ) are (0 , 16 per cent ),
0 . 7 , 19 per cent ), and (1 . 4 , 6 per cent ). For a 0 = 100 au, the peaks
re ( −0 . 1 , 30 per cent ), (0 . 7 , 34 per cent ), and (1 . 4 , 36 per cent )
nd for a 0 = 200 au, they are ( −0 . 3 , 20 per cent ), (0 . 5 , 28 per cent ),
nd (1 . 5 , 6 per cent ). The similar peak locations with respect to the
isserand invariant indicate the existence of preferred inclinations 
or resonance capture within the polar corridor. 

Another property of the resonant ratio is how it conserves the same
rofile from epoch 0.1 to 4.5 Gyr for a 0 = 100 and 200 au and from
 to 4.5 Gyr for a 0 = 73 au. The profile amplitudes increase with
ime confirming that resonances increase the stability of trapped 
ollision singularity asteroids. The reason why at a 0 = 73 au the
esonant ratio profile of epoch 0.1 Gyr is different at later epochs is
MNRAS 527, 4889–4898 (2024) 
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Figure 9. Ratio of the number of injected stable orbits present at 4.5 Gyr, 
N 

i 
s , to the number of all injected unstable orbits from the simulation’s start up 

to 4.5 Gyr, N 

i 
u , as a function of the initial Tisserand invariant (and I ∞ 

). The 
solid curv es correspond, respectiv ely, to a 0 = 200 au (red), 100 au (blue), 
and 73 au (green). The dashed line is log N 

i 
s /N 

i 
u = −T 0 / 0 . 61. 
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hat the initial semimajor axis lies inside the 9:34 resonance region
72.94,73.08] au. Dynamical relaxation o v er ∼1 Gyr shifts the main
etrograde-inclination peak from T 0 ∼ −0.3 to 0. 

For low inclinations, it is the 1:6 resonance that is more efficient at
esonance capture as seen by the sharp increase in the resonant ratio.
f the 1000 asteroids at a 0 = 100 au and T 0 = 2.8, four asteroids

urvived at 4.5 Gyr one of which in the 1:6 resonance. The 1:17 and
:34 resonant ratios essentially vanish beyond T 0 ∼ 2. 
The resonant ratios show that resonance capture is not the main

eason for the longevity of retrograde inclination collision singularity
steroids. In the ≥4.5 Gyr T 0 range of a 0 = 73 au, [ −1.1: −0.3], the
esonant ratio N res /N s ∼ 5 per cent , whereas for the equi v alent range
f a 0 = 100 au, [ −1: −0.4], N res /N s ∼ 20 per cent . These estimates
o not explain the longevity of the bulk of orbits with τ d ≥ 4.5 Gyr.

.5 Orbit injection 

aper I showed that orbit injection occurs only if T > −1. Injected
NOs from the polar corridor ( −1 ≤ T ≤ 2 or equi v alently 45 ◦ ≤ I ∞ 

110 ◦) may assume polar and retrograde orbits, whereas those with
 > 2 (or equi v alently I ∞ 

≤ 45 ◦) may be injected only onto prograde
rbits. 
Fig. 9 shows the ratio, N 

i 
s /N 

i 
u , of the number of injected stable

rbits present at epoch 4.5 Gyr to the number of all injected unstable
rbits from the simulation’s start to 4.5 Gyr for the three semimajor
xes a 0 = 73, 100, and 200 au. The Tisserand invariant range starts
rom T 0 = −0.9, because injection is not possible for T 0 ≤ −1 for
table and unstable orbits alike ( N 

i 
s = N 

i 
u = 0) as a refl > a p (see

aper I ). 
Regardless of the semimajor axis, there are two injection modes

epending on the Tisserand invariant. For T 0 > 0.1 ( I ∞ 

< 88 ◦),
ost injected asteroids have unstable orbits. For T 0 ≤ 0.1 ( I ∞ 

≥
8 ◦), most injected orbits are stable. This property is independent
f the dynamical time being larger than the Solar system’s age. For
nstance, whereas for a 0 = 200 au, τ d = 3.67 Gyr, and N s / N u =
.8 at T 0 = −0.6, the injection ratio N 

i 
s /N 

i 
u = 8. Regardless of

he semimajor axis, the injection ratio may be approximated by
og N 

i 
s /N 

i 
u = −T 0 / 0 . 61 o v er a wide range of Tisserand invariants. It

hould also be noted that the two injection modes are present within
he polar corridor and that the unstable injection mode for prograde
NRAS 527, 4889–4898 (2024) 
otion is unchanged as the polar corridor’s T 0 = 2 boundary is
rossed. 

