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Invariants of real symplectic four-manifolds out of reducible
and cuspidal curves

Jean-Yves Welschinger
12th January 2006

Abstract:

We construct invariants under deformation of real symplectic four-manifolds. These invariants
are obtained by counting three different kinds of real rational J-holomorphic curves which realize
a given homology class and pass through a given real configuration of (the appropriate number of)
points. These curves are cuspidal curves, reducible curves and curves with a prescribed tangent
line at some real point of the configuration. They are counted with respect to some sign defined
by the parity of their number of isolated real double points and in the case of reducible curves,
with respect to some mutiplicity. In the case of the complex projective plane equipped with its
standard symplectic form and real structure, these invariants coincide with the ones previously
constructed in [11]. This leads to a relation between the count of real rational J-holomorphic
curves done in [11] and the count of real rational reducible J-holomorphic curves presented here.

Introduction and statement of the results

Let (X,w,cx) be a real symplectic four-manifold, that is a triple made of a smooth compact
four-manifold X, a symplectic form w on X and an involution cx on X such that cjw = —w. The
fixed point set of cx is called the real part of X and is denoted by RX. A large source of examples
is provided by smooth projective surfaces defined by a system of polynomials with real coefficients,
the symplectic form is then the restriction of the Fubini-Study form of the ambiant projective space,
and the real structure is the restriction of its complex conjugation. Note that the real locus RX is
assumed to be non empty here so that it is a smooth lagrangian surface of (X, w). With every such
real symplectic four-manifold comes some function x : d € Hy(X;Z) — xUT) € Z[T1,...,Tn],
where N denotes the number of connected components of the real locus of the manifold. This
function has been constructed in [11] by exctracting integer valued invariants - the coefficients
of the polynomial x(7T) - from the following problem of real enumerative geometry: how many
real rational curves do realize the homology class d and pass through the adequate number of
points? Remember that for this problem to make sense, we introduce an auxiliary generic almost
complex structure J, that is a complex structure on the tangent bundle TX, and we count real
rational J-holomorphic curves, that is immersed two dimensional spheres which are preserved
by the involution cx and whose tangent planes are invariant under J. The adequate number of
points is then the expected dimension of this space of real rational J-holomorphic curves, that is
c1(X)d — 1, where ¢1(X) is the first Chern class of the manifold (X,w). Remember that all of
these finitely many curves are images of Z/2Z-equivariant immersions u : (CP!, conj) — (X, cx)
and the above mentionned invariants are obtained by counting these curves with respect to some
sign £1 determined by the parity of the number of pairs of complex conjugated points in the set
u~1(RX). For example, the cubic planar real rational curve parameterized by t € C +— (t2,1> +et)
is counted positively if € < 0 and negatively if € > 0 since v~ *(RX) then contains {£i\/e}, and
the pure imaginary planar conic with affine equation 2% 4+ y? = —1 is a real rational curve, but not
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the image of a Z/2Z-equivariant immersion u : (CP!, conj) — (X, cx) since its real part is empty.
Remember finally that if we do not obtain a unique invariant as the Gromov-Witten invariant
in the complex case, it is due to the fact the integers we obtain depend on the number of pairs
of complex conjugated points in the chosen configuration of ¢;(X)d — 1 points as well as on the
distribution of the remaining points in the different connected components of the real part.

The existence of these invariants raises various questions. Are there analog invariants in higher
dimensions? Of which problems of real enumerative geometry is it possible to extract some integer
valued invariants? Note that such invariants then bound from below the number of real solutions
of the given problem, see Corollary 2.2 of [11]. Does some recursive formula similar to the one
obtained by M. Kontsevich for the Gromov-Witten invariants exist? The works [12] and [10]
provide some positive answer to the first question. The present paper, as well as [9] which can be
considered as a continuation of this work, is devoted to the study of the next two questions. The
problem addressed in [9] is to replace one point condition in the above problem by one tangency
condition with some given curve L in the real part RX, as in the classical problem of counting
real planar conics tangent to five generic real conics for example. It is proven in [9] that some
integer valued invariants can indeed be extracted from this problem, but this requires to take into
account other kinds of curves which appear in generic one parameter families of curves, namely
two components reducible curves, cuspidal curves and curves with some prescribed tangent line
at one point of the configuration (or equivalently from Proposition 3.4 of [11], curves having one
double point at some point of the configuration). The present paper is actually devoted to the case
where L is empty. In this case, only the three terms we have just mentionned occur and indeed
they hide some integer valued invariants, see Theorem 0.1. Moreover, these new invariants can
be compared with the ones of [11], see Proposition 0.3 below, leading to some relation between
the count of generic real rational curves of [11] with the one of real reducible curves done here.
However, this relation does not lead to some recursive formula similar to the one obtained in the
complex case by M. Kontsevich, see Remark 0.4 below. Note that since the preprint version of
this paper and of [9] have appeared, progress has been made on the questions of computation or
finding recursion formulas, see [13] and Remark 3 therein.

Let us now come to the precise formulation of the main results of this paper. We label the
connected components of the real part by (RX)y,...,(RX)y. Let [ > 1 be an integer large enough
and J, be the space of almost complex structures of X which are tamed by w and of class C'.
Let RJ,, be the subspace of 7, made of almost complex structures for which the involution cyx is
J-antiholomorphic. These two spaces are separable Banach manifolds which are non empty and
contractible (see §1.1 of [11] for the real case). Let d € Ho(X;Z) be a homology class satisfying
c1(X)d > 1 and set v = ¢;(X) — 2. Let z = (21,...,2,) € X” be a real configuration of v
distinct points of X, that is an ordered subset of distinct points of X which is globally invariant
under cx. For j € {1,..., N}, we denote by r; the number of points in the configuration z that
are located in the component (RX), and we set r = (r1,...,7rn), so that the N-tuple r encodes
the equivariant isotopy class of z. We will assume throughout the paper that r # (0,...,0), see
Remark 3.5. Finally, denote by I the subset of those ¢ € {1,...,v} for which z; is fixed by the
involution cx. For each ¢ € I, choose a line 7; in the tangent plane T,,RX. Then, for a generic
choice of J € RJ,, there are only finitely many real rational J-holomorphic curves which realize
the homology class d, pass through z and are cuspidal. Moreover, these curves are all irreducible
and have only transversal double points as well as a unique real ordinary cusp as singularities.
Denote by Cusp?(J,z) this finite set of cuspidal curves. Likewise, there are only finitely many
real rational J-holomorphic curves which realize the homology class d, pass through x and are
reducible. Moreover, these curves have only two irreducible components and only transversal
double points as singularities. Denote by Red?(.J,z) this finite set of reducible curves. Note that
since I # ), both irreducible components of such curves are real. Indeed, they would otherwise be
exchanged by the involution cx and would intersect the real locus at only finitely many points.
The condition to pass through a point of I would then cost two degrees of liberty instead of one
so that generically such curves do not appear. Finally, there are only finitely many real rational
J-holomorphic curves which realize the homology class d, pass through z and whose tangent line
at some point x;, ¢ € I, is T;. Moreover, the point x; having this property is then unique and these



curves are all irreducible with only transversal double points as singularities. Denote by Tan®(.J, z)
this finite set of rational curves. Note that if C' € Cusp?(J,z) U Red?(J,z) U Tan?(J, ), then all
the singularities of C are disjoint from z. Following [11], we define the mass of C' and denote by
m(C') its number of real isolated double points. Here, a real double point is said to be isolated
when it is the local intersection of two complex conjugated branches, whereas it is said to be non
isolated when it is the local intersection of two real branches. If C' belongs to Red?(.J,z) and Cj,
(5 denote its irreducible components, then we define the multiplicity of C, and denote by mult(C),
the number of real intersection points between C; and Cs, that is the cardinality of RC7 N RC5.
We then set:

L], z) = > ()™ — 3T ()™ mulg(O).

CeCuspd(J,z)UT and(J,x) CeRed?(J,x)

Theorem 0.1 Let (X,w,cx) be a real symplectic 4-manifold and d € Hy(X;Z) be such that
a(X)d > 1, e1(X)d # 4. The connected components of RX are labeled by (RX)1,...,(RX)y.
Let x C X be a real configuration of c1(X)d — 2 distinct points, r; be the cardinality of z N (RX);
and r = (r1,...,7n). Finally, let J € RJ, be generic enough so that the integer T4(J, x) is well
defined. Then, this integer T9(J, z) neither depends on the choice of J, nor on the choice of x.

(The condition ¢;(X)d # 4 is to avoid appearance of multiple curves, see Remark 1.10.)

From this theorem, the integer I'?(.J, z) can be denoted without ambiguity by I'¢, and when it is
not well defined, we set I'¢ = 0. We then denote by I'*(T') the generating function Y, v I4T" €
Z[Ty,...,Tn], where T" =1T7* ... TR~ . This polynomial function is of the same parity as ¢1(X)d
and each of its monomial actually only depends on one indeterminate. Indeed, the real part of
any real rational curve is connected and thus it cannot interpolate points in different connected
components of RX. This in fact implies that any symplectic four-manifold having a real structure
with disconnected real locus must have even genus zero Gromov-Witten invariants as soon as the
number of point conditions is greater than one. It follows from Theorem 0.1 that the function
I':d e HyX;Z) — TYT) € Z[T] only depends of the real symplectic 4-manifold (X,w,cx).
Moreover, it is invariant under deformation of this real symplectic 4-manifold, that is if w; is a
continuous family of symplectic forms on X for which c%w; = —wy, then this function is the same
for all (X,w,cx). As an application of this invariant, we obtain the following lower bounds in
real enumerative geometry.

Corollary 0.2 Under the hypothesis of Theorem 0.1, the integer |T'%| provides a lower bound
for the cardinality of the weighted set Cusp®(J, z) U Red?(J,z) UTan®(J,z), independently of the
choice of a generic J € RJ,, and z. O

The non triviality of the invariant I'? is guaranteed by the following proposition, see Corollary 1.4
of [9].

Proposition 0.3 Let (X,w,cx) be the complex projective plane equipped with its standard
symplectic form and real structure, so that Ho(X;Z) is canonically isomorphic to Z. Let r,d be
integers satisfying d > 2 and 1 <r < 3d — 2. Then 'Y = Xg+1' (|

Remark 0.4 Remember that the integer x& 41 has been defined in [11] by counting the number
of real rational J-holomorphic curves of degree d which pass through 3d — 1 points with respect
to the parity of their mass. Likewise, the integer 'Y has just been defined above by counting
three kinds of curves which appear in codimension one in the space of real rational J-holomorphic
curves of degree d. In particular, one of the three kinds is reducible curves. The equality given by
Proposition 0.3 thus provides a relation between the invariant x¢ 11 and an analogous sum over
all real reducible curves passing through 3d — 2 points. That is precisely what one would need
to provide a recursion formula similar to the one obtained by Kontsevich to compute the rational
Gromov-Witten invariants of CP?2, see [4]. However, the reducible curves are counted here with
respect to some real multiplicity which is not under control, and likewise, there are two other kinds
of curves which are counted in the expression of I'Y which we do not control.



