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Spinor states of real rational curves in real algebraic convex
3-manifolds and enumerative invariants

Jean-Yves Welschinger*

1st July 2004

Abstract:

Let X be a real algebraic convex 3-manifold whose real part is equipped with a Pin~
structure. We show that every irreducible real rational curve with non-empty real part has
a canonical spinor state belonging to {£1}. The main result is then that the algebraic
count of the number of real irreducible rational curves in a given numerical equivalence class
passing through the appropriate number of points does not depend on the choice of the real
configuration of points, provided that these curves are counted with respect to their spinor
states. These invariants provide lower bounds for the total number of such real rational curves
independantly of the choice of the real configuration of points.

Introduction

A smooth complex algebraic projective manifold X is said to be conver when the vanishing
HY(CPY;w*TX) = 0 occurs for every morphism u : CP? — X. Main examples are projective
homogeneous spaces. These manifolds provide a suitable framework in order to define genus
0 algebraic Gromov-Witten invariants since the space of morphisms from CP! to X in a
given homology class d € Hy(X;Z) turns out to be a smooth manifold of the expected
dimension ¢; (X)d + dimc X (see [8], [2]). In particular, these Gromov-Witten invariants are
enumerative. Let X be a convex manifold of dimension 3 and d € Hs(X;Z) be such that
c1(X)d is even. Let kg be half of this even integer. Then, through a generic configuration
z = (z1,...,2y,) of kg distinct points of X passes only finitely many connected rational curves
in the homology class d. These curves are all irreducible and immersed and their number Ny
does not depend on the choice of z. It is a Gromov-Witten invariant of the manifold X, often
denoted by GWy(X,d,pt,...,pt). From now on, assume that X is real, that is equipped with
an antiholomorphic involution cx. The fixed point set of cx is denoted by RX and called the
real part of X. Assume also that (cx).d = —d and that the configuration z is real, that is
satisfies {cx(x1),...,ex(zr,)} = {21,..., 2k, }. Then, the analogous result is no more true,
the number R;(z) of real irreducible rational curves which realize the homology class d and
pass through z depends in general on the choice of z. The parity of this integer is however
invariant, it is the one of N;. The main purpose of this paper is to refine this mod(2) invariant
into an integer valued one, see Theorem 2.2.
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Fix a Pin; structure p on RX (see §2.1) and assume that z NRX # (. As soon as
the choice of z is generic enough, this implies that for every curve A € R4(z), where Rg4(x)
denotes the set of real irreducible rational curves which realize the homology class d and
pass through z, the real part RA is nonempty. Also, as soon as x is generic enough, the
normal bundle N4 of A in X is real and balanced, that is the direct sum of two isomorphic
holomorphic line bundles. Choosing a real line subbundle of N4 of maximal degree kg — 1,
we can equip the knot RA C RX with a canonical ribbon structure, see §2.2 for the detailed
construction. This structure does depend on the way the complex curve A is immersed in the
complex manifold X and it is inherited from this complex immersion. Associating a framing
to this ribbon knot, we construct a loop in the Os(R)-principal bundle F'x of orthonormal
frames of RX. The spinor state sp(A) € {£1} of A is then defined to be the obstruction
to lift this loop into a loop of the Pinz-principal bundle Px given by the pin structure p.
Denote by (RX)1,...,(RX)y the connected components of RX and, for i € {1,..., N}, by
ri = #(z N (RX);). Then define

where r = (r1,...,7N).

Theorem 0.1 1) As soon as c1(X)d # 4, the integer xo* (z) is independant of the choice
of the real configuration x € X%, it only depends on d,» and the N-tuple r. The same holds
when ¢1(X)d =4 and X does not have any non-immersed rational curve in the class d.

2) The similar construction and result hold for the blown wup projective space ¥ =

(CPS#(C—P3 when the homology class d satisfies Exc.d > 0, where Exc is the exceptional
divisor of Y.

Note that the blown up projective space is not convex, see §4 for the second part of this
theorem 0.1. See also Theorem 2.2 for a slightly more general statement in the case ¢1(X)d =
4.

This integer Xf’p(g) is denoted by Xf«l’p and we put X;g,p = 0 as soon as it is not well
defined. This allows us to define the polynomial x*?(T) = >, .y~ XEPTT € Z[T), where
T" =T ... T". This polynomial is of the same parity as the integer kg4, that is each of its
monomial Xf’pT{ LT for which 7 4 -+ + 7y # kg mod (2) has vanishing coefficients.
Moreover, each of its monomials actually only depends on one indeterminate, that is only one
of the rj, j € {1,..., N}, can be non zero. Theorem 0.1 means that the function x* : d €
Ho(X;Z) — x®P(T) € Z[T] is an invariant associated to the isomorphism class of the real
algebraic convex manifold (X, cx). As an application, this invariant provides the following
lower bounds in real enumerative geometry.

Corollary 0.2 Under the assumptions of Theorem 0.1, we have
Xi?P| < Ra(z) < N,

independantly of the choice of x € Xk,

Note that a similar invariant and similar lower bounds have already been obtained in [14],
[15] using real rational J-holomorphic curves in real symplectic 4-manifolds. The question was



then raised whether there exist such invariants in higher dimensions. The results presented
here thus provide a partial answer to this question.

Let us fix now (X, cx) = (CP?,conj) and a spin structure s on RP3. Note that for ori-
entable components of RX, a spin structure is more convenient for us than a Pin~ structure,
see Remark 2.4. The N-tuple r is then reduced to a single even integer between 2 and 2d = k.
Denote by Y = CP3#C—P3 the blow up of X at a real point zy. Denote by [I] the homology
class of a line in the exceptional divisor Fzc of Y and by [f] the class of the strict transform
of a line in CP? passing through zq. Set dy = d([f] + [I]) — 2[I] and choose a spin structure

5 on RP°. It induces a spin structure s #5 on RY = RP3#@3, see §4.2. From the second
part of Theorem 0.1, the integer ng’s #% is well defined for r even between 2 and kq — 2 and
it is an invariant associated to Y together with its real structure. The following theorem
provides relations between the coefficients of the polynomial y®* (T') for the projective space,

see Theorem 4.4.

Theorem 0.3 Let r be an even integer between 2 and kg — 2, then

Xita = Xib® = 2o,

This paper is divided in four paragraphs. In the first one, we introduce Kontsevich’s
space of genus 0 stable maps and its real structures, as well as preliminaries on the evaluation
map and Gromov-Witten invariants. In the second one, we introduce the definition of spinor
states and formulate the main results of this paper. In the third one, we give a proof of these
results. Finally, the last paragraph is devoted to a further study of the polynomial x%*(T’)
for the projective space, proving Theorem 0.3.
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1 Evaluation map and Gromov-Witten invariants

Let (X, cx) be a real algebraic convex 3-manifold and d € Hy(X;Z) be such that (cx).d =
—d.

1.1 Moduli space of genus 0 real stable maps with £ marked points

Let Mory(X) be the set of morphisms u from CP! to X in the class d, that is satisfying
u,[CP'] = d. It is a smooth quasi-projective manifold of pure dimension c;(X)d + 3. Let
k € N* and Diagy = {(21,...,2x) € (CPY)*|3i # j, 2; = z;}. The manifold Mory(X) x
((CPYHY®\ Diagy,) is equipped with an action of the Moebius group defined by:

Moeb x Morg(X) x (CPY*\ Diagr) — Mory(X) x ((CPY)*\ Diagy)
(¢ (U 5 . )) . { (UO¢_1,¢(21),...,¢(Zk)) if¢€Aut(CP1),
AT AL SR (ex ouo ¢t p(21),...,6(z)) otherwise.

It is also equipped with an action of the symmetric group Sy defined by (o, (u, 21, ..., 2;)) —
(Uy Zo(1)s - - -+ Zo(ky) for (0, (u,21,...,2)) € Sp x Morg(X) x ((CP')¥\ Diagy). Denote by
M&k(X) the quotient of Mory(X) x ((CPY)*\ Diagy,) by Aut(CP?). This moduli space is a
quasi-projective manifold of pure dimension ¢1 (X )d+k and a complex orbifold. It is equipped
with an action of S, and with an antiholomorphic involution caq induced by the action of
Moeb/Aut(CPY) = 7Z,/27. Denote by M&,C(X)* the complement of the set of maps u which
can be written v/ o ¢ where v/ : CP! — X and g : CP! — CP! is a non-trivial ramified
covering. It is included in the smooth locus of Mg’k(X). Denote by Ug’k(X) — ./\/lfik(X)*
the universal curve, which is obtained as the quotient of Mory(X) x ((CPY)¥\ Diagy,) x CP!
by the action of Aut(CP') and then restricted over Mg’k(X )*. This universal curve is also
equipped with an antiholomorphic involution ¢; and with an action of S which lift ¢aq and
the action of S on Mg’k(X )* respectively. Finally, denote by Mg’ (X)) the moduli space of
genus 0 stable maps with & marked points in the homology class d. This is the compactification
due to M. Kontsevich of the space M¢, (X), see [8], [2]. Denote by M(C)l’k(X)* the space of
stable maps (u,C, z1,...,z) for which u restricted to any irreducible component of C' does
not admit a factorization of the form v’ o ¢ where v/ : CP' — X and g : CP' — CP! is
a non-trivial ramified covering. Note that this, in particular, avoids maps (u,C, 21, ..., 2x)
mapping a component of C' to a constant, which does not matter for us since these maps will
play no role in this paper. We recall the following theorem.

Theorem 1.1 1) The manifold Mék(X) is projective normal of pure dimension ci(X)d+

k. It is a complex orbifold containing mak(X )* in its smooth locus, which is equipped with
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an evaluation morphism eve : Mg,k(X) — X*. The complement K = MSV,{(X)* \ Md, (X)*
s a divisor with normal crossings.
2) The curve U, (X) — ME, (X)* extends to a universal curve Ug’k(X) — ﬂg’k(X)*.

