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ABSTRACT: We combine perturbation theory with analytic and numerical bootstrap tech-
niques to study the critical point of the long-range Ising (LRI) model in two and three
dimensions. This model interpolates between short-range Ising (SRI) and mean-field be-
haviour. We use the Lorentzian inversion formula to compute infinitely many three-loop
corrections in the two-dimensional LRI near the mean-field end. We further exploit the
exact OPE relations that follow from bulk locality of the LRI to compute infinitely many
two-loop corrections near the mean-field end, as well as some one-loop corrections near SRI.
By including such exact OPE relations in the crossing equations for LRI we set up a very
constrained bootstrap problem, which we solve numerically using SDPB. We find a family of
sharp kinks for two- and three-dimensional theories which compare favourably to perturbative
predictions, as well as some Monte Carlo simulations for the two-dimensional LRI.
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1 Introduction

The importance of studying Conformal Field Theories (CFTs) without a stress tensor can
be motivated from various angles. The past decade has seen a surge of interest in Quantum
Field Theories (QFTs) that live on a fixed Anti-de Sitter (AdS) background [1-8]. Due to
the lack of dynamical gravity, the CF'T which encodes boundary correlation functions has



no stress tensor and is therefore called nonlocal. A closely related development is defect
CFT [9-14] dealing with critical systems which have part of their conformal symmetry broken
by extended objects. While locality of the bulk places some constraints on the admissible
defects, correlators restricted to them will always obey the axioms of a nonlocal CFT. Since
the mass of a field in AdS and the co-dimension of a defect can both be varied, it is easy
for nonlocal theories to appear in continuous families.

Another motivation comes from the bootstrap philosophy [15] which naturally leads to
some traditional assumptions about QFT being relaxed. One can notice that the works [16, 17],
in their efforts to study a local CF'T, happened to produce several bounds which were saturated
by nonlocal CFTs. In fact, [18] is the only non-supersymmetric numerical bootstrap study
to date which has treated locality as an input instead of an output. Hence, a complete
picture of the solutions found by most numerical bootstrap studies requires an understanding
of nonlocal CFTs.

The goal of this paper is to bootstrap the critical long-range Ising (LRI) model in p
dimensions, one of the earliest known examples of a nonlocal CFT and likely one of the
simplest. By analogy with its short-range version (SRI) which comes from a classical lattice
Hamiltonian with only nearest-neighbour interactions, the critical p-dimensional LRI model
is defined as the critical point of

0i0; _
H= JE:M—JW“’ J>0, o0;==1, (1.1)

which has interactions over an infinite distance [19]. Initially, it was thought that the interval
which led to non-trivial critical behaviour was § < s < 2 [20] but it is actually slightly
narrower, as we will see. The presence of long-range interactions parameterized by s in the
Hamiltonian above means that the critical point of LRI should correspond to a family of
nonlocal (and unitary as proven in [21]) conformal field theories.

Following the birth of the perturbative renormalization group [22], Fisher, Ma and Nickel
introduced in [20] a continuum description of the LRI based on a quartic deformation of a
generalized free field ¢ with Ay = E=* and s the parameter from (1.1). A free field ¢ having
this scaling dimension must live in d = p+ 2 — s dimensions and it is a simple exercise to
show that we can go from one to the other by considering a trivial defect of co-dimension
q = 2 — 5. Writing bulk coordinates as z# = (7%,¢') with u = 1,...d, a = 1,...p and

i =1,...,q, we can define a family of defect operators by
— 1
m(r) = — : ¢(7,0)™ ¢, 1.2
@™ (7) T ¢(7,0) (1.2)
where : --- : denotes normal ordering. In this notation, the nonlocal action®
S = NN /ﬁﬂﬁ /ﬁ 1.3
ol 12|p+5 (13)

provides a description of the LRI based on a single mean field, henceforth referred to as the
mean-field description. The interaction in (1.3) becomes irrelevant below s = §, and CFT

'The overall normalization has been chosen such that ¢ and all of its powers (1.2) in the undeformed theory
are unit-normalized.



data at the fixed point can be expanded in powers of € = 26 — p. Normally 0 < ¢ < 1 is
needed for reliable results but the expansion can truncate in special cases. In particular, (ﬁ
and ¢3 are protected operators with exact dimensions

p+s

p—5

For ¢3, this is because local interactions cannot renormalize a nonlocal kinetic term, a rigorous
proof of which was given in [23]. For q/bg, (1.4) can be seen by applying a nonlocal equation of
motion [24]. As we will review shortly, both non-renormalization theorems become automatic
when we view the LRI as a defect in co-dimension 2 — s.

If (1.4) held for all £ < s < 2, as originally proposed by [20], the connection between
the LRI and SRI models would not be especially strong. Instead, Sak analyzed the weakly
irrelevant operator ¢?82<§ and concluded that Ay stops changing once it reaches the dimension
of the short-range spin field A¥ [25]. Understanding this crossover between two universality
classes was a puzzle for many years because the SRI (unlike mean-field theory with Ay = %)
does not contain a marginal local operator. The resolution, found in [26, 27], is that the
requisite deformation of the SRI by a nonlocal operator is equivalent to the action

S:%m+N¢g/Mmﬁmﬁfﬁ%”+/#mﬁ, (1.5)
12
henceforth called the short-range description. Here, X is a generalized free field of dimension

Ay = p—;s. This guarantees that oy becomes irrelevant above s = p — 2A%. We will again

think of it as a defect mode of a free field x in dimension d = p 4+ 2 + s and define
X™(1) = — : x(1,0)" ¢ . (1.6)

If one considers the Sggy theory to be known, (1.5) makes it possible to compute CFT data
as an expansion in 6 = 252 — A for 0 < § <« 1. By the same arguments as before,

A= A= (1.7)
are non-perturbative statements.

The dual descriptions (1.3) and (1.5) can help give a flavour for how observables behave
as exact functions of s. In our study of the critical LRI model, the first half will ensure that
more data is available for this purpose. The second half will carry out the numerical bootstrap
and show that the LRI at arbitrary values of s can be located to high precision. Both parts
will make essential use of exact relations between OPE coefficients which involve the basic

protected operators. If O; is a scalar and Oz is a spin-¢ tensor of SO(p), they take the form

Ag+ A1+ Ay —Ajp+L _
A2g N (= 212 )L (22 212 ) Moo F<A0+§12+Z)P(Aa‘ 912—4-6) 18)

A 3+A12+1 A, 3—A12+L, "’ Axy+A1244 Ay—A1a4L\ "’ ’
)\12¢3 F( ¢5+2 12+ )F( #3 : 12+ ) /\12X F( X+212+ )F( X 212-1— )

where the constant of proportionality is independent of O; and . The spin-0 and general
spin versions of (1.8) were first derived in [24] and [28] respectively. Both of these derivations
used the nonlocal equation of motion. It was later realized in [29] that, as a consequence



Observable Loops | Ref. Observable Loops | Ref.
Ay 00 20] || A, s | [27]
Bg2 3 32] || Ac 2 27]
Ags 00 [24] A, 50 [27]
A 3 [32] Agy 2 [27]
Agm,m >4 |2 (3.40) || A 2 [27]
Aol £ >0 2 (3.13) || Aexo, O €SRI | 1 (3.21)
pm =1 1 (3.36) || Agzo, O €SRI | 2 (3.21)
G gm1 1 (3-36) || Agxlxiln.e 2 (4.37)

Table 1. Scaling dimensions and OPE coefficients in the LRI model which are known to some
non-trivial order in both p = 2 and p = 3. Data in the left hand table, computed from (1.3) with
the £ expansion, have closed form expressions. Data in the right hand table, computed from (1.5)
with the § expansion, are sometimes numerical. This difficulty comes from the integrals generated by
conformal perturbation theory and the lack of an exact solution for the 3d SRI model.

of bulk locality, these relations hold in any defect CFT where the bulk is free, LRI being a
particular example as explained in [24]. Recently, [6] showed that they are important for
enforcing locality for more general QFTs in AdS. In a perturbative context, we will use the
relations to gain an order of perturbation theory which appears to be a new application of
them. On the numerical side, we will use the fact that crossing symmetry and unitarity
become more powerful when combined with (1.8). For the case of boundaries, which are a
type of ¢ = 1 defect, this was already demonstrated in [30, 31]. The novelty here is that
the LRI model requires us to consider many values of s and therefore many co-dimensions
(which are all fractional) since ¢ = 2 £ s in the two formulations above.

As a preview of our results, table 1 compares the CFT data available in the literature
to the new batch we are able to compute in two and three dimensions. Along with (1.2)
and (1.6), it uses the double-twist notation

(@3], ~ PP, (1.9)

to mean the unique normalized primary with 2n contracted and ¢ uncontracted derivatives
appearing in the self-OPE of the generalized free field ®. In addition to the general dimension
results of table 1, we also compute anomalous dimensions of [gZA)gZA)]ng operators to three loops in
p = 2 using analytic bootstrap methods [33-37]. This is most successful for the double-twist
operators with n > 0 whose three-loop anomalous dimensions have compact expressions. In
the local Wilson-Fisher fixed points, which [38] studied in a similar manner, these operators
are absent due to the equation of motion. Extracting CFT data for such infinite families
is possible thanks to the Lorentzian inversion formula [37] which is easiest to apply when
the conformal blocks are known in closed form.



The rest of this paper is organized as follows. In section 2 we build upon the construction
of the critical LRI as a conformal defect to gain some exact information on the spectrum of
LRI at criticality. Most notably, we solve the bulk-defect bootstrap equation for the bulk
two-point function and derive the relations above. These results are non-perturbative, and
in particular, they are valid regardless of the UV description of LRI. Sections 3 and 4 are
devoted to perturbation theory. In section 3 we review some results from the literature about
the flows in equations (1.3) and (1.5), as well as derive the new results for the CFT data
in table 1. This is done by combining standard Feynman diagrams with the exact OPE
relations, the latter allowing us to gain one order in perturbation theory, as we will explain.
We then move onto the inversion formula in section 4 which computes an infinite amount of
additional CFT data in two dimensions. In section 5 we turn to the numerical bootstrap
machinery, where we use the exact OPE relations as an input for the LRI crossing equations
and compare favourably to the inversion and diagrammatic calculations. A summary and
suggestions for the future are given in section 6.

2 Long-range Ising model as a defect CFT

The critical point of the p-dimensional long-range Ising model can be realized as a co-dimension
q = d — p conformal defect in a theory of a d-dimensional free massless scalar field @, see [24].
As discussed above, ¢ can be either 2 —s or 2+ 5. The fact that the bulk theory is free allows
us to derive infinitely many constraints and relations between defect conformal data. This
will be the goal of this section. While the LRI spectrum is built out of operators constrained
to the p-dimensional defect, one has to be mindful of differences between the original LRI and
the defect description. The conformal defect description enjoys a manifest SO(p+1, 1) x SO(q)
symmetry, while in the original LRI there is no SO(gq) symmetry. Hence, physical states
of the LRI should have zero transverse spin. In this section, we discuss the bulk two-point
function of ® and the exact OPE relations derived from bulk locality. We will then interpret
results in the context of the LRI where ® becomes ¢ in one description and x in the other.

2.1 Bulk two-point function of ®

We start with reviewing the admissible spectrum of defect modes of ®, and then solve the
bulk-defect crossing symmetry constraint on this two-point function analytically to compute
the relevant defect CFT data. We take both bulk and defect operators to be unit-normalized.

2.1.1 Defect modes of ®

Consider the bulk-defect OPE of a massless scalar field ® of dimension Ag, non-necessarily
free. The symmetry allows us to write, schematically:

®(z) =) > b7?

s 9

Y28y (r) + . (2.1)

where the ellipsis denotes derivatives with respect to the directions parallel to the defect and
we employed the notation of the introduction. In the expression above, the s are defect
local primary operators of scaling dimension A and transverse spin s (which we will take



to be integers) under SO(q) rotations.? When @ is a free field, J® = 0 (away from contact
points) fixes the scaling dimensions of the defect modes of ® to be [10]

i AN = Ag +s,
P A =Ag+2—¢—s, (2.2)

where Ag = d/2 — 1. Notice that 1/1§+) and ¢§*) form a shadow pair on the defect for
all s. We will soon identify these defect modes as either ¢(()+) — ¢ and w((f) = @3, or
(()H = x and 1/)(()7) = 0.

When p and ¢ are both integers, the restrictions from unitarity on the values of s for ‘—’
modes have been classified in [29]. There, special attention is paid to the cases of p = 1 and
p+ g =2. As explained in the introduction, however, we will take p = 2,3 and ¢ fractional.
In this case we have s < %. If this condition were not met, the second line of (2.2) would
violate the unitarity bound — in conflict with the fact that the p-dimensional LRI model
is reflection positive [21]. It is worth stressing however that we cannot assume unitarity for

the larger theory which lives in the d-dimensional bulk.?

2.1.2 Bootstrapping the bulk two-point function for LRI

With the bulk-defect spectrum of ® at hand, our next task will be to construct the full bulk
two-point function of ®. In the defect channel, by SO(p+1, 1) x SO(g) symmetry we have [10]:

TorTal5e Z Z (B3P0 (7, 9) (2.3)

are yet unknown, and the sum is over all the defect modes (2.2). The functions

(®(21)®@(22)) = ‘yle

where bq”jE

(p)(r M) = gA<p> (7,17) are the defect channel conformal blocks, which read [10, 40]

s N s! -1,
QA,s(Tan) = TA 2F1 (22)7 A’ A> _g + 1a 72) 7052 (77) ) (24)

"),

with 7,7, ¥ cross-ratios defined as

; (2.5)

2 2 2
: A2_4>’ ¢ = M2l + " + [yl

R R I(A
N=cosf, F=_-(X—X
|y ly2l

and 6 is the transverse angle. In the Euclidean domain (#,7) € [0,1] x [—1,1], while
(X,cos0) € [2,00] x [-1,1].

Let us now take a closer look at the dynamics of the system. In perturbation theory, we
can think of the two-point function of ® for LRI as a (finite) deformation away from the trivial
defect. The two-point function with the trivial defect contains only ‘4’ modes, and reads [41]

2° (Ag)
bt (), (o) = .
(’ylHyQDA@ g( .t ) ( ) ( .t ) S!

<(I)($1)(I)(x2)>triv = (m%j)ﬂé = 1

(2.6)

2To avoid cluttering, we omitted transverse spin indices. The complete expression for the bulk-defect OPE
of a massless scalar can be found e.g. in [10].
3Many theories in fractional dimension, including free CFTs, fail to be unitary by the arguments in [39].



It follows from the diagrammatics that, at each order in perturbation theory with either (1.3)
or (1.5), only the singlet part of this trivial two-point function gets corrected.?
We are therefore led to conjecture that the actual LRI two-point function should be

1 A(F) —\2A() (a A(4)
e s AT (b5 ) 2a6 P (7, m) + (0286 () + Y (05502 (7.0) |
ylHyQD s>0
(2.7)
for two (yet) unfixed coefficients (bg) *)2. We can simply rewrite this as:
L (@06 - b - w6 )
P(x1)P(22)) = + 2.8
o)) = Gy (onlTval) 2

An alternative justification for the ansatz (2.8) uses the recent theorem of [29] as follows.’
As stated above, the trivial defect two-point function contains only ‘4’ modes but the converse
is true as well. Indeed, if we allow for ‘+’ modes only, the resulting (connected) bulk two-point
function of @ is simply the unique Klein-Gordon propagator with regular boundary conditions
on the defect dictated by the bulk-defect OPE, where the b>:* are fixed to reproduce the
contact term in the bulk. All other connected correlators of ® vanish. In order to have
non-vanishing correlators we must add at least one ‘—’ mode [29]. We can then use s < 4—;‘"
and the assumption that s € N to conclude that this must be the ‘—" mode with s = 0.

