N ] + , @ H ^] +w, ] W +w ,`@ ] U v ] +$, h l$ g$ +5,
zkhuh 

N [\ + , @ H ^[ +w, \ +w ,`@ ] U v [\ +$, h l$ g$= +6, Vwudljkwiruzdug frpsxwdwlrqv doorz wr h{suhvv v ] +$, dv iroorzv v ] +$, @ v [ +$, . v \ +$, lv [\ +$, . lv W [\ +$, = +7,

OPPVH ghulydwlrq

Wkh uvw sduw ri wklv vhfwlrq vwxglhv wkh uhfryhu| ri d udqgrp vhtxhqfh Z v @ iZ +q, > q 5 ]j iurp wkh revhuydwlrq ri wzr rwkhu vhtxhqfhv X v @ iX +q, > q 5 ]j dqg Y v @ iY +q, > q 5 ]j/ erwk fruuhodwhg zlwk Z v 1 Wkh ghwhuplqdwlrq ri wkh OPPVH ghqhg lq +45, lv vwxglhg lq wkh vhfrqg sduw ri wklv vhfwlrq1 Wkh wkuhh udqgrp vhtxhqfhv X v / Y v dqg Z v duh dvvxphg wr eh vwd0 wlrqdu|/ zlwk vwdwlrqdu| lqwhufruuhodwlrqv1 Wkh dxwrfruuhodwlrq ixqfwlrqv ri wkh wkuhh udqgrp vhtxhqfhv doorz wr ghqh wkhlu uhvshfwlyh SVGv

h v X +$, > h v Y +$, dqg h v Z +$,/ ghqhg rq ^ > .`/ iurp wkh Khujorw} ohppd ^4;`1 Iru vdnh ri fodulw|/ rqo| rqh vshfwuxp ghqlwlrq lv jlyhq= iru h{dp0 soh/ h v X +$, lv ghqhg e| N X +p, @ H ^X +q, X W +q p,`@ ] n 3 h v X +$, h l$p g$ +p> q, 5 ] 2 = +46, Wkh vwdwlrqdu| lqwhufruuhodwlrqv ri wkh wkuhh udqgrp vhtxhqfhv X v / Y v dqg Z v doorz wr ghqh wkh lqwhuvshfwud ri wkhvh vhtxhqfhv1 Iru h{dpsoh/ h v XY +$, lv ghqhg e| N XY +p, @ H ^X +q, Y W +q p,`@ ] n 3 h v XY +$, h l$p g$ +p> q, 5 ] 2 = +47, Dsshqgl{ E vkrzv wkdw wkh OPPVH ri Z +q, +ghqrwhg dv f
Z +q,, iurp wkh revhuydwlrq ri iX +q, > q 5 ]j dqg iY +q, > q 5 ]j fdq eh ylhzhg dv wkh vxp ri wkh rxwsxwv ri wzr wlph0lqyduldqw olqhdu owhuv gulyhq uhvshfwlyho| e| X +q, dqg Y +q,/ dv looxvwudwhg rq Ilj1 41

+ + U U Z Z U(n) U(n) W(n) + + V V Z Z V(n) V(n) + + + Iljxuh 4= Uhfrqvwuxfwlrq ri Z +q, iurp wkh revhuydwlrq ri X+q, dqg Y +q,1
Vwudljkwiruzdug frpsxwdwlrqv +vhh Dsshqgl{ E, doorz wr ghwhuplqh wkh iuhtxhqf| uhvsrqvhv ri wkhvh owhuv/ ghqrwhg dv K X +$, dqg K Y +$,

K X +$, @ h v Z X +$, h v Y +$, h v ZY +$, h v Y X +$, h v X +$, h v Y +$, mh v XY +$,m 2 +48, K Y +$, @ h v Z Y +$, h v X +$, h v ZX +$, h v XY +$, h v X +$, h v Y +$, mh v XY +$,m 2 = Pruhryhu/ wkh PVH 2 Z ehwzhhq wkh ruljlqdo vhtxhqfh Z +q, dqg lwv uhfrqvwuxfwlrq f Z +q, fdq eh h{suhvvhg dv iroorzv= 2 Z @ H Z +q, f Z +q, 2 +49, @ ] n 3 # h v Z +$, mh v Z X +$,m 2 h v X +$, mh v ZY +$, h v X +$, h v ZX +$, h v XY +$,m 2 h v X +$, h v X +$, h v Y +$, mh v XY +$,m 2 4 D g$=
615 Uhfrqvwuxfwlrq ri d frpsoh{ udqgrp surfhvv vdpsohg zlwk wlplqj mlwwhu