The paper is organized as follows. The first paragraph is devoted to the construction of
the moduli space RM? _ of real rational cuspidal pseudo-holomorphic curves which realize the
homology class d. This space is equipped with a projection 7y : ]R./\/lcusp — RJ, x R X". The
critical points of g as well as its lack of properness are discussed there. The second paragraph is
entirely devoted to the study of one particular type of critical points of 7, namely those arising
from curves having a degenerated cuspidal point. The third paragraph is devoted to the study of

of RMm4

cusp*

cusp

the Gromov compactification RM Finally, the fourth paragraph is devoted to

the proof of Theorem 0.1.

cusp
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1 Moduli space of real rational cuspidal pseudo-
holomorphic curves

Let d € Hy(X;Z) be such that (e¢x)«d = —d and ¢;(X)d > 1, ¢1(X)d # 4. Let 7 be an
order two permutation of the set {1,...,v}, where v = ¢1(X)d — 2, and ¢; : (21,...,2,) € XV —
(ex(wr@y), .- ex (o)) € XV be the associated real structure of X*. The fixed point set of c,
is denoted by R, X".



1.1 Moduli space P}, of cuspidal pseudo-holomorphic maps

cusp

Let S be an oriented sphere of dimension two and Js be the space of complex structures of
class C! of S which are compatible with its orientation. Let z = (z1,...,2,) € S be an ordered
set of v distinct points of S. Let V be a torsion free connection on TX which is invariant under
cx. We set

P = {(u,Js,J,z) € L"P(S, X) x Ts x T x X" |us[S] =d, u(z) =z, du+ Joduo Jg =0},

where 1 < k < [ is large enough and p > 2. Let P* C P be the space of non multiple pseudo-
holomorphic maps, that is the space of quadruples (u, Jg, J, ) for which u cannot be written u'o®
where ® : S — S’ is a non trivial ramified covering and v’ : S’ — X a pseudo-holomorphic map.
Remember that P* is a separable Banach manifold of class C'=* (see [5], Proposition 3.2.1) with
tangent bundle

T(U)JS,J&)P* = {(U, jS?‘jvi) € T(U,Js-,e]&)(Lk’p(S7X) X JTs X Ju X XV) |’U(§) =z

andDv—l—JOduojs—l—JOdUOJs:O}.

Here, T, L*?(S,X) = {v € L*?(S,E,)} where E, = v*TX and D : v € L*?(S,E,) — Vv +
JoVvoJs+V,JoduoJs € Lk=1P(S A% S ® E,) is the associated Gromov operator (see [5],
Proposition 3.1.1). Let

Prusp = 1((u, Js, J,z), 2.) € P* x S|d.,u=0}, and

7D;';ocusp = {((’U,, JS’ J’ £)7 ZC) € ,PZusp | VdU"Zc = O}
be the subspace of maps having a higher order cuspidal point at z..

*

Proposition 1.1 The space P, is a separable Banach manifold of class C'=F with tangent
bundle T(us,12)20) Pusp = 103 Jss I, 20) € TiugggmyP* X To,S| Vols, + V. du = 0}. The

space P oeysp 15 a separable Banach submanifold of P,

I—k : :
eusp Of class C*% and real codimension four.

Proof:

The proof is analogous to the one of Proposition 2.7 of [11], we just recall a sketch of it.
Denote by F the vector bundle over P* x S whose fibre over ((u,Js,J,z),2.) is the vector
space T S ® T,..)X. In particular, the restriction of F' over {(u,Js,J,z)} x S is the bundle
T*S ®c u*TX. From Proposition 3.2.1 of [5], the bundle F is of class C'~* since trivialization
maps depend C'~*-smoothly on u and C'~2-smoothly on 2., u being of class C! from [5], Theorem
B.4.1. The section d, u of F is of class C'~% and vanishes transversely from Lemma 2.6 of [11].
The first part of the proposition follows and the second part can be proved along the same lines. [J

Remember that if o(z.) denotes the vanishing order of du at z., then the jet of u at the order
20(zc) + 1 is a well defined complex polynomial (see [8], Proposition 3). The subspace P, 13
precisely made of maps u for which o(z.) > 1. When o(z.) = 1, this complex polynomial can be
written jo(u)(z — z0)? + js(u)(z — zc)® where ja(u), js(u) € Ty(»,)X, z is a complex coordinate of
(S, Js) in a neighbourhood of z. and ja(u) # 0 generates the tangent line of u at the cuspidal
point u(z.). The cuspidal points for which js(u) is colinear to jo(u) are said to be degenerated.
They will be studied in detail in §2.

1.2 Normal sheaf

Remember that the C-linear part of the Gromov operator D is some d-operator denoted by 0.
The latter induces a holomorphic structure on the bundle F,, = v*T'X which turns the morphism
du: TS — E, into an injective homomorphism of analytic sheaves (see [3], Lemma 1.3.1). Like-
wise, the C-antilinear part of D is some order 0 operator denoted by R and defined by the formula
Ry, 7s,0.2)(v) = Nj(v,du) where Ny is the Nijenhuis tensor of J. Denote by N, the quotient



sheaf Og(E,)/du(Og(TS)) so that it fits in the following exact sequence of analytic sheaves 0 —
Os(TS) — Os(Ey) — Ny — 0. As soon as ((u, Js, J,z), 2.) belongs to P, this exact sequence
extends to 0 — Og(TS) ® Og(z.) — Og(E,) — NZ — 0, where N7 is a quotient of the sheaf
N,. We denote in this case by C,, the skyscraper subsheaf du(Og(T'S) ® Og(z.))/du(Os(TS))
of NV,. Also, in this case, we denote by ES*P the subsheaf {v € Og(F,)|Vv|,, € Im(Vdul,,)} of
E, and by N5"*P the quotient sheaf Og(ES“P)/du(Os(TS)). We hence obtain the exact sequence
0 — Og(TS) — Og(EP) — NP — (0. Note that from the inclusion Og(ES**P) C Og(F,) fol-
lows the inclusion NS C Nz @C.,. Finally, denote by Os(TS_,) (resp. Os(Ey, ), Os(E, "),

Nuy—zo Noo s N2, C... ) the subsheaf of sections of Og(T'S) (resp. Os(Ey), Os(EL*P), Ny,

u,—z)

Nze Neusp "C, ) which vanish at z.

Proposition 1.2 Let ((u, Js, J, ), 2c) € Prysp\Priocusp- Lhen, we have the inclusion C, ., C
N8 if and only if z. € z or z. is a degenerated cuspidal point of u. In both cases, V induces at z.
a deriation V* of sections of N>°_, such that the image of./\/;fft_Sp in N2e

u,—z Z u,—z
Nu,—z = Ny, with kernel C._ _ is the subsheaf {v € Nj°_ | V*v = 0}.

|

under the projection

Note that if ((u,Js,J,z),2c) € Phusp \ Procusp does not satisfy C.. . C N;*F, then the

cusp =2
projection N, _, — N _ with kernel C,_ _, establishes an isomorphism between the sheaves
cusp z -
N 2% and Nj° .

Proof:

There exist a complex coordinate z of (S,Js) in a neighbourhood U of z. as
well as a local chart of X in a neighbourhood of w(z.) such that the map wu writes
z € U — ((z — 2)%a(z — 2% + (z — z.)%a1(2 — 2z.) € C?, where a € C and
e € LPP(U,C?), e1(z.) = 0 (see [8], Proposition 3). We can assume that the connec-
tion V is the standard connection given by this chart. Then, the image Im(Vdul,,)
is carried by the first coordinate axis of C2. Now, if z. ¢ z (resp. z. € z), a lo-
cal section of C,, _, writes v,, = du(z_lza) = (2,3a(z — z.)) + (2 — zc)ea(z — 2z.) (resp.
vy, = du(l) = (2(2 — 2.),3a(z — 2¢)%) + (2 — z.)%€2(2 — 2.)), where e € LE=1P(U,C?), €3(z.) = 0.
We deduce that Vv, |,, € Im(Vdul|,,) if and only if @ = 0 or z. € z. The first part of the
proposition is proved. In both cases, the evaluation of Vv, at the point z. vanishes in Nl‘ff,z.
Thus, for every local section v of N>° _, the evaluation of Vv at the point z. does not depend
on the choice of a lift of v in Og(E,, ). We denote by Vv € Tu(z)X/Im(Vdul.,) this value.
A section v of Og(E,, _,) satisfies then Vu|,, € Im(Vdu|,,) if and only if the quotient section
satisfies V*v = 0. O

Remember that the operator D : LFP(S, E;"*%) — L*=1r(S, A% S @ EC**P) induces a quotient
operator D : L*P(S, N"*0) := LF?(S, E;"*Y) /du(L*?(S,TS_,) — L¥~1#(S,A%'S ® N,). Here,

N,, denotes the normal bundle of u and Ny—, =N, ®0g(—z). From the short exact sequence of
complexes

0 = IM(STS..) Lk(S, ESUsP) - LIPS N
| dg D D
0 — LMU(SAMS®TS) B LLr(SAS @ Bgr) — LETIP(S,AMS@N,) -

we deduce the long exact sequence 0 — HY(S,TS_,) — H)(S, E,"0) — HX(S,N;Y) —

HY(S,TS_.) — Hb(S,E") — HL(S,N{*?) — 0, where HY, HY (resp. H}, HL) denote
the kernels (resp. cokernels) of the operators D, D on the associated sheaves. In particular,
IHdR(E) = 1ndR(D) - indR(gs)
= 2(c1(X)d+1—2#2) —2(3 — #2)
0.



1.3 Moduli space of real rational cuspidal pseudo-holomorphic curves

1.3.1 Gauge action of Dif f(S,z) on P}

cusp

Denote by Dif f(S, z) the group of diffeomorphisms of class C'*! of S, which either preserve the
orientation and fix z, or reverse the orientation and induce the permutation on z associated to 7.
Let Dif f(S,2) (resp. Dif f~(S, z)) be the subgroup of Dif f(S, z) made of orientation preserving
diffeomorphisms (resp. its complement in Dif f(S,z)). Let s, be the morphism Dif f(S,z) —
7./27 having kernel Dif fT(S,z). The group Dif f(S, z) acts on the pair (Peusps Phocusp) bY

_ (wod™t (¢71) " Js, Joz), ¢(2)) i su(e) = +1,
¢((U, JS,J7§)7ZC) = { ((CX owuo ¢71’ (Qsil)*e]s,a*(]),CX(@)),QS(ZC)) if S*(¢) =1,

where (¢~ 1)*Js = s.(¢)dp o Js o dp~! and ex*(J) = —dcx o J odex. With the exception
of the identity, only the order two elements of Diff~(S,z) may have non empty fixed point
set in Py, ,. In particular, two such involutions have disjoint fixed point sets (compare [11],
Lemma 1.3). Moreover, the operators D and D are Dif f(S, z) equivariants (compare [11], Lemma
1.5). Now, if ((u, Js,J,x), z.) is fixed by some order two element cg of Dif f~(S,z), we denote
by H) (S, Ey**t)s1, Hp(S, B )11 (vesp. HY (S, N"0) 11, HL(S,N;“*Y)+1) the eigenspaces

associated to the eigenvalue 41 of the action of cs on the kernel and the cokernel of D (resp. of
D).