Bulk-defect crossing. The bulk two-point function (2.8) must be bulk-defect crossing
symmetric. As we have seen, our ansatz is already written in a basis of defect channel
conformal blocks, so in order to check crossing we should verify that (2.8) can be decomposed
into bulk channel blocks. Being free, the bulk self-OPE of ® features only primary operators
[@P]g ¢ of even spin £ and scaling dimensions Ay = d+ ¢ —2. Using the bulk radial coordinates
(r,m) defined in [40], we shall therefore write

Ag

(r4 — 47)27“2 +2r2 4+ 1)
(lyallyz))Ae (4r)>2®

where a[gg), , are the one-point functions of [®®]y ¢, and the blocks g,(r,7) are given by

(®(21)®@(x2)) =

1+ > A@@[tbé]O’ga[@@]o,ggﬁ(T,77)] ;o (2.9)

{=even

(=)

2 )L JAN +1

98(7“,77):(47”)A[ (Ae)22F1 (_2’25;1)2;772) +O(7“2) ) (2.10)
2 )¢

b

and higher-order terms can be computed recursively using the results of [40]. Bulk-defect
crossing symmetry then dictates:

L(p)l (4?)

()

(by)? = age

(41, (-

26(1) (%(d+€ - 3))£ ZT)z

)“D‘P[@‘l’]o,ea[‘l"b]o,z =

4See appendix B for an explicit leading-order check of this fact.
5We are grateful to Balt van Rees for discussions on this point.
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Figure 1. Allowed region from the bulk-defect bootstrap, in (a) for p = 2 and in (b) for p = 3, upon

assuming (bgb’i)2 > 0. Note this is an extra assumption, since unitarity of the bulk theory is not

guaranteed — see footnote 3.

If (bg ’i)2 > 0, which holds in unitary theories, ag2 can be further constrained. In particular
for p/2 — 1 < Ag < 3 the resulting regions are shown in figure 1. However, we should
reiterate that unitarity of the bulk theory is not guaranteed. Rather than assuming bulk
unitarity, we will simply assume (bg’ ’j[)2 > 0. Our perturbative predictions are consistent
with this assumption, as shown in section 3.

It should be clear that (2.8) is no longer a valid ansatz for ¢ = 1 because boundaries and
interfaces do not have transverse spin. This explains why [9, 42] found a different solution
to the bootstrap equations, namely:

(b =1+2"2ag2, (0)7)* = (d=2)(1 - 2" %ag2). (212)

2.1.3 The two endpoints of the flow

Referring to (1.3) and (1.5), we can identify ® = ¢ when ¢ =2 —s and ® = x when ¢ = 2 +5s.
The trivial defect is then composed of the ‘+’ modes, denoted qg or ¥, and the LRI is defined
as a defect-localized interaction away from this point. This is either an interaction with the
SRI or a self-interaction, depending on the duality frame.

Trivial defects have bg)’+ =1 and bg’_ = 0 which are equivalent to ag2 = 0. After a
deformation, upon assuming (bf)I> ’jt)2 > 0, the allowed one-point functions in figure 1 are
negative when Ag = Ay and positive when Ay = A,. In terms of the small parameters
¢ and ¢, these deformations affect the co-dimensions as:

q:2_4§£’ g=2+p—2(6+A%), (2.13)

respectively. In the former case, we have a4 < 0 from the qu54 flow while in the latter case,

we have a,2 > 0 from the ox flow.
It is interesting to ask what happens to ag2 when a,2 = 0 or vice versa. This is a question
about large € and 6. In our language, the conjecture of [27] is that b~ = 0 when b§’+ = 0.



Instead of the trivial defect, we are therefore dealing with a dual starting point defined by

oo (bgﬁ_)er(g)r(p—%):r(p—A;;—a)r(—5+5+A;)' o
I (2) T (432) T (1+5-6-A3)T (A5 +9)

We can equivalently express the results above in terms of a4 via eq. (2.11) to find

§—1+A%=-7/8+5, p=2, 215
A2 =\ /xcot(n(6+A%)T(6+A%—1L :
4F(5+A;_(2) 2 = 0575408+ 0(5), p=3,

where for p = 2 we used A’ = 1/8, while for p = 3 we used A} = 0.5181489. In order to
accommodate both such descriptions of LRI while being consistent with bulk-defect crossing
and (bg)’j[)2 > 0, we should allow at least

~7/8<agp <0, p=2,

—0.575408 < ay2 <0, p=3. (2.16)
This is the interval in which we will let a2 vary when looking at the numerical conformal
bootstrap in section 5. A very similar calculation could be used to estimate a,2 at small

€. This result also follows from

P | TN | TR | TGy
F(?) D 2) = pt+2—q

which we will derive in the next subsection.

2.2 OPE relations

In any defect CFT, bulk locality imposes several constraints on the dynamics. For correlation
functions between the bulk field ® and two defect insertions @, f, and away from contact
points, it requires the correlator to be an analytic function of the coordinates. This leads
to constraints on defect three-point functions with (5, T and the defect modes of ® which
have been written schematically in (1.8). For the LRI specifically, the relations we will use
were all derived in [28] following the special cases considered in [24]. Here, we will review the
modern derivation from [29-31] as it applies to a broader class of models. This will also show
how the prefactor of (1.8) is physically related to the one-point function age.

2.2.1 Review of the derivation

Consider the case where O is an SO(p) scalar, and T is a symmetric and traceless tensor of
parallel spin ¢. Both O and T are taken to be scalars under transverse rotations (s = 0).
Without loss of generality we can place the third operator at infinity and so we investigate:

(®(21)O(12) TV (0)) . (2.18)

In the expression above, to avoid cluttering we have dropped the dependence on the (parallel)
spin indices. We recall that ® is a free bulk massless scalar field, so its defect modes are



written in (2.2) with coefficients b>* (b2~ = 0 for s > 0). In the defect channel, the
correlator above will be written in terms of the OPE coefficients
Aypor

P A
|7_12|AS+AO AT

~

<q/)§p) (7-1)(’3(7-2)T(l)(oo)> = X (tensor structure) . (2.19)

We could now resum the bulk-defect OPE to obtain the complete expression for (2.18) in
terms of the data in the defect channel, but we will not need it in the following. As shown
in [29], analyticity of (2.18) then requires

r (g) r (22+p—q+2+2A?—2A8> r <2€+p—q+2—2A?—|—2Aa)

1 2 1 7

(YA = A (+) A7 s
Yy OT R(ag2) r (4_q> r <2€+p+q—2-§2A?—2A8> r <2€+p+q—2—2A?+2A5) by OT

2 4
(2.20)

which is the more precise version of (1.8). We will often consider the case where O is another
zero mode w(()p), so that (2.20) gives:

Al/’éﬂibéﬂf = Iil(Af, E)A¢é7)¢é+)f7 )\wé,)wé,)f = HQ(AI/;, f))\w((;)w((;L):l/;, (221)
with
(A~ ¢ 9 A~
() r () ()
K1(Az,€) = —R(ag2) J ,
Tp—An (+2—q+A
r(g)r () o ()
(+AA~ {+p— —A~
L @) ()
A~ ) = — . 2.22
R ()
We have defined
R(ag2) = by~ /b3, (2.23)

where bg * and age further satisfy (2.11).

2.2.2 Special cases

For certain special values of the parameters, some of the blocks in the decomposition of (2.18)
are already regular before constraints are introduced. These correspond to poles of the gamma
functions in (2.20) which cause the exact relations to degenerate. This phenomenon is most
interesting when the possibility of operator dimensions infinitesimally close to these special
values is disallowed by symmetry. In fractional ¢ models like the LRI, this only happens when

As=p+{L+2n, ( odd (2.24)

A~ A~

This condition, which guarantees r1(Az,l) = k2(Az,l) = 0 and hence A
A

wsDusOT T

WOy OT = 0, is essential for odd-spin operators because they can only appear in mixed
0 0

OPEs by Bose symmetry. Importantly, all odd-spin operators in w(()+) X 1/1(()_) are of this type.
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The BCFT setup of [30, 31] also had special cases realized by even-spin operators which
could be distinguished from the continuum by Ward identities instead of Bose symmetry.
These operators, known as the displacement and its higher-spin cousins, satisfied the following

conditions:
(+ .
1. Af = QAO ) + 2n + £ implies HI(A?, 6) = 00, )\wé+)wé_)f =0 and )\¢8+)wé+),lq unfixed,
=oAL impli ) = = .
2. As =27 "+ 2n+ ¢ implies /@(AT,ﬁ) = 00, )\wé+)wé—)T =0 and ’\wé‘>wé‘>T unfixed.

For fractional ¢ on the other hand, we cannot construct any s = 0 operators out of the
bulk currents which obey Ward identities. Algebraically, this reduced freedom can be seen
from the fact that A((]i) do not differ by integers, meaning there is no way to satisfy both
conditions at the same time.

2.2.3 Duality relation

We can now consider a shadow transformation that exchanges Aéﬂ and A((f). According
0 (2.2), the one that does the job is ¢ <> 4 — ¢. In terms of LRI parameters, this is equivalent
to changing the sign of s. The first line of (2.20) then becomes

A K1 (Aj:, )N A RQ(A?, O)A (2.25)

WOWOT T GOWIT T A PgOT = w7

The &;, however, are not simply the x; with s <> —s applied. This new description of
the same LRI has a different bulk so it must use the ‘t+’ modes appropriate to the new
co-dimension. This means that if the original set of relations used R(a42), the new set
will have R(a,2) in its place. Note that the physics has not changed, so it is possible to
compare OPE coefficients and find

I~€1 (AT’.\,, f) = I{Q(Aj:,f) 5 I%Q(Aj:,f) = Iil(Af, [) . (226)

By comparing to eq. (2.22) we see that
R(ag)R(ay2) =1, (2.27)

which can be rearranged to give (2.17).

A consequence of this fact is that a co-dimension 2 — s defect with one-point function
coefficient a4 gives the same numerical bootstrap bounds as a co-dimension 2 + s defect with
one-point function coefficient a,2, as far as this small set of correlators is concerned. Applying
this duality to the bounds obtained in refs. [30, 31] should therefore lead to consistent bounds
for co-dimension three defects, and it would be interesting to study this further.

3 Perturbation theory

We can use the exact OPE relations derived in the previous section to study the LRI in
perturbation theory. As discussed, the LRI admits two dual descriptions: as a GFF coupled
to itself — see eq. (1.3) — and as a GFF coupled to the SRI — see eq. (1.5). When the
interaction in (1.1) decays sufficiently slowly or sufficiently quickly, one of these flows becomes
weakly coupled and hence describes a perturbation of the trivial defect.
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As we will review, at the IR fixed point of (1.3) the critical coupling is \x ~ ¢ with &
being a small parameter. Observables such as the anomalous dimensions and OPE coefficients
of (unit-normalized) LRI operators, as well as the ratio R that appears in the OPE relations,
can be expanded in powers of ¢ as

A=A 4 AW L 2AQ) L SAG) L oY),

Nijie = Ao+ eal) + €28 + A0 + O( 1),
R(ag) = RO +eRW 4+ 2R 1 B3RO L O(eh). (3.1)

At the IR fixed point of (1.5) the critical coupling is g2 ~ & with small §. Quantities
such as the scaling dimensions and the ratio R, that are invariant under the Zo symmetry
that flips the sign of g, can be expanded in powers of § as

A=A 4 5AR L 2AW L 0%,
R(ag) = R +R® + §2RW + 0(s%). (3.2)

Depending on their Zs charges, OPE coeflicients will contain either odd or even powers of
6'/2 (not both) so for them we consider either of:

Aijle = AL+ 0A5) + 02A8) + 0(8%) |
Aigie = 82000 + 63203 4 82000 + 0(57/%). (3.3)

Notice that here A is defined as the shift with respect to the scaling dimension at
€ = 0or § = 0. Tree-level scaling dimensions can be linear in the small parameter, so
A™ is in general different from the anomalous dimension ("), which is naturally defined
in perturbation theory around zero coupling with ¢ or ¢ finite.

3.1 Review of results in the literature

In this section, we review some of the available perturbative results for the LRI and its O(N)
generalization. Starting from the mean-field end we will consider the following perturbations:

S(11)d(r2) 11
S:A@N_g/dpﬁdp ‘ 12|p+5 +/dp 4,¢ N=1,
S = NoN_s / dPT1dPTy s ,le‘pﬁ )+ / dPrZ gg $)?, N>1, (3.4)
where (-) denotes the O(N) scalar product and the constant
2—S(B==5
N, = L5 (3.5)
r30(3)

has been chosen in order to have a unit-normalized propagator in position space. In complete
analogy with the LRI, the long-range O(N) model can be written as a defect for the free,
massless O(N) vector model [43]. Since the interaction is marginal when ¢ = 2s — p vanishes,
loop diagrams can generate inverse powers of €. Even though we are interested in finite €,
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we will treat these as poles to be subtracted. This is a scheme that preserves the property
that observables accurate to O(g") require diagrams with up to n loops. The two-loop fixed
point in this scheme is [43] (see [32] for a three-loop result)

IO IO L) ()] 2 o
= et wrarrar [ (5) -2 (5) o] @0, wo
(3.6)
Around the short-range end we will only consider the N = 1 action:
S = Ssri —i—/\fs/\/_g/dpndpmw + /dega)Q, (3.7)

which leads to results depending on the short-range CFT data quoted below [36, 44].5

1

A;:§ Al =1 cr =1 (p=2)
A% = 0518157  A* =1.41265 cr = 1.419815 (p=3)  (3.8)

Taking § = 257 — A to be small, the two-loop beta function for g can be computed numerically

with conformal perturbation theory [46]. This was done in [27] leading to the fixed point

(3.9)

9«

,  ]0.7883920 + O(6%), p=2
0.8155(3)6 + O(6%), p=3

It is clear that in principle, (3.9) can be generalized to O(N) fixed points, although separate
numerical calculations would be needed for each value of N.” We will also speculate later
on about long-range fixed points based on minimal models. The most optimistic hypothesis
one can derive from [27] is that any Ginzburg-Landau model with a nonlocal kinetic term
can be reached by coupling its short-range partner to a GFF.

Anomalous dimensions near the mean-field end. Let us now discuss the anomalous
dimensions of LRI operators. We shall recall that the fundamental field qAS does not renormalize,
its scaling dimension being fixed by the nonlocal equation of motion. For the leading scalar
3)5 = <Z§ . <Z§/ V2N among O(N) singlets, the anomalous dimension is computed at three loops

See [45] for some bootstrap estimates of this data in fractional dimension.

