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This article presents a simple geometrical approach to visualize the hydrodynamic properties of wave
energy converters (WECs), in terms of wave reflection, transmission, and absorption, and how those prop-
erties are governed by the WEC control parameters. The problem is modeled as an array of periodic rows
of WECs parallel to the wave front, which is representative of WEC farms located along the shoreline,
and allows for a straightforward two-dimensional analysis of energy fluxes. The WECs are assumed to be
symmetric with respect to the plane perpendicular to the wave propagation direction, and they operate in
a single degree of freedom. Under those assumptions, fundamental hydrodynamic relationships allow the
WEC operation at a given frequency to be mapped to a single complex number, 7, which represents the
WEC (complex) transmission coefficient, located in a circle with center 1/2 and radius 1/2. The WEC
hydrodynamic and control parameters (added mass, stiffness, damping) govern the precise location of 7'
within the circle. The distance of 7 to the center of the circle determines the hydrodynamic efficiency,
between 0 (when 7 is on the circle border) and 1/2 (which is achieved when T is at the center of the cir-
cle). Therefore, the representation of T provides an immediate insight into the balance between reflection,
transmission, and absorption. The proposed unified representation reflects, in a didactic way, some funda-
mental wave energy concepts, common to all WECs, such as the Haskind relationship, or the impedance
matching condition for optimal wave power absorption. Two numerical examples illustrate how the locus
of T, across a prescribed frequency range, provides a distinctive “signature” specific to the WEC geometry,
mode of operation, and control strategy. Finally, the proposed representation shows many similarities to
the Smith chart and, as such, is but one additional analogy between wave energy conversion and electrical

engineering.

DOI: 10.1103/PRXEnergy.2.023003

I. INTRODUCTION

Ocean waves constitute an immense, untapped reser-
voir of renewable energy. In Europe, for example, wave
energy could represent an appreciable contribution to a
decarbonized electricity mix, with an estimated capacity
potential in the order of 300400 GW along the Atlantic
coastlines alone [1]. Wave energy converters (WECs) will
typically be installed in arrays, to reduce the cost per
kWh of wave energy, by allowing the mutualization of
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expenses related to grid connection, infrastructure, instal-
lation, and maintenance [2]. In addition to providing clean
renewable power, large WEC arrays could contribute to
nearshore wave attenuation, thus mitigating coastal ero-
sion [3—6], similarly to the wave reduction effect of natural
coastal defenses, such as mangroves, salt marshes, or sea-
grass and kelp beds [7,8]. More generally, a WEC farm
would not only be designed with regard to its wave absorp-
tion capabilities—with the potential benefit of improved
performance due to collective effects [9]—but also con-
sidering the way it will interact with its surroundings. A
compelling example was put forward recently by the study
of wave power farms acting as artificial reefs, and thus,
enhancing biodiversity [10]. In optimizing the array layout,
hydrodynamic interaction effects within the WEC farm
are crucial, although other factors need to be taken into
account, such as connection costs or constraints in terms
of space utilization.

Currently a very active research area, power-maximizing
control of WECs is seen as another key enabler towards
making wave energy economically competitive [11], by

Published by the American Physical Society
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increasing the average absorbed power while limiting cap-
ital costs. Recent years have witnessed the development
of a variety of advanced control strategies [12], mostly
model based [13], gradually overcoming the main barriers
towards achieving optimal power-maximizing WEC con-
trol, such as the need for real-time wave force predictions,
the computational requirement to solve control optimiza-
tion problems in real time, the necessity of accounting
for nonlinear dynamics, or the robustness of the control
strategy to inevitable modeling uncertainties.

Array interaction and control are mutually dependent
problems, since optimal control of WECs within an array
should take into account array interaction effects, which
is termed “coordinated control,” [14] while, conversely,
the optimal array layout generally depends on the adopted
WEC control strategy [15]. Finally, while the optimal con-
trol strategy and optimal array layout obviously depend
on the characteristics of individual WECs composing the
array, the inverse is also true [16], so that, eventually, WEC
design, control, and array layout are three interrelated
problems.

Even within the scope of linear potential flow theory,
WEC hydrodynamics yield mathematically complex prob-
lems, even more so when it comes to control and array
modeling. In spite of the current advances in computa-
tional power and numerical techniques, the study, design,
and optimization of WECs and WEC farms can still benefit
from analogies with other areas of physics, to understand
fundamental concepts behind the initial problem, and to
derive simplified models as first approximations. Such
analogies have been put to good use since the early years
of modern research on wave energy. In particular, Falnes
and Budal [17,18] drew powerful parallels with radio-
frequency engineering, acoustics, and optics, applying the
concept of radiation impedance to WECs and WEC arrays,
to derive optimal power-maximizing control conditions,
and to explain how wave power can be absorbed over
a width significantly larger than the WEC characteristic
dimensions. More recently, further electrical equivalents
for nonlinear WEC model components were proposed in
Ref. [19] and other works by the same authors. Other
fruitful analogies arise at the array level, considering the
WEC farm as a metamaterial, with properties related to its
internal structure, such as the existence of crystallographic
effects analogous to those observed in optics, solid-state
physics, or acoustics, e.g., Bragg resonances [20-22]. In
the broader context of water wave engineering, those ideas
are exploited in various systems, such as the refraction phe-
nomena of water waves propagating through an array of
bottom-mounted structures [22,23], tuning of the seabed
topography [24,25], or the deployment of floating mem-
branes with a crystalline array of defects with the ability to
focus water waves in a way similar to optical lenses [26].