Wklv vhfwlrq dssolhv wkh uhvxowv rewdlqhg lq wkh suhylrxv vxe0vhfwlrq 614 wr wkh iroorzlqj sduwlfxodu fdvh Z +q, @ ] +w . q, @ [+w . q, . l\ +w . q, +4:, X +q, @ [ +q D+q,, @ [ +q, dqg Y +q, @ \ +q D+q,, @ \ +q,= Dsshqgl{ F vkrzv wkdw wkh dvvxpswlrqv qhfhvvdu| wr h{suhvv f Z +q, @ e ]+w . q, dv lq Ilj1 4 duh vdwlvhg iru dq| {hg w1 Dv d frqvhtxhqfh/ wkh uhfrqvwuxfwlrq ri Z +q, @ ]+w . q, fdq eh rewdlqhg e| phdqv ri wzr wlph0ydu|lqj owhuv dv looxvwudwhg rq Ilj1 51 Frpsxwdwlrqv ghwdlohg lq wkh Dsshqgl{ F doorz wr ghulyh wkh h{suhvvlrqv ri wkh glhuhqw vshfwud dqg lqwhuvshfwud +vhh +97, dqg +99, lq wkh Dsshqgl{ F, zklfk duh qhfhvvdu| wr frpsxwh wkh h{suhvvlrqv ri wkh wzr olqhdu owhuv K X +w> $, dqg K Y +w> $, jlyhq e| +48,1 Wkh lqwhusrodwlrq frh!flhqwv e n +w, dqg f n +w, ri +45, duh wkh lpsxovh uhvsrqvhv ri wkhvh wzr owhuv e n +w, @ 4 5

] n 3 K X +w> $, h l$n g$ +4;, f n +w, @ 4 5 ] n 3 K Y +w> $, h l$n g$=
Pruhryhu/ wkh PVH ri uhfrqvwuxfwlrq fdq eh ghulyhg e| +49,/ vlqfh wkh uhtxluhg vshfwud dqg lqwhuvshfwud kdyh ehhq ghqhg lq +97, dqg +99,1 

+ + U U t tZ Z X(n-A(n)) X(n-A(n)) Z(t+n) + + V V t tZ Z + Y(n-A(n)) Y(n-A(n)) Z(n) Z(n) + + Iljxuh 5= Uhfrqvwuxfwlrq ri ]+w
[\ +$, @ 3, zlwk xqlirup GVSv rq ^ > v [ +$, @ v \ +$, @ 2 iru $ 5 ^ > v [ +$, @ v \ +$, @ 3 hovhzkhuh= +4<,
Wkh mlwwhu vhtxhqfh D v @ iD +q, > q 5 ]j lv dvvxphg wr eh lqghshqghqw/ lghqwlfdoo| glvwulexwhg +l1l1g1, zlwk xqlirup glvwulexwlrq rq ^ d> .d;

? = +$, @ t?Ed$ d$ +p> $, @ t?Ed$ d$ 2 p 9 @ 3 dqg +3> $, @ 4= +53,
Lq wklv h{dpsoh/ [ +q, dqg \ +q, kdyh wkh vdph surshuwlhv1 Frqvhtxhqwo|/ lw lv qrw vxusulvlqj wkdw +edvhg rq wkh uhvxowv ri Dsshqgl{ E dqg Dsshq0 gl{ F, wkh uhfrqvwuxfwlrq owhuv vdwlvi| K Y +$, @ lK X +$,1 Pruhryhu/ edvhg rq wkh uhvxowv ri Dsshqgl{ E dqg Dsshqgl{ F/ zh rewdlq ] jlyhq e| +49, fdq dovr eh ghulyhg 2 ] @ 5 4

K X +$, @ h l$w d$ vlq +d$, vlq 2 +d$, .
] n 3 vlq 2 +d$, vlq 2 +d$, . +d$, 2 t d g$= +57,
Lw lv lqwhuhvwlqj wr frpsduh wklv sursrvhg OPPVH wr wkh vwdqgdug lqwhu0 srodwru ri Vkdqqrq1 Qrwh wkdw wkh Vkdqqrq lqwhusrodwru fdq eh uhwulhyhg iurp +54, e| vhwwlqj d @ 3 +devhqfh ri mlwwhu,1 Wkh uhfrqvwuxfwlrq Vkdq0 qrq owhuv dqg wkh fruuhvsrqglqj lqwhusrodwlrq frh!flhqwv duh ri wkh irup 

K X +$, @ h l$w > K Y +$, @ lh l$w > f n +w
v \ +$, @ iru $ 5 ^ 5> .5`v \ +$, @ 3 hovhzkhuh v [\ +$, @ l 2 vljq +$, iru $ 5 ^ 5> .5`v [\ +$, @ 3 
hovhzkhuh +5<, zkhuh vljq+$, lv wkh vljqxp ixqfwlrq +htxdo wr .4 li lwv dujxphqw lv qrq0 qhjdwlyh dqg 04 li lwv dujxphqw lv qhjdwlyh,1 Wkh mlwwhu vhtxhqfh D v @ iD +q, > q 5 ]j lv dvvxphg wr eh lqghshqghqw/ lghqwlfdoo| glvwulexwhg +l1l1g1, zlwk glvfuhwh xqlirup glvwulexwlrq rq i %> %j +S ^D+q, @ %`@ S ^D+q, @ %`@ 3=8,1 Wkh fruuhvsrqglqj fkdudfwhulvwlf ixqfwlrqv ri wkh mlwwhu duh ghqhg dv +$, @frv+%$, +p> $, @ frv 2 +%$, p 9 @ 3 dqg +3> $, @ 4= +63, Dsshqgl{ E dqg Dsshqgl{ F vkrz wkdw wkh uhfrqvwuxfwlrq owhuv ri Ilj1 5 kdyh wkh iroorzlqj wudqvihu ixqfwlrqv Wkh PVH ghqhg lq +49, fdq eh ghulyhg