1.3.2 Moduli spaces /\/lf:lusp, RM?USP and the projections 7, mg

Denote by Mg, (resp. Mzocusp) the quotient of P, (resp. Pj,.,,) by the action of
Dif f+(S,z). This space M2, is the moduli space of rational pseudo-holomorphic curves which

cusp
realize the homology class d and are not immersed, whereas J\/lflwcusp is the moduli space of such
curves which have a cuspidal point of order greater than one, that is of the form z ~ (22, zb40(2?))
with 2 < a < b. The projection 7 : ((u, Js, J,z), 2¢) € Py = (J,2) € Ty x X7 induces on the

quotient a projection Mgusp — Ju» X XV still denoted by .

d

tusp 15 a separable Banach manifold of class C'=*, and 7 is

Proposition 1.3 The space M
Fredholm of vanishing index. Moreover, the space Mfwcusp is a separable Banach submanifold of
class C'=* and complex codimension two of M Finally, if [(u, Js, J,x), z¢] € Mfusp\./\/ld

cusp* hocusp’
then we have the isomorphisms ker dr|((u, js, 1.0),2.) = HY (S, N"Y) and coker dr|((u, sg,7.0),2.) =

HL (S, NPy, o

u,—z

Proof:

The proof is analogous to the one of Corollary 2.2.3 of [6]. The action of Dif f*(S,2) on Plusp
and Py, 1S smooth, fixed point free and admits a closed supplement. From Proposition 1.1 thus
follows that Mgusp and J\/l}dwcusp are separable Banach manifolds, the latter being of codimension
four in the former. Moreover, since Vdul,, # 0, we have

ket drl((u, 75,72y 2) = {(v:J5,0,0,20) € Tpy yg, 0P x T2, S| Vv, + V, du = 0}/TyaDif f (S, 2)
= {(v,Js) € LFP(S,E;*Y) x Ty, Js | Dv = —J oduo Js}/T1aDif f+(S, 2)
= {veLF?P(S,E{"P)|3¢p € LF1P(S, A S®TS), Dv = du(¢)}/du(L*P(S,TS-.))
= Hp(S,N;™%),

from the long exact sequence given at the end of §1.2. Likewise,
Imdn{(u,ss,5.2),2) = {(J, &) € TrTo x Te X" |3(v, Js, 20) € LP(S, By, —2) x Ty Ts

xT..S, Dv+JoduoJs=—JoduoJs, V|, + V. du=0,v(z) =z}



so that coker dn|((y,s5,72),2.] = LF1P(S A% S © B,) x Tchl(X)dfz/Im(ﬁ X ev),

where D : (v,.Js) € LF?(S, EP) x T),Jg — Dv + Joduo Jg € LF~1P(5, A% S @ E,) and
ev 1 v € LFP(S, EP) s v(z) € T, X(X)4=2 By definition, coker D = H} (S, ES**P). From
B 1, xa(X)d=2 _, 0 we deduce the long exact

the short exact sequence 0 — E;"*% — EZ'*P
sequence — HY (S, E¢*P) — HO(S, T, X(X)d=2) , L (S, ES"*P) — H} (S, ES**P) — 0. Hence,

u,—z
the cokernel of D x ev in LF71P(S,A%1S @ E,) x T, X (X)4=2 is isomorphic to H}(S, E7).

From the long exact sequence given at the end of §1.2, we deduce that the cokernel of D x ev and
hence the one of dr|(y,jg,1,2),2.] 18 isomorphic to H}, (S, N,;**?). O

The manifolds Mfusp and M‘fwcusp are equipped with an action of the group
Diff(S,2)/Diff+(S,z) = Z/27. We denote by RM?  and RM¢ the fixed point sets

cusp hocusp

of these actions. This space RM?MP is the moduli space of real rational pseudo-holomorphic
d

curves which realize the homology class d and have a real cuspidal point, whereas RMj ..,
is the moduli space of such real curves which have a real cuspidal point of order greater than
one, that is of the form z +— (2%, 2% + o(z®)) with 2 < @ < b. The projection 7 is then
7./27Z-equivariant as soon as [J, X Xe1(X)d=2 g equipped with the action ¢x* x ¢,, where
cx":J e J, — —dcx oJodex € J, and ¢, has been defined at the beginning of §1. De-
note by mr the induced projection RM% . — RJ, x R, X1 (X)d=2,

cusp

Proposition 1.4 The spaces RM? _ and R./\/lflwcusp are separable Banach manifolds of class

cusp
C'=F, the latter being of codimension two in the former. Moreover, Tg is Fredholm of vanish-
ing index. Finally, if [(u, Js, J,z),zc] € RMZ,,, \ RM{ then we have the isomorphisms

hocusp’

ker dTrR‘((u,Js,J,g),zc) = HOD(S, NCUSP)_H and coker dTr]R|((u,JS,J,g),zc) = HB(S, NCUSP)+1. O

u,—z u,—z

1.4 Critical points of 7g

Lemma 1.5 The point [(u, Js, J, z), 2] € RM?MSP\RMZOWSP is critical for mg if and only if
one of the following:

1) The differential du vanishes outside z..

2) The cuspidal point z. is degenerated.

3) One has z. € z.

Proof:
From Proposition 1.4, [(u,Js,J,z),2:] is a critical point of #g if and only if
HY (S, NPy =2 HE(S,NS™P).1 # {0}.  We deduce from Proposition 1.2 that

uU,—2z u,—z

2) and 3) are indeed critical points of g, since in these cases C. ., C N;*0 and
{0}y # HO(S,C..—.)y1 € HH(S,N;"?)41. In the same way, if z. is a real ordinary cusp
of u distinct from 2, then from Proposition 1.2, N;/**? = N7 . If du does not vanish outside
Ze, then Nj7° = Og(Ny, ;) so that HE(S,N;"*) 1 = {0}. Otherwise, the sheaf N;;"*? carries

u,—z —z
some skyscraper part and HP, (S, N;“*0) 11 # {0}, hence the result. O

A detailed study of critical points of type 2) will be carried out in §2. In particular, we will
prove in Lemma 2.4 that if z is a local coordinate in a neighbourhood of z. which is adapted to u,
that is for which the order three jet of u reads ja(2.)(2 — 2.)? + o(|z — z.|), then the homogeneous
part of order 5 of its jet is a complex monomial denoted by js(z.)(z — z.)°. Also, note that if
u has two distinct ordinary cusps, then Hp, (S, N, “*0) 1 = Hp (S, N )41 is of dimension one
and from Riemann-Roch duality, it is isomorphic to H,. (S, Ks @ ;i) 1 (see [11], Lemma 1.7).
Finally, remember that a stratum of codimension m € N of a separable Banach manifold N is
by definition the image of a separable Banach manifold M under a smooth Fredholm map f of
Fredholm index —m such that all the limits of sequences ¢(z,,), where z,, is a diverging sequence

in M, belong to a countable union of strata of higher codimensions.



Lemma 1.6 1) The set of points [(u, Js, J, z), z.]| € RME,  for which u has two distinct real
ordinary cusps and ordinary double points as singularities, all of which being outside x and for
which any generator ¢ of HY.(S, Ks @ Nji°_ )1 = Hp(S,N;"*2)% | does not vanish at the cusps,

s a stratum of codimension one of RMfusp

2) The set of points [(u,Jg,J,x), 2| € RM?USP for which u has a degenerated cusp and
transversal double points as singularities, all of which being outside z, and for which j5(zc) 18
not colinear to ja(z.) in an adapted coordinate, is a stratum of codimension one of RMWSP

3) The set of points [(u, Jg, J, z), z.] € RMZ, ., for which u has a real ordinary cusp at z. € z
and only ordinary double points as other singularities, all of which being outside x, is a stratum
of codimension one of ]RMWW

The union of all critical points of mr not listed above belong to a countable union of strata of

codimension at least two in RM?MP

Proof:

The case 2 follows from Proposition 2.6. All the other cases can be proved in the same way as
Propositions 2.7 and 2.8 of [11]. For the sake of concision, these proofs are not reproduced here.
O

Remark 1.7 There are actually only finitely many strata occuring in Lemma 1.6, since a pseudo-
holomorphic curve which realize the given homology class d may have only finitely many different
types of singularities. Moreover, as soon as k and [ are large enough, all these strata are images
of Banach manifolds of class C? at least. We will use only the following fact: a generic path
7 :[0,1] = RT, x R, X (X)9=2 ay0ids the image under g of every stratum of codimension at
least two.

The critical points of g listed in Lemma 1.6 are said to be generic.

Theorem 1.8 The generic critical points of mr are non degenerated.

Proof:

In the case of critical points of type 1 given by Lemmas 1.5 and 1.6, the proof is readily
the same as the one of Lemma 2.13 of [11]. It is not reproduced here. Let [(u,Jg,J,z),z.] €
]RMgusp be a generic critical point of type 2 or 3 given by Lemma 1.6. We have to
prove that the quadratic form Vdngr|ju,js,72).2.] * KT dTR|{(u, s, .2),2.] X KeT dTR|((u, I, 7.2),2.] —
coker dmg|(u, /5,7.2),2.] 15 non degenerated. Write mp = (mg,73), RMgmp( x) = (ﬂ'ﬂi)’l(g) and
¢ [(u, Js, J,z), 2] € RME, ,(z) — J € RJ, the restriction of 7} to RMZ,  (z). The
quadratic forms Vdmg|i(y,7s,72),2] and VdTrRl[(u’JS’ J),z.] are of the same nature. Moreover,

cus (
P

the kernel and cokernel of the map dri ‘are the same as the ones of the operator —ER :
(v,Js,J, 2¢) € Tigu,gs,0),2]RME,(2) — Joduo Js € LF1P(S,A*1S ® N,). From the rela-
tion Dv+ Joduo JJg+ JoduoJg =0, we deduce that lA)R(v Jg,J, % ) =Dv+Joduo Jg. We
then have to prove that VZA)R|[(%JS7J)7ZC] D HY (S, NP3 — Hp(S,N;**Y) 41 is non degener-
ated. Let (vq,J4,0, 21) be a generator of HY(S D (S, N“*P) 11, then from Proposition 1.2, vy = du(;)
where @, € L*P(S,TS_, ® Og(z.))+1, that is 9 is a meromorphic vector field on S either having
a simple pole at z. if z. ¢ z or which does not vanish at z. otherwise. In the same way, let

(’UQa ng ) ) € T[u Js,J,zc) RMcusp( ) then
(V(U%Jg’o’zi)ﬁ]}{)(vl, Jélw, 0, Zi) = (v(vz,jg,o,zi)DR) (v1) + (Vy,du) o Jg o Jé mod (Im(du)).
Moreover, after differentiation of the relation D o du = du o g, we deduce

(V(Uz 2,02 )DR) (du(1)) + Dg o (Vy,du)(91) = Vy,duo ds(v1) mod (Im(du)).



Since the relation 0 = Dy +Joduo J& = du(ds (1) + JsJL) forces g (1) + JsJ& = 0, we deduce

(V Dgr)(v1, JL,0,20) = —Dg(V,,du)(#1) mod (Im(du)).