This work establishes a relatively simple geometrical
representation of wave energy device properties,

considering not only power absorption capabilities, but
also the WEC interaction with their up-wave and down-
wave surroundings. Considering a model assumption of
an infinite row of WECs, parallel to the wave front, the
row properties in terms of wave reflection, transmission
and absorption are represented graphically, depending on
the WEC geometry, mode of motion, and control param-
eters. In fact, the reflection and transmission properties of
individual rows, as represented in this paper, can subse-
quently be used as “building blocks” to solve the array
interaction across multiple rows in a straightforward man-
ner [27]. The proposed geometrical representation exhibits
strong visual and conceptual resemblance to the Smith
chart [28,29], a graphical tool invented by Phillip Smith
in the late 1930s, which is well known to radio-frequency
engineers for the study of transmission lines [30] and, in
particular, impedance matching. Thus, this representation
is yet another example in the time-honored tradition of
radio-frequencies and electrical analogies in WEC model-
ing and control. In addition to being a visual help in early
modeling stages, encompassing WEC design and control
parameters, together with array interaction effects, which
may find some practical applications, the framework pro-
posed in this paper is also a didactic way to summarize
otherwise well-known fundamental relationships for the
two-dimensional analysis of WECs, see e.g., Ref. [31,32].
In Sec. II, the geometrical representation of reflec-
tion and transmission coefficients is introduced; first, for
devices held fixed or moving freely under the effect of
wave forces. However, absorbing power from the waves
requires that the power take-off (PTO) system exerts a
force onto the WECs, which can be generally decomposed
into stiffness, inertia, and damping terms, thus modify-
ing the WEC motion, together with the corresponding
reflection and transmission characteristics. Based on the
proposed geometrical representation, Sec. III describes
how the choice of PTO parameters governs wave reflec-
tion, transmission, and power absorption, and examines the
relationship between the devices’ “wave-making” proper-
ties and their wave power absorption capabilities, under
motion amplitude limitations. Section IV exemplifies how
specific cases can be incorporated into the proposed frame-
work, through two WEC archetypes, namely, flap-type
oscillating wave-surge converters and cylindrical heav-
ing point absorbers. Finally, the usefulness and limitations
of the present graphical representation, as well as its
connections to the Smith chart, are discussed in Sec. V.

II. GEOMETRICAL REPRESENTATION OF
TRANSMISSION COEFFICIENTS

A. General assumptions

Consider a body of water with constant depth /4 of infi-
nite horizontal extent. A Cartesian frame is defined with
unit vectors é,, ¢,, and é;, with the origin located on the
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(a) WEC gravity centers

°
wave propagation direction

(b)

FIG. 1. (a) Layout of the WEC
row in the chosen frame of ref-
erence. Examples of symmetric
modes of motion: (b) inflation, (c)
heave. Examples of antisymmet-
ric modes of motion: (d) pitch, (¢)
flexible deflection, (f) surge.

seabed. WECs are arranged periodically, in an infinitely
long horizontal row, in the O-y-z plane without loss of
generality. The WEC geometry is assumed to be sym-
metric with respect to the O-y-z plane. In addition, the
WECs operate in either a symmetric or an antisymmetric
mode of motion with respect to the O-y-z plane, i.e., the
body-normal velocity for an elementary displacement is
either symmetric or antisymmetric with respect to the O-y-
z plane. Figures 1(b)—1(f) illustrate examples of symmetric
and antisymmetric modes of motion, including nonrigid
deformations, all encompassed by the present theory.

The fluid and the WECs are harmonically excited by an
incident plane wave, propagating in the x direction. Let L
be the row transverse periodicity, that is, every pattern of
the periodic WEC arrangement extends over length L in the
y direction. There exists a cutoff frequency, below which
oblique wave modes do not propagate, corresponding to
a wavelength of 2L in general, or L if the WEC geome-
try and motion are also symmetrical about the O-x-z plane
(see, e.g., Ref. [33]). Hereafter, the excitation frequency is
assumed to be lower than the cutoff frequency.

Most typically, the WEC arrangement pattern consists
of a single WEC, so that L would correspond to the
distance between the gravity centers of two consecutive
WECs, as in the illustration of Fig. 1 (a), but one could
also imagine groups of WECs of various shapes, period-
ically repeated, as in Ref. [34]. Linear potential theory is

assumed, allowing the decomposition of the hydrodynamic
problem into a diffraction problem (where the devices are
assumed to be fixed in the incident wave) and a radia-
tion problem (where the devices undergo forced unitary
motion, in otherwise still water).

For a unit incident potential propagating along the pos-
itive x axis, the far-field solution takes the form of plane
waves, as x tends to both positive and negative infinities.
In other words, regardless of the precise solution in the
vicinity of the WECs, the WEC-wave interaction results
in a reflected plane wave, propagating backward towards
negative x, and a transmitted plane wave, propagating for-
ward towards the positive x axis. From the linearity of the
problem, reflected and transmitted waves are related to the
incident wave through a multiplication by complex reflec-
tion and transmission coefficients, respectively, denoted as
7 or R and 7 or T, where lowercase notations are employed
for fixed devices, while capital letters are employed for
oscillating devices.