K X +$, @ h l$w +4 . 5vljq +$,, K % +%$, . +4 5vljq +$,, h 3l2vljqE$w K % +%$ 5%vljq +$,, K Y +$, @ l 5 h l$w +5 . vljq +$,, K % +%$, . +5 vljq +$,, h 3l2vljqE$w K % +%$ 5%vljq +$,, +64 
2 ] @ 8 ] n 3 Q +$, G +$, g$ +66,
zkhuh Q +$, @ +7V +$, . 8, frv 2 +%$, . + 7V +$, . 8, frv 2 +%$ 5%V +$,, .53 frv 2 +%$, frv 2 +%$ 5%V +$,, G +$, @ 5 4 vlqf +7%, . 5 frv 2 +%$, 4 vlqf +7%, . 5 frv 2 +%$ 5%V +$,, +67, Lw lv lpsruwdqw wr qrwh wkdw wkh PVH grhv qrw ghshqg rq wkh wlph lqvwdqw w1 Qrwh dovr wkdw lq wkh devhqfh ri mlwwhu/ wkh h{dfw uhfrq0 vwuxfwlrq ri ]+w, edvhg rq wkh revhuydwlrq ri wkh vdpsolqj vhtxhqfh ] v @ i]+q,> q 5 ]j lv qrw srvvleoh ehfdxvh wkh vshfwudo edqgzlgwk ri ]+w, lv 71 Wklv h{dfw uhfrqvwuxfwlrq lv rqo| doorzhg e| frqvlghulqj wkh uhdo dqg lpdjlqdu| sduwv ri wkh vdpsohg surfhvv vhsdudwho|/ dv vkrzq lq ^4`/ dqg lqwurgxflqj d olqhdu lqwhusrodwru ri wkh irup ri +;,1 Lq wklv fdvh/ e| vhwwlqj % @ 3 lq +64,/ wkh lqwhusrodwlrq frh!flhqwv fdq eh h{suhvvhg dv e n +w, @ l 7 +w . n, 

7 . 6h l2w . h 3l2w +68, f n +w, @ 4 ; +w . n,

. 6h

Dsshqgl{ D= Wlph0lqyduldqw owhu

Wkh wlph0lqyduldqw owhu J ri lpsxovh uhvsrqvh j +w, dvvrfldwhv wkh vwd0 wlrqdu| surfhvv Y @ iY +w, > w 5 Uj wr wkh surfhvv Z @J ^Y`@ iZ +w, > w 5 Uj e| wkh uhodwlrq +ghqhg lq vrph vhqvh, Z +w, @J ^Y`+w, @ ] n" 3"

j +w x, Y +x, gx= +69,
Wkh wudqvihu ixqfwlrq ri J lv wkh ixqfwlrq J +$, ghqhg e| 

J +$, @ ] n" 3" j +x,
Y +w, L Y #$ h l$w > +6<, wkh lqqhu surgxfw lq O 2 +v Y , ehlqj ki> jl O 2 Ev Y @ ] U i +$, j W +$, v Y +$, g$= +73, Frqvhtxhqwo|/ hyhu| udqgrp yduldeoh D +uhvs1 E, lq K Y zloo kdyh d fruuhvsrqglqj hohphqw i +$, +uhvs1 j +$,, lq O 2 +v Y , vxfk wkdw D @ olp q<" q [ n'3q d nq Y +w nq , L Y #$ i +$, @ olp q<" q [ n'3q d nq h l$w nq +74, dqg kD> El K Y @ H ^DE W `@ ] U i +$, j W +$, v Y +$, g$ @ ki> jl O 2 Ev Y = +75,
Wklv ixqgdphqwdo lvrphwu| ^54`lq wkh fdvh ri wkh wlph0lqyduldqw olqhdu owhu J ghqhg lq +69, dqg +6:, ohdgv wr

+ Y +w, L Y #$ h l$w J ^Y`+w, L Y #$ J +$, h l$w = +76,

Dsshqgl{ E= OPPVH ghulydwlrq

Wkh olqhdu plqlpxp phdq vtxduh hvwlpdwru +OPPVH, ri Z +q, edvhg rq wkh revhuydwlrqv ri X+q, dqg Y +q, lv ghqhg e| wkh ruwkrjrqdo surmhfwlrq ri Z +q, rqwr wkh Kloehuw vsdfh vsdqqhg e| wkh udqgrp vhtxhqfhv X @ iX +q, > q 5 ]j dqg Y @ iY +q, > q 5 ]j f Z +q, @ Su KENnKEV ^Z +q,`= +77, K +X, dqg K +Y, duh Kloehuw vsdfhv vsdqqhg uhvshfwlyho| e| X @ iX +q,/ q 5 ]j dqg Y @ iY +q, > q 5 ]j1 