——d
3) The real structures cpq and ¢y extend to real structures cyp and ciz on M (X) and

Ug/yk(X) respectively. The same holds for the actions of S on these spaces. [

This theorem is proved in [2], Theorems 2 and 3. The third part of this theorem follows
from the fact that the construction presented in [2] can be carried out over the reals, see
[9]. Note that the evaluation morphism restricted to Mg, (X) is just the map induced by

(U, 21,5+ -+, 21) € Morg(X) x ((CPY)*\ Diagy) — (u(z1),...,u(z)) € X*.
For every element 7 € Si, denote by @, the associated automorphism of ﬂék(X ). This

automorphism commutes with cgz. When 72 = id, put ciir = Pr o ¢z the associated real

1

structure. Note that if 7/ = o o700, with 77,0 € S, then ¢7 ., = ®50 ¢, © oL

Thus, the isomorphism class of (Mg,k(X ) ¢iz..) only depends on the conjugacy class of 7

in Sj. Similarly, the group Sy acts on X* by permutation of the factors. Denote by c¢;q the
real structure cx x --- x ¢x on X¥. The evaluation morphism ev,‘f is obviously equivariant
for the actions of Sy and Z/2Z. For every element 7 € Sy such that 72 = id, we set ¢, to
be the real structure ¥, o ¢;g on X*, where U, is the automorphism of X% associated to .

Then, the isomorphism class of (X*,¢;) only depends on the conjugacy class of 7 in S, and

—d . . . i
evi : (Mor(X),cnp,) — (X ¥ ¢.) is a real morphism between real algebraic varieties.

1.2 Evaluation map and balanced curves

1.2.1 Balanced rational curves

Let (u,21,...,2;) € Moryg(X) x ((CPY)* \ Diagy). The differential of u induces a
morphism of sheaves 0 — O¢p1 (TCPY) — Ocpr (u*TX). Denote by N, the quotient sheaf.
This quotient sheaf admits a decomposition Ocpi(Ny) & N, where N, is the normal
bundle of u and N3 is the skyscraper sheaf having the critical points p; € CP! of du
as support, and C™ as fibers, where n; is the vanishing order of du at p;. The bundle N,
is holomorphic of rank two over CP'. From a theorem of Grothendieck, it splits as the
direct sum of two line bundles O¢pi(a) ® Ocp1 (), see §2.1 of [11] for example. This normal
bundle is said to be balanced when a = b. The rational curve (u,z1,...,2;) is said to be
balanced when v is an immersion and N, is balanced. Note that when v is an immersion, the
adjunction formula imposes a + b = ¢1(X)d — 2. Thus a necessary condition for the curve to
be balanced is that ¢;(X)d is even.

Examples:

1) The rational curve u : (tg,t1) € CP — (td,td7 1, tot$ 71, 1§) € CP? is balanced as
soon as d € N* is different from 2. A proof of this fact is given in Lemma 1.2 below, even
though we will make no essential use of it throughout this paper.

2) If A C X3 is balanced and Y is the blow up of X2 at a point xg € A, then the strict
transform of A in Y is balanced, see Lemma 4.5.

Lemma 1.2 The rational curve u : (to,t;) € CP' s (td,t3 1y, totT 1, 1) € CP? is
balanced as soon as d € N* is different from 2.



Proof:

Denote by (zg, z1, T2, r3) the homogeneous coordinates of CP3. In the affine chart zo = 1,
the curve is given by the parameterization t; € C — (tl,tcll_l,t‘f) € C3. In the affine chart
x3 = 1, it is given by the parameterization tg € C — (tg,tgfl,to) € C3, where tot; = 1. Its

normal bundle is then generated by the vector fields 8%2 and 3‘333 on the open set ty # 0, and

by the vector fields 8%0 and 6%1 on the open set t; # 0. In these trivializations, the change

of trivializations C;, X C? o0 8y Cyy X C? o o is given by the matrix
Oxo’ dxg Oz’ 0w
—dt3! (d—1)t3?
M(ty) = 0 9
I AR Y

From the relation
1 — ()t 10 Sstd! 0
— M(t — d—2"0
Lo T [ [ g, 0 @2 ]
we deduce the isomorphism N, = Ocp1(2d — 1) & Ocp1(2d —1). O

1.2.2 Dominance of the evaluation map

From now on, we assume that ¢1(X)d is even and we set kg = 3¢1(X)d. Note that this
condition is automatically fulfilled when RX is orientable and d is realized by a real 2-cycle
A, since then ¢;(X)[A] = w1 (RX)[RA] =0 mod (2).

Let (u,CPY,21,...,21,) € Mg’kd(X)* and set N, _, = N, ® Ocpi(—2), where z =
(21, 2k,) € (CPY)*a. Then, set Ny, . = Ocp1 (Nuy,—z) &N ™.

Lemma 1.3 Let (u,CP!,z,...,2,) € /\/lg kd(X)*' Then, the following isomorphisms
occur:

ker(d|(,,cp1 . evf,) = H'(CPY N, —.) =2 HY(CPY; N, ) & HY(CPH NG™),
and COker(d|(u7CP17z)e’Ugd) o~ Hl((cpl;Nu’_Z).

In particular, balanced curves are regular points of the evaluation map evgd.

Proof:

Denote by evalgd the map (u,21,...,2,) € Morg(X) x ((CPY)* \ Diagy,)
(u(z1),...,u(z,)) € XFa. The differential of this map at the point (u,z) is given by
(v,2) € HY(CPYw*TX) x T,(CP")k — v(z) + d|.u(2) € T,)X*. Denote by N, the
skyscraper sheaf with support {z1,...,2,} and fiber Tu(Zi)X/d|ziu(T(CP1) over z;. The cok-
ernel of ze T,(CPY)* — d|,u(2) € T, X" is isomorphic to H°(CP;N,,). Thus, the
cokernel of d|(u’z)evalﬁd is identified with the cokernel of the composition:

H(CPYw'TX) — HO(CPYN,) — HY(CPLYN,.) (%)

v — [v] — [v(2)].

From the exact sequence of sheaves 0 — TCP! — w*TX — N, — 0 we deduce that the first
morphism of (x) is surjective since H*(CP'; TCP') = 0 and that H}(CP'; N,,) = 0 since X is



convex. From the short exact sequence of sheaves 0 — N, _, — N, — ul. — 0, we deduce
the long exact sequence

. — HY(CPY N,) — HY(CPY;N,,,) — HY(CPY N, _.) — H{(CPLN,) — ...

B
Since H'(CPY;N,) = 0, the cokernel of the second morphism of (%) is isomorphic to
HY(CPY; N, ). Thus, the cokernel of d|(u,z)eval,fd and hence the cokernel of d|(uycp173)evgd
is isomorphic to HY(CPY; N, —,).

In the same way, the kernel of the map dl(u7(cpl’z)€’l)]c€ld is isomorphic to the quotient of
the kernel of the composition (x) with the image of the morphism du : H°(CPY; TCP!) —
HY(CPYw*TX). Indeed, the latter coincides with the infinitesimal action of Aut(CP') on
Morg(X). Since the quotient of HO(CPY;u*TX) by du(H°(CP'; TCP?)) is isomorphic to
HY(CPY N,,), we deduce that the kernel of d|(u7CP1’z)€Ugd is isomorphic to the kernel of the
second morphism of (x), that is to H*(CPYL N, _,). O

Proposition 1.4 Let (u,C,z) € m&kd(X)* be such that C' has two irreducible com-
ponents C1 and Cy for which u(Ct), u(Ca) are balanced and u(Cy N Ca) is an ordinary
double point. Assume moreover that for i € {1,2}, kg, = #(Ci N 2) = te1(X)d; where
d; = u.[Cy] € Ho(X;Z). Then, (u,C,z) is a regular point of ev,‘id. The same holds if u(Cq)
has normal bundle isomorphic to Ocpi(kq, — 2) & Ocpi(kq,) and cannot be deformed into
a balanced curve, and if the tangent line of u(C1) at u(Cy N Cy) does not belong to the line
subbundle of degree kg, of its normal bundle.

Proof:

For i € {1,2}, set u; = ulg, and 2* = C; N 2. Denote by K = ﬂﬁﬁkd(X)* \Mg,kd(X)*
the divisor of stable maps having reducible domain. Then, (u,C, z) is a smooth point of K.
Indeed, for ¢ € {1,2}, denote by e; : Mgfk 4, U} (X) — X the evaluation map associated to
the additional marked point e. Since X is convex, d|(y, ¢, -iucincy))€i 1S surjective. Thus,
((u1,Cr, 21 U(C1NCY)), (ug, Ca, 22U (C1NCY))) is a smooth point of K = (e1 x e3) L(Diagx).
where Diagx € X x X is the diagonal. From Lemma 12(i) of [2], the map K — K is an
isomorphism, hence (u, C, 2) is a smooth point of K.

Now, the restriction of evgd to K in the neighborhood of (u, C, z) writes as the composition

of the morphism of restriction (u, C;UCs, 2) € K + ((u1,C1, 21), (ug, Ca, 22)) € Mg,lkdl (X) x
Mg?% (X) and the morphism of evaluation ev,‘gl X evl(j; : Mg,lkdl (X) x Mg?kdg (X) — XPa,
Since u(C1NCs) is an ordinary double point, the first morphism is injective in a neighborhood
of (u,C,z). If u(C1) and u(Cy) are balanced, from Lemma 1.3, the second morphism is an
isomorphism in the neighborhood of ((u,C1, z'), (ug, Ca, 2?)). Hence, to prove Proposition
1.4, it suffices to prove that evgd is injective when restricted to a transversal of /C at the point

(u,C, z). The same holds if u(C3) has normal bundle isomorphic to O¢p1(kq, —2)® Ocp1(kq,)

and cannot be deformed into a balanced curve, since the image of evgd is then the product

of X* and the image of evgj near us(2?). Since evgd (K) is smooth in a neighborhood of
2

u(z), a transversal to this divisor can be chosen in one factor of X*e, that is of the form
vyite A (xi(t),...,21,(t)) € Xi, where only one point z;(t), say zy,(t) € u(Cs), indeed
depends on ¢. Since such a path is transversal to evgd, its inverse image is a smooth curve

B in Hg’kd(X)* transversal to K at the point (u,C,z). Denote by U — B the restriction



of Ug’k J(X) — Mﬁyk ,(X)* over B. This universal curve has one unique reducible fiber over
(u,C, 2) (choosing a smaller B if necessary) and k, tautological sections si,...,s;, : B — U.
The evaluation morphism evy : U — X contracts the curves Im(sy),...,Im(sg,—1) and we
have to prove that it is injective when restricted to Im(sy,). This follows from the following
Lemma 1.5. [J

Lemma 1.5 The differential of the evaluation morphism evy : U — X defined above is
injective at every point of the central fiber C'\ {z1,...,z5,—1}.