The core of the present approach consists of represent-
ing the transmission coefficient in the complex plane. As
seen in the next sections, the location of 7 and T satisfies a
number of geometrical properties related to the fundamen-
tal properties of WECs in general. Furthermore, the choice
of WEC control parameters allows tuning the location of
7, while remaining within the set of physically allowable
values.

023003-3
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B. Fixed devices

First consider the devices fixed—noting that, because of
the WEC symmetry with respect to the O-y-z plane, the
reflection coefficient is identical, regardless of whether the
incident wave propagates forward or backward. Without
solving for the particular diffraction problem considered,
simple relationships can be deduced from first principles.
Since there is no source of energy dissipation or absorption
at the WEC level, preservation of energy implies

P>+ 11> = 1. (1)

Now consider two unit incident waves, one propagating
backward and the other one forward. The total wave prop-
agating away from the device, in the backward x direction,
is the sum of the reflection from the forward incident wave,
and the transmission from the backward incident wave.
Similarly, the wave propagating away from the devices,
in the forward direction, is the sum of the transmission
from the forward incident wave and the reflection from
the backward incident wave. Thus, preservation of energy
implies

#4177 =1. ()

Together with Eqs. (1) and (2), it is implied that Re{#?*} =
0, i.e., 7 and 7 are orthogonal. Visualized geometrically in
the complex plane, 7 and 7 form the two sides of a right
triangle with unit hypotenuse, see Fig. 2. Both 7 4 7 and
1 — 7 belong to the unit circle.

1.0 ¢

0.8r

0.6

Im

04r

0.2+

. (antisym.)

bor oy |

-0.2 0.0 0.2 0.4 0.6 0.8 1.0

0.0

FIG. 2. Geometrical representation of transmission and reflec-
tion coefficients for a row of fixed structures, from Egs. (1), (2),
and (4).

Broadly speaking, obstacles with a larger horizontal
characteristic dimension in the y direction, i.e., with a
greater “blockage ratio,” would be expected to reflect
more. In addition, the row is generally more transparent to
larger wavelengths, so that |7| decreases, and |7| increases,
as the wave frequency increases, except for the patholog-
ical case where the row is a wall reflecting the incoming
wave entirely.

C. Forced oscillations

In the radiation problem, the devices undergo forced
oscillations with velocity amplitude ¥, in their single
degree of freedom, in an otherwise undisturbed fluid. In the
far field, those forced oscillations result in radiated plane
waves with complex potential amplitudes, qg:;d :fIJrf),

S

propagating forward in the positive x direction, and ¢, =
A_D propagating backward in the negative x direction,
with 4_ = /I+ for symmetric modes of motion [Figs. 1(b)
and 1(c)], and A= —/Lr for antisymmetric modes of
motion [Figs. 1(d)-1(f)]. 44 and A_ are related to 7 and 7
through Newman’s relationship [31], which is as follows:

~

A 44 P+ A%F=0. (3)

Equation (3) can be reformulated in a way that differs
depending on whether the mode of motion is symmetric
or antisymmetric:

(sym.), @)
(antisym.),
where @: denotes the angle of a complex number, Z.

Thus, in addition to the energy preservation properties of
Sec. II B, Eq. (3) provides a relationship between the angle
of the wave radiation coefficient, AA+, and the fixed-case
transmission and reflection coefficients, 7 and 7, respec-
tively. A more precise meaning can now be given to the
location of 7 and 7 in the complex plane. The energy preser-
vation properties of Sec. II B and Newman’s relationship,
Eq. (3), can be summarized graphically in Fig. 2, for both
symmetric and antisymmetric modes of motion.

In the forced oscillation problem, the fluid exerts a radi-
ation force onto the device, proportional to the motion
velocity amplitude, D, which can be decomposed into iner-
tial and damping terms as follows: frad = (Brag —j WAraq)V,
where A.,q and By,q are termed the radiation added mass
and damping coefficients, respectively. The net average
rate of energy transfer from the WECs to the fluid, over a
cycle of oscillation, is found to be Pwgc— fuid = %Bradlf)lz.
From preservation of energy, Pwgc_ fiuiid must equal the
power propagating away from the devices in the forward-
and backward-propagating waves over a distance L of

023003-4



GEOMETRICAL FRAMEWORK. ..

PRX ENERGY 2, 023003 (2023)

the wave front, which implies the following relationship
between By,q and the amplitude of 4. :

2

ot 72
Brd = 2PECgL|A+| > (5)

where ¢, = dw/0k is the wave group velocity.

D. Freely moving devices

The WECs are now allowed to move under the effect
of the incident wave. Let e denote the generalized excita-
tion force for a unit incident potential propagating in the
positive x direction. For symmetric modes of motion, e
is identical, regardless of the wave propagation direction,
whereas, for antisymmetric modes of motion, the excita-
tion coefficient for a backward-propagating incident wave

is —e. The WEC equation of motion can be expressed in
the frequency domain as follows:

Zyd =2¢, (6)
where Z,, is the WEC complex mechanical impedance,
which can be further detailed as 2,,, = Bng+j(—oM +
Arag) + K/w), where M represents a mechanical inertia
and K may represent any combination of hydrostatic and
mechanical stiffness terms. Rewriting Zy = Brad(1 +J Vi)
the real parameter, y,,, contains (normalized) inertial and
stiffness terms and, in principle, can be tuned arbitrar-
ily to any prescribed value, independently from the WEC
hydrodynamic coefficients (i.e., radiation and excitation
coefficients).