] n 3 h v XY +$, h l$p g$ ] n 3 K W E +$, h l$p h v X +$, g$ @ 3 ;p 5 ]= +7;,
Wkh xqlflw| ri Irxulhu wudqvirupv ohdgv wr wkh h{suhvvlrq ri wkh iroorzlqj owhu wudqvihu ixqfwlrq=

K E +$, @ h v W XY +$, h v X +$, = +7<,
Wkh SVG ri E +q, lv wkhq rewdlqhg e| Zlhqhu0Ohh uhodwlrq ^4<h

v E +$, @ h v Y +$, mh v XY +$,m 2 h v X +$, = +83, Vwhs 5 
Wkh ruwkrjrqdo surmhfwlrq Z X +q, ri Z +q, rqwr wkh Kloehuw vsdfh K+X, fdq eh irxqg xvlqj wkh lvrphwu| L X +vhh suhylrxv Dsshqgl{ D iru uhfdoov rq lvrphwu|,1 Ghqrwh dv

X +q, L X #$ h l$q Z X +q, L X #$ K XZ +$, h l$q = +84, Wkh ruwkrjrqdo surmhfwlrq Z X +q, lv ghqhg e| H ^+Z +q, Z X +q,, X W +q p,`@ 3 ; +q> p, 5 ] 2 = +85, ru htxlydohqwo| ] n 3 h v Z X +$, h l$p g$ ] n 3 K XZ +$, h l$p h v X +$, g$ @ 3 ;p 5 ]=
+86, Frqvhtxhqwo|/ Z X +q, fdq eh ylhzhg dv wkh rxwsxw ri d olqhdu owhu/ gulyhq e| X+q,/ zlwk wudqvihu ixqfwlrq 

K XZ +$, @ h v ZX +$, h v X +$, = +87, Vwhs 6 Wkh ruwkrjrqdo surmhfwlrq Z E +q, ri Z +q, rqwr wkh Kloehuw vsdfh K+E, fdq eh irxqg xvlqj wkh lvrphwu| L E +vhh Dsshqgl{ D,1 Ghqrwh dv E +q, L E #$ h l$q Z E +q, L E #$ K EZ +$, h l$q = +88, Wkh ruwkrjrqdo surmhfwlrq Z E +q, lv ghqhg e| H ^+Z +q, Z E +q,, E W +q p,`@ 3 ; +q> p, 5 ] 2 = +89, ru htxlydohqwo|/ ;p 5 ] ] n 3 +h v ZY +$, K W E +$, h v ZX +$,, h l$p g$ ] n 3 K EZ +$, h l$p h v E +$, g$ @ 3= +8 
K EZ +$, @ h v ZY +$, h v X +$, h v ZX +$, h v XY +$, h v X +$, h v Y +$, mh v XY +$,m 2 = +8;, Vwhs 7 
Xs wr wklv srlqw/ lw kdv ehhq vkrzq wkdw wkh OPPVH f Z +q, ri Z +q, fdq eh ghqhg e| olqhdu owhulqj ri X+q, dqg Y +q, dv looxvwudwhg lq Ilj1 441

+ + UW UW Z Z U(n) U(n) + + B B Z Z V(n) V(n) + + + BW BW Z Z + W W U U (n) (n) W W B B (n) (n) B(n) B(n) W(n) + + + - Iljxuh 44= Ghwdlohg vfkhph ri uhfrqvwuxfwlrq ri Z +q, iurp wkh revhuyd0 wlrq ri X+q, dqg Y +q,1
Wklv surfhgxuh lv htxlydohqw wr wkh Ilj1 4 zkhuh K X +$, @ K XZ +$, K E +$, K EZ +$, +8<, K Y +$, @ K EZ +$, = Qrwh wkdw lq wkh sduwlfxodu fdvh Z @ X/ zh rewdlq K Y +$, @ 3 dqg K X +$, @ 4 +wkh vdph krogv li Z @ Y,1

PVH

Wkh PVH ehwzhhq Z +q, dqg f Z +q, lv ghqhg e| 2 Z @ H Z +q, f Z +q, 2 @ H ^+Z +q, Z X +q, Z E +q,, Z W +q,@ N Z +3,

] n 3

K XZ +$, h v XZ +$, g$ ] n 3 K EZ +$, +h v Y Z +$, K E +$, h v XZ +$,, g$= +93,
Htxdwlrqv +7<,/ +87, dqg +8;, |lhog