Combined with the > 4.5 Gyr dynamical times for ne gativ e T 0 at
ertain semimajor axes, the stable injection mode implies the possible
xistence of long-lived primordial nearly polar TNO reservoirs that
upply high-inclination Centaurs to the giant planet’s domain. The
emimajor extent of this stable region is examined in the next section.
e further illustrate the stable injection mode in Fig. 10 with two

xamples of 4.5 Gyr stable collision singularity TNOs with an initial
emimajor axis a 0 = 100 au and an initial Tisserand invariant T 0 =
0.5 that are transferred onto retrograde Centaur orbits. In the left

right) two panels, the TNO’s initial parameters are e 0 = 0.7112,
 0 = 108 ◦, and ω 0 = 154 ◦ ( e 0 = 0.8313, I 0 = 113 ◦, and ω 0 =
2 ◦). The first TNO (panels a and b) is injected early on during its
nteraction with the planet in two Centaur phases. The first occurs in
he interval [0.14:0.2] Gyr where its orbital parameters e ∼ 0.1–0.2
nd I = 150 ◦. The second phase occurs in [0.26:0.39] Gyr with e

0.05–0.65 and I = 140 ◦–178 ◦. At 4.5 Gyr the TNO’s semimajor
xis a = 375 au, the location of the 1:44 resonance with Neptune
hat the asteroid entered at epoch 4.12 Gyr. The conservation of
he Tisserand invariant ensures that the TNO follows the inclination
athway (equation 1 ) and its eccentricity is limited by the maximal
ccentricity curve (equation 8 ). 

After mo ving a w ay from Neptune as f ar as 230 au, the second TNO
n panels (c) and (d) is injected onto a Centaur orbit in the interval
3.97:4.11] Gyr where its mean orbital elements are e ∼ 0.4 and I ∼
60 ◦. At 4.5 Gyr the TNO’s semimajor axis a = 54 au. The TNO’s
 volution dif fers significantly from that of the pre vious one except in
ne aspect, the conservation of the Tisserand invariant makes them
ollow the same Tisserand inclination pathway (equation 1 ) and their
ccentricity is al w ays limited by equation ( 8 ). 

 STABLE  COLLI SI ON  SI NGULARI TY  R E G I O N  

e examine the possible extent of the long-lived region with
e gativ e Tisserand invariants in the Sun–Neptune–asteroid three-
ody problem by following the evolution of collision singularity
nsembles within the grid −1 ≤ T 0 ≤ 0 with a 0.1 step and
0 ≤ a 0 ≤ 200 au with a 10 au step. Each grid point ensemble
ncludes 100 asteroids 3 generated by the method of Section 2 and
ntegrated forward in time to 5 Gyr because of the computational
ost in the grid’s stable regions. 

The dynamical time portrait as a function of the initial semimajor
xis a 0 and the Tisserand invariant T 0 is shown in Fig. 11 . Colour
odes indicate the dynamical time τ d . The simulation time span
 Gyr is also the maximal value of τ d . Grid points where τd = 5 Gyr
ay have larger dynamical times. For our purposes of searching for

ossible 4.5-Gyr-old TNO reservoirs that supply high-inclination
entaurs to the giant planets’ domain, the 5 Gyr time span is

ufficient. 
The stable region ( τ d ≥ 4.5 Gyr) can be seen to extend up to a 0 
 170 au. Beyond this limit, possible material present in the early
olar system would have been depleted as τ d < 4.5 Gyr. For each
emimajor axis inside the stable region, there are islands of Tisserand
nvariants where the dynamical time is much larger than the Solar
ystem’s age. The region enclosed by −0.9 ≤ T 0 ≤ −0.5 ( ≤ I ∞ 