"The duality between the large-N versions of (1.3) and (1.5) has been explored in [47]. References [48, 49]
discuss a similar co-dimension one duality between large- N free/critical vector modes coupled to a free massless
bulk scalar field with Dirichlet/Neumann boundary conditions.
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in [32] (two-loop results were originally obtained in [20]) and reads:

A :p+sN—4+€2(N+2)(7N+2O) l¢(12;> _2¢(Z>+w(1)]

2 2N+8 (N +8)3
5 (N 4 2)(7N + 20)
B 4(N + 8)°
3(N +2) / r (P
e3mw2 — 12N — 16) lqp (1) — (2)]

6(N +2)(5N +22)T(1+ 2)31(=%) | (D
BT O [wu)—w@

The next quantity that is known, is the two-loop scaling dimension A[ Sl of the spin-¢

(19N3 — 60N? — 432N — 256) [w (12’) — 2 (Z) + wu)] 2

+0(eh). (3.10)

operator [p@],, ¢, which was computed in [50] (see also [28]) for the case of n =0 and N = 1.
As discussed there, we can compute this quantity by considering the three-point function
<€g€£[$q§]n5>, and the first correction comes from the two-loop diagram:

km”
i \\U [ (3.11)

k;_k/_k;//

Here, the solid lines represent (scalar) propagators, while the arrows indicate the flow of
momentum. The white dot represents a composite operator, in this case [q%]ng The black
dots indicate the aﬁz vertices proportional to A. Setting for simplicity the insertion of the
spinning operator to zero external momentum and repeating the calculations of [50], we

obtain the following result for the two-loop correction:

6(N +2)(\uf)? [ di'dk” (a1 Ky

e N
6(N+2)NT(l+n+5—s)I(EE)2°T(2s —p—n)I'(n+p—s)I (25— 5) |u
(4m)PNA L(s)I(5)20(6+2n+ 3p —25)['(p —s)['(25s —n — L) ‘k

7P (=1)"T'(n + OL'(5 +n)

enlT(5)T'(5 +2n 4+ OT(5 —n)

=6(N +2)\? +0(1), (3.12)
where we divided by the tree-level result.® Since there is no wave-function renormalization
for QAS, the 1/e pole in this diagram is removed by a wave-function renormalization for [ngg]mg,
which in turn leads to the following scaling dimension for [éqg]ng at the IR fixed point:

_pt+dn+20 e 5 N+2 (=1)"3T(E)T(n+ 05 +n)

AL, prrEhTet c
(316 2 2 S (N+82 nl T(E+2n+0T(% —n)

+0(e3).  (3.13)

This generalizes the result in [28, 50] and also corrects a factor of 2 for the leading twist
N = 1 result.

8 As the spinning operator does not carry momentum, derivatives will produce the same effect no matter how

they are distributed: they simply contribute the same factor of kg, ...kg, (k" - k”)". The tree-level diagram is
also proportional to the same factor. See [51] for some other calculations where the distribution of derivatives
drops out.
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Anomalous dimensions near the short-range end. There are fewer perturbative results
near the short-range end. The leading scalar’s anomalous dimension was computed at two
loops in the § expansion in [27], which found

1+ 0(8?), p=2,

A, =
AX 40270 + O(8?), p=3.

(3.14)

The anomalous dimension of the leading spin-two operator 7}, can be obtained from
multiplet recombination [52, 53] (see also [30]), i.e. by exploiting the fact that conservation
of the SRI's stress tensor T}, fails as soon as we turn on g. In turn, this strategy allows
us to gain one order in perturbation theory. The resulting scaling dimension of T" depends
on the central charge in (3.8) and is [26, 27]:

87 AL(p— A7) o

g>+0(gd). (3.15)

AT - + *
P @ P rp—2

For the specific case of the p = 2 LRI we can use Virasoro multiplet recombination
methods to compute the anomalous dimensions of higher-spin Virasoro currents in the SRI.?
At spin-4, the dimension of A = (L_4 - §L2_2) |0) has been computed in [28] to be:

1
Ay =4+ 72+ 0(g}). (3.16)

Increasing the spin leads to a proliferation of currents and a computationally intensive
problem, but for anomalous dimensions up to spin-10 it should become manageable using
the techniques of [55]. We leave this problem for future work.

Results in the literature in both perturbative settings have mostly focused on anomalous
dimensions and fewer results are available for the OPE coefficients. We will present some
new results for OPE coefficients in both settings in the next sections.

3.2 Using OPE relations near the short-range end

Let us first discuss how to use the OPE relations near the short-range end, so that g2 ~ &
and 0 < § < 1. Importantly, if we want to keep the co-dimension smaller than 2 (so we can
compare to the predictions from the MET end), the expansion does not start from the trivial
defect bg’_ = 0, but rather from bg’+ =0, see eq. (2.14). For the same reason, the ‘+’ modes
are exchanged: they are o and { respectively, which means the OPE relations in (2.21) read

haoo _ o To/2= A P(HAN(225=2)

)\O')A(O ¢ F(AU o p/2)1—x(5+p722A0+A)F(ZJF%,A) )

Ao Rlag)~! (A, —p/Q)F(%)F(W) )

XosO s — L—p+2A5+ A\ LHp—AN .
axO I'(p/2 — Ag)T( s T (E2=2)

9The GFF ¥ is what allows one to construct the operators which can serve as divergences for these broken
currents. The SRI on its own does not have any. At present, this is one of the main obstacles to formulating
the local Wilson-Fisher fixed point as an expansion around the 2d Ising model. See [54] for recent comments
on this problem.
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If O is a primary in the SRI which diagonalizes dilations, then A\gzo starts at O(g?), while
Aogo and R(ag) ™! start at O(g«). The OPE relations can therefore give information about
two-loop perturbation theory with one-loop data as input. In practice, the first non-vanishing
terms in A;y0 and Mg can both be computed from the star-triangle relation in (B.2), using
it once for the former and twice for the latter. We will therefore compute the OPE coefficients
in (3.17) directly and treat R(a42) as the unknown quantity. If we take O to be a scalar, the
integrals arising in conformal perturbation theory can now be easily computed to get

o T(AL —p/2)T(EAL — ADT(2=AY)
92000 T () AT (AT/2)T (DG — A7/2)
D(A% —p/2)?T(B2 — A% (p — Al — A*)2)
T(p— AL)2T(A52 + ALT(A — A*/2)

p/

)\U)ZO =TT + O(gi) )

+0(gh). (3.18)

2\ *
A)Z)Z(’) = ng* aoc O

Either one of these results is enough to compute R(a42) upon going back to (3.17) and the
fact that they agree is a check. We find

L(p/2 - A7)

R(ag) ™" =g, T(p—A})

+0(g2). (3.19)

Upon plugging in A% and g, numerically and using (2.11), the result above gives the following
O(9) correction to (2.15):

(3.20)

~T +9.8968 + O(82), p=2,
a2 =
P ] —0.575408 4 37.136 + O(6%), p=3.

The power of this approach is that, with (3.19) in hand, the OPE relations can be used to
quickly upgrade (3.18) to a spinning version of it. As a result,

X * Ax—A*
D(A; — p/2)T(H45)D(H25—2)

- O(g?)
o T LEP—2A% KA —A* */0
F(p - AO’)F( P D) + )F(H—pz )
N (4p—20%5+A* \ v/ 0+2p—2A% —A*
2\ % P(Aa —p/2)2F( P 2 + )F( +2p 2 )

)\)2)20 = ng coO ¢ * * * *
x N P12 A AT\ (H2AE A
L(p— AO’)QF( L 2 )I( 2 )

Aoso = 72005,

+ 0(gh), (3.21)

has been concluded using only the (scalar) star-triangle relation. Deriving it directly would
have required the more complicated conformal integrals in [56]. We could now apply (3.21) for
p = 3, inputting the numerically determined CFT data from the SRI, some of which has been
bounded rigorously in [44]. For p = 2, the caveat requiring O to diagonalize the generator of
dilations becomes important. One way to satisfy this is to find the eigenstates at a given
level of the Virasoro e multiplet and choose O from this set. Conversely, operators in the
Virasoro identity multiplet will mix with derivatives of oy which precludes a diagonalization
solely within the SRI.

3.3 Using OPE relations near the mean-field end

Let us now consider the mean-field end, where g, ~ ¢, 0 < ¢ < 1 and the expansion starts
from the trivial defect. This time the ‘+’ modes are $ and ¢ respectively, and the OPE
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relations in (2.21) read:

(420, —A
0560 _ g, DB BTN
P 4 p—2A gt Ao brp—DAy
Asio P(Ag = p/2)D (=520 (F15=)
BN 04+2p—2A,—A
Ao o DA —p/2)D(HR) D (FE2e
SV R(ag2) T OB, A A (3.22)
Ete) I'(p/2 = Ag)I( )P (—5=)
All operators are taken to be unit-normalized. Setting Ay = 7= shows that the OPE

relations now constrain the CFT data in a different way. By plugging the \;j; coefficients
at O(e") into (3.22), we can learn about R(ay2) and A at O(e"!).
We begin with the concrete example of A > and R(ag) at O(e?). The process starts

2

by inputting the tree-level OPE coefficients

A=y A =3 A9 =32, (3.23)
Dppp? pp3¢? #3342
into the first two OPE relations in eq. (3.22). By further expanding them in e, it is a simple
exercise to show that the OPE relations are satisfied if and only if

AW = 176, R© =0, RM= r(-g)r(s) (3.24)
o ’ ’ 3V (h+1) '
(

In particular, we have reproduced the known anomalous dimension ’yd)é) and also R(Y), which

is computed directly in appendix B.
At the next-to-leading order, we shall need the OPE coefficients at O(¢). Computing

AL i position space starts with integrating a GFF four-point function with respect to 7

ijk
while keeping ¢ finite. In all cases, this produces a 1/e pole to be subtracted, a logarithmic
term associated with anomalous dimensions, and the finite term we are after. As we will

see, the latter is always proportional to
A, =1 (g) — 2 (Z) (1), (3.25)

For )\(12 - the unique diagram is:

$dd
A
-7 ><>@ (3.26)

where the factor 1/1/2 comes from the insertion of qfﬁa , and we are integrating over all possible
insertions of the q/ﬁz vertex proportional to A. Here and below, solid lines indicate scalar
propagators, while black dots indicate ;571 interaction vertices. The white dots represent
composite operators, e.g. 555 , (?55 , &Z. The expression for the diagram follows straightforwardly
from the master integrals given in appendix B, as is discussed there. Hence, we find

I B ArP/2 I’(%)_1
171,2 - \/E

T13723

2
g-l-Ap—Hog

pP—E

p—e  p—¢
|T13] 2 [T23] 2 T2

+ 0(5)1 . (3.27)
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For AL _ we have three diagrams:
392

3\ A 3\
L g@oﬂ CB\@Qﬁ % 325

Using the results of appendix B we see that the first diagram has no O(1) term, while the second
starts at O(e). The third diagram has a finite part which is proportional to (3.27) leading to

I 3xrP/2 I(B)~!
1,32 = \/§

2
T12793

4
-+ A, +2log
T13

. (3.29)

+0(e)

p—¢
|T12| 2 |T23|P—¢

Finishing with AW ~, we have five diagrams:
¢3¢3¢2

3\ A
-= - +

V2 V2

6A 3A

The first one is 72/¢ to the desired order, the second and third are zero to the desired
order, and all O(1) terms come from the last three diagrams. Using the master integrals
in appendix B again, the result is:

3ArP/2 re)-t 14
I3392=— \% (5) — +5A4, + 2log ’7-1527-137'23‘ + O(s)] . (3.31)

pe  pe
|T12P=¢|Ti3| 2 |mos] 2 b °

The 1/e poles in (3.27), (3.29) and (3.31) can be subtracted by a wave-function renor-
malization for ¢? and for ¢3, which in turn give the correct anomalous dimensions at the
IR fixed point, and from the finite part we get:

A A

O

b CoaAL AW o
P> 3v/2 P32 V3 P332 V2

We can now plug these results into the OPE relations, and expanding in powers of ¢

(3.32)

we find that they can be satisfied if and only if

(2):& ():_F<1_§)F(g) P _PY _ (B —
A= RY=— am [130(5) +30(~5) ~ 86(8) ~ su(1)] . (3.33)

Again, we have reproduced the correct result for A 5~ seeeq. (3.10) — but this time we

have also obtained the next-to-leading order prediction for R(a42). Note that, via eq. (2.11),
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the latter implies the following expansion for ay::

ag = EQan) + 53a§’2) +0(e"), (3.34)

o_ ' (g)Q RO

Y T TRerp)

w_ Trra-gpra-y |
P aer (1) I+ 1) T(5)r(-5

In particular, for p = 2 and p = 3 we get

N 1 8log4) 5 4 B
Qge = —5-€ +<54— 1 )5 +O0(e%) (p=2)
= —0.037037¢2 — 0.118399¢% + O (%),
5/2 442 2
g = —— e+ (137 — 28 — 64log 2)T (i) SBL0EY)  (p=3)
576v/21 () 6075
= —0.0254242¢? — 0.0667824 + O(e?), (3.35)

which are analogous to (3.20).

We can additionally use the OPE relations to compute anomalous dimensions of gigm
operators. We use eq. (2.20) with T= @, O = qb/m:, as well as the e expansion of R(a?2)
computed earlier. The relevant OPE coefficients all come from the same integrals which
appeared in the derivation of (3.32). Working out the correct combinatorial factors, they read:

9
Ny = Vi (1 ~Sm-1)4, +0(52)) ,

B 3m € 9
N = (m— 1) 2(1—6(3m—4)Ap+O(6 )) . (3.36)
Plugging these into the OPE relations and expanding for small €, at one loop we find that
12 [A%n\l - A%Z] FAm—T=0, (3.37)

which allows A(Alo) = 0 to be used as a boundary condition. Solving (3.37) and also converting

the result to an anomalous dimension yields:

2m — 5) 1y m(m—1)
AQ _m@m=5) - _mm—1) .
o 12 o 6 (3:38)

Knowing (3.24), this result can be written as fy(/l\) = (Z‘)’y;é) which is the same relation

m

between one-loop anomalous dimensions that holds at the local Wilson-Fisher fixed point [52].
This is not surprising because Wick contractions in these theories have the same structure.
At two loops we find instead:

18 {A%_\l - A%} — (m—1)(3m —8)A, =0, (3.39)
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and so,

7(/2\) _A® _ ~m(m—1)(m —3)
om om 18

A, . (3.40)

To our knowledge, for m > 4, this quantity has not been computed before since the three-loop
results of [32] stop at m = 4. Notice that (3.40) vanishes for m = 1 and m = 3, as it should
since the ‘+’ modes have protected scaling dimensions. The OPE relations allowed us to
obtain a two-loop result using only CFT data at lower order.

3.4 Generalization to long-range O(IN) models

Long-range O(N) models are on the same conceptual footing as the LRI model. It should
therefore be no surprise that the calculations in the previous subsection can be generalized to
the O(N) case. We will demonstrate this only for the mean-field end, although we expect
the same strategy to work for the short-range end.'”

This time the defect modes of the free bulk scalar are in the fundamental of O(/N) and read

(1) _ 2r (=0) _ 1 Y
Yo =9, Py = 2(N+2)(¢ P)o" . (3.41)

The overall coefficients are chosen such that they are unit-normalized. For the long-range
O(N) models one can recover a set of exact OPE relations that is completely analogous to
eq. (2.20) with the same gamma functions. We will exploit such OPE relations to compute
anomalous dimensions of (unit-normalized) operators

1 1

o /al(IN/2), on /nl(NJ2 1 1)y,

The set of perturbative OPE coefficients we need are generalizations of (3.36), which are

L, = (@), Wy = (¢-9) . (3.42)

computed in appendix B up to O(e?) corrections. They read:!!

3n
)\WOWnZn = Ag/(\)})()wnzn (1 — EiAp + 0(52)) y

N +8
0 6n+ N +2
AWOWnZn 1 = )‘(Wlwnznu (1 - gm“‘lp + 0(52)> :
0 54dn + TN — 16
)\W1Wn2n = /\g/\;)lwnzn (1 — WAP + 0(52)> ,
Lo n(54n 4 17N + 28) + 3(N +2) )
AW i1 = AW, S (1 - (N +8)(6n+ N +2) ATOE) ), (343

10To this end we would need extensive CFT data for the short-range O(N) models. These are in principle
available at large N. It would also be interesting to use the O(2) model data from [57] which was extracted
using the techniques of [58].