2 Z @ N Z +3, ] n 3 +$, g$ +94, zkhuh +$, @ mh v Z X +$,m 2 h v X +$, . mh v ZY +$, h v X +$, h v Z X +$, h v XY +$,m 2 h v X +$, h v X +$, h v Y +$, mh v XY +$,m 2 = +95,
Qrwh wkdw lq wkh sduwlfxodu fdvh Z @ X/ +$, @ h v X +$, dqg 2 q @ 3 +wkh vdph krogv li Z @ Y,1

Dsshqgl{ F= Vshfwud dqg lqwhuvshfwud

Wklv vhfwlrq ghulyhv wkh vshfwud dqg lqwhuvshfwud h v X +$, > h v Y +$, > h v XY +$, > h v ZX +$, > h v ZY +$,/ zklfk duh qhfhvvdu| wr ghulyh wkh OPPVH dffruglqj wr +48,1 Ghqrwh dv Z +q, @ ] +w . q, @ [+w . q, . l\ +w . q, X +q, @ [ +q D+q,, @

[ +q, Y +q, @ \ +q D+q,, @ \ +q,= 

  frh!flhqwv iru glhuhqw ydoxhv ri mlwwhu sdud0 phwhu d dqg wlph lqvwdqw w1 Wkh h{suhvvlrq ri wkh PVH 2

  wkh fruuhvsrqglqj lpsxovh uhvsrqvhv iru d mlwwhu sdudphwhu % @ 3=41 Dv lq wkh suhylrxv h{dpsoh/ wkh wlph vxssruw ri wkhvh lpsxovh uhvsrqvhv fdq eh dssur{lpdwhg e| 53 frh!flhqwv +lq rxu vlpxodwlrqv/ wklv lv wuxh iru dq| ydoxh ri %,1 Dv d frqvhtxhqfh/ wkh uhfrqvwuxfwlrq owhuv fdq eh lpsohphqwhg dv ILU owhuv zlwk vpdoo rughu1 Lqwhusrodwlrq frh!flhqwv me n +w,m dqg mf n +w,m iru glhuhqw wlph lqvwdqwv w +% @ 3=4,1

  l2w h 3l2w = Frqvhtxhqwo|/ lq wkh suhvhqfh ri mlwwhu/ wkh PVH 2 ] zloo whqg wr }hur dv % ghfuhdvhv1 Iljxuh ; looxvwudwhv wklv ehkdylru/ dv d ixqfwlrq ri wkh mlwwhu sdudphwhu ydoxh %1 Iljxuh ; dovr vkrzv wkdw wkh wkhruhwlfdo dqg hvwl0 pdwhg PVHv iru wkh OPPVH duh lq jrrg djuhhphqw1 Iljxuh < frpsduhv wkh PVHv ri wkh OPPVH dqg wkh olqhdu lqwhusrodwru ghulyhg zlwkrxw frqvlghulqj mlwwhu hhfwv +wkh h{suhvvlrq ri wkh lqwhusrodwru frh!flhqwv duh jlyhq lq +68,,1 Reylrxvo|/ wkh rxwshuirupv wkh rwkhu lqwhu0 srodwru iru odujh ydoxhv ri %1 Iljxuh 43 vkrzv dq h{dpsoh ri d frpsoh{ udqgrp surfhvv dqg lwv uhfrqvwuxfwlrq iru % @ 3=41 8 Frqfoxvlrqv Wklv sdshu vwxglhv wkh uhfrqvwuxfwlrq ri udqgrp frpsoh{ surfhvvhv vdp0 sohg shulrglfdoo| zlwk wlplqj mlwwhu1 Lw lv vkrzq wkdw wkh uhfryhu| ri wkh ruljlqdo frqwlqxrxv0wlph surfhvv fdq eh frqvlghuhg e| xvlqj d olqhdu lqwhusrodwru zlwk glhuhqw lqwhusrodwlrq frh!flhqwv uhodwlyh wr wkh uhdo dqg lpdjlqdu| sduwv ri wkh revhuyhg vdpsohg surfhvv1 Wkh wkhruhwlfdo iru wkh OPPVH dqg wkh olqhdu hvwlpdwru ghvljqhg lq devhqfh ri mlwwhu/ dv d ixqfwlrq ri wkh mlwwhu sdudphwhu %1 ri d frpsoh{ udqgrp surfhvv +rqo| wkh uhdo sduw lv uhsuhvhqwhg, dqg lwv uhfrqvwuxfwlrq iru % @ 3=41 h{suhvvlrq ri wkhvh lqwhusrodwlrq frh!flhqwv lv ghulyhg1 Vlpxodwlrq uh0 vxowv looxvwudwh wkh shuirupdqfh ri wkh sursrvhg lqwhusrodwru zklfk fdq eh lpsohphqwhg hdvlo| dv d vxp ri ILU owhuv ri vpdoo rughu1 Wkhvh vlpxodwlrqv duh frqgxfwhg iru wzr sduwlfxodu h{dpsohv= +4, ]+w, kdv xq0 fruuhodwhg uhdo dqg lpdjlqdu| sduwv dqg vdwlvhv wkh Q|txlvw frqglwlrqv dqg +5, ]+w, kdv fruuhodwhg uhdo dqg lpdjlqdu| sduwv dqg grhv qrw vdwlvi| wkh Q|txlvw frqglwlrqv1 Wkh shuirupdqfh ri wkh OPPVH lv vwxglhg lq erwk fdvhv1 Wklv sdshu surylghv dq lqwhuhvwlqj uhfrqvwuxfwlrq surfhgxuh iru frp0 soh{ udqgrp surfhvvhv vdpsohg luuhjxoduo|1 Wkh sursrvhg vroxwlrq uh0 txluhv wkh nqrzohgjh ri vshfwudo lqirupdwlrqv ri wkh ruljlqdo frqwlqxrxv0 wlph surfhvv dv zhoo dv dssursuldwh mlwwhu fkdudfwhulvwlf ixqfwlrqv1 Wklv vkrxog qrw eh d sureohp lq prvw dssolfdwlrqv1 Dv dq h{dpsoh/ lq whohfrp0 pxqlfdwlrqv/ wkh wudqvplwwhg vljqdov duh nqrzq +QU]/ U]/ Elskdvh/ 111, dqg dv d frqvhtxhqfh/ kdyh nqrzq SVGv ^53`1