As the WECs are subject to the incoming wave exci-
tation force, from the linearity of the problem, the total
transmitted wave is the sum of the “fixed-case” trans-
mitted wave and the wave radiated forward by the WEC
motion and, similarly, the reflected wave is the sum of the
fixed-case reflected wave and the wave radiated backward.
Thus, the transmission and reflection coefficients, 7 and Ié,
respectively, can be expressed as follows:

A ed,
I+,
B’rad(1 +] Vm)

eAy .
— m. motion
Bra(Lijym (Sym. motion),
A edy

Brad (14 ¥m)

A

=

()

(antisym. motion).

The only source of energy dissipation in the WEC dynam-
ics described above is radiation damping. However, radi-
ation energy is transferred back to the fluid in the form
of radiated waves. Therefore, from a global point of view,
energy preservation implies that |7]2 + |R|2 = 1, which
should hold regardless of the choice of y,,. The well-known

1.0

|
0.8/
0.6 b
K
£ 047 !
0.2 R}
AN
(R e mm— }
—0.2 ' - - ' !
02 00 02 04 06 08 1.0
Re
FIG. 3.

Geometrical representation of reflection and transmis-
sion coefficients for a symmetric mode of motion.

Haskind’s relationship [31] ensues (see Appendix A):

2
2p ‘”?chA+ (sym.),

Q>

> , ®)
—2p “’?chA+ (antisym.).

As such, Haskind’s relationship ensures energy preserva-
tion for devices moving freely under the effect of incident
waves. Similarly to the fixed-case scenario, 7 and R form

the two sides of a right triangle with unit hypotenuse, such
that, regardless of the value of y,,,

—R=%—

~»

7 (sym.),
+R=71+7

)
(10)

~»

(antisym.).

The energy preservation properties highlighted above,
together with Eq. (9), relating 7 and R to their fixed-case
counterparts 7 and 7, are visualized geometrically in Figs. 3

and 4 for symmetric and antisymmetric modes of motion,
respectively.

III. CONTROL AND POWER ABSORPTION

In the following, the reflection and transmission coeffi-
cients are divided by 7 — 7 (sym. case) or f + 7 (antisym.
case), which amounts to a simple phase shift, ensuring
that the geometrical representation in the complex plane
is located in the circle with center 1 and radius % These

new coefficients are denoted as 7, 7, R’ and 7'.
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1.0 —

087

06

Im

04r

027

0.0

Re

FIG. 4. Geometrical representation of reflection and transmis-
sion coefficients for an antisymmetric mode of motion.

A. Power absorption by unconstrained devices

For wave energy absorption, the mechanical energy of
the WEC motion is converted into another form of energy,
typically electric, through the PTO system, which exerts
a force onto the device—see, for example, Ref. [35] for a
review of wave-to-wire WEC models. WEC control essen-
tially consists of adjusting the PTO system’s behavior, to
increase the average generated power. Control strategies
range from a simple damping force, with an appropri-
ately tuned coefficient, to sophisticated model-predictive
control strategies with the ability to adjust the control
force or WEC motion in real time, while satisfying force
or motion constraints, and accounting for losses in the
PTO system [13]. Here, the PTO force is modeled in the
generic form of a combination of linear damping, stiff-
ness, and inertia terms, as is commonplace in the wave
energy literature, while bearing in mind the strong sim-
plifications implied, with respect to state-of-the-art PTO
models and control approaches [13,35]. Such parametriza-
tion is sufficient to achieve optimal power absorption under
regular (single-frequency) waves, without motion con-
straints, through the celebrated “impedance-matching” (or
“complex-conjugate”) condition [18]. In fact, stiffness and
inertia terms both contribute to tuning the WEC resonant
frequency, so that those two parameters are redundant, and
may be reduced to a single one, i.e., either stiffness or
inertia [36].

The PTO action is thus represented by means of a con-
trol impedance, Z, =B, +j(—oM, + K,/w), where M,
K,, and B, are the PTO inertia, stiffness, and damping,
respectively. Regardless of the particular option retained

for stiffness and inertia, it suffices to know that the
imaginary part of the control impedance can be set to
any prescribed value. Defining B, = B, /Br.a as the nor-
malized PTO damping, and y = (—o(M + M,) + (K +
K,)/w)/Braq as the normalized imaginary part of the total
impedance, the WEC dynamics are now written as follows:
(14 Bu+Jj V]Bradﬁ =e, (11)
where B, can be set to any positive value (a negative
PTO damping value would result in providing power to
the wave field), and y can be set to any value, positive or
negative.
In a way similar to Sec. II D, and using Haskind’s rela-
tionship, Eq. (8), the transmission coefficient, 7", is found
to be

2 " \2 14+ B, +jy

For any row of WEC:s satisfying the assumptions in Sec. 11,
with a fixed-case transmission coefficient, 7, Eq. (11) maps
the choice of control impedance, reflected in the parame-
ters B, and y, to the resulting transmission coefficient, 7 ,
in a way that is graphically visualized in Fig. 5 (where
7 is chosen arbitrarily on the circle, Cp, to satisfy the
properties highlighted in Sec. II). Straightforward alge-
braic manipulation of Eq. (11) shows that curves of 7,
for control impedance of the constant real part, map to