(v2,42,0,22)

We thus have to prove that the projection Dg (Vs du(01)) € Hp(S; N;"*?) 11 = R does not vanish
as soon as ¥; # 0. Now the operator Dg : L¥P(S, N, _.)41 — LF=1P(S A% @ N,)4p is an
isomorphism, and L*P(S,N;"*0) 11 = {v € LFP(S, Ny, _2)11| Vv = 0} (see Proposition 1.2) is
a closed hyperplane of L¥P(S, N, _.)+1. We hence have to prove that v = Vg, du(?1) does not
satisfy V#v = 0.

The map u can be written in an adapted local chart at z, as u(z) = jo(ze)(2 — 20)% + -+ +
Js(ze)(z — zc) + o(]z — z.|?) where (ja(z.),j5(2.)) does form a basis of R? if z. ¢ z or u(z) =
Jo(ze) (2= 26)2 + 43 (2¢) (2 — 20)® +0(|2 — 2¢|?) where (ja(zc), j3(zc)) does form a basis of R? if z. € 2.
We can assume that the connection V is the standard one given by this chart. Then in the first case,
51 = L and v = (Vo du) (81) = 22C2) +20j5 () (=) +0(|2— ) = 1575 () (=) +o(|2—z)
mod (I'm(du)). And in the second case, 7, =1 and v = (Vj,du)(01) = 2ja(2c) + 643(2c) (2 — 2c) +
o(]z — zc|). In the first case, Vv|,, = 15j5(zc)dz while in the second case Vvl|,, = 6j35(2.)dz. In
both cases, the projection V#uwv of Vu|,, in the normal bundle does not satisfy V*v = 0, hence
the result. [

1.5 Gromov compactification R./\/l of RM?

cusp cusp

The projection mg : ]R./\/lcusp — RJ, x R; X" is not proper in general. The reason for this
is that there might exist some sequence ([un, J&,J", 2", z])nen of RME, , such that (J", z")
converges to (J*,z*) € RJ, x R, X", but the image un(S) converges to some reducible J>°-
holomorphic curve. From Gromov compactness theorem (see [5], Theorem 5.5.5), this is the only
obstruction to the properness of mr. More precisely, this theorem describes how the sequence
of maps (un)nen does converge. There exist smooth disjoint loops aq,...,ax in S and a map
Uso : S — X which contracts the loops aq,...,ar and whose image is the reducible curve in
the limit. Moreover, after may be changing the parameterization of u,,, this sequence converges
t0 Uso in C° norm on the whole S and in norm L¥P on every compact subset of S\ (UF_,a;).
In partlcular we have the following alternative. Either the limit 25° of (27),en does not belong
to U " ;, and then the curve in the limit has a cuspidal point at e (23 ) Or the limit 22° of
(21 )neN does belong to UF_, a;, say ay, and then the two irreducible components adjacent to oy
intersect each other with multiplicity at least two at us(23°). The latter can be obtained from
adjunction formula for example, since the total sum of multiplicies of the singularities of the curve
is controled by this formula. The end of this paragraph is devoted to the proof that over a generic
path v :t € [0,1] — (J!, 2!) € RT, x R, X", the only reducible curves which satisfy one of these
two conditions have two irreducible components, both real, and only transversal double points as
singularities with the exception of a unique real ordinary cusp or a unique real ordinary tacnode at
some intersection point between the two irreducible components. Moreover, all these singularities
are outside z¢.

Let my €N, dy € Hy(X;Z) and z' = (21,...,2},,) € S™ be an my-tuple of distinct points of
S. Denote by

RMdm) — £t gL Y 2y e LFP(S, X) x Jg x T x X™ |du' 4+ J  odu' o JL =0

and u(z') = 2'}/Dif f(S,2").

Let ma € N, dy € Ha(X;Z) and 2% = (2%,...
We denote by

€ §™2 be an mao-tuple of distinct points of S.

? mQ)
RM(ma):(d2:ma) — (R Aq(dm) 5, RM@2™2)) \ Diag,

where Diag = {((u', J4, J,z'), (u?, J2, J,22)) € RMd1m1) x 7 RMd2m2) | 441 (S) = uy(S)}. We
recall the following proposition (see [11], Proposition 2.9 and Corollary 2.10).
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Proposition 1.9 The space RM(d1m1):(d2m2) s o separable Banach manifold of class C'—%.

Moreover, the projection ﬂﬂ({dl’ml)’(dz’mﬂ : RMUdma)i(dzme)  R7 x R, X™ x R, X™2 is

Fredholm of index v — my — mgy where d = dy + da. Finally, the cokernel of wﬂg{dl’ml)’(dZ’mZ’)

at ((ut, JE, J,2b), (u?, J2, J,2?)) is isomorphic to HL(S, Ny, —21)+1 ® HH(S, Ny, —z2)41. O

Remark 1.10 Over a generic path v : t € [0,1] — (J*, z') € RJ, x R, X", no J'-holomorphic
curve which realize d and pass through 2! can be multiple or come from the diagonal Diag. Indeed,
the condition for a J-holomorphic curve which realize the homology class %d to pass through v
distinct points is of codimension %cl (X)d — 1, that is of codimension greater than one as soon
as ¢1(X)d > 4. Moreover, a generic immersed rational J-holomorphic curve which realize the
homology class $d has 3((4)? — £¢1(X)d + 2) transversal double points. Each of these double
points is responsible for four double points of the doubled curve. The number of double points of
the doubled curve would then be at least 2((4)? — 2¢1(X)d +2) — 1, which is impossible as soon
as ¢1(X)d < 4.

Proposition 1.11 The subspace of RM (d1,m1),(dz,m2) made of couples
((ut, J&, J b)), (u?, J2, J,2%)) for which u' or u® has a unique cuspidal point which is ordi-
nary, or for which u'(S) and u?(S) have a unique point of contact which is of order two, all the
singularities of u'(S)Uu?(S) being outside x' Uz? is a stratum of codimension one. The subspace
of curves having degenerated cuspidal points or higher order cuspidal points, or points of contact
of higher order is a stratum of codimension at least two. [J

We denote by RMm)(2m2) (o - RAq{GLm)(d2m2)y e codimension one stratum of
RM(d1,m1),(d2:m2) given by Proposition 1.11 made of curves having a real ordinary cusp (resp.

an ordinary point of contact between u'(S) and u?(S)).

Corollary 1.12 Let v : t € [0,1] — (Jt, 2t) € RT, x R, X" be a generic path. Assume that

a sequence of elements of RMguSp over vy converges to some reducible curve. Then this reducible

Jt-holomorphic curve is given by an element ([ul, J&, J, 2, [u?, J2, J, 2?]) € R./\/lgils’;nl)’(dz’mﬂ u
RM G M) (dzma) o op ypat di +dy =d, mi +me = v and t €]0,1[. Moreover, either m; =

tac

c1(X)dy — 1, or my = ¢1(X)dy — 2 and then the cuspidal point, if it exists, belongs to ul(S).

Proof:
From Proposition 1.11 follows that the curve in the limit must belong to RM&Z@?”“QW) U

R./\/lggi’ml)7(d2’m2) as soon as v is generic enough. Now, from Proposition 1.9, the cokernel of
dwé@dl,ml)y(dz,mz)|([u1’Jé”]@1]’[“2’@”]&2]) is isomorphic to H},(S, Ny, —21)41 @ Hp(S, Nuy,—22)41-
Since this cokernel is of dimension less than two, we have m; < ¢;(X)d; for 1 <14 < 2. Moreover,
in case my = ¢1(X)ds, we have dim H}, (S, N,,, _,2)41 > 1 with equality if and only if the map u?
is an immersion (see [2]). Finally, the relation m; + mg = v forces each irreducible component in
the limit to be simply covered, unless ¢;1(X)d; < 1 for some i € {1,2}. Now, when ¢;(X)d; <1
for some i € {1,2}, it suffices to count the number of double points of these rational curves as in
Remark 1.10 to see that these irreducible components cannot be multiply covered. [J

Remark 1.13 If we would not have excluded the case r = (0,...,0), then a sequence of real
rational cuspidal J-holomorphic curves could converge to a reducible curve having two irreducible
components which are complex conjugated and transversal to each other except at one point which
is of order two, that is an ordinary tacnode.

2 Study of degenerated order two cuspidal points

2.1 Local study of degenerated order two cuspidal points

Let B* be the unit ball of C? and cx be the restriction of the complex conjugation to B%.
Denote by RB* the fixed point set of cx, it is the unit ball of R? C C2. Denote by R, the space
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of almost complex structures .J of B* which are tamed by the standard symplectic form w,; and
for which cx is J-antiholomorphic. Let B~ be the closed unit ball of C and conj the restriction

of the complex conjugation to B°. Tts fixed point set is | — 1, 1[C B. Finally, denote by Jg; the
restriction of the complex structure of C? to B4, so that Jg € RJ,.,. Let n > 0 and

RP.,op (1) = {(u, ], 2) € L*?(B”, BY) x R, x| — 1L 1[|||J = Juller <n, du+Joduoi=0,

cxou=uwuoconj,d, u=0but Vdu|,, # 0 and u(B ) has smooth boundary}.

In particular, u is not multiple. Note that RP,, ., (1) is not connected. Indeed, two disks which
do not have the same number of double points cannot be in the same connected component. We
are in fact interested here in a connected component for which general elements are disks with one

ordinary cusp at z. and one transversal double point.

Lemma 2.1 As soon as 0 is small enough, RP,,.,(n) is a separable Banach manifold of class
C'=* whose tangent space at (u, J, z.) is

Tius o RPsy(0) = {(v, J, 2.) € LFP(B°,C2) x TyRJ,,,, x R| Do+ Joduoi=0,
v=dcx ovoconj, Vvl +V, du=0}. O
Let (u, J, z.) € RP!

cusp
which can be written u(z.) + j2(2:)(2 — 26)? + Jj3(2e)(z — 2.)® with 0 # ja(2.) = %% € R?
and js(z.) = ég;g € R? (see [8], Proposition 3). The cuspidal point z. is degenerated when
J3(zc) is colinear to ja(zc). Let Fuey : (u,J,2.) € RP,.,(n) = det(ja(zc),j3(2c)) € R, and

R’Pélcusp( ) Fdeg

(1), then the order three jet of u at the point z. is a complex polynomial

(0) be the locus of curves (u, J, z.) having a degenerated cuspidal point at z.