Proof:
Without loss of generality, we can assume that 2! = {z1,...,2 dl} and 22 =
{2ka, +1,- -+ 28, }. Since ulc, and ulc, are immersions, the rank of devy is at least one at

each point of C'. Now, the normal bundle of C4 in U is isomorphic to O¢, (—1). The mor-
phism devy thus induces a morphism of sheaves 0 — O¢, (—1) — Oc¢, (IVy, ) where u; = ulc, .
Since this morphism vanishes at the points z1,...,z; dy) its image is a line subbundle of N,
of degree at least k4, — 1. From the isomorphism N,, = O¢,(kq, — 1) ® Oc, (kq, — 1), we
deduce that this line subbundle has degree exactly kg, — 1. This implies that the morphism
of sheaves vanishes nowhere else than at the points z1,..., 2 a and thus devy is of rank two
at each point of C1 \ z!. Similarly, the normal bundle of Cy in U is isomorphic to O¢,(—1).
The morphism devy thus induces a morphism of sheaves 0 — O¢, (—1) — O¢, (N,,), where
u2 = u|c,, which vanishes at the points zj ay 1o o5 Bhg—1- The image of this morphism is thus
a line subbundle L of N,, of degree at least kg, — 2 which contains the tangent line of u(Ch)
at u(C1NCy). In case u(Cy) is not balanced, we conclude as before. Otherwise, denote by L;
the unique line subbundle of N, = O¢, (kq, —1) ® O¢, (k4, — 1) which is of degree k4, —1 and
contains the tangent line of u(Cy) at u(Cy N Cs). Denote by M the quotient N, /L1, it is a
line bundle of degree k4, — 1. The bundle L; corresponds to infinitesimal deformations of the
curve u(C?) into a curve passing through w(z, +1), ..., u(2k,—1) and u(C1). Since by con-

struction B is transversal to the divisor K of reducible curves of Mﬁ,k ,(X)*, one has L # L.
However, L also contains the tangent line of u(C1) at u(C1NC?). It follows that the morphism
of sheaves 0 — O¢, (L) — Oc, (M) induced by the projection N,, — M; vanishes at the
point u(Cy N Cz). This implies that deg(L) < deg(M;) — 1 = kg, — 2. Hence, the line bundle
L is of degree exactly kg, —2 and devy is of rank two at each point of Cs\ {de1+1, ey Zhg—1}-
The result follows. [

Proposition 1.6 Let (u,C,z) € ngkd(X)* be such that C' has two irreducible com-
ponents C1 and Cy for which u(C1), u(Cs) are immersed and u(Cy N C2) is an ordi-
nary double point. For i € {1,2}, denote by z' = C; Nz, di = u[C;] € Hao(X;7Z),
ke, = E(iei(X)d1) and kg, = E(3¢1(X)ds) + 1 where E() denotes the integer part. As-
sume that Ny = Ocy(ka, — 1) ® Oc, (K4, ), Nyje, = Ocy(ka, —2) ® Ocy(ka, — 1) and that
the tangent line to u(Cy) (resp. to uw(C2)) at the point u(C1NC2) is not mapped to the unique
line subbundle of degree kg, —1 (resp. ka, ) of Ny, (resp- Nyio ). Then, (u,C,z) is a regular
point of ev,‘id.

Proof:

As in the proof of proposition 1.4, the divisor K = Mg,kd(X)* \Mg,kd(X)* is smooth in a

neighborhood of (u, C, z). Moreover, ev,‘jd restricted to K is injective in the neighborhood of
(u, C, z). Indeed, this restriction writes as the composition of the morphism (u,C3 U Cs, z) €



K+ ((u1,Ch,21), (ug, Ca, 22)) € Mg}kdl (X) x Mg?de (X) and the morphism of evaluation
eviél X einZ : nglkdl (X) x Mg?kdz (X) — X%, where u; = ulg, and ug = ulg,. It follows
from the hypothesis that the first morphism is injective. Also, from Lemma 1.3, the morphism
d|(u2702,zz)ev232 is injective and d|(u1,01,z1)€vzflil is surjective. We deduce from the hypothesis
that the composition of these morphisms, that is evgd| i, is injective. It suffices thus to prove
that the restriction of ev,‘fd to a transversal of K at the point (u, C, 2) is injective. Without loss
of generality, we can assume that 2! = {21, ... s Zhg, }and 22 = {zkle, .e.y 2k, . Since evgd (K)
is smooth in a neighborhood of u(z) and its projection on the first kg, factors of X*¢ is onto,
a transversal to this divisor can be chosen of the form v :t € A — (21(t),...,24,(t)) € Xi,
where only one point z;(t), say xy,(t), depends on ¢t. The inverse image of this path is a

smooth curve B in Mg,kd(X)* transversal to K at the point (u,C,z). Denote by U — B

the restriction of Ug,kd (X) — Mg,kd (X)* over B and by si,...,s;, : B— U the tautological
sections. The evaluation morphism evyy : U — X contracts the curves Im(s1),..., Im(sg,—1)
and we have to prove that it is injective once restricted to Im(sy,). But the normal bundle of
C4 (resp. C2) in U is isomorphic to O¢, (—1) (resp. O¢,(—1)). The morphism devy maps this
line bundle onto a line subbundle of degree at least kg, — 1 (resp. kg, — 2) of Ny, (resp. Ny,)
since this morphism vanishes exactly at the points z1,... s 2k, (resp. Zog 15+ - s Zkg—1)- Now
this line subbundle contains the tangent line of u(Cs) (resp. u(C1)) at the point u(C1 N Cy).
Thus, it cannot be the unique line subbundle of degree kg4, (resp. kg, —1) of N, (resp. Ny, ).
It follows that this subline bundle is of degree exactly kg4, — 1 (resp. kg, — 2) which implies
that devy is injective at every point of C'\ {z1,...,2,-1}. Hence the result. [J

Remark 1.7 With the help of an expression of the cokernel of the evaluation map at reducible
curves analogous to the one given in Lemma 1.3, it would be possible to reduce the proofs of
Propositions 1.4 and 1.6 to some vanishing results, compare §1.2 of [7].

1.3 Relation with the Gromov-Witten invariants

Proposition 1.8 Let X be a convexr manifold of dimension 3 and d € Ho(X;Z) be an
effective homology class such that ci(X)d is even. Denote by kg = 3c1(X)d. Then, the
following are equivalents:

i) The morphism evgd is dominant.

i1) There exists an irreducible rational curve in the class d which is balanced.

iii) The genus 0 Gromov-Witten invariant GWy (X, d, pt, ... ,pt) does not vanish.

Proof:

i) = ii) Let z € X% be a regular value of evgd which does not belong to the image of
mg’kd(X) \ ngkd(X)*. Then by hypothesis there exists (u,C,z) € ngkd(X)* such that
u(z) = z and coker d|(u’c,z)evgd = 0. From Lemma 1.3, this means that H'(C, N, _.) = 0.
Now N, is isomorphic to O¢(a — kq) ® Oc(b — kq) with a + b < 2kg — 2. This condition
thus implies that a = b = kg — 1, which means that u is immersed and balanced.

i7) = 1) Follows from Lemma 1.3 and the implicit function theorem.

iii) < i) Let z € X" be a regular value of evgd which does not belong to evzd(lC). Then,

by definition, GWy(X,d, pt,...,pt) = #(evgd)_l(g). Hence the equivalence. [

In particular, we deduce from Lemma 1.2 the following well known corollary.



Corollary 1.9 If X = CP? and d # 2[CP'] € Hy(X;Z) is effective, then the evaluation
map evgd is dominant and the genus 0 Gromouv-Witten invariant GWy(X,d, pt,...,pt) does

not vanish. [

For some computations of such Gromov-Witten invariants, see [12], [2] and references
therein.

2 Main results

2.1 Choice of a Pin~ structure p on RX

Let (X, cx) be a real algebraic convex 3-manifold. Equip the real part RX with a rieman-
nian metric g and denote by Fx the Os3(R)-principal bundle of orthonormal frames of TRX.
Remember that the universal covering of O3(R) can be equipped with two different group
structures turning the covering map into a morphism. The one for which the lift of a reflexion
is of order 4 is denoted by Ping , see [1]. The obstruction to lift the O3(R)-principal bundle F'x
into a Ping -principal bundle is given by the expression ws(RX) +w?(RX) € H*(RX;Z/2Z)
where w1 (RX) (resp. wo(RX)) stands for the first (resp. second) Stiefel-Whitney class of
RX, see [6] for instance. Now from Wu relations (see [10], p. 132 for instance), the obstruc-
tion wo(M) + w2 (M) vanishes for every compact 3-manifold M. From now on, we will thus
fix such a Ping structure p on RX and denote by Py the associated Pin, -principal bundle.
Note that on orientable components of RX, the choice of an orientation allows to reduce the
Ping structure to a Sping structure.