  Wklv sdshu vwxglhv wkh hhf wv ri wlplqj mlwwhu rqf rpsohf surf hvvhv/ zkhwkhu wkh vdpsolqjf rqglwlrq lv yhulhg ru qrw1 Wkh sureohp ri uhfryhulqj df rqwlqxrxv0wlph surfhvv iurp revhuydwlrqv vxemhfwhg wr mlwwhu lvf rqvlghuhg1 D vroxwlrq lq whupv ri olqhdu owhulqj ri vdpsohg uhdo dqg lpdjlqdu| sduwv lv ghulyhg1 Vlpxodwlrq hfdpsohv duh jlyhq wr ghprqvwudwh wkh dssolfdwlrq ri wkh sursrvhg vfkhph1 Wkh zhoo0nqrzq vdpsolqj wkhruhp vwdwhv wkdw d frqwlqxrxv0wlph edqg0 olplwhg surfhvv fdq eh uhfryhuhg iurp d vhw ri vdpsohv lq wkh fdvh ri shulrglf vdpsolqj li wkh vdpsolqj iuhtxhqf| lv wzlfh wkh vshfwudo edqg olplw ri wkh surfhvv1 Lqghhg/ zkhq wkh vdpsolqj wkhruhp lv yhulhg/ wkh uhfrqvwuxfwlrq ri wkh ruljlqdo frqwlqxrxv0wlph surfhvv fdq eh dfklhyhg zlwk d }hur phdq vtxduh huuru +PVH, e| d olqhdu lqwhusrodwlrq ri wkh vdpsohv1 Wklv lqwhusrodwru lv uhihuuhg wr dv wkh Vkdqqrq lqwhusrodwru1 Zkhq wkh k|srwkhvhv ri wkh vdpsolqj wkhruhp duh qrw ixooohg/ wkh olqhdu uhfrqvwuxfwlrq zlwk d }hur PVH lv qrw srvvleoh1 Krzhyhu/ wkh olqhdu plqlpxp phdq vtxduh hvwlpdwru +OPPVH, fdq eh ghulyhg1 Lq wkh fdvh ri frpsoh{ surfhvvhv/ lw kdv ehhq vkrzq wkdw d orzhu PVH fdq riwhq eh dfklhyhg e| frqvlghulqj d olqhdu frpelqdwlrq ri wkh revhuyhg uhdo sduw dqg lpdjlqdu| sduw vdpsohv udwkhu wkdq d olqhdu frpelqdwlrq ri wkh frpsoh{ vdpsohv ^4`/ ^5`1 Krzhyhu/ wkh uhvxowv ri ^4`/ ^5`kdyh ehhq rewdlqhg xqghu xqlirup vdpsolqj dvvxpswlrq1 Wkh sureohp ri mlwwhu lq vdpsolqj kdv uhfhlyhg dq lqfuhdvlqj dwwhqwlrq lq uhfhqw |hduv ehfdxvh dv vdpsolqj udwhv ehfrph kljkhu/ wkh hhfw ri mlw0 whu rq v|vwhp shuirupdqfh fdq qr orqjhu eh qhjohfwhg1 Hduo| sdshuv ^6`/ ^7`ghulyhg wkh h{suhvvlrq ri wkh glvfuhwh vdpsohg vhtxhqfh vshfwuxp dv d ixqfwlrq ri wkh frqwlqxrxv vljqdo vshfwuxp1 Pruh uhfhqw sdshuv vwxg| wkh hhfw ri wlplqj mlwwhu lq htxlydohqw0wlph vdpsolqj v|vwhpv ^8`/ ^9`dqg sur0 srvhg wzr dpsolwxgh hvwlpdwruv edvhg rq d phdq hvwlpdwru ru d Pdunry hvwlpdwru1 Wkh hhfw ri wlplqj mlwwhu lq htxlvsdfhg vdpsolqj zdwwphwhuv lv vwxglhg lq ^:`/ dvvxplqj wkdw wlplqj mlwwhu lqwurgxfhv udqgrp xfwxd0 wlrqv lq wkh vdpsolqj lqvwdqwv ri erwk yrowdjh dqg fxuuhqw fkdqqhov1 Lq rughu wr hvwlpdwh wkh mlwwhu yduldqfh lq kljk iuhtxhqf| vdpsolqj vfrshv/ d pd{lpxp olnholkrrg hvwlpdwru lv sursrvhg dqg frpsduhg wr wkh ohdvw vtxduhv hvwlpdwru ^;`1 Dq ruljlqdo phwkrg edvhg rq wkh elvshfwuxp lv ghulyhg lq ^<`/ ^43`wr ghwhfw vdpsolqj mlwwhu dqg hvwlpdwh lwv yduldqfh1 Lq wkhvh sdshuv/ wkh uhfrqvwuxfwlrq ri wkh ruljlqdo vljqdo lv dfklhyhg e| dvvxplqj wkdw pxowlsoh vdpsohv duh wdnhq dw hdfk qrplqdo vdpsoh wlph/ doorzlqj wr sursrvh hvwlpdwruv edvhg rq phdq frpsxwdwlrq/ iru h{dpsoh1 Wkh sureohp ri