Lemma 2.2 As soon as n is small enough, RP(’icusp(n) is a separable Banach submanifold of

class C'=F of RP!, . (1) whose tangent space at (u,J, z.) is

cusp

T(u JZC)RPdcusp( ) {( J ZC) € LkﬁD(B (CQ) X TJRJW ¢ X R| det(d(v J z )]2(2C) 33(25))

+ det(jQ(Zc), d(q),j7ic)j3(zc)) = 0}

Proof:

The function Fgeq is of class C'F as soon as k > 3 since u is of class C!. It suffices to prove
that d(y, .. Faeg is surjective at each point (u,.J,2.) of RP(’jcusp(n). Let (ug, Jo,2:) be such a
point. From Lemma 2.5 of [11], there exists a smooth family of .Jo-holomorphic maps (i) xe]—e,e[
defined in a neighbourhood U of ze by x(2) = ug(2) + (2 — 2)?(Aw + wx(2)), where w can be any
vector in R? and wy € L% p(B ,C?) is real and satisfies wo = 0, d}\wAb\ o = 0. This family can
be extended to a smooth family (ux, Jx, 2c)ae]—c,e[ € RPr,s,(n) such that Jy = Jo if A =0 and Jy
differs from Jy only in a neighbourhood of uo(0U). Indeed, it suffices to glue the map @]y to the
map UO‘EQ\U with the help of an annulus embedded in a neighbourhood of uo(0U). The obtained
map can be made Jy-holomorphic for some Jy which equals Jy outside a neighbourhood of u(0U).
We have then %jg(w\, z.) =0 and %jg,(’d)\, zc) = w. Hence, d(ﬁk,JA,zc)Fdeg = det(j2(zc), w) does

not vanish as soon as w is not chosen colinear to ja(z.). O

Remark 2.3 1) The group of real biholomorphisms of ( ;1) acts on RPL, . (n) by ¢.(u, J, z.) =
(wo ™1, J ¢(2.)). Since it is transitive on | — 1,1[, we can always assume that z. = 0.

2) Let (u,J,0) € RP),,,(n) and a € R be such that j3(u,0) = aja(u,0). Let 2 = w —
the order three jet of u writes

a,, 2
W,

50 + 43, 0)(w = 5w + ofwl*)
= ja(u, 0)w? + o(jw|?).

u(z) = J2(u,0)(w— zw
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Lemma 2.4 Let (u,J,0) € RPy,,.,(n) and a € R be such that j3(u,0) = aja(u,0). Let

z = w—2w?, the order five germ of u writes u(z) = j2w2+j}fw4+j£w||w|4+j4wﬁ4+j5w5+o(|w\5),

2
where ja, i, ji"', 5T Js € B2,

Proof:

This is deduced after expanding the relation 0 = J|, o du — duoi. O

A degenerated cuspidal curve (u, J, z.) € RPg,.,,(n) as in Lemma 2.4 is said to be generic if
the vectors jo and j5 are linearly independant.

Proposition 2.5 Let (u,J,0) € RP},, (1) be a generic cuspidal curve and v(z) = d.u(d).
Then (v,0,0) € T(u,1,0)RPysp(n) \ TRPy,,, ., (n).  Moreover, if (ux, Ix; 22)xe]—e,e| i @ path of

RP{sp(n) transversal to RPy,, ., at A =0, then for A <0 (resp. A > 0) close enough to 0, uy has
A

2), or vice

an isolated (resp. non isolated) real double point in a neighbourhood of the cusp uy(z
versa.

Proof:

With the notations of Lemma 2.4, we make the local change of coordinates z = ¢(w) with
¢(w) = w — $w?. The order five germ of u writes u o ¢(w) = jow? + j¥w* + w4+ w4+
jsw® + o(Jw|®), where jg,jﬁ”,jjl“)‘,j?,jg, € R2. Equip C? with the complex structure J(0) and
the frame (uo(0), j2,j5). After composition with the local diffeomorphism of C? tangent to the
identity given by ®(21,22) = (21, 22) — 2} — jéllw‘|21|2 — j¥Z%, we can assume that the jet of u
writes jow? + jsw® 4 o(Jw[?). It suffices to prove that & = dy (P ouo @) (=) € Tiuop, 1,0 RPrusp (M) \
TRP,,sp(n)- Indeed, dy(u o ¢)(1) = d.u(X + b(2)) for some holomorphic b, and d.u(b(z)) €
TR’PC’lcuSp(n). Moreover, the composition by ® does not affect the transversality condition. Now
o(w) = 2js + 5jsw® + o(|w[?). From Lemma 2.1, (2,0,0) € T(uop,1,0)RPlys, (1) and from Lemma
2.2, (9,0,0) ¢ Tluop,7.0/RPgeysp (1), since djz(9,0,0) = 5js5 and det(ja, 5j5) # 0. The first part of
the proposition is proved.

Now, without loss of generality, we can assume that %(uk, Jx,22) = (v,0,0) and 2 = 0. From
what precedes, the expansion of uy(w — %wz) writes

uw—Zu?) = FO)+ @’ w?) + O(jul’)
+A(0,5w*) + O(A|w|*)

+O(NJwl?)

The function f(\)+(w?, 5Aw®+w®) has an isolated real double point at the parameters w = 4iv/5\

when A > 0. Let us prove that when A > 0 is close enough to 0, the function uy(w — %wz) also

has an isolated real double point at parameters close to +iv5A. Set w = iv5HA + w, we have:
uxy o (iVBA+ @) = f(X) + (=5, 0) + (2iVEMD + @0* + XN2O(|@] + [A]), 50N>
HAE@?O(a] + A]) + X0(Ja] + |AD),

as soon as |W| < VA. Set @ = |A|F(cos(6) + isin(f)), we get Im(uy o ¢(iVEN + W) =
(2\/5|)\|% cos(f) + |A|ZO(|A]), 50| AT sin(6) + IAFO(]A])). The linking number between the ori-
gin of R? and the ellipse parameterized by 6 — (2v/5|)|% cos(0), 50|\ sin(6)) is equal to one.
The same result holds for the linking number between the origin of R? and the curve parameterized
by 6 — Im(uy o ¢(iVHX + IAl% (cos(8) + isin()))) as soon as A > 0 is close enough to 0. Hence,
Im(uy o ¢) vanishes once in the disk centered at iv/5A and whose radius is [A|%. It follows that uy
has an isolated real double point close to its cuspidal point u)(0) as soon as A > 0 is close enough
to 0.

In the same way, the function f()\) + (w?, 5 w? + w®) has a non isolated real double point at
the parameters w = £v/—5\ when A\ < 0. Let us prove that when A < 0 is close enough to 0, the
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function uy(w — %wz) also has a non isolated real double point at parameters close to v/ —5A.
Set w = ny/—5\ + w, where n = +1, we have:

uy o d(V—=EX+®) = f(A)+(=5X,0) + 20V =5 + @0* + [A|PO(|@] + |A[), 50A*D
A2 O] + X)) + XO(d] + ),

as soon as || < +/[\. When & € [—|A5,|A]%], the segment (2nv/—BMi, 50A%@) joins the
two points (—2v/5n|A|T, —50|A|'7) and (2v/5n|A|,50[A|7). When = 41, these two segments
intersect transversely at the origin. The same is true for the segments u 0d(nv/—bA+[—| |7, |A|3])
as soon as A < 0 is close enough to 0, hence the result. O

2.2 Global study of degenerated order two cuspidal points
Denote by RM? the subset of elements [u, Js, J, z, z.] of RMZ, _ for which u has a degen-

dcusp cusp
erated cuspidal point at z..

d

Proposition 2.6 The space ]R./\/lgcusp is a codimension one submanifold of RME,,,

of class

C'=*. Moreover, the subspace ofRMgcusp made of curves [u, Jg, J, x, z.| which have a non generic
d

degenerated cuspidal point at z. is a substratum of codimension two and class C'=% of RME, sp-

O

(This is a particular case of Theorem 3.4.5 of [6], see also Proposition 7 of [1])

Let v : [0,1] = RJ, x R, X1(X)4=2 be a path transversal to 7. From Proposition 2.6, if it is
chosen generic enough, it avoids the image under 7r of curves having a non generic degenerated
cuspidal point. Denote by RM., = RMZ, . x, [0,1] and by 7, : RM, — [0,1] the associated
projection.

Proposition 2.7 Let Cy) = [u, Js, J", 2", 2] € RM., be a curve having a degenerated cus-
pidal point at z.. Then, there exists a neighbourhood W of [u,Js,JJ", 2", z.] in RM, and

e > 0 such that for every t €]ty — €,to], w;l(t) NW is made of two curves C;~, C; such that

m(C) =m(Cy) + 1 and for every t €]to, to + €[, 71 (t) "W = 0, or vice versa.

Proof:

From Proposition 2.6, the degenerated cuspidal point of Cy, is generic. From Theorem 1.8,
C4, is a non-degenerated critical point of 7. Thus, as soon as € and W are small enough, for
every t €lto — €, tof, 7 () NW = {C#} and for every t €]to,to + €, )N W = 0, or vice
versa. The only thing to prove is that m(C;") = m(C;) + 1. The double points of C: are
close to the ones of C;, with the exception of one which is close to the cusp of C;,. We have
to prove that the nature of the latter is not the same for C; and C; . Note that %h:tOC’t is
the generator of kerdrg = HO(S,N;“?) 1 = H°(S,C., _.)11, see Proposition 1.2. Choose a
neighbourhood V' of u(z.) invariant under cy, diffeomorphic to the 4-ball B and small enough in
order that ||J* — J%(u(z.))||c1 < n. We deduce a restriction map rest : W C RM, — RP., (1)

cusp

such that rest(Cy,) € RPy,,,(n). Now dg,, rest(%|,_,Cy) is exactly the vector (v,0,0) given by
Proposition 2.5. The result thus follows from Proposition 2.5. O

d

cusp

3 Study of the compactification RM

3.1 Neighbourhood of RM (™)™ iy RAL?  when m; = ¢ (X)d; — 1

tac cusp
Lemma 3.1 Let dy, dy € Ho(X;Z) be such that dy +ds = d and m; = ¢1(X)d; — 1, i € {1,2}.
Then, RMGm)(d2ma) poe o canonical coorientation in RM(d1ma)(dzma) - 4 path (C*)pe)—c

tac
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in RM(d1m).(d2m2) transyersal to RMEZi’ml)’(dz’mQ) at t = 0 is positive on this coorientation if

for every t €] —€,0[ (resp. t €]0,¢[), C* has two real ( resp. complex conjugated) double points in
a neighbourhood of the tacnode of C°. O

(See §1.5 for the definition of the space RM; dl’ml) (d2,ma))

I > D

Ctt<0 O Ctt>0

Remember that under the conditions of Lemma 3.1, the projection Wﬂ({{dl’ml)’(dbmﬂ

RM(dma)(dzm2)  _, RT - x R, X" x R, X™ is Fredholm with vanishing index. More-

(d1,m1), (dz,mz)

ac is made of regular points of this projection. Let

over, from Proposition 1.9, RMt

v:tel0,1] — (Jhzt) € RT, x Ry, X™ x R, X™2 be a path transversal to 7T(d1 ) (d2.ma) g
that the fibre product RMI¢? = RM(dim1), d27m2) m 0,1] is a smooth one dlmensmnal mani-
fold equipped with a projection 7TT8d : R./\/lmd — [0, 1}. As soon as 7 is chosen generic enough,

this submanifold intersects RM; dl’ml) (d2’m2) transversely at finitely many points over distinct

parameters of [0,1]. Let C' € RMmd be such a point, ¢ty €]0,1[. The path v is said to inter-

(dl m1),(dz, m2)(RM(d1 ,m1), (d27m2))

sect positively (resp. negatively) at v(to) if RM;Ed intersects

]R./\/lggé’ml (d2m2) 1 oitively (resp. negatively) at C' once endowed with the local orientation
induced by [0, 1].