2.2 Spinor states of balanced real rational curves

Let (A, ca) C (X, cx) be a balanced irreducible real rational curve realizing the homology
class d and with nonempty real part RA. In particular, RA is an immersed knot in RX and
the normal bundle Ny of A is a real holomorphic vector bundle isomorphic to O4(kq — 1) ®
Oa(kq — 1) where kg = 3c1(X)d € N*. Assume that RA has a marked point z¢ and fix an
orientation on T, RX. Since wi(RX)[RA] = ¢;(X)[A] =0 mod (2), this orientation induces
an orientation on TRX|g4. The real ruled surface P(Ns) = CP! x CP! has a real part
homeomorphic to a torus, it is thus isomorphic to CP! x CP! equipped with the product
of standard complex conjugation conj X conj. Put an orientation on RA, the real rank two
vector bundle RN 4 has an induced orientation such that a direct orthonormal frame of T,RA
followed by a direct orthonormal frame of RN 4|, provides a direct orthonormal frame of
T,RX for every x € RA. Denote by [h] the class of the real part of a section of P(Ny)
having vanishing self-intersection, which is equipped with the orientation induced by the one
of RA. Similarly, denote by [f] the class of a real fiber of P(RNy4), which is equipped with
the orientation induced by the one of RN4. Then the couple ([h],[f]) provides a basis of
the lattice Hi(P(RNy4);Z). Choose a real holomorphic line subbundle L C N4 such that
P(L) € P(Nj4) is a section with vanishing self-intersection if k4 is odd and a section of
bidegree (1,1) whose real part is homologous to +([h] 4+ [f]) € H1(P(RN4);Z) otherwise.
The line bundle L is then of degree k; — 1 if k; is odd and k; — 2 otherwise. In both case,
the real part RL is an orientable real line bundle. Denote by RE D TRRA the real rank two
sub-bundle of TRX which projects onto RL. This bundle is equipped with a riemannian
metric induced by the one of TRX. Choose then (e1(p),e2(p))pera a loop of orthonormal
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frames of RE such that (ej(p))pera is a loop of direct orthonormal frames of TRA. Note
that this choice is not unique since (e;(p), —e2(p))pera provides another such choice. Let
(e3(p))pera be the unique section of TRX|r4 such that (e1(p),e2(p), e3(p))pera is a loop of
direct orthonormal frames of TRX |g4. Define then sp(A) = +1 if this loop of Fy lifts to a
loop of the bundle Px and sp(A) = —1 otherwise. This integer is called the spinor state of
the curve A.

€1 (po

32 0)
P9 (o)
(

RX D RA \>
D1

Nesl

e2(p1

(p1)

pl)

)

It neither depends on the choice of L nor on the choice of the orientation on RA or on the
metric g. It only depends on the pin structure p and on the choice of the orientation on
T, RX when k; is even. Indeed, reversing this orientation changes sp(A) into its opposite in
this case. Note that this spinor state is inherited from the complex immersion of A in X and
does depend on this immersion, not just on the immersion of RA in RX.

Remark 2.1 1) A spinor state for non-balanced real rational curve can be defined as well,
but only the balanced case will be relevant for our purpose.

2) A more geometric explanation of our construction can be given as follows. The choice
of a real holomorphic section h € P(N4) with vanishing self-intersection provides a framing
by lines on our knot, which is uniquely defined up to homotopy. This provides a canonical
- homotopy class of - ribbon structure on our knot. In case our ribbon is a Moebius strip,
we have to cut this ribbon and perform half a twist in some direction before gluing it again
in order to get cylinder and be able to associate some framing. This happens exactly when
kq is even. The choice of the homology class +([h] + [f]) instead of £([h] — [f]) in the
above construction is equivalent to the choice of such a direction. The point is that fixing an
orientation on the tangent bundle over our knot is enough to fix a choice of such a direction
without ambiguity.

2.3 Statement of the results

Let (X, cx) be a smooth real algebraic convex 3-manifold. Denote by (RX)y,...,(RX)y
the connected components of its real part RX and equip them with a Ping structure p, see
§2.1. Let d € Ha(X;Z) be a class realized by real rational curves, such that ¢;(X)d is even
and k; = %Cl(X)d € N*,

Let =z be a real configuration of k; distinct points of X, that is a configuration of kg4
distinct points which are either real or exchanged by the involution cx. For i € {1,...,N},
denote by 7, = #(z N (RX),;) and assume that Zf\;l r; 7 0. Note that the N-tuple r =
(r1,...,rn) encods the equivariant isotopy class of z. As soon as the choice of z is generic
enough, there are only finitely many connected rational curves in the homology class d passing
through x. Moreover, these curves are all irreducible and balanced and their number does
not depend on the generic choice of z, it is equal to the genus 0 Gromov-Witten invariant
Ny = GWy(X,d,pt,...,pt). Denote by Ry(z) the subset of these curves which are real and
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by R4(z) its cardinality. Since Zfil ri # 0 and z is generic, every curve A € Rg4(z) has
nonempty real part. We can assume that all the real points of z are in a same connected
component of RX, say (RX);. Indeed, otherwise R4(x) is empty, since real rational curves
have connected real part and this real part cannot interpolate points which are not in a same
connected component of RX. Choose such a real point, say zj,, as well as an orientation of
TxdeX , and denote by r the equivariant isotopy class of x together with x;, enriched with
an orientation on T3, RX. Then, every curve A € Ri(z) has a well defined spinor state.
Define finally:
XpP@) = Y sp(A) €.

AERy(z)

Theorem 2.2 Let (X, cx) be a smooth real algebraic convex 3-manifold and p be a Ping
structure on RX. Let d € Hy(X;Z) be such that c1(X)d is even and different from 4, and
kg = %cl(X)d € N*. Let x = (1,...,21,) be a real configuration of kg distinct points with
at least one of them real, say xy,, and r be the equivariant isotopy class of x together with
xy, enriched with an orientation on TxdeX if kg is even. Then the integer Xg’ﬁ(g) does not
depend on the choice of x, it only depends on d,p and r. The same holds when c1(X)d = 4
and the set of non-immersed rational curves of X in the class d is of codimension at least 2

in the moduli space Mg ey (X))

(See Remark 3.2 for a discussion on the condition ¢;(X)d # 4. In fact, I don’t know any
convex 3-fold having a non-immersed curve whose homology class d satisfies ¢1(X)d = 4.
Similarly, I don’t know any real convex 3-manifold having non-vanishing Gromov-Witten
invariants and a non-connected real part.)

This integer Xf’p(g) is denoted by v and we set x&P = 0 as soon as it is not well defined.

Corollary 2.3 Under the assumptions of Theorem 2.2, assume in addition that kg
is even and that RX has a mon-orientable component (RX);, i € {1,...,n}. Ifr =

(ri,...,rn) with r; # 0, then Xg’p = 0. In particular, the genus 0 Gromov-Witten invariant
GWy(X,d,pt,...,pt) is even.

Proof:

Let z(t) = (z1(t),...,z,(t)), t € [0,27], be a loop of configurations of points of X such
that z1(t),...,x,,—1(t) are fixed and xj,(t) defines a loop v of RX which is non-trivial
against the first Stiefel-Whitney class of RX. Equip kad (RX with an orientation depending
continuously on ¢, then the orientations of kad(o)RX = Tzkd(27r)RX are opposite. Thus

Xg’p(g(O)) = —Xg’p(g(Qw)). Now from Theorem 2.2, Xg’p(g(O)) = Xg’p(g(%r)). This forces the
vanishing Xg,p =0. O

Denote by R (z) (resp. R (z)) the subset of R4(z) consisting of curves having positive
(resp. negative) spinor state. Corollary 2.3 means that these two subsets have exactly same
cardinality, they are mirror to each other. One example of such a manifold is the quadric in
CP* equipped with the real structure whose real part is non-orientable.

Remark 2.4 1) It is convenient to fix an orientation on orientable components of RX and to
use it to define the integer Xg,p‘ When kg is even, the sign of Xg,p depends on this choice of an
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orientation. We can then get rid of the necessity to put an orientation on T, , RX. Indeed,
for orientable components, it is given by their orientation and for non-orientable components,
either k; is odd and the integer X%‘“ is anyway well defined, or ky is even and Xg’” = 0 from
Corollary 2.3. Note that the pin structure p together with the orientation induce then a spin
structure on orientable components of RX. From now on, every orientable components of
RX will be equipped with a spin structure s, which is more convenient for our need. In case
RX is orientable, the integer X%p will be then rather denoted by Xf«l’ﬁ.

2) Such a vanishing result as the one given by Corollary 2.3 can also be given for curves in
CP3 of even degree. Indeed, the integers Xf’s(go) and x&*(z,) must then have opposite signs if
x, and z; are images to each other under a real reflexion of CP3. This has just been noticed
and communicated to me by G. Mikhalkin. Once more, this implies that the associated
Gromov-Witten invariant is even in even degree. The first degree where the values of these
invariants of the projective space are not known is thus 5. The associated Gromov-Witten
invariant is then 105 (and 122129 in degree 7 as taken out from [3]). Note that similarly, the
action of the group of real automorphisms of X on the space of real configuration of points
provides symetries in the invariant x*.

Thanks to this remark, we can define the polynomial x*P(T") = > v P e 7T,
where T" = T7* ... TR . This polynomial is of the same parity as the integer kg, that is each of
its monomial Y &P T\ for which 7y +--- 47y # kg mod (2) has vanishing coefficients.
Moreover, each of its monomials actually only depends on one indeterminate, that is only one
of the rj, j € {1,..., N}, can be non zero. Indeed, since the real part of a real rational curve
is connected, it cannot interpolate points which do not lye in a same connected component of
RX. Theorem 2.2 means that the function x* : d € Ho(X;Z) +— x*P(T) € Z[T] is an invariant
associated to the isomorphism class of the real algebraic convex 3-manifold (X,cx). As an
application, this invariant provides the following lower bounds in real enumerative geometry.

Corollary 2.5 Under the assumptions of Theorem 2.2, denote by Rq(x) the number of
real irreducible rational curves passing through x in the class d and by Ny the associated
Gromov- Witten invariant. Then, \X,‘?’”\ < Rg(z) < Ng. O

Note that a similar invariant and similar lower bounds have already been obtained in [14],
[15] using real rational J-holomorphic curves in real symplectic 4-manifolds. The question was
then raised whether there exists such invariants in higher dimensions. The results presented
here thus provide a partial answer to this question. Extension of this work in dimension
greater than three is in preparation.

The following natural questions arise from Corollary 2.5. Are the upper and lower bounds
given by this corollary sharps ? How to compute the invariant Xg,p ? See [13] for a discussion
of related problems in real enumerative geometry and [5] for an estimation of the similar
invariants constructed in [14], [15].