1A three-point function with two W!-type operators is proportional to 677, so we can drop the I label in
the corresponding OPE coefficient.
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where the disconnected contributions are

@ Ly (% n 1)n o 3ny /2 (4 +1)n

TTm. T e,
- - \/(n+1) (%%—1)” " B (6n+N+2)\/2(n+1) (%)nﬂ
W = A, = . (3.44)
(%)nﬂ N\/(N+2) (5+1)

The calculation again starts with the minimal number of fields. Taking n = 1 and
T = %1, eq. (2.21) gives expressions for the ratios Apywes, /Awewi s, and Ay, s, / AWewr s, -
Demanding that they agree with the appropriate cases of (3.44) yields

VN+2,0 (1-18)r(3)
V2(N +8)T (B+1)

R e JEEIOIN

Bl 4\/(N+8)3r (3+ 1)

RO =¢9, RD =

— 64N — 288)1)(8) — (N + 8)%p(—2)

+8(5N +22)¢(2) +8(5N +22)y(1)|,  (3.45)

at O(e?), along with anomalous dimensions of ¥; which agree with [43]. This results in the
following one-point function coefficient of ¢?:

o r2r(1-2)r(s)
o 2N+ 8)T(+ 1)
a® (N +2)0(1 - B)T(B)3
TSIV ST L)

[(N2 — 144N — 640)9(8) — (N + 8)%y(-2)
+16(5N + 22)1h(8) + 16(5N +22)1p(1)| . (3.46)

To go further and compute anomalous dimensions of (3.42), we shall simply use eq. (2.20),
once with 7' = >, and O = W,, and once with T = Yn+1 and 0= W,. Using the known
R, we obtain the coupled equations

(1) _ A, 60 1
A ”_AE"+N+8 4’
0=2(N +8) (AS}L - A§3+1> +2n+ N -4, (3.47)

at one loop. Their solution is:

Tn 2N +8) 7 TWn 4(N +8)

_ 2 4 - N -
m _n(2n+ N-16) @) _24n° +20(N —4) - N -8 (3.48)
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Analogous equations can be found at two loops as R(®) is also known. They are solved by:

n [36n2(N +8) + 12n(N? — N = 54) — N(19N + 58) + 320]

(2 _
A, = (N +8)3 Ap-
6n(n —1)[6n(N +8)+ N(2N +13) + 12
Al = (n = D{6n( (N)+8)3( ) ]Ap. (3.49)

Once again, the virtue of the OPE relations is that they allow to gain one order in perturbation
theory, as shown in these examples.

A few comments are in order. First, our results for A(Ell) and Agl) agree with equations (5.6)
of [43] and (3.20) of [32]. The quantity A(EQQ) was also computed in [32], and we agree with

their result. Second, both A%)O and A%)l vanish as they should, since the corresponding
operators are protected defect modes. Finally, for N = 1 and any n we recover the results
of subsection 3.3.

3.5 Taking stock

Of the new results we have computed so far, the ones which will be used most immediately
are (3.20) and (3.34). These express the one-point function a4 near the short-range and
mean-field end of the LRI respectively. Estimates of this quantity will prove to be an
important guide for the numerical bootstrap. However, the conceptual novelty of this section
is that it is based on new tools for streamlining perturbation theory in the long-range Ising
and O(N) models, namely the OPE relations in eq. (2.20). These were powerful enough to
provide new two-loop anomalous dimensions for ¥, and W!  defined in (3.42).

When the special case 7(221) was first found in [43], more standard Feynman diagram

calculations were used. It would have also been possible to find all 7(22”) in this way because
the required number of diagrams stabilizes for sufficiently large n. If desired, one can now
turn the process around and predict the O(e~!) parts of these new diagrams using our scaling
dimensions (3.49). One might hope for a further generalization by including derivatives
in (3.42). The OPE relations explored here hold for operators with spin and they can
certainly be used to compute their anomalous dimensions. The main obstacle one faces is
that the linear combinations of derivatives which lead to a conformal primary are non-trivial.
Finding a way around this was possible when we computed (3.13) but only because the
operator [gz@gg]ng was limited to two fields. With arbitrarily many fields, the presence of
derivatives introduces a book-keeping exercise that seems hard to avoid with either the OPE
relations or pre-bootstrap methods.

On the other hand, one statement of this form that we can make is )\;)2 5= 0 when O

is an operator involving four fields d3 and potentially many derivatives.'?> This result will
become important in the next section which discusses a method for extracting CFT data

A A~ A

along a trajectory of operators in a four-point function. When computing (¢(z1)p(x2)O(z3))

(1)
PP
this simplification is similar to the one showing that 7;2) = 0 in the LRI but not the SRI.

2This is in contrast to the local Wilson-Fisher fixed point which has A 5 # 0. The calculation leading to
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to one loop, each distribution of derivatives is handled using the diagrams

\ U + U /. (3.50)

Following the steps used for (3.13), these are computed using either

dPToTgs . Tos B I'(p+1l—e)
’7_01 ’%(pfs) ’7_03’%(p75)+2l P(%(p— E))F(%(p—é) +l)

=

3
! p. L (p=e)-1 (1 - x)z(p—a)—i—l—l ai a;
X/o dx/d 70 2t a(l—a) e (ro+axm3)® ... (To+2m3)™, (3.51)

or its image under (1 <> 2). Without loss of generality, we have taken the factors of 7
(if they are contracted at all) to be contracted with the factors of 755 outside the integral
rather than each other. While (3.51) clearly vanishes when [ is odd, a simple calculation
shows that all {/2 terms of it are O(¢) when [ is even. This means that the three-point
function, which includes \,, is O(g?).

4 Inversion formula

One of our perturbative results in the previous section applies to an infinite family of operators
labelled by spin — namely [qggg]ng for £ > 0. These are trajectories of double-twist operators
built from the fundamental field. Many studies in recent years have computed analogous
families of anomalous dimensions using an efficient technique that sidesteps most of the
need for diagrammatic computations and implements analytic bootstrap for perturbative
CFTs. This is the Lorentzian inversion formula [37], designed to yield CFT data in a form
that is analytic in spin down to a critical value determined by the growth of the correlator
in the Regge limit.

The main goal is as usual to extract CFT data, which is done by looking at the
contribution of the operators in a four-point correlator through the crossing equation. We
start from the non-trivial function G(z,Zz) which appears in the four-point correlator of
some (defect) scalar primary U:

G(z,2)

(U(71)¥(r2) ¥ (73)¥(74)) = ol 7B (4.1)
Its arguments are related to the positions through
2 2 2 2
U=zz="281 y_(_z1-z=108 (4.2)
713724 713724
By using the OPE twice, one can expand G(z,z) in terms of the conformal blocks
G(z,2) = Z AAp to IAo Lo (2, Z) (4.3)

Ao lo

where apa,, ¢, = /\%,\I,O is the OPE coefficient squared, and the sum runs over all possible
exchanged primaries, telling us which operators contribute to the correlator. The conformal
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blocks are theory-independent and arise as solutions of the quadratic Casimir equation. In
p = 2, the differential operator factorizes, D = D, + D3, and as a consequence, the conformal
blocks factorize as well:

ka—e(2)kate(2) + (2 < 2)
1+ 0

gA,E(Za 5) = ) (44)

where
kg(z) = ey o (g, g,ﬁ;x) ) (4.5)

In the framework of the inversion formula, detailed knowledge of the correlator is optional
for applying it as long as one has access to a simpler piece called the double discontinuity. It
is defined as the expectation value of a squared commutator in real Minkowski spacetime.
Equivalently, it can also be written as the difference between the Euclidean correlator and
its two possible analytic continuations around z = 1:'3

1 1
dDisc[G(z,2)] = G(z,2) — iGO(z, z)— QGO(Z, zZ). (4.6)
Specializing to identical external scalars in p = 2, the inversion integral is:

1+ (1) INC=Ok Ldz [1dz _
da 0= e 5 ) Soaten (e 2)dDisl6(.2)

F(A“'K Ldz 1dz . _
= A DA T y 57 ), Fh-ae@kan(EaDisG( 2], (47

where we integrate the double discontinuity of the reduced correlator over a compact domain.
The kernel is an unphysical conformal block and the prefactor comes from the fact that

(A 0) = (A, 0) + (—1) (A, 0). (4.8)

In the case of identical external scalars, the two contributions are the same and one extracts
the direct channel CFT data by looking at the crossed channel. Moreover, we will set (—1)
to 1 since all exchanged operators have even spin.

The spectral density encodes the direct channel OPE data through its poles, so that

Nbwo

where Ay is the dimension of the exchanged operator. Our main goal in this section is to
improve upon the p = 2 case of our results for [ngg]ng by extending them to three loops.

4.1 Overview

When applying the Lorentzian inversion formula, a useful fact is that double-twist operators
produce integer powers of 1 — z in the crossed channel which have a vanishing double
discontinuity. This means that if ¥ is a generalized free field, all contributions to (4.7) come
from (1 — 5)‘A‘I’ associated with the identity operator. As we turn on deformations, however,

13Tn doing this, one treats z and z as independent variables and rotate around the zZ = 1 branch point.
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other non-trivial terms (referred to as Casimir singular in [36]) start to appear. These include
other fractional powers of 1—Zz and logarithms appearing quadratically or higher. These satisfy

dDisc[(1 — 2)¢] = (1 — 2)*2sin?(n€) ,
dDisc[log(1 — 2)?] = 4x?,
dDisc[log(1 — 2)3] = 1272 log(1 — %) . (4.10)

We will take U = ngS, which allows the deformation to be parameterized by . CFT data
will then be expanded as:

ao:ag))—l-sag)—l-s al? )+53a(3)+0( ),
Ao =AY +e15) +e29) +M8) +0(eY), (4.11)

where the OPE coefficients are fixed by the canonical normalization of the operators. We

also remind the reader that Ag)) and ag])

Plugging (4.11) into (4.9), the behaviour of the spectral density as A — Agg) is:

in this expansion depend on € in our theory.

(%)) @Dy

(a5)) )
A~ Tt @A A0
A-AY A=Ay (A-AY)
) <ag)> <a£§) (2)Jr (1) (1)> ag) 1)2>
te (0) (0) 003 (4.12)
[A-B0 (A-Ap)? (A—AY)
43 <a8)> N <a(0),y((9)+a8)7g)+agg)7(l)> . <2GE'))"Y((91)’7£92)+GE9)’}/(1) ) <ag))7(1)3>
_A_Ag’())) (A_AE’))) (A—AE,))) (A_AE/)))zL

Since there will be generically many operators with dimension Ag) + O(e), we have used
the (...) notation to refer to a sum over this degenerate eigenspace. In the following, we
will refer to the coefficients of €” in (4.12) as ¢(™ (A, ¥0).

One can now go through the same procedure and expand the four-point function to find

G(z,z) = Z [(a&?} + 5(@8) + ag)78)8A>
NS

1
#2ald + (a) + ) 0s + a9 5R)
+s3<a8)+»Qé?vé) NONC (497g2>8A

1
+(ﬂ9%ﬂ+ﬂ”%ﬂﬁvai+§£H9%&>

2A4
gAg)),lo(l_zal_g)v (413)

4
+ O(e%) T

’ z

for the crossed channel conformal block expansion. Notice that in the usual convention, the
contribution of the identity is singled out, while here we are including it in the O(g") term.
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If we temporarily focus on double-twist operators, all contributions to the double discon-
tinuity come from terms with two or more da derivatives. Their coefficients at O(e") only
involve CFT data up to O(¢"1). A naive reading of (4.13) therefore suggests an iterative
procedure wherein the results of the inversion formula at one order are fed back into it at the
next. At high enough orders, this logic breaks down for three reasons:

1. Multi-twist operators will eventually be exchanged, which can produce a double discon-
tinuity both with and without two derivatives.

2. Even for double-twist operators, those of low spin are not captured by the inversion
formula and need to be put in by hand.

(0),, (1)2 (0) (1)>

3. Averages like (ap,’v»’") are only known in terms of <a§3)> and (ap vy ) if one works

with a large system of correlators to resolve the degeneracy.

For us, new types of operators will appear in a controlled way and degeneracy will not be an
obstacle until after three loops. This differs from the situation in holographic theories which
are more severely affected by degeneracy because they involve infinitely many generalized
free fields [59-62].

4.2 Results at two loops

We will now make the above statements more precise. To start, the e = 0 OPE (apart from
the identity) contains only double-twist operators [q@q@]nz labelled by n > 0 and even £ > 0.
These have conformal dimensions Ag)} = 2A4 + 2n + £ and squared OPE coefficients
L0 _ L+ (=) T(Ay +n) T (Ap+n+£)2 T(2A5+n—1DT(2A; +n+0—1)
mwE Tl (n 4 0)! [(Ay)* [(2A4 +2n—1)Q(2A5 +2n+20—1)

(4.14)

We can derive (4.14) by inverting the identity or by using the original brute-force methods
of [63]. It is now possible to say that agg) and ag) are only non-zero for double-twist
operators but we can actually make a stronger statement. After inserting )\qu54 once, the
naive expectation is that a quadruple-twist operator O will have A 340 = O(e). In fact, our

(2)

calculation in the last section showed that A dé0 = O(e?), which means that also ajy’ and

3)

ap’ are only non-zero for double-twist operators. The second major simplification is that
(1)

V¢ is only non-zero for n = £ = 0. The necessity of £ = 0 is already clear from the fact that
there is no double discontinuity at O(e). To prove the more general claim, consider

([0t (1) [0 e (12)4 (73)) = S (DY DY 6(r1) DY D 6(r2) 6 (7)) , (4.15)

7:7.]‘

where D4 and Dp are differential operators. They ultimately act on |713|722¢ and |m3| 22
after we apply Wick’s theorem to the right hand side of (4.15). This three-point function is
therefore regular as 7 — 7». This property is only consistent with the Polyakov form

Nesor  an s
A A A A 24 [¢¢]n €[¢¢]n €¢4
) ) _ 631, , 4.16
{[@ln,e(T0)[¢lne(72)¢" (7)) | 19|42 5 |[480 | Tp3] 400 (410
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if )\[ 30m e[dBlm. e vanishes whenever n and £ are not both zero. First-order perturbation theory

then implies that the same holds for 77(,} An alternative way to prove that 'yT(L 2 X 0p,000,0
is discussed in appendix B.4.
Returning to (4.13), we now only need to input two quantities to solve for the double

discontinuity at O(g?). These are:

0 1 1
;2) =2, '7(%2) = g . (4.17)

If we now let 8A act on the overall power law in

Ay _
T gao(l—2,1-2) ’A:2A¢ (as opposed

to the hypergeometric functions), it follows that the desired term in the spectral density is:

F(A+€)4
I8T(A + OL(A+0—1)

Ldz 1dz _
/ / he-ar2(2)kare(?) |7

If we are content with extracting CFT data to an accuracy of O(g?), it is consistent to set

()(A () =

Ch0-oP. @)

e = 0 in the integrand and evaluate

F(M)Zl Ldz _ate
B0 _ = . /—‘7FA“A+EA£ (L1
RO = wrararaTen b 277 2B +6:2)222F1(5, §:131-2)
1
" dz o A+22F (4 A+ (= A+2 - A+2; Z)zQQFl(%7%;1;1_Z)_ (4.19)

0 22"

The factored integrals can be done in at least three ways:

1. By using the Mellin-Barnes representation of the hypergeometric function oF; and

picking the proper contour, it is possible to evaluate the related double sum and find
I'(A+¢) , (AAﬁl

r %(A+z)+1) *

A—2-—A.

2
) for the first integral. The second is simply the shadow with

2. One can get the same result by exploiting the inner product which makes the quadratic
Casimir D of sl(2) self-adjoint [64]. Since each integral is an inner product of two

eigenfunctions, one with eigenvalue —i and the other with eigenvalue h(h — 1) for

h c {%7 H%}) we can use <f7 g> W [< f g> <f7 Dg>] which localizes to

a boundary term.
p(A+0)*
. . . 2 2 - 2—
3. Finally, (4.18) is nothing but REAT T ATIT) T(6— A+2,255 25 T(A + £, 255, 252),
where Z(Ag, Ay, Ay) is the crossing kernel in one dimension [57, 64, 65].