Assume that + is transversal to g and denote by RM,, = RM?USP X~ [0,1]. Denote by RM.,
the Gromov compactification of RM., and by 7., : RM, — [0,1] the associated projection. The

aim of this subparagraph is to prove the following theorem.

Theorem 3.2 Let v : t € [0,1] — (J', z%) € RT, x R, X" be a generic path chosen as above
and C* € RM,, ARM ) (d2m2) g ocrime that my = c1(X)d1 — 1, ma = ¢1(X)da — 1 and that

tac S,
7 is positive at to = 7, (C"). Then, there exist a neighbourhood W of C' in RM., and € > 0 such
that for every t €]ty — €, to, 7 Lt ) N W is made of two curves having the same mass, the one of

C', and for every t €to, to + €[, 7 () NW = 0.

Note that reversing the orientation of [0, 1] if necessary, we can always assume that + is positive
at to.

Let C! be a real rational cuspidal J*-holomorphic curve close to C*® which passes through x?,
t €]to — €, to + €[\{to}. Then, from Proposition 2.16 of [11], C* extends to a one parameter family
of Jt-holomorphic curves Ct(n), n € [0,n;] such that C*(0) = C*, C*(n) passes through z' for
every n €]0,n;[ and RC?(n) has a non isolated real double point in the neighbourhood of the cusp
of C? as soon as 1 # 0.

RC!

Lemma 3.3 If € is small enough, the family C*(n) converges to a reducible J*-holomorphic
curve when 1 — n;.
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Note that Lemma 3.3 already implies the second part of Theorem 3.2, since for ¢t > 0, there are
no reducible J-holomorphic curve which pass through z' and have a real double point in the
neighbourhood of the tacnode of C%.

Proof:

Let U be a compact neighbourhood of C* in X such that for every t €]ty — €, tg + €[, the only
reducible J¢-holomorphic curve which pass through z¢ are the ones close to C*. Note that as soon
as 7 is close enough to zero, the real parts RC*(n) form a loop around the cusp of RC? in RX.
Moreover, the intersections between two curves of this family C*(n) are located at z' and in the
neighbourhood of their double points. Thus, as 7 grows, the loops grow in order to fill a disk of RX
centered at the cusp of RC*. The following alternative now follows from Gromov’s compactness
Theorem. Either C*(n) converges to a reducible J‘-holomorphic curve in U as  — 1, or one curve
C'(n) intersects the boundary of U. Assume that there exists a sequence t,, €]to — €, to + €[\{to},
n € N*, which converges to ty when n — oo and 7,, > 0 such that C*(n,,) touches the boundary
of U. Then, when n — oo, C'(n,) converges to a J‘-holomorphic curve C* which is contained
in U, intersects the boundary of U and passes through zf. The latter cannot be reducible from
the definition of U. Moreover, for every n € N*, the loop of RC'(n,,) surounds the cusp of RC*»
in RX. It follows that in the limit, RC* forms a loop which surounds the tacnode of RC®. Thus,
O intersects C'* with multiplicity four at least near the tacnode of C*°, with multiplicity two at
least near every double point of C* and with multiplicity one at z'°. The total intersection index
between C'>® and C? is then at least d? + 2, which is impossible. [

Lemma 3.4 Assume that € is small enough and that t €]ty — €,to[. Then, the number of
cuspidal Jt-holomorphic curves which pass through x* and are close to C% is at most 2.

Proof:

Denote by C?_, the unique reducible real rational J*-holomorphic curve which passes through z*
and is close to C'. This curve has two non isolated real double points y!, 5 in a neighbourhood of
the tacnode of C?. Let C! be a real rational cuspidal J*-holomorphic curve which passes through
z' and is close to C*™ and C}(n), n € [0,7n}], the one parameter family of J*-holomorphic curves
given by Lemma 3.3. In particular, C}(n}) = C?,,. For every n €]0,n}[, denote by v} (n) the real
double point of C¥(n) close to the tacnode of C?. The latter converges to the cusp of C* when
n — 0 and to one of the points y!, y4, say y!, when n — n!. Assume that there were two families
Ct(n), CL(8) of curves having this property. Then, for 7, § close to nt, 8%, the curves Ct(n), C5(5)
would have all their intersections at z' and in the neighbourhood of the double points of Ct_,
different from y%. Moreover, if 1 is close enough to 1}, we can assume that the loop formed by
RCE(5) close to the cusp of C? is in the interior of the one formed by RC?(n).

\ RC(9)

\
\

RCHH) = Clea

<77

Then, RC?(n) intersects RC() at two points belonging to the two local branches of RC(4)
near y¢. As n decreases, there is some parameter n’ for which RC% (') passes through the double
point of RC5(4) belonging to its loop. For this parameter 7, the two curves C}(n’) and C5(6)
would have at least 3 intersection points in the neighbourhood of the tacnode of C* and thus a
total intersection at least equal to d? + 1, which is impossible. We deduce that the number of real
rational cuspidal J*-holomorphic curves close to C* is bounded by the number of real double
points of C!,_, close to the tacnode of C*, that is two. OJ

Proof of the Theorem 3.2:
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It follows from Lemmas 3.3 and 3.4 that there exist a neighbourhood W of C% in Rﬂv
and € > 0 such that for every ¢ €Jtg — €, to[, #(m;'(t) N W) < 2 and for every t €]to,to + €|,
T L#)NW = . Since the parity of the number of real rational cuspidal .J-holomorphic curves
which pass through z does not depend on the generic choice of (J,z), it suffices to prove that
Ty L(t) N W cannot be empty when t €]ty — €,to[, that is there exists at least one real rational
cuspidal J-holomorphic curves which passes through z for some J close to J%. Now such a curve
can be constructed by reversing the construction of Lemma 3.3. One starts with a reducible real
J-holomorphic curve having two real non isolated double points close to the tacnode of C*. Then,
from Proposition 2.14 of [11], one can smooth one of these double points to obtain a one parameter
family RC(n) of curves which forms a loop. As n decreases, it has to degenerate onto a cuspidal
curve by some argument similar to the one used in the proof of Lemma 3.3. [J

Remark 3.5 When r = (0,...,0), a sequence of real rational cuspidal J-holomorphic curves can
converge to a reducible curve C having two irreducible components which are complex conjugated
and transversal to each other except at one point which is of order two, that is an ordinary
tacnode. To extend Theorem 0.1, one should take into account these reducible curves. This would
be possible provided an analog of Theorem 3.2 holds in this case. Namely, assume that over a
path v, the curve deforms to a reducible curve having two real (resp. complex conjugated) double
points in a neighbourhood of the tacnode for t €]ty — €, o[ (resp. t €]to,to + €]). Then, one
can suspect that for ¢ €]to, to + €[, there are no real rational cuspidal J¢-holomorphic curve close
to C' whereas there are two of them for ¢ €]ty — €,to[. Moreover, the latter come from the two
degenerations of the figure eight. However, I have no proof of this fact and thus leave this case
open.

3.2 Neighbourhood of RM@™):(%m2) i, g

tae cusp When my = ¢ (X)d,

Let v :t € [0,1] = (J*,2") € RJ, x R, X" be a generic path transversal to mg and RM,, =
RM?MP %[0, 1]. Denote by RM,, the Gromov compactification of RM,, and by 7, : RM, — [0, 1]
the associated projection.

Theorem 3.6 Let v :t € [0,1] — (J% %) € RT, x R, XY be a generic path chosen as above
and Ct € RM, N RMgié’ml)’(dQ’m”, Assume that my = ¢1(X)dy — 2 and mg = ¢1(X)dz. Then,
there exist a neighbourhood W of C* in RM. and € > 0 such that for every t €]ty — €,to + €|,
7 (t) NW = {C'}. Moreover, the mass of C* does not depend on t €]ty — €,to + €[.

(See §1.5 for the definition of the space RM %1 m1)(d2:m2))

Without loss of generality, we can assume that z' € R, X" does not depend on ¢ € [0,1].
Denote by Cf" (resp Céo) the irreducible component of C* which has homology class d; (resp.
da). Let 2t = 2* N Cl°, zf = 2* N CL and U be a compact neighbourhood of C* in X. If U
is small enough, the curve C!° extends to a one parameter family C°(n), n € [~1,1], of real
Jto-holomorphic curves which pass through z}, are contained in U and such that C°(0) = Cl°,

Cto(+1) N AU # O whereas C°(n) U for n €] — 1,1]. We can assume that the curves RC}(n)
and RC;O have two real intersection points in a neighbourhood of the tacnode of C* when n > 0.
Let C* be a real rational cuspidal J¢-holomorphic curve close to C* and which passes through z¢,
t €]ty — €,to + €[\{to}. Then, from Proposition 2.16 of [11], C* extends to a one parameter family
of Jt-holomorphic curves C*(n), n € [0, 1] such that C*(0) = C*, C*(n) passes through z! for every
n € [0,1] and RC*(n) has a non isolated real double point in the neighbourhood of the cusp of C*
as soon as 1 # 0. Note that in contrast with §3.1, as soon as U is small enough, this family cannot
break into a reducible curve as long as it stays in U. We can thus assume that C*(1) N U # 0.

Lemma 3.7 As soon as U is small enough, C*(1) converges to C* (1) as t converges to t.

Proof:
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It suffices to prove that as ¢ converges to tg, the curve C*(1) converges to a reducible
curve. Indeed, since this curve in the limit is contained in U, touches QU and passes through
z'o, it has to coincide with C%(1). Remember that when t €]ty — €,to + €[\{to}, the curve
RC*(1) forms a loop which surrounds the cusp of RC!. Hence, if the curve in the limit
were irreducible, its real part would form a loop which would surround the tacnode of C'.
As soon as U is small enough, the latter would then intersect C' with multiplicity four near
the tacnode, with multiplicity two near every double point of C*° and at z°, which is impossible. [

Hence, the family C*(n), n €]0, 1], is obtained after smoothing one of the two real double points
of C*(n) close to the tacnode of C?o.

Lemma 3.8 Let C'(n) and C*(n)', t €]to — €,to + €[\{to}, n € [0,1], be two families of real
rational Jt-holomorphic curves which pass through x' and such that C*(0), C*(0)" are cuspidal.
Then, these families are obtained after smoothing the same real double point of the family C'(n).

Proof:

Assume the converse. Then, the curves C*(1) and C'(3)" would intersect at z' and with
multiplicity two near every double point of C®. Moreover, the loops formed by RC*(1) and
RC*(4)" would intersect at two points at least. Finally, since C*(1)’ is not obtained after smoothing
the same real double point of the family C'(n) as C*(1), the local real branch in this smoothing
which is not included in the loop of RC*(3)’ would also intersect RC?(1) near the tacnode of C.
This would provide a total intersection index at least equal to v + d? — ¢1(X)d + 3 > d?, hence
the contradiction. [

RO'(})

Remark 3.9 It also follows from the proof of Lemma 3.8 that if the families C*(n) and C*(n)’ are
obtained after smoothing the same real double point of the family C*(n), n € [0, 1], then the loop
formed by RC*(3)’ is included in the one formed by RC*(1). Indeed, these curves would otherwise
also intersect with multiplicity at least three near the tacnode of C', which is impossible.