Finally, note that it is possible to understand the dependence of Xg,p with respect to r,
see §4.2.

Remark 2.6 G. Mikhalkin found a configuration of 8 generic points in RP? such that none
of the four irreducible rational curves of degree 4 passing through them are real. Hence,
though the invariant Xé’ﬁ vanishes, the lower bound 0 given by Corollary 2.5 is sharp. This
contrasts with the complex dimension 2, see [5].
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3 Proof of Theorem 2.2

Let 7 € S, having ZZ]\LI r; fixed points in {1,...,ks} and such that 72 = id. Remem-
ber that ev,‘id : (M{‘f,k JX)exg ) — (X ka c,) is a real morphism between real algebraic
varieties, see §1.1. Denote by R, X*a (resp. Rngvkd(X)) the real part of (Xk¢ c.) (resp.
(mg,kd(X), cxq..)) and by ]RTevgd the restriction of evgd to RTﬂg’kd(X) — R, Xka,

3.1 Genericity arguments

Proposition 3.1 Let X be a smooth algebraic convex 3-manifold and ug : CP* — X be a
morphism having a unique cuspidal point at zg € CP'. Assume that the holomorphic vector
bundle ulTX ®@ Ocpi (—20) is generated by its global sections and denote by d = (ug)«[CP!] €
Hy(X;Z). Then, the locus of non-immersed curves is a subvariety of codimension at least 2

of M&O(X) in the neighborhood of ug.

Proof:

Denote by T™ the holomorphic vector bundle of rank 3 over Mg{l(X ) whose fiber over
(u,CPL,2) € Mg’l(X) is the vector space Hom(TZ(CPl,Tu(Z)X). This bundle is equipped
with a tautological section o : (u,CPl,z) € M&l(X) — d;u € Homc(T.CP', T, X).
The vanishing locus of o coincides with the locus of curves (u,CP!, z) € M(‘){l(X ) having a
cuspidal point at z. Let us prove that o vanishes transversely at the point (ug, CP?!, zy). For
this purpose, we fix some holomorphic local coordinates in the neighborhood of zg € CP!
and in the neighborhood of wuy(z9) € X. These coordinates induce a connection V on the
bundle ug7T X in the neighborhood of 2, as well as a connection VT" on the bundle T* in
the neighborhood of (ug, CP!, z). Let ¢ € T,,CP! and ¢ € To(z0)X - By hypothesis, there
exists a section v of the bundle u{T'X such that v(zp) = 0 and Vv|,, = & ® (. Then,

(v,2=0) € T(u07CP1,z0)Mg,1(X) and V| o = Vul;, =& ®(. Hence VT*0-|(uo,(cp1

(v,2=0) ) 18

320
surjective, the result follows. [

Remark 3.2 1) Let X = CP! x CP? and d = k[l] where k > 3 and [[] is the class of a line in
a fiber {2z} x CP? of X. Then the locus of cuspidal curves is of codimension 1 in Mg’O(X).
However, if (u, CP') is such a curve and z € CP! is a cuspidal point of u, then the bundle
uw*T'X @ Ocp1(—2) is not generated by its global sections.

2) Let (u,CPY,z2) € Mg/,kd(X) be such that dim H(CP'; N, ® O¢pi1(—2)) = 1. Then,
Ny 2 Ocpi(kg—2)®Ocpi (kg—1), dim HY(CPY; N,y @ Ocpi (—2)) = dim HO(CPY; NE™9) = 1,
so that v has a unique cuspidal point zg € CP!. From the long exact sequence associated
to the short exact sequence 0 — TCP! — w*TX ® Ocpi(—2)) — Ny ® Ocpi(—2p) — 0
we deduce that the bundle v*TX ® Ocp1(—2p) is generated by its global sections as soon
as kg > 3. When kg = 1, Mg’kd(X) does not contain any non-immersed curve since
deg(u*T'X) = 2, which implies that any morphism of sheaves TCP! — u*T'X is injective.
For k; = 2, see the next remark.

3) Let A be a cuspidal cubic curve in CP2. Denote by Y the blown up of CP? at 5

distinet points of A outside its cuspidal point and by A the strict transform of 4 in Y. Then
A C X =Y x CP! satisfies ¢;(X)A = 4, but the locus of non-immersed curves of X in the
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class [A] is of codimension one. In this case however, though H'(A; TX|3) =0, X is not
convex.

The divisor R, = Rrﬂgvk LX) \RTMg’kd (X)* is real and made of reducible curves.
Denote by R, /C;¢q the locus of curves (u, C, z) € R, K such that C has two irreducible compo-
nents C7 and Cy for which u(C4), u(Cs) are real and immersed, the double point u(C7 N Cy)
is an ordinary double point, and which have one of these two properties:

- Either for i € {1,2}, 2' = C; N 2 has cardinality kg, = %cl(X)di where d; = u.[C;] €
Hy(X;Z), u(C1) is balanced and u(C2) is either balanced or has normal bundle isomorphic
to Oc, (kay, — 2) ® Ocy, (ka,) and no balanced curves nearby. In the latter case moreover, the
tangent line of u(Cy) at u(Cy N Cs) does not belong to O, (k4,) C Oc, (ki, —2) ® Oc, (kg,)-

- Or Ny, = Oc¢,(kay — 1) & Oc¢,(kq,) and Ny, = Ocy(ka, — 2) & Ocy(kg, — 1) where
ka, = E(3c1(X)d1), kg, = E(3¢1(X)d2) + 1, ug = u|c, and ug = u|c,. Moreover, ' = C; Nz
has cardinality kg4, for ¢ € {1,2}, and the tangent line to u(C1) (resp. to u(C2)) at the point
u(C1 N Cy) is not mapped to the unique line subbundle of degree kg, — 1 (resp. kg, ) of Ny,
(resp. Ny, ).

Proposition 3.3 The image of the complement R\ R /Cpeq under ]RTevgd is of codi-
mension at least two in R, X%,

Proof:

From Theorem 1.1, K is a divisor with normal crossings of Mg’ ky(X). As a consequence,
the locus of curves having more than two irreducible components codimension at least two
in mgvkd(X). It suffices then to prove the result for curves (u,C, z) such that C has two
irreducible components C; and Cs. For i € {1,2}, denote by z* = C; Nz, d; = u.[Ci] €
Hy(X;Z) and kg, = #2'. The morphism evgd restricted to these curves is the composition of

the restriction morphism (u, C, z) € K + ((u1, C1,2), (uz, Oy, 2?)) € ﬂgjkdl (X) xmg?,% (X)

. . dy do . yh 742 k
and of the evaluation morphism eV, X eV MO,kdl (X)x Mo,kd2 (X) — X%, Two cases are

now to be considered depending on whether ¢;(X)d; is even or odd. In the first case, we can
assume that kg, = 2c1(X)d;. Indeed, if kg, > 1c1(X)d; for example, then dimﬂg}kdl (X) =
c1(X)dy + kg, < 3kg, — 2 = dim(X") — 2 so that already the image of evZ; X evﬁj is of
1 a2
codimension 2 in X%, For the same reason, from Lemma 1.3, we can assume that at least
one of the two curves u(C1), u(Cs), say u(Cy), is balanced. Note that perturbing the kg,
points u(z') in X*41 | we can deform u(Cy) in order to separate it from u(Cy). It follows that

. _ . -—d ——d . . .
the image of the restriction morphism £ — MO,lk " (X) x MO?k 4 (X) is of codimension at

least one in ngk " (X) x Mg?k " (X). Moreover, from Lemma 1.3, the image of non-balanced
dy
Ky
two remarks that we can also assume that u(Cs) is balanced or has normal bundle isomorphic
to Oc, (ka, — 2) ® Oc¢,(kq,) and no balanced curves nearby, since in this case non-balanced
curves come in a one parameter family. Moreover, in the latter case, we can assume that the
curve u(C1) is transversal to this one parameter family, which means that the tangent line of
u(C1) at u(Cy N Cy) does not belong to O, (ka,) C Oc, (ka, —2) & Oc,(ka,). In both cases,
the double point u(Cy NCy) is generically an ordinary double point. The only remaining thing
to prove in this first case is that we can assume that both u(C7) and u(Cy) are real. If this
would not be the case, they would be exchanged by the involution cx. They would thus meet

——d . . . .
curves of MO,Qk " (X) under ev{? is of codimension at least 1 in X*@. It follows from these
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at each real point in the configuration z. By hypothesis, there exists such real points. Now
since a marked stable map does not have a marked point at the nodal point of C'= Cy U Cs,
this cannot happen in codimension one in M&k ,(X), hence we are done.

In the second case, we can for the same reason assume that kg, = E(3c1(X)dy), ka, =
E(3c1(X)d2) + 1 and then that Ny, = O¢, (ka, — 1) & Oc, (kq,) and Ny, = Oc, (kay, — 2) @
Oc,(ka, — 1). Moreover, we can assume that both u(C7) and u(Cy) are real. Finally, the
condition on the tangent line of u(C1) (resp. of u(C2)) at the point u(C1NC2) can be obtained
by perturbation of the configuration of points u(z') and u(22) in X*4 and X*a. It follows
that the locus of curves which do not have all these properties is of codimension at least two
in M(C)l,kd (X). Hence the result. O

3.2 Proof of Theorem 2.2

Let 29, 2! € R, X% be two regular values of RTev,‘fd which belong to the same connected
component of R, X% outside the divisor RD;eq = RTev,‘id(RTlCreg). We have to prove that
P (20) = x&P(21). Let y: [0,1] — R, X% be a generic piecewise analytic path joining z° to
2! and transversal to RTevgd. Denote by RM., the fiber product RTM&,C ,(X) % [0,1] and by

Rm, the associated projection RM., — [0, 1]. The integer XEP(~(t)) is well defined for every
t € [0,1] but a finite number of parameters 0 < tg < --- < t; < 1 corresponding either to
critical values of R, or to the crossing of the wall RD,.., = RTevgd (R-KCreg). We can assume
that the latter is crossed transversely by . Note also that from Lemma 1.3 and Proposition
3.1, critical points of Rm, correspond to immersed irreducible curves (u,C,z) with normal
bundle isomorphic to Oc (kg — 2) & Oc(kqg).