Im{7}

0 0.2 0.4 0.6 0.8 1
Re{T}

FIG. 5. Location of 7' in the complex plane, depending on
the real-valued normalized control parameters 8, = B, /B4 and
y =(—oWM + M,) + (K + K,,)/w)/B:ag, according to Eq. (11).
Background color indicates the relative absorbed power, as in
Eq. (12), between 0 (white) and 0.5 (red). Constant-3, and
constant-y loci are represented for specific values of g, and y,
which are labeled accordingly.
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circles. Similarly, curves of 7”, for control impedance of
the constant imaginary part, also map to circles. In addi-
tion, for a positive real part of the control impedance, 7"
is located inside the circle, Cy, of center 1/2 and radius
1/2. Those “constant-8,” and “constant-y” loci are repre-
sented in Fig. 5 for specific values of 8, and y and labeled
accordingly.

As seen clearly in Fig. 5, there is a one-to-one mapping
between the choice of control impedance (with positive
real part) and the location of 7’ in C,. In principle, by
appropriately tuning the two parameters of the control
impedance, any transmission coefficient can be reached
within the circle, Cy. As either 8, or y tends to infinity,
the transmission coefficient tends to its fixed-case value, 7,
as one would expect.

The incident power, available for each WEC of the row,
can be calculated as the wave power across length L of
the wave crest, that is, P,, = pch|¢A>1|2a)2 /g, for an inci-
dent potential with amplitude ¢;. Denoting the average
mechanical power absorbed by each WEC as P,, the rela-
tive absorbed power, or hydrodynamic efficiency, is simply
calculated as P,/P,, =1 — |T'|* — |[R'|?, i.e., the fraction
of the wave power that is neither reflected nor transmit-
ted. Within the scope of the proposed graphical framework,
P,/P,, is given in a particularly simple manner as follows:

P, 1
= 5(1 — 4d%), (13)

where d is the geometric distance between 7" and the center
of the circle, Cy, see Appendix B. Thus, it is easily veri-
fied that P,/P,, takes values between 0 (when 7' belongs
to the circle) and 1/2 (when 7’ reaches the center of Cp),
which is a well-known two-dimensional result for symmet-
ric wave energy devices operating in one mode of motion
[32]. The color map in Fig. 5 shows the relative absorbed
power, depending on the location of 7’. Maximum relative
power absorption occurs when 7" is in the center of Cp,
which requires two conditions: y = 0 and 8, = 1. These
two conditions amount to writing Z, = Z;;, which is pre-
cisely the impedance-matching condition for WEC optimal
power-maximizing control [17].

It can also be seen that, at resonance (y = 0) but with-
out control damping (8, = 0), the roles of 7" and R’ are
reversed, with respect to the fixed-case scenario. In addi-
tion, still keeping B, = 0, there is a particular value of y,
such that transmission is zero, and the whole incident wave
is reflected.

B. Motion amplitude constraints

At first glance, it may seem surprising that the dimen-
sions of the WECs constituting the row do not seem to
enter into account in constructing Fig. 5. In particular, even
arbitrarily small WECs can be made to absorb half the

incident wave energy (if the PTO is set to the impedance-
matching condition) or to reflect the incident wave entirely
(for a well-chosen pure imaginary control impedance). To
understand this apparent paradox, the motion amplitude
associated with the different choices of Z, should be con-
sidered. Reformulating Eq. (7) in terms of the velocity
amplitude, D, yields

b= (14)

which means that, at resonance, where |f" — 7 =1 (see
Fig. 5), the velocity amplitude is maximal, with a value
of D] =1/ |/f+|. Yet, it is clear that not all WEC geome-
tries and modes of motion have the same wave-making
ability, as represented by fi_,_. For example, smaller WEC
structures may have smaller values of |/I+|, compared to
larger structures with the same mode of motion. In general,
the magnitude of /Lr, and therefore, the motion amplitude
at resonance, are governed by the WEC dimensions and
mode of motion: WECs that are poor wave makers require
large amplitude motion to achieve resonance.

Large motion amplitudes violate the underlying assump-
tions of linear potential flow theory (which requires small
motion) and may also be undesirable in practice. How-
ever, through appropriate tuning of the control parameters,
one may seek to restrict the motion amplitude to a range
of |D| < |D|max, Where the maximum amplitude, || =
a|q31|, is expressed as a function of the incident potential
amplitude by means of some proportionality coefficient, o,
in a way similar to Ref. [37]. Doing so, in effect, amounts
to restricting the allowable transmission coefficients to the
circular domain defined by |7 — 7| < o/|44|, as exempli-
fied in Fig. 6, which can always be achieved, e.g., by
sufficiently increasing g,,.

Considering Fig. 6, Falnes’ famous statement that “a
good wave absorber must be a good wave maker” [38]
becomes apparent: a row of WECs with good wave-
making ability can achieve optimal wave power absorption
through the impedance-matching condition, without reach-
ing amplitude limits, while a row of WECs with poor
wave-making ability can only achieve suboptimal power
absorption, if its motion is to remain within reasonable
bounds. Finally, Fig. 6 can also be seen as a particular
case (for a single mode of motion and symmetric devices)
of the results of Ref. [37] represented graphically using
two-dimensional geometry.