It is worth reviewing the crossing kernel since this is the approach that worked for eval-
uating (4.18) even with ¢ # 0. This will be crucial for the three-loop computations in
the next subsection.
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A
Conformal blocks for sl(2) are simply ka_(z) for the s-channel and (132) ¢ ka,(1—z)
for the t-channel. The crossing kernel projects one onto the other. Using the techniques
of [65], it becomes

I(As, A, Ay) = /01 dz/m (2) (1 f Z)A¢ ka,(1—2)

_ T(A)T(AY) 0o dsdt A o
CT(5)M(5)? s DA+ A — ks —), (420

where

T(5 +58)2T(5 +1)?

K(s,t) =T(—s)I'(—t 4.21
(5, = TN A+ o) Flar sy (421)
which leaves a single Mellin-Barnes integral. The formula
1
Fy 1a I+35a b c d e | f (4.22)
56 l+a—-b l14+a—c l1+a—-d l14+a—e l1+a—f; 1

B Fl4+a—-b)l(14+a—c)I'(1+a—d)I'(1+a—e)'(14+a— f)
CT(1+a)B)I ()N (1+a—c—d)(1+a—b—d)'(1+a—b—c)T(1+a—e— f)
X/ioo du P(—u)'l+a—b—c—d—u)(0+u)l(c+u)l(d+u)(1+a—e—f+u)
—ico 21 Fl4+a—e+u)l(1+a—f+u)

)

is then available for turning (4.20) into a single, very well-poised hypergeometric function
evaluated at 1. This can be done in four different ways. One can choose 1 +a —e — f 4+ u
to be either % + s or % + t and also eliminate either s or ¢t in (4.20). We will make
% + s privileged and eliminate ¢ since this is the only choice whose hypergeometric function
approaches 1 as € — 0. The other choices would significantly disguise the simplicity of the
final result. Accordingly, we will write:

D(A)D(5:+A5—1)20(4: — Ay +1)D(A+ 4+ Ay —1)

I(As, A, Ay) = (4.23)
As+A 2 As+A 2 '
P( 2 t) F( 2 . +A¢_1)
2A A H2A5—4 20+ A H2A 5 AH2A45—2 A 20,2 A, Ay Ag42A45—2
« - F 2 4 2 2 2 2 2
TE6 | 2A+A+2A45—4 Ag+A; Ag+A;  AsHA+2A4 -2 A4HA+2A4-2
4 A, 2 2 2 2 ) 1

Mixed correlators have more than a four-fold ambiguity and sometimes it is even best
to forgo (4.22) altogether and instead simplify the crossing kernel by manipulating the
Mellin-Barnes integral directly [66].

The purely two-loop result

2 (A+Z)

¢A(A0| =S5 AT OEaT A2 LDTA+LL)
_é D454 [(f—A+2) (A+0)%(0—A+2)? (4.24)

92N (A+H-D) T(AHE + 1) (S5 +1)2 (A+HL-1)2(0—A+1)2]
has a double pole as A — ¢ + 1. Expanding around this pole and comparing the result
o (4.12) gives:
(2 2 I+ %)2

- @) _
Tl [6(20) = () — 4log2 — 7], ) =~ (4.25)
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The anomalous dimension (which required us to divide by (4.14)) agrees with the diagrammatic
result. Interestingly, (4.24) only has single poles at £ + 2n + 1 for n > 0. We therefore see
that the subleading double twists [q%]mg, despite being independent operators not subject to
any equation of motion, have vanishing anomalous dimensions to two loops. On the other
hand, their OPE coefficients receive the correction

,@ _ 1 n72(n+0)72D(n+ 0+ 3)?
“nt = I8 T(2n)0(2n 1 20)T (2 —n)2’

(4.26)

which can be seen from the coefficient of the single pole.

4.3 Results at three loops

By looking at the expansion of the four-point correlator in (4.13), the most obvious terms

that contribute to the double discontinuity at O(e3) are'4

1 1
> 53<<2@8)7((91)2 + 8)7((9)%(9)) OA + = 5% ag)15 o) ’1 -
AY o —F
O )

2A¢
gAg))le(l _271 _2)

(4.27)
As explained before, we have kept terms containing at least two derivatives of the conformal

(0)

blocks, since each differentiation produces one logarithm. In (4.27), we set € = 0 in Ay’ to

not spoil the overall order in . Given that ag)) and ag)

8]

operators, and all terms of (4.27) include Vo X 0n,00¢,0, we can still compute the double
discontinuity at this order from the CFT data of #%. These are:

1 1 2 1
o =2, o) =3 [w (2)—@&(1)], % =3 v;i)zglwu)—w(z)]. (428)

In addition to (4.27), we have to consider the O(g?) parts of (4.13) again because the
scaling dimensions Ag) in the blocks being differentiated have O(e) terms. The result is a

are non-zero only for double-twist

contribution to the double discontinuity at this order which is the same as (4.18), but now
keeping the O(e) correction. All together we find:

3 F(A—‘rf)

0 €
3] 9 9. _ <
y [c (80 + 5z (A’E)HEZO 54T(A+ OD(A 10— 1)

L—A+3

F(AHE A A+ 02)2 2 o (55H2, 55520 - A+ 2;2)

/1d2 Vdz e
X - — 7 2
0o 22 Jo 22

(Ag—i—log\l—z\ —%log|z|>2F1(% LL1-2)pF(, 411 2)

1 A2 A
_ 58A¢2 |:2F]_(55, A¢2 1-— Z)2F1(T¢77¢2§A¢2§ 1-— Z)}

} , (4.29)

e=0

where Ay =1 —¢/2.

Y Notice that the third derivative of the conformal block will lead to two terms entering the double disconti-
nuity.
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Due to the complexity of the various terms, we will follow the approach that led to the
greatest flexibility in the two-loop case.'® Specifically, we will write the inversion integral at
three loops as a differential operator acting on the crossing kernel. In particular, we want to
generate log|z|, log|1 — z|, and the derivative of the o F'; with respect to its parameter, as
shown in (4.29). Notice that in our case A, in Z(A,, Ay, Ay) is always fixed by the structure
of the inversion integral, but we can play with combinations of derivatives with respect to
the other two parameters to reproduce our result. This leads to:

& F(%) l<A2_3 o 1 a)

T AT (A+OT(A+0—1) 400, 200

)
343 9@
e (a0 + 5 e (A,ﬁ)]

e=0

xI(E—A—|—2,At,A¢)I(A+£,At,A¢)] (4.30)

Ar=1

Ag=1/2

The existence of an expression like (4.30) is no accident. For the part of the inversion integral
that came from inputting (4.28), this is a consequence of the identity

dDisc 93 [(1 = 2)2f(A, 2)] = dDisc(1 — 2)* [log(1 — 2)° £(A, 2) + 3log(1 — 2)*0a f(A, 2)]
= 12720 [(1 - 2)2f(4,2)] - (4.31)

The rest of the inversion integral results from re-expanding a term that was already shown to
be a product of crossing kernels. We will refer to these two parts of (4.30) as O(A\3) and O(\?)
respectively. It will be instructive to consider them separately before setting the crossing
kernel to (4.22) and acting on it with our differential operator.

We are interested in reading off the poles and corresponding residues in order to extract
the CFT data at three loops. A subtle point is that for the product of the two crossing
kernels, the so-called double pole at A = £+ 1 exhibited in the previous section is really a
double pole at A = ¢+ 2A4. Therefore, when we naively hit it with the differential operator,
it becomes a triple pole. By comparing with (4.12), we do not expect this to be present
since the leading spin-£ operator has no one-loop anomalous dimension. What it does have
is a one-loop dimension shift Aé}g as defined in section 3. To account for this, instead of
re-expanding the O()\?) part right away by writing

e laec(Q)(A,E)]

o (32

CI8T(A+OT(A+£0—1)

. (4.32
At (4.32)

1 1
X [( 0 + 0 )I(ﬁ—A+2,At,A¢)I(A+£,At,A¢)]
Ay=1/2

4004 " 200

15Some of the terms can be computed directly by applying the techniques of [67]. By rewriting the logs in a
convenient way and expanding the integrand, we can integrate termwise and then resum. The result is nicely
written in terms of hypergeometric functions at 1. We refer to the Mathematica notebook for the details.
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we will extract its A = ¢+ 2A¢ pole for finite € and expand only its coefficient. Expanding
around the pole A = ¢+ 1 — £, the crossing kernels become:

I(20+1— 5,255 £ (ﬁ).

T(A+ 0,255, 55 I(0 - A+ 2,255, 255) — 4 2
( + 274)( + ) F(245)(A—1—€+%)2

(4.33)

After including prefactors, the derivative with respect to & should act on just the numerator
of the previous expression, so that:

0
319 .2
€ lasc (A,E)] B

_e L(C+3)"
T 9 T(20T(20+1)(A—0—1+5)2

X [(2385 - %A2+¢(2£) +p(204+1) —2¢(L+ ;)>I(26+ —£, e 245)1 (4.34)

e=0

Because of the ¢ derivative which remains in (4.34), this expression is cumbersome but it can
easily be evaluated numerically. One does not need to repeat (4.33) for subleading trajectories.
Even for finite ¢, a simple exercise shows that A = 2A4 4 2n + £ is at most a single pole for
n > 0. It will only be a double pole in the O(A\3) calculation to which we now turn.
Comparing (4.30) to (4.32), the differential operator acting on the crossing kernels and
returning the O(\®) part, is Az + da,. Since this does not include da ,» 1o triple pole can be
created, which is an important check. We also remarked below (4.27) that it is consistent
at this order to set Ay, = 3. Even though we expect the coefficient of (A — ¢ — 1+ £)72
to be cumbersome, it is now clear how to proceed. One simply needs to expand around
the pole as before and then act on this expression with Ay + da,. We refer readers to the
attached Mathematica notebook for the result. However, this is not the end of the story,
because double poles at A = /¢ + 2n + 1, for n > 0, tell us about the anomalous dimension
of the subleading double-twist operators. The coefficients of these double poles turn out to
be particularly nice and compact. By looking carefully at the structure of our results, the
7Fg functions that are not acted on by the derivative will become just 1. Indeed, all physical
poles of the original crossing kernel come from the gamma functions that have double poles
at A =/ + 1 and single poles at A =/ + 1+ 2n, for n > 0. To get these subleading double
poles, we then need our differential operator to hit the gamma functions instead of the 7 Fg.
We can finally extract the three-loop anomalous dimensions of these Regge trajectories by

a(O)).

n,l/*

extracting the coefficients of these poles and dividing by (—

(3) _ 1
, 4.
Tnt = 36n(¢+n) (4.35)

Since the anomalous dimension of qu is known at O(e?), it is tempting to look ahead to
0(4)(A, ¢). This is part of the four-loop spectral density along with re-expansion terms like
%0(3)(A, ¢) and g—;c@) (A, £). Tt is known that the four-loop double discontinuity in the SRI

is affected by both double-twist and quadruple-twist operators. The latter contribution is
much more complicated because the degeneracy among quadruple-twist operators can only be
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resolved with a large correlator system that involves external spin. Instead, [38] was able to
avoid the mixing problem and conjecture a formula for the double discontinuity by appealing
to a transcendentality principle. As seen in (3.50), such a quadruple-twist contribution at
four loops is completely absent in the LRI. This reduces the problem to evaluating an infinite
sum of double-twist conformal blocks which are weighted by a(()?gfyé?e) ®. While it is common to
use transcendentality methods for this sum as well, an algorithm developed in [68] makes it

possible to extract large-spin CFT data from it without any extra assumptions.

4.4 Further comments

The analytic bootstrap is most powerful when applied to theories that have a weakly broken
degeneracy in their spectrum of twists [35]. Generalized free theories provide the simplest
examples. In this section, we have applied the Lorentzian inversion formula to the four-point
function of qg which is the fundamental field of the LRI near the mean-field end. What about
going to the short-range end and considering the four-point function of %7

The main difference in this case is that no double-twist operator has an anomalous
dimension at O(J). It is easy to compute a few renormalized integrals such as:

[ s (R O0r()ox ()R () | (4.36)

and see why — the integrand completely vanishes after power law divergences are subtracted.
This is a straightforward repetition of the argument in [27] for why ¥ itself does not renormalize.
This can be physically understood from the fact that, at O(9), the Ising model coupled to a
generalized free field by o¥ is indistinguishable from two generalized free fields coupled by
oX. The statements made in [69], about certain operators having no anomalous dimension in
this theory, can be extended to all operators, because quadratic actions cannot produce loop
diagrams that are logarithmically divergent. The O(d) correction to the four-point function
as a whole (which indeed has no logarithmic terms) can be computed as:

R)RT)R(73)R(70)) = [(ra2ll7sal) 7225 + (713l [724]) 225 4 (|raalas]) 724 ]
I'(5—A,)T(5 - Ay

1+ 2g2nP
TTITR,) Ay

X

+ O(gf)} , (4.37)

using only the chain integral. This shows that all OPE coefficients for [{x]n ¢ undergo the
same shadow-symmetric rescaling.

5 Numerical results

Up until this point, we have been focused on perturbative results. Although these are
only strictly valid close to s = § or s = p — 2A%, they improve our expectations for where
non-trivial LRI models should be found in the space of scaling dimensions. When this space
is cut down to a manageable size, it can be searched with the numerical bootstrap [15].
In the most favourable cases, one can force the theory of interest to live in an “island” by
rigorously excluding the possibility that a consistent CF'T lives at any of the surrounding

points [70-75]. More commonly, a precursor to this type of result called a “kink” is what

- 32 —



provides evidence that a theory has been found. The goal of this section is to produce kinks
for general s which agree with perturbation theory near the two endpoints and therefore
give non-perturbative predictions for LRI critical exponents in between.'® The main analysis
will be done for p = 2 systems and presented in figures 2 through 10. Afterwards, we will
move onto p = 3 with figure 11 which improves the results of [28].

Our numerical bootstrap setup is similar to that of [30, 31], except that now we have
an extra parameter s which enters the crossing equations via the scaling dimensions of the
external operators. As explained in appendix A, here we combine the system of 5 crossing
equations for the four-point correlation functions involving wéi), with all the exact OPE
relations (2.20). It is worth explaining how this approach differs from that of [28], which
ignored all of the OPE relations except:

r (HQAO)? r (£+P+q§2—Ao> r (e+p—q—52—Ao)

r (%)2 r (H%;HAO) r (272+5+Ao)

A10A20 = Moo - (5.1)

In [28] this choice was made in order to remove the dependence on R(ay2) = R(a,2)~" in

the crossing equations, but the studies [30, 31] later showed that it is better to keep this
ratio in the problem and vary it manually within the region depicted in figure 1. Besides
allowing us to impose more OPE relations, scanning over a parameter other than a scaling
dimension is necessary for making progress on the two-dimensional LRI. Indeed, it is known
that single-correlator exclusion plots for the dimensions of relevant operators (which have
no LRI kink) are not improved by extra correlators unless one imposes model-dependent
gaps [78]. As we will see, this new type of scan is also sufficient for finding the LRI in p = 2.17

5.1 Warm-up

For a given external dimension Ay, we can bound the scaling dimensions of exchanged
operators. As discussed above, we will bound them as functions of the unknown ratio

R(ag2), We will use ay2 as a proxy for this ratio and label our bounds by Ag. If one prefers
X2 g ’
using eq. (2.17). The crossing equations used throughout, given explicitly in appendix A,

a,2, which vanishes at s = p — 2A} instead of s = £, it is easy to convert between them
are the ones appropriate for a three-correlator system involving gZA) = ¢(()+) and its shadow
1/1(()7). Imposing the OPE relations (2.20) on odd-spin operators forces them to have scaling
dimensions in the discrete set p + £ 4+ 2n for n > 0. We will treat £ = 1 as an exception
and demand that there is no spin-1 operator of dimension p + 1. A primary with these
quantum numbers cannot exist in the LRI near either endpoint. At the mean-field end, the

only candidate is a descendant of @4 while at the short-range end the only candidate is a

16 Non-perturbative checks using Monte Carlo results are also possible in between but we only know a
few values of s where enough data has been taken to make a non-trivial comparison. While Monte Carlo
simulations of the LRI in p > 1 have been done since [76, 77], most of the early work focused on checking that
the spin field is indeed protected and did not extract predictions for unprotected operators.