Lemma 3.4 The path v can be chosen such that when it crosses the wall of critical values
of Rmy, only one real point x;(t) of v(t) = (x1(t),...,xx,(t)) depends on t. Similarly, it can
be chosen such that when it crosses the wall RD,.,, either only one real point of ~(t) depends
on t, or only two points exchanged by cx depend on t. In the last case, this choice can be done
such that in addition to the kg — 2 constant points of v, the corresponding family of curves in
RM,, has a common fized real point in RX.

Proof:

Let (u,C,z), C = C1 U (s, be a stable map in R;K,¢,. The tangent space to RD;q
at the point u(z) consists of infinitesimal deformations of u(z) for which u(C') deforms into
a reducible connected curve passing through this configuration of points. From Proposition
3.3, three cases are then to be considered. If (u1, C1, 2%) and (ug, O3, 2%) are balanced, where
2t = 2N C; and u; = u|c,, we can assume that u(Cs) has a real point in the configuration
u(z), say u(zx,). There exists then a real section vy of the normal bundle N, which vanishes
at every point of z? except zj, and which at the point u(C; N Cs) does not belong to the
image of the tangent line of u(C4) in N,,. Then, the infinitesimal deformation of u(zy,)
in the direction vy(2,), the other points u(z1),...,u(z;,—1) being fixed, provides a vector
transversal to RD,., at the point u(z). This proves the lemma in this case.

Assume now that N,,, = O¢, (kq, — 1) ® O¢, (kq, ) and Ny, = Oc, (kq, —2) ® Oc, (kg — 1),
where kq, = #(2"). 1f u(2?) has a real point, say u(zy,), then it suffices to deform u(z,) in
a real direction which does not project onto a fiber of the unique line subbundle of degree
kg, — 1 of Ny,, the other points u(z1),...,u(2x,—1) being fixed, to define an infinitesimal
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deformation of u(z) transversal to RD,,. Otherwise, u(2?) has at least two points exchanged
by cx, say u(zy,—1) and u(zg,). Choose two distinct real points 23 _; and 2 in the real part
of O3\ 2%, and denote by 2’ = (z1,... s Zhg=2 2,15 2hy)- Then (u,C,2") € RoKpeg, where

7 =710(kg—1kg). Let (us, Cy, 23) € Ryﬂékd (X) be a path transversal to R/K,q, such that
only u (2, (t)) depends on . Such a path exists from what we have already done. Choose
a deformation z,_1(t), 2x,(t) of the points zy,_1, 2z, of Co = C such that wus(z,—1(t))
and u(zx,(t)) are exchanged by cx. Then the path (us, Cy,2(t)) € ]RTHSJM(X), where
2(t) = (21(t), ..., 21,(t)), is transversal to R;KC,¢4 at the point (u,C, z). Moreover, only the
points u(2x,—1(t)) and u(2x,(t)) depend on ¢, and the curves u;(Cy) have an additional real
fixed point, namely w;(z;_;(¢)). The lemma is thus proved in this case.

If now u(C1) is balanced and u(C2) has normal bundle isomorphic to O¢,(kg, — 2) @
Oc, (kg,), then if it has a real point, any move of this real point in a direction not belonging to
Oc, (kay) C Ocy(kay, —2)® Oc, (kq,), the other points being fixed, provides a path transversal
to RD,.4. If not, we can proceed as before by moving two complex conjugated points.

Finally, assume that (u,C,z) is a critical point of Rm, and that u(z,) is real. Then
Ny = Oc(kq — 2) @ Oc(kq). Choose any infinitesimal deformation of w(z) which fixes
u(z1),...,u(zk,—1) and deforms u(zx,) in a real direction different from the one given by
the unique line subbundle of degree k4 of N,. This deformation is transversal to the wall of
critical values of ]RTevgd. Hence the result. O

Proof of Theorem 2.2:

Choose a path v given by Lemma 3.4. We have to prove that the value of the integer
YEP(~(t)) does not change when ¢ crosses the parameters ty < - -+ < tj. When this parameter
corresponds to a critical value of Rmr,, this is given by the following Proposition 3.5. When
this parameter corresponds to the crossing of the wall R; D, .4, this is given by the following
Proposition 3.7.

Proposition 3.5 Let (u,C,z) € RM, be a critical point of Rr, ly € N* be the van-
ishing order of d|(, ¢, Ry and to = Rmy(u,C,2) €]0,1[. Then, there exists n > 0 and a
neighborhood Wy of (u, C, z) in RM., such that the following alternative occurs:

1) Either ly is odd, then for every t €Jto — n,to[, Wo N Ra '(t) =
{(uf, CF 25, (uy , O 27) Y with sp(uf (C;F)) = —sp(u; (CF)) and for every t €lto, to + 1],
WoN ]RTrv_l(t) =0, or the converse.

2) Or ly is even, then for every t €lto — n,to + nl, Wo N R () = {(us, Cr,2)} and
sp(ut(Cy)) does not depend on t # to.

Proof:

Let us complexify the path v in the neighborhood of ¢y €]0,1[ in order to get an analytic
path qc : t € Ay (n) = {2z € C| |z — to| < n} — X¥4 such that for every t € Ay (1), 1c(t) =
¢ o ye(t) and yclitg—p,to+n[ = 7- Denote then by M., the fiber product Mg,kd (X) x4 [0,1]
and by 7, the associated projection M., — Ay (n). Denote also by U — M, the restriction
of ﬁik J(X) — M(C)i,k ,(X)*. Hence, U is a ruled surface over the smooth curve M,. Denote
by ¢, and ¢y the real structures on M, and U, so that the submersion U — M, is Z/2Z-
equivariant. Fix a real parameterization A € A s (uy, Cy,2*) € M., so that the projection
My — Ay(n) writes A € A — nAlFL 4 #5. Denote then by N the holomorphic rank two
vector bundle over U whose fiber over C) is the normal bundle N,,. For A # 0, we have
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Ny, =2 Oc, (kq — 1) ® Oc, (kg — 1) and for X = 0, Ny, = O¢,(kq — 2) ® O¢, (kq). Thus, the
projectivization P(N) is a deformation of ruled surfaces over the disk A such that the fibers
P(Ny,) over A € A\{0} are isomorphic to CP!xCP! and the fiber P(N,,) is isomorphic to the
ruled surface P(Ocp1 @ Ocp1(2)). The path 4¢ can be written (x1(%),...,xx,(t)) where only
the last point zy,(t) € RX depends on ¢ and x;_(t) is never tangent to a rational curve of M.,.
It follows that each ruled surface P(N,, ) has a marked point wy which is the projectivization
of the complex line generated by x%d(tk) € Ny,, for ty = A+l 4 ¢y, Since A¢ is transversal
to the wall of critical values of evgd, wp does not belong to the exceptional section of P(Ny,).
Let hg be a real section of P(N,,) disjoint from the exceptional section and passing through
wp. This section can be deformed into an analytic family (hy)aea of sections of P(N,,)
such that hy passes through wy, hy = hy and hy, is of bidegree (1,1) in P(N,,) for A # 0.
Denote by Ly C N, the line subbundle associated to hy and by My = N,, /Ly. We have
deg(Ly) = kg — 2 and deg(My) = k4. Moreover, the extension 0 — Ly — N,, — My — 0
is non-trivial for A # 0 and trivial for A = 0. Fix an identification U = A x CP! such
that z* is constant and let § be a real generator of H'(CP';Ocp1(—2)). There exists a
holomorphic function f : A — C such that the extension class of 0 — Ly — N,, — M, — 0
is f(A\)§ € H'(CPY; M} ® Ly) = H'(CPY; O¢cp1(—2)). Then, f(0) =0, f(\) £ 0if A # 0
and we define Iy € N* to be the vanishing order of f at 0. Let Vp, Vi be the two standard
affine charts of CP!, chosen such that z ,(to) belongs to Vj. The deformation N is then
obtained as the gluing of the trivializations Vo = A x Vj x O¢pi(kqa — 2) & Ocpi(kq) and
Vi =Ax Vi X Ocpi(kqg —2) ® Ocpi(kg) with gluing maps:

(A 2,(51,82)) € Vo N V1 — (A 2, (s1,81 + f()ds2)) € V1N

Now, note that the bundle N has a tautological section v* = d%\uA. This section vanishes

at the fixed points zf, e ,z,i‘d_l. Denote its coordinates in the trivialization Vg by v*(2) =
(A, 2, (57(2), 85(2))). Since (ug, Cp, z°) is a critical point of 7., from Lemma 1.3, vy defines a
non-zero element of H°(Cp; Ny, ® Oc,(—20)) = HY(CPY; Ocpi(—2) & Ocpr). It follows that
the component s{ of v vanishes. Let us prove that the vanishing order of si\(zk ) atA=0
is [y. Indeed, in the Taylor expansion of s? all the terms of order less than I ¢ define sections
of Ly which vanish at the points zf‘, . ’Zl/ﬂ\d*].' These are thus the zero section. Denote by
(s1)4) (resp. (s2)@) the term of order I; (resp. 0) in the Taylor expansion of s} (resp.
s3). Then the triple (), z, ((sl)af)(z,i‘d), (32)(0)(,2,?[1)) defines a section of the bundle N. If
(sl)(lf)(zkd) = 0, then this section vanishes at the kq points z1,...,2;,. Since when X # 0,
Ny, =2 Oc, (ka—1)®Oc, (kg — 1), this is impossible and thus the vanishing order of s3 (z,) at
A = Ois exactly ;. Note that since by construction L) contains x;w (t\), where ty = pAloT1 4,
the second component s3 is identically zero at the point z,i‘d. From Wv(u/\,C,\,zA) = uy(2"),
we deduce that d|,, ¢, 2Ty (vA) = va(z) = (0,...,0,vy (z,i‘d)). Hence the vanishing order
of d|(y,c,z)™y is the one of s{‘(z,i‘d) at the point A = 0, that is I;.