vljqdo uhfrqvwuxfwlrq lq wkh suhvhqfh ri mlwwhu/ xvlqj rqh vhw ri vdpsohv +l1h1/ rqh vdpsoh dw hdfk qrplqdo vdpsoh wlph, kdv ehhq vwxglhg lq ^44`= wkuhh phwkrgv duh ghulyhg iurp rswlpl}dwlrq whfkqltxhv wr uhfrqvwuxfw d edqgolplwhg glvfuhwh0wlph vljqdo iurp dq luuhjxodu vhw ri vdpsohv dw xqnqrzq orfdwlrqv1 Lw lv lqwhuhvwlqj wr qrwh wkdw lq wklv fdvh/ wkh frqwlqxrxv0wlph uhfrqvwuxfwlrq lv qrw dgguhvvhg dqg d vshfwudo edqgolplwhgqhvv k|srwkhvlv lv qhfhvvdu| wr dsso| wkh phwkrgv sursrvhg lq ^44`1 Wkh suhvhqw sdshu dgguhvvhv wkh sureohp ri uhfryhulqj d frqwlqxrxv0 wlph frpsoh{ surfhvv iurp vdpsohg revhuydwlrqv vxemhfwhg wr wlplqj mlwwhu/ zlwkrxw dq| k|srwkhvlv rq wkh vljqdo vshfwudo edqg1 Wkh pdlq uhvxowv ri ^4`/ ^5`duh uhfdoohg lq Vhfwlrq 5 dqg wkh irupxod0 wlrq ri wlplqj mlwwhu sureohp lv jlyhq1 Vhfwlrq 6 uvw ghulyhv wkh vroxwlrq wr d jhqhudo sureohp= krz fdq zh uhfrqvwuxfw rqh udqgrp surfhvv/ edvhg rq wkh revhuydwlrq ri wzr rwkhuv udqgrp surfhvvhv/ fruuhodwhg wr wkh rqh zh duh zloolqj wr uhfrqvwuxfw1 Wkhq/ dssolhg wr wkh suhflvh frqwh{w ri wkh sdshu/ wkh OPPVH h{suhvvlrq lv jlyhq/ doorzlqj wr uhfrqvwuxfw d frpsoh{ udqgrp surfhvv edvhg rq wkh revhuydwlrqv ri lwv uhdo dqg lpdjl0 qdu| vdpsohg sduwv lq wkh suhvhqfh ri wlplqj mlwwhu1 Vhfwlrq 7 jlyhv vrph h{dpsohv dqg vlpxodwlrqv kljkoljkw krz wkh uhvxowv ri wkh Vhfwlrq 6 fdq eh dssolhg1 Frqfoxvlrqv duh uhsruwhg lq Vhfwlrq 81 Dsshqglfhv duh jlyhq lq rughu wr ghwdlo vrph wkhruhwlfdo ghyhorsphqwv qhfhvvdu| wr ghulyh wkh uhvxowv ri Vhfwlrq 61 Uj eh d frpsoh{ udqgrp surfhvv zkrvh uhdo dqg lpdj0 lqdu| sduwv duh ghqrwhg dv [ @ i[+w,> w 5 Uj dqg \ @ i\ +w,> w 5 Uj
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  Wkh lqwhusrodwlrq frh!flhqwv e n +w, fdqqrw eh h{suhvvhg lq forvhg irup iru wklv h{dpsoh1 Krzhyhu/ d vwdqgdug ILU lpsohphqwdwlrq fdq eh frq0 gxfwhg +vhh ^4<`iru pruh ghwdlov rq ULI lpsohphqwdwlrq,1 Iljxuh 6 vkrzv h{dpsohv ri wkhvh frh!flhqwv iru glhuhqw ydoxhv ri wkh mlwwhu sdudphwhu d dqg uhfrqvwuxfwlrq wlph lqvwdqw w +gxh wr d v|pphwu| surshuw| ri wkhvh frh!flhqwv/ rqo| wlph lqvwdqwv iurp 3 wr 3=8 duh frqvlghuhg,1
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  Lq rwkhu zrugv/ wkh uhfrqvwuxfwlrq ri ]+w, e| wkh Vkdqqrq lqwhusrodwru lv qrw ehwwhu wkdq wkh udqgrp yduldeoh ] +q, lwvhoi lq whupv ri PVH1 E| wdnlqj lqwr frqvlghudwlrq +4<, dqg +53,/ wkh h{suhvvlrq ri wklv odvw PVH fdq eh ghulyhg dv d ixqfwlrq ri wkh mlwwhu sdudphwhu d
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  Ohw K Y ghqrwhv wkh Kloehuw vsdfh vsdqqhg e| wkh udqgrp surfhvv Y @ iY +w, > w 5 Uj zkhuh wkh lqqhu surgxfw lv ghqhg e| kY +w , > Y +w 2 ,l K Y @ H ^Y +w , Y W +w 2 ,`=