7See [79] for a different bootstrap study which benefited from scanning over more than just scaling dimen-
sions.
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Figure 2. Bounds on the dimension of the leading spin-2 operator for Ay = 0.425 in two dimensions.
This corresponds to a value of € which singles out the dot on the perturbative line in the upper right
corner. The lightest region shows a nearly universal bound with only a spin-0 gap of 0.01 imposed for
stability. The darker regions impose more restrictive spin-0 gaps and are needed to see evidence of the
LRI model for this value of Ay.

descendant of T),,, see e.g. the discussion in ref. [27].'® Finally, we will impose (2.20) for all
operators with ¢ = 0, 2. This is a slight simplification compared to the BCFT setup in [30, 31]
which required there to be a discrete set of even-spin operators (like the displacement) which
evade the OPE relations.

The type of plot made in [30, 31], which maximizes the gap A, for spin-2 operators, will be
a useful starting point. Whenever a non-trivial upper bound on A, exists, a theory saturating
it is guaranteed to be nonlocal. The plot is shown in figure 2 for an external dimension of
Ag = 0.425. The most permissive region in this plot has a kink at around a2 = —0.15. This
is an order of magnitude off from the horizontal position of the dot which estimates ay2 in the
Ay = 0.425 LRI by plugging ¢ = 0.3 into the perturbative results of eq. (3.34). The vertical
position of this dot is the leading spin-2 anomalous dimension from Lorentzian inversion. As
noted in [31] however, plots of this type can show more interesting features once we restrict
our search to CFTs obeying a certain gap Ap on internal operators of spin-0. As we raise this
gap in figure 2, the vertical wall moves rapidly at first but then slows down. By Ay = 0.6,
which is well below the mean-field value of Ao = 1, it has already stabilized at a position
close to the right hand side. As we continue to raise Ao, something even more interesting
happens. A second vertical wall starts moving to the left. The zoomed-in plot figure 3 shows

8Tn the case of unitary and local BCFTs, [30] proved that a vector of dimension d is absent from the
spectrum of boundary primaries. One can find counter-examples when unitarity is given up [80]. Via the same
reasoning, one can prove that for unitary and local p-dimensional conformal defects a vector of dimension
p + 1 should be absent from the spectrum of defect primaries.
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Figure 3. Bounds on the spin-2 gap for larger values of the imposed spin-0 gap which would be hard
to see on the scale of figure 2. Yellow regions correspond to more stringent gaps and the smallest one,
which fixes ag2 to 0.1%, is a good candidate for where the Ay = 0.425 LRI model should live.

the spike which is obtained in this way. The leftward motion stops as well at around Ay =0.8
making the spike temporarily stable. At about A= 0.95, the leftward motion starts again
resulting in complete disappearance once we get to Ay = 0.97. This is strikingly close to the
scalar gap for the LRI with Ay, = 0.425 as predicted by perturbation theory.

5.2 Kinks in two dimensions

As the spin-0 gap is varied, the bounds above sometimes change quickly and sometimes
change slowly. Plots bounding Ao should therefore be just as interesting as those bounding
A,. Our main conjecture regarding numerics is that this exercise allows one to find a kink
corresponding to the LRI model for arbitrary A, without any assumption on the spin-2
gap. Figure 4 shows almost this result except with a modest spin-2 gap for readability.
Specifically, we have imposed

" 4 1

Ay > §A¢ s

to prevent the allowed regions from overlapping heavily. This arbitrary gap is easily obeyed

(5.2)

by the LRI model and the features we will now discuss would still be visible without it.
Two of the allowed regions in figure 4 show one kink on the left and another on the right.
The third region would as well if the horizontal axis were extended. It turns out that the
solution to crossing at the leftmost kink has a spin-2 operator saturating (5.2) whereas
the leading spin-2 operator dimension at the rightmost kink is much higher. This can be
seen in figure 5 which compares four different allowed regions for Ay = 0.35 with each one
having a different constraint on As.
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Figure 4. Bounds on the dimension of the leading exchanged scalar for A, = 0.425 (narrowest),
Ay =0.35 and Ay = 0.275 (widest), in two dimensions. For aesthetic reasons, these bounds were
made subject to the constraints Ag > 2.4, Ag > 2.3, and Ag > 2.2 respectively. The rightmost kinks
indicated on the plot with x’s are stable with respect to the spin-2 gap and serve as candidates for the
2d LRI

Evidently, there is some critical spin-2 gap which makes the allowed region have only
one kink. For Ay = 0.425, this is about Ay =284 in agreement with figure 3. As the spin-2
constraint is relaxed, making the region wider, the single kink splits into two with one staying
still and the other moving to the left. Based on this pattern, the stationary kink on the
right should be the one associated with the LRI model. Figure 4 shows that it is about
0.2% below the perturbative prediction around the mean-field end despite having a much
less noticeable error in the horizontal position. Reasons for this will be discussed in the next
subsection which deals with resummations. The moving kink bears some resemblance to the
one in [31] which was associated with minimal models. To check whether the same might be

true here, we can follow the kink to the leftmost edge of ag: = —T where the theory becomes
local. Interestingly, this gives it an approximate spin-0 gap of
" 8 2
Ag=-Ap+ - 5.3
0=3R8¢+3 (5.3)

This is precisely the relation between Ay 9) and Ay 3y for the m’th Virasoro minimal model
if we eliminate m to express one scaling dimension in terms of the other. As remarked in [27],
there is no reason why these other models cannot be coupled to a generalized free field in
the same vein as the Ising model to generate many nonlocal CFTs. The match with (5.3)
can then be taken as evidence that these “long-range minimal models” are being singled out
by the numerical bootstrap. To put it another way, the kink for A, which saturates the
imposed spin-2 gap might be constructed by taking the m’th minimal model for some m
and coupling its ¢(; ) operator to a generalized free field of dimension 2 — Ay. The precise
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Figure 5. Allowed regions in (a4, AO) space for Ay = 0.35 in two dimensions. These include the
region from figure 4 with Az > 2.3 but also three other versions of it with different spin-2 gaps. A
darker region corresponds to a larger spin-2 gap. The prevailing trend is that the left edge moves
while the right edge (which contains the LRI kink) does not. This happens for all external dimensions
so we have chosen Ay = 0.35 as a “generic” example not close to .

value of m will be difficult to determine in general, but we believe that many checks of this
proposal can be done in perturbation theory. As usual, it will be important to consider
non-integer values of m and construct these RG flows using generalized minimal models.
Generalized minimal models are non-unitary but it is known that their low-lying correlators
manifest this in a very limited way [83].

As shown in eq. (2.16), we have that —% < ag < 0. Our conclusions so far have been
based on values of a2 in the upper half of this range. We have also computed a bound on
Ag for Ay = 0.2 and still found a kink in the upper half of this range. The basic structure
of perturbation theory makes it clear that four evenly spaced values of Ay in the range
% <Ay < % will be far from evenly spaced with respect to age. After all, the expansion
of the latter starts at O(1) around the short-range end but O(g?) around the mean-field
end. We have therefore picked another four values of Ay between % and 0.2 for testing how
well the putative LRI kinks agree with the § expansion. The kinks themselves are shown in
figure 6. Their positions were computed from the second derivative of a bound on Ag but
the rest of the bound has been omitted to avoid clutter. The perturbative line (which always
has A = 1 since A; = 1 + O(62)) shows the desired convergence between the numerical and
analytic values of a4 on the left hand side. The right hand side of figure 6 shows partially
overlapping error bars obtained by Monte Carlo simulations which both considered s = 1.6
or Ay = 0.2. After using the standard relation

Ap=p— vt (5.4)
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Figure 6. A plot of the kinks (denoted by x’s) attributed to the 2d LRI model for five more values of
Ag. For Ay = 0.2, the full allowed region subject to Ag > 2.1 is shown as well. The error bars close
to this kink denote the findings for the v exponent from the Monte Carlo studies [81, 82]. Closer to
the left, dots are given representing perturbative results so that the kinks at Ay = 0.15, Ay = 0.14166
and Ay = 0.13333 may be compared to O(J) perturbation theory.

it becomes clear that our kink is compatible with v~ = 0.996(33) found by [82] but not
v = 0.96(2) found by [81].

5.3 Checks of the critical exponents

The most important next step is to verify that the numerical bootstrap, beyond simply
“knowing” about the LRI model, can actually be used to derive its critical exponents to
high precision. To do this, we should address the fact that the data in figures 4 and 6 only
agree with the £ and § expansions respectively within a narrow window. It is also clear
that the kinks demonstrating the best agreement still lie noticeably below the perturbative
line. These discrepancies can be diminished with simple improvements to both the numerics
and perturbation theory.

On the numerical side, we should refine the discrete grid of points discussed in appendix A.
In all previous plots, the OPE relations have been imposed for 3000 closely spaced values of
A. Increasing this number appears to make all of the kinks move monotonically upwards.
This is expected in the numerical bootstrap since constraints at the new points make it
harder to find functionals for ruling out CFTs. We have gone to 12000 which appears to be
large enough that further errors are dominated by the resolution in ay2. On the perturbative
side, we will use the approximants Padey,, ) which are rational functions with m +n + 1
coefficients designed to resum an asymptotic series. While this can be done for either the
€ or 0 expansions individually, it is much better to use a two-sided approximant. Picking
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Figure 7. Comparison between perturbative and non-perturbative estimates of the leading internal
scalar dimension in the 2d LRI model. The blue line is a Padé approximant based on all known
perturbative data while the red one omits O(e®). The dots on them correspond to the eight external
dimensions considered throughout this section ranging from Ag = 0.13333 on the left to Ay = 0.425
on the right. The x’s denote kinks from the numerical runs which are sensitive to the number of grid
points. We show results for 3000, 6000 and 12000 points in black, red and blue respectively.

the same one for both axes, we will write

. moais) m qlgl
20 %S =075 (5.5)

Ag(s) = T+ 5 byed ag(s) = [ESy T
and fix the coefficients by demanding that s =1+ § and 5 = 2(1 — A} — J) reproduce the
expected behaviour around the mean-field and short-range ends respectively. Solutions for
the coefficients (if they exist) are admissible if they lead to real-valued functions that have
no poles between ¢ = 0 and § = 0. If we perturb up to O(§) and O(¢™~ 1), the Padey,, 1]
approximant has admissible solutions for m = 3 and m = 4. As shown in figure 7, the
latter gets us significantly closer to where the kinks are. By bounding the spin-2 gap at
each kink, it is also possible to repeat this check for spin-2 operators. Adding A, as a third
axis, we obtain the plot in figure 8.

While Padé approximants indicate that the kinks are trustworthy, it is also important
to see how well the bootstrap agrees with other non-perturbative methods. The Monte
Carlo estimates of v from [81, 82], mentioned briefly in the last subsection, are ideal for
this purpose. Figure 6 shows that our kink for Ay = 0.2 lies slightly outside the error bars
predicted for this LRI in [81]. This becomes even more prominent after increasing the number
of sample points to 12000. Conversely, [82] found a larger value of v and explained the
discrepancy by noting that the LRI has significant finite size effects which can be mitigated
by simulating a different Hamiltonian in the same universality class. Three other values
of v were extracted in [82] and may be compared to both bootstrap results and estimates
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Figure 8. The comparison from figure 7 extended to include spin-2 operators as well. For clarity, we
only show data with the highest number of sample points (blue points from figure 7). The perturbative
[q@q@]o_g dimensions, based on results up to O(¢?) from the inversion formula, hardly show any deviation
from their numerical bootstrap values.

obtained with the functional renormalization group technique [84, 85]. Figure 9 plots this
data as a function of s and shows that bootstrap results are all within the Monte Carlo error
bars. The functional renormalization group results are not but it is possible that this can
be addressed by refining the approximation made in [84].

An intriguing possibility is using the numerical bootstrap to derive, not just upper bounds
on AQ, but lower bounds as well since these could conceivably exclude the earlier Monte
Carlo result. We have not been able to find lower bounds that are strong enough but it
is instructive to see how close they come. The key is that the LRI (and the SRI as well)
has one relevant operator that is Zs-even. This is of course (;32 in one description and € in
the other. A bound on the spin-0 gap Ao says nothing about how many scalars there are
with Ag < A < 2. A better strategy is to demand that all scalars exchanged in our crossing
equations have A > 2 except for one with dimension Ao. Tuning this value and testing for
feasibility of the crossing equations every time is what produces upper and lower bounds.
The lower bound we find with no extra assumption is well below the bottom of the blue error
bar in figure 6, but more interesting things happen when we raise the spin-2 gap AQ. When
doing simple gap maximization, it has already been seen in figure 5 that the upper bound in
the vicinity of the kink is insensitive to Ag. When we take Ao to be isolated, this continues
to hold for the upper bound but not the lower bound. The lower bound becomes increasingly
restrictive and turns the allowed region into an island. Figure 10 shows three of these islands
starting with Ay = 2.245, which is almost large enough to rule out the kink. By the time
we reach Ay = 2.255, the kink has become disallowed but the island is still large enough to
be compatible with the error bars of both [81] and [82]. Unfortunately, the lower bounds
do not improve significantly when we add the Zs-even scalar as a third external operator
using the larger system of crossing equations in (A.3).
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Figure 9. The dimension of the leading unprotected scalar AO as obtained by four methods in recent
years. All of these methods have access to the parameter s but so far only perturbation theory and the
bootstrap have produced results for ag2. As in figure 7, the blue line and blue x’s represent the best
known perturbative and bootstrap results respectively. The red error bars are Monte Carlo predictions
from [82]. The purple x’s were derived from an approximation to the effective action in [84]. They
agree well with the other data close to the mean-field and short-range ends but there appears to be
room to push the accuracy further in between.

5.4 Kinks in three dimensions

It remains to be seen that finding the LRI model numerically works equally well in three
dimensions. This time, it is harder to get a point of comparison perturbatively. In figure 7,
the red and blue curves had similar values of a42 because the e and § expansions approximated
each other fairly well. For example, 6 = 0 corresponds to € = % in two dimensions and this
underestimates ay2 by about a factor of 2. In three dimensions, this is instead a factor of
7, leading to predictions which fluctuate wildly upon using different Padé approximants.
Improving this with higher-loop perturbation theory around the short-range end will lead
to integrals with more than four insertions of ¢ in the 3d Ising model. Approximating one
of these correlators will require higher-point CF'T data and techniques for extracting them

are currently in their infancy [86].

Although the checks we can do are limited, it is plausible that the kinks plotted in
figure 11 describe the LRI model once again. For one thing, their vertical coordinates

interpolate between Ao = % and Ao = A} as expected. Their horizontal coordinates all
appear to be an order of magnitude smaller than the short-range value a4 = —0.575408,

but we know that the O(0) deformation changes this rapidly. Numerical runs for Ay very
close to A} indeed show that the motion of the kink becomes almost completely horizontal
so that the correct limiting behaviour is recovered.
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Figure 10. The vicinity of the Ay = 0.2 kink in (ag2, Ao) space attributed to 2d LRI, when we scan
over the dimension of a single exchanged relevant scalar instead of maximizing the scalar gap. The
lightest region is essentially the one seen in figure 6 while the darker islands start to form after a
significant spin-2 gap A, is imposed. The blue and red error bars follow from the Monte Carlo results
of [81] and [82] respectively.

A final point is that the regions in figure 11 do not change after imposing a spin-2 gap.
The moving kinks in figures 4 and 6, which depend on this gap, are therefore unique to two
dimensions. This supports the interpretation that they arise as a deformation of Virasoro
minimal models which almost all have an upper critical dimension below p = 3.