Now, fix an orientation of the curves RC, A €] — 1,1], and denote by [Rv,] the section
of P(RN,,) associated to the line bundle generated by wvy. The latter is equipped with
the orientation induced by the one of RC'\. Note that it is the real part of a section of
P(N,,) with self-intersection zero, since the holomorphic line bundle generated by vy has
degree k; — 1. Similarly, the real rank two vector bundle RN,,, has an orientation induced
by the ones of RC) and TxdeX. Let [fx] be the class of a fiber of P(RN,,) equipped
with the orientation induced by the one of RN,,. Then, for A # 0, ([Rv,], [f\]) provides a
basis of the lattice Hi(P(RN,,);Z). The section Rhy = P(RLy) has bidegree (1,1). Let
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€ € {1} be such that for A < 0, [Rh)| = [Rv,] + €[f\] € Hi(P(RN,,);Z). Then, for A > 0,
[Rhy] = [Rop] + (—1)€[fa] € H1(P(RN,,);Z). This follows from the local expression of vy in
the neighborhood of z,i‘d, which is of the form z € RCy ~ (A, 2), whereas the classes [Rh,]
and [fy] continuously depend on A €] —1,1].

U/\%d \QRC by /\/vozmzkdu RCy R4 e Zlfc\d RCx

A<0 A=0 A>0

It follows that if lo = [y is even, the spinor states of (uy, Cy, 2M) and (u_y,C_y,z~*) coincide
for every A # 0, whereas they are opposite when [y = [t is odd. Indeed, in this last case, the
homotopy classes of the loops of the bundle F'x of orthonormal frames that we construct in
order to compute the spinor state (see §2.2) exactly differ from the class of a non-trivial loop in
a fiber of F'x. The result now follows from the fact that the projection 7, has been identified
in the neighborhood of (u, C, z) € RM., with the map A €]—1, 1[— pAoFL ¢4 €]to—n, to+n].
O

Remark 3.6 From the proof of Proposition 3.5 arises the following question. Are the generic
critical points of the evaluation map evgd : Mg’k JX) — X ka non-degenerate when X is
convex, e.g. when X = CP3 ? With the notations of Proposition 3.5, this means: Is [j = 1
for every generic critical point of the evaluation map 7

Proposition 3.7 Let (u,C,z) € RM, be such that C is reducible and t; = Rm(u,C, z) €
10,1[. Then, there exists 1 > 0 and a neighborhood Wi of (u, C, z) in RM., such that for every
t €ty —n,t1 +n, Wi n Rm?l(t) = {(ut, C, z)}. Moreover, sp(ut(Cy)) does not depend on
t£t.

Proof:

From Propositions 1.4, 1.6 and the choice of v, (u,C, z) is a regular point of Rm,. Thus
there exists 7 > 0 and a neighborhood W; of (u,C,z) in RM,, such that for every t €
Jt1 —n,t1 +n, Wi N Rr,H(t) = {(u, Ct, 2¢)}. Denote by U — Wi the universal curve, it has
a unique singular fiber over ¢ = ¢;. The real part RU is thus homeomorphic to a cylinder
Cyl blown up at one point, that is to the connected sum of a cylinder and a Moebius strip.
From Lemma 3.4, the family u;(C;) passes through kg — 1 fixed points. For every t # ¢,
the restriction TRU|grc, projects onto a line subbundle of the normal bundle of RC; in RX
which is the real part of a holomorphic line bundle of degree k; — 1. Assume that kg is odd,
so that this line bundle can be used in order to compute the spinor state of RC}, ¢ # t1. The
case kg even will follow along the same lines. Fix a continuous family (e (z),eb(2)), t # t1,
z € RCYy, of orthonormal frames of the tangent space at us(z) of the image of RU in RX.
This family is completed in a family (ef(z),eh(2). e4(2)) of orthonormal frames of T, ,\RX.
Remove a small disk D around the blown up point of Cyl. In H,(Cyl \ D;Z/2Z), the class
of the fiber [RCY, 4, equals the sum of the class of the fiber [RCy _,] and the class of the
boundary 0D. Equip these loops with a family of orthonormal frames of TRX as before
and denote by p(RC}) and p(dD) the loops of Fx thus obtained. These loops are related by
P(RCY, 4n) = p(RCy,—y) + p(OD) + po € H1(Fx;Z/27Z), where pg is a non-trivial loop in a
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fiber of F'x. This is suggested by the following picture.
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Assume now that RX is orientable, or that if C7,Cy denote the two components of C, then
the curve (u|c,,C1,2z N Cq) is balanced. In the Moebius strip that is glued instead of the
disk D, the boundary 9D is homologous to two times the core A of the Moebius strip.
Denote by p(A) a loop in Fx obtained by equipping every point z € A with a orthonormal
frame (e1(z), e2(2), e3(2)) of Ty, (-)RX, such that e1(z) € T, A and (e1(z), e2(z)) generates the
tangent space of the Moebius strip at z except in a neighborhood of a point zy € A where
(e1(2), e2(2), e3(z)) does a half twist around the axis T'A (which is necessary since the Moebius
strip is not orientable). Then, one observes the relation p(0D) = 2p(A) +po € H1(Fx;Z/2Z).

We finally deduce that p(RCy,4,) = p(RCy, ) € H1(Fx;Z/2Z), so that sp(us, 4n(Ct 4n)) =
Sp(uh -1 (Ctl —n))'
It remains to consider the case when RX is not orientable and the curves (u|c,,C1, 2N C1)

and (u|c,,C2,2 N C2) are not balanced. In this case, the double cover of orientations RX —
RX is non-trivial over A; = u(RC) and Ay = u(RCg) Denote by A; and As the lifts of Ay

and As in RX. These are two immersed circles in RX which intersects in two ordinary double
points a1 and as. These points divide A1 (resp. Ag) in two connected components A+ and

gl_ (resp. A; and A2 ). Let Zj, be the lift of 2y, in RX given by the choice of an orientation
on T:rkd RX. For t # t; in the neighborhood of ¢1, denote by RC} the unique lift of u(RC}) in

RX which passes through Z3,. Without loss of generality, we can assume that z;, € j and
that for ¢4 €]t1,t1+ 7| (resp t— €lt1 —n,t1]), R0t+ is in the neighborhood of A+ U A7L (resp.

ZT U ,2{ ). Denote by p(RC’t ) the loop of Fx obtained by equipping the curve RC’t . with a

family of direct orthonormal frames (e1(2), €2(2). €3(2)) g, as before. Then, the difference
+

limy, ¢, p(fR:E’t L) —limy_ g p(@t_) is observed to be a loop of F'x over Ay which is invariant
under the involution invg : (e1,e2,e3) € Fxl|y — (d|yinv(e1),d|; inv(e2), —d|, inv(e3)) €
Fx|ino(z) where inv is the involution of the covering RX — RX. Indeed, its restrictions
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p(g;') and p(ﬁQ_ ) over Z; and 22_ respectively are paths exchanged by invg.

Af Af

[RC: A, . '
D R =
A7 | A3 T B T WA e

AT 1
It follows that

sp(RCy,) = sp(RCr.) = <m*w(Px).p(RC:,) —p(RC;_) >
= <w(Px).m(p(A3) +p(4y)) > (e t- — 1)
= 0,

where w(Px) is the characteristic class of the covering Px — Fx. [

Remark 3.8 It would be interesting to extend Theorem 2.2 to the case Zfil r; = 0. The
non-vanishing of this sum has been used to define the spinor state of real balanced rational
curves of class d when RX is not orientable and k; = %cl (X)d is even. It has also been
used to make sure that all the real rational curves under consideration have non-empty real
parts. In the case of real curves with empty real parts, I cannot define a spinor state yet,
and I cannot prevent the presence of critical points as the one described in Proposition 3.5.
Unfortunatly, it is not possible to get rid of these curves with empty real part, since over a
generic path, a one parameter family of curves with non-empty real part can break into a
reducible curve with two complex conjugated irreducible components and then deform into a
one parameter family of curves with empty real part. Note that this problem did not appear
in dimension 2, see [15].

4 A study of the polynomial y®*

As was done in [15], it is possible to understand how the invariant Xf’g depends on the
N-tuple 7 in terms of a new invariant. The aim of this last paragraph is to explain this
phenomenum in the case of (X, cx) = (CP3, conj).

4.1 Invariants of the blown up projective space
4.1.1 Statement of the results

Let (Y, cy) be the real algebraic 3-manifold obtained after blowing up a real point zy of
(CP3, conj). Denote by Fxc C Y the exceptional divisor of the blow up, [I] the class of a line
in Fzc = CP? and [f] the class of the strict transform of a line in CP? passing through .
The cone NE(Y) of effective curves of Y is of dimension 2, is closed and generated by [I] and
[f]- Note that Y is not convex. Indeed, if u : CP* — Y has an image contained in Fxc which
is not a line, then H'(CP';u*TY) # 0. Note also that if A C Y is an irreducible curve not
contained in Fzc, then A is equivalent to a[f]+ b[l] with 0 < b < a, since 0 < A.Exc =a —b.
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Let 0 < k < d and dy = d([f] + [l]) — k[l], so that ¢1(Y).dy = 4d — 2k. Denote by
kg, = 2d — k. Let y C Y*kay be a generic real configuration of kq, distinct points of Y,
and r be the number of real points in this configuration which is assumed to be non-zero.
There are then only finitely many connected rational curves in Y passing through y in the
homology class dy. Moreover, these curves are all irreducible and balanced and their number
does not depend on the generic choice of y, it is equal to the genus 0 Gromov-Witten invariant

Ngy = GWy(Y,dy,pt,...,pt) (see [3]). Denote by Ry, (y) the subset of these curves which

are real and by Ry, (y) its cardinality. Equip RY = RPS#W?’ with a spin structure sy.
This spin structure allows us to define a spinor state for each real curve A C Ry, (g), as in
§2.2. Put then:

X ()= Y sp(A) € L.
AERdy(g)

Theorem 4.1 Let (Y, cy) be the blown up of (CP3, conj) at a real point xo and sy be a
spin structure on RY . Let 0 < k < d, dy = d([f] + [I]) — k[l] and kqy, = 2d — k. Let y be
a generic real configuration of kg, distinct points of Y such that r = #(y N RY’) does not

vanish. Then the integer ng’sy (y) does not depend on the choice of y.