Proof of Theorem 3.6:

There exist a neighbourhood W of C* in RM., and € > 0 such that for every ¢ €]ty — €, o + €|,
#(m; ' (t)NW) < 1. Indeed, if this set would contain two curves, they would generate two families
C'(n) and C'(n)’ as in Lemmas 3.7 and 3.8. From Lemma 3.8, these two families would be
obtained after smoothing the same real double point of the family C* (). From Remark 3.9, the
loop formed by RC*(3)’ and hence by RC*(n)’ for every n €]0,1] would be included in the one of
RC*(1). We then obtain a contradiction repeating the proof of Lemma 3.4. Moreover, as in the
proof of Theorem 3.2, W;l(t) N W cannot be empty for every t €]ty — €, + €[, € small enough.
Since the parity of the cardinality of 7 L(#) N W does not depend on ¢ and the masses of cuspidal
curves close to O are obviously the ones of C?, the theorem is proved. [

3.3 Neighbourhood of RMLm)(@2m2) 4y R

cusp

Proposition 3.10 Let (C°, J°) € RMU) M2 - Then there exists a path (Ct,Jt) €
Mﬁit;"l dz’mQ), t €10,1], of class C'=F, such that J' is integrable in a neighbourhood of C* in
X.

(See §1.5 for the definition of the space RMcfl}g ™), (d2’m2))
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Lemma 3.11 Under the hypothesis of Proposition 3.10, there exists a neighbourhood V' of the
singular points of C° in X and a path (Ct,Jt) € RMUE)4m2) 4 [0.1], of class C'=F, such
that JY|yv is integrable.

Proof:
Let 7o be a double point of C°. Then, there exists a neighbourhood V;y of yo in
X, invariant under cx, as well as a diffeomorphism ® : V, — B* which is Z/2Z-

equivariant such that ®(C° N Vy) = {(wi,w2) € B* C C*|wywy = 0}. Denote by J
the almost complex structure ®.(J°y,) of B%, and for § €]0,1], by hs the homothety
(w1, wz) € B* — (dwy,0wz) € B* Set then Jy_s = hj(J), so that for £ € R* = Ty, wy) B
J1=6l(wr,w2) (€)= dhy " 0 J(swy,6ws) © Ahs(E) = J(swr 6wz (€). Hence, the family (J1—s)se)0,1),
extend to a C°°-family (Js)se0,1], by setting Ji = J(o,0). Now, ®(C° N Vp) is invariant under hg
and thus Js-holomorphic for every ¢ € [0,1]. The family (®*Js5)sc[0,1) is then a path of almost
complex structures of class C' of Vj such that ®*J, = J%v,, C° NV, is ®*Js-holomorphic
for every ¢ € [0,1] and ®*J; is integrable. There is no obstruction to extend (®*.Js)sc[0,1] to
a path of almost complex structures of class C! on the whole X for which C° is holomorphic
and which coincide with J° outside a neighbourhood of Vj. Now, if yo is the unique real
ordinary cusp of C°, we can proceed in the same way, making use of the weighted homothety
hs : (w1, ws) € B* — (0%wy, 83wy) € B instead of hs. The proof is then the same as the one of
Lemma 2.6 of [11] and is not reproduced here. O

Proof of Proposition 3.10:

From Lemma 3.11, we can assume that J° is integrable in a neighbourhood V; of the singular
points of CY. Let Cy C C° be a smooth compact curve with boundary such that C°\ Cy C V. A
tubular neighbourhood N of C in X is identified with a neighbourhood of the zero section in the
normal bundle of Cy in X. Denote by p : N — Cj the projection induced by this identification
and equip N with the almost complex structure J|n. This identification can be chosen such that
the fibres of p are J|y-holomorphic. Now as in Lemma 5.1 of [7], there is a map w : N — C which
is holomorphic and injective once restricted to each fibre of p. Such a map can be constructed as
follows. Extend J|y to an almost complex structure on the whole compactified normal bundle
N over CY such that p: N — O is a sphere bundle with J-holomorphic fibres, the section C'>
at infinity is J-holomorphic and a third section C' distinct from C° and C* is J-holomorphic.
The function w : N — CP! is then the unique one given by Riemann’s uniformization theorem
which is holomorphic once restricted to each fibre and sends C°, C* and C! to 0,00 and 1
respectively. Let z : Cy — C be an injective holomorphic map, the composition with p will also
be denoted by z : N — C. The antiholomorphic tangent bundle TR,’}J'N is then generated by Oz
and 0z + ad, + bd,,. Moreover, J|y is integrable if and only if dz5a = 0 = Ozb (see [7], Lemma
1.3). This is in particular the case on N N Vy. Let f : Cy — R be a C* function which is
equal to one in a neighbourhood of the boundary of Cy and to zero on Cy \ V. For § € [0,1],

denote by Js the almost complex structure on N whose antiholomorphic tangent bundle TI(\)f1J§|N

is generated by O and 0z + ((1 —0)+4f Op) (a@z + b@w). Then, Jy = J|n and Jp is integrable
since Oz (f o pa) = f o pdza = 0 and Oz (f o pb) = f o pOzb = 0. Hence the result. O

Let v:t €[0,1] — (J',2!) € RJ, x R, X" be a path transversal to mg and wﬂ({dl’ml)’(dr"’mﬂ :
RMUL ) 2m2) R ) Ry, X™ X Ry, X™2. Let RM., = RMY,, x4, [0, 1], RM,, its Gromov
compactification and . : Rﬂv — [0, 1] the associated projection.

Theorem 3.12 Let v :t € [0,1] — (J, 2!) € RT, x R, X" be a generic path chosen as above

and C € RM, N R./\/lgifg’;nl)’(dz’mﬂ. Then, there exist a neighbourhood W of C* in RM., and
€ > 0 such that #n ' (t) "W does not depend on the choice of t €]ty — €,to + €[\{to}.

Note that as soon as W is small enough, all the curves of W have the same mass, the one of C%.
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Lemma 3.13 Under the hypothesis of Theorem 8.12, we can assume that z° does not depend
ont €]ty —e, to+ €| and that (Jt)te]to—e,t0+e[ 18 an analytic path of almost complex structures which
are integrable in a neighbourhood of C in X.

Proof:

From Proposition 3.10, we can assume that J% is integrable in a neighbourhood of C*°. Indeed,
let Jt(X), A € [0, 1], be the path in RMEﬁ;ﬁl)’(d’-””” given by this proposition, such that J (0) =
Jt and J'(1) is integrable in a neighbourhood of C%. There is no obstruction to extend this
path in a two parameters family JY(\), A € [0,1], t €]ty — €,to + €[, such that J*(0) = J* and
(Jt(N), z!) satisfies the hypothesis of Theorem 3.12 for every A € [0,1]. From Lemma 1.5 and the
definition of RM&%@’;’L”’(@’W), none of the elements of 77! (t) can degenerate onto a critical point
of mg or a reducible curve over J¢(\). Thus, the cardinality of 7 ' (J*(\), z*) "W ()), where W ()
is a neighbourhood of C'()\) in Rﬂgusp, does not depend on A € [0, 1].

Now we have to prove that a transversal path (J*)icjso—c to+e tO RMﬁi{gg”l)’(dz’mQ) can be
chosen analytic and made of almost complex structures which are integrable in a neighbourhood
of C% in X. Assume that m; = ¢;(X)d; — 1, and denote by C}° = [uy, J&, J, z,, z.] the cuspidal
component of C%, so that z; = x' N Cf" is of cardinality m;. Then, from Proposition 1.9, the
path (J%)iejtg—e,to4e IS transversal to RM&%{Q’;’LI)*(@”"’) at Jt if and only if Jt = 4 Jt—t,
is such that the J! antilinear form Jt o duy o JL projects onto a generator of the cokernel
HL(S; NP )41 =2 R. Let a be a generator of Hp(S; NP, )11 having support in a small

Ur,—21 Ui, =21

ball U of S. Let V be an open subset of (X,.J%) biholomorphic to the bidisc B xB c 2
and such that V N C% = uy(U). We choose this biholomorphism such that it sends V' N C'°
onto the disc {w =0} C B x §2, where the latter is equipped with complex coordinates (z,w).
In this chart, the generator « writes f(z,%Z)dzZ ® w, where f : B~ Cis Z/2Z-equivariant,
with compact support and can be assumed to be smooth. For every ¢ €]ty — €,tg + €[, define

) 0
(t — to)fd? 7
compact support, Jt|y = J¥|y in a neighbourhood of the boundary of V. We can then extend
Jt on the whole X by setting J! = J% outside V. The path t €]tg — €,tg + €[— J¢ is analytic.
Moreover, the antiholomorphic complexified tangent bundle of (X, J?) is generated by the vectors
< Oz + %(t —10) fOu, Oz >. Since %(t —tg)f does not depend on w, it follows from Lemma 1.3
of [7] that J* is integrable on V for every t €]ty — €,ty + €[. The Lemma is proved in the case
m1 = ¢1(X)dy — 1 and can be proved along the same lines when m; = ¢1(X)d; — 2. O

then J'y to be the endomorphism given by the matrix Since f is with

Proof of Theorem 3.12:

Denote by BZ%(tg,e) = {t € C||t — to| < €}. The path v : t €]ty — €,tg + €[~ J' € RJ,
given by Lemma 3.13 is complexified to an analytic path y¢ : t € B2(tg,€) — J' € J, which is
7/2Z-equivariant and made of almost complex structures which are integrable in a neighbourhood
of C'. Equip the product Y = B?(tg, €) x X with the almost complex structure Jy defined by the

matrix . It is integrable in a neighbourhood of {to} x C*. Moreover, the sections (¢, z")

i 0

0 |
are Jy-holomorphic. Note that the complexified moduli space M., is then a smooth curve which is
equipped with a holomorphic projection 7 : M. — B?(to, €)\{to}. The complex structure of M.,
extends in a unique way on the compactification M.,. and the projection 7 : M.. — B?(to,€)
is holomorphic. We will prove that once restricted to any irreducible component of M%, this
projection is a biholomorphism. From now on, we can assume that Mvo is irreducible. Let
U— ﬂ% be the universal curve and U be the stable map compactification of U. The latter is a
complex surface and the projection U — M., is a projective line bundle having a singular fibre
over C* € M,.. Denote by o1,...,0¢, (x)a—2 : My, — U the sections associated to the marked

points z1, ..., z¢, (x)d—2 of S and by eval : U — Y the evaluation map, so that for every C' € M%,
eval(0;(C)) = (e (C), ;'

VT ) € Y. Denote by Sy, Sy the two irreducible components of the
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singular fibre of U, in such a way that eval(S;) is the cuspidal component C{O of C'. Note that
since the two components of C* intersect transversely, dyeval is injective at the intersection point
y of S; N Sy. The normal bundle of S; in U is isomorphic to Og, (—1) and the evaluation map
induces a non vanishing morphism from this bundle to the normal bundle of C}° in Y, which
is isomorphic to Og, (c1(X)d; — 3) ® Og,. Would the projection 7 : M,. — BZ%(tg,€) not be
biholomorphic, this morphism would vanish on z; = 2 N S; which is of cardinality m;. Assume
that my = ¢1(X)d; — 1. The image of Og, (—1) would then be a subline bundle of degree at least
c1(X)dy —2 of Og, (¢1(X)dy — 3) ® Og,. This is impossible. In the same way, if m; = ¢;(X)d; — 2,
then the normal bundle of C%° in Y (resp. U) is isomorphic to Og,(c1(X)d; — 2) @ Og, (resp.
Os,(—1)). Would the projection 7 : M.,. — B?(fg,€) not be biholomorphic, the morphism
0s,(—1) = Og,(c1(X)d1 —2) ® Og, would vanish on z, = 2N Se which is of cardinality mq. Since
the latter is equal to ¢;(X)da, we conclude as before. O

4 Proof of Theorem 0.1

Let (J9 2°) and (J!, z!) be two regular values of g : RM?,  — R, x R, X" which do not

cusp
belong to wR(Rﬂfusp \RM?USP). We can assume that every real rational cuspidal J¢-holomorphic
curve which pass through 2%, i € {0, 1}, and realize the homology class d has a unique real ordinary

cusp and transversal double points as singularities, all of them being outside z*. We have to prove
that T9(J° 2%) = T¢(J!, 21).