6 Conclusions and outlook

In this work, we have investigated the long-range Ising model, a particular and well-known
example of a nonlocal CFT. Being a line of fixed points, it brings about a departure from
the standard universality paradigm. We have used different techniques, both perturbative
and non-perturbative, to determine various CFT data. A central role is played by the use
of exact relations between OPE coefficients, which can be implemented in the numerical
bootstrap as well as employed in perturbative computations to gain an extra loop order in
the results. These OPE relations emerge from the setup chosen in this paper, where we
consider the p-dimensional LRI as a defect in a free bulk CFT. We explored both weakly
coupled descriptions of the LRI, which have been dubbed the mean-field and short-range
ends, although most of our new perturbative results were for the mean-field end.

Besides combining the OPE relations with standard Feynman diagram techniques to
obtain anomalous dimensions and OPE coefficients, as done in section 3, one can also use
Lorentzian inversion of the OPE to obtain CFT data perturbatively. This was initiated in
section 4 yielding double-twist anomalous dimensions at three loops from the mean-field end.
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Figure 11. Allowed regions in (ay?, AO) space for three dimensions and four equally spaced external
dimensions between Ay = % and Ay = A’. Again, we conjecture that each kink is a 3d LRI model.
The black line shows perturbative results up to O(e3) with the dot corresponding to Ay =0.70363.

In addition to the original inversion formula [37], which we have applied to a defect four-point
function, there are also analogous formulae for bulk two-point functions [11, 13] which could
lead to complementary results. In section 5 the LRI was studied non-perturbatively using
the numerical bootstrap. The numerics showed a number of kinks corresponding to both
perturbative and non-perturbative (Monte Carlo) predictions for the LRI in two and three
dimensions. While these showed that the LRI, and possibly other long-range models, can be
bootstrapped in the sense of [15], a more detailed analysis will be possible once numerical
spectra are extracted using the Extremal Functional Method (EFM) [45].

One promising application of a precise spectrum would be passing it as input to the
Lorentzian inversion formula away from the perturbative regime. This was explored before
in [36, 57, 87] for local CFTs. It would also be interesting to investigate long-range minimal
models since there appeared to be hints of them in the two-dimensional results of section 5.
This suspicion could be tested by using conformal perturbation theory and comparing it to a
numerical spectrum extracted using the EFM. Additionally, [88] recently found numerical
evidence of level repulsion for the CFTs of the Wilson-Fisher fixed point. A similar feature
can be expected to appear when studying the LRI. By varying s between its two endpoints
and applying the EFM many times, this approach could shed light on how the ox-type
operators map onto the ¢*-type operators beyond the known lowest-lying cases.

Although the extremal functional method works anywhere on the boundary of an allowed
region, it becomes more powerful when it is used inside an island. In this work, our preliminary
attempt to isolate the LRI was motivated by a tension in the Monte Carlo literature. In
particular, the results of [82] are consistent with the position of our kink, while those of [81]
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are not. Unfortunately, all of the islands we could obtain were compatible with the error bars
of both studies even after making significant spin-2 gap assumptions. Making progress in
this area will likely require more correlators. These numerical bootstrap studies will involve
many parameters and are expected to be very time-consuming, especially considering the
complications already present with three correlators. To overcome this, one good strategy
would be running SDPB within the framework of [89, 90]. Another would be using the
newer software in [91] which could be a better fit for optimization problems involving the
OPE relations.

The numerical bootstrap and the perturbative methods discussed here are available for
studying CFTs in the continuum limit. If one works with the lattice Hamiltonian instead, it is
possible that an understanding of the long-range Ising model can be achieved along different
lines. For computing the spectrum of the short-range Ising model, a recent breakthrough
was made in [92] which used the fuzzy sphere as a regulator. It will be important to check
whether this approach still performs well when there are long-range interactions. There is
also a recently developed lattice bootstrap method from [93] which gave good results for the
non-critical SRI. Applying this to the LRI is another possible future direction considering
the interesting phase structure that can exist for nonlocal QFTs [94]. Some of these have
been studied with the functional renormalization group in [85, 95].

Lastly, this work can be viewed as part of a broader effort to classify defect-localized
interactions. The OPE relations hold in all such theories, not just the long-range Ising/O(N)
models and the BCFTs studied in [30, 31]. For this study of the LRI we have focused on
integer-dimensional defects in a free bulk, with possible fractional co-dimension. Instead,
we can also consider defects with fixed co-dimension which obey the unitarity constraints
of [29]. Monodromy defects provide interesting targets and some useful results about them
including Ward identities have been computed in [96]. The works [97-100], although fo-
cused on interacting bulk theories, also helped clarify the kinematics of monodromy defects
in general. It would be a pity not to combine these results with the techniques devel-
oped here.
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A Details on the numerics

A.1 Crossing equations

We want to bootstrap the system of four-point functions in p spatial dimensions, involving
two scalar operators 1)1 2, with scaling dimensions Lﬂ;s with § > 0. From the 7 inequivalent
crossing equations satisfied by 11 2, we will truncate them to the 5 equations

O—Z)\ 1(9F11A11l (u,v),
2222

O—Z)\ 20F = A, (u, ),

O_ZA120F12A121 U U)

0= Z( D Ao Fr2a (u,0) £ M1oA0Fy o (u,v) (A1)
(@]

where (u,v) are the standard cross-ratios defined in (4.2). We now input the exact OPE
relations (2.20) for all spins £. We take 1; to be the operator with dimension 2= (called é or
o in the LRI) and v, the operator with dimension p2j (called <b3 or ¥ in the LRI). Since we
wish to express results as functions of a2, we must take ¢ = 2 — s and use OPE relations with

1/](()+) as operator 1 and @b((f) as operator 2.19 The crossing equations can be rewritten as follows

9]
0= Vi+ D> MaoViae+ X, D AaoVoproniee- (A.2)
{=even f=o0dd n=0

One can also add a third external scalar to the setup and find

. _ A
0=Vi+ Z (Mzo >\13o) Viag < 120)

{=even )\130
oo
2 ¥ 2 ¥
+ D AsoVoart+ D Y MoV pranter- (A.3)
f=odd {=odd n=0

In practice, we keep all spins in the range 0 < ¢ < £;,.« = 30 but only impose the relations
for £ = 0, £ = 2 and the odd spins. To transform (A.1l) into a finite problem, we have

replaced each functional equation with 45 component equations obtained by evaluating its

derivatives at the crossing symmetric point © = v = %. In the conventions of [45], these

derivatives are the ones selected by nmax = 8.

197f we wish instead to express results as functions of a2, we must take ¢ = 2 + s and use OPE relations
with d)é_) as operator 1 and 1/Jé+) as operator 2.
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A.2 Differences compared to integer co-dimension

We use the semidefinite program solver SDPB [102, 103] which is designed for crossing equations
that depend on A through rational functions. The algorithm in [70] can produce rational
approximations of conformal blocks to any desired order but the OPE relations pose more
of a challenge. The prefactors in (2.20) contain ratios of the form

T(A +61)/T(A + 55). (A.4)

When 01 — 09 is an integer, (A.4) is manifestly rational. When d; — d2 is a half-integer, (A.4)
is not a rational function but its square is to a high degree of precision [30]. These are
the only two cases which arise for integer co-dimension ¢. By contrast, this work considers
continuously varying ¢ with each one corresponding to a different long-range Ising model
between the non-trivial endpoints.

Without a rational function at our disposal, we have opted to approximate crossing
equations by a large number of constant functions. As such, we do not demand that the
OPE relations hold for all AO < A <ooand Ay < A < 0o when imposing the spin-0 gap
Ao and the spin-2 gap A,. Instead, we demand that they hold for many closely spaced
scaling dimensions in (AO, d + 18) for spin-0 operators and (AQ, d + 20) for spin-2 operators.
Most results in section 5 were obtained with 3000 points but for the high precision results of
subsection (5.3) we have sampled 12000. As the gaps are varied, the number of points stays
constant rather than the grid spacing. This allows us to take advantage of the checkpoint
feature of SDPB. We also recommend passing —-writeSolution=y since files from old runs
can take a non-trivial amount of time to delete without this.

B Perturbative computations

B.1 Master integrals

The massless integrals we will use can all be derived from Symanzik’s formula for an integral
with exponents «; summing to p [104]. This reads

—n/2 ’LJ —20;
n /dp H ’7'0’20” H/—zoo 2mr ii)|Tigl = (B.1)

where the variables on the right hand side obey the constraint }_;,;d;; = a;. For n =3
and n = 4, eq. (B.1) gives

dp’i'o _ﬁI‘(%—ai) 7Tp/2
- D(ai)  |rag[P=208|yg|P=202 |rpsfp—2e1”

|T01]221 | 702|222 | T03| 23

i=1
dP1o To4 |12 | T14 | P/
701|291 | 702|202 | T3] 293 | T |24 Ti4 Ti3 | Tyg| @1 Fa2| gy |stad
> /wo dSC.lt2 Usvt—%(az-‘ras)
—ico (27TZ)

Xr(a1+052—2s )F("‘3+°§4_25)F(°‘2+‘§3_2t)F( oe1+c54—2t)r( oc1+o§3—2U)F(a2+Oé4—2u) , (B.2)
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where s +t 4+ u = p. We will refer to the first line as the star-triangle relation. If we multiply
these expressions by |7,|?%" and take 7, — 0o, we find related lower-point integrals where
the exponents no longer sum to p.

dPro B r (a1+a2 %) ﬁ (&- az P/2
o121 a2z T(p—ar—ag) % T(a;) |rigf?at2ee—p’
dPTo — P/ 2|5 P~ 201202203 /wO ds‘?t Tag [FTITOR | gy [T
701|201 102|202 | T3 |22 —ico (2m1)? [ T3 713

><F( a1+05272s )F(a3+o§4f2s)p(a2+o2zsf2t)F(a1+a2472t>F<a1+05372u)F(a2+0é472u) )
(B.3)

We will refer to the first line as the chain integral. Note that the second lines of (B.2)
and (B.3) can be expressed in terms of the so-called D functions [105].

When looking at bulk correlators at the end of this appendix, we will encounter “massive”
integrals with transverse distances playing the role of mass. For these, it is helpful to use
the identity

y2u

T

(B.4)

(72 + yQ)foz — |y’f2a /z'oo diur(u)r(a — u)

—ico 271 ')

B.2 Conventions

We recall here our conventions. We denote bulk coordinates with x# = (7% 3'), where
a labels the parallel directions with respect to the flat p-dimensional defect. The bulk
dimension is d = p + q.

For the mean-field end description, we use

S = NN /dpﬁdp7‘2¢ a /dp @32, (B.5)
| 12|” :
with ¢! transforming as a vector of O(N) and
Q—SF(P;ﬁ)
5 = P 52 (BG)
The small parameter is ¢ = 25 — p, and the IR fixed point is
re) e 9
. = . B.
27rp/2N+8+O(€> (B-1)
For the short-range end description, we use
S = Ssrr + NsN_s /de Py TT)V)S + /degox, (B.8)
12
where N is given in (B.6), the small parameter is 6 = 22 — A* and the IR fixed point is
0.7883925 + O(6?), =2
2= @ (B.9)
0.8155(3)d + 0(62), =3
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To realize these actions on a p-dimensional defect, we will take the co-dimension to be
q = 2 — s so that the bulk propagator is given by:

(@ @07 @) = s Do = (B.10)
When e < 1, making the long-range O(/N) model a perturbation of the trivial defect, B! will
be the ‘+’ mode of the bulk field i.e. ¢! (1) = ¢!(r,4° = 0). When § < 1 (and N = 1), we
will keep the co-dimension the same rather than changing the sign of s, which would make
the starting defect trivial again. In this case, 0 becomes the ‘+’ mode of ¢.

It is worth emphasizing that kinetic terms with N;N_s have been chosen to give ¢
and Y unit-normalized two-point functions in position space. As we will see in examples,
a nice property of our convention is that operator norms stay the same at next-to-leading
order for arbitrary powers of both (;AS and x. This can be seen by using the chain integral
from (B.3) once and twice respectively. In the case of ¢, we observe that all O(\,) corrections
to <W> involve the subdiagram

dP1o /2 T(5)°T(5 —¢) 7P/2 <p>_l [4 }
OO = = = i3 -+0(e)],
/ [To1|P¢|T02/P~¢  |Ti2P7% T(e)[(555)2 |T12/P=26 " \ 2 5 (&)

(B.11)

where the black dot represents the four-scalar interaction vertex inserted at 7y, and the solid
lines are propagators of the field qAS This diagram has an O(¢~!) term which is compatible
with the anomalous dimensions of these operators, but there is no O(1) term which would
lead to a correction of the normalization. This also applies to powers of ¥, for which the
universal subdiagram at O(g?) is given by:

o / dProdPTg
| 712|285 | 793|225 | T34 | 22X
_TE+OTE - (5 — ANT(E — A7 —20)T(A; — §+0)°
ruaPA B PTG (~ )T (MDA + 0T (p — Ag —0)2

(B.12)

Here, the blue dots represent the oy interaction vertex, the solid lines the propagator for
X, and the dotted line the propagator for o. This diagram lacks not only an O(1) term,
but an O(6~1) pole as well. This reflects the very simple behaviour of X correlators under
O(9) perturbations seen in (4.37).

B.3 Defect three-point functions

In this section we compute the correlation functions

Wo(r)Wi(12)Sn(73)) s (Wo(T1)Wi(72)Snt1(73))
(Wi(r)Wi(12)Sn(73)) ,  (Wi(T1)Wa(72)Snt1(73)) (B.13)

for the operators
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where we suppressed O(N) indices for simplicity. The renormalized two-point functions
of S, and W,, are found to be

4mn! (N/2),, (1+0(2)

(Sn(11)Sn(2)) = (7-122)2”A¢+n<67v++1\z;74)5 )
4"n) (N/24+1) (1 + O(e?
(W (1) Wh(12)) = (V72 + )"( + Ol )), (B.15)

n(6n+N+2)
(T122)(2n+1)A¢+N7+86

where we removed the 1/¢ poles in the one-loop integrals via the wave-function counterterms

Zo = 14 0Zp given by

2nmP/? N —4) A 2nmP/? N+2)A

nwP/2(6n + )74—0()\2), 57, — nwP/?(6n+ N + )74_0()\2)' (B.16)
JOR JOm

These expressions are consistent with (3.48), as they should be. Next, we consider the

§Zg. =

three-point function with Wy and S,,, which at tree level reads
(Wo(m1)Wa(72) (7))@ = 2°"nl (N/2 + 1), G12G33 (B.17)

where we have defined G;; = |7;;|7?4¢ for brevity. The one-loop correction reads

(Wo(r)) W (72)Sn(3)) V) = (62w, + 0Zs,,)(Wo(11) Wi (72) Sn(73))®) — 2 omn,  (B.18)

where the integral Iy, , has the following form

Ton = / 7y (al)G1GE 3G + aP Gr3G GaaGRy 2 + alf) G12G3,G34G3y 2 |
(B.19)

for some combinatorial coefficients which we will fix shortly. Using the master formulae
given in section B.1 it is not difficult to verify that

p/2 2
/dp7.4 G14G2,G3y = GG (2 + A, — 2log ( s > +0(e) |, (B.20)
T (g) € T12723

with A, = ¢ (g) — 29 (%) + 1 (1). The second addend in the integrand above is O(e), and
is therefore subleading at the IR fixed point. The last addend was computed in eq. (B.11).
We also have that

al) =3 x 22 (N/24+ 1), af¥) =4 nln(6n + N —4) (N/2+1) . (B.21)

When plugging these results into eq. (B.18) and using (B.16), we find that the 1/e poles
cancel out, as they should. At the IR fixed point, the renormalized result becomes a conformal
three-point correlation function with an overall coefficient given by

n 3n
Cwow,s, =4"nl (N/2+1), (1 —ey gt 0(&)) : (B.22)