IV. EXAMPLES

In this section, it is shown how specific WEC row
hydrodynamic solutions can be visualized in the present
geometrical framework. Two archetypal WEC types are
considered in numerical examples: flap-type oscillating
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FIG. 6. Allowable 7" in the complex plane, for WEC rows with
good (intersection of Cy and C) and lesser (intersection of Cj
and C,) wave-making capabilities. In both cases, the best choice
of 7' to maximize power given the motion constraint is repre-
sented. For a WEC with small fﬁ, complex-conjugate control
under motion constraint cannot be achieved.

wave-surge converters and cylindrical heaving point
absorbers.

A. Flap-type oscillating wave-surge converters

In this first example, the devices are rigid flaps, oscil-
lating in pitch with their rotation axis on the sea bottom,
aligned with the y direction. The flaps extend from the
sea bottom to the surface, and they are assumed to be thin

with respect to the wave’s length. In the first case (flap
1), the flaps extend only over one fifth of the wave front
(W/L = 0.2, where W is the width of each device), while,
in a second case (flap 2), the flaps occupy half of the wave
front (W/L = 0.5).

Assuming small motion and linear potential flow the-
ory, the diffraction-radiation problem is solved using a
matched eigenfunction expansion method, as in Ref. [39],
which is an extension of the method used by Dalrymple
and Martin for the diffraction problem only [40]. It is then
assumed that, at each frequency, K, and B, are adjusted
so that power absorption is maximized, while ensuring
that the flap tip motion amplitude does not exceed that of
the incident wave. At each frequency, instead of finding
K, and B, explicitly, the optimized transmission coeffi-
cient, TA“;pt, is constructed geometrically, as in Fig. 6, from
the fixed-case transmission coefficient, 7, and the wave-
making coefficient, /I+. More specifically, the constraint
on the tip motion is expressed as &/w|D| < a)/g|q§1|, where
h is the flap height (equal to the water depth), so that
at each frequency the constraint is materialized through
a circle centered around 7, and with radius o |/I+|, where
o = w?/gh.

The results are shown in Fig. 7. As can be expected from
their relative sizes, the wave-making abilities of flaps 1 and
2 strongly differ [Fig. 7(a)]. In Figs. 7(b) and 7(c), the locus
of the optimized transmission coefficient, f’gpt, across the
frequency range is represented. To illustrate the construc-
tion of each point of the locus, at three particular frequen-
cies, wy, w,, and w3, the fixed-case transmission coefficient
is shown (diamond-shaped markers), as well as the circles
representing the motion constraint, which together allow
the construction of f’gpt (circular markers), as explained
in Sec. III B. For the row of flaps 1, motion constraints

(a) (b)
61 1
Flap 1 0.4
[ R S Flap 2 e
_______ o:u‘,f
AAAAAAAAAAA o ¢ 0.2
=4 w2
s | - .wl ~
= S
) —
R E
<$‘ -0.2
—0.4
0 -0.6 : : : : : 0.6 — e : : -
0 0.25 0.5 0.75 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
L/\ Re{T} Re{T}
FIG. 7. Transmission-reflection properties of a periodic row of flap-type oscillating wave-surge converters, operating under con-

strained optimal control, spanning 1/5 (flap 1) and 1/2 (flap 2) of the transverse periodicity L. (a) Magnitude of the device’s
wave-making ability. Locus of the optimized transmission coefficient (green line) for a row of smaller (b) and larger (c) flaps, over the
frequency range. In (c), optimal transmission coefficients at both w, and ws lie in the center of the circle. Arrow indicates the direction
of increasing frequency. Dotted circles represent the motion constraint (see text).

023003-8



GEOMETRICAL FRAMEWORK. .. PRX ENERGY 2, 023003 (2023)

confine the optimized transmission coefficient to a nar-  of the flaps. In particular, from Fig. 8 (a), the relationship
row area [Fig. 7(b)], relatively far from the unconstrained  between the relative size of the cylinders (or row density),
optimum. In contrast, above some frequency, w, such that ~ 2R/L, and their wave-making ability is not straightfor-
L/} ~ 0.4, the row of larger flaps (flaps 2) can reach the = ward. This increased complexity is also reflected in the
unconstrained optimum for those frequencies, including in locus of f“;pt over the frequency range [Figs. 8(b) and 8(c)].
particular w; and w3, T, = 0.5, and half of the incident [ jke in the previous example, the construction of 7"

. . opt
wave power is absorbed [Fig. 7(c)]. from 7 and 4, is shown in more detail for three specific