≤)
nd 80 ≤ a ≤ 140 au is a continuous domain where τ d ≥ 5 Gyr. In
his domain, the initial semimajor axes are close to the mean motion
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(a) (b) (c) (d)

Figure 10. Examples of collision singularity TNOs in the stable region of a 0 = 100 au. The two TNOs have initial parameters e 0 = 0.7112, I 0 = 108 ◦, ω 0 = 

154 ◦ (panels a and b), and e 0 = 0.8313, I 0 = 113 ◦, ω 0 = 92 ◦ (panels c and d). Time evolution o v er 4.5 Gyr is shown in the left-hand panels of each asteroid 
(panels a and c) sampled every 1 Myr . Neptune’ s position is indicated by the dashed black line in the semimajor axis panels. The TNOs’ pathways in ( a , I ) and 
( a , e ) planes are shown in the right-hand panels (panels b and d). The red and green full circles are the initial and final positions, respecti vely. Also sho wn in 
panels (b) and (d) are the inclination pathway (equation 1 ), the perihelion and aphelion crossing conditions, the maximal eccentricity (equation 8 ), the planet’s 
position (vertical dashed line), and the reflection semimajor axis (equation 4 ) (orange vertical line). 

Figure 11. Dynamical time portrait as a function of the initial semimajor 
axis a 0 and Tisserand invariant T 0 . Colour codes indicate the value of the 
dynamical time τ d in Gyr. The simulation time span is 5 Gyr implying that 
τ d at the green positions can exceed 5 Gyr as shown for instance in Fig. 7 . 
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esonances 3:13 at 80 au and 1: n with 5 ≤ n ≤ 10 for a 0 = 90–
40 au. In Section 3.4 , it was shown that mean motion resonances
o not explain the overall stability of collision singularity asteroids 
or −1 ≤ T 0 ≤ 0 as only a fraction of the long-lived asteroids are
aptured in resonance. 

In order to identify the possible primordial reservoirs that inject 
NOs onto Centaur orbits, we show in Fig. 12 the ratio of the number
f injected stable orbits at 4.5 Gyr, N 

i 
s , to the initial asteroid number,

00 (or 1000), only for locations where τ d ≥ 4.5 Gyr and the injected
umber of stable orbits is finite ( N 

i 
s > 0). 

Two regions are of particular interest. The first is nearest to the
lanet 40 ≤ a 0 ≤ 80 au (blue and green squares) where injection ratios 
re largest, 15–30 per cent. The second region is the 5 Gyr continuous
table domain. Here the injection ratio peaks at 10 per cent for a 0 
 90 and 100 au and −0.9 ≤ T 0 ≤ −0.5. The finite injection ratios

hown in Fig. 12 indicate that all such locations are prime contenders
or hosting long-lived primordial nearly polar TNO reservoirs that 
upply Centaurs to the Solar system. Ho we ver, as we explain in the
ext section, the stable region nearest the planet is likely to lose its
tability and large injection ability when all giant planets are added 
o the Sun–Neptune–TNO three-body problem. 
 SUMMARY  

n this work, we set out to study the injection dynamics of trans-
eptunian asteroids that cross Neptune’s orbit in the three-body 
roblem. Injection in this framework means the process of lowering 
he value of the asteroid’s semimajor axis so that it becomes smaller
han the planet’s. In order to model this process comprehensively, we
xamined the dynamics of Neptune’s collision singularity at different 
rans-Neptunian semimajor axes by using the conservation of the 
isserand invariant for planet-crossing asteroids established in Paper 
 to generate statistical ensembles at the collision singularity and 
ollow their evolution. 