Dividing this by the normalizations of the operators we find the first line of (3.43).
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For the three-point function with 5,11, at tree-level we have
(Wo(T1) Wi (72) St (13))10) = 22 (0 + 1)1 (N/2 + 1), G13Go5 T (B.23)

The one-loop correction reads:

A

(Wo(r1) Wi (72)Snp1 (1)) D) = (62w, + 0Zs,, 1) (Wo (1) Wi (72) Sppa (13)) @ — 7 Donns1,

(B.24)

where the integral Iy, ,+1 has the following form

Tommst = / @7y (0D CLGEE GGl + ) CraG3 GG + ¥ GGGl G ) .
(B.25)

The integrals are the same as what we have computed in (B.20), in particular the third
addend above is again O(e). The combinatorial coefficients are found to be:

all) =223 (n 4+ 1)1(6n + N +2) (N/2 +1)
al?) = 223 (n 4+ 1)In(6n + N +2) (N/2+1) . (B.26)
When plugging these results into eq. (B.24) and using (B.16), we find that the 1/e poles

cancel out, as they should. At the IR fixed point, the renormalized result becomes a conformal
three-point correlation function with an overall coefficient given by

246n+ N
— 92n+1 | . 2
CWoW,Sppr = 2 (n+1)! (N/2 + l)n (1 572(]\[ +3) A, + O(e )) . (B.27)

Dividing this by the normalizations of the operators we find the second line of (3.43).
Next, we compute the three-point function with W7 and S,,. At tree-level, we have:

(Wi (1) Wi (12) S (13)) (0 = 3 x 22" Fnln (N/2 + 1) G3,G12GH (B.28)

while the one-loop correction reads:

(Wi (r1) W (72) Sn (7)) V) = (6Zw, + 02w, + 025, ) (Wi (1) Wi (72) S (73)) () — % I

(B.29)

The quantity Iy, is (we disregarded a tadpole diagram which vanishes in dimreg):

Iy = / d”r4 G162 ,GE Gy Gy 40P G12G13G14G2,GH 2 Gy +a P G1o G2, G2 3G, Gsa
G12G14G§g 4G24G§4+a(5)G%2G13G5§"_3G§4G§4+a(6)Gi’2G§§’_3G24G§4

(MG 136201G2,G2,+a® 62,6226, G2, +a G24G§§;G§4) (B.30)

for some combinatorial coefficients a;) As it turns out, upon using the master formulae

of section B.1, in the expression above the terms proportional to a%g), agj), a%S) and a%g)
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are all O(g). The relevant integrals were computed earlier, and for the combinatorial
coefficients we find

all) = 42 nln(8 + N) (N/2+ 1),

al?) = 4" 2nln(18n + N —10) (N/2 +1), ,

ald =3 x 22F3nIn(6n + N — 4) (N/2 + 1),

al®) =3 x 22" 3nl(n — V)n(6n + N —4) (N/2+ 1),

all) = 22" 3nin(N +8) (N/2+1), . (B.31)
When plugging these results into eq. (B.29) and using (B.16), the 1/e poles cancel. At

the IR fixed point, the renormalized result becomes a conformal three-point correlation
function with coefficient

3 x 22" Inl(n 4+ 1)T (n +1+ %) ( 54n + TN 16 , o( 2))
—e——————— A, + 0(g%) ] .
p(g+1) 6(N +8) P

(B.32)

CWiW,Snpr =

Dividing this by the normalizations of the operators we find the third line of (3.43).
With no extra complications, we can also compute the one-loop correction to the three-
point function with S, 1. The final result reads:

1 N
CWiW,Sps1 = N41+”(6n + N +2)l'(n+2) <2>
n+1

X<1_gﬂMn+1WV+2&+3UV+%

(N +8)(6n+ N +2) Ap+0@%>' (B.33)

Dividing this by the normalizations of the operators we find the fourth line of (3.43).

B.4 Bulk two-point functions

In this section, we collect some perturbative results for the bulk two-point function of ®
and its composites (® - ®)"”. It will be convenient to work with the connected two-point
function, defined for a generic operator O as

(O(21)O0(z3))c = (O(21)O0(x2)) — |w12| 220 . (B.34)

B.4.1 Two-point function of ® near the short-range end

We start from the bulk two-point function of ® = ¢ near the short-range end. At tree-level,
this is the bulk-defect crossing symmetric solution with bg’Jr =0 — see eq. (2.14) —, and
the connected correlator is therefore completely specified. In order to extract ag we can
take x; — 2 (meaning # — 1) to get

Y722 (d(x)p(2)) Y = (b )22 F1(p— Dy, p/2:1 = Ay +p/21) =2 F1 (Dg,p/2: 1+ Ay —p/2;1)

7

Iy, —2

_ 78 == (B.35)
—0.575+0.7495, p=3
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matching (2.15). Turning on interactions, the first correction to the result above comes
from two oy insertions and gives

2(1—\2 D+, P
@) _ g (b[) ) / dPr3dPry
(@(z1)d(22)) ¢ 9 (2131728 | a2 | P5x |90 | P55

I RC wT (§-47)
20 [y A5y A5+ AN o 225 2T (A) T (A)
/+m dtdu T (5=1) T (5—u) D(A =T (A —w)D(~p+t+u+Ay)
X , .
—ico (2)? D (—A5+ 3 —t—u) [ria 20 fyy |2y |2

(B.36)

To get to the second line we have used (B.4). To compute this integral we deform the contours
such that poles for positive ¢, u and negative ¢, u are separated, and then close to the left,
picking up the poles with negative ¢,u. We can now take the residue at u = p — A} — ¢
and use the first Barnes’ lemma to conclude:

24 @ _ G205 )2T(5 = ADT(A; +2A, —p)T(A; + A, — §)?
|y| ¢<¢(l')¢(l‘)>c - 2 2 F(%)F(2A; +2AX _p)F(AX)Q 2

(B.37)

It is now a simple matter to plug in the fixed point and the numerical value for A}. Doing so
and adding (B.35) recovers the result (3.20) originally obtained from the OPE relations.

B.4.2 Two-point function of ® near the mean-field end

We perform a similar computation near the mean-field end. Here the tree-level contribution
is just the correlator in the presence of a trivial defect of co-dimension ¢ = 2 — s, which
has bg’+ = 1 and bg’f = 0. The first non-trivial correction to the connected correlator
comes at O(\?), and reads:

dPr3dPry
|213]259 | 734|659 | 294|259

7T (%—3A¢)

(¢ (21)0” (22)) P = 2(N +2)5"7 N2 (B.38)

=2(N+42)817\2
222 [ya] 224 || (a5) T (34,)

/+ioo dtdu T (% —t) r (% —u) F(A¢—t)I’(A¢—u)F(—p+t+u+3A¢)
—ico (2mi)2 T (—3A¢+3§—t—u) || 20+0) gy | =2t yo| 20 '

The computation is very similar to what we did before except now the defect will have three
QAS propagators instead of one ¥ propagator. We deform the contours again such that poles for
positive ¢, u and negative t,u are separated, and then close to the left, picking up the poles
with negative ¢, u. This yields a result that can be decomposed into only the s = 0 blocks
of eq. (2.4) because there is no dependence on the transverse angle as expected. Adding
back the tree-level contribution, this function is:

5IJ

(@' ()6 (@2)) = ot (06207 00 + 057 Pa 6. + 0. (B39

(lya]ly2
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where

(N +2r (~2) 1 (8)° (Nor(1-2)T(3)

() =1+ SV P (3] (b§7)* = e (B.40)

2(N + 8)2I‘(§ +1)2
The ratio

2
- (N+21 (1-8) 1 (

(b6 )%/ (05)
2N +8)°0 (8 +1)

2)2
L2+ 0, (B.41)

can then be used to see that we get precisely (3.34) to O(e?). Another way to extract az
quickly is to use the fact that it is the coefficient of |y|~22¢ in the connected correlator when
we set Y1 = y2 = y and take 712 — 0. In this limit, only the residues with ¢t +u = p — 344
contribute.

B.4.3 Composite operators

Finally, we will show how anomalous dimensions for defect operators can also be obtained
by perturbing two-point functions in the bulk. The idea is to use an expansion very similar
to (4.13) for a generic bulk operator O, namely:

(I1ll52])20 (0 (21)Oa2)) = [wg” +e (wgy +WES’@8>8A) - o@] Ga00 o (7271

Ao,so
(B.42)
where the squared bulk-defect OPE coefficient has been written as
09)* =wo = wg)) + aug) +0(?). (B.43)

Since the bulk is free, O must be a composite operator for unprotected defect operators to
appear in (B.42). We will consider the important example of S,,(z) = (¢-¢)"(z)//4"n!(N/2),
which is the bulk version of S, (7) considered in section 3. This will provide an alternative
proof of the fact that a double-twist operator [ngg}ng only has a one-loop anomalous dimension
when n = 0 (the need for ¢ = 0 was more clear).

As appropriate for the mean-field end of a long-range O(NN) model, our starting point
will be the two-point function in the presence of a trivial defect

(Sn(21)Sp(a2))V) = (%)1% i = (1321) - (B.44)

This has a decomposition into defect primaries of the form
Yim,s ~ (Eﬁ)maj_l . 8ijn — traces, (B.45)
Afg?s =Ao+2m+s,

whose coefficients were found in [11]

O _ 25F(%+s)I‘(—%+m—|—AO+1)F(2m+s+Ao)F<m+s+Ao—g)' (B.46)
! MDA (—4 + A0 + 1) T (m+ §+5)T (2m+5+ A0 - )
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These coefficients are positive for Ap above the unitarity bound and integer s, as they should
be. As a check, when Ap = Ay = d/2 — 1, all but w((]?s) vanish, and we recover (2.8). Note
that for Ap # d/2 — 1 there are infinitely many s = 0 defect blocks that contribute.

The first correction appears at O(\) and is given by:

/ dPT3
|x12|4("_1)A¢ |x13|4A¢|x23|4A¢ ’
(B.47)

(Su(71)Sn(w2)) = (Su(21)Sn(2))@ — An(6n + N — 4)

Note that there is no wave-function renormalization for S,,. From the integral alone we get:

1 — Aij(Ag) 21, | —4Ag+2i+ Bij(A¢)|y2’2i|y1’2j
NG > o 2arrg Wil TR (Lo 2)) 4+ e e |
i,j=0 (7'12) 7'12)
(B.48)
with
e mP2(—1) TG4+ 286)T (=i + 284 — B)T (=5 + § — 24)
ij(Bg) = : ,
iljIT(2A4)%T (—Z —-j+5- 2A¢)
aPl2(—1) T (=i 4+ 2 —2A4) T (—j + 2 —2A,)T (i +j +4A, — 2
Bij(Ag) = ( - ’ ( = ¢) ( ? 2) (B.49)

iGIT(284)2T (=i — j +p — 404)

Upon including all the prefactors, evaluating at the IR fixed point, and expanding in &, we get

(Sn(@1)Sn(za))) e F(p>10g(é‘)€5 2F1<*g1 %)
nn N =4 N8 A2y - 20 4 R

(~D*F (2K)T (k+3)
BT(RPT (5)
—3(n=Dp 4 (), (B.50)

0o
N+82::

X |y~

w(/ﬁu;) —21/1(k+1)+¢(k+§)+10g41

where we have set |y2| = |y1| = y for simplicity, 7 is defined in (2.5) and ¢ = |712|?/|y|? =
L —2=(1-7)2/f (% is defined in (2.5)).

From the coefficient of the logarithmic piece in the first line above we obtain the O(¢)
correction to the scaling dimensions. This is because (B.42), with the defect blocks (2.4)
plugged in, instructs us to look for the coefficient of log# which is the same as the coefficient
of —log(. As a warm-up, one can start with n = 1 which is especially simple. Eq. (B.50)
does not depend on the transverse angle for n = 1, which means that it can be expanded
into scalar defect blocks only. The anomalous dimensions of the defect operators, as well
as their OPE coefficients, turn out to be

NOREEARE: W)

1 b
Frnls = mém,oésﬂ? s = 78,8 [w (2) + ¢(1)1 0m,005,0 » (B.51)
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which can now be applied to the long-range O(N) model.?° This immediately shows why
we had 77(112 o 0,0 for double-twist operators on the defect. Non-trivial powers of ;0"
cannot appear in operators that renormalize at one loop and these can be traded for 9,0*

with Laplace’s equation.
There is no reason to stop at n = 1. For general S,,, this procedure will also yield non-

trivial CFT data in the extension of the long-range O(NN) model which includes transverse
spin. We find:

" (n—1)(6n+ N —4)T g}z 2n —1)p) T (’3’+1)F(m+"p2“—§)’ 552
+3

Ymis = Js, —
" T gamn (N 4+ 80 (m+ k(20— 1)p) T (252 + 1) T (2m + % + )
where f,, are complicated polynomials of (n,p, s), which for m < 3 are found to be:

fs,O =1,
fan =4n2p* +np(8s+8—6p)+p*(4s+8—p)—12p(s+1),
fs2=32n"p* +32n°p*(4s+12—3p)

—8n2p? {2])3—p2(88+33)+12p(48+11)—16(82—1—754—11)}

+8np(3p—4s—12) {p3—4p2(s+3)+6p(28+5)—8(8—&-2)}

+p(p—4) [16(;02f4p+6)82*8(p(p2712p+44)760)S+(p*6)2(p*4)2] ,
fs.3=384n5p® —576n°p° (3p—4(s+5))

—96nipt (3p3—3p2(45—|—25)+36p(3s+14)—16(3$(s+11)+85))

+48np* (3p—4(s+5)) (6p3—3p2(8$+35)+24p(48+17)—16(s(s+16)+45))

+12n2p? [3p6—6p5 (45+25)+12p* (4s2+705+231) —24p3 (s(445+423) +994)
+96p2(s(s(4s+89)+553)+1035)—1152p(8(s(8+18)+97)+162)+512(35(s(8+14)+63)+274)}
—6np(3p—4(s+5)) [3p6—24p5(5—|—4)+12p4(25—|—9)(23—|—11)
—48p3(2s+9)(4s+17)+96p2(s(15s+122)+245)—768p(s(3s+23)+43)+1024(s+3)(s+4)}
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20The bulk channel expansion is even simpler. It only features the bulk identity, as well as the operator So

with coefficient
(1) P
N +2 r (5) 9
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452 N 2 F(p) O
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From the last two lines of (B.50) we obtain O(g) corrections to the (squared) tree-level
bulk-defect OPE coefficients. For the first few operators, these are

‘n(6n+ N —4) (3(n—1)p
o) = (N+8)<S, ). 2[v(3) + ()],
27 n(6n+ N —4) (30— 1)p) W) +o(D)
(N +8)s!(4s +4 —p)(np —p + 25 +2)

9s,1
(np —p+2s+2)[v(5) +¢(1)]

o 25=4n(6n + N — 4)( (n—l)p)s+2[ (B) + (1))
W2 T (N+8)sl(p—4(s+1)(p—4(s+2))(n—1)p+2(s+ 2))((n —p+2(s+3))

9s,2
. lf T St 25 D) (np—p 25 T OWAD) +w<1>]] ! (B:54)

with fs,, given in (B.53) and

Wi =

fs,l +

gs1 = (p—2)p(p —4s —4)(np —p+ 25 +4),
gs2=(p—2)p(p—4s —8)(np —p + 25 +8) [3(n —1)p*

+ 2p%(—n(8n(2n — 5) + 65 + 41) + 9s + 24)

— 4p? (16n2(23 +5) — 2n(27s + 64) + 652 + 455 + 69)

— 16p <n (852 + 425 + 58) — 5(7s +33) — 42) — 64(s + 3)? (B.55)
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