frequencies, w—ws.
While the optimized transmission coefficient of the
In this second example, the row consists of floating  smaller cylinders is restricted to a relatively simple locus
cylinders, with draft equal to 1/4 of the water depth (set  shape close to unity [Fig. 8(b)], that of the larger cylin-
to 10 m) and radius R = I m. The cylinders move, and  ders suggests more favorable power absorption capabili-
absorb energy, in their heave mode of motion only. In the  ties in the lower-frequency range, together with complex
first case (cylinder 1), the row transverse periodicity is set  changes in reflection-transmission properties [Fig. 8(c)].
to 5 times the cylinder diameter (2R/L = 1/5), while, in  Large reflection is observed, in particular, in the approx-
a second case (cylinder 2), the row transverse periodic-  imate range w; < w < w,. The precise interpretation of
ity is set to 5/4 times the cylinder diameter (2R/L = 4/5).  such results would require a more thorough study of the
In other words, the row in the case named cylinder 2 is 4 diffraction-radiation solution for cylinders in a channel,
times more densely populated in cylinders than in the case  which is beyond the scope of this article, but more on this
of cylinder 1. rich subject can be found in Ref. [41] and references cited
The diffraction-radiation problem is solved following  therein.
the method that can be found in Ref. [41], based on
the construction of appropriate channel multipoles. Sim-
ilarly to the flap cases, implementing the approach in V. DISCUSSION AND CONCLUSION
Ref. [41] allows the determination of the fixed-case trans- Representing the WEC row transmission and reflection
fPiSSiOH coefficient, #, and theAwave-making coefficient, coefficients in the complex plane allows a straightfor-
A, which suffice to construct 7, for each frequency. In ward visualization of many physical properties, most of
this example, the motion constraint ensures that the verti-  which can be related to energy preservation considerations.
cal motion amplitude does not exceed the cylinder draft, ~ Without power absorption, the transmission and reflec-
in a unit amplitude incident free-surface elevation, which  tion coefficients can be represented on the contour of a
is expressed as |D| < a|g131|, with 0 = Dw?/g and D is the  circular domain. Under controlled conditions, the PTO
cylinder draft. parameters allow the transmission coefficient to reach any
The results can be visualized in Fig. 8. Overall, the  prescribed value in the interior of the allowable circular
cylinders tend to exhibit more complex behavior than that ~ domain, in principle. Absorbed power is maximal when the

B. Cylindrical heaving point absorbers

(a) (b) (c)
05 :
——— Cylinder 1
Cylinder 2 04 04
04r
0.2
—= 031 -
=) & 9
- E
= 0.2
—-0.2
0.1r —04
0 : : : : : : —0.6 = : e : :
0 0 0.2 0.4 R 0.6 0.8 1 0 0.2 0.4 . 0.6 0.8 1
Re{T} Re{T}

FIG. 8. Transmission-reflection properties of a periodic row of cylindrical heaving point absorbers, operating under constrained
optimal control, with transverse row periodicity, L, equal to 5 (cylinder 1) and 5/4 (cylinder 2) times the cylinder diameter, 2R. (a)
Magnitude of the row wave-making ability. Locus of the optimized transmission coefficient (green line) for a row of cylinders of types
1 (b) and 2 (c), over the frequency range. Arrows indicate the direction of increasing frequency. Dotted circles represent the motion
constraint (see text).
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transmission coefficient is exactly in the center of the cir-
cular domain, which is achieved under the two well-known
impedance-matching conditions, and decreases quadrati-
cally with the distance to the center. Motion amplitude lim-
itations restrict the range of attainable transmission coeffi-
cients, all the more so for WECs with poor wave-making
abilities.

A. Relation to the Smith chart

As mentioned in Sec. I, the proposed graphical represen-
tation, as summarized in Fig. 5, looks very similar to the
Smith chart, an example of which is reproduced in Fig. 9.
The Smith chart indeed represents the reflection coefficient
of a transmission line, in the complex plane, depending
on impedance parameters, namely, the length of the trans-
mission line, on one hand, which governs the impedance
imaginary part, and thus, is equivalent to our parameter y,
and the load, on the other hand, which is equivalent to our
parameter B,. The Smith chart is used as a visual aid to
tune the line parameters to achieve impedance matching,
which is also reached in the center of the circular chart.

However, there is not a strict analogy between the Smith
chart and the present diagram for WEC analysis, because
differences between the respective physical properties of
the systems considered result in visual differences in the
geometrical representations. In particular, in the Smith
chart, the change in impedance can make reflection or
transmission take any value in the unit circle, while, in
the WEC-related physical problem, those coefficients are
restricted to a smaller circle with radius 1/2 and a center,

FIG. 9. Original version of the Smith chart, as printed in
Ref. [28], for use as a graphical calculation tool.

the location of which depends purely on the WEC geom-
etry, through the fixed-case reflection and transmission
coefficients. In addition, in the Smith chart, the circular
arcs representing isolines of constant 8, values are hor-
izontally aligned, unlike their WEC-related counterparts,
which are aligned depending on the angle of the fixed-case
coefficients. In a way, through the position of the fixed-
case coefficients, there is more information present in the
WEC-related geometrical framework. Finally, impedance
matching in the Smith chart corresponds to a complete
wave transmission, while, in the present work, impedance
matching allows for absorbing half of the incident wave
power.

B. Usefulness and limitations

WEC design and control are generally addressed with
respect to power absorption maximization, without con-
sidering explicitly their impact on the surrounding wave
field. The proposed geometrical framework is a step in
that direction, by drawing a clear connection between
WEC design, control, and wave reflection and transmission
coefficients, under the simplifying assumptions detailed in
Sec. II A. In particular, reflection and transmission even-
tually govern the WEC row interaction with previous and
subsequent rows in a WEC farm, which can be modeled
as outlined in Ref. [27]. Apart from possible modeling and
design applications, there is certainly substantial didactic
value in a concise visualization summarizing many fun-
damental physical properties of wave energy systems, as
shown in Secs. II and I1I, in particular, the preservation of
energy in the wave-structure interaction dynamics, New-
man’s and Haskind’s relationships, and the conditions and
values for maximal unconstrained and constrained power
absorption.