4.1 Choice of the path v

Let v : t € [0,1] — (J'2') € RT, x R, X" be a generic path transversal to mg joining
(J°,2°) to (J*,z'). Denote by RM, = RMZ, % [0,1], RM, its Gromov compactification and
7, RM., — [0,1] the associated projection. From Lemma 1.6 and Corollary 1.12, the path v
can be chosen such that all elements of Rﬂv are irreducible real rational curves having a unique
real ordinary cusp and only transversal double points as singularities, all of them being outside
2, with the exception of finitely many of them which may have:

1) A unique real ordinary triple point or a unique real ordinary tacnode.

2) A real branch which crosses the real ordinary cusp transversely to its tangent line.

3) A unique real double point belonging to zt.

4) The unique real ordinary cusp belonging to z*.

5) A second real ordinary cusp outside z'. In this case, any generator v of H°(S,Kg ®
Ny _.)-1= H'(S,Ny,_.)%; does not vanish at cusps (compare Proposition 2.8 of [11]).

6) A unique cuspidal point, which is a generic order two degenerated cusp, see §2.1 for a
definition.

7) Two irreducible components.

8) Two irreducible components which intersect transversely except at one point which is a real
ordinary tacnode. These curves are not cuspidal.

In the same way, the path v can be chosen such that every real rational reducible .J*-
holomorphic curves which pass through z! and realize the homology class d have only two irre-
ducible components, both real, and transversal double points as singularities, with the exception
of finitely many of them which may have:

a) A unique real ordinary triple point.

B) A unique real ordinary tacnode.

v) A unique real ordinary cusp. In this case, any generator ¢ of H°(S;, Kg ® N[jh_zl)_l o
Hl(Sl,Nul),él)jl does not vanish at the cusp, where u; : 51 — X parameterize the cuspidal
component (compare Proposition 2.8 of [11]).

8) A unique real double point belonging to zt.

€) Three irreducible components.
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Finally, the path v can be chosen such that every real rational J‘-holomorphic curve which
pass through z?, realize the homology class d, and have one of the lines T;, i € I, as a tangent
line at f, have only transversal double points as singularities, with the exception of finitely many
which may have:

a) A unique real ordinary triple point.

b) A unique real ordinary tacnode.

¢) A unique real ordinary cusp outside z'. In this case, any generator v of H°(S,Kg ®
N; _.)-1= H'(S,Ny,_.)%, does not vanish at the cusp (compare Proposition 2.8 of [11]).

d) A unique real ordinary cusp at one point z!, i € I. In this case, the curve is not tangent to
any line T}, j € I. Moreover, any generator ¢ of H(S,Kg @ Ny )1 = H'(S,Ny,_.)%, does
not vanish at the cusp (compare Proposition 2.8 of [11]).

e) A unique real double point belonging to z*, none of the branches being tangent to T;.

f) Two irreducible components.

g) Two irreducible components which intersect at one point z¢, i € I. In this case, the curve
is not tangent to any line 7}, j € I.

4.2 The case z. € 2z

Let (J,z) € RJ, x R. X" be a generic critical value of 7 of type 3 given by Lemmas 1.5 and
1.6. Let C be a real rational J-holomorphic curve which pass through z, realize the homology
class d and has a unique real ordinary cusp in z, say at x;. Then, the space of real rational
cuspidal J-holomorphic curves which pass through z\ {z1} and realize d is a one parameter family
generated by any non zero element of H°(S, Ny _.4 )41 = R. In particular, the cuspidal point
moves along a smooth curve [, C RX transversal to the tangent line of RC at the cusp x;. Let
U be a neighbourhood of z; in RX diffeomorphic to a ball and small enough so that [, divides it
in two components. Denote by U_ (resp. U, ) the connected component of U \ I, defined by the
relation U_ NRC # 0 (resp. U NRC = ).

Proposition 4.1 Lety € U_ (resp. y € Uy). Then, as soon as U is small enough,

1) There are exactly 2 (resp. 0) real rational cuspidal J-holomorphic curves which pass through
zU{y} \ {z1} and are close to C.

2) There is exactly one real rational J-holomorphic curves close to C which pass through
zU{y}\{x1} and has a real double point at y. Moreover, this double point is real and non isolated
(resp. isolated).

Proof:

As soon as U is small enough, the intersection of RC' with U_ is made of two arcs denoted by
RCy and RC_. The one parameter family of real rational cuspidal J-holomorphic curves which
pass through z \ {1} and realize d produces one parameter families of arcs RCy and RC_. As
soon as U is small enough, these two families provide two foliations of U_. If y € U_, there is
exactly one leaf of each foliation which pass through y, hence the first part of the proposition in
this case. If y € Uy, the first part of the proposition follows from the relation U NRC = (). Let
us prove now the second part of the proposition. First, if such a curve exists, it has to be unique.
Indeed, two such curves would intersect twice near each double point of C', with multiplicity one
at each point of z \ {z1} and with multiplicity four at y. Then, their intersection index would
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be at least d* — ¢;(X)d + ¢1(X)d — 3 + 4 = d? + 1, which is impossible. Let 2} € RCNU_.
From Proposition 2.16 of [11], the curve RC' extends to a one parameter family of real rational
J-holomorphic curves RC(n), n € [—1,1], which pass through z U {«}} \ {1} and have a non
isolated (resp. isolated) real ordinary double point close to the cusp of RC when n > 0 (resp.
7 < 0). In the same way as in §3.1, the curves RC(n), n > 0, form a loop in a neighbourhood of
the cusp of RC'. Moreover, this one parameter family of loops foliates some disk of RX centered
at x1. The curve [, intersects transversely these loops. Then, the non isolated real double point
of RC(n), n > 0, has to be in the same connected component of U \ I, as the branches RC} and
RC_, that is U_. Thus, there exists at least one point y € U_ for which there is a real rational
J-holomorphic curve close to C' which passes through z U {y} \ {1} and has a non isolated real
double point at y. By deforming y € U_, we get the same result for all y € U_ as soon as U is
small enough. The curves RC(n), n < 0, must then have their isolated real double point in Uy,
which proves the result. [J

Let us assume now that (J, z) = v(to), where  is the path chosen in §4.1 and ¢y €]0, 1[. Without
loss of generality, we can assume that there exists ¢ > 0 such that for every t €]ty — €t + €],
Jt = J% and 2" \ {z{} = 2\ {z1}. The path (2])icjry—etote 18 then transverse to l. in RX at
t =1p.

Proposition 4.2 The integer T(Jt, zt) does not depend on t €]ty — €, to + e[\{to}.

Proof:

We can assume that for ¢ €]t — €, to[ (vesp. ¢ €]to, to+¢€[), z4 € U_ (resp. =t € U;). From the
first part of Proposition 4.1, the first term in the expression of T¢(.J*, zt) decreases of 2(—1)"™(C")
as t crosses the value ty. Let us prove that at the same time, the third term in the expression of
T2(Jt, zt) increases of 2(—1)™(C") as t crosses the value to. From Proposition 3.4 of [11], we have

§
Xio = > (~)™D 2 (~)"af (m),
m=0

CeTand(Jt,zt) | TEQRC:Tl

Xp = > (=)™ w2y (~1)™ag (m),

CeTand(Jt zt) |TI§]RC:T1 m=0

where x?,,, x¢ are invariants and 7 (m) (resp. 7y (m)) is the number of real rational J'-
holomorphic curves of mass m which pass through z!, realize the homology class d and have
a non isolated (resp. isolated) real double point at z{. From the second part of Proposition
4.1, the term Z‘;:O(—l)mﬁj(m) decreases of (—1)™(C") as t crosses the value to, while the

term Y2° _ (=1)™# (m) increases of (—1)m(C0)+1

ZCGTand(Jt’gt) \TxtRC:Tl(_l)m(C) increases of 2(—1)
1
result. [(J

. Since x%,,, x¢ are constant, we deduce that

m(C™) a5 t crosses the value to, hence the

4.3 Proof of Theorem 0.1

Choose a path v : t € [0,1] — (J', 2') € RJ, x R, X" given by §4.1. The integer I'¢(Jt, xt)
is then well defined for every ¢ € [0,1] but a finite number of parameters 0 < o < -+ <t < 1
corresponding to accidents listed in §4.1. It is obviously constant between these parameters ¢;,
j €40,...,k}, and we have to prove that is also does not change while crossing these parameters.
This is easy to check in cases 1,2, 3, «, a, b, e listed in §4.1. In cases 4, d, it follows from Proposition
4.2. The cases 5,7, ¢ correspond to critical points which can be treated as in Proposition 2.16 of
[11]. The case 6 follows from Proposition 2.7, the case 7 from Theorem 3.12 and cases 8, 3 from
Theorems 3.2 and 3.6. Note that in this last case, the loss of two real cuspidal curves described
by Theorem 3.2 is compensated by the decrease of the multiplicity of the corresponding reducible
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curve. Cases f and e can be treated as in Proposition 2.14 of [11]. It only remains to prove
the invariance in cases §,¢g. While crossing such a value t;, the second term in the definition
of T'4(J* x!) remains clearly unchanged. Note that the number of real rational .J*-holomorphic
curves which pass through zt, t €]t —e, ty +€[\{tx}, have T; as a tangent line at z! and degenerate
onto a reducible curve C* having a double point at J;f’“ is at most one. Indeed, two such curves
would intersect with multiplicity two at :cﬁ"‘, one at the other points of the configuration z! and
two near every double point of C'** but xf’“. This provides a total intersection index at least equal
to d? — c1(X)d + 2+ ¢1(X)d — 3+ 2 = d? + 1, which is impossible. Since the mass of such a real
rational curve which degenerate onto such a reducible curve C'* is the one of C** and the parity
of the number of real rational J*-holomorphic curves which pass through x!, t €]ty — €, tx, + €[\ {tx }
and have T; as a tangent line at z! is independant of ¢, the result follows. OJ
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