This integer y2¥%Y (y) is denoted by &% We deduce from this Theorem 4.1 the following
lower bounds in real enumerative geometry.

Corollary 4.2 Under the assumptions of Theorem 4.1, denote by Rg, (y) the number of

real irreducible rational curves passing through y in the class dy and by Ng, the associated
Gromov- Witten, invariant. Then, |x2 Y| < Rgy (y) < Ngy. O

4.1.2 Proof of Theorem 4.1

Lemma 4.3 Let Y be the blown up of CP? at a point and Exc C Y be the associated
exceptional divisor. Then every morphism u : CP! — 'Y such that H*(CPY;u*TY) # 0 has
an image contained in Exc which is a curve of degree greater than one.

Proof:

The manifold Y has a submersion p : Y — CP? = Exc whose fibers are rational curves.
In fact, Y is isomorphic to the projectivization P(O¢p2 @ Ocp2(1)). Denote by H = O¢p2 ®
Ocpz(1), L C p*H the tautological line subbundle over Y and M = p*H/L. Denote by I
the kernel of the morphism dp : TY — TCP?, one has the isomorphism F = Hom(L, M) =
L*® M. Let u : CP' — Y, from the short exact sequence

0 — Ocpr(u*F) — Ocpr (u*TY) — Ocpr (u*TCP?) — 0
we deduce the long exact sequence
- — HY(CPYu*(L* ® M)) — HY(CP ;w*TY) — H'(CP';(pou)*(TCP?) — ...

Since CP? is convex, HY(CP!;(p o u)*(TCP?) = 0. Consider then the exact sequence
0 — u*L — (pou)*H — u*M — 0. Denote by b the degree of pou : CP* — CP?, one
has (pou)*H = Ocpr @ Ocpi(b). We deduce the following alternative. Either u*L is the
unique line subbundle of (p o u)*H of degree b, which implies deg(u*(L* ® M)) = —b and
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HY(CPYu*TY) # 0 as soon as b > 2. In this case, Im(u) is contained in Exc. Or u*L is not
the unique line subbundle of (pow)*H of degree b, then deg(u*(L)) < 0 and deg(u*(M)) > b.
This implies that H'(CPY;u*(L* @ M)) = 0 and thus H(CPL;w*TY) =0. O

Proof of Theorem 4.1:
Let 7 € Skdy having r fixed points in {1,... kg, } and such that 72 = id. Let

(ﬂﬁ}; iy (Y),cmﬁ) be the space of genus 0 stable maps of Y having k4, marked points
and realizing the homology class dy. This is a real algebraic subvariety of the variety
(m&kdy (CPY),cxy.,) associated to a real embedding 7 : (Y,cy) — (CPY, conj) such that

m«dy = b, see [2]. Denote by ﬂgidy (Y)# the complement in ﬂgfkdy (Y) of the locus of
curves having a multiple component or a component included in Fxc. This variety is smooth
of dimension ¢ (Y)dy + k4, = 3kq,, but not compact. However, the evaluation morphism
Mﬁ}; dy (Y)# — Ykdy is proper over a generic path in Y@ . Indeed, a reducible curve having
a component included in Exc projects onto a rational curve having a point of multiplicity
greater than k at xg. This does not happen in codimension one in Ykay | Theorem 4.1 is then
proven in the same way as Theorem 2.2. [

4.2 Relations between the coefficients of the polynomial y%*(T')

Denote once more by (Y, cy) the real algebraic 3-manifold obtained after blowing up a
real point zq of (CP3, conj). Assume that the riemannian metric g of RP? fixed in §2.1 is flat
in a neighborhood of xy. Denote by g the associated metric of RP’ and by Fx the SO3(R)-
principal bundle of direct orthonormal frames of RP°. Let Px — Fx be a Spins-principal
bundle defining a spin structure s on RP". Making a surgery in a neighborhood of zy which
is small enough, the manifold RY = RP?’#W?’ comes equipped with a riemannian metric
97#g. Denote by Fy the associated SOs(R)-principal bundle of direct orthonormal frames.
The bundles Px and Px glue together to form a Spins-principal bundle Py over Fy which
defines a spin structure on RY denoted by s #5.

Theorem 4.4 Let (Y, cy) be the blown up of (CP3,conj) at a real point zg, 5 be a spin
structure on RP3 and s#§ be the associated spin structure on RY. Let d € N*, dy =
d([f]+[1]) —2[l] € Ho(Y;Z) and kg = 2d. Then, for every integer r between 2 and kg — 2, we

have X;7fy = Xi® = 2

dy ,5 #5
(The classes [f] and [I] in Ho(Y;Z) have been defined in §4.1.1.)

Lemma 4.5 Let u: CP! — CP3 be a morphism passing through xq € CP3, which is an
immersion in the neighborhood of u='(zg). Denote by N, the normal bundle of u in CP?
and by z = u (zo) C CPL. Let Y be the blown up of CP3 at xq, @ : CP* — Y be the strict
transform of u and Ng be its normal bundle in Y. Then one has the isomorphism.:

Ng = Nu ® Ocpl(*z).
It follows in particular from this lemma that if u is balanced, then so is .

Proof:
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The morphism Y — CP? induces a morphism between the normal sheaves of @ and u.
This morphism is an isomorphism everywhere outside z and vanishes at z. The fact that it
vanishes at order one can either be seen on local coordinates or from adjunction formula,

since deg Nz = deg N,, — 2.

Proof of Theorem 4.4:

The begining of this proof is the same as the one of Theorem 3.2 of [15]. Let zT =
(z1,...,7k,) be a generic real configuration of kg distinct points of CP3 \ {zo}, r + 2 of
which are real. Let two such real points, say xp,—1 and xj,, converge to xy along a generic
real tangency 79 € P(T,,,RP3). Denote by z., the configuration of points (z1,..., 25,2, 20)
in the limit. The rational curves in the set R4(z™) converge to immersed irreducible real
rational curves passing through z_ and either having the tangency 7y at z(, or having a
real ordinary double point at xy which is the local intersection of two real branches. (For
instance, as soon as x., is generic, there passes no reducible or cuspidal curves through z_
that have a singular point at zg.) The latter are the limit of exactly two curves of Ry(z™),
denote by Lim™(z,,) their set. Similarly, z is the limit of a generic real configuration z~ of
k4 distinct points of CP3 \ {zo}, r of which being real, when two complex conjugated points
of 2~ converge to xo along a generic real tangency 0 € P(T,;,,RP?). The rational curves in
the set R4(x~) converge to immersed irreducible real rational curves passing through z . and
either having the tangency 7y at xg, or having a real ordinary double point at zy which is
the local intersection of two complex conjugated branches. Indeed, the branches of the real
rational curves at the two complex conjugated points of £ that converge to xy are complex
conjugated, so that the curves in the limit having a double point at x( also have complex
conjugated branches at zg. These are actually the limit of exactly two curves of Ry(z™),
denote by Lim™ (z.,) their set. It follows easily that

A D D D D 7))

AeLimt(z) AeLlim—(z,)

For every curve A € Lim(z ) = Lim™ (z.) U Lim (z..), denote by Ay its strict transform
in Y. The curves Ay, A € Lim(z,,), are exactly the elements of the set Ry, (y), for y =

(Z1,.+-s 23, 2) € Yy When A € Lim ™ (z.,), it follows from the construction of the spin
structure s#5 that sp(Ay) = sp(A). We have thus to prove that when A € Lim™(z,,),
sp(Ay) = —sp(A).

Let (e1(p),e2(p),e3(p))pecra, be a loop in the bundle Fy of direct orthonormal frames
of RY constructed in §2.2, so that sp(Ay) is the obstruction to lift this loop as a loop
in Py. Fix an orientation of RAy, which induces also an orientation of the normal
bundle of RAy in RY, and let RAy N RExzc = {pp,p1}. We construct then the loop
(é1(p),é2(p),és(p)) of Fy as the concatenation of the four following paths. The path
(e1(p), e2(p); 3(P))pe[po,p:]- then a path completely included in the fiber of Fy over p;. This
path is obtained from (e1(p1),ea(p1),es(p1)) by having this frame turning of half a twist
in the positive direction around the axis generated by ej(p1). The end point of this path
is thus the frame (e1(p1), —e2(p1), —e3(p1)). Then the path (e1(p), —e2(p), —€3(P))pe[p1.pol-
Finally, a path completely included in the fiber of Fy over py. This path is obtained
from (e1(pg), —e2(po), —e3(pp)) by having this frame turning of half a twist in the nega-
tive direction around the axis generated by ej(pp). The end point of this path is thus the
frame (e1(po), e2(po),e3(po)), so that we have indeed constructed a loop in Fy which is ho-
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motopic to the initial loop (e1(p),e2(p),e3(p))peray - Remember that RY is obtained as
the connected sum of RP3 and RP® in the neighborhood of xy3. We may choose the ra-
dius of the ball used to perform the connected sum as small as we want, and have this
radius converging to zero. In this process, the curve RAy degenerates to the union of
the curve RA C RP? and two lines RD{,RDy of RP passing through zy. The loop
(é1(p), é2(p), e3(p)) of Fy degenerates to the union of a loop (€1, €2, €3)|ra of Fx and two loops
(€1,€2,€3)|RD,, (€1,62,63)|RD, Of Fx. By construction, the obstruction to lift (&, és,€3)|rA
to Px is exactly sp(A). Similarly, the homotopy class of the loop (é1,és,é3)|rp, differs
from the one of (é1,és,63)|rp, by a non-trivial loop in a fiber of Px. We deduce that
sp(RD1) = —sp(RDs) independantly of the choice of a spin structure on RP". Tt follows that
sp(Ay) = sp(A)sp(RDy)sp(RDy) = —sp(A)sp(RD1)? = —sp(A). O
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