In a single representation, as exemplified in Figs. 7
and 8, it is possible to visualize, for a given control strat-
egy, how close the devices are to optimal power absorp-
tion, as well as their reflection and transmission behavior,
across a prescribed frequency range. The examples in
Sec. IV are obtained by assuming a specific control strat-
egy, which requires only the determination of 7 and /Lr
to represent the transmission coefficient under controlled
conditions. In fact, only the scattering problem needs to
be solved numerically, since /Lr can be deduced from
¢ through the Haskind relationship, and e is an output
of the scattering solution. In general, though, knowing
other hydrodynamic coefficients (4,q and B;.g, in partic-
ular) remains essential to determine the value of the opti-
mized control coefficients and to provide a comprehensive
characterization of the WEC dynamics and forces.

The two examples selected demonstrate how apparently
diverse WEC concepts can be incorporated into the pro-
posed geometrical representation in a unified way, due
to the fundamental hydrodynamic relationships common

023003-10



GEOMETRICAL FRAMEWORK. ..

PRX ENERGY 2, 023003 (2023)

to all WECs. Within this representation method, the two
examples suggest that different geometries and modes of
motion result in substantially different “signatures” of the
transmission coefficient across the prescribed frequency
range.

It would be interesting to examine how the proposed
graphical representation can be enriched, when some of
the simplifying assumptions are removed. In particular, the
creation of vortices near the devices induces energy dissi-
pation [42,43], i.e., energy that is neither transmitted back
to the surrounding wave field nor absorbed by the PTO
system. Therefore, in such a scenario, the energy preser-
vation properties described in Secs. I[IB and II D should
be amended, and the transmission coefficients should be
moved to some location inside the circular domain. As
yet, however, the precise effect of such nonlinear dissi-
pation on the surrounding wave field has attracted little
interest, to the best of our knowledge, and therefore, it
is still unclear how exactly reflection and transmission
coefficients would be affected, with respect to those of a
“drag-free” scenario.

The present assumptions already cover a variety of WEC
principles and arguably the most common ones (heaving
point absorbers and oscillating wave-surge converters), as
exemplified in Sec. IV. However, removing the symme-
try assumption with respect to the O-y-z plane will be
an interesting generalization of the present approach. In
such a scenario, the device reflection coefficient and its
wave-making abilities may differ, depending on whether
the negative or positive x axis is considered. Additionally,
in principle, the totality of the incoming wave energy may
be absorbed [32]. Good examples are the famous “Salter’s
duck” or a wave paddle backed by a wall. Clearly, a
different geometrical visualization is needed. Similar adap-
tations are required to represent reflection, transmission,
and absorption properties of a WEC row with multiple
degrees of freedom or an array consisting of multiple
rows, which are both also able to capture all the incom-
ing energy. In the latter case, however, the number of
control parameters will be proportional to the number of
degrees of freedom or to the number of rows, so that it
will no longer be possible to draw a direct connection
between a single pair of control coefficients (damping and
stiffness) and a location in the complex plane, as is done
herein.

Finally, the most challenging generalizations are proba-
bly those that would involve the presence of oblique prop-
agating wave modes, and thus, would require a departure
from a two-dimensional analysis of wave propagation. In
particular, the consideration of a finite row, a modification
of the incoming wave direction, incoming wavelengths
smaller than the row periodicity, or the removal of the row
periodicity assumption would all certainly make the anal-
ysis and visualization more challenging, but it would also
be more representative of a real-sea scenario.
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APPENDIX A: RELATIONSHIPS BETWEEN
EXCITATION, RADIATION, AND WAVE-MAKING
COEFFICIENTS

Starting with the energy preservation property, IIQI2 +
|71? = 1, T and R are replaced with their expressions given
in Eq. (7). Also, using the fact that |7|?> 4+ |#> = 1, and mul-
tiplying on both sides by |1 4+ j y,,|, yields the following
conditions:

A 12 N
eA . eA )

T fRe (@ + 7)1 —jym) { =0 (sym.),
Brad Brad
od. | oA
Tl 4 Rel @ = —jym) b = 0 (antisym.).
Brad Brad

(AT)

These expressions take the form of first-order polynomials
in y,,, the coefficients of which must equate to zero, since
energy preservation should remain valid, regardless of the
value of y,,. The following conditions ensue:

6A, _ _(z + f) = ezj?+ (syn.l.), (A2)
Brad —(—7) = —e?%+  (antisym.).

Also, using Eq. (5), the well-known Haskind relationship
is found [31].

APPENDIX B: GEOMETRICAL
REPRESENTATION OF POWER ABSORPTION

Using the fact that 77 + R’ = 1, one can write 7" and R’
as follows:

| :
T = 3 +de'?,

1 (B1)
R = - —de?,

2

where 0 < d < 1/2 is the geometrical distance of 7’ and R’
to point 1/2 (center of the circle, Cp).

The relative absorbed power is that which is nei-
ther transmitted nor reflected, i.e., P,/P, =1 — |1’§’|2 —
|7')2, which yields, using the above parametrization, the
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following:

12 2
P,/P,, = 3 +d2+2dcos¢+§

1
+d® —2dcos¢p = 5(1 — 4d%), (B2)

which is Eq. (12).
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