We examined the dynamics of stable and unstable motion at the
ollision singularity and unco v ered a two-mode injection process 
egardless of the initial semimajor axis and the dynamical time. For
olar and retrograde inclinations, stable motion dominates injection, 
hereas for prograde motion unstable motion dominates. There 

re regions outside Neptune’s orbit where the median lifetime of 
etrograde collision singularity asteroids exceeds the Solar system’s 
ge. We also found that the collision singularity’s dynamical time 
as a unique dependence on the Tisserand invariant regardless of the
MNRAS 527, 4889–4898 (2024) 
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emimajor axis. Similarly, resonance capture of collision singularity
steroids is more efficient at preferred inclinations in the polar
orridor regardless of semimajor axis. 

These results’ validity holds in the three-body problem. The Solar
ystem’s giant planets will affect the injection process and the
ollision singularity’s stability. This influence can be constructive
r destructive. Pluto’s Neptune-crossing orbit provides an example
f Jupiter’s constructive influence on perihelion precession that helps
onfine its latitudinal motion (Malhotra & Ito 2022 ). In the case of
he polar TNO reservoirs unco v ered in this work, Paper II indicates
hat the presence of all giant planets modifies the dynamics at high
nclination both constructively and destructively. 

To understand this, we recall that Paper II aimed at searching for
ast stable orbits of 19 high-inclination Centaurs by integrating the
quations of motion back in time to −4.5 Gyr with all giant planets
nd the Galactic tide using ∼2 × 10 7 clones. The idea behind that
earch was that since Centaurs were believed to have originated from
he early planetesimal disc, their orbits are 4.5 Gyr old. Searching
tatistically for the region in parameter space such objects came
rom is possible in principle because of the time reversibility of
he gravitational equations of motion. In fact, the conservation of
he Tisserand invariant makes the inclination pathway taken by a
lanet-crossing asteroid unchanged whether its motion is followed
orw ards or backw ards in time on Gyr time-scales as shown later in
aper I . The statistical search for stable orbits did not indicate that
igh-inclination Centaur orbits returned to the planetesimal disc,
or was it inconclusive such as when past orbits scattered all o v er
arameter space. Instead, high-inclination Centaur clustered mainly
n the polar corridor with small inclination dispersions on Neptune-
rossing orbits (figs 2 and 4 of Paper II ). 

One of the search’s unexpected results was that the Centaur
emimajor axis probability density at −4 . 5 Gyr has a prominent
eak between 70 and 100 au (fig. 3 in Paper II ) indicating the possible
xistence of a TNO reservoir where the three-body analysis in this
aper predicts. Ho we ver, despite the simulation’s high resolution of
 × 10 7 clones, there was no accumulation in the region nearest to
eptune (40 ≤ a ≤ 70 au) where the three-body analysis of this paper

ound the largest injection rates. This indicates that the presence of
ll giant planets likely destroys the stability of that region. 

The large inclination of the possible 4.5-Gyr-old TNO reservoirs
oses the problem of their origin as at that early epoch, trans-
eptunian space was devoid of Solar system-born material orbiting

he Sun perpendicular to the planetesimal disc. Evidence from planet
nstability-based disc relaxation simulations o v er 4.5 Gyr indicate
hat high-inclination Centaurs cannot be produced in sufficient
umbers from the early planetesimal disc, and that other sources
re necessary to explain their presence (Kaib et al. 2019 ; Nesvorn ́y
t al. 2019 ). The natural source is the material captured by the early
olar system from the Sun’s birth cluster (Fern ́andez & Brunini
000 ; Levison et al. 2010 ; Brasser et al. 2012 ; J ́ılkov ́a et al. 2016 ;
NRAS 527, 4889–4898 (2024) 

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an 
( https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reus
ands et al. 2019 ; Kaib et al. 2019 ). This work demonstrates, in the
ontext of the three-body problem, the possible existence of pockets
f dynamical stability where some primordial interstellar material is
rotected in the Solar system and interacts with its planets as polar
nd retrograde Centaurs. Understanding further collision singularity
ynamics with the giant planets and how they influence the stable
egion, found in this paper using the three-body problem, will help
arrow the extent of the stability region and ascertain the population
ize of the possible Centaur-producing polar TNO reservoirs in the
olar system. 
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