	+6;,	
	Lq zkdw iroorzv/ dq lvrphwu| L Y / ehwzhhq K Y dqg O 2 +v Y ,/ lv ghqhg e|	
	wkh rqh0wr0rqh fruuhvsrqghqfh	
	h 3l$x gx=	+6:,

  Vwhs 5 = ruwkrjrqdo surmhfwlrq ri Z +q, rqwr wkh Kloehuw vsdfh K +X,/ Vwhs 6 = ruwkrjrqdo surmhfwlrq ri Z +q, rqwr wkh Kloehuw vsdfh K +E,/ Vwhs 7 = frqvwuxfwlrq ri f Z +q, @ Su KEN ^Z +q,`. Su KE ^Z +q,`1 Wkh wudqvihu ixqfwlrq ri wklv owhu lv ghqrwhg K E +$, lq zkdw iroorzv1 Xvlqj wkh vwdwlrqdu| lqwhufruuhodwlrq surshuw| ri X dqg Y dqg wkh deryh h{suhvvlrq ri E+q,/ +79, fdq eh zulwwhq
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	Wkh udqgrp vhtxhqfh E ghqhg e| +79, lv fkrvhq wr eh ri wkh irup
	E +q, @ Y +q, K E ^X`+q,	+7:,
	zkhuh K	

E ^X`+q, ghqrwhv wkh rxwsxw ri d olqhdu owhu gulyhq e| X +q,1

  :, E| xvlqj +7<, dqg +83,/ Z E +q, fdq eh ylhzhg dv wkh rxwsxw ri d olqhdu owhu gulyhq e| E+q, zlwk wudqvihu ixqfwlrq

  Wkh SVG h v X +$, ri X+q, lv uhodwhg wr lwv fruuhodwlrq ixqfwlrq e| +46,1 Pruhryhu/ frqglwlrqdo h{shfwdwlrqv |lhog H ^X +q, X W +q p,@ H iH ^[ +q D +q,, [ W +q p D +q p,, m D`j @ H ^N[ +D +q p, D +q,,@ Wkh vdph surshuwlhv krog iru h v Y +$, +uhsodfh v [ e| v \ lq wkh deryh h{suhvvlrq, dqg iru wkh lqwhuvshfwuxp h v XY +$, +uhsodfh v [ e| v [\ lq wkh deryh h{suhvvlrq,1 Wkh lqwhuvshfwuxp h v Z X +$, fdq eh ghulyhg dv iroorzv= +99, Wkh vdph lghdv fdq eh xvhg wr ghulyh wkh lqwhuvshfwuxp hv Z Y +$, +uhsodfh v [ e| v [\ dqg v W [\ e| v \ lq wkh deryh h{suhvvlrq,1 Wkh nqrzohgjh ri h v X +$, > h v Y +$, > h v XY +$, > h v ZX +$, > h v ZY +$, doorzv wr ghulyh wkh h{suhv0 vlrq ri wkh uhfrqvwuxfwlrq owhuv K X +$, dqg K Y +$, ghqhg lq +8<,1
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H ^Z +q, X W +q p,@ H iH ^+[ +w . q, . l\ +w . q,, [ W +q p D +q p,, m D`j @ H ] U h l$EwnpnDEq3p +v [ +$, . lv W [\ +$,, g$ @ ] U +$, h l$p h l$w +v [ +$, . lv W [\ +$,, g$= +98, E| xvlqj H ^Z +q, X W +q p,`@ ] n 3 h v ZX +$, h l$p g$ wkh lqwhuvshfwuxp fdq eh h{suhvvhg dv iroorzv= h v Z X +$, @ h l$w [ nM]
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